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ABSTRACT. Brändén and Huh showed in [10] that Lorentzian polynomials provide
a unifying framework for Hodge–Riemann relations in combinatorics. In particular,
they proved that the support of every Lorentzian polynomial is an M-convex set, and
conversely that every M-convex set supports a Lorentzian polynomial.

In subsequent work, Baker–Huh–Kummer–Lorscheid showed in [5] that for ev-
ery q > 0, the projectivized space PLJ of Lorentzian polynomials with support J is
homeomorphic to the thin Schubert cell Grw

J (Tq) of weak representations of J over the
generalized triangular hyperfield Tq. Their proof relies crucially on the foundational
containment

Grw
J (T0)⊆ PLJ .

In this paper, we study the quantitative relationship between Lorentzian polynomials
and representations over triangular hyperfields. We prove that for every matroid M, there
exists a constant q > 0 depending on M such that

Grw
M(Tq)⊆ PLM ⊆ Grw

M(T2).

Thus the (projectivized) space of Lorentzian polynomials with support M is sandwiched
between two thin Schubert cells, both of which are homeomorphic to PLM itself.

More generally, for every M-convex set J, we prove a normalized sandwich theorem
of the form

NGrw
J (Tq)⊆ PLJ ⊆ NGrw

J (T2)

for some q > 0 depending on J, where N denotes the normalization operator.
We also study the extremal invariant

q(M) := sup{q > 0 | Grw
M(Tq)⊆ PLM}.

For q(n) := q(U2,n), we prove that q(4) = 2 and q(5) = log2 3, and we give matching
upper and lower bounds of order 1/n, showing that q(n) = Θ(1/n). In particular, no
universal positive lower bound for q(n) exists.

Finally, in an appendix, we discuss the tree-metric input underlying the foundational
containment Grw

J (T0)⊆ PLJ .
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1. Introduction

Lorentzian polynomials, introduced by Brändén and Huh in [10], form a remarkable class
of homogeneous polynomials with nonnegative coefficients satisfying strong Hodge–
Riemann type inequalities. One of the basic structural results of [10] is that the support
of every Lorentzian polynomial is an M-convex set, and conversely that every M-convex
set supports a Lorentzian polynomial.

In [5], the authors established a close topological relationship between Lorentzian
polynomials and representations over generalized triangular hyperfields. More precisely,
if J ⊆ ∆d

n is an M-convex set and q > 0, then the projectivized space PLJ of Lorentzian
polynomials with support J is homeomorphic to the weak thin Schubert cell Grw

J (Tq).

We will use the following normalization operator throughout the paper. If ρ = (ρα)α∈J

is a projective coefficient vector supported on J ⊆ ∆d
n , set

α! := α1! · · ·αn!

and define

N(ρ)α :=
ρα

α!
.

Equivalently, N sends the homogeneous polynomial ∑α∈J ραxα to ∑α∈J ρα
xα

α! .
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The starting point for the present paper is the following pair of containments. First,
Brändén and Huh proved in [10] that

Grw
J (T0)⊆ PLJ

for every M-convex set J. Second, a direct calculation shows that

PLJ ⊆ NGrw
J (T2)

for every J; in the multi-affine case, α! = 1 for every α ∈ J, so N acts trivially after
projectivization and this simplifies to

PLM ⊆ Grw
M(T2)

for every matroid M.

Since the weak representation spaces Grw
J (Tq) are monotone in q, it is natural to ask

whether a given Lorentzian stratum PLJ always sits between two triangular-representation
spaces with q > 0. The main result of this paper shows that this is indeed the case after
applying the natural normalization operator.

Theorem 1.1 (Normalized sandwich theorem). For every M-convex set J ⊆ ∆d
n , there

exists q > 0 (depending on J) such that

NGrw
J (Tq)⊆ PLJ ⊆ NGrw

J (T2).

When J is the set of bases of a matroid M, all monomials are squarefree, so N is the
identity operator and Theorem 1.1 specializes to the following matroid sandwich theorem:
for every matroid M, there exists q > 0 (depending on M) such that

Grw
M(Tq)⊆ PLM ⊆ Grw

M(T2).

The necessity of the normalization operator already appears in the bivariate case.
Indeed, for J = ∆d

2 with d ≥ 2, the inclusion

Grw
J (Tq)⊆ PLJ

fails for every q > 0. Thus the normalized statement is the natural general form of the
sandwich theorem beyond the multi-affine setting.

A central theme of the paper is that the entire problem reduces to the case where J is
the rank-2 uniform matroid U2,n. In that case, weak Tq-representations correspond to
symmetric zero-diagonal matrices with positive off-diagonal entries satisfying certain
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“quartet inequalities”, and Lorentzianity becomes a statement about the signature of such
matrices. Our key analytic input is the following theorem.

Theorem 1.2 (Rank-2 uniform case). Let n ≥ 4, and define

ε(n) := log2

(
1+

1
n−2

)
.

If A is a symmetric zero-diagonal matrix with positive off-diagonal entries satisfying the
Tq-inequalities for some 0 < q ≤ ε(n), then A is Lorentzian.

The proof of Theorem 1.2 is metric in nature. After diagonal normalization, the Tq-
inequalities imply that the 1/q-powers of the matrix entries define a metric on a finite set.
A quantitative finite-metric embedding theorem, in the spirit of Schoenberg theory, then
implies that an appropriate power of this metric is Euclidean. This produces a squared
Euclidean distance matrix whose associated Cayley–Menger type matrix has Lorentzian
signature.

Once the case of U2,n has been established, the general matroid case follows by
reducing to rank 2 via contractions and then simplifying rank-2 matroids to uniform ones.
The case of arbitrary M-convex sets is then reduced to the matroid case via a weighted
generalization of the “natural matroid” construction.

The sandwich theorem naturally leads to a new quantitative invariant.

Definition 1.3. For a matroid M, define

q(M) := sup{q > 0 | Grw
M(Tq)⊆ PLM}.

For the rank-2 uniform matroid U2,n, we write

q(n) := q(U2,n).

This invariant is nontrivial already in small rank. We prove that

q(4) = 2 and q(5) = log2 3.

We also prove explicit upper bounds on q(n), showing in particular that q(n) → 0 as
n → ∞. In particular, there is no universal choice of q > 0 valid for all matroids.

More precisely, we prove the following.
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Proposition 1.4. For every n ≥ 4,

q(n)≤

2log2
( n

n−2

)
, if n is even,

log2
(n+1

n−3

)
, if n is odd.

In particular, q(n) = O(1/n) as n → ∞.

We also conjecture the following:

Conjecture 1.5. The upper bounds in Proposition 1.4 are sharp for every n ≥ 4.

The first interesting test case for the conjecture is n = 5. Our general lower bound
gives only q(5) ≥ log2(4/3), whereas the sharp value predicted by Conjecture 1.5 is
q(5) = log2 3, which we prove in Section 7.

Finally, we include an appendix devoted to the foundational containment

Grw
J (T0)⊆ PLJ .

In the rank-2 uniform case this becomes the assertion that tree distance matrices are
strictly Lorentzian. Since this fact plays a central role both in [10] and in the present
paper, and since it admits proofs from several quite different viewpoints, we have chosen
to collect several different arguments: via Schoenberg embedding theory, via split
decompositions, via determinant formulas for tree distance matrices, via potential theory
on metric graphs, and via tropical geometry.

The paper is organized as follows. In Section 2 we review the necessary background
on Lorentzian polynomials, triangular hyperfields, weak representations, and the basic
matrix criterion for Lorentzian signature used throughout the paper. In Section 3 we prove
the universal upper containment PLM ⊆ Grw

M(T2), together with its normalized form for
general M-convex sets. Section 4 contains the analytic heart of the paper, the proof of the
sandwich theorem for U2,n, together with a summary of the metric-embedding results
which enter the argument. Section 5 deduces the general sandwich theorem for matroids
and M-convex sets, and also discusses a further Nt-interpolation theorem. Section 6
studies upper bounds for q(n) and formulates the sharpness conjecture. Section 7 proves
the sharp value q(5) = log2 3. Section 8 discusses the strong-representation setting
and records several examples showing that strong representability behaves differently
from weak representability. Appendix A contains the various proofs of the foundational
containment mentioned above.
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2. Background and conventions

In this section we collect the definitions and background results needed in the sequel.

2.1. Lorentzian matrices. We begin with some linear-algebraic preliminaries.

Definition 2.1. A real symmetric matrix A ∈ Rn×n is zero-diagonal if Aii = 0 for all i.

Remark 2.2. For a homogeneous quadratic polynomial f , the Hessian matrix H f is
zero-diagonal if and only if f is multi-affine.

Definition 2.3. A real symmetric matrix A ∈ Rn×n is Lorentzian if

(1) Ai j ≥ 0 for all i, j, and
(2) A has at most one positive eigenvalue.

It is strictly Lorentzian if A has nonnegative entries and inertia (1,n−1,0).

Definition 2.4. A real symmetric matrix A ∈ Rn×n is conditionally negative semidefinite
(CND) if

x⊤Ax ≤ 0 for all x ∈ Rn with
n

∑
i=1

xi = 0.

It is conditionally strictly negative definite if, in addition,

x⊤Ax = 0 and
n

∑
i=1

xi = 0 =⇒ x = 0.

We will use the following criterion for Lorentzianity.
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Theorem 2.5 ([17, Lemma 2.2]). Let A ∈ Rn×n be a real symmetric matrix with nonneg-
ative entries. Then the following are equivalent:

(1) A is Lorentzian.
(2) For every principal submatrix N of A of size k ≥ 1,

(−1)k det(N)≤ 0.

