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Abstract For an integer ¢, we let P; denote the t-vertex path. We write H +G
for the disjoint union of two graphs H and G, and for an integer r and a graph
H, we write rH for the disjoint union of r copies of H. We say that a graph
G is H-free if no induced subgraph of G is isomorphic to the graph H.

In this paper, we study the complexity of k-coloring, for a fixed integer k,
when restricted to the class of H-free graphs with a fixed graph H.

We provide a polynomial-time algorithm to test if, for fixed r, a (Ps+rPs)-
free is three-colorable, and find a coloring if one exists. We also solve the
list version of this problem, where each vertex is assigned a list of possible
colors, which is a subset of {1,2,3}. This generalizes results of Broersma,
Golovach, Paulusma, and Song, and results of Klimosova, Malik, Masaiik,
Novotna, Paulusma, and Slivova. Our proof uses a result of Ding, Seymour,
and Winkler relating matchings and hitting sets in hypergraphs.

We also prove that the problem of deciding if a (Ps 4+ P»)-free graph has a
k-coloring is N P-hard for every fixed k > 5.
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1 Introduction

All graphs in this paper are finite and simple. We use [k] to denote the set
{1,...,k}. Let G be a graph. A k-coloring of G is a function f : V(G) — [k]
such that for every edge uv € E(G), f(u) # f(v), and G is k-colorable if G
has a k-coloring. The k-COLORING PROBLEM is the problem of deciding, given
a graph G, if G is k-colorable. This problem is well-known to be N P-hard for
all k > 3.

A function L : V(G) — 2* that assigns a subset of [k] to each vertex of
a graph G is a k-list assignment for G. For a k-list assignment L, a function
f:V(G) — [k] is a coloring of (G, L) if f is a k-coloring of G and f(v) € L(v)
for all v € V(G). We say that a graph G is L-colorable, and that the pair
(G, L) is colorable, if (G, L) has a coloring. The LIST k-COLORING PROBLEM is
the problem of deciding, given a graph G and a k-list assignment L, if (G, L)
is colorable. Since this generalizes the k-coloring problem, it is also N P-hard
for all k& > 3.

Let G be a graph, and let X C V(G). We denote by G|X the subgraph of
G induced by X. For a k-list assignment L for G, a k-precoloring (G, L, X, f)
of (G,L) is a function f: X — N for a set X C V(G) such that f(v) € L(v)
for every v € X, and f is a k-coloring of G|X. A k-precoloring extension
for (G,L, X, f) is a k-coloring g of (G, L) such that g|x = f|x. The k-
PRECOLORING EXTENSION PROBLEM is the problem of deciding if a given
k-precoloring (G, L, X, f) of (G, L) extends to a coloring of (G, L).

We denote by P; the path with ¢ vertices. Given a path P, its interior is
the set of vertices that have degree 2 in P. A P, in a graph G is a sequence
v1 — ... — v of pairwise distinct vertices where for ¢,j € [t], v; is adjacent to
v; if and only if |¢ — j| = 1. We denote by V(P,) the set {v1,...,v:}, and if
a,b € V(P),say a = v; and b = v; and ¢ < j, then a — P — b is the path
Vi — Vg1 — ... — v;. We denote by FPs +rP3 the graph with r + 1 components,
one of which is a Ps, and each of the others is a Ps.

For two graphs H,G we say that G is H-free if no induced subgraph of
G is isomorphic to H. In this paper, we use the terms “polynomial time”
and “polynomial size” to mean “polynomial in |V(G)|”, where G is the input
graph. Since the k-COLORING PROBLEM and the k-PRECOLORING EXTENSION
PROBLEM are N P-hard for £ > 3, their restrictions to H-free graphs, for
various H, have been extensively studied. In particular, the following is known:

Theorem 1 ([8]) Let H be a (fized) graph, and let k > 2. If the k-COLORING
PROBLEM can be solved in polynomial time when restricted to the class of H-
free graphs, then every connected component of H is a path.

In this paper we focus on the case when k = 3. In this case, the converse
of may be true (it is known to be false for k > 4 unless P=NP: for
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example, 4-coloring P;-free graphs was shown to be NP-complete in [7]), since
the following question is still open:

Question 1 Is it true that for every (fixed) integer ¢ > 0, the 3-COLORING
PROBLEM can be solved in polynomial time when restricted to the class of
P;-free graphs?

Below are the positive results we know in this direction:

Theorem 2 (JI]) The LIST 3-COLORING PROBLEM can be solved in polyno-
mial time for the class of Pr-free graphs.

Theorem 3 ([11]) If the LIST 3-COLORING PROBLEM can be solved in polyno-
mial time for the class of H-free graphs, then the LIST 3-COLORING PROBLEM
can be solved in polynomial time for the class of (H + sPy)-free graphs for
every s > 0.

Theorem 4 (J10]) The LIST 3-COLORING PROBLEM can be solved in polyno-
mial time for the class of (Ps + Py)-free graphs, and for the class of (Py+ Ps)-
free graphs.

Theorem 5 ([2]) The 3-PRECOLORING EXTENSION PROBLEM can be solved
in polynomial time for the class of (rP3)-free graphs for every r > 1.

Theorem 6 ([5]) The LIST 3-COLORING PROBLEM can be solved in subexpo-
nential time 20V (@N0e(VIGD) yhere the input graph G is Pi-free.

Our main result is the following, which simultaneously generalizes Theorem

and both parts of [TTcorem

Theorem 7 The LIST 3-COLORING PROBLEM can be solved in polynomial
time for the class of (Ps + rPs3)-free graphs for every r > 0.

This immediately implies that the 3-COLORING PROBLEM can be solved in
polynomial time for the class of (Ps + rP3)-free graphs. It also gives a classifi-
cation for the complexity of the 3-COLORING PROBLEM and LIST-3-COLORING
PROBLEM for the class of H-free graphs for all graphs H on at most eight
vertices except for Ps and P, + P, (note that the result for P; + P; follows

from and Theorem 7 in [9]).

In contrast, we also show that

Theorem 8 The k-COLORING PROBLEM restricted to (Ps+ Py)-free graphs is
N P-hard for k > 5.

This paper is organized as follows. Section [2]is a collection of tools for gen-
eral P;-free graphs that we use in the proof. Section [3|describes the main object
we work with, an “r-seeded precoloring”. An r-seeded precoloring consists of
a graph G, a precolored subset S of vertices, and a list of allowed colors for
every vertex of V(G). Section [4] Section [5] and Section [6] contain a sequence of
theorems that start with a general r-seeded precoloring, and, by “guessing” (by
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exhaustive enumeration) the coloring of a certain bounded-size set of vertices,
transform it into a precoloring that is “tractable”. Here by tractable we mean
a precoloring for which the precoloring extension problem can be solved in
polynomial time. Section [7] combines the results of the previous three sections

to obtain a proof of Finally Section [ is devoted to the proof of
Mheorem 8§

2 Tools

In this section we discuss several tools that we repeatedly use in this paper.
The first is a result of [4]:

Lemma 1 ([4]) Let G be a graph, and let L be a list assignment for G such
that |L(v)| < 2 for allv € V(G). Then a coloring of (G, L), or a determination
that none exists, can be obtained in time O(|V(G)| + |E(G)|).

We also need a modification of For a graph G, a coloring ¢ of G,
and a set X C V(G), we say that X is monochromatic in c if c(u) = c(v) for
all u,v € X. Let L be a list assignment for G, and X" a set of subsets of V(G).
We say that the triple (G, L, X) is colorable if there is a coloring ¢ of (G, L)
such that X is monochromatic in ¢ for all X € &X. We need the following.

Lemma 2 ([12]) Let G be a graph, and let L be a list assignment for G such
that |L(v)| <2 for allv € V(G). Let X be a set of subsets V(G) where |X| is
polynomial. Then a coloring of (G, L, X), or a determination that none ezists,
can be obtained in polynomial time.

Note that if two sets X and X’ with X N X’ # () are monochromatic
in a coloring ¢, then X U X’ is also monochromatic in c¢. Thus, given a triple
(G,L, X) as inwe can compute in polynomial time a triple (G, L, X)
where the sets in X’ are pairwise disjoint and (G, L, X') has a coloring if and

only if (G, L, X’) does. Thus follows from

Lemma 3 ([I,A2]) Let G be a graph, and let L be a list assignment for G
such that |L(v)| < 2 for all v € V(G). Let X be a set of pairwise disjoint
subsets of V(G). Then a coloring of (G,L,X), or a determination that none
exists, can be obtained in time O(|V(G)| + |E(G)]).

Next we present a result from [3]. A hypergraph H consists of a finite
set V(H) of vertices and a set E(H) of non-empty subsets of V(H) called
hyperedges. A matching in H is a set of pairwise disjoint hyperedges, and a
hitting set in H is a set of vertices meeting every hyperedge. We denote by
v(H) the maximum size of a matching in H, and by 7(H) the minimum size of
a hitting set in H. The parameters v(H ) and 7(H) are well-known, but we need
one more. We denote by A(H) the maximum % > 2 such that there are edges
e1,...,ex € E(H) with the property that for every 4,j with 1 < i < j < k
there exist v; ; € V(H) satisfying {h: 1 < h <k such that v, ; € ep,} = {3, 5}
If there is no such k, we set A\(H) = 2. We need the following:
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Lemma 4 (|3]) For every hypergraph H, 7(H) < 11A(H)*(\(H) + v(H) +
3) (A(@(Lv)(m)?_

Let us discuss how we apply [Lemma 4] Let G be a graph. A set X C V(G)
is stable if no edge of G has both its ends in X. Let A C V(G). An attachment
of A is a vertex of V(G)\ A with a neighbor in A. For B C V(G)\ A we denote
by B(A) the set of attachments of A in B. If F = G|A, we sometimes write
B(F) to mean B(V(F)). Note that the following result is for general P;-free
graphs, and thus we expect that it will have further applications in the context

of [Question 1]

Lemma 5 Let t be an integer and let G be a Pi-free graph, and let X,Y C
V(G) be disjoint, where X is stable and every component of Y has size at most
p. Let Z be a set of connected subsets of size q of Y, each of which has an
attachment in X. Let H be a hypergraph with vertex set X and hyperedge set
{X(2) : Z € 2}. Then N(H) < (1)[].

Proof Let A\ = A(H) andlet eq, ..., ey, and {v; j}1<i<j<x be asin the definition
of A(H). Suppose A > (2) [HH7. For i € {1,...,A}, let Y; C Z be such that
e; = X(Y;). Define a graph F with vertex set {e1,...,ex} and such that e;
is adjacent to e; in F if either ¥; NY; # 0, or in G there is an edge with
one end in Y; and the other end in Y. Then degp(e;) < (fl’) — 1 for every

e; € V(F). It follows that F' is (5)—colorable, and so F' has a stable set S
with S| > ﬁ > [H5L]. Write m = [££1]. Renumbering if necessary, we may

P
q

assume that eq,..., e, € S. Let ¢; be a neighbor of v; 5 in Y7, and let g, be a
neighbor of v,—1 4, in Y,,. For i € {2,...,m —2} let Q; be a path from v;_; ;
to v; ;41 with interior in Y; (such a path exists by the definition of H). Now,
since X is stable, g1 —v1 2 —Q2—v23— ... —VUm—2.m-1— @m-1—Vm—1,m — Im
is a path of length at least ¢ in G, a contradiction. This proves O

We deduce

Lemma 6 Letr be an integer, and let G be a (Ps+rPs)-free graph. Let H be a
hypergraph as in. Let C = (5)(27‘—!—4). ThenT(H) < 11C?*(C+v(H)+

2
3) (Cj(l}g[)) . In particular, there is a non-decreasing function f.,q: N = N

such that 7(H) < frp.q(W(H)).

Proof Since Ps + rPs is contained in Py,y6, and since G is (Ps + rPs)-free,

it follows that G is Py,ye¢-free. By AMH) < C. But now
follows directly from 0

We finish this section with some terminology. Let G be a graph. For X C
V(G) we denote by G \ X the graph G|(V(G) \ X). If X = {z}, we write
G\ z to mean G \ {z}. For disjoint subsets A, B C V(G) we say that A is
complete to B if every vertex of A is adjacent to every vertex of B, and that A
is anticomplete to B if every vertex of A is non-adjacent to every vertex of B.
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If A= {a} we write a is complete (or anticomplete) to B to mean {a} that is
complete (or anticomplete) to B. If a ¢ B is not complete and not anticomplete
to B, we say that a is mized on B. Finally, if H is an induced subgraph of G
and a € V(G) \ V(H), we say that a is complete to, anticomplete to, or mized
on H if a is complete to, anticomplete to, or mixed on V(H), respectively. For
v € V(G) we write Ng(v) (or N(v) when there is no danger of confusion) to
mean the set of vertices of G that are adjacent to v. Observe that since G is
simple, v ¢ N(v). For X C V(G) a component of X (or of G|X) is the vertex
set of a maximal connected subgraph of G| X.

Let L be a list assignment for G. We denote by X°(L) the set of all vertices
v with |L(v)| = 1. For X C V(G), we write (G|X, L) to mean the list coloring
problem where we restrict the domain of the list assignment L to X. Let
X C X%L), and let Y C V(G). We say that a list assignment M is obtained
from L by updating Y from X if M (v) = L(v) for every v € Y, and M (v) =
L0)\Uzen@w)nx L(z) forevery v € Y. If Y = V(G), we say that M is obtained
from L by updating from X.If M is obtained from L by updating from X°(L),
we say that M is obtained from L by updating. For v € X°(L) we will not
distinguish between the set L(v) and its unique element. For X C X°(L),
we will regard L as a coloring of G|X. Let Ly = L, and for ¢ > 1 let L; be
obtained from L;_; by updating. If L; = L; 1, we say that L; is obtained from
L by updating eshaustively. Since 0 < 3 v () [L;(v)| < Xpev(e) 1Li-1(v)] <
3|V(G)| for all j < i, it follows that ¢ < 3|V (G)| and thus L; can be computed
from L in polynomial time. This observation allows us to set the following
convention.

