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Abstract

This is the second paper in a series of two. The goal of the series is to give a polynomial time
algorithm for the 4-COLORING PROBLEM and the 4-PRECOLORING EXTENSION PROBLEM restricted to the
class of graphs with no induced six-vertex path, thus proving a conjecture of Huang. Combined with
previously known results this completes the classification of the complexity of the 4-COLORING PROBLEM
for graphs with a connected forbidden induced subgraph.

In this paper we give a polynomial time algorithm that starts with a 4-precoloring of a graph with
no induced six-vertex path, and outputs a polynomial-size collection of so-called excellent precolorings.
Excellent precolorings are easier to handle than general ones, and, in addition, in order to determine
whether the initial precoloring can be extended to the whole graph, it is enough to answer the same
question for each of the excellent precolorings in the collection. The first paper in the series deals with
excellent precolorings, thus providing a complete solution to the problem.

1 Introduction

All graphs in this paper are finite and simple. We use [k] to denote the set {1,...,k}. Let G be a graph. A
k-coloring of G is a function f : V(G) — [k]. A k-coloring is proper if for every edge uv € E(G), f(u) # f(v),
and G is k-colorable if G has a proper k-coloring. The k-COLORING PROBLEM is the problem of deciding,
given a graph G, if G is k-colorable. This problem is well-known to be N P-hard for all k > 3.

Let G be a graph. For X C V(G) we denote by G|X the subgraph induced by G on X, and by G\ X the
graph G|(V(G) \ X). We say that X is connected if G| X is connected. If X = {z} we write G \ = to mean
G\ {z}. For disjoint subsets A, B C V(G) we say that A is complete to B if every vertex of A is adjacent
to every vertex of B, and that A is anticomplete to B if every vertex of A is non-adjacent to every vertex of
B. If A ={a} we write a is complete (or anticomplete) to B to mean that {a} is complete (or anticomplete)
to B. If a is not complete and not anticomplete to B, we say that a is mized on B. Finally, if H is an
induced subgraph of G and a € V(G) \ V(H), we say that a is complete to, anticomplete to or mized on H
if a is complete to, anticomplete to or mixed on V(H), respectively. For X C V(G), we say that e € E(G)
is an edge of X if both endpoints of e are in X. For v € V(G) we write Ng(v) (or N(v) when there is no
danger of confusion) to mean the set of vertices of G that are adjacent to v. Observe that since G is simple,
v ¢ N(v). For X C V(G) we define N(X) = (U,ex N(v)) \ X.
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A function L : V(G) — 2[* that assigns a subset of [k] to each vertex of a graph G is a k-list assignment
for G. For a k-list assignment L, a function f : V(G) — [k] is an L-coloring if f is a k-coloring of G
and f(v) € L(v) for all v € V(G). We say that G is L-colorable, or that (G, L) is colorable, if G has a
proper L-coloring. The k-LIST COLORING PROBLEM is the problem of deciding, given a graph G and a k-list
assignment L, if G is L-colorable. Since this generalizes the k-coloring problem, it is N P-hard for all k& > 3.

A k-precoloring (G, X, f) of a graph G is a function f : X — [k] for a set X C V(G) such that f is a
proper k-coloring of G|X. Equivalently, a k-precoloring is a k-list assignment L in which |L(v)| € {1, %} for
all v € V(G). A k-precoloring extension for (G, X, f) is a proper k-coloring g of G such that g|x = f, and
the k-PRECOLORING EXTENSION PROBLEM is the problem of deciding, given a graph G and a k-precoloring
(G, X, f), if (G, X, f) has a k-precoloring extension.

We denote by P; the path with ¢ vertices. Given a path P, its interior is the set of vertices that have
degree two in P; the interior of P is denoted by P*. A path in a graph G is a sequence vy — ... — vy of
pairwise distinct vertices where for 4, j € [t], v; is adjacent to v; if and only if |i — j| = 1; the length of this
path is t. We denote by V(P) the set {v1,..., v}, and if a,b € V(P), say a = v; and b = v; and ¢ < j, then
a — P — b is the path v; — v;41 — ... —vj, and b — P — a is the path v; —vj_1 — ... —v;. For v € V(P),
the neighbors of v in P are the neighbors of v in G|V (P). A P, in G is a path of length ¢ in G. A graph is
P;-free if there is no P; in G.

Throughout the paper by “polynomial time” or “polynomial size” we mean running time, or size, that are
polynomial in |V (G)|, where G is the input graph. Since the k-COLORING PROBLEM and the k-PRECOLORING
EXTENSION PROBLEM are N P-hard for k > 3, their restrictions to graphs with a forbidden induced subgraph
have been extensively studied; see [2| [§] for a survey of known results. In particular, the following is known
(given a graph H, we say that a graph G is H -free if no induced subgraph of G is isomorphic to H):

Theorem 1 ([§]). Suppose that P # NP. Let H be a (fixed) graph, and let k > 2. If the k-COLORING
PROBLEM can be solved in polynomial time when restricted to the class of H-free graphs, then every connected
component of H is a path.

Thus if we assume that H is connected, then the question of determining the complexity of k-coloring
H-free graphs is reduced to studying the complexity of coloring graphs with certain induced paths excluded,
and a significant body of work has been produced on this topic. Below we list a few such results.

Theorem 2 ([I]). The 3-COLORING PROBLEM can be solved in polynomial time for the class of Pr-free
graphs.

Theorem 3 ([0]). For every k € N, the k-COLORING PROBLEM can be solved in polynomial time for the
class of Ps-free graphs.

Theorem 4 ([7]). The 4-COLORING PROBLEM is N P-complete for the class of Pr-free graphs.
Theorem 5 ([7]). For all k > 5, the k-COLORING PROBLEM is N P-complete for the class of Ps-free graphs.

The only cases for which the complexity of k-coloring P;-free graphs is not known are k = 4, t = 6, and
k =3, t > 8. This is the second paper in a series of two. The main result of the series is the following:

Theorem 6. The 4-PRECOLORING EXTENSION PROBLEM can be solved in polynomial time for the class of
Ps-free graphs.

Theorem@proves a conjecture of Huang [7], thus resolving the former open case above, and completes the
classification of the complexity of the 4-COLORING PROBLEM for graphs with a connected forbidden induced
subgraph.

A starred precoloring is a T-tuple P = (G, S, Xo, X, Y, Y™, f) such that

A) f:S5UXo— {1,2,3,4} is a proper coloring of G|(S U Xy);

C
D

(A)
(B) V(G)=SUXoUXUY UY™ and the sets S, Xo, X,Y,Y™* are disjoint;
(C) G|S is connected and no vertex in V(G) \ S is complete to S;

(D)

every vertex in Y has a neighbor in S;



(E) for every vertex z € X, |f(N(z) N S)| > 2;
(

)
F) Y is anticomplete to Y™*;
(G) no vertex in X is mixed on a component of G|Y™*;
)

(H) for every component C' of G|Y™*, there is a vertex in S U Xy U X complete to V' (C).

A starred precoloring is ezcellent if Y = 0); we write it is as a 6-tuple (G, S, Xo, X, Y*, f). The set S is called
the seed of the starred precoloring. We define Lp(v) = Lg (v) = {1,2,3,4} \ (f(N(v) N'S)). A precoloring
extension of a starred precoloring is a function f’: V(G)\ (SUXy) — {1,2, 3,4} such that f'U f is a proper
coloring of G. The main result of the first paper of the series [4] is

Theorem 7. For every fized positive integer C, there exists a polynomial-time algorithm with the following
specifications.

Input: An excellent starred precoloring P = (G, S, Xo, X, Y™, ) of a Ps-free graph G with |S| < C.

Output: A precoloring extension of P or a determination that none exists.

In this paper, we reduce the 4-PRECOLORING EXTENSION PROBLEM for Pgs-free graphs to the case handled
by Theorem [7} Our main result is the following.

Theorem 8. There exists an integer C' > 0 and a polynomial-time algorithm with the following specifications.
Input: A 4-precoloring (G, Xo, f) of a Ps-free graph G.

Output: A collection L of excellent starred precolorings of G such that
1Ll < [V(G)|9,
2. for every (G',S", X{, X', Y*, f'Ye L

o |9 <C,
° XO Q Sl UX(I),
o G’ is an induced subgraph of G, and

b f/|Xo = f‘Xo'

3. if we know for every P € L whether P has a precoloring extension, then we can decide in polynomial
time if (G, Xo, f) has a 4-precoloring extension; and

4. given a precoloring extension for every P € L such that P has a precoloring extension, we can compute
a 4-precoloring extension for (G, Xo, f) in polynomial time, if one exists.

Clearly Theorem [§] and Theorem [7] together imply Theorem [6] and, as an immediate corollary, we obtain
that the 4-COLORING PROBLEM for Ps-free graphs is also solvable in polynomial time. In contrast, the 4-LIST
COLORING PROBLEM restricted to Pg-free graphs is N P-hard as proved by Golovach, Paulusma, and Song

The proof of Theorem [§ consists of several steps. At each step we replace the problem that we are trying
to solve by a polynomial-sized collection of simpler problems, where by “simpler” we mean “closer to being
an excellent starred precoloring”. The strategy at every step is to “guess” (by exhaustively enumerating) a
bounded number of vertices that have certain key properties, and their colors, add these vertices to the seed,
and show that the resulting precoloring is better than the one we started with. In this process we make sure
that the size of the seed remains bounded, so that we can apply Theorem [7] Since we will follow a gradual
process to establish all the required properties, on of our main challenges will be to ensure that each step
preserves the progress we have made in the previous step; and we will introduce a few tools specifically for
this purpose (including ”normal subcases”, subproblems that are derived from the original in a restricted
way that preserves some of its properties).



This paper is organized as follows. In Section [L.1] we introduce a few helpful definitions and lemmas. In
Section [2] we transform an instance of the 4-PRECOLORING EXTENSION PROBLEM into a polynomial number
of subproblems, each of which is a starred precoloring that has additional properties. In particular, we ensure
that every component of G|(Y UY™) that contains a vertex v with Lp(v) = [4] is completely contained in
Y*. The axioms listed at the beginning of Section [2] will serve as our road map: we start with a precoloring
extension, and we will obtain a starred precoloring. In Section 3] we start with a list of starred precolorings,
and replace each of the subproblems produced in Section [2| by yet another polynomial-sized collection of
problems and prove Theorem [8] Again, a set of axioms listed at the beginning of the section serves as a road
map; and while Section [2f mainly deals with vertices with Lp(v) = [4], Section [3| deals with vertices with 3
colors in their lists.

1.1 Definitions

For two functions f, f’ with f : X — {1,...,k} and f' : Y — {1,...,k} such that f|xny = f'|xny, we

define their union fUf" : XUY — {1,...,k}as (fUf)(z) = f(z)ifz € X, and (fU[f')(2) = f'(z)ifz €Y.

For a set X with X = {z}, we do not distinguish between X and x (when there is no danger of confusion).
In Section [2] we will work with seeded precolorings: A seeded precoloring of a graph G is a T-tuple

P=(G,S, X0, X, Yy,Y, f)
such that
e the function f: (SU Xp) — {1,2,3,4} is a proper coloring of G|(S U Xj);
e V(G)=SUXoUXUYyUY; and
e 5. X0, X, Y, Y are pairwise disjoint.

The set S is called the seed of the seeded precoloring. A precoloring extension of a seeded precoloring P
is a 4-precoloring extension of (G,S U Xy, f). For a seeded precoloring P and a collection £ of seeded
precolorings, we say that £ is an equivalent collection for P if P has a precoloring extension if and only if at
least one of the seeded precolorings in £ does, and, given a precoloring extension of a member of £, we can
construct a precoloring of P in polynomial time.

Given a seeded precoloring P = (G, S, Xo, X,Y),Y, f) and a seeded precoloring P’, we say that P’ is a
normal subcase of P if P = (G\ Z,5', X}, X', Yy,Y’, f') such that

e 7/ CYy;

e (]S’ connected and S C 5’;

e cvery vertex in X{ MYy has a neighbor in S’;

e SCS CSUXUYyUY;

e Xy C X/ CXoUXUYyUY, and

e there is a function g : (S’ U X{) \ (SU Xo) — {1,2,3,4} such that f' = fUg.

Normal subcases will be helpful in our arguments, because we will be able to deduce that if P’ is a normal
subcase of P, then P’ retains some of the nice properties of P. The simplifications we make throughout this
paper, such as adding vertices to the seed and separating connected components into difference instances,
will usually result in normal subcases.

For a seeded precoloring P = (G, S, Xy, X, Y),Y, f) of a graph G, we let Lp(v) = Lg s(v) = f(v) for
v € SUXy, and Lp(v) = Lgs(v) = {1,2,3,4} \ f(N(v) N S) otherwise. Note that either |Lp(v)| = 1,
or Lp(v) is determined by the neighbors of v in S, but not those in Xy. For a set Z C V(@) and list
L C {1,2,3,4}, we let Z, denote the set of vertices v in Z with Lp(v) = L. This notation will be used
throughout the paper, for example in .

We finish this section with two useful results.



Lemma 1. Let G be a graph and let X C V(G) be connected. If v € V(G) \ X is mized on X, the there is
an edge xy of X such that v is adjacent to x and not to y.

Proof. Since v is mixed on X, both the sets N(v) N X and X \ N(v) are non-empty. Now since X is
connected, there exist z € N(v) N X and y € X \ N(v) such that z is adjacent to y, as required. This proves
Lemma I O

Theorem 9 ([5]). There is a polynomial time algorithm that tests, for graph H and a list assignment L with
|L(v)| <2 for every v € V(H), if (H,L) is colorable, and finds a coloring if one exists.

2 Establishing the Axioms on Yj

Given a Ps-free graph G and a precoloring (G, A, f), our goal is to construct a polynomial number of seeded
precolorings P = (G, S, Xo, X, Y0, Y, f) satisfying the following axioms, and such that if we can decide for
each of them if it has a precoloring extension, then we can decide if (G, A, f) has a 4-precoloring extension,
and construct one if it exists.

(i) G\ Xj is connected.
(ii) S is connected and no vertex in V(G) \ S is complete to S.

(iv) No vertex in V(G) \ (Yo U Xp) is mixed on an edge of Yj.

)
)
(iif) Yo = V(G)\ (N(S)UXoUS).
)
)

(v) If |Ls,f(v)] =1 and v ¢ S, then v € Xo; if |[Lg ¢(v)| = 2, then v € X if |[Lg ¢(v)| = 3, then v € Y; and

if |Lg ¢(v)| =4, then v € Yj.

(vi) Thereis a color ¢ € {1,2,3,4} such that for every vertex y € Y with a neighbor in Yy, f(N(y)NS) = {c}.
We let L ={1,2,3,4} \ {c}.

(vii) With L as in (vi), we let Y be the subset of Y7 of vertices that are in connected components of
G|(Yo UYy) containing a vertex of Yj. Then no vertex of ¥ \ Y;* has a neighbor in Y5 U Y}, and no
vertex in X is mixed on an edge of Yy U Y}

(vii)) With Y;* as in (vil), for every component C of G|(Yy UY}), there is a vertex v in X complete to C.
We begin by establishing the first axiom.

Lemma 2. Given a 4-precoloring (G, Xy, f) of a Ps-free graph G, there is an algorithm with running time
O(|V(G)|?) that outputs a collection L of seeded precolorings such that:

o L] <[V(G)I;
every P’ € L is of the form P’ = (G|(V(C)U Xy),0, Xo,0,V(C),0, f) for a component C of G\ Xo;

every P’ € L satisfies

(G, Xo, f) has a 4-precoloring extension if and only if each of the seeded precolorings P' € L has a
precoloring extension; and

e given a precoloring extension for each of the seeded precolorings P’ € L, we can compute a 4-precoloring
extension for (G, Xo, f) in polynomial time.

Proof. For each connected component C of G\ Xy, the algorithm outputs the seeded precoloring (G|(V(C)U
Xo),0, Xo,0,V(C),0, f). Since the coloring is fixed on X, it follows that (G, Xy, f) has a 4-precoloring
extension if and only if the 4-precoloring on X can be extended to every connected component C of G\ Xj.
This implies the statement of the lemma. O

The next lemma is used to arrange the following axioms, which we restate:



S is connected and no vertex in V(G) \ S is complete to S.

Yo=V(G)\ (N(S)UXoUS).
Lemma 3. There is a constant C such that the following holds. Let P = (G, 0, Xo, 0, Yy, 0, f) be a seeded pre-
coloring of a Ps-free graph G with P satisfying . Then there is an algorithm with running time O(|V (G)|)
that outputs an equivalent collection L for P such that

o L] <|V(G)°;

o cvery P’ € L is a normal subcase of G;

o cvery P = (G, S, X\, X', Y5, Y', f') € L with seed S’ satisfies |S’| < C; and
o cvery P’ € L satisfies (i), and ().

Moreover, for every P’ € L, given a precoloring extension of P', we can compute a precoloring extension for
P in polynomial time.

Proof. It |[V(G) \ Xo| < 5, we enumerate all possible colorings. Now let v € V(G) \ Xy, and let S = {v}.
While there is a vertex w in V(G) \ S’ complete to S’, we add w to S’. Let S denote the set S’ when this
procedure terminates. If either |S| > 5 or (G|(S U X)), 0, Xo,5,0,0, f) has no precoloring extension, then
we output (). Otherwise, we construct £ as follows. For every proper coloring f’ of G|S such that f U f’ is
a proper coloring of G|(S U Xj), we add

P! = (G, 8. X0\ S.N(S)\ X0, V(@) \ (XoUSUN(S)), 0, fU f)

to L. Since |S| < 4, it follows that the first three bullets hold, and holds for P’ by the definition of P’.
Since X is unchanged, it follows that (i) holds. Since S is a maximal clique, we have that holds for P’.
This concludes the proof. O

The next four lemmas are technical tools that we use several times in the course of the proof. They are
used to show that if we start with a seeded precoloring that has certain properties, and then move to one
of its normal subcases, then these properties are preserved (or at least they can be restored with a simple
modification).

For a seeded precoloring P = (G, S, X0, X,Y,Y, f), a type is a subset of S. For v € V(G) \ (S U
Xo), the type of v, denoted by Tp(v) = Ts(v), is N(v) N S. For a type T and a set A, we let A(T) =
{ve A:Tp(v)=T}.