2.2. Lorentzian polynomials and M-convex sets. We now recall some basic definitions
from [10].

Let n ≥ 1 and d ≥ 2. We denote by Hd
n the space of homogeneous polynomials of

degree d in x1, . . . ,xn with nonnegative real coefficients. Define

∆
d
n :=

{
α ∈ Nn : α1 + · · ·+αn = d

}
and (

[n]
d

)
:= {0,1}n ∩∆

d
n.

For α = (α1, . . . ,αn) ∈ ∆d
n , we write

xα := xα1
1 · · ·xαn

n , α! := α1! · · ·αn!.

We will usually write a polynomial f ∈Hd
n in the normalized form

f = ∑
α∈∆d

n

cα

xα

α!
.

Its support is

supp( f ) := {α ∈ ∆
d
n : cα ̸= 0}.

We say that f is multi-affine if supp( f )⊆
([n]

d

)
.

For f ∈Hd
n , we write ∂i f := ∂ f

∂xi
, and more generally, for α ∈ ∆k

n with 0 ≤ k ≤ d −2,

∂
α f :=

n

∏
i=1

∂
αi
i f .

The Hessian of f is the symmetric matrix

H f :=
(
∂i∂ j f

)
1≤i, j≤n.
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Definition 2.6. Let L̊
2
n be the space of homogeneous quadratic polynomials f ∈ H2

n

whose Hessian H f is strictly Lorentzian. A homogeneous polynomial f ∈Hd
n is strictly

Lorentzian if
∂

α f ∈ L̊
2
n for all α ∈ ∆

d−2
n .

A Lorentzian polynomial is a limit of strictly Lorentzian polynomials. We write Ld
n

and L̊
d
n for the spaces of Lorentzian and strictly Lorentzian polynomials of degree d,

respectively.

Definition 2.7. A nonempty subset J ⊆ ∆d
n is M-convex if for all α,β ∈ J and every

i ∈ [n] with αi < βi, there exists j ∈ [n] with α j > β j such that

α + ei − e j ∈ J and β − ei + e j ∈ J.

Example 2.8. A matroid M of rank r on [n] determines an M-convex subset

J(M) :=
{

∑
i∈B

ei : B is a basis of M
}
⊆ ∆

r
n.

Conversely, an M-convex set J comes from a matroid if and only if J ⊆ {0,1}n. For
simplicity, we will often identify a matroid with its associated M-convex set.

An important link between Lorentzian polynomials and M-convexity is the following.

Theorem 2.9 ([10, Proposition 2.19 and Theorem 2.23]). If f ∈Hd
n is Lorentzian, then

supp( f ) is M-convex.

For an M-convex set J ⊆ ∆d
n , we write LJ for the space of Lorentzian polynomials

with support J, and PLJ for its projectivization. The next theorem provides a useful
“limit-free” criterion for Lorentzianity.

Theorem 2.10 ([10, Theorem 2.25]). Let f ∈Hd
n . Then the following are equivalent:

(1) f is Lorentzian.
(2) supp( f ) is M-convex and ∂ α f ∈ L2

n for all α ∈ ∆d−2
n .

Theorem 2.11 ([10, Theorem 3.10]). If J ⊆ ∆d
n is M-convex, then the corresponding

exponential generating function

fJ := ∑
α∈J

xα

α!
is Lorentzian.

In particular, every M-convex set supports a canonical Lorentzian polynomial.
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2.3. Tracts and generalized triangular hyperfields. We now recall the tract-theoretic
language used to define representations over triangular hyperfields.

A pointed monoid is a commutative multiplicative monoid F with unit 1 and a distin-
guished element 0 such that 0 ·a = 0 for all a ∈ F . Its unit group is

F× := {a ∈ F : ab = 1 for some b ∈ F}.

A pointed group is a pointed monoid such that F× = F\{0}. The ambient semiring of
a pointed group F is the group semiring F+ := N[F×]. An ideal of F+ is an additive
submonoid I of F+ that is closed under multiplication by F+.

Definition 2.12. A tract is a pointed group F together with an ideal1 NF ⊆ F+, called
the null set, such that for every a ∈ F there is a unique b ∈ F with a+b ∈ NF .

The most basic example is an ordinary field, whose null set consists of all formal sums
that add to zero in the usual sense.

The triangular hyperfield T1 and its deformations Tq for q ≥ 0, as defined below, were
introduced by Viro [24].

Definition 2.13. The triangular hyperfield T1 is the tract R≥0 with its usual multiplication
and with null set

NT1 =
{
∑

i
ai

∣∣∣ a1, . . . ,an are the side lengths of a (possibly degenerate) Euclidean n-gon
}
.

It follows from [5, Lemma 3.5] that NT1 , as defined above, is in fact an ideal.

In particular, a+b+ c ∈ NT1 if and only if a,b,c are the side lengths of a (possibly
degenerate) Euclidean triangle.

Lemma 2.14. Let a,b,c ∈ R≥0. Then the following are equivalent:

(1) a+b+ c ∈ NT1 .
(2) There exists a (possibly degenerate) Euclidean triangle with side lengths a,b,c.
(3) a4 +b4 + c4 ≤ 2(a2b2 +a2c2 +b2c2).

Proof. It suffices to prove the equivalence of (2) and (3). Without loss of generality, we
can assume that 0 ⩽ a ⩽ b ⩽ c and therefore a ⩽ b+ c and b ⩽ a+ c. Thus a, b and c

1In [2], the null set of a tract is not required to be closed under addition. However, since all tracts
mentioned in the present paper possess this stronger property, it is convenient to use the definition above.
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are the side lengths of a (possibly degenerate) Euclidean triangle if and only if c ⩽ a+b.
This is, in turn, equivalent to

2(a2b2 +a2c2 +b2c2) − (a4 +b4 + c4) =

(a+b+ c)︸ ︷︷ ︸
⩾0

· (−a+b+ c)︸ ︷︷ ︸
⩾0

· (a−b+ c)︸ ︷︷ ︸
⩾0

·(a+b− c) ⩾ 0,

as claimed. □

Remark 2.15. The equivalence of (2) and (3) in Lemma 2.14 is closely related to
Heron’s classical formula for the area of a triangle. If a triangle has side lengths a,b,c
and semiperimeter s = a+b+c

2 , then Heron’s formula says that its area A satisfies A2 =

s(s− a)(s− b)(s− c). The proof of Lemma 2.14 shows that (3) is equivalent to the
statement that the right-hand side of Heron’s formula is non-negative.

Definition 2.16. Let q > 0. The q-triangular hyperfield Tq is the tract R≥0 whose null
set consists of those formal sums ∑i ai such that a1/q

1 , . . . ,a1/q
n are the side lengths of a

Euclidean n-gon.

Corollary 2.17. Let q > 0. Then a+b+ c ∈ NTq if and only if

a4/q +b4/q + c4/q ≤ 2
(
a2/qb2/q +a2/qc2/q +b2/qc2/q).

Definition 2.18. The tropical hyperfield T0 is the tract with null set

NT0 :=
⋂
q>0

NTq,

and the degenerate triangular hyperfield T∞ is the tract with null set

NT∞
:=

⋃
q>0

NTq .

We will use the following concrete description from [5].

Lemma 2.19 ([5, Lemma 3.9]). Let a1, . . . ,an ∈ R≥0. Then:

(1) ∑i ai ∈ NT0 if and only if the sum is identically zero or the maximum among the
ai is attained at least twice.

(2) ∑i ai ∈ NT∞
if and only if the sum is identically zero, or the maximum is attained

at least twice, or at least three of the ai are nonzero.
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2.4. Weak representations. We now recall the notion of weak representation for M-
convex sets, following [4].

Definition 2.20. Let J ⊆ ∆d
n be an M-convex set. Define

δ
−
J := inf(J) ∈ Nn, δ

+
J := sup(J) ∈ Nn,

coordinatewise.

Definition 2.21. Let F be a tract and let J ⊆ ∆d
n be an M-convex set. A function

ρ : ∆
d
n → F

is a weak F-representation of J if:

(1) supp(ρ) = J, and
(2) for every α ∈ ∆d−2

n and all 1 ≤ i ≤ j ≤ k ≤ ℓ≤ n with

δ
−
J ≤ α and α + ei + e j + ek + eℓ ≤ δ

+
J ,

the 3-term Plücker relation

ρ(α + e j + ek)ρ(α + ei + eℓ) − ρ(α + ei + ek)ρ(α + e j + eℓ)

+ ρ(α + ei + e j)ρ(α + ek + eℓ) ∈ NF

holds.

Definition 2.22. Let F be a tract and let J ⊆ ∆d
n be an M-convex set. We write Rw

J (F) for
the set of weak F-representations of J. The multiplicative group F× acts on Rw

J (F) by

(t ·ρ)(α) = t ·ρ(α).

We define the weak thin Schubert cell Grw
J (F) to be the quotient

Grw
J (F) := Rw

J (F)/F×.

Throughout this paper, we work primarily with weak representations. (We comment
on the strong representation setting in Section 8.) We will systematically identify a weak
representation with its associated exponential generating function fρ .

Definition 2.23. Let J ⊆ ∆d
n be an M-convex set, let F be a tract with underlying

multiplicative group R≥0, and let ρ ∈ Rw
J (F) be a weak representation of J over F . We

define
fρ := ∑

α∈J
ρ(α)

xα

α!
.
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Note that when J is a matroid, this is just the usual multi-affine generating polynomial of
the coefficient function ρ .