Lemma 7 If G is a graph, L a list assignment for G, and v € V(G), then
there is no u € N(v) N X°(L) with L(u) C L(v).

A seagull S'in G is a P3 a — b — c in G. We write V(S) = {a,b,c}. The
vertices a and c are called the wings of the seagull, and b is the body of the
seagull. For X, Y C V(G), S is an X-seagull if V(S) € X, and S is an (X,Y)-
seagull if S has one wing in X, and the body and the other wing in Y. A flock
is a set of pairwise disjoint seagulls that are pairwise anticomplete to each
other. The size of a flock is its cardinality.

3 Seeded precolorings

Given a (Ps + rPs)-free graph G with a 3-list assignment L, our strategy for
checking if (G, L) is colorable involves several steps, each of which consists of
choosing a small subset S C V(G), precoloring S and updating the lists. In
view of if we arrive at a situation where every vertex has list of
size at most two, then we are done. We show, roughly, that this can always
be achieved. To keep track of the precoloring and updating process, we define
the following object.

An r-seeded precoloring of the pair (G,L') is a triple P = (G, L, S) such
that
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1. L is a list assignment for G, and L(v) C L'(v) for every v € V(G), and
|L(v)| =1 for every v € S,

2. (G,L', S, L|g) is a precoloring of (G, L’);

3. G|S contains an induced Ps + (r — 1) Ps.

We call S the seed of P, and write S(P) to mean S. Similarly, we use the
notation G(P) and L(P). The boundary B(P) of P is the set of all vertices
v € V(G) with |L(v)| = 2 and such that v has a neighbor s € S with L(s) =
{1,2,3}\ L(v). We denote by B(P, i) the set of vertices b € B(P) with i € L(b),
and by B(P),; the set of vertices b € B(P) with L(b) = {i,;}. Finally, the
wilderness W (P) of P is the set V(G) \ (X°(L) U B(P)). The reason for the
name “wilderness” is that every v € V(G) with |L(v)| = 3 belongs to W (P),
and so by W (P) is the set where the algorithmic difficulty lies.
We observe the following.

Lemma 8 Let r be an integer, G a (Ps + rPs)-free graph, L' a 3-list as-
signment for G, and let P = (G, L,S) be an r-seeded precoloring of (G,L’).
Assume that G does not contain a clique of size four. Then each component
of W(P) is a clique of size at most three.

Proof Since G|S contains an induced Ps + (r — 1)Ps, it follows that G|W is
Ps-free. Consequently every component of W is a clique, and since G has no

clique of size four, follows. O

Let P = (G, L,S) be an r-seeded precoloring. Let U C V(G) and a let
¢ be a coloring of G|U. We say that the seeded precoloring P’ = (G, L', S")
is obtained from P by moving U to the seed with ¢ if S = SUU, and L'
is obtained by updating exhaustively from the list assignment L”, defined
as follows: L"(u) = c(u) for every u € U, and L"”(v) = L(v) for every v €
V(G)\U.

For an r-seeded precoloring P and a collection £ of r-seeded precolorings,
we say that £ is an equivalent collection for P (or that P is equivalent to L)
if P has a precoloring extension if and only if at least one of the precolorings
in £ has a precoloring extension, and a precoloring extension of P can be
constructed from a precoloring extension of a member of £ in polynomial
time.

Let P = (G,L,S) be an r-seeded precoloring. A type is a non-empty
monochromatic subset of S. Thus for every b € B(P), N(b) NS is a type;
we call N(b) NS the type of b. For S’ C S we denote by B(P,S’) the set of all
vertices of B(P) whose type is a superset of S’. In what follows we will often
need to handle each type of S separately, and so it is important that we keep
track of the size of the seed in every precoloring we consider.

4 Nice and easy precolorings

An r-seeded precoloring P is nice if no vertex of B(P) is mixed on an edge of
W(P), and it is easy if G|(B(P) U W (P)) is Ps-free. Our first goal is to show
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that an r-seeded precoloring P can be replaced by an equivalent collection
of precolorings each of which is either nice or easy, such that the size of the
collection is polynomial, and the size of the seed of each of its members is
bounded by a function of |S(P)|. For a precoloring extension ¢ of P, we will
define several “characteristics” of ¢. While we cannot (in polynomial time)
“try” all possible ways to extend P to a coloring of G, we can exhaustively
enumerate all possible characteristics of such extensions, and that turns out
to be enough for our purposes.

Thuslet P = (G, L, S) be an r-seeded precoloring and let ¢ be a precoloring
extension of P. For every i € {1,2,3} we define the hypergraph H(P,i,c) as
follows. The vertex set V(H(P,i,c)) = {b € B(P,i) : c(b) = i}. Next we
construct the hyperedges. Let K be the set of all edges wiws of G with both
ends in W(P) such that some vertex of V(H(P,i,c)) is mixed on {wy,w2}.
For every e = wyws € K, let h(e) be the set of attachments of {w;,ws} in
V(H(P,i,c)). Then {h(e) : e € K} is the set of the hyperedges of H(P,i,c).

Lemma 9 For every integer r > 0 there is a function f : N — N (that
depends on r) with the following properties. Let G be a (Ps + rPs)-free graph
with no clique of size four, P = (G, L,S) an r-seeded precoloring, and let c be
a coloring of (G, L). Write M = 2151(r 4+-6). Then for every i € {1,2,3} either

1. there exists X C V(H(P,i,c)) with |X| < f(3M) where for every edge
wywe of G|W (P) such that some vertez of V(H (P, i,c)) is mized on {wy, w2},
at least one of wy,ws has a neighbor in X, or

2. there exists a flock F' = {a1 — b1 —c1,...,apm — by — ey} where for every
i, a; € V(H(P,i,c)) and b;,¢; € W(P), and such that every vertex of
V(H(P,i,c)) has a neighbor in {b;,c;} for at most one value of i.

Proof By every component of W is a clique of size at most three.
Let f = fr 3,2 be as in Applying [Lemma 6| to H = H(P,1,c) with
p =3 and ¢ = 2, we deduce that either v(H) > 3M or 7(H) < f(3M).

Suppose first that v(H) > 3M. Let bicy,...,bspcsp be edges of G|W
such that M = {h(bic1),...,h(bsprcans)} is a matching of H. Since every
component of G|W has size at most three, we may assume that the edges
bici,...,byen are all in distinct components of G|W. It follows from the
definition of h(bjc;) (using symmetry) that for every j there exists a; €
V(H(P,i,c)) such that a; —b; — ¢; is a seagull. Moreover, since M is a match-
ing of H, no v € V(H(P,1,c) belongs to more than one h(bjc;), and therefore
every vertex of V(H(P,i,c)) has a neighbor in {b;,c;} for at most one value
of j. This proves that if v(H) > 3M, then 2 holds.

Thus we may assume that 7(H) < f(3M). Letting X C V(H(P,i,c)) be a
hitting set for H, we immediately see that [Lemma 9|1 holds. 0

Given an r-seeded precoloring P, i € {1,2,3} and a precoloring extension
c of P, we say that an M -characteristic of P,i,c (denoted by chary (P, i,c))
is X if [Lemma 9|1 holds for P, and ¢, and F if [Lemma 9|2 holds for P, and
c and [Lemma 9|1 does not hold for P,i and c. We denote by V (char (P, i, c))
the set of all the vertices involved in char (P, 1, c¢).
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We also need a version of the hypergraph above for each type, as follows. For
every type T' C S and every i € {1,2, 3} we define the hypergraph H(P,T,1,c).
The vertex set V(H(P,T,i,c¢)) = {b € B(P,T) : ¢(b) = i}. Next we construct
the hyperedges. Let K be set of all edges wyws of G with both ends in W (P)
such that some vertex of V(H(P,T,i,c)) is mixed on {wy,wy}. For every e =
wiwy € K, let h(e) be the set of attachments of {wy, w2} in V(H(P,T,i,c)).
Then {h(e) : e € K} is the set of the hyperedges of H(P,T,1,c).

Lemma 10 For every integer r > 0 there is a function f : N — N (that
depends on 1) with the following properties. Let G a (Ps+1Ps)-free graph with
no clique of size four, P = (G,L,S) an r-seeded precoloring and let ¢ be a
coloring of (G,L). Then for every type T of S either

1. there exists X C V(H(P,T,i,c)) with |X| < f(6) where for every edge
wiwe of G|W(P) such that some vertex of V(H(P,T,i,c)) is mized on
{w1,wa}, at least one of wy,wy has a neighbor in X,

2. there exists a flock F = {a;—b1—c1,a2a—ba—ca} with ay,a2 € V(H(P,T,i,c)),
and by, bs, c1,co € W(P).

Proof By every component of W is a clique of size at most three.
Let f = fr3,2 be as in Applying [Lemma 6{to H = H(P,T,i,c)
with p = 3 and ¢ = 2, we deduce that either v(H) > 6 or 7(H) < f(6).
Suppose first that v(H) > 6. Let bycy,...,bgcs be edges of G|W such that
M = {h(bic1), ..., h(bsce)} is a matching of H. Since every component of G|W
has size at most three, we may assume that b;c; and bacy are in different
components of G|W. It follows from the definition of h(b;¢;) (using symmetry)
that for every i there exists a; € V(H(P,T,i,c)) such that a; — b; — ¢; is
a seagull, and [Cemma 10]2 holds. Thus we may assume that 7(H) < f(6).
Letting X C V(H(P,T,i,c)) be a hitting set for H, we immediately see that
[Cemma 10L1 holds. O

Given an r-seeded precoloring P, a type T of S(P), i € {1,2,3} and a
precoloring extension ¢ of P, we say that an 2-characteristic of P, T,i,c (de-
noted by chars(P,T,i,c)) is X if 1 holds for P,T,i and ¢, and F if

[Cemma 10]2 holds for P,T,7 and ¢ and [Lemma 10]1 does not hold for P, T,
and c¢. We denote by V(chars(P,T,i,c)) the set of all the vertices involved in

chary(P, T, i, c).
We can now prove the main result of the section.

Lemma 11 There exists a function g1 : N — N with the following properties.
Let G be a (P + rPs)-free graph with no clique of size four, and let P =
(G, L,S) be an r-seeded precoloring of G. There is a collection L of r-seeded
precolorings such that

1. L is equivalent to P

2. every P’ € L is either nice or easy

3. |S(P)| < g1(|S(P)|) for every P' € L
4o 1L] < V(@) sD
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Moreover, given P, the collection L can be constructed in time O(|V (G)|91(5D).

Proof First we define two kinds of constructions, both of which start with
an arbitrary r-seeded precoloring P’ and construct a new r-seeded precolor-
ing by moving some vertices to the seed and modifying the lists. Let f be
as in and let M = 2!5I(r + 6). For an r-seeded precoloring P’ of
(G,L) and for i € {1,2,3} let smallguess(P’,i) be the set of all subsets of
B(P',i) of size at most f(3M), and bigguess(P’,i) be the set of all flocks of
size M such that every seagull of the flock is (B(P’,), W (P’))-seagull. Let
guess(P’,i) = smallguess(P’,i) U bigguess(P’,i). Thus guess(P’,i) is the
set of all possible M-characteristics of a precoloring extension of P’. We say
that X; € guess(P’,i) is small if X; € smallguess(P’,1) and that X; is big
if X; € bigguess(P’,i). If X, is big, we denote by U; the set of the wings
of the flock that are contained in B(P’,i), by W; the vertices of the set of
the bodies and the wings of the flock that are contained in W (P’), and write
V(Xl) = V; = Ui U Wl If Xi is small, we write V(X,) = Vz = Ul = Xi, and
W; = . Thus in both cases W; = V(X;) "W (P’) and U; = V(X;) N B(P'). A
coloring ¢ of (G|V(X;), L) is i-consistent if ¢(v) = i for every v € U;.

Let X; € guess(P’,i), and let ¢ be an i-consistent coloring of (G|V;, L(P")).
Now we define the r-seeded precoloring P’(X;,c), which is the first kind of
construction we introduce. Let P = (G, L, S) be obtained from P’ by moving
X; to the seed with ¢. Next we modify L further.

— Assume first that X; is small. If b € B(P,i) N B(P’) and b is mixed on an
edge of W (P), remove 4 from L(b).
— Next assume that X; is big. Let X; = {a1 — b1 —c1,...,apm — by — e}
where U; = {a1,...,ax}. If b € B(P,i) N B(P') and b has a neighbor in
{by, cq} for more than one value of ¢, remove i from L(b).
Let P'(X;,c) be the r-seeded precoloring thus obtained. Note that given P,
the r-seeded precoloring P’(X;,c¢) can be constructed in polynomial time.