Lemma 4. Let P = (G, S, X0, X, Y0,Y, f) be a seeded precoloring of a Ps-free graph G satisfying and
(iii), and let Let T,T" C S with |f(T)| = |f(T")| = 1 and such that f(T) # f(T"). Let y,y' € N(Yp) such
that Tp(y) = T and Ts(y') = T'. Let z,2" € Yy be such that yz and y'z" are edges, and suppose that z is
non-adjacent to z' and that y is non-adjacent to y'. Then either yz' or y'z is an edge.

Proof. Suppose both the pairs 32’ and y'z are non-adjacent. Since P satisfies and , it follows that
G|S is connected and both y,y’ have neighbors in S. Let @ be a shortest path from y to y’ with interior
in S. Since |f(T)| = |f(T")| = 1 and f(T) # f(T"), it follows that T NT’ = @, and so |Q*| > 1 (recall
that @* denotes the interior of Q). But now z —y — Q — ¢y’ — 2’ is a path with at least six vertices in G, a
contradiction. This proves Lemma [4 O

Lemma 5. Let P = (G, S, X0, X,Y,,Y, f) be a seeded precoloring of a Ps-free graph satisfying ,
and (v, and let P' = (G', S, X}, X', Yy, Y', f') be a normal subcase of P satisfying (iil). Then no v €
Yo \ (8" UYY) has both a neighbor in S” and a neighbor in Y.

Proof. Suppose that such v exists. Let y € Y be a neighbor of v. Since P’ is a normal subcase of P, P’
satisfies (ii). Since v has both a neighbor in ¥{ and a neighbor in S, and since P’ satisfies (i), it follows
that v € X’ UY' U X|). Since v € Y, it follows that v is anticomplete to S. Since v ¢ Y, it follows that v
has a neighbor in §"\ S € X UY UYj. Since P’ satisfies , there is a path @ from v to a vertex s of S with
Q* C S’. Then V(Q)\ {v} is anticomplete to Y. Let R be the maximal subpath of v—Q —s, with v € V(R),
such that V(R) C Yy. Then s ¢ V(R), and there is a unique vertex ¢t € V(Q) \ V(R) with a neighbor in
V(R). Since t € N(Yp), it follows that ¢t € SUYp, and so t € X UY. But ¢ is mixed on V(R) U {y} C Yy,
contrary to the fact that P satisfies . This proves Lemma O



Lemma 6. There is a constant C such that the following holds. Let P = (G, S, X0, X, Y,,Y, f) be a seeded
precoloring of a Ps-free graph G with P satisfying , and let P' = (G', 8", X}, X', Yy, Y', f') be a normal
subcase of P satisfying and (iv). Then there is an algorithm with running time O(|V(G)|C) that outputs
an equivalent collection L for P', such that |L] <1, and if L = {P"}, then

o there is a Z C Yy such that P" = (G'\ Z,5", X}, YJ\ Z,Y", f) and P" is a normal subcase of P’;
o P satisfies () —(iv);
o if P satisfies (v)), then P" satisfies ().

Moreover, given a precoloring extension of P"”, we can compute a precoloring extension for P in polynomial
time.

Proof. Since P’ is a normal subcase of P, it follows that S C S, and G|S’ is connected; therefore P’ satisfies
(). We may assume that P’ does not satisfy (i), for otherwise we can set £ = {P’}. Now let C be a
connected component of G’ \ X} with S’ N V(C) = @. From (i), it follows that V(C) C Yy and C'is a
component of G|Yj.

Let z € N(V(C)) N (X} \ Xo). Since P satisfies (i), such a vertex z exists. By Lemmalf] z € X UY.
Since P’ satisfies (iv]), it follows from Lemma [I] that z is complete to V(C). Let f’(z) = c. Then in every
precoloring extension d of P’ we have d(v) # ¢ for every v € V(C).

Let A={ve X]: f'(v) #c}. By Theorem [2, and since G is Ps-free, we can decide in polynomial time
if (G'|(V(C)U A), A, f'|a) has a precoloring extension with colors in {1,2,3,4} \ {c}. If not, then P’ has
no precoloring extension, and we set £ = . If (G'|(V(C)U A), A, f'|a) has a precoloring extension using
only colors in {1,2, 3,4} \ {c}, then P’ has a precoloring extension if and only if (G' \ V(C), S, X{, X', Yy \
V(C),Y', f') does.

We repeat this process a polynomial number of times until G’ \ X{ is connected, and output the resulting
seeded precoloring P = (G”, 5", X\, X', Yy, Y', ') satisfying (). Since Y3’ C Yy, and the other sets of P”
remain the same as in P’, it follows that the P” satisfies ({i)—(iv), and if P’ satisfies (v]), then so does P”.
This proves Lemma [6]

Lemma 7. Let P = (G, S, X0, X, Y0, Y, f) be a seeded precoloring of a Ps-free graph satisfying , and
, and let P! = (G', 8", X}, X', Yy, Y, f') be a normal subcase of P satisfying . Then P’ satisfies .
Moreover, if P satisfies , then P’ satisfies .

Proof. Since P’ is a normal subcase of P, P’ satisfies . First we show that P’ satisfies . Suppose not,
then there exists v € V(G) \ X{, mixed on an edge zy of Y, say v is adjacent to y and not to z. It follows
that v € X’ UY’, and since P satisfies (iv]), v € Y. By the definition of X’ UY”, v has a neighbor in S’. So
v e Y\ (YyUS’) has a neighbor in S’ and Y, which contradicts Lemma [5| This proves that P’ satisfies
).

Next assume that P satisfies . We show that P’ satisfies . Let L be the set as in with respect
to P. Suppose there exists y € N(Yy) with Lp/(y) # L and |Lp(y)| = 3. Since P satisfies (vi), it follows
that y € Yy \ Yy, and y has a neighbor s € S’ contrary to Lemma This proves that P’ satisfies .

This completes the proof of Lemma [7} O

The next lemma is another technical tool, used to establish axioms and . We want to show that
no vertex in a certain set has exactly one neighbor among vertex set of an edge of another set; so we replace
”edge” by "clique of size j” and establish this property by an iterative procedure. Since we may assume that
there is no clique of size 5 (which would preclude being 4-colorable), this statement is true for j = 5; so we
establish it next for j = 4, then 7 = 3, and finally j = 2, which yields the desired statement.

Lemma 8. There is a function q : N — N such that the following holds. Let P = (G, S, X, X, Y0, Y, f) be
a seeded precoloring of a Ps-free graph G with P satisfying (i), and (ii). Let L C [4] with |L| = 3, let c4
be the unique element of [4]\ L. Let R C Yo UYL such that Yy C R. Assume further that ift € (XUY)\ R
has a neighbor in R, then for every z € R, Lp(t) # Lp(z), and that there is no path t — z1 — zo — z3 with
t € (XUY)\ R and 21, 22, 23 € R. Then there is an algorithm with running time O(|V (G)|2USD) that outputs
an equivalent collection L for P such that



L] < V(&) “15D;

e cvery P’ € L is a normal subcase of P;
o cvery P = (G, S, X\, X', Y5, Y', f') € L with seed S’ satisfies |S"| < q(|S]);

o cvery P’ € L satisfies and .
o no vertex of (X' UY’)\ R is mized on an edge of (Y UYy) N R.

Moreover, for every P’ € L, given a precoloring extension of P', we can compute a precoloring extension of
P in polynomial time.

Proof. If G contains a K5, then P has no precoloring extension; we output £ = () and stop. Thus from now
on we assume that G has no cliques of size five. Let Yy = R and let Z5 = (X UY) \ R. Let T° be the set
of types (with respect to S) of vertices in Z°, and set j = 4.

Let Q; be the set of |[T7T!|-tuples (S77)pegi+1, where each S97 C ZIH(T) and S77T is constructed as
follows (starting with S%T = ()):

o If R=Yj or ¢4 € f(T) proceed as follows. While there is a vertex z € Z9™!(T') complete to S7 and
such that there is a clique {ay,...,a;} C Yo'*! with N(2) N {ai,...,a;} = {a1}, choose such z with
N(z)N R maximal and add it to ST

e If R # Yy and ¢y & f(T), while there is z € Z/*H(T) complete to S77 such that there is clique
{a1,...,a;} C Yo/ with N(2) N {a,...,a;} = {a1}, add z to S»T. Let Xy(z) be the set of all
2" € ZJT(T) such that

— 2’ is complete to S7T \ {2}
— there is a clique {by,...,b;} C Yo’*! such that N(2') N {by,...,b;} = {b1}, and
— N(Z')N R is a proper subset of N(z) N R.

When no such vertex z exists, let Xg’T = U.cgsr Xo(2). Define f'(2') = c4 for every 2’ € Xg’T
(observe that since ¢4 & f(T), it follows that ¢4 € Lp(2')).

Since G has no clique of size five, it follows that |S?7| < 4 for all T. Let Q € Qj; write Q = (S¥T)peri1.
Le? § = Sj’Q = UTGTH} ST Let Yoj = Yoj’Q = Yonr1 \ N(Sjl), Xp = Xé’Q =Urerin Xé’T- 7 =79 =
(ZIH\ X0) U (Y7 \ YY) and let T7 be the set of types of Z7 (in P). If j > 2, decrease j by 1 and repeat
the construction above, to obtain a new set Q;_1; repeat this for each @ € 9;.

Suppose j = 2. Then @ was constructed by fixing Q4 € Qu, constructing Qs (with Q4 fixed), fixing
Q3 € Qs, constructing Qs (with Q3 fixed), and finally fixing Q € Qs. Write Q2 = Q. For consistency
of notation we write Q5 = 0, Z° = 2% and YJ = Y%, Let §' = SUUj_, 9. If R # Y, let
X =XoUUJ_, X0 if R =Yy, let X = X,.

For every function f': 5"\ S — {1,2,3,4} such that f U f’ is a proper coloring of G|(S’ U X|)), let

Ppg=(G,S, X}, 29 n X, Y29, 239Ny, fuf).

Let £ be the set of all Pg ;- as above. Observe that S’ is obtained from S by adding a clique of size at most
four for each type in 77 at each of the three steps (j = 4,3,2), and since |77| < 2I5! for every j, it follows

that |S US| < |S] + 12 x 2151, Since |S'\ S| < 12 x 2I51, it follows that |£] < (4|V(G)])12*2"".
In the remainder of the proof we show that every Py ¢ € L satisfies the required properties.

(1) SU Ui:j Sk is connected for every j € {2,...,4}. In particular S’ is connected.
Since for every j, we have that $7@ C ZJ*+1 it follows that every vertex of S7@ has a neighbor in

SU Ui:j-&-l Sk:Qrk and () follows.

(2)  Letje{2,...,5}. Thereis no path z —a —b — c with z € Z79 and a,b,c € YOj’Qj.



Suppose for a contradiction that there exist j and z violating ; we may assume z is chosen with j
maximum. By assumption, j # 5 and z € YOj’Qj \YOjH’Qj“. It follows that z has a neighbor 2’ € §7%i and
that z is anticomplete to S U Ui:jﬂ Sk:Qk . Since 2’ € §7%i C Zi+1L.% it follows that 2z’ has a neighbor
s€SUUi_jsq S But now s —2' —z—a—b—cis a P; in G, a contradiction. This proves (2).

Let j € {2,...,4}. No vertex z € Z9%9 has ezactly one neighbor in a clique {ai, .. a1 C
Yy,

3)

Suppose for a contradiction that there exist j and z violating ; we may assume that z is chosen with
j maximum. Write Q; = (S%7T). Let {a1,...,a;} C YOJ"QJ be a clique with N(z) N {a1,...,a;} = {a1}.

Suppose first that z € R. Let k be maximum such that z € Z*®*. Then z ¢ ZFt1@s+1 and thus
2 € Yyt 2 has a neighbor 2/ € SH@, and z is anticomplete to S U Ji_,,, S Tt follows that

2/ € Z*1.Qr1 But now 2’ — z — a; — a; is a path with z,a1,a; € YOkJrl’Q’“Jrl contrary to (2). This proves
that z € R.

It follows that z € Z/+1%i+1 N (X UY), and in particular z has a neighbor in S. Let T = Tp(z). It
follows that S%T = (; let 2/ € S»T be the first vertex that was added to ST that is non-adjacent to z
(such a vertex exists by the definition of S%7). Then Lp(z) = Lp(2'). Since 2/ € S7Qi, it follows that
2 is anticomplete to 7%/, Since a; € 7% C Y{T9* it follows that z has a neighbor in Y§Th®i+!
non-adjacent to z’, and hence (by the choice of 2’ if Y; = R, and since z ¢ Xo(2') if Yy # R), it follows that
2 has a neighbor o’ € Y7 that is non-adjacent to z.

Suppose first that a’ is complete to {a1,...,a;}. Since G contains no clique of size five, it follows that
j < 4. But now N(2') N{d’,a1,...,a;} = {a’}, contrary to the maximality of j.

Suppose next that a’ is mixed on {a1,...,a;}. Let  be a neighbor and y be a non-neighbor of a’ in
{a1,...,a;}. Then 2’ —a’ —x — y is a path, which contradicts an assumption of the theorem.

It follows that a is anticomplete to {a1,...,a;}. Since z,2’ ¢ R and have neighbors in R, it follows that
there is a vertex ¢t € T that is anticomplete to R (this is immediate if R = Yj, and follows from the fact that
Lp(z) # Lif R#Yy). Now a' —2z' —t —z— a1 —a; is a P in G, a contradiction. This proves (3).

By , Py o satisfied , and by construction holds. Now from with j = 2 we deduce that no
vertex of (X’ UY”)\ R is mixed on an edge of (Y UYJ)N R.

It remains to show that £ is equivalent to P. Clearly for every P’ € L, a precoloring extension of P’ is
also a precoloring extension of P.

Let d be a precoloring extension of P. We show that some P’ € £ has a precoloring extension. Let
j € {2,3,4}; define S7T and f’ as follows (starting with S%T = ()):

o If R =Y, or ¢y € f(T') proceed as follows. While there is a vertex z € ZI+Y(T) complete to S»T and
such that there is clique {a1,...,a;} C Yo/t with N(2)N{ay,...,a;} = {a1}, choose such z such that
N(z) N R maximal and add it to S77; set f'(z) = d(z).

e If R# Y, and ¢y & f(T), while there is z € Z/*Y(T) complete to 5?7 such that there is clique
{a1,...,a;} C Yo/t with N(2) N {a1,...,a;} = {a1}, choose such z with d(z) # c4 and subject
to that with N(z) N R maximal; add z to ST and set f'(z) = d(z). Let Xo(z) be the set of all
2’ € ZITY(T) such that

— 2 is complete to S¥T \ {z},

— there is a clique {b1,...,b;} C Yo ™! such that N(2') N {by,...,b;} = {b1}, and

— N(2')N R is a proper subset of N(z) N R.
It follows from the choice of z that d(z’) = ¢4 for every 2’ € Xo(z). When no such vertex z exists, let
X" = U.cgir Xo(2); thus d(2') = ¢4 for every 2 € XJ. Define f'jr(2") = ¢4 for every 2’ € X7,
then f'; 7(z) = d(z) for every z € X7

Let Q; = (S7T) and let f'; = Uy f/; 1. It follows that Py, g, = (G,S’, X4, X', Yy, Y, fU ') satisfies

d(v) = fa(v) for every v € S’ U X], and thus d is is a precoloring extension of Py, 4,, as required. This proves
Lemma [8 O



The next lemma is used to arrange the following axiom, which we restate:
No vertex in V(G) \ (Yo U Xp) is mixed on an edge of Yj.

Lemma 9. There is a function ¢ : N — N such that the following holds. Let P = (G, S, X0, X,Y0,Y, f) be a
seeded precoloring of a Ps-free graph G with P satisfying , and . Then there is an algorithm with
running time O(|V(G)|9U5D) that outputs an equivalent collection L for P such that

o L] < |V(G)[eU8D;

e cvery P’ € L is a normal subcase of P;

o cvery P = (G, S, X\, X', Y, Y, f') € L with seed S’ satisfies |S"| < q(]S|); and
o cvery P’ € L satisfies (), (i), and (iv)).

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring extension for
P in polynomial time.

Proof. Let S = . Let Z = X UY. Since P satisfies , it follows that every vertex of Z has a neighbor
in S. While there is a vertex z € Z complete to S® and a path z —a — b — ¢ with a,b,c € Yy, we add z to
S5, If |S®| > 5, then G contains a K5 and thus it has no precoloring extension; set £ = () and stop. Thus
we may assume that [S%] < 4. Let Yy = Yy \ N(S®) and let Z° = Z U (Yy \ Yy). Since S is connected, and
since every vertex of S5 has a neighbor in S, it follows that S U S is connected.

(4)  There is no path z —a — b — ¢ with z € Z° and a,b,c € Y.

Suppose for a contradiction that such a path exists, and suppose first that z € Z. By the choice of S°, it
follows that S% # ), and there exists a vertex 2z’ € Z N S® non-adjacent to z. Since S U S® is connected, there
exists a path @) connecting z and 2z’ with interior in S U S°. Since P satisfies and by the construction
of S5, it follows that Q* is anticomplete to {a,b,c}. But now 2’ — Q — z —a — b — c is a path with at least
six vertices in GG, a contradiction.

It follows that z € N(S°)\ Z, and thus z € Yy \ Y. Let s’ € S° N N(z). Then s’ is anticomplete to
{a,b,c}. Moreover, s’ € Z, and so s’ has a neighbor s € S. Since P satisfies , s is anticomplete to Yy,
and so s is anticomplete to {z,a,b,c}. But now s — s’ — 2 —a—b—cis a Ps; in G, a contradiction. This

proves (4J).

For every f' : S° — [4] such that f U f’ is a proper coloring of G|(S U S%), let Py = (G,S U
S5, X0, Z°,Y3,0, f U f'). Then Py is a normal subcase of P that satisfies (- ().

Let M+ be the collection of seeded precolorings obtained by applying Lemma E to PJQ with R = Yy, and
let M be the union of all such My . By , every P” € M satisfies f.

Finally let £ be obtained from M by applying Lemma [f] to every member of M. Then every P’ € L
satisfies 7, as required. This proves Lemma@ O

The purpose of Lemma [10]is to organize vertices according to their lists (which, in turn, arise from the
colors of their neighbors in the seed) to satisfy the following axiom:

() If [Ls,s(v)| =1and v €S, then v € Xo; if |Lg s (v)| = 2, then v € X; if |[Lg s(v)| = 3, then v € Y; and
if |stf(v)| =4, then v € Yj.