3. The universal upper containment

Let F be a tract with underlying multiplicative monoid R≥0, and recall from the Introduc-
tion that the normalization operator N sends the homogeneous polynomial ∑α∈J ραxα

with coefficients in F to ∑α∈J ρα
xα

α! . It induces a self-map on the projective space of
homogeneous polynomials with support J modulo the action of F×. The goal of this
section is to prove the upper bound in the sandwich theorem.

Theorem 3.1 (Universal upper containment). Let J ⊆ ∆d
n be an M-convex set. Then

LJ ⊆ NRw
J (T2).

Equivalently, after projectivizing we have

PLJ ⊆ NGrw
J (T2).

In particular, if J = M is a matroid, then N acts trivially and

PLM ⊆ Grw
M(T2).

We first prove an a priori weaker unnormalized containment; the normalized statement
will then follow by applying the same argument to N−1 f .

3.1. The degenerate cases U2,2 and U2,3. The rank-2 uniform matroids on 2 and 3
elements are handled by the following lemma.

Lemma 3.2. For n = 2,3 and every q ≥ 0, one has

LU2,n = Rw
U2,n

(Tq), PLU2,n = Grw
U2,n

(Tq).

Proof. For n = 2, the matroid U2,2 has a single basis, so there are no nontrivial Plücker
relations and the weak representation space consists of a single point up to scaling. The
corresponding quadratic form is cx1x2, whose Hessian(

0 c
c 0

)
has exactly one positive eigenvalue when c > 0. Thus it is Lorentzian.
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For n = 3, there are again no nontrivial 3-term Plücker relations. A quadratic form
with support U2,3 has Hessian

A =

0 a b
a 0 c
b c 0

 (a,b,c > 0).

All principal minors of A satisfy the sign conditions of Theorem 2.5: the 1×1 minors
vanish, the 2×2 principal minors are negative, and

det(A) = 2abc > 0.

Hence A is Lorentzian. □

3.2. The case of U2,4. The first nontrivial case is U2,4, where it turns out that satisfying
the unique 3-term Plücker relation over T2 is exactly equivalent to Lorentzianity.

Proposition 3.3. We have

LU2,4 = Rw
U2,4

(T2), PLU2,4 = Grw
U2,4

(T2).

Proof. A quadratic form with non-negative coefficients and support U2,4 corresponds to
a zero-diagonal symmetric matrix

A =


0 a b c
a 0 d e
b d 0 f
c e f 0

 , a,b,c,d,e, f > 0.

By Theorem 2.5, such a matrix is Lorentzian if and only if all principal minors have the
alternating sign pattern. The conditions for principal minors of size 1,2,3 are automatic,
so the only nontrivial condition is

det(A)≤ 0.

A direct computation gives

det(A) = (a f )2 +(be)2 +(cd)2 −2
(
a f be+a f cd +becd

)
.

Hence det(A)≤ 0 is equivalent to

(a f )2 +(be)2 +(cd)2 ≤ 2
(
a f be+a f cd +becd

)
.
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By Corollary 2.17 with q = 2, this is exactly the condition that√
a f ,

√
be,

√
cd

are the side lengths of a (possibly degenerate) Euclidean triangle, i.e., exactly the weak
T2-Plücker relation for U2,4. □

3.3. The unnormalized upper containment. We now prove the unnormalized upper
containment. The following lemma is standard; we provide a proof for the reader’s
convenience.

Lemma 3.4. Let H be a real symmetric matrix with nonnegative entries and at most one
positive eigenvalue. Let D be a nonnegative diagonal matrix such that 0 ≤ Dii ≤ Hii for
all i. Then H −D also has nonnegative entries and at most one positive eigenvalue.

Proof. The assertion about entries is immediate. Since D ⪰ 0, we have

xT (H −D)x ≤ xT Hx for all x.

If H −D had at least two positive eigenvalues, then its quadratic form would be positive
definite on some two-dimensional subspace. The displayed inequality would then imply
that the quadratic form associated to H is also positive definite on this same subspace,
contradicting the fact that H has at most one positive eigenvalue. Hence H −D has at
most one positive eigenvalue. □

Proposition 3.5. Let J ⊂ ∆d
n be an M-convex set. Then

LJ ⊆ Rw
J (T2).

Consequently, after projectivizing,

PLJ ⊆ Grw
J (T2).

Proof. Let f ∈ LJ , and write

f = ∑
β∈J

ρ(β )
xβ

β !
.

By Theorem 2.10, for every α ∈ ∆d−2
n , the quadratic derivative q := ∂ α f is Lorentzian.

We show that the coefficient function ρ satisfies all weak T2-Plücker relations.

Write q in the normalized quadratic basis as

q =
n

∑
i=1

ai
x2

i
2
+ ∑

1≤i< j≤n
bi jxix j,
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and let

H =


a1 b12 · · · b1n

b12 a2 · · · b2n
...

... . . . ...
b1n b2n · · · an


be the Hessian of q. Since q is Lorentzian, the matrix H is Lorentzian.

Fix indices 1 ≤ i ≤ j ≤ k ≤ ℓ≤ n. The corresponding weak T2-relation is the assertion
that the three nonnegative numbers

T1 := ρq(e j+ek)ρq(ei+eℓ), T2 := ρq(ei+ek)ρq(e j+eℓ), T3 := ρq(ei+e j)ρq(ek+eℓ)

satisfy the T2-triangle condition, i.e., that
√

T1,
√

T2,
√

T3 are the side lengths of a
Euclidean triangle. We distinguish four different cases.

Case 1: i, j,k, ℓ are pairwise distinct. Then only off-diagonal coefficients occur,
and the relevant quadratic is the multi-affine part of the restriction of q to the four
variables xi,x j,xk,xℓ. The multi-affine part is obtained by deleting the square terms;
by Lemma 3.4, this operation preserves Lorentzianity (see also [10, Corollary 3.5]).
Therefore the resulting 4-variable multi-affine quadratic is Lorentzian. By Proposition 3.3,
its coefficients satisfy the weak T2-relation. Equivalently, the triple

b jkbiℓ, bikb jℓ, bi jbkℓ

satisfies the required T2-condition.

Case 2: exactly one index is repeated.

Suppose next that exactly one index is repeated. Up to relabeling, the three terms in
the corresponding weak Plücker relation have the form

bc, bc, ad.

More concretely, these quantities arise from a quadratic Lorentzian polynomial whose
Hessian has a principal submatrix on three indices with entries a,b,c,d in the corre-
sponding positions. Deleting the two diagonal entries not involved in the repeated index,
Lemma 3.4 shows that the matrix

M =

a b c
b 0 d
c d 0


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still has nonnegative entries and at most one positive eigenvalue. Hence detM ≥ 0. Since

detM = d(2bc−ad),

we obtain ad ≤ 2bc if d > 0, while the case d = 0 is immediate. Therefore ad ≤ 4bc,
which is precisely the required weak T2-relation for the three terms bc,bc,ad.

Case 3: two pairs of indices are repeated. Then the three terms are of the form

b2, b2, ac,

coming from a 2×2 principal submatrix

N =

(
a b
b c

)
of H. Since H is Lorentzian, so is N, and Theorem 2.5 gives

det(N) = ac−b2 ≤ 0.

Thus ac ≤ b2, hence a fortiori ac ≤ 4b2, which is exactly the required T2-relation.

Case 4: at least three indices are equal. Then all three terms coincide, so the weak
T2-relation is automatic.

It follows that ρ is a weak T2-representation of J and thus

LJ ⊆ Rw
J (T2). □

3.4. The normalized upper containment. Recall that N is the linear operator on
homogeneous polynomials defined on monomials by

N(xα) =
xα

α!
.

The following lemma shows that N preserves weak Tq-representations for every q ≥ 0.

Lemma 3.6. Let J ⊆ ∆d
n be an M-convex set and let 0 ≤ q ≤ ∞. If

ρ : ∆
d
n → R≥0

is a weak Tq-representation of J, then so is

ρ
♯(β ) :=

ρ(β )

β !
.

Equivalently,
NRw

J (Tq)⊆ Rw
J (Tq).
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Proof. It is enough to treat the case 0 < q < ∞; the endpoint cases q = 0 and q = ∞ follow
from the corresponding definitions by the same argument, with the triangle inequality
interpreted in the tropical limit.

Fix α ∈ ∆d−2
n and indices 1 ≤ i ≤ j ≤ k ≤ ℓ≤ n such that

δ
−
J ≤ α and α + ei + e j + ek + eℓ ≤ δ

+
J .

For ρ , the three Plücker products are

T1 = ρ(α + e j + ek)ρ(α + ei + eℓ),

T2 = ρ(α + ei + ek)ρ(α + e j + eℓ),

and

T3 = ρ(α + ei + e j)ρ(α + ek + eℓ).

Since ρ is a weak Tq-representation, the three numbers

T 1/q
1 , T 1/q

2 , T 1/q
3

satisfy the triangle inequality.

For ρ♯, the corresponding Plücker products are

T ♯
r =

Tr

Dr
(r = 1,2,3),

where

D1 = (α + e j + ek)!(α + ei + eℓ)!,

D2 = (α + ei + ek)!(α + e j + eℓ)!,

and

D3 = (α + ei + e j)!(α + ek + eℓ)!.