For an r-seeded precoloring P’ of (G, L), every type T of S(P) and every
i€ {1,2,3}\L(T), let smallguess(P’,T,i) be the set of all subsets of B(P',T)
of size at most f(6) (here f is as in[Lemma 10}, and bigguess(P’, T i) be the set
of all flocks of size 2 such that every seagull of the flock is a (B(P',T), W (P"))-
seagull. Please note that here we are referring to types of P, and not of P’. Let
guess(P',T,i) = smallguess(P’, T, i) Ubigguess(P', T, ). For i € {1,2,3}, let
T: be the set of every type T of S(P) such that i € {1,2,3}\ L(T') and assume
|T:| = t;. Let T = T; UT2 U T3 and assume |T| = ¢. Now, let C;(P’) be the
set of all 2¢,-tuples X = (X1 ;) where T € T; and Xr; € guess(P',T,i). We
say that X, is small if Xp,; € smallguess(P’,T,4) and that Xp; is big if
Xr,; € bigguess(P',T,1). If Xp, is big, we denote by Ur; the set of the wings
of the flock that are contained in B(P’,T), by Wr,; the vertices of the set of
the bodies and the wings of the flock that are contained in W (P’), and write
VT,i = UTJ‘UWT)Z‘. If XT,i is small, we write VT,i = UT7i = XT,i; and WT,i = Q)
Finally, let V(XZ) = UTETL- Vr,i-

A coloring ¢ of (G|V(X?), L) is i'-consistent if c(v) = i for every v € Ur,.
Let X® € C;(P’) and let ¢ be a i’-consistent coloring of (G|V(X?), L(P")).
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Now we define the r-seeded precoloring Py, ., which is the second kind of
construction we introduce. Let P” = (G,L”,S") be obtained from P’ by
moving V(X?) to the seed with c. Next we modify L” further. For every

T € T;, proceed as follows.

— Assume that Xp; is small. If b € B(P")N Xp,; and T C N(b) N S, and b
is mixed on an edge of W(P"), remove i from L” (b).

Let P, , be the r-seeded precoloring thus obtained. Note that given P’, the
r-seeded precoloring P%; . can be constructed in polynomial time.
Now we have defined two kinds of constructions and can proceed as follows.

— For every X € guess(P, 1) and every 1-consistent coloring ¢; of (G|V (X1), L(P))
construct P’(X1,c1) as the first kind of construction described above. Let
L1 be the set of precolorings thus constructed.

— For every r-seeded precoloring P! € £y, every X' € C;(P!), and every 1'-
consistent coloring ¢} of (G|V(X?'), L(P')) construct P&hc& as the second
kind of construction described above. Let £} be the set of precolorings thus
constructed.

— For every r-seeded precoloring Pt € L}, every Xy € guess(P't,2) and
every 2-consistent coloring cy of (G|V(X2), L(P'")) construct P'(Xs,cz)
as the first kind of construction described above. Let Lo be the set of
precolorings thus constructed.

— For every r-seeded precoloring P? € Lo, every X? € Co(P?), and every 2/-
consistent coloring ¢ of (G|V(X?), L(P?)) construct Pg(g’c,z as the second
kind of construction described above. Let £} be the set of precolorings thus
constructed.

— For every r-seeded precoloring P? € L}, every X3 € guess(P'?,3) and
every 3-consistent coloring c3 of (G|V(X3), L(P"?)) construct P’'(X3,c3)
as the first kind of construction described above. Let £3 be the set of
precolorings thus constructed.

— For every r-seeded precoloring P3 € L3, every X3 € C3(P3), and every 3/-
consistent coloring ¢ of (G|V(X?), L(P?)) construct Py, ., as the second
kind of construction described above. Let £4 be the set of precolorings thus
constructed.

It is clear that for every r-seeded precoloring P’ € £}, there exist X1, Xa, X3, X!, X2, X3
chosen as above. Let Q be the set of all such 6-tuples X = (X7, Xo, X3, X1, X2, X3).
Write V(X) = V1 UV, U V3 U V(X)) UV(X?) UV(X3). A coloring ¢ of
(G|V(X),L) is consistent if ¢; = c|X; is i-consistent and ¢, = c|X® is /-
consistent. For every X € Q and every consistent coloring ¢ of G|V (X), let
Qk_c,Qﬁé’C,Q%C,Q%C, §(,C and Q%C be the precolorings we obtain in the

first, second, third, fourth, fifth and sixth bullets above respectively with the

choices of X;, X? the same as the corresponding element in X and the choices of

¢i, ¢; as a partial coloring of c. For simplicity, we denote Qx . = Q%{,c = Q%C.

Let £ be the collection of all precolorings Qx ..
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We now list several properties of Q% . and Qg{’c.

Let i € {1,2,3}, j € {1,2,3,4}

1. W(Q%.) is anticomplete to V(U,<; Xi).
2. if b e B( J)'(’C,i) with 7 >4 then b is anticomplete to Us. (1)

3. ifbe B( g(’c,i) with j > 7 and X; is big, then b has neighbors
in at most one of the seagulls of Xj.

The first two statements of follow from the fact that V(U,<; X;) C
S( g(c) By the second bullet of the first kind of construction, we deduce
that if X; is big and b has neighbors in more than one of the seagulls of X,
then 7 is removed from the list of b; thus the third statement of follows.
This proves ().

Let 4,5 € {1,2,3} such that ¢ < j. Then for every X =
(X1, X2, X5, X1, X2, X3) € Q where X; is big, the following hold.
— W; is anticomplete to V;,

— if w € U; and i € L(P)(u), then u is anticomplete to U;, and

— if u € Uj and i € L(P)(u) and X, is big, then u has neighbors
in at most one of the seagulls of Xj.

Recall that X; € guess( J)chxj). Since j—1>14,V; € S(Qﬁgcl/), and therefore
W; is anticomplete to V;, thus the first statement of holds. Next we prove
the second and third statements. Let v € Uj, then u € B(Qfx_c1 ,7). Since
Q%! was obtained from P by moving vertices to the seed, it follows that

u € B(P)UW(P). Recall that by each component of W(P) is a
clique. Since X is big, it follows that u is mixed on an edge of W(P), and

therefore u € B(P). Since u € B(Qggcl,,j) N B(P), it follows that L(P)(u) =
L(Q%.})(u). Assume that i € L(P)(u). Then L(P)(u) = L(Q% ! )(u) = {i, j}.

It follows that u has no neighbor in S(Qj);cl/) with color i. Since U; C
S(Q%{Cl/) and L(Q%{cl/)(Ul) = i, the second statement of follows. By the

second bullet of the first kind of construction, we deduce that if X; is big and
u has neighbors in more than one of the seagulls of X;, then i is removed from

v, thus the third statement

c ?

the list of u during the process of constructing QJX_
of (2) follows. This proves ().

Let i € {1,2,3}, j € {1,2,3,4}. If X; is small, then no vertex
b € B(Q% 1) is mixed on an edge of W (Q% ) for j > i. Moreover,  (3)
X is small for every element X7, of X,
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Suppose b € B(Qg( o i) is mixed on an edge of W (Q’% J ) Since Qj is obtained

B(P) U W(P). From [Lemma 8 we can deduce that no vertex of B(Q% )\
B(P) is mixed on an edge of W (P), and therefore b € B(P). Consequently,

L(P)(b) = L( JXC)(b) However, ¢ would be removed from the list of b in the
construction process of L(QY .) (according to the first bullet of the first kind

from P by moving a set of vertices to the seed, 1t follows that B(Q C) C

of construction), thus i ¢ L(Q% ,)(b), a contradiction. This proves the first
part of (3). Recall that X7 ; € guess(Q ., T, ), and bigguess(Q ., T,i) = 0
by what we just proved. It follows that X7 ; is small.

Let T €T, i€ {1 2,3} \ L(T) and j > i. If Xy is small, then no
vertex b € B(Q% ) such that T'C N(b) N S( JXC) is mixed on an  (4)
edge of W ( X’c).

Suppose b € B(Qﬁ;’c) with 7' C N(b) N S(Q C) is mixed on an edge of

W(Q% 7 ). Since Qj’ X 18 obtained from P by moving a set of vertices to the

seed, 1t follows that B(QY C) C B(P)uW(P). By no vertex of

B( X’C) \ B(P) is mixed on an edge of W(P), and therefore b € B(P) and
L( j);c)(b) = L(b) = {1,2,3}\ L(T). In particular i € L( J);C(b)) However, in

the construction process of L(QJ};’C), ¢ would be removed from the list of b (ac-
cording to the second kind of construction), a contradiction. This proves .

Qx.c is nice or easy. (5)

Write B = B(Qx,.) and W = W(Qx,.). For i,j € {1,2,3} let B; ; = {b €
B : L(Qx,)(b) = {i,j}}. Suppose first that for every T' € T there exists
i € {1,2,3}\ L(T) such that X, is small. Then by (4) no vertex of B(Px,.)
is mixed on an edge of W, and therefore @ x . is nice.

Thus we may assume that there exist {i,j,k} = {1,2,3} and D € T
such that L(D) = k and both Xp,; and Xp ; are big. By (3) both X, and
X are big. Since M = 2!8!(r + 6) and there are at most 25T types in S, it
follows that there exist T;,T; € S(P) such that |U; N B(P,T;)| > r + 6, and
|U; N B(P,T};)| > r+ 6. We now show that Qx . is easy. We may assume that
i =1and j = 2, and that G|(B U W) contains an induced six-vertex path
R =p1 —p2 —p3 —pa — p5 — Pe-

Let X1 = {a1—b1—61, ey ClM—bM—CM} and X2 = {xl—yl—zl, N3V
ym — zu - We may assume that Uy N B(P,T1) = {ai1,...,ar+6} and Uz N
B(P, TQ) = {.’El, N ,ZL’T+6}. Let Y1/ = {a1 —bl —Cly...,0r46 _br+6 _Cr+6} and
let Yy ={x1 —y1— 21,y Tr46 — Yr+6 — Zr+6}-

First we show that for ¢ = 1,2, if D’ € T and L(D') # i, and Xp/;
is big, then D’ C T;. Suppose that there exists s € D'\ T;. Let Xp/; =
{Sl—tl—Tl, 82—t2—7“2} where UD/J' = {81, 82}. Then R’ = tQ—SQ—S—Sl—tl—Tl
is a Ps. Since s € S(P) \ T, it follows that s has no neighbors in the seagulls
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of Y/. Recall that Xp/ ; € guess(Q% ., T,i). Thus t1,ts, 71,72 € W(Q% ) and
S1,89 € B(Qg(,mi). By .1 {t1,ta2,71} is anticomplete to V;. By .2 {s1, 52}
is anticomplete to U;. By .3 each of s1,s9 has neighbors in at most one
seagull of Y/, and thus V(R') is anticomplete to at least r + 4 seagulls of Y/,
contrary to the fact that G is (Pg + rPs)-free. This proves that D' C T;.

By the claim of the previous paragraph with D’ = D and i = 1,2, we
deduce that D C Ty N Ty. Consequently, L(Ty) = L(Tz) = L(D) = 3.

Recall that V(X)) UVp1 UVpa C S(Qx.c). Therefore V(R) N W is an-
ticomplete to V(X1) U Vp1 U Vpa, V(R) N (B2 U By3) is anticomplete to
U1 U UT71 and V(R) N (Blg U 323) is anticomplete to U2 U UT72.

By .3, every vertex of Bis U Bis has neighbors in at most one seagull of
Y/, and every vertex of By3U Bag has neighbors in at most one seagull of Yy . If
every vertex of V(R) has neighbors in at most one of the seagulls of Yy, then
at least |Y5| —6 > r of the seagulls in Yy are anticomplete to V(R), contrary to
the fact that G is (Ps +7Ps)-free. This proves that some vertex p, € V(R) has
neighbors in at least two of the seagulls of Y5. It follows that V(R) N Bys # 0,
and we may assume p, € V(R) N Biz has a neighbor in 1 — y1 — 21 and in
Ta — Yo — z2. Since c(z1) = c(x2) = 2, it follows that c(y1) # 2 and c(y2) # 2,
and so since p, € Bis, we deduce that p, is anticomplete to {y1,ya}.

We claim that p, is not mixed on either of the the sets {y1, 21}, {y2, 22}
If p, € B(P), this follows immediately from Thus we may assume
that p, € B(P). Let T" = N(pg) N S(P). Since c¢(T”) # 3, it follows that
T" ¢ Ty, and therefore X7 ;1 is small. Recall that X, € guess(Q%)c, 2). Then

{11, 21, Y2, 22} € W(Q}(/C) and p, € B(Qﬁé’c). Hence the claim follows from
@.

We deduce that p, is adjacent to x1, x2 and anticomplete to {y1, 21, y2, 22}
Now R’ = 21 —y1 — 21 — pg — T2 — Y2 is a six-vertex path. Since z1,z2 € Us N
B(P.Ty) and L(T3) = 3, L(P)(21) = L(P)(x2) = {1,2}. By @) {1, 91,21, 22,2}
is anticomplete to Uy, {y1, 21, y=} is anticomplete to V(Y7), and each of a1,z
has neighbors in at most one seagull of Y{. Since p, € Bis, (1)) implies that p,
is anticomplete to Uy, and p, has neighbors in at most one seagull in Y7. But
now R’ is anticomplete to at least |Y{| — 3 > r of the seagulls of Y, contrary
to the fact that G is (Pg + rP3)-free. This proves (F).

15(Qx.)] < |S] + 3 x max(3M, f(3M)) + 29+ x max(6, f(6))  (6)

Recall that we define f be as in[Lemma 9]and it is also the same f in
Observe that for every 4, |V(X;)| < max(3M, f(3M)). The number of possible

pairs (7,i) where T € T and i € {1,2,3}\ L(T) is 2t < 2/51*1, For every
such (T,4), |Vr,i| < max(6, f(6)), and therefore |V (X1) + V(X?) + V(X?)| <
21511 % max(6, f(6)). Since S(Qx.) = SUV(X) < |S| + V(X) < |S| +

SV + X, VXY, (B) follows.

|£] is polynomial (7
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Let £ = 3 x max(3M, f(3M)) + 21511 x max(6, f(6)), then |V (X)| < E as
shown above. It follows that the number of possible choices of V(X)) is at most
|V(G)|¥ and the number of consistent colorings for of a given X is at most
3V < 3B 1t follows that £ < (3|V(G)])¥, as required. This proves (7).