Moreover, we will construct new seeded precolorings in controlled ways from seeded precolorings satisfying
, , , and , to arrange that these axioms as well as @ still hold for the new instances.

Lemma 10. There is a constant C such that the following holds. Let P = (G, S, X0, X, Y0,Y, f) be a seeded
precoloring of a Ps-free graph G with P satisfying (), (i), and (iv), and let P' = (G', S', X{, X', Yy, Y, f')
be a normal subcase of P. Then there is an algorithm with running time O(|V(G)|) that outputs an equiv-
alent collection L for {P} of seeded precoloring with |L| < 1, such that if L= {P"} then

o P" is a normal subcase of P', and
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o P" satisfies , , , and .
o If P’ satisfies (vi), then P" satisfies ([vi).
o If P’ satisfies (vil), then P" satisfies ([vil).

Moreover, given a precoloring extension of P"”, we can compute a precoloring extension for P in polynomial
time.

Proof. Since P’ is a normal subcase of P, it follows that P’ satisfies . By replacing P’ with
(G, 8", X0, X', (Y UYg) N (N(S) U Xp), (Y UYE)\ (N(S) U Xp)),

we may assume that P’ satisfies (ifi). By Lemmal(7] P’ satisfies (iv]).

Let Z; = {v e V(G)\ (S"UX{): |Lp:(v)| =i}. If Zyg # 0, then P’ has no precoloring extension, and
we output this and £ = () and stop. Thus, we may assume that Zo = 0. Let f” : Z3 — {1,2,3,4} with
f”(v) = cif Lp/(v) = {c}. Since P’ satisfies , it follows that Yy = Z4, and so the seeded precoloring
P = (G, S s XoU Zy, Zo, Zy, Z3, f U f7) satlsﬁes . For the same reason, if P’ satisfies (| . then so does
P and if P’ satisfies (vii), then so does P. Let P be obtamed from the precoloring P by applymg Lemma
It follows that P" satisfies . , and P” is a normal subcase of P'. Clearly if P satisfies (vi), then so does
P, and if P satisfies (vil), then so does P”. This proves Lemma O

In the next lemma we establish , which we restate:

(vi) Thereisa color ¢ € {1,2, 3,4} such that for every vertex y € Y with a neighbor in Yy, f(N(y)NS) = {c}.
We let L ={1,2,3,4} \ {c}.

The proof proceeds in two steps to address two separate cases; two vertices y,y’ in Y with a neighbor in Yy
and with different lists may receive colors that are in the intersection of their lists (second step), or they
may not (first step).

Lemma 11. There is a function ¢ : N — N such that the following holds. Let P=(G,S X0, X,Y,,Y,f)
be a seeded precoloring of a Ps-free graph G with P satisfying . . . and . Then there is an
algorithm with running time O(|V(G)|2U5D) that outputs an equivalent collectzon L for P such that

o |L] < [V(G)[eU5D;
e ecvery P’ € L is a normal subcase of P;
o cvery PP = (G, S, X, X', Yy, Y, f') € L with seed S satisfies |S’| < ¢(|S]); and

o cvery P' € L satisfies (i), (i), (i), (v, and (V).

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring extension for
P in polynomial time.

Proof. A seeded precoloring P = (G, S, Xo, X, Y0, Y, f) is acceptable if for every precoloring extension ¢ of P
and for every non-adjacent y,y' € Y N N(Yy) with Lp(y) # Lp(y'), we have {c(y),c(y’)} € Lp(y) N Lp(y).

First we construct a collection M of seeded precolorings that is an equivalent collection for P, and such
that every member of M is acceptable. We proceed as follows. Let T be the set of all pairs (7,7T") with
T,77C S and |f(T)| = |f(T")| =1and f(T) # f(T"). Write T = {(T1,TY),..., (T3, T{)}. Let Q be the set
of all t—tuples Q = (QTth'v ey QTt7Tt,) such that QT“T{ = (PT“T{,MTMT{, NTinL'I) where

e |Pr, /| = |Mrg, /| <|Np | <1
e P, CY(T;) and Nr, 10 C Y (T7).
[ ] MTin{ Q Yo.

[ MTi,T,.’ is Complete to PT,',,T,’ U NTi,T-"
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e Pr, 1/ is anticomplete to Nz, 7.

Let V(Qr,,1/) = Pr, 7 UMz, 70 UNr, 77 and let S(Q) = Ui_, V(Qr,.7v). Let (T;,T}) € T. Define Z(T;, T})
as follows.

o If |Pr, /| = |Mr, 1/

= |Ng, 7| =0, then Z(T;,T}) = Y(I";) N N(Yp).

3

o If |PT1-,T7;/| = |MTi’T{| =0 and |NT1.’T7:/| = 1, then Z(T“TZL/) = (Y(T/Z) N N(Yb)) \N(NT.L,T;)

o If |PTi’Ti/| = |MTi’T7;, = |NT.;,T{| = 1, then Z(TZ,TZ) = @

Let Z(Q) = U1, 7ye7 (T3, T7). A function f' is said to be Q-admissible if f': S(Q) U Z(Q) — {1,...,4}
and for every i € {1,...,t} it satisfies:

o f'(Pr,:), f'(Nr, 1) € [4]\ (f(T3) U f(T7)).
o If Z(T;,T!) C Y(T!), then f'(Z(T,,T!)) = f(T}).

e R

o It Z(T,,T)) € Y(T3), then f(Z(T,,T))) = £(T)).

e The coloring f U f’ of G|(SUS(Q)U XoU Z(Q)) is proper.
For every Q-admissible function f’ with domain S(Q) U Z(Q), let

Po.pr=(G,5US(Q), Xo UZ(Q), X, Yo \ (S(Q)UN(S(Q))), (Y \ (S(Q)U Z(Q))) U (N(S(Q)) NYo), fU ).

Then Py, s is a normal subcase of P.

Since every vertex in X UY has a neighbor in S, it follows that Py ¢ satisfies ; by construction,
holds. By Lemma (7} Pg s satisfies . Let M be the union of the collections obtained by applying
Lemma where the union is taken over all @, f’ as above. Then every member of M satisfies ({if)—(v]).

We show that there is a function ¢; : N — N such that [S U S(Q)| < ¢1(|S|) and M| < [V(G)|:USD,
Since there are at most 2/5! types, it follows that ¢ < 225, Now, since for every (T;,T]) € T we have that
\V(Qr,,17)| <3, it follows that for every Q € Q we have [S(Q)| < 3 x 2%, and so [SUS(Q)| < [S] +3 x 22151
and |Q] < |V(G)|3X22‘S‘. Finally, for every @, there are at most 4/5(@)1 = 43¢ possible precoloring of S(Q),
since every precoloring of S(Q) extends to an admissible function in a unique way, and we deduce that

IM| < 43 x |Q] < 43 s [V (@)3*2" < (4[V(G))3*2"” as required.

(5) Let P € M with P = (G, S, X, X", Yy, Y', f)). If y € Y' has a neighbor z € Yy, then
yeyY.

Suppose that y € Y. Then y € Yy NY” and there exist s € S’ \ S such that y is adjacent to s, contrary
to Lemma [5] This proves ().

Next we show that every precoloring in M is acceptable. Let P' = (G,S', X{, X", Yy,Y', f') € M,
and suppose there exist non-adjacent y,y’ € N(Yy) NY’ with Lp/(y) # Lp/(y') and such that there exists
a precoloring extension ¢ with ¢(y),c(y’) € Lp/(y) N Lp/(y'). Let z € N(y) NYy and 2 € N(y') NYy.
Then z,z" € Yy, and so by Lemma[5l y,4/ € Y, Lp(y) = Lp/(y) and Lp(y’) = Lp/(y'). Let T = T(y) and
T" =T(y') (in P). Then TNT’ = (. By Lemmad] we may assume that z = 2. Since Y'NY(T') and Y'NY (")
are both non-empty, it follows that |V (Qr )| > 1. Let Pro = {p}, Mrr = {m} and Ny = {n}. Since
z € Y{, it follows that z is anticomplete to V(Qr,7). Since P’ satisfies (v, f/(p), f'(n) € Lp(y) N Lp(y')
and |Lp/(y)| = |Lp (y')| = 3, it follows that {y,y’, p,n} is a stable set. By symmetry, we may assume that
f'(m) € Lp/(y), and hence y is not adjacent to m. Let s€ T\ T’;then z—y—s—p—m —nisa Fs in G,
a contradiction. This proves that every seeded precoloring in M is acceptable.

Next we show that M is equivalent to P. Clearly every precoloring extension of a member of M is
a precoloring extension of P. For the converse, let ¢ be a precoloring extension of P. For every pair of
types (T,T") € T for which there exist non-adjacent y € Y (T) N N(Yp) and ¢’ € Y(T”) N N(Yp), such that
c(y),c(y’) € f(T)U f(T'), choose such a pair y,3" and let z be a common neighbor of y,3" in Yy (such z
exists by Lemma {4)); set Prp = {y}, My = {z} and Ny = {y'}, and define f'(y) = c(y), f' () = c(¥/)
and f'(z) = c¢(z). Let Z(T;,T}) = 0.

’ T
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Now let (T,T") € T be such that no such y,y’ exist. Suppose that there exists y € Y/(7") N N(Yp) with
e(y) # F(T). 6t Nrv = {y}, Pror = My = 0, and let f/(y) = e(y). Let Z(T,,T)) = (Y(T) 1 N(¥p)) \
N(y), and set f'(v) = f(T") for every v € Z(T;,T}). Since (T,T") does not have the property described in
the previous paragraph, it follows that ¢((Y(T) N N(Yp)) \ N(y)) = f(T"), and so ¢(v) = f'(v) for every
v € Z(T;,T!). Finally, suppose that ¢(Y(T') N N(Yy)) = f(T). Then set Prp = Mpp = Npp = 0 and
Z(T,,T)) = Y(T') N N(Yp). Define f'(v) = f(T) for every v € Z(T;,T!). Let Q consist of all the triples
QT7TI = (PT,T’aMT,T’7NT,T’) as above. Let S(Q) = U(T,T/)GT Vv<62T’T/)7 and Z(Q) = U(T,T’)GT Z(Ti,T().
Let

Po.pr = (G,SUS(Q), XoUZ(Q), X, Yo \ (S(Q) UN(S(Q))), (Y \ (S(Q)U Z(Q))) U(N(S(Q)) NYo), fU f).

Then c is a precoloring extension of Pg . Moreover, Pg r» was one of the seeded precoloring we considered
in the process of constructing M, and so M contains the seeded precoloring obtained from Py y by applying
Lemma It follows that M is an equivalent collection for P.

Let P' = (G, S, X}, X', Yy, Y', f') € M be an acceptable seeded precoloring. For ¢ € {1,2,3,4} and a
precoloring extension d of P’, we say that is ¢ is active for L and d if there exists a vertex v € Y’ N N(Yy)
with Lp/(v) = L and d(v) = ¢.

Define £1(P’) as follows. For every function g : Y N N(Yy) — [4] such that

e g(v) € Lp:(v) for every v € Y N N(Yy),
e [g(Y/NN(Yy)| =1forevery L € ([g]), and
e f'Ug is a proper coloring of G|(S" U X[ U (Y' N N(Yy))),

let

P = (G,S", XU (Y' N N(Yy)), X', Y5, Y\ N(Yy), f'Ug).
It is easy to check that P’ satisfies ([{)—(i). Let P, be obtained from P by applying Lemma Then
P} satisfies ({)—(vi). Let £1(P’) be the collections of all such P.

Next we construct Lo(P’). For every L € ([é}), for every y1,y2 € YL N N(Y"y), and for every ¢y, ce € L,
define a function g as follows. Let g(y;) = ¢;. For every L’ € ([g]) \L, let Z(L') be the set of vertices v € Y,
such that v has a non-neighbor n € {y1,y2} with g(n) € L’. For every v € Z(L’), let g(v) be the unique
element of L'\ L. Finally, let Z = UL/e([‘”)\L Z(L").

3
If f'Ug is a proper coloring of G|(SU XU {y1,y2}), let

Pg,yl,yg,cl,cz; = (G’SU {y13y2}7X0 U Zavao\N({ylva})aY\ (ZU {y17y2})7f/ Ug)

It is easy to check that P/ .
applying Lemma Let Lo(P') be the collection ofall P, 0 ...
of Lo satisfies —.

We claim that L£(P') = L£1(P') U Lo(P') is an equivalent collection for {P’}. Clearly a precoloring
extension of an element of L(P’) is a precoloring extension of P. Now let ¢ be a precoloring extension of

P. If for every L € ([g]) there is at most one active color for L and ¢, then c is a precoloring extension of a

satisfies ({)—(vi). Let P;, .. . ., be obtained from P/ . by

constructed this way; then every member

member of £1(P), so we may assume that there is Ly € ([;l]) such that at least two colors are active for L
and c. We may assume that L = {1,2,3} and the colors 1,2 are active. Let y; € Y/, with ¢(y) = i. We
claim that ¢ is a precoloring extension of P£U7y17y27172' Let L € ([é]) \ Lg. Since P’ is acceptable, for every
v € Y] that has a non-neighbor n € {y1,y2} with ¢(n) € L', we have that c(v) € L'\ Lo. It follows that
¢(v) = g(v), and the claim holds. This proves that £(P’) is an equivalent collection for {P’}.

Finally, setting

Lemma 11| follows. This completes the proof. O

The next lemma is used to arrange the following axiom, which we restate:
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With L as in (vi), we let Y;* be the subset of Y, of vertices that are in connected components of
G|(Yo UYy.) containing a vertex of Yy. Then no vertex of Y\ Y;* has a neighbor in Y U Y}, and no
vertex of X is mixed on Yy U Y/

Lemma 12. There is a function ¢ : N — N such that the following holds. Let P = (G, S, X0, X, Y0, Y, f) be

a seeded precoloring of a Ps-free graph G with P satisfying , , , , and . Then there is
an algorithm with running time O(|V (G)|915D) that outputs an equivalent collection L for P such that

o [£] < |V(G)[aU5D;

e cvery P’ € L is a normal subcase of P;

o for every P' = (G', 8", X}, X", Y3, Y', fY € L, 15" <q(]S));
o cvery P’ € L satisfies , , , , , and ;

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring extension for
P in polynomial time.

Proof. We may assume that G contains no K3, for otherwise, P does not have a precoloring extension and
we output £ = () and stop.

With L as in and Y/ as in (i), let Y* = (X U (Y \ Y})) N N(Yy UY}). By the definition of
Y}, it follows that Lp(y) # L for every y € Y*, and if y € Y*NY, then y is anticomplete to Y. Let
T =A{T1,...,T:} be the set of types of vertices in Y*. Let L = {c1,c2,c3} and {ca} = {1,2,3,4} \ L. Let Q
consist of all ¢-tuples @ = ((Sty, R1y,), - .-, (ST,, R1,)) such that

[ ] ST,; U RTi g Y*(’TZ)
e S, is complete to Rr,.

Let V(Q) = U'_,(St, U Rr,). For every Q € Q and for every f': V(Q) — L with f'(v) € Lp(v)\ {cs} for
all v € V(Q), we proceed as follows. Let YQlyf, be the set of all vertices v in Y* such that Sy, = ). Let
?QQ’f, be the set of all vertices v in Y* such that Spqy # 0, Rpq,y = 0 and v is complete to Sp(,). Let
Yo = Yé’f, U YQQJ,. Let f'(v) = c4 for every v € Yo 4. Since V(Q) C Y*, it follows that G|(S U V(Q)) is

connected. Suppose that f U f' is a proper coloring of G|(SU X, UV (Q)U ?Q’f/). Let £’ be obtained from
the normal subcase

(G,5UV(Q), XoUYq s, X\ (Yo, uV(Q)),Ye,Y\ (Yo, uV(Q)),fUf Ug)

of P by applying Lemma Suppose that L' = {Pg, ;}. Write Pg,p = (G,5’, X}, X', Yy,Y’, f'). Then
Pg g satisfies ()—(vi). Furthermore, Pg s has a precoloring extension if and only if P has a precoloring
extension d such that d(v) = f'(v) for every v € V(Q), and d(v) = ¢4 for every v € Y* such that either

L4 ST('U) = @, or
o Srw) #0, Ry =0, and v is complete to Sp,).

Moreover, |V(Q)| < 2|7 < 2/5I+1,
Let £1 be the set of all seeded precolorings Py ; as above (ranging over all Q € Q). Then £; is an

equivalent collection for P, and |£,| < (3|V(G))2""". Let P’ € £y with P’ = (G, S, X}, X', Y., Y', f').
Since P’ satisfies (vi), let L be as in and let Y7 be as in ([vii).

(6)  There is no path z —a — b — c with z € (X’ UY')\ Y’} and a,b,c € Y'] UY].
Suppose that such a path z—a—b— ¢ exists. First we show that z € XUY. Suppose not; then z € Y and

z has a neighbor ' € §'\ S. Since S"\ S C Y*, it follows that Lp(s) # L. Since P satisfies (vi), it follows
that 8" € Y, and hence s € X. Since {z,a,b,¢} C Yy UY}, and since P satisfies , we deduce that there
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exists s € T'(s") with f(s) € L. Consequently, s is anticomplete to {z,a,b,c}. Butnow s —s' =z —a—-b—c¢
is a Ps in (G, a contradiction. This proves that z € X UY.

Since Lg f(z) # L, there exists t € T(z) with f(t) € L. Since z ¢ X, it follows that Sy, # 0, and
either

® Ry #0, or
® Ry =0, and z is not complete to Sp(.).

Let Sp(.) = {s}. Since f'(s) € L, it follows that s is anticomplete to {a,b,c}. If z is non-adjacent to s, then
s—t—z—a—b—cisa Ps, acontradiction. It follows that z is adjacent to s, and therefore Rp(.) # 0; say
Rp(zy = {r}. Since s is adjacent to r, it follows that f’(z) # f'(r). Since z ¢ Xy, and since holds, it
follows that z is non-adjacent to r. Since f/(r) € L, it follows that r is anticomplete to {a,b,c}. But now
r—s—z—a—b—cisa Psin G, a contradiction. This proves @

In view of (@, let £o(P’) be the collection of precolorings obtained from P’ by applying Lemma [8 with
R=YjUY']. Let P" € Ly(P"); write P" = (G,S", X}, X", Yy, Y", f""). Then P” satisfies (i) and
and no vertex of (X” UY")\ R is mixed on (Y” UYy') N R. By Lemmal[7] P” satisfies and (vi]).