If i, j,k, ℓ are pairwise distinct, then the same four unit increments ei,e j,ek,eℓ occur
once in each denominator product. Hence

D1 = D2 = D3,

so the three Plücker products are all divided by the same positive scalar. The weak
Tq-relation is therefore unchanged.
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It remains to consider the case where some of i, j,k, ℓ coincide. In that case at least
two of the three products T1,T2,T3 are equal. We record the only nontrivial possibility
explicitly. Suppose, for example, that i = j < k < ℓ. Then

T1 = T2 = ρ(α + ei + ek)ρ(α + ei + eℓ),

while

T3 = ρ(α +2ei)ρ(α + ek + eℓ).

Thus the weak Tq-relation for ρ says precisely that T3 ≤ 2qT1, since the two repeated
side lengths are T 1/q

1 = T 1/q
2 .

The denominators satisfy D1 = D2 and D3 ≥ D1. Indeed, all coordinates except the
i-th contribute equally to D1 and D3, while in the i-th coordinate the contribution to D3 is

(αi +2)!αi!,

whereas the contribution to D1 is

(αi +1)!2.

The inequality

(αi +1)!2 ≤ (αi +2)!αi!

is the log-convexity of the factorial sequence. Hence

T ♯
3 =

T3

D3
≤ T3

D1
≤ 2q T1

D1
= 2qT ♯

1 .

Since T ♯
1 = T ♯

2 , this is exactly the weak Tq-relation for ρ♯.

The cases i < j = k < ℓ and i < j < k = ℓ are identical, with the repeated index playing
the same role. If two pairs coincide, say i = j < k = ℓ, then

T1 = T2 = ρ(α + ei + ek)
2

and

T3 = ρ(α +2ei)ρ(α +2ek).

Again D1 = D2, and D3 ≥ D1, now by applying

(m+1)!2 ≤ (m+2)!m!

in the i- and k-coordinates. The same argument gives

T ♯
3 ≤ 2qT ♯

1 .
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Finally, if three or four of the indices coincide, then all three Plücker products and all
three denominators are equal, so the relation is automatic.

Thus every weak Tq-relation satisfied by ρ is also satisfied by ρ♯, and therefore ρ♯ is a
weak Tq-representation of J. □

In view of Lemma 3.6, the following result strengthens the upper containment in
Proposition 3.5.

Proposition 3.7. Let J ⊆ ∆d
n be an M-convex set. Then

LJ ⊆ NRw
J (T2).

Equivalently, after projectivizing,

PLJ ⊆ NGrw
J (T2).

Proof. Let f ∈ LJ . We must show that N−1 f is a weak T2-representation of J.

Fix α ∈ ∆d−2
n and set

g := ∂
α(N−1 f ).

Since weak T2-relations are preserved by multiplying a quadratic by a positive scalar and
by positive diagonal rescaling of the variables, it is enough to verify them for

h :=
1

α!
g
(

x1

α1 +1
, . . . ,

xn

αn +1

)
.

Write

∂
α f =

n

∑
i=1

cii
x2

i
2
+ ∑

1≤i< j≤n
ci jxix j.

Since f is Lorentzian, the quadratic ∂ α f is Lorentzian by Theorem 2.10. A direct
computation shows that

h =
n

∑
i=1

αi +2
αi +1

cii
x2

i
2
+ ∑

1≤i< j≤n
ci jxix j.

Thus the off-diagonal coefficients are unchanged, while the diagonal coefficient in the
i-th variable is multiplied by

λi :=
αi +2
αi +1

≤ 2.

We now verify the weak T2-relations for h.
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Case 1: the four indices are pairwise distinct. Then only off-diagonal coefficients
appear, so the relevant relation is exactly the same as for ∂ α f . As in the proof of
Proposition 3.5, this follows from Proposition 3.3 applied to the multi-affine part of the
restriction to those four variables.

Case 2: exactly one index is repeated.

Suppose that exactly one index is repeated. Up to relabeling, the three terms have the
form

bc, bc, λiad,

where
λi =

αi +2
αi +1

≤ 2.

As in the proof of Proposition 3.5, we delete the two irrelevant diagonal entries from the
corresponding 3×3 principal submatrix of the Hessian. By Lemma 3.4, the resulting
matrix

M =

a b c
b 0 d
c d 0


still has at most one positive eigenvalue. Thus detM = d(2bc− ad) ≥ 0, and hence
ad ≤ 2bc. Therefore

λiad ≤ 2ad ≤ 4bc,

which is the desired weak T2-relation.

Case 3: two pairs of indices are repeated. Then the three terms are

c2
ik, c2

ik, λiλkciickk.

The corresponding 2×2 principal submatrix is

N =

(
cii cik

cik ckk

)
,

and Lorentzianity gives
det(N) = ciickk − c2

ik ≤ 0.

Thus
ciickk ≤ c2

ik.

Since λiλk ≤ 4, it follows that
λiλkciickk ≤ 4c2

ik,
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which is exactly the weak T2-relation.

All remaining index configurations are tautological. Hence h, and therefore also g,
satisfies every weak T2-Plücker relation. It follows that N−1 f is a weak T2-representation
of J, i.e.

f ∈ NRw
J (T2). □

Proof of Theorem 3.1. The normalized containment

LJ ⊆ NRw
J (T2)

is precisely Proposition 3.7. Projectivizing gives

PLJ ⊆ NGrw
J (T2). □

4. The rank-2 uniform case

The purpose of this section is to prove the lower inclusion in the sandwich theorem
for the rank-2 uniform matroid U2,n. This is the analytic heart of the paper; in the next
section, the general case will be reduced to it. We begin by translating the problem into
the language of matrices.

4.1. Matrix reformulation. A weak Tq-representation of U2,n is determined by its
coefficients

ai j := ρ(ei + e j) (1 ≤ i < j ≤ n),

which we package into a symmetric matrix with zero diagonal.

Definition 4.1. An n×n real matrix A is admissible if it is symmetric, has zero diagonal,
and has strictly positive off-diagonal entries.

Definition 4.2. Let q≥ 0. We say that an admissible matrix A satisfies the Tq-inequalities
if for every quartet {i, j,k, ℓ} ⊆ [n] with i < j < k < ℓ, the three numbers

s1 := (Ai jAkℓ)
1/q, s2 := (AikA jℓ)

1/q, s3 := (AiℓA jk)
1/q

are the side lengths of a (possibly degenerate) Euclidean triangle.

For q = 0, this is interpreted in the tropical sense from Lemma 2.19: the maximum of
the three products

Ai jAkℓ, AikA jℓ, AiℓA jk



22 Matthew Baker, June Huh, Mario Kummer and Oliver Lorscheid

must be attained at least twice.

Under the identification

fA(x1, . . . ,xn) := ∑
1≤i< j≤n

Ai jxix j,

the support of fA is U2,n, and fA is Lorentzian if and only if A is Lorentzian. Likewise,
fA is a weak Tq-representation of U2,n if and only if A satisfies the Tq-inequalities. Thus
the desired lower inclusion for U2,n is equivalent to the following matrix statement.

Theorem 4.3. For n ≥ 4, set

ε(n) := log2

(
1+

1
n−2

)
.

Let A ∈ Rn×n be admissible and suppose that A satisfies the Tε(n)-inequalities. Then A is
Lorentzian.

By the monotonicity of the Tq-conditions in q, the same conclusion holds whenever
0 < q ≤ ε(n).

The rest of the section is devoted to the proof of Theorem 4.3.

4.2. Diagonal normalization. The first step is a simple but important invariance.

Lemma 4.4. Let D = diag(d1, . . . ,dn) with di > 0, and set

A′ := DAD.

Then:

(1) A is admissible if and only if A′ is admissible.
(2) A satisfies the Tq-inequalities if and only if A′ does.
(3) A and A′ have the same inertia.

Proof. The first assertion is immediate.

For the second, fix a quartet {i, j,k, ℓ}. Then

(A′
i jA

′
kℓ)

1/q = (did jdkdℓ)1/q(Ai jAkℓ)
1/q,

and the same common positive factor multiplies the other two quantities appearing in
the Tq-condition. Thus the three side lengths for A′ are obtained from those for A by a
common rescaling, so the triangle condition is unchanged.

The third assertion is Sylvester’s law of inertia. □
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4.3. A brief Schoenberg interlude. The proof of Theorem 4.3 passes through finite
metric geometry. Since this may be unfamiliar to some readers, we briefly summarize
the ideas behind the argument.

Given a finite metric d on a set X , a classical theorem of Schoenberg [19] says that d
is Euclidean if and only if the matrix

E = (d(i, j)2)i, j∈X

is conditionally negative semidefinite; moreover, strict conditional negative definiteness
corresponds to affine independence of the embedding.

In the present section we will not use Schoenberg’s theorem directly, but rather a
quantitative finite-metric embedding theorem with a close connection to the Tq-relations.

Theorem 4.5. Let m ≥ 2, let (X ,d) be an m-point metric space, and set

η(m) := log2

(
1+

1
m−1

)
.

If 0 ≤ p < η(m), then the metric space (X ,dp/2) admits an isometric embedding into
Rm−1 as an affinely independent set.

Proof. This is exactly Theorem 3.6 of [11], after translating their notation. □

Remark 4.6. In the statement of Theorem 4.5, when p = 0, we use the convention

d0(x,y) =

0, x = y,

1, x ̸= y.

The next lemma explains how a squared Euclidean distance matrix gives rise to a
Lorentzian matrix of the form needed in our application. Recall that the Cayley–Menger
matrix associated to a squared Euclidean distance matrix B is obtained from B by
adjoining a top row and left column of ones, with a zero in the upper-left corner.