By (5), (6) and (7), it remains to show that £ is equivalent to P. Since for
every Px . € L, ¢ is a coloring of (G|V(X), L), from the construction process
it is clear that if some Px . has a precoloring extension, then so does P. It
remains to show that if d is a precoloring extension of P, then some R € L
has a precoloring extension.

Let d be a precoloring extension of P. First we construct P(X1,d) € £, that
has a precoloring extension. Let X; = charp (P, 1,d). Then X; € guess(P, 1)
and d is a l-comsistent coloring of V(X;). Define the r-seeded precoloring
P(X1,d) as follows. Let P = (G, L, S) be obtained from P by moving V(X))
to the seed with d. Next we modify L further (the same way as we obtain
P’(X1, c¢) earlier in the proof).

— Assume first that X, is small. If b € B(P,1) N B(P) and b is mixed on an
edge of W (P), remove 1 from L(b).

— Next assume that X; is big. Let X7 = {a1 — b1 —c1,...,ap — by — e}
where Uy = {ay,...,ax} € B(P,1). If b € B(P,1) N B(P) has a neighbor
in {b,,c,} for more than one value of ¢, remove 1 from L(b).

Denote the precoloring we have constructed so far by P(X7, d). It follows from
the construction that P(X;,d) € £,

We claim that d(v) € L(P(X1,d))(v) for every v € V(G). Suppose not.
Since P is obtained from P by moving a set of vertices to the seed with d,
it follows that d(v) € L(v) for every v € V(G). Thus we may assume that
for some v € V(G), d(v) € L(v) \ L(P(X1,d))(v). Suppose first that X, is
small. Then v € B(P,1) N B(P), v is mixed on an edge wyws of G|W (P), and
d(v) = 1. Then wy, ws € W(P) and by [Lemma 9|1, at least one of wy, w, has a
neighbor in X;. It follows that not both wy,ws are in W(]S), a contradiction.
Thus we may assume that X, is big, v € B(P,1) N B(P), v has a neighbor
in {bq,cq} for more than one value of ¢, and d(v) = 1. But this immediately
contradicts [Lemma 9]2. This proves that d(v) € L(P(X1,d))(v) for every
v e V(Q).

Next we construct P(X7, X1, d) € £} that has a precoloring extension. For
every T € Tq, let X7.1 = chara(P(X1,d),T,1,d). Let X' = (X7 1), then d is
a 1’-consistent coloring of X!. Let @’ be obtained from P(Xi,d) by moving
V(X' = Uy V(Xr1) to the seed with d; write L' = L(Q'). We modify L'
further. For every T' € T we proceed as follows (the same way as we obtain
P)’(l’C earlier in the proof).

— Assume Xp; is small. If b € B(Q') N B(P(X1,d),T) is mixed on an edge
of W(Q"), remove 1 from L'(b).

Denote the precoloring thus obtained by P(X7, X!, d). It follows from the
construction that P(X1, X, d) € L.
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We claim that d(v) € L(P(Xy, X! d))(v) for every v € V(G). Suppose
not. Since @’ is obtained from P(X7i,d) by moving a set of vertices to the
seed with d, it follows that d(v) € L'(v) for every v € V(G). Thus we may
assume that for some v € V(G), d(v) € L'(v) \ L(P(X1,X!,d))(v). Then
v € B(Q") N B(P(X1,d),T), Xr, is small, v is mixed on an edge wiws of
GIW(Q'), and d(v) = i. Then wy,wp € W(P) and by [Lemma 101, at least
one of wy,wy has a neighbor in X7 ;. It follows that not both w;,wy are in
W(Q'), a contradiction. This proves that d(v) € L(P(X1, X!, d))(v) for every
v € V(G).

By applying the above argument three times, we can deduce that there ex-
ists P(X1, X1, Xo, X2, X3, X3,d) € L} that has a precoloring extension with
d being an i-consistent coloring of X; and an i’-consistent coloring of X*. Con-
sequently, let X = (X1, X2, X3, X', X2, X3), then d|X is consistent. It follows
that P(X1, X1, Xo, X2, X3, X3 d) = Qx,qx € L. This proves [Lemma 11} 0O

5 From nice to stable

In this section we show that in order to be able to test if a nice r-seeded
precoloring has a precoloring extension, it is enough to be able to answer the
same question for a more restricted kind of r-seeded precoloring, that we call
“stable”.

We start with a lemma. Let G be a graph and L a list assignment for G.
We say that v € V(G) is connected if G|N(v) is connected. Let v € V(G)
be connected such that G|N(v) is bipartite. Let (A, A2) be the (unique)
bipartition of G|N(v). We say that G’ is obtained from G by reducing v if
V(@) = (V(G)\ ({v} UN(v))) U{ar, a2}, G"\{ar, a2} = G\ ({v} U N(v)),
araz € E(G), and for u € V(G)NV(G') and i € {1,2}, a;u € E(G’) if and
only if (in G) u has a neighbor in A;. We say that (G’, L") is obtained from
(G, L) by reducing v if G’ is obtained from G by reducing v, L'(u) = L(u) for
every u € V(G') \ {a1, a2}, and for i = 1,2, L(a;) = (¢, L(a).

Lemma 12 Let r be an integer and let G be a (Ps + rP3)-free graph. Let
v € V(G) be connected such that G|N(v) is bipartite with (unique) bipartition
(A1, As), and let G’ be obtained from G by reducing v. Then G’ is (Ps+1rPs)-
free.

Proof Suppose @ is an induced subgraph of G’ isomorphic to Ps + rP3. Recall
that v is anticomplete to V(G’) \ {a1, a2} (in G). Then V(Q)N{a1,as} # 0. If
only one vertex of V(Q)\{a1, a2}, say ¢, has a neighbor in V(Q)N{ay,as}, say,
ay, then we get a Ps + rP3 in G by replacing a; with a vertex of Ng(¢) N A4y,
and, if as € V(Q), replacing as with v. Thus we may assume that two vertices
q,q" of V(Q) \ {a1, a2} have a neighbor in V(Q) N {a1,az2}. If ¢ and ¢’ have a
common neighbor u € A1 UA,, then G|((V(Q)\{a1,a2})U{u})isa Ps+rP3, a
contradiction. So no such u exists. Let Q' be an induced path from q to ¢’ with
V(Q)\{q,d'} C A1 U Az U {v}, meeting only one of Ay, Ay if possible. Then
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V(Q’) is anticomplete to V(Q)\{a1, a2, ¢, ¢'} and G|((V(Q)\{a1,a2})UV(Q"))
contains an induced FPg + rP5, a contradiction. This proves ad

An r-seeded precoloring P = (G, L, S) is stable if

1. P is nice.

2. Every component C of W (P) such that some w € C has |L(w)| = 3 satisfies
C = {w}

3. Let {¢,7,k} = {1,2,3}. Then for every b € B(P),; the set N(b) N B(P);
is stable.

4. Let {7,7,k} = {1,2,3}, let w € W(P) with |L(w)| = 3 and let n € B(P);;
and n’ € B(P);; be adjacent to w. Then no u € B(P);;, is complete to
{n,n’}.

5. No w € W(P) with |L(w)| = 3 is connected, and

6. deg(v) > 2 for every v € V(G) with |L(v)| = 3.

We can now prove the main result of this section.

Lemma 13 For every integer r > 0 there exists b € N with the following
properties. Let G be a (Ps + rPs)-free graph. Let P = (G, L,S) be a nice r-
seeded precoloring of G. Assume that for every X C V(G) with | X| < 4r + 8,
the pair (G| X, L) is colorable. Then there exists a collection L of stable r-seeded
precolorings such that

1. [V(G(P")| < |V(G)] for every P' € L,

2. S(P') = S(P) for every P' € L

3. L<|V(G)|, and

4. P has a precoloring extension if and only if every P’ € L has a precoloring
extension. Moreover, if it exists, we can construct a precoloring extension
of P from the precoloring extensions of every P’ € L in polynomial time.

Moreover, L can be constructed in time O(|V(G)|?).

Proof In the proof we describe several modifications that can be made to P (in
polynomial time) without changing the existence of a precoloring extension.

Let v € V(G) with |L(v)| = 3 such that either degg(v) < 2, or v is
connected. Then we can construct in polynomial time a (Pg+1Ps)-

free graph G’ and an r-seeded precoloring P’ = (G',L’,S) such (8)
that |V(G)| < |[V(G)], and {P’} is equivalent to P.

If dege(v) < 2 we can set (G', L', S) = (G\ v, L, S); thus we may assume that
v is connected. If G| N (v) is not bipartite (which can be checked in polynomial
time), then G|(V(C)U{v}) is not 3-colorable, and therefore is not L-colorable.
So we may assume that G|N(v) is bipartite with bipartition (A;, As). Since
G|N (v) is connected, it follows that the bipartition is unique. Let (G’, L) be
obtained from (G, L) by reducing v. Since |L(v)| = 3, it follows that v € W (P),
and therefore (A;UA2)NS = (). Thus P’ = (G, L', S) is an r-seeded precoloring
of G'. By G' is (Ps + rP3)-free. The uniqueness of the bipartition
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(A1, Ay) implies that in every coloring of (G, L) each of the sets A;, Ag is
monochromatic. This in turn implies that if ¢ is a precoloring extension of P,
then a precoloring extension ¢’ of P’ can be obtained by setting ¢’(u) = ¢(u)
for every u € V(G') \ {a1, a2}, and ¢/(a;) = ¢(A;) for i = 1,2. Conversely, if
¢’ is a precoloring extension of P’, then a precoloring extension c of P can be
obtained by setting c(u) = ¢/(u) for every u € V(G)NV(G'), c(a) = ¢/ (a;) for
every a € A;, and ¢(v) = {1,2,3} \ {¢/(a1),(a2)}. This proves (8).

Let {i,j,k} = {1,2,3}. Suppose that b € B(P);; has neighbors

n,n’ € B(P);, such that n is adjacent to n’. Let P’ = (G', L', 95)

be the r-seeded precoloring obtained by setting L'(b) = {j}, and 9)
L'(v) = L(v) for every v € V(G) \ {b}. Then {P’} is equivalent to

P.

@[) follows from the fact that in every precoloring extension of P one of n,n’
receives color 1.

Let {i,7,k} = {1,2,3}, let w € W(P) with |L(w)] = 3 and let

n € B(P);; and n’ € B(P), be adjacent to w. Suppose that some

u € B(P);i is complete to {n,n'}. Let P’ be the seeded precoloring  (10)
(G,L',S) obtained by setting L'(w) = {1,2,3}\ {j}. Then {P'} is
equivalent to P.

Clearly a precoloring extension of P’ is also a precoloring extension of P.
To see the converse, let ¢ be a precoloring extension of P. We may assume by
symmetry that ¢(u) = i. Then ¢(n) = j, and so ¢(w) # j, and ¢ is a precoloring
extension of P’. This proves (10]).

Repeatedly applying (8), (9) and we may assume that

No w € W with |L(w)| = 3 is connected,

deg(v) > 2 for every v € V(G) with |L(v)| = 3.

For every {i,j,k} = {1,2,3} and for every b € B(P);;, the set

N(b) N B(P);, is stable. (11)
— Let {i,5,k} = {1,2,3}, let w € W(P) with |L(w)| = 3 and

let n € B(P);; and n’ € B(P),, be adjacent to w. Then no

u € B(P);x is complete to {n,n'}.

We may assume that G\ X°(L) is connected. (12)

Suppose not. Let C1, . .., C,, be the components of G\ X°(L). Fori € {1,...,m}
let G; = G|(X°(L)U C;). Then S C V(G;) for every i. Moreover, P; =
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(G;, S, L) is an r-seeded precoloring of G;, where B(P;) = B(P) N C; and
W(P;) = W(P) N C;. It follows that each of P; is nice, and satisfies (LI).
Clearly if P has a precoloring extension, then each P; does. Conversely, if each
P; has a precoloring extension ¢;, then setting c(v) = ¢;(v) for v € V(G;), we
obtain a precoloring extension of P. Now it is enough to prove the theorem
for each P; separately, and follows.

In view of from now on we assume that G'\ X°(L) is connected. It
remains to show that:

If C is a component of W(P) and w € C has |L(w)| = 3, then
C = {w}.
Let C and w be as above. Since G\ X°(L) is connected, it follows that B(P)(C)
(this is the set of attachments of C'in B(P)) is non-empty and complete to C.
Since |L(w)| = 3, it follows from the definition of a seeded precoloring that w
is anticomplete to X°(L), and consequently N(w) = (B(P)(C))U(N(w)NC).
If C' # {w}, then N(w)NC # 0, and therefore w is connected, a contradiction

to (11). This proves (13).
Now follows from and (L3). O

(13)

6 Reducing lists

The goal of this section is to deal with stable precolorings. Similarly to Sec-
tion [ we will define several “characteristics” of a precoloring extension of an
r-seeded precoloring, and then, in the algorithm, given an r-seeded precoloring,
enumerate all possible characteristics of its precoloring extensions.

First we need a few more definitions. Let P(G, L, S) be an r-seeded pre-
coloring. We write W (P) = {w € W(G) : |L(w)| = 3} and denote by B(P)
the set of attachments of W (P) in B(P). We write B(P,i) = B(P,i) N B(P),
B(P);; = B(P);; N B(P) and B(P,T) = B(P,T) N B(P).

Let P = (G, S, L) be an r-seeded precoloring of a (Ps + rPs)-free graph
G, and let ¢ be a precoloring extension of P. We define several hypergraphs
associated with P and c. For every i € {1,2,3}, let V; = {b € B(P,i) : ¢(b) =

For every distinct i, j € {1,2, 3} we define the hypergraph R(P, 1, j, c) with
vertex set V; as follows. Let K be the set of all vertices w € W (P) such that w
has two neighbors n,n’ € B(P);; with ¢(n) = ¢(n’) = i. Let h(w) = N(w)NV;.
Then {h(w) : w € K} is the set of the hyperedges of R(P,1,j,c).