Let L3(P") be obtained by applying Lemmato P” andlet P € L3(P"). Write P=(G,S,X,,X,Y,,Y, f)
By Lemma P satisfies 7. Since P” satisfies , S=95"and Yy = Yy'. Define }N’L* as in , then
Y/ = RNY. Since no vertex of (X" UY")\ R is mixed on (Y"” UY{’') N R, it follows that no vertex of
(X UY)\ Y/ is mixed on Y’ UY}, and since P satisfies (vi), we deduce that P satisfies (vii). Now setting

c= U zm

PeL, P2€£2(P1)
Lemma [12] follows. O

We are now ready to prove the final lemma of this section, used to prove the following axiom, which we
restate:

viii i as in ((vii)), for every component C' o 0 , there is a vertex v in X complete to C.
(viil) With Y} as in (viif), f t C of G|(Yo UYY), there i t in X lete to C'

The previous axiom states that vertices of X cannot be mixed on such components C'; therefore it suffices
to deal with components C' with no neighbors in X. For these components, we will use their structure (and
in particular, that we can use the color in [4] \ L on the Yj-side of them without impacting the Y7 -side) to
decide if the coloring can be extended to them, and then remove them.

Lemma 13. There is a constant ¢ such that the following holds. Let P = (G, S, X0, X, Y0, Y, f) be a seeded
precoloring of a Pg-free graph G satisfying , , , , , , and . Let L be as in and
let Y as in (vil). There is an algorithm with running time O(|V(G)|°) that outputs an equivalent collection
L of seeded precolorings, such that |L| <1, and if L = {P’}, then

o there is Z C Yo UY} such that P' = (G\ Z,5, X0, X, Yo\ Z,Y \ Z, f), and
o P’ satisfies () ~(viil).

Proof. We may assume that P does not satisfy for otherwise we set £ = {P}. A component C of
G|(Yo UY}) is deficient if no vertex of X is complete to V(C). Let C be a deficient component. It follows
from that X is anticomplete to V(C). Let A =V (C)NYy, B=V(C)\ A=V(C)nY}. For every
vertex v € AUB, let L(v) = {1,2,3,4}\ (f(N(v)N(SUXy))). It follows that L(v) C L for v € B. Moreover,
by (i), it follows that B # 0. Let L = {c1,ca,c3} and let {ca} = {1,2,3,4} \ L.

For every component D of G|A, we proceed as follows.

Let P(D) be the set of lists L* C {1,2,3,4} with |L*| < 3 such that D can be colored with list assignment
L'(xz) = L(z) N L* for x € V(D). Since G is Ps-free, it follows from Theorem [2| that P(D) can be computed
in polynomial time. Since C' is connected, it follows from that some vertex of B is complete to D.
Consequently, in any precoloring extension of P, at most three colors appear in D, and at least one color of
L does not appear in D. Therefore, if P(D) =0, or if L C L’ for every L’ € P(D), then P has no precoloring
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extension we set £ = () and stop. Let P*(D) be the set of L' C {1,2,3,4} such that L' ¢ P(D), but for
every proper superset L” C {1,2,3,4} of L' with |L”| < 3, we have that L € P(D). Let d € V(D). We now
replace D by a stable set R(D) = {d(L*)}r~ of copies of d (each with the same set of neighbors as d), one
for each L* € P*(D) with ¢4 € L*, and set L'(d(L*)) = {1,2,3,4} \ L*. Then L'(d(L*)) C L. Let C’ denote
the graph obtained by this process (repeated for every component of C|Yp) from C. Let L'(v) = L(v) for
every v € V(C) \ Yy. Since C” is obtained from an induced subgraph of G by replacing vertices with stable
sets, it follows that C’ is Ps-free.

We claim that C has a proper L-coloring if and only if C’ has a proper L’-coloring. Suppose that C has
a proper L-coloring c. We need to show that c[y(¢)\y, can be extended to each R(D). We can consider each
D separately.

Let D be a component of C|Yy. Let L* = ¢(D). Let L** = ¢(N(D)). We claim that for every r € R(D),
L'(r)\ L** # (. Suppose L'(r) C L**. Then {1,2,3,4} \ L'(r) € P*(D), but L* C {1,2,3,4} \ L** C
{1,2,3,4} \ L'(r), a contradiction. This proves that for every r € R(D), there exists d(r) € L'(r) \ L**, and
setting ¢(r) = d(r) we obtain a coloring of C".

Next suppose that C’ has a proper L’-coloring ¢. Let L* = {1,2,3,4} \ ¢(N(D)). If L* € P(D), then
we color D with an L-coloring using only those colors in L*; this is possible by the definition of P(D).
Thus we may assume that L* ¢ P(D). Since L(z) C L for all z € N(D) C B, it follows that ¢4 € L*.
From the definition of P*(D), it follows that some superset L** of L* is in P*(D). Then L'(d'(L**) =
{1,2,3,4} \ L** € {1,2,3,4} \ L* = ¢(N(D)). However, ¢(d') € L'(d’), and thus ¢(d) € ¢(N(D)) = ¢(N(d)),
contrary to the fact that ¢ is a proper coloring. This proves that C' has a proper L-coloring if and only if C’
has a proper L’-coloring.

We have so far proved the following:

e (' has a proper L'-coloring if and only if C has a proper L-coloring;
e (' is Ps-free; and
e for every x € V(C"), we have that L'(z) C L.

By Theorem [2] we can decide in polynomial time if C’ has a proper L’-coloring, and thus we can decide
in polynomial time if C has a proper L-coloring. If not, then P has no precoloring extension; we set £ = ()
and stop. If C has a proper L-coloring, then (G \ V(C), S, Xo, X,Yy \ V(C),Y \ V(C), f) has a precoloring
extension if and only if P does.

By repeatedly applying this algorithm to every deficient component C of G|(Yy U Y}), and setting Z =
JV(C) where the union is taken over all such components, we set P’ = (G \ Z,5, X0, X, Yo\ Z,Y \ Z, f)
and output £ = {P'}. Then P’ satisfies (i)-(viii), and Lemma [I3] follows. O

We call a seeded precoloring good if it satisfies , , , , 7 , , and .
By applying Lemmas O} and [I3] each to every seeded precoloring in the output of the
previous one, we finally derive the main theorem of Section

Theorem 10. There is a constant C' such that the following holds. Let G be a Ps-free graph, and let (G, A, f)
be a 4-precoloring of G. Then there exists a polynomial-time algorithm that computes a collection L of seeded
precolorings such that

e L is equivalent for P.

o for every (G',S", X\, X', Yy, Y', f") € L, G is an induced subgraph of G, A C X{U S and f'|a = fla.
e cvery P € L is good

o cvery seeded precoloring in L has a seed of size at most C;

o Ll V(G)°.

By Theorem [I0} to solve the 4-precoloring extension problem in polynomial time, it is sufficient to solve
the precoloring extension problem for good seeded precolorings of Ps-free graphs (with seed size bounded by
a constant) in polynomial time.
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3 Establishing the Axioms on Y

In the previous section, we arranged that components of G|(YpUY') containing a vertex of Y are well-behaved.
In this section, we deal with components of G|(Yy UY) that do not contain a vertex of Yj.

Let P be a starred precoloring. We say that a collection £ of starred precolorings is an equivalent
collection for P if P has a precoloring extension if and only if at least one of the starred precolorings in £
does.

The following are the axioms we want to establish for starred precolorings.

(I) Every vertex y in Y satisfies |Lp(y)| = 3.

(IT) Let Ly,Ly C {1,2,3,4} with |L1]| = |L2| = 3 and Ly # L. Then there is no path a — b — ¢ with
Lp(a) =Ly, Lp(b) = Lp(c) = Ly and a,b,c €Y.

(IIT) Let Ly, Lo, Ly C {1,2,3,4} with |L1| = |Ls2| = |L3| = 3 and such that Lq, Lo, L3 are pairwise distinct.
Then there is no path a — b — ¢ with Lp(a) = L1, Lp(b) = Lo, Lp(c) = Lz and a,b,c €Y.

(IV) Let Ly C {1,2,3,4} with |L;| = 3. Then there is no path ¢ — b — ¢ with Lp(b) = Lp(c) = L, and
a€ X,bceY.

(V) Let Ly, Ly C {1,2,3,4} with |L1| = |L2| = 3. Then there is no path a—b—c with Lp(b) = L1, Lp(c) =
Ls and a € X with Lp(a) 75 LN Lo.

(VI) For every component C of G|Y, for which there is a vertex of X is mixed on C, there exist Ly, Ly C
{1,2,3,4} with |L;| = |L2| = 3 such that C contains a vertex x; with Lp(z;) = L; for i = 1,2, every
vertex z in C satisfies Lp(x) € {L1, Lo}, and every € X mixed on C satisfies Lp(z) = L1 N Lo.

(VII) For every component C of G|Y such that some vertex of X is mixed on C, and for Ly, Ly as in (VI)),
Lp(v) = Ly N Ly for every vertex v € X with a neighbor in C.

(VII) Y = 0.
We begin by showing that starred precolorings exist, and we establish axiom .
Lemma 14. Let P = (G, S, Xo, X, Y0,Y, f) be a good seeded precoloring of a Ps-free graph G. Then

P = (G, S, Xo, X, Y\ Y}, Y UYo, f)

(with Y as in ) is a starred precoloring satisfying and P’ has a precoloring extension if and only if

P does, and every precoloring extension of P' is a precoloring extension of P.

Proof. This is easily verified by checking the definition of a starred precoloring. O
Our next goal is to establish axiom (II), which we restate.

Let Ly,Ly C {1,2,3,4} with |L1| = |L2| = 3 and Ly # Lo. Then there is no path a — b — ¢ with
Lp(a) = L, Lp(b) = LP(C) = Ly and a,b,c€Y.

This lemma will also be useful for proving . Our proof strategy, as is often the case for proofs that a
certain configuration can be avoided, is to guess one or more occurrences of such a path, and add parts of
them to the seed. We will also see an earlier strategy again; reducing the maximum size of a clique such
that some vertex has exactly one neighbor in it.

Lemma 15. There is a function q : N — N such that the following holds. Let L1 C {1,2,3,4} with |L1| = 3,
and let P = (G, S, X0, X,Y,Y*, f) be a starred precoloring of a Ps-free graph G with P satisfying . Then
there is an algorithm with running time O(|V(G)|9U5D) that outputs an equivalent collection L for P such
that

o L] < |V(G)|15D;

e cvery P’ € L is a starred precoloring of G;

17



o cvery P’ € L with seed S satisfies |S'| < q(|S]);
o cvery P = (G,5, X, X", Y',Y*, ') € L satisfies andY’' CY;

e if there is no path a — b — ¢ with Lp(a) # L}, Lp(b) = Lp(c) = L} and a,b,c € Y for some L} with
|L}| = 3, then there is no path a — b — ¢ with Lp/(a) # Ly, Lp/(b) = Lp/(c) = L} and a,b,c € Y’;

e if P satisfies (UI), and if there is no path a — b — ¢ with Lp(a) # L}, Lp(b) = Lp(c) = L} and
a,b,c € X UY for some Ly with |L}| = 3, then there is no path a — b — ¢ with Lp/(a) # L,
Lp/(b) = Lp(c) =L} and a,b,c € X' UY’; and

e there is no path a — b — ¢ with Lp/(a) # Ly, Lp:/(b) = Lp/(c) = Ly and a,b,c € X' UY".

Moreover, for every P' € L, given a precoloring extension of P’, we can compute a precoloring extension for
P in polynomial time, if one exists.
Proof. Let Ly C {1,2,3,4} with |L;| = 3, and let P = (G, S, X0, X,Y, Y™, f) be a starred precoloring of
a Ps-free graph G with P satisfying . We check in polynomial time if G contains a K5. If so, then P
does not have a precoloring extension and we output £ = ) as an equivalent collection. Therefore, for the
remainder of the proof we may assume that G contains no Ks.

Let L =0. Let Y1 = {y€Y :Lp(y) = L1}. Let T = {T1,..., T} be the set of types T C S with
f(T) #{1,2,3,4}\ Ly and |f(T)| < 2, and if P satisfies ([I)), | f(T')| = 2. Let Q be the set of all r-tuples of
quadruples ((Q1, R1,¢1,d1), ..., (Qr, Ry, ¢p,d;)) such that for every i € {1,...,7},

e ¢;,d; € L with ¢; 75 d; if Q;, R; 75 @;
e 1>1Q;| > |R;| and Q; UR; is a clique; and
e QiUR; C (XUY)(Ty).

For every Q = ((Q1, R1,c1,d1),...,(Qp, Ry, cr,d,)) € Q, we proceed as follows. Let S’ = Q, U Ry U
- UQrUR,, and let f': S” — L; be such that f/(¢;) = ¢; for all i for which @; = {¢;}, and f'(r;) = d; for
all ¢ for which R; = {r;}. Let

Yo= |J (xuy)(m),
1:Q;=0
and let g2 : Y9 — {1,2,3,4} \ L; be the constant function. Let

2= | (XUY)T)NN@Q)).
:Ri=0,Q;#0
and let ¢'@ : Z9 — {1,2,3,4} \ L; be the constant function.
Fori e {1,...,7}, let X; and g9 be defined as follows. If |f(T)] =1, welet X; = X(T;)NN(Q;) NN (R;).
If |f(T3)] = 2, we let X; = X(T;) N N(Q;). We define ¢"?(X;) = {1,2,3,4} \ (f'(T3) U {ci,d;}). This is
well-defined, since f'(T;) N {c;,di} = 0, and X; is non-empty only if either [f'(T;)| = 2 or [{¢;, d;}| = 2
(since our definition for X; requires that both @Q; and R; are non-empty in the case that |f'(T;)| = 1). Let
X?=X,U---UX,. S
Then, if fU f' U g? U g¢'? U g"? is a proper coloring of G|(SU S U X,UY? U Z? U X?), we add the
starred precoloring
P9 =(G,Sus"?,
XoUXuYy“@uze,
X\ (XQ9uyQuzQuse),
Y\ (XQUuyQuZzQusQ),
Y fufug?ug@ug?)
to L.
This starred precoloring satisfies (). Every precoloring extension of P'? is a precoloring extension of P.

Moreover, suppose that ¢ is a precoloring extension of P. Let @ = ((Q1, R1,¢1,d1), ..., (Qr, Ry, ¢y d,)) be
defined as follows:
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e For every type T; € T such that c(X UY)(T;)) € {1,2,3,4} \ L1, welet Q; = R, = 0 and ¢;,d; € Ly
arbitrary.

e For every type T; € T such that there exist z,y € (X UY)(T;) with ¢(z),c(y) € Ly and zy € E(G),
we let Q; = {z}, R; = {y} and ¢; = ¢(x),d; = c(y).

e For every type T; € T such that do not there exist x, y as above, but there is a vertex v € (X UY )(T;)
with ¢(v) € L;, we let @Q; = {v},R; =0,¢; = c(v),d; = c(v).

Note that if |@; U R;| < 2, then every vertex v in (X UY)(T;) complete to Q; U R; satisfies ¢(v) & Ly, and so
g and ¢’ agree with ¢ on Y@ and Z9, respectively. It follows that P'? € £ and ¢ is a precoloring extension
of P'?. Consequently, that £ is an equivalent collection for P.

We now prove that every P'@ € L satisfies the claims of the lemma. Let

Q = ((Qla Rlv C1, dl)v sy (QT; Rhcradr))
with P'? € £, and write P’ = P'? € Lwith P’ = (G, S, X5, X", Y, Y* f'). Let Y] ={y € Y’ : Lp:(y) = L1}

If there is no path a — b — ¢ with Lp(a) # Ly, Lp(b) = Lp(c) = L} and a,b,c €Y for some
L} with |LY| = 3, then there is no path a — b — ¢ with Lp/(a) # Ly, Lp/(b) = Lp/(c) = L}

(7) and a,b,c € Y'; and if P satisfies , and if there is no path a — b — ¢ with Lp(a) # L},
Lp(b) = Lp(c) = L} and a,b,c € X UY for some L] with |L}| = 3, then there is no path
a—b—c with Lp/(a) # L}, Lp:/(b) = Lp/(c) =L} and a,b,ce X' UY".

Suppose not; and let a — b — ¢ be a path violating one of the statements of . Since b,c € Y' C Y,
it follows that Lp(b) = Lp(c) = Lj. By the assumption of (7)), it follows that Lp(a) # Lp:(a), and so
a € YNX'. This implies that |Lps(a)] = 2. Since a ¢ Y”, it follows that the first statement of (7)) is proved.

Therefore, we may assume that holds for P. Since P satisfies (II)), it follows that Lp(a) = L.
Moreover, there is a vertex s € S’ \ S with f(s) € L] and as € E(G). Since b € Y, it follows that s —a — b
is a path. But since P satisfies (IIl), it follows that S’ \ S C X by construction, and so s € X. But then the
path s — a — b contradicts the assumption of . This implies .

8)  There is no path z —a —b—c with z € (X’ UY’")\ Y{ and a,b,c € Y{.
1 1

Suppose not; and let z—a—b—c as in . It follows that z € XUY and a,b,c € V1. Let T; = N(2)NS € T.
Since z ¢ X, it follows that z ¢ XQUYYUZQ. Therefore, Q; U R; contains a vertex y non-adjacent to
z. Since ¢;,d; € Ly, it follows that y is anticomplete to {z,a,b,c}. Let s € T; with f(s) € Lq; then s is a
common neighbor of y and z. It follows that s is not adjacent to a,b,c. But theny —s—z—a—-b——cisa
Ps in G, a contradiction. This proves .