Lemma 4.7. Let B be a real symmetric m×m matrix, and set

C =

(
0 1⊤

1 B

)
.

Then C has at most one positive eigenvalue if and only if B is conditionally negative
semidefinite on 1⊥, i.e.

α
⊤Bα ≤ 0 for all α ∈ Rm with ∑

i
αi = 0.
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In particular, if v1, . . . ,vm are points in a Euclidean space and

B = (∥vi − v j∥2)1≤i, j≤m,

then C has at most one positive eigenvalue. If, moreover, v1, . . . ,vm are affinely indepen-
dent, then C is nonsingular and has inertia (1,m,0).

Proof. Let

Q(t,α) = 2t ∑
i

αi +α
⊤Bα

be the quadratic form associated to C, where t ∈ R and α = (α1, . . . ,αm) ∈ Rm.

First suppose that B is conditionally negative semidefinite on 1⊥. If C had two positive
eigenvalues, then Q would be positive definite on some two-dimensional subspace
U ⊂ R⊕Rm. The linear functional (t,α) 7−→ ∑i αi has a nonzero kernel on U , so there
is a nonzero vector (t,α) ∈ U with ∑i αi = 0. For this vector, Q(t,α) = α⊤Bα ≤ 0,
contradicting the positive definiteness of Q on U . Thus C has at most one positive
eigenvalue.

Conversely, suppose that C has at most one positive eigenvalue. We prove the con-
ditional negative semidefiniteness of B by contradiction. If there were some α ∈ 1⊥

with α⊤Bα > 0, then the vector u := (0,α) would satisfy Q(u) > 0. For T > 0 set
wT := (T,1). Then

Q(wT ) = 2mT +1⊤B1,

which is positive for T ≫ 0, while

Q(wT ,u) = 1⊤Bα

is independent of T . Therefore the determinant of the Gram matrix of Q on span{wT ,u}
is

Q(wT )Q(u)−Q(wT ,u)2 =
(
2mT +1⊤B1

)
α
⊤Bα − (1⊤Bα)2,

which is positive for T ≫ 0. Hence Q is positive definite on a two-dimensional subspace,
so C has at least two positive eigenvalues, a contradiction. Thus α⊤Bα ≤ 0 for all
α ∈ 1⊥.
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Now assume B = (∥vi − v j∥2) for points v1, . . . ,vm in a Euclidean space. If ∑i αi = 0,
then

α
⊤Bα = ∑

i, j
αiα j∥vi − v j∥2

=−2

∥∥∥∥∥∑i
αivi

∥∥∥∥∥
2

≤ 0.

Thus B is conditionally negative semidefinite on 1⊥, and the first part of the lemma shows
that C has at most one positive eigenvalue.

It remains to prove the inertia statement under affine independence. On the (m−1)-
dimensional subspace

W ′ :=

{
(0,α) : ∑

i
αi = 0

}
,

the preceding formula gives

Q(0,α) =−2

∥∥∥∥∥∑i
αivi

∥∥∥∥∥
2

.

By affine independence, this form is negative definite on W ′. Hence C has at least m−1
negative eigenvalues.

We next show that C is nonsingular. Suppose

C
(

t
α

)
= 0.

The first row gives ∑i αi = 0, and the remaining rows give

t1+Bα = 0.

Multiplying on the left by α⊤, we obtain

0 = t ∑
i

αi +α
⊤Bα =−2

∥∥∥∥∥∑i
αivi

∥∥∥∥∥
2

.

Since ∑i αi = 0, affine independence implies α = 0. Then t1 = 0, so t = 0. Thus C is
nonsingular.

Finally, Q(1,0) = 0, so C is not negative definite. Since C is nonsingular and has at
most one positive eigenvalue, it must have exactly one positive eigenvalue. As C has size
m+1, the remaining m eigenvalues are negative. Hence the inertia is (1,m,0). □
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4.4. Proof of the rank-2 uniform theorem.

Proof of Theorem 4.3. We distinguish two cases.

Case 1: 0 < q < ε(n). Let

D = diag(1,A−1
12 , . . . ,A

−1
1n ), A′ := DAD.

By Lemma 4.4, it suffices to prove that A′ is Lorentzian. By construction,

A′
1i = 1 (i = 2, . . . ,n).

Write

A′ =

(
0 1⊤

1 B

)
,

where B is the principal (n−1)× (n−1) block indexed by X := {2, . . . ,n}.

Define
d(i, j) := B1/q

i j (i ̸= j, i, j ∈ X), d(i, i) := 0.

We claim that d is a metric on X . Indeed, let i, j,k ∈ X be distinct. Applying the Tq-
condition to the quartet {1, i, j,k}, and using A′

1i = A′
1 j = A′

1k = 1, we see that the three
numbers

(A′
1iA

′
jk)

1/q = d( j,k), (A′
1 jA

′
ik)

1/q = d(i,k), (A′
1kA′

i j)
1/q = d(i, j)

are the side lengths of a Euclidean triangle. Hence

d(i, j)≤ d(i,k)+d(k, j)

for all distinct i, j,k ∈ X . Since d(i, j)> 0 for i ̸= j and d(i, j) = d( j, i), it follows that d
is a metric. Since |X |= n−1 and

q < log2

(
1+

1
n−2

)
= η(n−1),

Theorem 4.5 applies to the metric space (X ,d) with m = n− 1 and p = q. We obtain
affinely independent vectors

v2, . . . ,vn ∈ Rn−2

such that
∥vi − v j∥= d(i, j)q/2 = B1/2

i j (i, j ∈ X).

Equivalently,
B = (∥vi − v j∥2)i, j∈X .
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Applying Lemma 4.7 with m = n−1 to the points v2, . . . ,vn, we conclude that

A′ =

(
0 1⊤

1 B

)
has inertia (1,n−1). In particular, A′ is Lorentzian.

Case 2: q = ε(n). For 0 < ε < 1 the matrix A(ε) := (Aε
i j)i, j satisfies the Tp-inequalities

for p = ε ·ε(n)< ε(n). Thus A(ε) is Lorentzian by Case 1. Because the set of Lorentzian
polynomials is closed, it follows that A = limε→1 A(ε) is Lorentzian. □

Remark 4.8. Only the quartets containing the distinguished index 1 enter the proof. In
particular, to deduce Lorentzianity in Theorem 4.3, one does not need the Tq-inequalities
for quartets contained entirely in {2, . . . ,n}.

4.5. Non-sharpness of the lower bound. The lower bound supplied by Theorem 4.5 is
sufficient for the purposes of giving an explicit positive lower bound for q(n), but it is
not sharp.

For example, when m = 4, Theorem 4.5 gives Euclidean embeddability of (X ,dq/2)

for
0 < q < η(4) = log2(4/3).

A theorem of Blumenthal (see [7] and [15, Theorem 2.4]) gives a much stronger
statement: if (X ,d) is a four-point metric space, then (X ,dq/2) Euclidean for 0 < q ≤ 1.
In particular:

Corollary 4.9. q(5)⩾ 1.

The exponent 1 in Blumenthal’s theorem is optimal for arbitrary four-point metric
spaces. Indeed, let d be the path-distance metric on the four-cycle C4, with cyclically
adjacent distances equal to 1 and opposite distances equal to 2:

d(1,2) = d(2,3) = d(3,4) = d(4,1) = 1, d(1,3) = d(2,4) = 2.

For the zero-sum vector
c = (1,−1,1,−1),

we have
4

∑
i, j=1

cic jd(i, j)q = 4 ·2q −8.
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Thus, by Schoenberg’s theorem, (X ,dq/2) fails to be Euclidean embeddable for every
q > 1.

If the metric space (X ,d) arises from an admissible 5× 5 matrix satisfying the Tq-
quartet inequalities, as in our application, we get more information than just the fact
that d is a metric. Recall that, after diagonal normalization, only the quartets through
the distinguished index 1 are used to prove that d restricts to a metric on the remaining
n−1 points. In Section 7, we show that the full Tq-quartet conditions give more: the
associated four-point metric is Ptolemaic. This extra structure will enable us to improve
the lower bound on q(5) from 1 to the sharp value of log2 3.

5. The general sandwich theorem

In this section we prove the general sandwich theorem. We work throughout with the
generalized normalization operators

Nt(xα) =
xα

(α!)t (t ≥ 0),

where α! := α1! · · ·αn!. Thus N0 is the identity and N1 = N is the normalization operator
used earlier.

The main result of the section is the following.

Theorem 5.1 (Nt-sandwich theorem). Let J ⊆ ∆d
n be M-convex, and let t > 0. Then there

exists a constant qt(J)> 0 such that

Nt Rw
J (Tq)⊆ LJ ⊆ Nt Rw

J (Tp)

for all 0 < q ≤ qt(J) and p(t)⩽ p ⩽ ∞, where p(t) := 2max{1, t}.

In particular, for t = 1 one has p(1) = 2, and hence

NRw
J (Tq)⊆ LJ ⊆ NRw

J (T2)

for all sufficiently small q > 0.

Remark 5.2. The family Nt interpolates between the unnormalized and normalized
settings. When t = 0, the operator Nt is the identity, while N1 = N is the normalization
operator appearing in the main sandwich theorem. Thus the Nt-sandwich theorem may be
viewed as a one-parameter refinement of the normalized sandwich theorem, compatible
with the two limiting unnormalized containments

Rw
J (T0)⊆ LJ and LJ ⊆ Rw

J (T∞).
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5.1. The bivariate case. We prove Theorem 5.1 in several steps. We begin with the
bivariate case, which explains why normalization is needed and gives a simple model for
the general argument.