We prove:

Lemma 14 For every integer r > 0 there is a function f : N — N (that
depends on r) with the following properties. Let G be a (Ps + rPs)-free graph
with no clique of size four, P = (G,L,S) a stable r-seeded precoloring, and
let ¢ be a coloring of (G,L). Then for every integer M and every distinct
1,7 € {1,2,3} either
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1. there exists X C V(R(P,i,j,c)) with | X| < f(M) such that if w € W(P)
is anticomplete to X, then w has at most one neighbor n € B(P)ij with
c(n) =1, or

2. there exists a flock F' = {a1 — b1 —c1,...,apm — byr — e} where for every
I, aj,cp €V;N B(P)ij and by € W(P) ,and such that every vertex of V; is
adjacent to b; for at most one value of I.

Proof Let f = fr1,1 be as in [Lemma 6| Since P is stable, W(P) is a stable
set. Applying [Lemma 6|to H = R(P,1,j,c) with p = ¢ = 1, we deduce that
either v(H) > M or 7(H) < f(M).

Suppose first that v(H) > M. Let by,..., by € W(P) be such that M =
{h(b1),...,h(bar)} is a matching of H. It follows from the definition of h(b;)
that for every [ there exists a;,¢; € B(P);; such that c(a;) = ¢(¢;) = i, and
consequently a; — b; — ¢; is a seagull. Moreover, since M is a matching of H,
no v € V; belongs to more than one h(b;), and therefore every vertex of V; is
adjacent to b; for at most one value of {. This proves that if v(H) > M, then

2 holds. Thus we may assume that 7(H) < f(M). Letting X C V;
be a hitting set for H, we immediately see that [Lemma 14]1 holds. O

Given an r-seeded precoloring P, distinct 4,j € {1,2,3} and a precolor-
ing extension ¢ of P, we say that an R, M-characteristic of P,i,j,c (denoted
by charr am(P,i,j,c)) is X if 1 holds for P,i,j and ¢, and F if

[Cemma 14]2 holds for P,i,j and ¢ and [Lemma 1411 does not hold for P,i,j
and c. We denote by V(charr (P, i, j,c)) the set of all the vertices involved

in charg pm (P, 1,7, ¢).

Next, for every ¢ € {1,2,3}, we define another hypergraph, S(P,i,c), with
vertex set V;. Let K be the set of all vertices w € W (P) such that w has a
neighbor n € B(P);; and n’ € B(P)y, with ¢(n) = c(n’) = i. Let h(w) =
N(w) NV;. Then {h(w) : w € K} is the set of the hyperedges of S(P,i,c).

We prove an analogue of

Lemma 15 For every integer r > 0 there is a function f : N — N (that
depends on r) with the following properties. Let G be a (Ps + rPs)-free graph
with no clique of size four, P = (G,L,S) a stable r-seeded precoloring, and
let ¢ be a coloring of (G,L). Then for every integer M and every i € {1,2,3}
either

1. there exists X C V; with | X| < f(M) such that if w € W (P) is anticomplete
to X, then either ¢(N(w) N B(P)i;) = j or ¢«(N(w) N B(P)iy) = k, or

2. there exists a flock F' = {a; — b1 —c1,...,ap — by — car} where for every
I, ai € B(P)ij,by € W(P) and ¢; € B(P), cla;) = c(c1) = i, and such
that every vertex of V; is adjacent to by for at most one value of I.

Proof Since P is stable, W (P) is a stable set. Let f = fra,1 be as in
Applying to H = S(P,i,c) with p = ¢ = 1, we deduce that either
v(H)> M or 7(H) < f(M).

Suppose first that v(H) > M. Let by,...,by € W(P) be such that M =
{h(b1),...,h(bar)} is a matching of H. It follows from the definition of h(b;)
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that for every [ there exists a; € E(P)ij and ¢ € B(P)ik with ¢(a;) = c(¢) =4,
and consequently a; — by — ¢; is a seagull. Moreover, since M is a matching of
H, no v € V; belongs to more than one h(b;), and therefore every vertex of V;
is adjacent to b; for at most one value of {. This proves that if v(H) > M, then
[Cemma 15]2 holds. Thus we may assume that 7(H) < f(M). Letting X C V;
be a hitting set for H, we immediately see that [Lemma 151 holds. 0

Given an r-seeded precoloring P, i € {1,2,3} and a precoloring extension ¢
of P, we say that an S, M -characteristic of P,i,c (denoted by chargs a(P,1,c))
is X if[Lemma 151 holds for P, and ¢, and F if[Lemma 15|2 holds for P,i and ¢
and[Lemma 151 does not hold for P, i and c. We denote by V (chars a (P, i, c))
the set of all the vertices involved in charg a (P, 1, c).

We also need a version of the hypergraph above for types, as follows.
Let {i,7,k} = {1,2,3}. For every pair of types T1,T> C S with ¢(T1) =
k and ¢(Tz) = j, we define the hypergraph H(P,T;,T5,c). The vertex set
V(H(P,T\,Tz,c)) = {b € B(P,T\) U B(P,Ty) : ¢(b) = i}. Next we con-
struct the hyperedges. Let K be set of all w € W such that w has neigh-
bors n € B(P,T1) and n’ € B(P,Ty) with ¢(n) = ¢(n’) (and therefore
c(n) = ¢(n’) = 14). For every w € K, let h(w) = N(w) N V(H(P,T1,T>,¢)).
Then {h(w) : w € K} is the set of the hyperedges of H(P,T1,Tz,c¢).

Lemma 16 For every integer r > 0 there is a function f : N — N with the
following properties. Let G be a (Ps + rP3)-free graph with no clique of size
four, P = (G,L,S) a stable r-seeded precoloring, and let ¢ be a coloring of
(G,L). Let {i,j,k} = {1,2,3}. Then for every integer M and for every pair
of types Ty, Ty of S with ¢(T1) = k and ¢(T3) = j either

1. there exists X C V(H(P,T1,Ts,c)) with |X| < f(M) such that if w €
W (P) is anticomplete to X, then either ¢(N(w)NB(P,T1)) = j or ¢(N(w)N
B(P,Ty)) =k, or

2. there exists a flock F' = {a1 —by —c1,...,ap —bar —cp} with ay, ... apn €
V(H(P,Tl,T27C)) n B(P,Tl), Cl,...,CM € V(H(P7T1,T2,C)) N B(P,TQ),
and by,...,by € W(P)

Proof Since P is stable, W(P) is a stable set. Let f = f, 1,1 be as in
Applying to H = H(P,T},Ts,c) with p = ¢ = 1, we deduce that
either v(H) > M or 7(H) < f(M). Suppose first that v(H) > M. Let
bi,...,by € W(P) be such that M = {h(by),...,h(bys)} is a matching of H.
It follows from the definition of h(b;) that there exists a flock as in[Lemma 16]2.
Thus we may assume that 7(H) < f(M). Letting X C V(H(P,T1,Tz,¢)) be
a hitting set for H, we immediately see that [Cemma 16]1 holds. 0

Given an r-seeded precoloring P and types T1,T2 of S(P) with ¢(T1) #
¢(T»), and a precoloring extension ¢ of P, we say that an M -characteristic
of P,T1,Ts,c (denoted by chary(P,T1,Ts,¢)) is X if 1 holds for

P, Ty, T and ¢, and F if[Cemma 16]2 holds for P, T}, 7% and ¢ and [Lemma 16]1
does not hold for P, Ty, T and c¢. We denote by V (chary (P, T1,Ts,c)) the set
of all the vertices involved in chary (P, Ty, Ts, ¢).
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In contrast to Section [] here we will need another type of characteristic,
that is not related to Let {i,7,k} = {1,2,3}. A seagull a — b —d
is an ij-typed seagull if a € B(P)x, b € W(P) and d € B(P);x. An ij-typed
seagull is ij-colored if c(a) = i and ¢(d) = j (and therefore c¢(b) = k). Let
width;;(c) be the maximum size of a flock F' of ij-colored seagulls. We say
that two 7j-typed seagulls a — b — d and o’ — b — d’ are related a is adjacent
to d’, d is adjacent to o/, and there are no other edges between {a,b,d} and
{a',V,d'}. A (P,i,j,c)-key is a pair (X1, X2) such that

— X; is amaximal flock of ij-colored seagulls. Let X1 = {x1—y1—21,...,Zm—
Ym — 2Zm ). Let P’ = (G, L', S’) be obtained from P by moving V(X7) to
the seed with c.

— For every [ € {1,...,m} let S; be a flock of size at most one, such that
if S; # 0, then the member of S; is an ij-typed seagull of P’ related to
Ty — Y — 2. Let X2 = U:il Sl.

— For every sy € Xo, at least one wing of ss has color k (in ¢).

— For every | € {1,...,m}, if S; = 0, then no ij-typed seagull of P’ that is
related to s; has a wing u with c(u) = k.

The order of the key is | X1|.

Lemma 17 Let r > 0 be an integer, let G be a (Ps + rPs)-free graph with
no clique of size four, and let P = (G, L,S) be a stable r-seeded precoloring.
Assume that G|(B(P)i, U B(P);x UW (P)) is Ps-free. Let F be a flock of ij-
typed seagulls in P. Let ¢ be a coloring of G|V (F) where ¢(V (F)NB(P)y,) = i,
c«(V(F) N B(P)jx) = j, «(V(F)NW(P)) = k, and let P’ be the precoloring
obtained from P by moving V(F) to the seed with c. Then

1. For every ij-typed seagull s of P’, either F'U{s} is a flock, or s is related
to a seagull of F.

2. Ifse F, and s1 = x1 —y1 — 21 and Sg = Ty — Yo — 22 are ij-typed seagulls
of P' such that both s and sy are related to s, and y; is anticomplete to
{x2, 22}, and yo is anticomplete to {x1, 21}, then sy is related to s5.

Proof Let F = {a; —by —c¢1,...,am —bm —cm}. Let s = 2 —y — z be an
ij-typed seagull of P’. We may assume that F'U{s} is not a flock. Since every
seagull of F' is an ij-colored seagull in ¢, and s is an ij-typed seagull of P’, and
V(F) C S(P'), it follows that for every [ € {1,...,m}, the only possible edges
between {a;, b, ¢;} and {z,y, 2z} are q;z and ¢;x. By symmetry we may assume
that for some [ € {1,...,m} z is adjacent to ¢;. Since a; —b; —¢; —x —y — z is
not a P in G|(B(P)ix U B(P)jx UW(P)), it follows that a; is adjacent to z,
and thus s is related to a; —b; — ¢;. This proves the first assertion of

We now prove the second assertion. Assume that s; = 2y — y; — 21 and
89 = Ta —Yo — 23 are both ij-typed seagulls of P’ that are related to a; —b; —cq,
and y; is anticomplete to {2, 22}, and y, is anticomplete to {z1,z;}. Then
bi,y1,Y2 € W(P) Since P is stable, it follows that =1, 21, T2, 22,a1,¢1 € B(P).
This implies that y; is not adjacent to y». The fact that s; and s are related
to a; — by — ¢ implies that ¢; is complete to {z1, 22} and anticomplete to
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{#1, 22}. Since P is stable and ¢; is complete to {x1,x2}, it follows that x; is
non-adjacent to x2, and similarly and z; is non-adjacent to 2. Since y; —x1 —
c1 — Xy — Yo — 29 is not a Py, it follows that x; is adjacent to zo, and similarly
xo is adjacent to z;. This proves the second assertion of [Lemma 17] and and
completes the proof. m]

Lemma 18 Let r > 0 be an integer, G a (Ps+rPs)-free graph with no clique
of size four, P = (G, L, S) a stable r-seeded precoloring, and let ¢ be a coloring
of (G, L). Assume that G|(B(P),UB(P);x UW (P) is Ps-free. Then for every
integer M and every {i,j,k} = {1,2,3} either

1. width; ;(c) > M, or
2. There exists a (P,1,7,c)-key (X1, X2) of order less than M.

Proof We may assume that [Lemma 181 does not hold. Let X; be a maximal
flock of ij-colored seagulls; then |X;| = m < M. Write X; = {a1 — by —
€Ly Gm—bm —Cm }. Note that for every v € V(X1)NW (P) we have ¢(v) = k.
Let P’ be the precoloring obtained from P by moving V(X;) to the seed with
c. For every [, let Sy contain an ij-typed seagull x —w —y of P’ that is related
to s; and that has ¢(x) =k or ¢(y) = k. If no such z — w — y exists, let S; = 0.
Let Xo =2, Si. Clearly X = X7 U X5 is a (P, 1, j, ¢)-key. O

Given an r-seeded precoloring P, distinct 4,5 € {1,2,3} and a precoloring
extension ¢ of P, we say that a heterogeneous M -characteristic of P,i,j,c
(denoted by charp p(P,1,j,c¢)) is a flock of size M of ij-colored seagulls if
Lemma 181 holds for P, i, j and ¢, and a (P, 1, j, ¢)-key (X1, X3) of order < M
if 2 holds for P,4,j and c. We denote by V(charp s (P, 4, j,c)) the
set of all the vertices involved in chary (P, 1, j, ¢).

Next we generalize the notion of an r-seeded precoloring in order to be
able to use For a graph G, the pair (P, X) is an augmented r-seeded
precoloring of G if P is an r-seeded precoloring of an induced subgraph G’ of
G and X is a set of subsets of V(G) where |X] is polynomial. A precoloring
extension of P is a coloring of (P, X) if every X € X is monochromatic in c.
We say that (P, X) is tractable if |L(P)(v)| < 2 for every v € V(G").