Let L5 = L. We repeat the following procedure for j = 4, 3,2. For every P' = (G, S", X[, X', Y, Y* f') €
L1, we proceed as follows. We let £;(P') =0. Let Y/ ={y € Y’ : Lp/(y) = L1}. Let Y7* be the set of ver-
tices y in (X’UY”)\Y{ such that there is a clique {a1,...,a;} C Y{ and N(y)N{a1,...,a;} = {a1}. Let TZ =

Ti,. .., Tﬂj} be the set of all types T C S’ such that f(T) # {1,2,3,4}\ Ly and |f(T)| < 2, and if P’ satisfies

(LI), |f(T)| = 2. Let Q(P’) be the set of all r;-tuples of quadruples ((Q1, R1,c1,d1),...,(Qr;, Rr,,cr;rdyr;))
such that for every i € {1,...,r;},

e ¢;,d; € Ly;
e 1>|Q;| > |R;| and Q; UR; is a clique; and

For every Q = ((Q1,Ri,c1,d1),....(Qr;, Ry ¢, dy,)) € Q(P'), we proceed as follows. Let /¢ =
QiUR U---UQ,, UR,,, and let g9 : 8" — Ly such that g9(g;) = ¢; for all i such that Q; = {¢;}, and
g9(z;) = d; for all i such that R; = {z;}.

For i € {1,...,r;}, we let Z; be the set of vertices z € (X UY)(T;) such that one of the following holds:
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° Q=0
o Qi ={g}, and N(g:) NY/ & N(2) NY3;
o Q; ={a}, Ri ={x;}, z is adjacent to ¢; and N(z;) Yy C N(z) NY{;

=

Welet Z9 =2, U---UZ,, and g’@: Z9 — {1,2,3,4} \ L1. Let

X9=  |J (XuY)(T)NN(S)),
1R =0,Q: 70

and let ¢"9 : X9 — {1,2,3,4} \ L; be the constant function. Let
P9 =(G,8'US? XjuZuUX©,
X'\ (SPUZQuUXQ9),
Y\ (SPUZPuUX9), Y™,
Fug?ug?ug).

If f'Ug?Ug?Ug"? is proper coloring of G|(S" U S? U Z9 U X?Q), then we add P'? to L;(P).

It follows that for every Q € Q(P’), every precoloring extension of P'? is a precoloring extension of P’.
Moreover, suppose that c is a precoloring extension of P'. We define Q = ((Q1, R1,¢1,d1),...,(Qr;, Rr; cr) 5 dy)))
as follows:

e Tor every type T; € T such that ¢((XUY)(T3))N Ly =0, we let Q; = R; = () and ¢;,d; € Ly arbitrary.

e For every type T; € T such that ¢((XUY)(T;))NLy # 0, we let v a vertex v € (XUY)(T;) with c(v) €
with N(v) N'Y; maximal. We let Q; = {v},¢; = ¢(v). If there is a vertex w in N(v) N (X UY)(T, )
with ¢(w) € Ly, then we choose such a vertex with N(w) NY; maximal and let R; = {w},d; = c¢(w);
otherwise we let R; = () and d; € L, arbitrary.

The second bullet implies that c(x) ¢ Ly for every z € (X UY)(T;) such that Q; = {¢;} and N(g;) N
Y]/ € N(v)nY{. Similarly, c¢(x) ¢ Ly for every x € (X UY)(T;) N N(Q;) such that R; = {r;} and

N(r;)NY{ € N(v)NY{. Tt follows that Q € Q(P’), P'? € L£;(P’'), and c is a precoloring extension of P'?.
Thus £;(P’) is an equivalent collection for P’. By construction, P'? satisfies (I for every Q € Q(P').

Now let
L= |J L
PeLj
Since L1 is an equivalent collection for P and since £; is the union of equivalent collections for every

P" € L1, it follows that £; is an equivalent collection for P.
Let P’ € Lj+1. Let Q = ((Q1, Ry, cq, dl), ey (Q,., R, c., d,)) S Q(P/), and let

P/Q _ (G,S//,X6/7Xll7yll7y*,f//) e £j(Pl)

Let Y ={y € Y" : Lpa(y) = L1 }. From the previous step (j+ 1) of our argument, we may assume that
and @D hold for P’, that is, for j+1, the statements and @D hold with X" Y" Y/ replaced by X', Y’ Y/,
respectively, where X', Y” are the sets in P’ = (G, 8", X, X', Y, Y*, f),and Y{ ={y € Y': Lp/(y) = L1}
This is true when j = 4 as well, since G contains no K5 and by .

() There is no vertex z € (X" UY")\ Y with N(z) N {a1,...,a;} = {a1} for a clique
{al,...,aj} QYIN

Suppose for a contradiction that z is such a vertex. Write P’ = (G,S", X}, X', Y Y* f'). Let Y/ =
{yeY':Lp/(y) = L;} for i = 1,2. Suppose first that z € Y. Then z has a neighbor s € §”\ §’. It follows
that f(s) € Ly and s ¢ Y{. Consequently, s is anticomplete to {a1,...,a;}. But then the path s—z—a; —aq;
contradicts the fact that holds for P’.
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It follows that z € (X’ UY”)\Y{ and {a1,...,a;} CY{. Let i be such that S’NN(z) = T;. Since z € X{,
it follows Q; # 0; say Q; = {¢;}. If z is non-adjacent to g;, let s = ¢;. Otherwise, it follows that R; = {r;},
say; let s = r;. In both cases, it follows that s is non-adjacent to z.

Since a1,...,a; ¢ X", it follows that s is non-adjacent to ai,...,a;. The definition of Z, implies
that N(s) NYy ¢ N(2)NY,. Since a; € (N(z) \ N(s)) NY{, we deduce that there exists a vertex y €
(N()\ N(s)) N V7.

Let s’ € T; with f(s’) € L1. Then, s’ is non-adjacent to ai,...,a;. But y —s—s —z —a; —a; is not a
Ps in G, and thus y has a neighbor in {a1,...,a;}. But y is not complete to {a1,...,a;}, since P’ satisfies
(©) for j+1. It follows that y is mixed on {a1,...,a;}, and thus by Lemma there is a path y —a — b with
a,be€{ai,...,a;}. But then s —y —a—bis a path, contrary to the fact that P’ satisfies . This concludes
the proof of @

10) There is no path z —a — b — c with z € (X" UY")\Y{ and a,b,c € Y{'.
1 1

Suppose not; and let z — a — b — ¢ be such a path. Since Y{” C Y7, the fact that P’ satisfies implies
that 2 ¢ X' UY’, and thus z € Y{/. Thus z has a neighbor s € S” \ S’ with f(s) € Ly. It follows that
s € X'UY’, and thus s — z — a — b is a path, contrary to the fact that holds for P’. This proves .

If there is no path a—b—c with Lp/(a) # L}, Lp:(b) = Lp/(c) = L} and a,b,c € Y’ for some
L} with |L}| = 3, then there is no path a — b — ¢ with Lpr(a) # L}, Lp+(b) = Lp:(c) = L}

(11) and a,b,c € Y"; and if P’ satisfies , and if there is no path a — b — ¢ with Lp/(a) # L},
Lp/(b) = Lpi(c) = L and a,b,c € X UY for some L} with |L}| = 3, then there is no path
a—b—c with Lp/(a) # L}, Lp:(b) = Lpn(c) =L} and a,b,c € X" UY".

Suppose not; and let a — b — ¢ be a path with Lp.(b) = Lpr(¢) = L} with b,c € Y that violates one of
the statements of (11)). Since b,c € Y” C Y, it follows that Lp/(b) = Lp/(c) = L. By the assumption of
(1), it follows that Lp:(a) # Lp(a), and so a € Y’ N X". This implies that [Lpr(a)| = 2. Since a ¢ Y, it
follows that the first statement of ([11)) is proved.

Therefore, we may assume tha holds for P’. Since P’ satisfies (), it follows that Lp/(a) = Lj.
Moreover, there is a vertex s € §”\ S’ with f/(s) € L] and as € E(G). Since b € Y, it follows that s —a—b
is a path. But since P’ satisfies , it follows that S” \ S’ C X’ by construction, and so s € X’. But then
the path s — a — b contradicts the assumption of . This implies .

It follows that (8)) and holds for P'® for every P’ € L1 and Q € Q(P"). Moreover, by construction,
L; is an equivalent collection for P. If j > 2, we repeat the procedure for j — 1; otherwise, we stop.

At termination, we have constructed an equivalent collection Lo for P and every P’ = (G, S’, X}, X', Y'Yy, ') €
L5 satisfies and @D for j = 2, and thus the last bullet of the lemma. The third-to-last and second-to-last
bullets of the lemma follow from @ and . Thus, Lo satisfies the properties of the lemma, and hence,
the lemma is proved. O

Lemma 16. There is a function ¢ : N — N such that the following holds. Let P = (G, S, X0, X,Y, Y™, f)
be a starred precoloring of a Pgs-free graph G with P satisfying . Then there is an algorithm with running
time O(|V(G)[2USD) that outputs an equivalent collection L for P such that

o L] < |V(G)|ID;

e cvery P’ € L is a starred precoloring of G;

o cvery P’ € L with seed S’ satisfies |S"| < q(|S]); and
o cvery P’ € L satisfies and ().

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring extension for
P in polynomial time, if one exists.

Proof. Let £ = {P}. We repeat the following for every pair L, Lo of distinct lists of size three contained
in {1,2,3,4}. We apply Lemma [15| to every starred precoloring P’ € £, and replace £ by the union of the
equivalent collections produced by Lemma[I5 Then we move to the next pair of lists. O
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The next lemma is a simple tool that we will use to establish further axioms.

Lemma 17. Let G be a Ps-free graph with u,v € V(G) such that V(G) = {u,v} UN(u) UN(v), wv € E(G),
N(u) N N(v) =0, and N(u), N(v) stable. Then there is a partition Ag, Ay, ..., Ar of N(u) and a partition
By, By, ..., Bk of N(v) with k > 0 such that

o Ay is complete to N(v);
e By is complete to N(u); and

e fori=1,....k, A;, B; # 0 and A; is complete to N(v)\ B; and B; is complete to N(u) \ A;, and A;
is anticomplete to B;.

Proof. Let G,u,v be as in the lemma. The result holds if N(u) = 0 or N(v) = @; thus we may assume that
both sets are non-empty. Let a € N(u),b € N(v). If ab € E(G), we let Ag = {a}, By = {b}; otherwise, we
let Ay = {a}, By = {b}. Now let Ay, Ay,..., A, Bo,B1,..., By be chosen such that their union is maximal
subject to satisfying the conditions of the lemma. If their union is V/(G) \ {u, v}, then there is nothing to
show; thus we may assume that there is a vertex « ¢ {u,v} not contained in their union. Without loss of
generality, we may assume that x € N(v).

If z is complete to A = AgUA;U---UAy, we can add x to By, contrary to the maximality of our choice of
sets. Suppose first that « is complete to A1 U---UAg. Let Axy1 = Ao\ N(z). Then Agy; is non-empty, since
x has a non-neighbor in A. But then Ag\ Agt1, A1, ..., Ak, Ak+1, Bo, B1, . . ., B, {2} satisfies the conditions
of the lemma and has strictly larger union; a contradiction.

It follows that = has a non-neighbor in A \ Ap; without loss of generality we may assume that there is
y € A1 non-adjacent to x. Let w € B;. Suppose that z has a neighbor z € A;. Thenw —v—x—2z—u—y
is a Ps in G, a contradiction. It follows that = has no neighbor in A;. If x is complete to A\ A;, we can
add z to B; and enlarge the structure, a contradiction; hence = has a non-neighbor z in A\ A;. It follows
that z is adjacent to w. But then z —v —w — z —u — y is a Py in G, a contradiction. This concludes the
proof of the lemma. O

The purpose of the following lemmas is to establish the following axiom, which we restate:

Let Ly, Lo, Ly C {1,2,3,4} with |L1| = |La| = |Ls| = 3 and such that L;, Lo, L3 are pairwise distinct.
Then there is no path a — b — ¢ with Lp(a) = L1, Lp(b) = Lo, Lp(c¢) = L3 and a,b,c €Y.

It may be helpful to begin by reading in order to understand the construction for Q.

Lemma 18. There is a function q¢ : N — N such that the following holds. Let Ly, Lo, Ly C {1,2,3,4} with
|L1| = |Lo| = |L3| = 3 and such that Ly, Ly, Ly are pairwise distinct. Let P = (G, S, Xo, X, Y, Y™ f) be
a starred precoloring of a Ps-free graph G with P satisfying and , Then there is an algorithm with
running time O(|V (G)|215D) that outputs an equivalent collection L for P such that

o [£] < V(G)115D;

e cvery P’ € L is a starred precoloring of G;

e cvery P’ € L with seed S’ satisfies |S'| < q(|S]);
e cvery P’ € L satisfies and ;

o cvery P = (G,S', X\, X', Y',Y*, f') € L satisfies that there is no path a —b— ¢ —d with Lp/(a) = Ly,
Lp/(b) = Lp/(d) = Lo, LPI(C) = L3g and a,b,c,d € Y/,' and

e if P satisfies the previous bullet for Ly, Lo, L3 and for L3, Lo, Ly, then every P! = (G, S', X}, X', Y, Y* f') €
L satisfies that there is no path a —b— ¢ with Lp:(a) = Ly, Lp/(b) = Lo, Lp/(c) = Ly and a,b,c € Y.

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring extension for
P in polynomial time.
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Proof. We say that the conditions of the last bullet hold for P if P satisfies the second-to-last bullet for
Ll,LQ,Lg and L3,L27L1.

Let Y; = {er:Lp(y) =L;} for i = 1,2,3. Let T = {T1,...,T,} be the set of types T' C S
with f(T) = {1 ,3,4} \ L1. We let Q be the set of all r-tuples (Q1,...,Q,), where for each i, Q; =
(S}, S2 R R2, ¢} 02 c3,c}) such that the following hold:

L {cl, 2} €{1,2,3,4}.
2. 1> |8} > (52| = |R!| > 2.
3. S} # 0 if and only if one of the following holds:
e thereis apatha—b—c—d witha € Y1,b,d € Y5,c € Y3 and N(a) NS =T;; or

e the conditions of the last bullet hold for P and there is a path a —b—c witha € Y1,b € Y5,c € Y3
and N(a)NS =T;.

L

S} U S? is a stable set, and S} U S? C Y(T5).

If S} = {sl}, then s! has a neighbor in Y.

If S? = {s?}, then s? has a neighbor in Ya.

If S? # 0, then {c},c?} = L1\ (L2 N L3) and ¢} € L3, c? € Ly.
REC (NS \ N(8) N Ya,

R} € (N(S7)\ N(S})) NYs.

10. R} U R? is a stable set.

© o N o o«

11. {c¢},¢}} C Ly Ls.

We let 8¢ = Ji_, (S} US?) and T'? = U,_, (R} U R). Define f'@:S'QUT'? — {1,2,3,4} by setting
fRw) = ¢ if 8/ = {v} for j = 1,2 and f9(v) = /™ if R} = {v} for j = 1,2. Let S} be the set of

v € (T'?US'?) such that f/?(v) € Ly N L3. Let S} be the set of v € (T"? U S’?) such that f'?(v) € Ly \ L,
and let S} be the set of v € (T"? U S’?) such that f'?(v) € L3 N La. Let

X9 = (N(S)N (Y1 UYaUY3))U(N(SH) N (Y1 UY))U(N(S5) N (Y1 UYR)U(N(T'?)N (Y UYs)).

For i € {1,...,r}, we further define Z; = () if [S} U S?| < 2 or |R}| > 0, and Z; = (N(S}) \ N(S2)) N Y2
otherwise. We let Z9 = |J_, Z;. Let g% : Z — Lo \ L3 be the constant function. For i € {1,...,r}, we
let Y; = 0 if IS} US?| < 2or |[RIUR?| # 1, and Y; = (N(S?)\ (N(S}) U N(RL)) NYs otherwise. We
let YO = U¢—1Yi~ Let ¢'? : Y — L3\ Ly be the constant function. For i € {1,...,r}, we let W; = 0 if
|SHu 52| #1orecl € LiNLyNLs, and W; = Y(T;) \ S} otherwise. We let WQ = U_, W;. We define

g"? W — L; by setting ¢"(W; \ N(S})) = = {c!} and g' (WinNN(SH) =L\ ({ct} U (LanLy).

Let P'9 be the starred precoloring

(G,5US"?UT'? X UIWRUYPUZ?, XUX? Y\ (S CUT' U RuUXYUYQuz?), Y™, fUfRuglug’Cug’?).
Since P satisfies , it follows that P’ satisfies as well. We let

L={P?:QeQ,fuUf?Ug?uUg?uUyg"?isaproper coloring} .

(12) L is an equivalent collection for P.

Let L = {c 2 03} Ly = {c 2 04} and L3 = {c & 04} Let Y7* denote the set of vertices in Y; with
a neighbor in Y. Every precoloring extension for P’? € L is a precoloring extension for P. Now suppose
that P has a precoloring extension c V(@) — {1,2,3 4}. We define an r-tuple (Qq, .. .,Qr) where for
each i, Q; = (S}, S2, R}, R? ¢}, c?,¢3,ct). Forie {1,...,7}, we define Q; = (S}, S2, R}, R?,ct,c?,c3,c}) as

191 1y i g (R R Rt )
follows:
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If neither bullet of is satisfied, we let Q; = (0,0,0,0,c*, ¢, ct, cb).

If Y;*(T;) contains a vertex v with c(v) = ¢!, we let Q; = ({v},0,0,0,ct, ¢!, ct,ct).

If Y(T;) ontams a vertex v with ¢(v) = ¢? such that ¢(Y*(T;) \ N(v)) € {c*}, we let Q;
({v},0,0,0,c% ct, et ct).
(

o If Y T) con tams a vertex v with c¢(v) = ¢ such that c(Y{*(T;) \ N(v))
({v} 0,0,0,c3, ¢ ety cth.
Let u,v € Y*(T;) such that c(u) = ¢?,¢(v) = ¢® and uwv € E(G). We let A = (N(u)\ N(v)) N Yy and
B = (N(v)\ N(u)) NYs. We proceed as follows:
- It C(A) C L \L37 we let Qz = ({U} ) {U} ) (Da (Da 623 CS; 61761)'
— If there is a vertex € A such that ¢(z) € Lo N Lg and ¢(B\ N(z)) C L3 \ Lo, we let Q; =
({u}, {v}, {2}.0,¢% ¢ (@), ).
— If there is * € A and y € B such that ¢(z),c(y) € Ly N Ls and zy ¢ E(G), we let Q;
({up {v} Az} Ay}, e, ¢ e(2), e(y))-
It follows from the definitions of Y9, Z9 W< that c|(}~,QU2QUv~VQ) =990 UG 950 Ug"? e It follows

that Q € Q and ¢ is a precoloring extension of P’®. Thus £ is an equivalent collection for P, which proves

).