Let J = ∆d
2 . We write

fρ(x,y) =
d

∑
k=0

ak
xd−k

(d − k)!
yk

k!
, ak := ρ(d − k,k).

Lemma 5.3. Assume that ai ⩾ 0 for all i. The polynomial fρ is Lorentzian if and only if
the sequence (a0, . . . ,ad) is log-concave and has no internal zeros.

Proof. Write fρ = ∑
d
k=0 bkxd−kyk in the usual monomial basis. Then

bk =
ak

(d − k)!k!
,

bk(d
k

) = ak

d!
.

The bivariate Lorentzian criterion, see [10, Example 2.26], says that fρ is Lorentzian if
and only if the sequence

(
bk/
(d

k

))d
k=0 is log-concave and has no internal zeros. This is

equivalent to the same condition for (ak). □

Lemma 5.4. Let ρ : ∆d
2 → R≥0 be a coefficient function, and write

ρ(d − k,k) = ak (0 ≤ k ≤ d).

If q > 0, then ρ ∈ Rw
∆d

2
(Tq) if and only if

ak−1ak+1 ≤ 2qa2
k (1 ≤ k ≤ d −1).

For q = 0, one has ρ ∈ Rw
∆d

2
(T0) if and only if

ak−1ak+1 ≤ a2
k (1 ≤ k ≤ d −1).

Proof. For 1 ≤ k ≤ d −1, put

α = (d − k−1,k−1) ∈ ∆
d−2
2 .

The weak Plücker relation with repeated indices (1,1,2,2) has three terms

a2
k , a2

k , ak−1ak+1.

Since there are only two variables, every weak three-term Plücker relation for ∆d
2 is

obtained in this way, for some 1 ≤ k ≤ d −1.
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Assume first that q > 0. Membership in the null set of Tq is equivalent to the assertion
that the q-th roots of the three nonnegative terms satisfy the triangle inequalities. Since
two of the terms are equal, the only possibly nontrivial triangle inequality is

(ak−1ak+1)
1/q ≤ 2(a2

k)
1/q,

which is equivalent to

ak−1ak+1 ≤ 2qa2
k .

Thus, for q > 0, the weak Tq-relations are equivalent to the displayed inequalities for all
1 ≤ k ≤ d −1.

For q = 0, membership in the null set of T0 means that the maximum of the three
terms is attained at least twice. Since two of the terms are equal to a2

k , this is equivalent
to

ak−1ak+1 ≤ a2
k .

Therefore the weak T0-relations are equivalent to the displayed inequalities for all
1 ≤ k ≤ d −1. □

Proposition 5.5 (Bivariate normalized inclusion). Let J = ∆d
2 with d ⩾ 2 and let t > 0.

Set

qt(d) := t ·min1≤k≤d−1 log2

(
(k+1)(d − k+1)

k(d − k)

)
.

Then

Nt Rw
J (Tq)⊆ LJ for all 0 < q ≤ qt(d).

Moreover, for t = 0 this conclusion fails for every q > 0: in that case

Rw
J (Tq) ̸⊆ LJ .

On the other hand,

Rw
J (T0) = LJ .

Proof. Let ρ ∈ Rw
J (Tq), and write

fρ =
d

∑
k=0

ak
xd−k

(d − k)!
yk

k!
.

Then

Nt fρ =
d

∑
k=0

ak(
(d − k)!k!

)t
xd−k

(d − k)!
yk

k!
.
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By Lemma 5.3, it suffices to prove log-concavity of

bk :=
ak(

(d − k)!k!
)t .

For 1 ≤ k ≤ d −1,

b2
k

bk−1bk+1
=

a2
k

ak−1ak+1

(
(k+1)(d − k+1)

k(d − k)

)t

.

By Lemma 5.4,
a2

k
ak−1ak+1

≥ 2−q.

Thus b2
k ≥ bk−1bk+1 for all 1 ≤ k ≤ d −1 whenever

2q ≤
(
(k+1)(d − k+1)

k(d − k)

)t

for all k, which is exactly the condition q ≤ qt(d). This proves the first assertion.

The equality

Rw
J (T0) = LJ

follows from the q = 0 case of Lemma 5.4 together with Lemma 5.3.

It remains to show that the normalized containment can fail when t = 0. Let q > 0 and
choose 1 ≤ k ≤ d −1. Set

a j = 1 ( j ̸= k), 2−q/2 < ak < 1.

Then the weak Tq-inequalities hold. Indeed, the only potentially nontrivial inequality
centered at k is

ak−1ak+1 = 1 ≤ 2qa2
k ,

which holds by the choice of ak. The inequalities centered at k−1 and k+1 are stronger
than needed, since they have the form

ak−2ak = ak < 1 = a2
k−1 or akak+2 = ak < 1 = a2

k+1

when the indicated indices exist; all other inequalities are identities. Thus ρ ∈ Rw
J (Tq).

On the other hand,

a2
k < 1 = ak−1ak+1,

so the coefficient sequence is not log-concave. By Lemma 5.3, ρ /∈ LJ . Since N0 is the
identity, this proves that the asserted containment fails for t = 0. □
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In particular, the minimum in Proposition 5.5 is positive. For large d, it is attained near
k = d/2, and

qt(d) = t log2

(
1+

4
d
+O(d−2)

)
=

4t
(ln2)d

+O(d−2).

5.2. The matroid case. We next prove the matroid version of the sandwich theorem.
Since matroid supports are multi-affine, the operators Nt act trivially on them.

Theorem 5.6 (Matroid sandwich theorem). Let M be a matroid on [n]. Then there exists
qM > 0 such that

Rw
M(Tq)⊆ LM ⊆ Rw

M(T2)

for all 0 < q ≤ qM.

Equivalently, after projectivizing,

Grw
M(Tq)⊆ PLM ⊆ Grw

M(T2)

for all sufficiently small q > 0.

Proof. The upper containment is the multi-affine case of the general upper containment
proved in Proposition 3.5.

For the lower containment, let ρ ∈ Rw
M(Tq). By the quadratic-derivative character-

ization of Lorentzian polynomials, it suffices to show that every nonzero squarefree
derivative of fρ of degree 2 is Lorentzian. Such a derivative corresponds to a rank-2
contraction of M. Thus it is enough to treat loopless rank-2 matroids.

Let N be a loopless rank-2 matroid with parallel classes

V1, . . . ,Vm.

If m ≤ 3, every admissible rank-2 coefficient matrix is Lorentzian, so there is nothing to
prove. Assume m ≥ 4. Choose representatives ia ∈Va and write

σab := ρ(iaib) (a ̸= b).

The weak Plücker relations with two parallel elements imply that for i, i′ ∈Va and j,k
outside Va in distinct parallel classes,

ρ(i j)ρ(i′k) = ρ(ik)ρ(i′ j).

Hence, after choosing positive scalars ti, one has

ρ(i j) = tit jσab (i ∈Va, j ∈Vb, a ̸= b).
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Consequently fρ is obtained from the rank-2 uniform polynomial

gσ = ∑
1≤a<b≤m

σabyayb

by the linear substitution

ya = ∑
i∈Va

tixi.

The coefficient system σ is a weak Tq-representation of U2,m. By Theorem 4.3, if

0 < q ≤ ε(m) := log2

(
1+

1
m−2

)
,

then gσ is Lorentzian. Since Lorentzian polynomials are preserved under linear substitu-
tions with nonnegative coefficients, fρ is Lorentzian.

Taking the minimum of these positive numbers over the finitely many rank-2 contrac-
tions of M gives the desired constant qM > 0. □

Remark 5.7. Recall that

q(M) := sup{q > 0 | Grw
M(Tq)⊆ PLM}

and q(m) := q(U2,m). The proof of Theorem 5.6 gives an explicit lower bound for q(M)

in terms of the largest rank-2 uniform minor of M: if

h(M) := max{m : M has a U2,m-minor}

then

q(M)≥ q(h(M)).

Indeed, q(·) is monotone under minors: if N is a minor of M, then

q(N)≥ q(M).

For deletions, this follows by restricting to the corresponding coordinate subspace. For
contractions, it follows by taking the corresponding squarefree derivative. In both cases,
weak Tq-representability and Lorentzianity descend to the minor.

Since U2,m is a minor of U2,m+1, the sequence q(m) is nonincreasing in m. On the
other hand, every nonzero squarefree quadratic derivative in the proof of Theorem 5.6
corresponds to a rank-2 contraction of M. After simplifying that contraction, one obtains
U2,m for some m ≤ h(M). Thus the worst possible rank-2 contraction is controlled by
U2,h(M), giving the displayed lower bound.
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For example, if M is binary then it has no U2,4-minor; since q(3) = ∞ we conclude that
q(M) = ∞. And if M is ternary then it has no U2,5-minor; since q(4) = 2 we conclude
that q(M)⩾ 2.

By Theorem 3.1 it follows that PLM = Grw
M(T∞) = Grw

M(T2) for binary M and PLM =

Grw
M(T2) for ternary M.

5.3. Quadratic M-convex supports. We now pass from matroids to arbitrary M-convex
supports. The proof is local: we analyze quadratic derivatives and then use the quadratic-
derivative criterion for Lorentzian polynomials (Theorem 2.10).