For an r-seeded precoloring P, a collection £ of augmented r-seeded pre-
colorings is equivalent to P if P has a precoloring extension if and only if
some member of £ has a coloring, and given a coloring of a member of L, a
precoloring extension of P can be constructed in polynomial time.

We can now prove the main result of this section. The strategy of the proof
is similar to but it is technically more involved since we need to
consider more characteristics.

Lemma 19 There exists a function g : N — N with the following properties.
Let v > 0 be an integer, G a (Ps + rPs3)-free graph with no clique of size four,
and P = (G,L,S) a stable r-seeded precoloring of G. Then there exists an
equivalent collection L of tractable augmented r-seeded precolorings such that
1£] < [V(G)|9U5D . Moreover, £ can be constructed in time O(|V(G)|915D).
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Proof We start with an observation.

Let w € W(P). Then N(w) C B(P). (14)

follows immediately from the fact that P is stable.

Let i,j € {1,2,3} be distinct, fr as in and M = r + 6. First

we enumerate R, M-characteristics of P. Let smallguess(P,i,j) be the set
of all subsets of B(P,i) of size at most fr(M), and bigguess(P,i,j) the
set of all flocks of size M such that every seagull of the flock has body in
W (P) and both its wings in B(P);;. Let guess(P,i,j) = smallguess(P,i, j) U
bigguess(P,i,j). Then guess(P,i,j) is the set of all possible objects that
can be an R, M-characteristic of a precoloring extension of P. We say that
Xij € guess(P,i,j) is small if X;; € smallguess(P,i,j) and that X;; is big
it X;; € bigguess(P,i,7). If X;; is big, we denote by U;; the set of the wings
of the flock, by W;; the the bodies of the flock, and write V;; = U;; U W;;. If
X,j is small, we write V;; = U;; = X;;, and W;; = (. In both cases we set
V(Xi;) = Vij. A coloring ¢ of (G|Vj;, L) is i, j-consistent if c(v) = ¢ for every
NS U”

Let Q be the set of all 6—tuples X = (X12,X217X13,X31,X23,X32) such
that X;; € guess(P,i,j). Let V(X) = U, jeq1,2.3 V(Xi;). We say that a
coloring ¢ of (G|V(X), L) is consistent if ¢|V;; is 4, j-consistent for all i, j.

Let X € Q and let ¢ be a consistent coloring of X, and let P’ = (G, L', S")
be the precoloring obtained from P by moving V(X) to the seed with ¢. We
modify L’ further as follows. Let 4, j € {1,2,3}.

— Assume first that X;; is small. If w € W(P’) and |N(w) N B(P");;| > 1,
remove j from L' (w).

— Next assume that X;; is big. Let X;; = {a1 — b1 —c1,...,apm — by —cm}-
If b € B(P',i)N B(P) and b is adjacent to b, for more than one value of ¢,
remove ¢ from L'(b).

Let Px . be the r-seeded precoloring thus obtained. We list several properties
of PX,c-

Let 4,7 € {1,2,3}.
— W(Px,) is anticomplete to V(X).
— If b € B(Px,c, 1) then b is anticomplete to U, ;. (15)

—Ifbe B’(PX,C, i) and X;; is big, then b has neighbors in at most
one of the seagulls of X;;.

The first two statements of follow from that fact that V(X) C S(Px..).
By the second bullet of the construction process of Px ., we deduce that if X;;
is big and b has neighbors in more than one of the seagulls of X;;, then i is
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removed from the list of b; thus the third statement of follows. This proves

(L5).-

Let 4,5 € {1,2,3}. If X;; is small, then no vertex w € W(PX’C)

1
has two neighbors in B(Px ¢)i;- (16)

Suppose that such w has two neighbors n,n’ in B(Px,);j. Since Px, is
obtained from P by moving a set of vertices to the seed, it follows that
B(Px.) C B(P)UW(P). By no vertex of W (P) is adjacent to w, and
therefore n,n’ € B(P). It follows that in the construction process of L(Px ),
j was removed from the list of w, contrary to the fact that w € W(Px,c). This

proves .

Let Lr be the collection of all precolorings Px . as above where X € Q
and c is a consistent coloring of V(X).

-~ ICal < @V(G)EmszaD ) -
- 15(Q)] < |S(P)| + 6 max(fr(M),3M) for every Q € Lg.

For every X € Q, V(X) = U, 2jeq1,2,3) V(Xij), and |Vi;| < max(fr(M),3M).

Thus |V(X)| < 6 max(fr(M),3M). It follows that |S(Q)| < |S(P)|+6 max(fr(M),3M)

for every Q € Lg. Moreover, there are at most |V (G)|6™ax(Fr(M)3M) 1oggi-

ble choices for X. Since there are at most 3V ()| < 36max(Fr(M).3M) 1ngqj-

ble colorings of G|X, it follows that [Lr| < (3|V(G)|)6max(/r(M).3M) = Thig

proves ([17).
Let Q € Lg and {4,j,k} = {1,2,3}. Let fs be as in and let

N = max(2/%(@I*1 ;- 1 6). We enumerate all S, N-characteristics of Q. Let
smallguess(W, k) be the set of all subsets of B(Q, k) of size at most fg(N),
and bigguess(W, k) be the set of all flocks of size N such that every seagull
of the flock has one wing in B(Q)x, body w € W(Q), and the other wing in
B(Q) k- Let guess(Q,k) = smallguess(Q, k) U bigguess(Q, k). We say that
Yi € guess(Q,k) is small if Y, € smallguess(Q, k) and that Y} is big if
Y). € bigguess(Q, k). If Yy, is big, we denote by Uy the set of the wings of the
flock, by Wy, the set of the bodies of the flock, and write Vi, = Uy U Wy If Y}
is small, we write V;, = Uy, = Y}, and Wy, = (). In both cases V(Y;) = V. A
coloring ¢ of (G|Vg, L(Q)) is k-consistent if c(v) = k for every v € Uy.

Let S(Q) be the set of all triples Y = (Y7, Y3, Y3) such that Y;, € guess(Q, k).
Let V(Y) = V(Y1)UV (Y2)UV (Y3). We say that a coloring c of (G|V (YY), L(Q))
is consistent if ¢|V; is i-consistent for all 1.

Let Y € §(Q) and let ¢ be a consistent coloring of (G|V (Y), L(Q)). Denote
by P’ = (G, L’,S’) the precoloring obtained from @ by moving V(Y to the
seed with ¢. We modify L’ further. For every ¢, j € {1,2,3} with ¢ # j, proceed
as follows.
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— Assume first that both Y; and Y; are small. If w € W(P’) has a neighbor
in all three of the sets B(P');, B(P')ir, B(P')jx, remove k from L’(w).

— Repeat the following for [ =4, 5. Assume that Y] is big. Let ¥} = {a1 —b1 —
€1,...,any —by —en}. If b € B(P',i) N B(Q) and b is adjacent to b, for
more than one value of ¢, remove [ from L’(b).

Let Qy,. be the r-seeded precoloring thus obtained. We list several properties
of Qy’c.

Let 4,7 € {1,2,3}.

— W(Qy,.) is anticomplete to V(Y).
— If b € B(Qy,c, %), then b is anticomplete to Us. (18)
—Ifbe B(vac, 1) and Y; is big, then u has neighbors in at most

one of the seagulls of Y;.

The first two statements of follow from that fact that V(Y) C S(Qy.).
We now prove the third bullet. Let b € B(Qy@z’) and suppose that b has
neighbors in more that one of the seagulls of Y;. Since Qy. is obtained from
@ by moving vertices to the seed, it follows that B(Qy,.) C B(Q) U W(Q),
and thus b € B(Q)UW (Q). Moreover, N (b)NV (Y;) € W;. Since W; C W(Q),
it follows that no two vertices of W; belong to the same component of W (Q),
and thus b ¢ W(Q). Consequently, b € B(Q) By the second bullet of the
construction process of Q)y,., we deduce that if b has neighbors in more than
one of the seagulls of Y;, then ¢ is removed from the list of b; thus the third
statement of follows. This proves (18).

Let i,5 € {1,2,3} be distinct. If ¥; and Y; are both small, then
|IL(Qy,c)(w)| < 3 for every w € W(Qy,) with a neighbor in all  (19)
three of the sets B(Qvy,c)ij, B(Qv.c)ik, B(Qv.c)jk-

follows immediately from the first bullet of the description of the modifi-
cation of L'.

Let i € {1,2,3}. If Y; is big, then G|(B(Qy.c,i) U W(Qy.)) is (20)
Ps-free.

Suppose that R is a Ps in G|(B(Qy.c,i) UW(Qy.)). By every vertex of
R has neighbors in at most one seagull of Y;. Consequently at least N — 6 >
r seagulls of Y; are anticomplete to R, contrary to the the fact that G is
(Ps + rPs)-free. This proves (20).

Write @@ = Px 4 and let {i,7,k} = {1,2,3}. If Y; is big, then X,;

and X, are small. (21)

Suppose that is false; by symmetry we may assume that X;; is big. Since Y;
is big, there is a type T of S(Q) with L(T') = j such that at least % > 2of
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the seagulls of Y; have a wing in B(Q, T). Let a; —b; —c¢q and as—bs—co be such
seagulls, where a1, as € B(Q, T).Let s€T. Then R=b1—a1—s—ag—by—co
is a Fs, and by every vertex of R has neighbors in at most one of the
seagulls of X;;. Therefore V(R) is anticomplete to at least M — 6 > r of the
seagulls of X;;, contrary to the fact that G is (Ps+rP3)-free. This proves (21)).

Let L£s(Q) be the list of all precolorings Qy,. where Y € S(Q) and c is a
consistent coloring of (G|V(Y), L(Q)). We claim the following;:

- I£(Q)] < BV (@ s, .
— |S(2)] <15(Q)] + 3max(fs(N),3N) for every Z € L5(Q).

For every Y € S, V(Y) = V1 UV, U V3, and |V;| < max(fs(N),3N). Thus
[V(Y)| < 3max(fs(N),3N). It follows that |S(Z)| < |S(Q)|+3 max(fs(N),3N)
for every Z € L5(Q). Moreover, there are at most |V (G)[?max(Fs(N):3N) pog.
sible choices for Y. Since there are at most 31V(¥)| < 33max(fs(N).3N) p655ible
colorings of G|V (Y), it follows that [L5(Q)| < (3|]V(G)])? ™ax(/r(N).3N) " Thig
proves (22).

Let S € Ls(Q). Let T =r +6 and let {7, 7, k} = {1,2,3}. Our next step is
to enumerate all heterogeneous T-characteristics of S. A potential (S, 1, j)-key
is a pair (X7, X3) such that

— X is a flock of ij-typed seagulls of S with |X;| < T. Write X; = {z1 —
Y1 =215+ T —Ym — Zm} Where z1, ..., Ty € B(S)ik, y1,- -+, ym € W(S),
and z1,...,2m € B(S);.

— Let ¢ be a coloring of G|V (X1) such that for every | € {1,...,m}, c(z;) =i,
¢(z;) = j and c(y;) = k. Let P’ = (G, L, S") be obtained from S by moving
V(X7) to the seed with c. For every [ € {1,...,m} let S; be a flock of size
at most one, such that if S; # ), then the member of S; is an ij-typed
seagull of P’ related to z; — y; — 2. Let Xo = J;", Si.

Let smallguess(S, i, j) be the set of all potential (S, 4, j)-keys and bigguess(S, 1, j)
be the set of all flocks of size T such that every seagull of the flock is an ij-
typed seagull of S. Let guess(S,i,j) = smallguess(S,i,j) U bigguess(S, i, ).
We say that Z;; € guess(S,i,j) is small if Z;; € smallguess(S,1,j) and that
Zij is bigif Z;; € bigguess(S,1, 7). If Z;j is big, we denote by Uj; the set of the
wings of the flock that are contained in B(S);, by Ufj the set of the wings of
the flock that are contained in B(S);x, and by W;; the set of the bodies of the
flock, and write V;; = U}; U UZJJ U W;;. Next assume that Z;; = (2}, Z) is
small. Denote by Ufj the set of the wings of Z’ that are contained in B(S)i,
by UZ] the set of the wings of ij that are contained in B(S)jk, and by Wi,
the set of the bodies of Z}’. We write V;; = U}, U Ufj UWi; UV(ZY). In both
cases V(Z;;) = Vi;. A coloring c of (G|V;;, L(S)) is tj-consistent if



28 Maria Chudnovsky et al.

— ¢(v) = i for every v € U};, ¢(v) = j for every v € Ugj, c(v) = k for every

v € Wij, and
— if Z;; is small, then every seagull of Z;j has at least one wing v with

c(v) = k.

Let T (S) be the set of all triples Z = (Z12, Z13, Za3) such that Z;; € guess(S,1,j).
Let V(Z) = V(Z12)UV (Z13)UV (Za3). We say that a coloring c of (G|V (Z), L)
is consistent if ¢|V;; is ij-consistent for all 4, j € {1,2,3} with i < j.

Let Z € T(S) and let ¢ be a consistent coloring of G|V (Z). Let P’ =
(G,L',S") be the precoloring obtained from S by moving V(Z) to the seed
with ¢. If Z;; is small, we modify L’ further, as follows. Let i,j € {1,2,3}.
Write Z7 = {@1 —y1 — 21, ..., Tm — Ym — 2m} and Z& = {S¥ ... S} asin
the definition of a potential key.

—Letl e {l,...,m}. If Slij =0, and p — q — r is an ij-typed seagull of P’

related to z; — y; — z;, remove k from L'(p) and from L'(r).

— If p— g — r is an ij-typed seagull of P’ and ij U{p—q—r}is a flock,

remove k form L'(q).