Let Q € Q and let P'? € £ with P'Y = (G, S, X}, X', Y, Y* f'),and let Y/ = {y € Y': Lp/(y) = L;}
for i = 1,2,3. We claim the following.

N

{02}, we let Q; =

(13) For every i € {1,...,r} such that S} = {u},S? = {v}, we have that N(u) N (Y4 U YY) is
anticomplete to N(v) N (Y3 UYY).

From the properties of @, we know that f'(u) € L1 N L3 and f'(v) € L1 N Ly. Since u,v € S’, it follows
that N(u) NY{ = 0, since N(u) N Y3 C X?; similarly, N(v) Yy = 0. We let A = (N(u)\ N(v)) N Y, and
B = (N(v)\ N(u))NYs. It follows that v is anticomplete to A and w is anticomplete to B. Let aq, ..., a; be
the components of G|A, and let by, ...,bs be the components of G|B. Since P satisfies , it follows that
for every i € [t] and j € [s], V(a;) is either complete or anticomplete to V'(b;).

Let H be the graph with vertex set {u,v} U {a1,...,a:} U {b1,...bs}; where Ny(u) = {a1,...,at},
Ng(v) = {b1,...,bs}, the sets {a1,...,a:} and {b1,...,bs} are stable, and a; is adjacent to b; if and only if
V(a;) is complete to V(b;) in G. We apply Lemma u to H, u and v to obtain a partltlon AO, Al AL
of {ai,...,a;} and a partition B, Bj,..., B}, of {b1,... bt} For i € [k], let A; = U, ea, V(a;) and

Bi=Uy,ep, V(b))
It foﬁows from the definition of H that in G,

e Ay is complete to B;
e By is complete to A; and

o for j =1,...,k, A;,Bj # 0 and A; is complete to B\ B; and B; is complete to A\ A;, and A; is
anticomplete to Bj;.

If R} =0, then A C Z9 and so ANY’ = (), and follows. Thus R} # (. Suppose that R? = (). Then
one of the following holds:

e R C Ay, and so B C X?; or

o RI C A, forsomej>0,andsoB\Bj§X'Q andngYQ.
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It follows that N(v) NYy = @, and follows. Thus we may assume that R? # (), then there exists a j > 0
such that R} C A; and R? C By, and so (4 \ 4;) U (B\ B;) C X9, and again, holds.

14) There is no path z —a—b—c with 2 €Y/, a,c€ Y, and b € Y.
1 2 3

Suppose that z — a — b — ¢ is such a path. Let ¢ € {1,...,r} such that N(z) NS = T;. Since z &€ X|, it
follows that S} # (. Write S} = {u}. Let s € Tj; then f’(s) € Lo U L3, and therefore s is anticomplete to
{a,b,c}.

Suppose that S? = (). Then f’(u) € LaNLs, and thus u is non-adjacent to z, a, b, c. Now u—s—z—a—b—cis
a Ps in G, a contradiction. Thus it follows that S? = {v}, and z is non-adjacent to u and v. By construction,
it follows that f'(u) € Ly \ L3, and f/(v) € L\ L. Since neither u—s—z—a—b—cnorv—s—z—a—b—c
is a Ps in G, it follows that u,v each have a neighbor in {a,b,c}. Since neighbors of u in Y3 are in X, it
follows that u is non-adjacent to a and ¢, and hence u is adjacent to b. Since neighbors of v in Y3 are in
X, it follows that v is non-adjacent to b, and v is adjacent to a or ¢. This contradicts , and thus
follows.

If the conditions of the last bullet hold for P, then there is no path z — a — b with z € Y/,

(15) a€Y; andbeYs.

Suppose not, and let z — a — b be such a path. Let i € {1,...,r} such that N(z) NS = T;. Let s € T;.
Then f'(s) € Lo N Lg, since f'(s) ¢ L1, and hence s is anticomplete to a,b. Since z ¢ X, it follows that
St # 0, say S} = {u}. Suppose first that S? = (. Since z ¢ X{, it follows that f’(u) € L N L3, and thus u
is non-adjacent to z,a,b. By construction, v has a neighbor y in Y5, and since u is anticomplete to a, b, it
follows that y # a,b. Since y —u—s—z—a—b is not a Fs in G, it follows that y has a neighbor in {z, a, b}.
Since P satisfies , it follows that v — y — a is not a path and so y is not adjacent to a. Since P satisfies
the second-to-last bullet for L, Lo, L3, it follows that w —y — b — a is not a path, and so v is not adjacent to
b. But then w is adjacent to z; and b—a — z — u is a path contrary to the second-to-last bullet for L3, Ly, L.
This is a contradiction, and hence S? # 0, say S? = {u}.

By construction, it follows that f’(u) € Lo \ Lz, and f/'(v) € L3 \ L2. If one of w,v has no neighbor in
{a,b}, then we reach a contradiction as above. Since neighbors of u in Y3 are in X@, it follows that u is
adjacent to b, but not a. Since neighbors of v in Y3 are in X, it follows that v is adjacent to a, but not b.

This contradicts , and proves .

We now replace every P’ € L by P” satisfying by moving vertices with lists of size less than three
from Y’ to X'. It follows that P’ still satisfies and . This concludes the proof of the lemma. O

Lemma 19. There is a function ¢ : N — N such that the following holds. Let P = (G, S, X0, X, Y, Y™*, f) be
a starred precoloring of a Pgs-free graph G with P satisfying and , Then there is an algorithm with
running time O(|V (G)|2U5D) that outputs an equivalent collection L for P such that

o L] < |V(G)[aU8D;
e cvery P’ € L is a starred precoloring of G;

o cvery P’ € L with seed S’ satisfies |S"| < ¢q(|S]); and
e cvery P’ € L satisfies , and .

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring extension for
P in polynomial time.

Proof. Let £ = {P}. For every triple (Li, Lo, L3) of distinct lists of size three included in [4] we repeat the
following. Apply Lemma [I8] to every member of £; replace £ by the union of the collections thus obtained,
and move to the next triple of lists. At the end of this process we have an equivalent collection £ for P, in
which every starred precoloring satisfies the second-to-last bullet of Lemma [L8| for every (Lq, L, L3).
Repeat the procedure described in the previous paragraph. Since the second-to-last bullet of the con-
clusion of Lemma [18]| holds for each starred precoloring we input this time, it follows that the last bullet of
Lemma |18 holds for the output for every (L1, Lo, L3). Thus holds; this concludes the proof. O

25



Let P = (G, S, X0, X,Y,Y™* f) be a starred precoloring. For W C V(G) and L C [4], we say that W
meets L if Lp(w) = L for some w € W. We now have the following convenient property.

Lemma 20. Let P = (G, S, X0, X,Y,Y™*, f) be a starred precoloring of a Ps-free graph G satisfying ,
and . Let Ly, Lo, L3, Ly be the subsets of [4] of size three. Let C' be a component of G|Y that meets at
least three of the lists Ly, Lo, L3, Ly. For i € [4], let C; = {v e V(C) : Lp(v) = L;}. Then for everyi # j,
C; is complete to Cj.

Proof. Let @ = p1 — ... — pi be a path such that for some i # j, p1 € C;, pr € Cj, p1 is non-adjacent to py,
and subject to that with & minimum (and since @ is induced, it follows that k& > 3). Since P satisfies , it

follows that py & C;; say p2 € C;. Since P satisfies (LI} and , it follows that ps € C;. Similarly, py & C;.
By the minimality of k, we deduce that k = 4. By applied to ps — p3 — ps, we deduce that [ = j. Let
C’ be a component of C|(C; UC;) with p1,...,ps € V(C’). Since C is connected, and since V(C) # C; UC},
there exists ¢ € Cy with [ # 4, j such that ¢ has a neighbor in C’. Since P satisfies and , it follows
from Lemma 1| that ¢ is complete to C’. But now p; — ¢ — p4 contradicts the fact that P satisfies . This
proves Lemma 20 O

Our next goal is to establish axiom (IV]), which we restate.

Let Ly C {1,2,3,4} with |L;| = 3. Then there is no path a — b — ¢ with Lp(b) = Lp(c) = Ly and
a€e X, bceY.

Lemma 21. There is a function ¢ : N — N such that the following holds. Let P = (G, S, X0, X,Y, Y™, f)
be a starred precoloring of a Pgs-free graph G with P satisfying . Then there is an algorithm with running
time O(|V(G)[2USD) that outputs an equivalent collection L for P such that

o L] < |V(G)[eU8D;

e cvery P’ € L is a starred precoloring of G;

o every P’ € L with seed S’ satisfies |S'| < ¢(|S]); and
o cvery P’ € L satisfies , , and .

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring extension for
P in polynomial time.

Proof. Let L = {P}. For every list L C {1,2,3,4} of size three, apply Lemma [15| to every member of L,
replace £ by the union of the equivalent collections thus obtained, and move to the next list. At the end of
the process we obtained the required equivalent collection for {P}. O

We now begin to establish the following axiom, which we restate below.

Let Ly, Ly € {1,2,3,4} with |L;| = |L2| = 3. Then there is no path a —b—c¢ with Lp(b) = L1, Lp(c) =
Ly and a € X with Lg = Lp(a) 75 Ly N Lo.

We define the following auxiliary statement:

Let Ly, Ly C {1,2,3,4} with |L1| = |L2| = 3. Then there is no path a —b — ¢ — d with

(6) () = Lp(d) = Ly. Lp(c) = Ly and a € X with Ly — Lp(a) # Ly N L.

Again, it may be helpful to begin by reading in order to understand the construction better.

Lemma 22. There is a function ¢ : N — N such that the following holds. Let Li,Lo C {1,2,3,4} with
|L1| = |L2| = 3 and L1 # LQ, and let L3 Q {1,2,3,4} with |L3| = 2 and Lg 7£ L1 OLQ. Let P =
(G, 8, X0, X,Y,Y* f) be a starred precoloring of a Ps-free graph G with P satisfying , , and
[IV). Then there is an algorithm with running time O(|V (G)|90SD) that outputs an equivalent collection L
for P such that

o L] < |V(G)|15D;
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every P’ € L is a starred precoloring of G;

every P’ € L with seed S’ satisfies |S’| < q(|S]);

every P’ € L satisfies , , and ;

every P’ € L satisfies for every three lists L}, Ly, L such that P satisfies for Ly, Ly, Lk,

if P satisfies for every three lists, then every P’ € L satisfies for every three lists Ly, LY, LY,
such that P satisfies for L, Ly, L

every P’ € L satisfies for Ly, La, Ls.

if P satisfies for every three lists LY, L}, Ly such that |L}| = |L4| = 3, L] # L, |Ls| = 2, L5 #
LY N LY, then every P = (G, S, X, X', Y',)Y*, f') € L satisfies that there is no path a — b — ¢ with
Lpi(a) = L3, Lp:(b) =Ly, Lp/(c) = Ly witha € X, b,ceY’.

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring extension for
P in polynomial time.

Proof. Let L=10. Let Y; ={y €Y : Lp(y) = L;} for i = 1,2, and let X3 be the set of vertices v in X with
list Lz such that v starts a path v — b — ¢ —d (v — b — ¢ if the condition of the last bullet holds for P) with
veE X, bdeYy,ceY, Let Ly, Ls be the two three-element lists in {1,2,3,4} that are not Ly, Lo, and let
Yi={ye€Y:Lp(y) = L;} for i =4,5. We call a component C of G|Y bad if V(C)NY1 #B,V(C)NYy £
and V(C)NY; # 0 for some i € {4,5}.

Let T = {T1,...,T;} be the set of types T C S with f(T) = {1,2,3,4} \ L3. We let Q be the set of all
r-tuples (Q1,...,Qr), where for each 1,

_ /el @2 pl P2 pP3 p4 A1 ~2 v1,1 1,2 2,1 2,2
Qi—(Si,sivaRmRmRiaCivCi,Xi 7Xi 7X,' 7Xi 7fiacasei)

such that the following hold:

1.

L

10.
11.
12.
13.
14.
15.

fi:SFUS?UR'NUR?URIURMUX T UX P UXP UXP? = (1,2,3,4).
fi(SFUS?) C Ls.

1> (8} > [S7] = |R}| = |RY| > |R}| > | R}

S} U S? is a stable set and S} U S? C X3(T;).

If S} =0, then X3(T;) = 0.

If S #0, then f;(S} US?) = Lz and Lz N Ly N Ly = .

For j = 1,2, if Sf = {sz} and sg is mixed on a bad component, then C’ij is the vertex set of a bad
component on which sg is mixed; otherwise, C’Z = 0.

For j,k =1,2, | X7*| <1, and | X7*| = 1 if and only if C7 # 0.

For j = 1,2, if C7 # ), then there exist p # ¢ such that X' N CY NY, # 0 and X7> N CI NY, # 0.
For j =1,2,3,4, fi(R]) C Ly N Lo.

case; € {0, (a), (), (c), (d), (), (f)}-

case; € {0, (a), (b)} if and only if R =0 for all j € {1,2,3,4}.

case; € {(c),(d), (e)} if and only if R}, R} = () and R}, R? # (.

case; = (f) if and only if R? # 0 for all j € {1,2,3,4}.

If S? = (), then case; = 0.
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16. If case; # 0, then let {u,v} = S} U S? such that v € S} if and only if f;(u) € Ly; then R}, R} C
N(u) N (Y2 \ N(v)) and R, R} € N(v) N (Y1 \ N(u)).

17. If case; = (c), R} is anticomplete to R?.
18. If case; € {(d), (e)}, R} is complete to R2.

19. If case; = (f), then R} is complete to R? and anticomplete to R}, and R} is anticomplete to R? and
anticomplete to R}.

We let

§9= |J SJUSIURIUR!UXMUXPPUXPTUXD)U U (R UR?),
ie{l,...,r} i€{1,...,r},case;#(c)

and let f'@ = fiU---U f,. ‘ ‘
For every i € {1,...,7}, we let Y; = Ujeer2y Upeqi 2,5y, xi*nciny, 75(0(03 NY,), and we let h;(C] N
Y, NY:) C fi(XTF). Let Z; = (CFUC?)\ Vi Let YO = Ujery g Vi and 29 = Uyeqy 4 Zi and
e =hyU---Uh,.
Let 51 be the set of v € §’? such that f/(v) € LiNLy; let S be the set of v € S'? such that f/(v) € L1\ Lo,
and let S} be the set of v € S’? such that f'(v) € Ly \ Ly. Let

X9 = (N(S1) N (Y1 UY2)) U (N(S3) N (Y1) U (N(S5) N (Ya)).

Lgt W; = X3(T;) if S} = {v},S? =0 and f'(v) € Ly N Ly N L3, and W; = ) otherwise. If W; # (), we let

: Wi — Lg such that g"(y) = f'(v) is y if non-adjacent to v, and g”(y) is the unique color in L\ ({f'(v)})
0therw1se Let W@ =, (1 }W and let ¢"@ = g//Q u---ugle.

Let V@ be the set of vertices v in X with list Ls such that S’ contains a neighbor s of v, and let
h'® .V — L such that h'Q(v) € L3\ (f'(s)).

Let U; be the set of all vertices z € X3(T;) such that S! = {v} and such that f’(v) € L; N Ly and
N(w)NY; € N(z)NYy, and let g; : U; — L \ (Ly N Ly). Let U? =Uie.. T}U and g9 =gy U---Ug,.

Let U’; be the set of all vertices z € X3(T;) such that S} = {u},S? = {v} such that zu ¢ E(G), and
N@®)NY: C N(z)NYi, and let ¢/ : U; — {f'(u)}. Let 0% = Uieqr, .y U and g9 = gj U---Ug).

Finally, we define T; as follows: If case; = 0, then T; = (). Otherwise, let {u,v} = St U S? such that

f'(u) € Ly, and let A= N(u)N (Yo \ N(v)) and B = N(v) N (Yy \ N(u)). If case; =
(a) then T; = A;
(b) then T; = B;
(c) then T; = (AN N(R?)) U (BN N(R));
(d) then T; = B\ N(R});
)
)

We let T = Uieti,.m T; and let b9 : T9 — (Ly \ Ly) U (La \ Ly) be the unique function such that
h"Q(v) € Lp(v) for all v € T,
The following statement could be proved using Lemma [I7] but we give a shorter proof here:
Let i such that {u,v} = S} US? and f(u) € L. Let R = R} U R} U R} U R} if case; #
(17) (¢) and R = 0 otherwise. Then (N(u) NY2) \ (N(v) UT; U N(R))) is anticomplete to
(N(v) N Y1) \ (N (u) UT; UN(R))).

= B\ (T; U N(R)); then it suffices to prove that A’ is anticomplete to B’.

Let A’ = A\ (T; UN(R)), B'
this follows since A’ or B’ is empty in each of these cases. In case (f), we have

If case; = (a), (b), (d), (e),
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that G|({u,v} U R) is a six-cycle. Since the graph arising from a six-cycle by adding a vertex with exactly
one neighbor in the cycle contains a P, it follows that A’, B’ = (. In case (c), we let 'y’ be an edge from
A’ to B', and we let # € AL,y € A2. Then 2 —u— 2’ —y —v —yis a Ps in G, a contradiction. Again it
follows that A’ is anticomplete to B’, and follows.

Let P'Q be the starred precoloring obtained from

(G,SUS?
X,UuYRUIWRUTRUIRUTCUTe
(X\(WQuTeuiur?)uzuXe
Y\ (YRUZPUXQuUT®?)

Y fUFRURCUNRURCUG?UG?Ug"?)

by moving every vertex with a list of size at most two X, and every vertex with a list of size at most one to
Xo. Since P satisfies and (TII)), it follows that P'® satisfies and (III)) as well. Moreover, P'? satisfies

(L.
We let

L= {P’Q Qe Q fUFPURRUNCURRUGR UG UG is a proper coloring} .

(18) L is an equivalent collection for P.