Let K ⊆ ∆2
n be M-convex. Define

V (K) := {i : there exists j ̸= i with ei + e j ∈ K},

E(K) := {{i, j} : i ̸= j, ei + e j ∈ K}, D(K) := {i : 2ei ∈ K}.

By [5, Lemma 4.5(2)], the graph (V (K),E(K)) is complete multipartite. We write its
parts as

V (K) =V1 ⊔·· ·⊔Vr.

(This is the generalization to M-convex sets of the decomposition of a rank-2 matroid
into parallel classes.)

Let

S := {a ∈ [r] : D(K)∩Va ̸=∅}.

If a ∈ S, then Va is a singleton by [5, Lemma 4.5(1)]; we denote its unique element by ia.

Lemma 5.8. Let c = (cβ )β∈K be a weak Tq-representation of K. Then there exist positive
real numbers ωi, normalized by the condition

∑
i∈Va

ωi = 1 (1 ≤ a ≤ r),

and a weak Tq-representation c̄ of

K′ := {ea + eb : a ̸= b in [r]}∪{2ea : a ∈ S} ⊆ ∆
2
r

such that

cei+e j = ωiω j c̄ea+eb (i ∈Va, j ∈Vb, a ̸= b in [r]),

and

c2eia
= c̄2ea (a ∈ S, Va = {ia}).
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Remark 5.9. The representation c̄ in Lemma 5.8 should be thought of as the simplification
of c. Indeed, if J = M is a matroid, the support of c̄ is exactly the simplification of M
and Lemma 5.8 says that the simplification operation preserves the property of being
a Tq-representation. The corresponding statement for Lorentzian polynomials is [5,
Theorem 4.7].

Proof. Let

fc := ∑
β∈K

cβ

xβ

β !
.

Since c is a weak Tq-representation, it is in particular a weak T∞-representation. We may
therefore apply [5, Theorem 4.7] to fc. It gives positive weights ωi, normalized by

∑
i∈Va

ωi = 1,

and a unique polynomial

g = ∑
κ∈K′

c̄κ

yκ

κ!

with support K′ such that

fc(x1, . . . ,xn) = g

(
∑

i∈V1

ωixi, . . . , ∑
i∈Vr

ωixi

)
.

Comparing coefficients gives

cei+e j = ωiω j c̄ea+eb (i ∈Va, j ∈Vb, a ̸= b),

and, for a ∈ S,

c2eia
= c̄2ea.

It remains only to check that c̄ is a weak Tq-representation, not merely a weak T∞-
representation. But every weak Plücker relation for c̄ pulls back to the corresponding
weak Plücker relation for c, with all three terms multiplied by the same positive factor,
namely the product of the relevant weights ωi. Since membership in NTq is invariant
under multiplication by a common positive scalar, the weak Tq-relations for c imply the
weak Tq-relations for c̄. □

The following result is a special case of [5, Theorem 4.7(2)]; we include a short proof
for the reader’s convenience.
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Lemma 5.10. Let B be the symmetric r× r matrix with entries

Bab = c̄ea+eb (a ̸= b), Baa = c̄2ea (a ∈ S), Baa = 0 (a /∈ S).

Let H be the symmetric matrix indexed by V (K) with entries

Hi j = ωiω jBab (i ∈Va, j ∈Vb, a ̸= b),

Hiaia = Baa (a ∈ S),

and all other diagonal entries equal to zero. Then H is Lorentzian if and only if B is
Lorentzian.

Proof. Define a linear map

L : RV (K) −→ Rr, (Lx)a = ∑
i∈Va

ωixi.

Since each Va is nonempty and the weights on Va are positive, L is surjective. The
quadratic form associated to H is the pullback of the quadratic form associated to B:

x⊤Hx = (Lx)⊤B(Lx).

Thus the positive index of H equals the positive index of B; the kernel of L only con-
tributes additional zero directions. Since both matrices have nonnegative entries, the
Lorentzian condition is equivalent for H and B. □

5.4. Weighted copies. The following construction is the key point in the proof of the
lower inclusion for Nt . The construction replaces each index a by a finite set of weighted
copies and produces a weak Tq-representation on the resulting larger ground set.

Lemma 5.11 (Weighted-copy lift). With notation as in Lemma 5.8, let c̄ be a weak
Tq-representation of

K′ = {ea + eb : a ̸= b}∪{2ea : a ∈ S} ⊆ ∆
2
r .

For each a ∈ S, fix a number θa ∈ (0,1), and for a /∈ S set θa = 0.

Then there exist a finite set Ẽ, a surjective map

π : Ẽ → [r],

and a weak Tq-representation c̃ of the uniform matroid U2,Ẽ with the following property.
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Let A be the zero-diagonal symmetric matrix indexed by Ẽ whose off-diagonal entries
are

Auv = c̃{u,v} (u ̸= v).

Then there exist linearly independent vectors

f1, . . . , fr ∈ RẼ

with nonnegative entries and

supp( fa) = π
−1(a) (a ∈ [r])

such that the compressed matrix

B = (Bab)1≤a,b≤r, Bab := f⊤a A fb,

satisfies
Bab = c̄ea+eb for a ̸= b,

Baa = θa c̄2ea for a ∈ S,

Baa = 0 for a /∈ S.

(1)

Consequently, if A is Lorentzian, then B is Lorentzian.

Proof. For each a ∈ [r], choose a finite set Ea as follows. If a ∈ S, choose a finite
probability vector

µa = (µa,u)u∈Ea

with all entries positive and
1− ∑

u∈Ea

µ
2
a,u = θa.

This is possible because, for fixed m, the quantity 1−∑
m
u=1 µ2

u ranges continuously
over the interval (0,1− 1/m] as µ ranges over the interior of the probability simplex.
Choosing m sufficiently large makes 1−1/m > θa, so the desired value θa is attained.

If a /∈ S, take Ea to consist of a single point u and put µa,u = 1. Now set

Ẽ :=
r⊔

a=1

Ea,

and let π : Ẽ → [r] be the map sending every element of Ea to a.

For notational brevity, write
µu := µπ(u),u.
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Define, for distinct u,v ∈ Ẽ,

c̃uv =
√

µuµv c̄eπ(u)+eπ(v).

This is well-defined: if π(u) = π(v) = a for distinct u,v, then necessarily a ∈ S, and
hence 2ea ∈ K′.

The weak Tq-relations for c̃ follow directly from those for c̄. Indeed, in every quartet
of distinct elements of Ẽ, the three Plücker products upstairs are the corresponding three
Plücker products downstairs multiplied by the same positive factor. (For instance, if
the quartet consists of four distinct elements u,v,w,z ∈ Ẽ, then the common factor is
√

µuµvµwµz.) Thus c̃ is a weak Tq-representation of the uniform matroid U2,Ẽ .

Let A be the zero-diagonal symmetric matrix indexed by Ẽ with off-diagonal entries

Auv = c̃uv (u ̸= v).

Set

fa := ∑
u∈Ea

√
µu eu (a ∈ [r]).

Since all weights µu are positive, the vector fa has nonnegative entries and support
Ea = π−1(a). In particular, the vectors f1, . . . , fr have disjoint supports and are linearly
independent.

If a ̸= b, then
f⊤a A fb = ∑

u∈Ea

∑
v∈Eb

µuµv c̄ea+eb

=

(
∑

u∈Ea

µu

)(
∑

v∈Eb

µv

)
c̄ea+eb

= c̄ea+eb.

If a ∈ S, then
f⊤a A fa = ∑

u,v∈Ea
u̸=v

µuµv c̄2ea

=

(
1− ∑

u∈Ea

µ
2
u

)
c̄2ea

= θac̄2ea.

For a /∈ S, the set Ea has only one element, so the corresponding diagonal entry is zero.
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Finally, B is the matrix of the restriction of the quadratic form associated to A to
the span of the fa, so the positive index of B is at most the positive index of A. Thus
Lorentzianity of A implies Lorentzianity of B. □

Remark 5.12. The preceding weighted-copy construction can be viewed as a weighted
refinement of the usual natural matroid construction associated to a polymatroid (cf. [9]).
In the natural matroid construction, an element a is replaced by a fiber of ma := |π−1(a)|
parallel copies, and one works with subsets obtained by choosing a prescribed number of
copies from each fiber. The construction above reduces to this situation when the weights
on each fiber are all equal:

µa,u =
1

ma
(u ∈ π

−1(a)).

In this uniform case, the corresponding diagonal factor is

1− ∑
u∈π−1(a)

µ
2
a,u = 1− 1

ma
.

The weighted-copy construction allows one to realize arbitrary prescribed factors θa ∈
(0,1), rather than only the discrete values 1−1/ma.

5.5. The lower inclusion. We now prove the lower containment in Theorem 5.1.

Proposition 5.13 (Lower Nt-containment). Let J ⊆ ∆d
n be M-convex, and let t > 0. Then

there exists qt(J)> 0 such that

Nt Rw
J (Tq)⊆ LJ for all 0 < q ≤ qt(J).

Proof. Let ρ ∈ Rw
J (Tq). We must prove that Nt fρ is Lorentzian. Its support is still J,

hence it is M-convex. By Theorem 2.10, it suffices to prove that every nonzero quadratic
derivative of Nt fρ is Lorentzian.

Fix γ ∈ ∆d−2
n and put

Kγ := {β ∈ ∆
2
n : γ +β ∈ J}.

Let

cβ := ρ(γ +β ) (β ∈ Kγ).

Then c is a weak Tq-representation of the quadratic M-convex set Kγ .
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The quadratic polynomial h := ∂ γ Nt fρ has the expansion

h = ∑
β∈Kγ

ρ(γ +β )

((γ +β )!)t
xβ

β !
.