Let Sz, be the r-seeded precoloring thus obtained. We list several properties
of SZ,c-

Let {i,j,k} € {1,2,3}.

— W(Sz,) is anticomplete to V(Z).

— If b€ B(Sz,, 1) then b is anticomplete to every v € V(Z) with ~ (23)
c(v) = 1.

— B(Sz,, k) is anticomplete to W;;.

All three statements of follow from that fact that V(Z) C S(Sz.).

Let {i,j,k} = {1,2,3} and assume that Z;; is small. Write Z}’ =
{r1—1y1—21,...,Tm — Ym — 2m } as in the definition of a potential
key.

1. Let l € {1,...,m}. If Slij = (), then no ij-typed seagull of Sz . (24)
is related to x; — y; — 2.

2. There is no ij-typed seagull p—g—r of Sz . such that Z{j U{s}
is a flock.

follows immediately from the the description of the modification of L’,

and the fact that, by an ij-typed seagull as in .2 is also an ij-
typed seagull of P’ (with the notation as in the description of the modification

of L').

Recall that there exists an r-seeded precoloring @ such that S € Lg(Q)
and @ € Lr(P). Let Y and d be such that S = Qy 4.

Let {i,7,k} = {1,2,3} and assume that Z;; is small and Y} is big.

Then there is no ij-typed seagull in Sz .. (25)
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Since Y is big, implies that G|(B(S, k) UW(S)) is Ps-free. Suppose p —
g — r is ij-typed seagull of Sz.. Then p — ¢ — r is an ij-typed seagull of
P’ (with the notation as in the description of the modification of L’). Then
k € L(Sz,.)(p) N L(Sz.)(r). It follows from (24).2 that Z;’ U{p—q—r} is not
a flock, and so by [Lemma 17/ p — ¢ — r is related to some seagull of Zij, say
to a; — by — ¢1. We claim that S; = 0. Suppose not; write S; = {s;}. Then,
by and [Lemma 17}, p — ¢ — r is related to s1. But V(s1) C S(Sz.), and
at least one wing of s; has color k, a contradiction. This proves that S; = (),
and we get a contradiction to (24).1 This proves (25).

Let L7(S) be the list of all precolorings Sz, where Z € T(S) and ¢ is a
consistent coloring of V(7).

~ |£2(9)] < BV(G))T. 26)

— |S(T)| < 1S(S)| + 18T for every T' € L (S).
For every Z € T, Z consists of three parts, each of which is a set of at most
2T seagulls. Therefore |V (Z)| < 18T. It follows that |S(T)| < |S(S)|+ 18T for
every T € L7(S). Moreover, there are at most |V (G)|'® possible choices for
Z. Since there are at most, 3141 < 3187 possible colorings of G|V (Z), it follows
that [L7(S)| < (3|V(G)|)'8T. This proves (26).

Let R € Lr(S) and let {i,5,k} = {1,2,3}. Let B = r + 2. Let f be as
in Finally we enumerate all possible B-characteristics of pairs of
types of R. For every pair of types T;,T; of S(R) with L(R)(T;) = i and
L(R)(T;) = j, we define the following sets. Assume first that Y} is small
(here Y} is in the same notation as in (25)). Let smallguess(T;,T;) = {0}
and bigguess(T;,T;) = (. Next assume that Y} is big. Let smallguess(T;,T;)
be the set of all subsets of B(R,T;) U B(R,Tj) of size at most f(B), and
bigguess(T;, T;) be the set of all flocks of size B such that every seagull of the
flock has a wing in B(R,T;), a wing in B(R, Tj) and body in w € W(R).

In all cases, let guess(T;,T;) = smallguess(T;, T;) U bigguess(T;,T;). Let
T be the set of all types of S(R), say |T| =t. Now let C(R) be the set of all
vectors (Ar, ;) where T;,T; € T with L(R)(T;) = i and L(R)(T};) = j, and
Ar, 1, € guess(T;,T;). Then every A € C(R) has at most t* components.

We say that A, 1, is small if A7, 7, € smallguess(T;,T;) and that Ar,
is bigif Ar, 1, € bigguess(T;, T;). If Ar, 1, is big, we denote by Ur, 1, the set of
the wings of the flock, and by Wz, r; the set of the bodies of the flock, and write
VT,;,Tj = UT,-,T,- @] WTi,Tj- If AT,-,TJ- is small, we write VTi,Tj = UTi,Tj = ATi,Tj
and Wr, 1, = 0. Finally, let V(A) = Uy, 1, V1.1,

A coloring ¢ of G|V (A) is consistent if c(v) = k for every v € Ur, ;. Let
A € C(R) and let ¢ be a consistent coloring of G|V (A). We construct the 7-
seeded precoloring R4 . as follows. Let P’ = (G, L’,S’) be obtained from R
by moving V(A) to the seed with c. Next we modify L’ further. Please note
that we are still dealing with types of R, and not with types of P’.
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— Let {4,4,k} = {1,2,3}, let T;,T;, T} be such that L(R)(T;) = [, and as-
sume that Ar, 7, and Ar, 7, are both small. If w € W (P') is both in a
seagull with wings in B(R,T;) and B(R,T}), and in a seagull with wings
in B(R,T;) and B(R,T},), remove i from L' (w).

— Let {4, 7, k} = {1,2,3},let T}, Tj, T}, be such that L(R)(T;) = [, and assume
that A7, 7, is small. If w € W(P') is in a seagull with wings in B(R,T;)
and B(R,T}), and N(w) N B(R, T;) is complete to N (w) N B(R, T}), then
remove 7 from L'(w).

Denote the precoloring thus obtained by R4 ..

Let w € W(Ra..). Then either

1. w only has neighbors in at most two of B(Ra c);, Or

2. there exist 1,15, 75,15 such that
L(R)(Ty), L(R)(T%), L(R)(T5) are all distinct, L(R)(Tz) =
L(R)(T}), and w is both in a seagull with wings in B(Ra.., T1)
and B(Ra.,T), and in a seagull with wings in B(Ra..,T5)
and B(RA7C7T3). Moreover, if Ty and T4 can be chosen with
Ty, =Ty, then A, 1, and Ar, 7, are both big.

(27)

Let {i,7,k} = {1,2,3} and let Ny = N(w) N B(Ra,)i;- We may assume
that all three of the sets N1, N5, N3 are non- empty, for otherw1se . ).1 holds.
Since w € W(Ra..), it follows that w € W (P). By (14 (T4 N(w (P). Since
P is stable, we deduce that N(w) is not connected Consequently, Nj is not
complete to No U N3, Ny is not complete to N7 U N3, and N3 is not complete
to Ny U Na. If follows that there exist types T1,7%,74, T3 of R such that
L(R)(T1), L(R)(T2), L(R)(T3) are all distinct, L(R)(T:) = L(R)(T3), and w is
both in a seagull with wings in B(RA e, T1) and B(RA ¢, I»), and in a seagull
with wings in B(Ra.,Ty) and B(Ra..,T3). Now suppose Ty and T} can be
chosen with T, = T}. By the first bullet of the construction process of L(R4 )
we may assume that Ap, 7, is big. We may also assume that A, 7, is small,
for otherwise ( . 2 holds. Now by the second bullet point of the construction
of L(R4 ), we deduce that w is also in a seagull with wings in B(RA ¢, I1) and
B(Ra.c, T3). But now Ag, 1, is big (by the first bullet point of the construction

of L(Ra,)), and again (27).2 holds. This proves (27).
Write Q = PX,da S = Qy7f and R = SZ,g

|IL(Ra)(w)| < 3 for every w € W(R4,) with neighbors in all
three of the sets B(Ra.c)ij; B(Ra,c)ik; B(Ra,)jx (here {i,j,k} =  (28)
{1,2,3}).

We may assume that there exists w € W(RA,C) with neighbors in all three of

the sets B(Ra c)ijs B(Ra.c)ik, B(Ra.);r- Then w € W(Qy ;) with a neighbor
in all three of the sets B(Qv,f)ij, B(Qv.f)ik, B(Qy,r)jr. By there exist
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distinct 4, j € {1,2,3} such that both ¥; and Y; are big. It follows from ([21))
that X719, X13 and Xa3 are all small, and so by every w' € W(Q) has at
most one neighbor in B(Q);; for every i,j € {1,2,3}. Using we deduce
that every w’ € W(RA’C) has at most one neighbor in B(Ra);; for every
i,j € {1,2,3}. So (27).2 holds for w and T» = T3. With the notation of (27).2,
we may assume that L(T;) = i; consequently w is both in a 23-seagull, and in
a 12-seagull. Using symmetry, we may assume that Y; is big. Now by , it
follows that Zas is big. Let Z}; C Zas be a flock of size exactly r. Let Ap, 1, =
{pr—a1—r1,...,pB—qB—"B}, Where py,...,pp € B(R,T1) and ry,...,rp €
B(R,T») (recall that Ar, 1, is big by (27)). Since each of the bodies of the
seagulls of Zj, has at most one neighbor in B(Q)2s (note that the bodies of
Zbs are in W(Q)), it follows that the set of bodies of Z}, is anticomplete to at
least B—r =2 of p1,...,ps. We may assume that the set of bodies of Z}; is
anticomplete to {p1,p2}. Let s € T1. Then M = ¢o —ps — s —p1 —q1 —r1 and
M' = g1 —p1 — 8 — pa — g3 — 5 are copies of Py in G. If every vertex of M has
neighbors in at most one seagull of Y7, then V(M) is anticomplete to at least
N — 6 > r seagulls of Y7, contrary to the fact that G is (P + rP3)-free. By
we may assume that p; has neighbors in at least two seagulls of Y7, say
a1 —by —cp and ag — by — co. It follows that ¢q,b1,bs € VV(P) Now implies
that p1,a1,c1,a2,c0 € B(P), and since P is stable, p; is not complete to either
of {a1,c1}, {az,ca}. Also, since L(Rac)(a1) = L(Ra,)(c1) = L(Rac)(az) =
L(Ra,)(c2) = {1}, it follows that L(Ra.)(b1) # {1} and L(Ra.)(b2) #
{1}, and since p; € B(RA7C)23, we have that p; is anticomplete to {by,b2}.
We deduce that G|{p1,a1,b1,c1,a2,ba,co} contains an induced Pg, say K.
Recall that each of by,bs has at most one neighbor in each of B(Q)2 and
B(Q)13 (namely a1, c; and as, ¢z, respectively) from the construction of Qv ;.
Since V(Y1) € S(Qy,y), it follows that {ai,b1,c1,a2,b2,¢c2} is anticomplete
to V(Z23). Now, since Zj3 are all 23-typed seagulls of S = Qy, s with bodies
anticomplete to p, and since p; € B(R)23 C B(S)23 UW(S), it follows that
{p1,a1,b1,¢1,a2,ba, c2} is anticomplete to V(7). Since Zi4 is a flock of size
r, this contradicts the fact that G is (Ps + rPs)-free. This proves .

Ifwe W(RA,C) has neighbors in B(R 4 )i; and in B(R 4 ¢)qk, then
for every pair of types T1, To with L(R)(T}) = k and L(R)(T2) = j,  (29)
we have that A(Ty,T5) is small.

By we may assume that w is anticomplete to B(Ra4..);x- Suppose that
there exist 77, T as above with A(Ty,T3) big. It follows that Z; is big (since if
Z; is small, we would set guess(T;,T;) = () and then A(Ty,T>) = () is small).
But now by both Y;; and Yj; are small, and so by deg(w) < 2. By
we get a contradiction to the fact that P is stable. This proves (29).

Now we construct an augmented r-seeded precoloring M4 . as follows. If
|L(Ra,c)(w)| = 2 for every w € W(Ra ), let Ma .= (Ra.,0). Now we may
assume that W(Ra ) # (0. Let W, be the set of w € W (R4 ) with neighbors
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in exactly [ of the sets B(Ra,c);;. By [28), W3 = 0. Let G’ = G\ (W1 U W),
and let X' be the set of all the non-empty sets N(w)NB(Ra )i; with w € W.
Let Mg .= ((G',L(Ra,), S(RA,C), X) .

Let M(R) be the set of all the augmented r-seeded precolorings My . where
A € C(R) and c is a consistent coloring of A.

|M(R)| is polynomial. (30)

The number of possible pairs (7;,7;) where T3, 7T; € T and L(R)(T;) #
L(R)(T;) is at most > < 225 By (17), (22), ., there is a constant
D that depends on r but not on G, such that |[S(R)| < D. Since |Vp, ;| <
maz(3B, f(B)) for every T;,Tj, it follows that for every A € C(R), |V (A4)| <
22Pmaz(3B, f(B)). Let K = 22Pmaxz(3B, f(B)). Then there are at most
|V (G)|¥ choices for the members of C, and so [C(R)| < |V (G)|¥. Moreover, for
every A € C(R), the number of colorings of G|V (A) is at most 3/V(NI < 3K,
Since |M(R)| is at most the total number of pairs (4,c) where A € C(R)
and c is a coloring of G|V (A), we deduce that |[M(R)| < (3|V(G)|)¥. This

proves .

Finally, let £ = Uger, Users@) Urer(s) M(B).

It follows from (17), (22), and that |£| is polynomial. Moreover,
for every (M,X) € L, |[L(M)(v)| < 2 for every v € V(G(M)), and |X| <
2|V(G)[; thus (M, X) is tractable. It remains to show that £ is equivalent to
P. Suppose (M, X) € L has a precoloring extension d. We observe that M is
an r-seeded precoloring (G', L', S"), where G’ is an induced subgraph of G, and
L'(v) C L(v) for every v € V(G’). Thus a precoloring extension ¢ of M is also
a precoloring extension of (G, L, S). Next we observe that if v € V(G)\V(G’),
then |L(w)| = 3, and either

— there exist i, j € {1,2,3} such that L'(n) = {4, j} for every n € N(v), or
— there exist X7, X5 € X such that N(v) = X; U X5,

In both cases we have L(v) \ ¢(N(v)) # 0, and so ¢ can be extended to a
precoloring extension of P.