For every P'? € L, every precoloring extension of P'? is a precoloring extension of P. Conversely, let ¢
be a precoloring extension of P, and define Q = (Q1, ..., @), where for each i,

Qi = (5117 SiQﬂ Rlla Rz‘2a R?a R?a Cz‘lv Ci27 Xilwla Xi1727 Xi2717 Xi2’2, fz/7 Casei)
is defined as follows:
o If X5(7;) =0, then Q; = (0,0,0,0,0,0,0,0,0,0,0,0, f;,0), where f; is the empty function.

e If X5(T;) contains a vertex v with ¢(v) € L1 N Ly, we choose v with N (v)NY; maximal and let S} = {v},
case = (). In this case, we let S? = ().

o If X5(7T;) contains no vertex v with ¢(v) € Ly N La, we let u € X5(T;) with N(u)NY; maximal, and set
St = {u}. If there is a vertex v € X3(T;) with ¢(v) # c(u) and uwv € E(G), we choose v with N (v) NY;
maximal and set S? = {v}; otherwise we let S? = ().

o If S? = ), we let case; = 0 and R} = () for j = 1,2,3,4. Otherwise, we let {u,v} = S} U S? such
that c¢(u) € L;. Welet A = N(u) N (Y2 \ N(v)) and B = N(v) N (Y1 \ N(u)). Let aq,...,a: be the
components of G|A, and let by, ..., bs be the components of G|B. Since P satisfies , it follows that
for every i € [t] and j € [s], V(a;) is either complete or anticomplete to V' (b;).

Let H be the graph with vertex set {u,v} U {a1,...,a:} U{b1,...bs}; where Ny(u) = {a1,...,at},
Nu(v) ={b1,...,bs}, the sets {ai1,...,a:} and {b1,...,bs} are stable, and a; is adjacent to b; if and
only if V(a;) is complete to V(b;) in G. Apply |[17|to H, v and v to obtain a partition Af, A7,..., A}
of {a1,...,a;} and a partition By, By, ..., By of {by,...,b:}. Fori € [k], let A; =, ¢4, V(a;) and
B, = UbjeBi V(bj)~

It follows from the definition of H that in G,

— Ay is complete to N (v);
— By is complete to N(u); and

—for j=1,...,k, Aj,B; # 0 and A; is complete to N(v) \ B; and B, is complete to N(u) \ A4,
and A; is anticomplete to B;.
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If Ag = By =0 and k = 1, then A is anticomplete to B, and we let case; = (). Otherwise, we consider
the following cases, setting case; =

(a) if ¢(A) C Lo \ Ly;

(b) if ¢(B) C Ly \ Lo;
(c) if there is an i € {1,...,k} such that ¢(A\ 4;) C Ly \ L1, and ¢(B\ B;) C Ly \ Lo;
(d) if there exist x € A, y € B adjacent such that c(x),c(y) € Lo N Ly and ¢(B \ N(z)) C Ly \ Lo;
e) if there exist x € A, y € B adjacent such that ¢(z),c(y) € La N Ly and ¢(A\ N(y)) C Lo \ Ly;

)

f) if there exist z,2’ € A,y,y’ € B, with z,y adjacent, ' non-adjacent to y, ¢ non-adjacent to z,

and (consequently) a2’ adjacent to y', and c(z), c(y), c(z'),c(y’) € Lo N L.

(
(
It is easy to verify that one of these cases occurs.

With the notation as above, if case; =

(a) then we let R} =0 for j = 1,2,3,4;

(b) then we let R =0 for j =1,2,3,4;

(c) then we let x € A;,y € B; and set R} = {z}, R? = {y}, R} = R} = {);
(d) then we let R} = {z}, R? = {y}, R} = R} = {);

(e) then we let R} = {z}, R? = {y}, R} = R} = 0;

(f) then we let R} = {z}, R? = {y}, R} = {2/}, R} = {¢'}.

e For j = 1,2, we proceed as follows. If Sf = ) or the vertex v € Sf is not mixed on a bad component,
then we let X' = X7? = 07 = (). Otherwise, let v € 7 and let C be a bad component of G|Y on
which v is mixed. We set C’f =V(C). By Lemma applied to C, it follows that for p # ¢, V(C)NY,
is complete to V(C) NY,. Since Y, N V(C) # O for at least three different p € {1,2,4,5}, it follows
that there exist p,q € {1,2,4,5} with p # ¢ such that [¢(V(C)NY,)| =1 and |¢(V(C)NYy)| =1. Let
X Ccv(0)nY,, X)? CV(C)NY,, such that | X7*| =1 for k =1,2.

We let f; = C‘SilquuR}uRfuRfuRqu}*lqu’Qqu'lqu*Q' It follows from the definition of @ that Q € Q.
Moreover, c is a precoloring extension of P’? by the definition of @ and P'?. This proves (I8§]).

Let P’ € £ with P’ = (G, S, X}, X', Y',Y*, f') such that P' = P'? for Q = (Qy, ..., Q,), where for each

Qi= (81,87 Rl RE RY R CLCEL XN X2 X2 X2, fiy cases).
Let Y/ ={y€Y': Lp/(y) = L;} for i = 1,2. We claim the following.

(19) P’ satisfies (IV]).

Suppose not; and let & — a — b be a path with z € X’ and a,b € Y’ with Lp/(a) = Lp/(b) = L.
Since P satisfies and 7 it follows that ¢ X, and so € Y and Lp(z) = L. Moreover, since
x € X'\ X, it follows that x has a neighbor s’ € S"\ S with f/(s’) € L. Since P satisfies and (IV]),
and since s’ is adjacent to z but not a, it follows that s’ € Y and Lp(s’) = L. Since s’ has a neighbor
x € Y with a neighbor a € Y, it follows that = ¢ Y? U Z9. Since s’ ¢ X, it follows that s’ ¢ S} U S?,
and hence there exists i € {1,...,r} such that s’ € R for some j € {1,2,3,4}. Thus Lp(s') € {L1, Ly}
Let {u,v} = S} U S? such that s’ € N(u) \ N(v). It follows that case; € {(d), (e), (f)}, and hence there
is a vertex ¢’ € R} U R? U R} U R} such that ¢’ is adjacent to s’ and v, but ¢’ is not adjacent to u, and
Lp(t') € {L1,L2} \ {L}, and f'(¢') € Ly N Ly. But then ¢’ — s’ —x or /' — x — a is a path (since a € Y’ it
follows that a is not adjacent to t'); contrary to the fact that holds for P. This is a contradiction, and

follows.

(20) If P satisfies for lists LY, L}, L, then P’ satisfies for Ly, Ly, L.
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Suppose not; and let © — a — b — ¢ be a path such that Lp/(z) = L§ with |L| = 2 and L # L} N LY,
Lpi(a) = Ly = Lpi(c), Lp/(b) = Lh. Since P satisfies (TI), for L1, Ly, Ly, and (), it follows that
Lp(x) = L. Consequently,  has a neighbor s’ in S"\ S with f'(s’) € L. Since L # Lj N L}, it
follows that f/(s’) € L}. Thus 8’ —x —a — b — ¢ is a path. Suppose first that s’ € Y. It follows that
s’ ¢ S} US?. Since s has a neighbor z € Y with a neighbor a € Y”, it follows that = ¢ Y® U Z9. This
implies that there exist i € {1,...,r} and j € {1,2,3,4} such that s’ € Rﬁ Since P satisfies and ,
it follows that Lp(s’) = L}. Let {u,v} = S} U S? such that u is adjacent to s’ and v is not. It follows that
case; € {(d), (), (f)}, and hence there is a vertex t' € R} UR? U R} U R} such that ¢’ is adjacent to s’ and v,
but ¢’ is not adjacent to u, and f'(t') € L} = Lp(s’). Since t' — s’ —x —a—b—cisnot a Fs in G, it follows
that f/(¢') & Ly N L}. Therefore, Lp(t') & {L}, L4}. Since P satisfies ([II), it follows that ¢’ is adjacent to x
(since ' — s’ — x is not a path). Since f'(¢') € L}, it follows that ¢’ is not adjacent to a. Now t' —x —a is a
path in G, contrary to the fact that P satisfies . Thus, s’ € X.

Suppose that Lp(s") # LiNL,. Then s’ has a neighbor s in S with f/(s) € LiNL,. Now s—s'—x—a—b—c
is a P in G, a contradiction. It follows that s’ € X and Lp(s’) = Ly N L}. Since s’ € S} US?, it follows that
there is a path 8’ —y — z with y € L1,z € Lo, and Lp(s’) # L1 N Ly. It follows that either Ly ¢ {L}, L} or
Lo ¢ {L},LL}. Since z—y—s' —x—a—b—cisnot a Py in G, it follows that G| {z,y,x, a,b, c} is connected.
Let w € {y, z} such that Lp(w) & {L{, L5}. Since P satisfies ([II), it follows that w is complete to z, a, b, c.
But then x — w — ¢ is a path, contrary to the fact that holds for P. This implies .

If P satisfies for lists LY, L}, L, and P satisfies for all lists, then P’ satisfies

(21) for L, Ly, LY.

Suppose not; and let  —a — b be a path such that Lp/(z) = L% with |L4| = 2 and L§ # L} N L5,
Lpi(a) = L, Lp/(b) = L}. Since P satisfies (II)), for L, L}, LYy, and (), it follows that Lp(z) = L.
Consequently, x has a neighbor ¢’ in S"\ S with f'(s’) € L}. Since L # L} N LY, it follows that f'(s') € Lj.
Thus s’ —x —a — b is a path. Suppose first that s’ € X. Then there exist i € {1,...,7} and j € {1,2} such
that s’ € S7. It follows that Lp(s") = L N L}, since P satisfies for all lists. By construction, it follows
that there is a path s’ —y — z with y € L1,z € Lo, and Lp(s’) # Ly N Ly. We choose such y,z € Cij if
Cij # (. Since z —y — s’ —x —a— b is not a six-vertex path in G, it follows that G| {z,y, z,a,b} is connected.
Since C’f NY’ = () by construction, it follows that Cij = (), and so s’ is not mixed on a bad component.
Since Ly N Lo # Ly N LY, it follows that either Ly ¢ {L}, L5} or Lo & {L}, L5}. Let w € {y,z} such that
Lp(w) ¢ {L},L4}. Then G|{z,y,x,a,b} is contained in a component of G|Y containing vertices with lists
L}, Ly and Lp(w), hence a bad component. But since s’ —z — a — b is a path, s’ is mixed on this bad
component, a contradiction. It follows that s’ € Y.

Since P satisfies and , it follows that Lp(s") = L). Since s’ has a neighbor € Y with a neighbor
a €Y', it follows that s/ ¢ Y9 U Z9. Thus, there exist i € {1,...,7} and j € {1,2,3,4} such that s' € R}.
By construction, it follows that Lp(s’) € {L1, La}. Let {u,v} = S} US? such that u is adjacent to s’ and v
is not. It follows that case; € {(d), (), (f)}, and hence there is a vertex ¢’ € R} U R? U R? U R} such that ¢’
is adjacent to s" and v, but ¢’ is not adjacent to u, and f'(¢') € Ly N Lo.

Suppose first that {L}, L5} = {L1, La}. Then f'(s'), f/(t') € Ly N L}. Let s € S be a common neighbor
of u,v with f’(s) € L1 N Ly. Since s —u— s —x —a —bis not a Ps in G, it follows that u is adjacent to a.
Since ' —v—s—u—a—>bisnot a Ps in G, it follows that v has a neighbor in {u,a,b}. Since f'(v) € L, it
follows that v is non-adjacent to a. Thus v is adjacent to b. Since a,b & T9, it follows that case; = (f). By
symmetry, we may assume that s’ € R}, ¢’ € R?. Let 2/ € R},y’ € R}. Then 2/, are non-adjacent to a, b.
But then 2’ —u—a—b—v—yisa P in G, a contradiction. It follows that {L}, Ly} # {L1, Lo2}.

Consequently, Lp(t') ¢ {L}, L}}. Since P satisfies ([II)), it follows that ¢’ — s’ —  is not a path, and so ¢’
is adjacent to x. Since f'(¢') € L}, it follows that ¢’ is not adjacent to a. Now ¢’ — x — a is a path, contrary
to the fact that holds for P. This proves .

(22) P’ satisfies for Ly, Lo, Ls.

Suppose not; and let z —a — b — ¢ be a path with Lp/(z) = L3, Lp/(a) = Lp/(c) = Ly, Lp/(b) = Lo.
Suppose first that z € X. Let 4 such that 7; = N(z) N'S. Then S} # 0. Let s’ € S} U S?, and let s be a

common neighbor of s’ and z in S with f(s) € Ly N Ly. Since s’ —s — 2z —a — b — ¢ is not a path, it follows
that z,a, b, ¢ contains a neighbor of s’ for every s’ € S}US2. But z is anticomplete to S} U S2, for otherwise,
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2 e Ve If S? = (), then, since z € X{, it follows that f(s’) € Ly N L and so z is anticomplete to a, b, c, a
contradiction. Therefore, S? # (). But then S} U S? = {u,v} with f/(u) € Ly \ L1, say. Since a,b,c € Y', it
follows that u is adjacent to a or ¢, and v is adjacent to b; and no other edges between u,v and a, b, ¢ exist.
Now, Y’ contains an edge between N(u) N (Y7 \ N(v)) and N(v) N (Y2 \ N(u)); but this contradicts (I7).

Since P satisfies and (), it follows that Lp(z) = L. Then z has a neighbor s’ € S\ S with
f'(s") € L1 N Ly (for if f'(s") & Ly, then Lp/(z) = L1 N Ly # L3), and 8’ — 2 — a — b — ¢ is a path. Suppose
first that s’ € Y. Since P satisfies and , it follows that Lp(s’) = L1. Moreover, by construction, s’
has a neighbor ¢ € S’ with Lp(¢') = Ly and f'(t') € Ly N Ly. But thent/ — s’ —z2—a—b—cisa Psin G, a
contradiction. It follows that s’ € X.

Since s’ € X, it follows that L(s') = L3, and so s’ has a neighbor s € S with f(s) € L; N Ly. But then
s—s —z—a—b—cisa Psin G, a contradiction. This proves .

(23) If P satisfies for every three lists, then P’ satisfies for Li,Ls, Ls.

Suppose not; and let z — a — b be a path with Lp/(z) = L3, Lp/(a) = L1, Lp/(b) = Lo.

Suppose first that z € X. Let i € {1,...,r} such that T; = N(z) N S. By construction, it follows that
S} # 0. Let s € S} US?2, and let s be a common neighbor of s’ and z in S with f(s) € L1 N La. Let ¢
be a neighbor of s’ in Y7; by construction, we may choose ¢ to be non-adjacent to z. Then ¢ # a,b (since
b¢ YY) Since c—s —s—z—a—bisnot a path, it follows that either s’ or ¢ has a neighbor in {a, b}.
Since P satisfies , it follows that ' — ¢ — a is not a path. Since P satisfies for all lists, it follows
that z —a — b — ¢ is not a path. Consequently, s’ has a neighbor in {a,b}. It follows that f’(s’) & L1 N Lo.
Therefore, S} U S? = {u,v} and both u,v have a neighbor in {a,b}. Since a,binY”, it follows that both a,b
have a non-neighbor in {u,v}. This is a contradiction by .

Since z € Y and P satisfies and , it follows that Lp(z) = La. Consequently, z has a neighbor s’
in 8"\ S with f/(s") € Ly. Since L3 # L1 N Ly, it follows that f'(s’) € L;. Thus s’ — 2z —a—b is a path. Since
s’ has a neighbor z € Y with a neighbor a € Y, it follows that s’ ¢ Y@ U Z9. Suppose first that s’ € X.
Then there exist ¢ € {1,...,r} and j € {1,2} such that s’ € S}. It follows that Lp(s") = Ly N Ly since P
satisfies for all lists. But Sf C X3 and so Lp(s') # L1 N Lo, a contradiction. It follows that s’ € Y.

Since P satisfies and , it follows that Lp(s’) = Ly, and thereexisti € {1,...,r}and j € {1,2,3,4}
such that s’ € RI. Moreover, S} US? = {u,v}. By symmetry, we may assume that u is adjacent to s’ and v
is not. It follows that case; € {(d), (e), (f)}, and hence there is a vertex ¢’ € R} UR?U R3 U R? such that t' is
adjacent to s’ and v, but ¢’ is not adjacent to u. By construction, it follows that f’(s’), f/(t') € L1 N L. Let
s € T; with f/(s) € L1 N Ly. Since s—u—s"—z—a—"bis not a Ps in G, it follows that u is adjacent to a or
to z. Note that if uz € E(G), then z is adjacent to both s’ and u, both of which are in S” and f(s’,u) C L;.
This implies that z € X|). It follows that u is adjacent to a. Since ' —v —s—u —a —bis not a Fs in G, it
follows that v is adjacent to b. This contradicts and concludes the proof of .

The statement of the lemma follows; we have proved every claim in , , , and . O

Lemma 23. There is a function q : N — N such that the following holds. Let P = (G, S, X0, X, Y, Y™, f)

be a starred precoloring of a Ps-free graph G with P satisfying , , and . Then there is an
algorithm with running time O(|V (G)|9U5D) that outputs an equivalent collection L for P such that

o [£] <|V(G)[aU5D;
e cvery P’ € L is a starred precoloring of G;

o cvery P’ € L with seed S’ satisfies |S'| < q(]S]); and
e cvery P’ € L satisfies , , , and .

Moreover, for every P' € L, given a precoloring extension of P’, we can compute a precoloring extension for
P in polynomial time, if one exists.

Proof. Let £ = {P}. For every triple (L1, Lo, L3) of lists of size three, we repeat the following. Apply
Lemma [22] to every member of L, replace £ with the union of the equivalent collections thus obtained, and
move to the next triple. At the end of thus process holds for every P’ € L.

Now repeat the procedure of the previous paragraph. Since at this stage all inputs satisfy for every
triple of lists, it follows that holds for every starred precoloring of the output. O
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We now observe that the next axiom, which we restate, holds.

(VI) For every component C of G|Y, for which there is a vertex of X is mixed on C, there exist L, Ly C
{1,2,3,4} with |L1| = |La| = 3 such that C contains a vertex z; with Lp(z;) = L; for i = 1,2, every
vertex x in C satisfies Lp(x) € {L1, Lo}, and every € X mixed on C satisfies Lp(x) = Ly N Lo.

Lemma 24. Let P = (G, S, X0, X, Y, Y™, f) of a Ps-free graph G satisfying —, and let C' be a component
of GIY such that some vertex x € X is mized on C. Then C meets exactly two lists Ly, Ly, and Lp(z) =
Ly N Ls.

Proof. Since P satisfies , Lemma |1 implies that C' meets more than one list. By Lemma [1} there exist
a,bin C such that z — a — b is a path. By (IV)), Lp(a) # Lp(b), and by (V), Lp(z) = Lp(a) N Lp(b). Let
¢ € V(C) be such that Lp(c) # Lp(a), Lp(b). By Lemma ¢ is complete to {a,b}. But then z is mixed
on one of {a,c}, {b, c}, contrary to (V). This proves Lemma O

The following lemma establishes that:

(VII) For every component C' of G|Y such that some vertex of X is mixed on C, and for Ly, Ly as in ,
Lp(v) = L1 N Ly for every vertex v € X with a neighbor in C.

Lemma 25. There is a function q : N — N such that the following holds. Let P = (G, S, X0, X, Y, Y™, f) be

a starred precoloring of a Pgs-free graph G with P satisfying , , , , and . Then there
is an algorithm with running time O(|V (G)|2USD) that outputs an equivalent collection L for P such that

o [£] < |[V(G)|I5D;

e ecvery P’ € L is a starred precoloring of G;

o cvery P’ € L with seed S” satisfies |S'| < q(]S]); and

e cvery P’ € L satisfies (1), (), (), [IV), (V). and (VII).

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring extension for
P in polynomial time, if one exists.

Proof. Let R = {T1,...,T;} be the set of all T' C S with |f(T)] = 2, let S = {s1,...,55}, and let T =
{(L{,L}),..., (L}, L)} be the set of all pairs (Ly, Ly) with |L1| = |La| = 3 and Ly # Ly. We let Q be the
set of all (rst + 1)-tuples @ = (Q1,115---,Qrst, f'), where i € [r],j € [s] and k € [t], and for each 4, j, k the
following statements hold:

® Qijx C X(T;) and |Qi ;x| < 1
o Qijk=0if [4\ f(Ti) = LF N L5 or f(s5) € f(T1);
e if Q; ;x = {z}, then there is a component C' of G|Y such that

— s; has a neighbor in V(C);
— some vertex of X is mixed on C, and C meets L}, L as in (VI);
— 2 has neighbors in V(C)

and z has the maximum number of such components C' among all vertices in X (T );
o if Q; jr =0, then no vertex € X(7;) and component C' as above exist,

1y @ij k> then I+ Q — {1,2,3,4} satisfies that f' U f is a proper

yeeey

coloring of G|(S'U Xy U Q).
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For Q € Q, we construct a starred precoloring P9 from P as follows. We let Z% be the set of vertices z
in X \ Q such that Q contains a neighbor z of z with f'(z) € Lp(z), and let g@ : Z9 — {1,2,3,4} be the
unique function such that ¢@(z) € Lp(z) \ f/(N(2) N Q). We let X? be the set of vertices z in Y such that
Q contains a neighbor z of z with f'(z) € Lp(z).

We let

P?=(G,5UQ, XoUZ? (X \(Z2UQ)UX? Y\ X Y* fuf ug?),

and let £ = {PQ :Q € Q,fUf Ug? is a proper coloring}. It is easy to check that £ is an equivalent
collection for P.

Let Q € Q, and let PQ = (G',S", X}, X', Y’ Y*, f'). By construction, P? satisfies . Since P satisfies
, 7 so does P?. Since P satisfies , it follows that P? satisfies ‘

(24) P9 satisfies (V).

Suppose not; and let a — b — ¢ be a path with a € X', b,¢ € Y’ such that Lpe(a) = L3, Lpae(b) =
Li,Lpo(c) = Lo and Ly # Lo, L3 # L1 N Ly. Since P satisfies , it follows that a € Y. Since P satisfies
and , it follows that Lp(a) = Lo, and there is a vertex = € Q, say * € Q; ; r such that x is adjacent
to a and f'(z) € Lp(a). Since ¢ € Y’ it follows that z is not adjacent to c. Since x is mixed on a component
of G|Y meeting L; and Lo, and since P satisfies , it follows that Lp(z) = L1 N Ly. Thusx —a—b—c¢
is a path, and there is a component C' of G|Y such that V(C) meets L¥, L5 and z has a neighbor in C
and L¥ N L5 # Lp(x) = Ly N Ly. It follows that a,b,c ¢ V(C), and so V(C) is anticomplete to a,b,c. By
symmetry, we may assume that L¥ & {Ly, Lo}. Let d € V(C) with Lp(d) = L¥. Since P satisfies and
7 and since z has a neighbor in C| it follows that x is complete to C' and thus adjacent to d. Since
Lp(d) & {L1, Lo}, it follows that there is a vertex s € S with f(s) € L1 N Ly and s adjacent to d. But then
c—b—a—x—d—sisa Psin G, a contradiction. This proves (24)).

Now by Lemma [24) P? satisfies (VI).

(25) P9 satisfies (VII)).

Suppose not. Let C' be a component of G'|Y”’ such that some vertex of X’ is mixed on C, and with Ly, Lo
as in (VI), and let v € X’ with N(v) N C # 0 such that Lpe (v) # Ly N Lo.

Since Lpa (v) # L1 N La, we may assume that [4]\ L1 C Lp(v). Let s € S with f(s) = [4] \ L1, such that
s has a neighbor in C. Since P¥ satisfies , it follows that v is complete to C.

We claim that every z € X' NY is complete to C. Suppose that z € Y N X’ is mixed on C. Since
P@ satisfies (VI), it follows that Lpe(x) = Ly N Ly. By symmetry, we may assume that Lp(z) = Ly, and
therefore,  has a neighbor s in Q N X and f(s) = Ly \ Ly. But then s is mixed on the component C of
G|Y containing V(C) U {z}, C meets L; and Ly, and Lp(s) # L1 N Ly, contrary to the fact that P satisfies
(VI). This proves the claim. Now since some vertex of X’ is mixed on C, it follows that some vertex of X
is mixed on C.

Next we claim that v € X. Suppose v € Y. Then there is a component C of G|Y such that V(C)U{v} C
V(C). Since some z € X is mixed on C, and since P satisfies (VI), we deduce that Lp(v) € {L1, Lo}
Consequently, v has a neighbor s in Q. Therefore ¢ € X. Since v is complete to C, it follows that v has
a neighbor n in C with Lp(n) = Lp(v). But then z is mixed on the edge vn, contrary to the fact that P
satisfies . This proves that v € X.

By construction, @ contains an entry Q; ;x with 7; = T(v), s; = s and (L¥, L§) = (L1, Ls), and in view
of the claims of the previous two paragraphs, Q; ;r # 0. Write Q; j» = {z}. Let C’ be a component of G|Y’
meeting both L; and Ls, such that some vertex of X is mixed on C’, and both s and z have a neighbor in
C’. Since f'(z) € L1 U Ly, it follows that z is not complete to C. Since Lp(z) # L1 N Lo, it follows from
the fact that P satisfies that z is not mixed on either of C,C’. Consequently, z is complete to C’, and
z is anticomplete to C. Now, by the maximality of z, we may assume that v is anticomplete to C’. Since
[4)\ L1 C Lp(z) = Lp(v), it follows that s is anticomplete to {z, v}.

Let a € V(C)N N(s) and ¢’ € V(C') N N(s). Since each of C,C’ meets Ly, we can also choose
be V(C)\ N(s)and b’ € V(C')\ N(s). Lp(z) # L1 N Lo, there exists ¢t € T; with f(¢t) € L1 N Ly. Then ¢
is anticomplete to V(C) U V(C’). Tt t is non-adjacent to s, then s —a —v—t—2z—a'isa Ps in G, so t is
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adjacent to s. If a is non-adjacent to b, then b —v —a — s —a’ — z is a Pg, so a is adjacent to b. But now
b—a—s—t—z—a is a Ps, a contradiction. Thus, follows.

This concludes the proof of the Lemma O

We are now ready to prove the final axiom.

(VIT) Y = 0.

Lemma 26. There is a function q : N — N such that the following holds. Let P = (G, S, X0, X, Y, Y™, f)
be a starred precoloring of a Ps-free graph G with P satisfying , , , , , , \VII). Then

there is an algorithm with running time O(|V (G)|215D) that outputs collection L of starred precolorings such
that

e if we know for every P’ € L whether P’ has a precoloring extension or not, then we can decide if P
has a precoloring extension in polynomial time;

o [£] <|V(G)[aU5D;
e cvery P’ € L is a starred precoloring of G;

o cvery P’ € L with seed S" satisfies |S’| < q(|S]); and
e cvery P’ € L satisfies (VIII).

Moreover, for every P' € L, given a precoloring extension of P’, we can compute a precoloring extension for
P in polynomial time, if one exists.

Proof. Let P = (G, S, X, X,Y,Y*, f). For every component C of G \ (S U Xp), Let Po be the starred
precoloring
(GI(V(C)USUXy),S, Xg, X NV(C), Y NV(C), Y NV (C), f).

Then Pc satisfies ([)-(VII). Let £y be the collection of all such starred precolorings Pc. Clearly P has a
precoloring extension if and only if every member of £y does, so from now on we focus on constructing an
equivalent collection for each Pg separately. To simplify notation, from now on we will simply assume that
G\ (Xo U S) is connected.

In the remainder of the proof we either find that P has no precoloring extension, output £ = @) and stop,
or construct two disjoint subsets U and W of Y, and a subset X, of X such that

e UUW =Y,
e No vertex of X is mixed on a component of G|W,

e For every component C' of G|W, some vertex of X U Xy U S is complete to C.

There is a set F with |F| < 26 of colorings of G| X, that contains every coloring of G| X, that extends
to a precoloring extension of P, and F' can be computed in polynomial time.

P has a precoloring extension if and only if for some [/ € F

(G\U, S, XoU Xo, X \ Xo, W,Y*, fU f')
has a precoloring extension.
Having constructed such U, W, X, and F, for each f’ € F we set
Py =(G\U,S,XoUXo, X\ Xo,0,Y*UW, fU f')

and output the collection £ = {P}'}cr, which has the desired properties.
Start with U = W = Xo = 0. Forv €Y, let M(v) = Lp(v)\ f(N(v)N(SUXp)). For L C [4], we denote

by M, the list assignment My, (v) = M (v)N L. To construct U, W and X, we first examine each component
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of G|Y separately. Every time we enlarge U, we will “restart” the algorithm with (G, S, X0, X,Y, Y™, f)
replaced by (G\ U, S, X0, X, Y \ U, Y™, f). Since we only do this when U is enlarged, there will be at most
|V (G)| such iterations, and so it is enough to ensure that each iteration can be done in polynomial time.

Let C be a component of G|Y. If no vertex of X is mixed on C, and some vertex of S U Xy U X is
complete to C, we add V(C) to W. So we may assume that either some vertex of X is mixed on C, or no
vertex of X is complete to C. Let C; = {v € V(C) : Lp(v) = [4]\ {i}}. Since P satisfies (I}, it follows that

4
VI(C) =U;iz G,

Suppose first that C' meets exactly one list L. Since P satisfies , it follows that no vertex of X is
mixed on C, and so N(V(C)) € SUX,. By Theorem 2, we can test in polynomial time if (C, M) is colorable.
If not, then P has no precoloring extension, we set £ = @ and stop. If (C, M) is colorable, then deleting
V(C') does not change the existence of a precoloring extension for P, and we add V(C) to U.

Now suppose that C' meets at least three lists. By Lemma C; is complete to C; for every i # j.
Since P satisfies (VI), it follows that no vertex of X is mixed on C, and so N(V(C)) C S U X,. Since C;
is non-empty for at least three values of i, it follows that in every proper coloring of C, at most two colors
appear in C;, and for ¢ # j the sets of colors that appear in C; and C; are disjoint. By Theorem @ for every
L C [4] with |L| < 2 and for every i, we can test in polynomial time if (C|C;, M1,) is colorable. If there exist
disjoint lists Ly, ..., L4 such that (G;, My,) is colorable for all i, then deleting V(C) does not change the
existence of a precoloring extension for P, and we add V(C) to U. If no such Ly,...,L; exist, then P has
no precoloring extension, we set £ = () and stop.

Thus we may assume that C' meets exactly two lists, say V(C) = C3 U Cy. Let Ay,...,A; be the
components of C|C3 and Ayy1,...,As be the components of C|Cy. Since P satisfies (L)), for every i € [k]
and j € {k+1,...,t}, A; is either complete or anticomplete to A;, and since P satisfies (IV]), for every i € [t]
no vertex of X is mixed on A;. Since P satisfies (VII)), if € X has a neighbor in C, then Lp(z) = {1,2}.
By Theorem [2| for every A; and for every L C [4] with |L N {1,2}| < 1, we can test in polynomial time
if (A;, M) is colorable. If (A;, My) is colorable, we say that the set My N {1,2} works for A;. Suppose
that () works for 7. We may assume ¢ = 1. It follows that (A1, M) can be colored with color 3. Since
N(V(A1)) € SUXoU X2y UCy, it follows that deleting A; does not change the existence of a precoloring
extension for P, and so we add V(4;) to U. Thus we may assume that () does not work for any i.

Since C' is connected and both Cjs, Cy are non-empty, it follows that for every ¢ there is j such that
A; is complete to A;, and so in every proper coloring of C, at most one of the colors 1,2 appears in each
V(4;). Since () does not work for any 4, it follows that in every precoloring extension of P, exactly one of
the colors 1,2 appears in each V(A4;), and both 1 and 2 appear in V(C). If some z € X is complete to C,
then z € X1 5y, and so G has no precoloring extension; we set £ = (), and stop. Thus we may assume that
no vertex of X is complete to V(C).

Let Xc be the set of vertices of X that are mixed on V(C). Then X¢ C Xy 5, and N(V(C))
SUXgUXe. Let A = {aq,...,a:}. Let He be the graph with vertex set X U A¢, where

N

e a;a; € E(H¢) if and only if A; is complete to A,
o for x € X¢, za; € E(H¢) if and only if = is complete to A;, and
o Hol(Xe) = Gl(Xc).

Let T (a;) be the the union of all the sets that work for i. Suppose first that X¢ = 0. Then N(V(C)) C
SUXy. By Theorem EI, we can test in polynomial time if (H¢o,T¢) is colorable. If (Heo, T¢) is not colorable,
then P has no precoloring extension; we output £ = () and stop. Thus we may assume that (He,T¢) is
colorable. Since N(V(C)) C SU Xy, deleting V(C) does not change the existence of a precoloring extension,
and we add V(C) to U. Thus we may assume that X # .

Now let C1, ..., C! be all the components of G|Y for which V(C?) = C{UC: and X¢ # 0. Let H be the
graph with vertex set Uézl V(H¢i) and such that uv € F(H) if and only if either

e uv € E(Hg:) for some i, or
o u,v € X and wv € E(G).
Let T(v) = Tc(v) if v € V(H) \ X, and let T'(v) = M(v) if v € V(H) N X. By Theorem [9] we can test in

polynomial time if (H,T) is colorable. If (H,T) is not colorable, then P has no precoloring extension; we
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output £ = () and stop. Thus we may assume that (H,T) is colorable. Note that T'(v) C {1,2} for every
veV(H).

Next we will show H is connected, and therefore (H,T) has at most two proper colorings, and we can
compute the set of all proper colorings of (H,T') in polynomial time. Suppose that H is not connected. Since
each O is connected, it follows that H|A¢: is connected for all i, and since for every i, every vertex of X¢:
has a neighbor in Aci, it follows that H|V (H¢:) is connected for every i. Let Dy, Dy be distinct components
of H. Since G\ (S U Xj) is connected, there is exist p,q € [I] such that V(Heg») C Dy, V(Hea) € D, and
there is a path P =p; — ... — py, in G\ (S U Xy) with p; € V(CP) U Xew, pm, € V(C?) U Xca, and P* is
disjoint from Uizl(V(Ci) U Xci). Since for every i, N(V(C%) C SU Xo U X¢, it follows that p; € X
and pp,, € Xca, and P* is anticomplete to V(C?) UV (C?). By Lemma [1} there exist ap, b, € V(C?) such
that p,, — a, — b, is a path, and there exist a4, b, € V(C?) such that p,, — a, — b, is a path. But now
bp —ap —p1 — P — pm — aq — bg is a path of length at least six in G, a contradiction. This proves that H is
connected.

Let X'SA = V(H)N X, and let F3* be the set of all proper colorings of (G\XS’A, M) that extend to a
coloring of (H,T). Then |F34| < 2, and we can compute F** in polynomial time. Let U* = |J'_, V(C?).
Since for each i, N(C?) C XSA U S U Xy, it follows that

P has a precoloring extension if and only if for some f' € F34
(26) (G\U*, 8, XoUXP*, X\ Xgt, Y\ U Y*, fuUf)
has a precoloring extension.

For every 4, j € [4] with i # j define U/, F*J and X7 similarly. Let Xo = J X7 Let F be the set of
all functions f’ : Xy — [4] such that f/|)501:,j € F%I. Then |F| < 25. Let U’ = JU®.
If follows from that P has a precoloring extension if and only if

(G\U',S, XoUX, X\ Xo, Y \U,Y*, fU[)
has a precoloring extension for some f’ € F. Now we add U’ to U, and Lemma [26] follows. O
We are now ready to prove our the main result, which we restate:

Theorem 11. There exists an integer C' > 0 and a polynomial-time algorithm with the following specifica-
tions.

Input: A 4-precoloring (G, Xy, f) of a Ps-free graph G.

Output: A collection L of excellent starred precolorings of G such that
1L < V(G)[°,
2. for every (G',S", X, X',0,Y*, f') e L
o [5G,
e Xy CS"UXY,
o G’ is an induced subgraph of G, and
o ['xo = flxo-

3. if we know for every P € L whether P has a precoloring extension, then we can decide in polynomial
time if (G, Xo, f) has a 4-precoloring extension; and

4. given a precoloring extension for every P € L such that P has a precoloring extension, we can compute
a 4-precoloring extension for (G, Xo, f) in polynomial time, if one exists.
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Proof. Let (G, Xo, f) be a 4-precoloring of a Ps-free graph G. We apply Theoremto (G, Xo, f) to obtain
a collection Ly of good seeded precolorings with the desired properties. Then we apply Lemma [14] to each
seeded precoloring in L to obtain a starred precoloring satisfying ; let £1 be the collection thus obtained.
Next, starting with £y, apply Lemma [I6] Lemma [I9] Lemma [2I] Lemma [23] Lemma 24 Lemma [25] and
Lemma [26] to each element in the output of the previous one, to finally obtain a collection ﬁ Then L is

an equivalent collection for P, and every element of £ satisfies . ., . ., and ( m

Finally, (VIII) implies that each starred precoloring in L is excellent as claimed.
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