Now we show the converse. Let ¢ be a precoloring extension of P. We
will construct (M, X) € L that has a precoloring extension. For every i,j €
{1, 2, 3}7 let Xij = charR,M(P, i,j, C), andlet X = (Xlg, X21, X13, Xgl, X23, ng).
Then c is a consistent coloring of V(X), and so @ = Qx,. € Lr. We claim
that ¢ is a precoloring extension of Q). Suppose that ¢(v) € L(Q)(v) for some
v € V(G). Let P’ be the precoloring obtained from P by moving V(X)) to the
seed with ¢|V(X). Then there exist 4,5 € {1,2,3} such that either

— X,j is small, v € W(P'), |N( v) N B(P');5] > 1, and ¢(v) = j, or
— X;; is big, v € B(P’,i) N B(P), and v is adjacent to the bodies of at least
two seagulls of X;;, and c(v) = i.
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In the former case[Lemma 14]1 implies that v has a neighbor in B(P”);; of color
J in ¢, and in the latter case |Lemma 1412 immediately implies that c(v) # i,
in both cases a contradiction. This proves that ¢ is a precoloring extension of

Q.

Let Y; = charg n(Q,14,c), and let Y = (¥1,Y>,Y3). Then c is a consistent
coloring of V(Y'), and so S = Qy,. € Ls(Q). We claim that ¢ is a precoloring
extension of S. Suppose that ¢(v) € L(S)(v) for some v € V(G). Let Q' be the
precoloring obtained from @ by moving V(Y") to the seed with ¢|V(Y). Then
there exist {4, 7, k} = {1,2, 3} such that

— X; and X; are small, v € W(Q’) has a neighbor in each of the sets

B(Q")ij, B(Q")ik, B(Q")jk, a1~1d c(v) = ]f; or
— for Il € {i,j}, X; is big, v € B(Q’',1) N B(Q) and v is adjacent to the body
of at least two seagulls of X;, and c(v) =1

We deal with the first bullet first. In the case of the first bullet [Cemma 1511
implies that

1. v does not have neighbors n € B(Q');; and n’ € B(Q'); with ¢(n) =

c(n’) =i, and
2. v does not have neighbors m € B(Q');; and m’ € B(Q');j, with ¢(n) =

e(n') =j.

We claim that v has a neighbor n” € B(Q') with ¢(n”) = k. Suppose not.
Then ¢(N(v) N B(Q')ix) = 4, and therefore ¢(N(v) N B(Q'):;) = j. But also
¢(N(v) N B(Q') k) = j, and therefore ¢(N(v) N B(Q');j) = i, a contradiction.
This proves that the first bullet above does not happen. If the case of the
second bullet 2 immediately implies that ¢(v) # 4, and in the case
of the third b2 immediately implies that c(v) # j. Thus we
get a contradiction in all cases. This proves that c is a precoloring extension
of S.

Let 7,5 € {1,273} Let Zij = charh,T(S,i,j, C). Let Z = (Z12,Zlg,223).
Then c is a consistent coloring of V(Z). Let R = Sz, then R € L1(S). We
claim that ¢ is a precoloring extension of R. Suppose that ¢(v) &€ L(R)(v) for
some v € V(G). Let S” be the precoloring obtained from S by moving V(X)
to the seed with ¢|V(X). Then there exists {1, j, k} = {1, 2, 3} such that Z; is
small, Z = {xy —y1 — 21, .., Zm — Ym — 2m } and, with the notation of the
definition of an (5,1, j, ¢)-key, either

— there exists [ € {1,...,m} , v — g — r is an ij-typed seagull of S’ related
to 21 —y; — 21, and ¢(v) =k, or -

— p—wv —ris an ij-typed seagull of S’, Z; U {p — v — r} is a flock, and
c(v) = k.

Suppose first that the first case happens. Since S; = (), it follows from the
definition of a key that no seagull related to x; — y; — z; has a wing colored k
in ¢, a contradiction. Thus the second bullet holds, and we get a contradiction
to the fact that Z}’ is a maximal flock of ij-colored seagulls. This proves that
c is a precoloring extension of R.
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For every pair of types T;,T; of S(R) with L(R)(T;) =i and L(R)(T}) = 7,
let Ar, 7, = charg(R,T;,Tj,c). Note that, by [Lemma 151, if Y} is small,
then no vertex of W(R) has neighbors n € B(R,T;) and n’ € B(R,T;) with
c(n) = c¢(n’) = k, and therefore Az, 7, = 0. Let A= (Ar, 1,) (so A is a vector
indexed by pairs T;,T; and A € C(R)). Then c is a consistent coloring of V(A).
Let D = Ra,.. Let R’ be the seeded precoloring obtained from R by moving
V(A) to the seed with ¢. We claim that ¢ is a precoloring extension of D.

Suppose c¢(v) ¢ L(D)(v) for some v € V(G). Then there exist types
T;,T;,T of R where {i,j,k} = {1,2,3} and L(R)(T;) = [ for every | €
{1,2,3}, and such that (please note that we are still dealing with types of
R, and not with types of R')

— Ar, 1, and Ar, 1, are both small, v € W(R’) is in both in a seagull with
wings in B(R,T;) and B(R,T}), in a seagull with wings in B(R,T;) and
B(R,Ty), and c¢(v) =1, or

— Ar, 1, is small, and N(v) N B(R,T;) is complete to N(v) N B(R,T}), and
v € W(R') is in a seagull with wings in B(R, T;) and B(R, T}), and ¢(v) = i.

Now 1 implies that (note that W (R') C W(R))

1. v does not have neighbors n € B(R',T;) and n’ € B(R',T;) with ¢(n) =
e(n') =k, and

2. v does not have neighbors m € B(R',T;) and m’ € B(R',T},) with ¢(m) =
e(m’) = 3.

We claim that v has a neighbor in n” € B(R’) with ¢(n”) = i. Suppose not.
Then ¢(N(v) N B(R',T;)) = k, and therefore ¢(N(v) N B(R',T;)) = j. Also,
¢(N(w)NB(R',T})) = j, and therefore ¢(N(v)NB(R',T;)) = k, a contradiction.
This proves that c is a precoloring extension of D.

Finally, we construct an augmented seeded precoloring My .. If |L(D)(w)| =
2 for every w € W(D), let M4, = (D, ). Then c is a coloring of M, . and
My, € M(R), as required. Thus we may assume that there exists w € W (D).

It follows from (28), and 1 that for every {i,j, k} = {1,2,3},
and every pair T;,T; with L(T;) = ¢ and L(T};) = j, w does not have neighbors
n € B(R',T;) and n’' € B(R',T;) with ¢(n) = ¢(n’) = k. For [ € {1,2,3} let

W, be the set of vertices w € W (D) with neighbors in exactly [ of the sets
B(D)U By , W3 = @

Let w € Wy. We claim that each of the sets N(w) N B(D);; is
monochromatic in c.

Suppose not; we may assume that 1,2 € ¢(N(w) N B(D)12). It follows that
¢(N(w) N (B(D)13 U B(D)23)) = 3, and so all three colors appear in N(w),
contrary to the fact that ¢ is a precoloring extension of D. This proves .

(31)

Let G' = G\ (W1 UW3), and let X be the set of all the non-empty sets
N(’w)ﬂB(D)ij with w € Ws. Let Ma, = ((Gﬂ7 L(D)7 S(D)), X) Then My, €
M(D), and by ¢ is a precoloring extension of My ., as required. This
proves O
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7 The complete algorithm

We can now prove which we restate.

Theorem 9 The LIST 3-COLORING PROBLEM can be solved in polynomial
time for the class of (Ps + rP3)-free graphs.

Proof The proof is by induction on r. For r = 0, the result follows from
so we may assume that r > 1. Let G be a (Ps + rP3)-free graph
and let L be a 3-list assignment for G. We can test (by enumeration) if there
exists X C V(G) with | X| < 4r 48 such that (G|X, L) is not colorable. If such
X exists, stop and output that (G, L) is not colorable.

We may assume that G contains an induced Ps+ (r — 1) Ps. Let S C V(G)
be such that G|S = Ps+ (r — 1) Ps. For every precoloring (G, L, S, L) of (G, L),
P, = (G, L,S) is an r-seeded precoloring. Since |S| = 3r + 6, it follows that
the number of such r-seeded precolorings is at most 376, For each Pp as
above, let £1(Pr) be be as in and let £, = (Jp, L£1(PL). Then
|£1] < 33 H6)V(@)]91G7+6) and every member of £; is nice or easy and has
seed of size at most g; (37 + 6).

For every P’ € L£; proceed as follows. If P’ is easy, set L(P’) = {P’}. Next
assume that P’ is nice. Let £5(P’) be as in[Lemma 13] Then |£,(P')| < [V(G)],
every member of Lo(P’) is stable and has seed of size at most g1(3r + 6).
Now for every P € Lo(P') let L3(P") be as in[Lemma 19] Then |L3(P")| <
|V (G)|9(91(3r+6)) Let L(P') = Uprec,(pry £3(P"). Finally, let £ = Up ¢z, L(P).
It follows that |£] is polynomial.

It is now enough to test in polynomial time if each member of £ has a
precoloring extension. Let Q € L. It follows from the construction of £ that
Q@ is either a tractable augmented r-seeded precoloring, or an easy r-seeded
precoloring. If ) is a tractable augmented r-seeded precoloring, then a coloring
of @, or a determination that none exists, can be found by Thus
we may assume that @ is an easy r-seeded precoloring. It is now enough to
test if (G'\ X°(L(Q)), L(Q)) is colorable, and find a coloring if one exists.

Since V(G)\ X°(L(Q)) € B(Q)UW(Q), this can be done by [Theorem 2} This
proves 0

8 A hardness result

A graph G = (V, E) is said to be k-critical if x(G) = k and x(G —v) < k for
any vertex v € V. A k-critical graph G is nice if G contains three pairwise non-
adjacent vertices c1, ¢o and c3 such that w(G — {c1,¢2,¢3}) = w(G) = k — 1.
For instance, any odd cycle of length at least seven with any 3-vertex stable
contained in it is a nice 3-critical graph. The graph H* with its vertices c1, co
and c3 (see is a nice 4-critical graph.

In [[7], the following generic framework of showing N P-completeness of the
k-coloring problem was proposed. Let I be a 3-SAT instance with variables x1,
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Fig. 1 A nice 4-critical graph H*.

To, ..., T, and clauses C, Cs, ..., C),. Let H be a nice k-critical graph. We
construct a graph Gy, as follows.

— For each variable x; there is a variable component T; consisting of two
adjacent vertices x; and T;. Call these vertices X -type.

— For each variable z; there is a vertex d;. Call these vertices D-type.

— For each clause Cj = y;, V i, V yi, Where y;, is either z;, or Ty, there
is a clause component H; that is isomorphic to H. Denote the three
specified pair-wise non-adjacent vertices in Hj; by ¢;,; for t = 1,2,3.
Vertices c¢;,; are referred to as C'-type and all remaining vertices in H;
are referred to as U-type.

— Add an edge between every vertex of U-type and every vertex of X-
type or D-type.

— For each C-type vertex c;; we say that x; or x; is its literal vertex
depending on whether z; € C; or 7; € C;. Add an edge between c;;
and its literal vertex.

— For each C-type vertex c;; add an edge between c;; and d;.

Lemma 20 ([7]) A 3-SAT instance I is satisfiable if and only if Gy is
(k + 1)-colorable.

Now we use the generic framework to prove [Theorem 8 which we restate.

Theorem 10 The k-COLORING PROBLEM restricted to (Ps + Pa)-free graphs
is N P-hard for k > 5.

Proof First we show:

Let I be a 3-SAT instance and H be a nice k-critical graph. If H

is Ps-free, then G 1 is (Ps + P»)-free. (32)

Suppose that Gy ; contains an induced @ = Q1 + Q)2 where Q; aid Q- are
isomorphic to a Ps and a P,, respectively. Let C; (respectively C;) be the
set of C-type vertices that connect to x; (respectively T;). We observe that
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each connected component of G — U has a specific structure, namely it is the
result of substituting stable sets into a 5-cycle (and possibly removing some
vertices). Specifically, the 5 stable sets are, in the cyclical order, Xo = {z;},
X1 = Ci, Xo = {d;}, X3 = C;, and finally X; = {Z;}. This subgraph does
not contain an induced P, since the 5-cycle does not and substituting stable
sets cannot create a Ps. This implies that Q1 NU # (). Since U is complete to
XUD, Qs CUUC. Since C is an stable set, this implies that Q2 NU # 0
and thus @1 C UUC. This means that (), is entirely contained in some clause
component. This, however, contradicts the assumption that H is Ps-free. This

proves .

Now observe that the graph H* (Figure 1)) is Ps-free. It follows then from
and that 5-COLORING (Ps + P»)-free graphs is NP-hard. O

9 Conclusions

In this paper, we introduced a new proof technique, which involves applying a
hypergraph theorem in [3], and used it to solve the list 3-coloring problem re-
stricted to the class of (Ps+rPs)-free graphs. This technique (or its extensions)
may be applied to other coloring problems with forbidden induced subgraphs,
such as the list 3-coloring problem on the family of (Py + FPg)-free graphs. We
have not explored any of these directions as of yet. Besides the positive results,
we have also proved that the k-coloring problem on (Ps + P,)-free graphs is
N P-hard for every fixed k > 5.
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