Let H be its Hessian. For i ̸= j,

Hi j =
cei+e j

((γ + ei + e j)!)t =
cei+e j

(γ!)t(γi +1)t(γ j +1)t

and

Hii =
c2ei

((γ +2ei)!)t =
c2ei

(γ!)t(γi +1)t(γi +2)t .

Multiplying H by the positive scalar (γ!)t and applying the positive diagonal congruence
with diagonal entries (γi +1)t , we obtain a matrix H ′ with entries

H ′
i j = cei+e j (i ̸= j)

and

H ′
ii =

(
γi +1
γi +2

)t

c2ei.

It suffices to prove that H ′ is Lorentzian.

Applying Lemma 5.8 to Kγ and c, we obtain a simplified representation c̄ on K′. By
Lemma 5.10, it is enough to prove that the r× r matrix B with entries

Bab = c̄ea+eb (a ̸= b),

Baa =

(
γia +1
γia +2

)t

c̄2ea (a ∈ S),

and Baa = 0 for a /∈ S, is Lorentzian.

For a ∈ S, put

θa :=
(

γia +1
γia +2

)t

.

Then 0 < θa < 1. By Lemma 5.11, there is a finite weighted-copy lift c̃ on a uniform
rank-2 matroid U2,Ẽγ

whose compressed matrix is precisely B.

Set Mγ := |Ẽγ |. If Mγ ≤ 3, every admissible rank-2 coefficient matrix on Mγ elements is
Lorentzian. If Mγ ≥ 4, Theorem 4.3 shows that the lifted coefficient matrix is Lorentzian
whenever

0 < q ≤ log2

(
1+

1
Mγ −2

)
.



Lorentzian polynomials and matroids over triangular hyperfields. Part 2 41

Therefore, for this fixed γ , there exists qt,γ > 0 such that h = ∂ γ Nt fρ is Lorentzian for
all 0 < q ≤ qt,γ .

There are only finitely many γ ∈ ∆d−2
n for which Kγ ̸=∅. Hence

qt(J) := min
γ∈∆d−2

n
Kγ ̸=∅

qt,γ > 0

works for all nonzero quadratic derivatives simultaneously. The remaining quadratic
derivatives vanish identically and impose no condition. Hence Nt fρ is Lorentzian. □

Remark 5.14. In the natural matroid construction, where an element a is replaced by a
fiber of ma parallel copies, the factor appearing on the diagonal is

1− ∑
u∈π−1(a)

µ
2
a,u = 1− 1

ma
=

ma −1
ma

.

For the ordinary normalization operator N = N1, the relevant diagonal factor is

γi +1
γi +2

,

which is obtained by taking ma = γi +2.

For the more general operator Nt , however, the required diagonal factor is(
γi +1
γi +2

)t

,

which is typically not of the form 1−1/m for an integer m.

5.6. The upper inclusion. We now prove the upper containment in Theorem 5.1.

Lemma 5.15. Let Q be a homogeneous quadratic polynomial with nonnegative coeffi-
cients, and let H be its Hessian. Assume that Q is Lorentzian. Then:

(1) If i, j,k, ℓ are distinct, the three products

Hi jHkℓ, HikH jℓ, HiℓH jk

satisfy the weak T2-relation.
(2) If i,k, ℓ are distinct, then

HiiHkℓ ≤ 2HikHiℓ.

(3) If i ̸= k, then
HiiHkk ≤ H2

ik.
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Proof. For (1), take the multi-affine part of the restriction of Q to the variables i, j,k, ℓ.
The multi-affine part of a Lorentzian polynomial is Lorentzian, and the rank-2 four-
variable case is exactly Proposition 3.3; hence the three products satisfy the weak
T2-relation.

For (3), apply the principal-minor criterion to the 2×2 principal submatrix on {i,k}.

For (2), consider the 3×3 principal submatrix on {i,k, ℓ} and write

a = Hii, p = Hkk, q = Hℓℓ, x = Hik, y = Hiℓ, z = Hkℓ.

Then the following matrix is Lorentzian:a x y
x p z
y z q


The 2×2 principal minors give

x2 ≥ ap, y2 ≥ aq.

The 3×3 principal-minor condition gives

apq+2xyz−az2 − py2 −qx2 ≥ 0.

Using py2 ≥ apq and qx2 ≥ apq, we obtain

2xyz ≥ az2 +apq.

If z = 0, the desired inequality is trivial. If z > 0, then

2xy ≥ az+
apq

z
≥ az,

which proves az ≤ 2xy. □

Proposition 5.16 (Upper Nt-containment). Let J ⊆ ∆d
n be M-convex and let t > 0. Then

LJ ⊆ Nt Rw
J (Tp(t)), p(t) = max{2,1+ t,2t}.

In particular, for t = 1 one has

LJ ⊆ NRw
J (T2).

Proof. Let f ∈ LJ . We must prove that ρ := N−1
t f is a weak Tp(t)-representation. Fix

α ∈ ∆d−2
n and consider the quadratic derivative Q := ∂ α f . Let H be its Hessian. Since f

is Lorentzian, Q is Lorentzian. The corresponding quadratic derivative of N−1
t f differs
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from Q by a positive scalar, by a positive diagonal rescaling, and by multiplying each
diagonal coefficient Hii by

λi :=
(

αi +2
αi +1

)t

.

In particular,

1 ≤ λi ≤ 2t .

Positive scalars and positive diagonal rescalings multiply all three terms in a weak Plücker
relation by a common positive factor, so it remains only to check the effect of the diagonal
factors λi. There are three nontrivial cases.

First, suppose the four indices are distinct. Then no diagonal coefficient occurs. By
Lemma 5.15(1), the relevant three products already satisfy the weak T2-relation. Since
p(t)≥ 2, they also satisfy the weak Tp(t) relation.

Next, suppose exactly one index is repeated; say the repeated index is i and the other
two indices are k, ℓ. The three products have the form

HikHiℓ, HikHiℓ, λiHiiHkℓ.

By Lemma 5.15(2),

HiiHkℓ ≤ 2HikHiℓ.

Hence

λiHiiHkℓ ≤ 21+tHikHiℓ.

Thus the weak Tp(t)-relation holds provided p(t)≥ 1+ t.

Finally, suppose the indices form two repeated pairs, say i, i,k,k. The three products
are

H2
ik, H2

ik, λiλkHiiHkk.

By Lemma 5.15(3),

HiiHkk ≤ H2
ik,

and therefore

λiλkHiiHkk ≤ 22tH2
ik.

Thus the weak Tp(t)-relation holds provided p(t)≥ 2t.

The remaining cases, where at least three of the four indices are equal, are automatic: in
each such case all three Plücker products coincide. Therefore all weak Plücker relations
for ρ hold over Tp(t), as claimed. □
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Proof of Theorem 5.1. The lower containment is Proposition 5.13. The upper contain-
ment is Proposition 5.16. Since p(1) = max{2,2} = 2, the displayed t = 1 sandwich
follows immediately. □

Remark 5.17. The normalization operators Nt preserve both Lorentzian polynomials
and weak triangular representations for every finite t ≥ 0.

The Lorentzianity statement follows from the symbol criterion [10, Theorem 3.2].
Indeed, the κ-symbol of Nt factors as

Symκ(Nt)(w,u) =
n

∏
j=1

(
κ j

∑
a=0

(
κ j

a

)wa
ju

κ j−a
j

(a!)t

)
.

By the bivariate Lorentzian criterion, each factor is Lorentzian because the sequence(
1

(a!)t

)κ j

a=0

is log-concave; equivalently, the factorial sequence is log-convex. Products of Lorentzian
polynomials are Lorentzian, and hence the symbol criterion applies.

Similarly,

Nt Rw
J (Tq)⊆ Rw

J (Tq) (q ∈ [0,∞], t ≥ 0).

For t = 1 this is Lemma 3.6. The same proof applies for arbitrary t ≥ 0: the denominators
in the three Plücker products are replaced by their t-th powers, and the only needed
comparison is still the log-convexity inequality

(m+1)!2 ≤ (m+2)!m!,

this time with both sides raised to the power t.

6. Upper bounds for q(n) and the nonexistence of a universal constant

In Section 4, we proved the lower bound

q(n)≥ ε(n) := log2

(
1+

1
n−2

)
,

showing in particular that q(n)> 0 for every n ≥ 4. The purpose of the present section is
to prove a complementary upper bound of the same order of magnitude. In particular, we
will see that q(n)→ 0 as n → ∞, so there is no universal constant q > 0 such that every
weak Tq-representation of every U2,n is Lorentzian.
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The idea is to construct, for each n, an explicit admissible matrix which satisfies the
Tq-inequalities but has two positive eigenvalues.

Proposition 6.1. For every n ≥ 4,

q(n)≤


2log2

(
n

n−2

)
, if n is even,

log2

(
n+1
n−3

)
, if n is odd.

In particular,
q(n) = O(1/n) as n → ∞.

Proof. Fix integers a,b ≥ 2 with a+b = n and fix a real number α > 1.

We partition [n] into two blocks

A := {1, . . . ,a}, B := {a+1, . . . ,n},

and consider the admissible matrix

L =

(
α(Ja − Ia) 1a×b

1b×a α(Jb − Ib)

)
.

Thus entries within each block are equal to α , while entries across the two blocks are
equal to 1. We will determine exactly when L satisfies the Tq-inequalities and exactly
when L is Lorentzian.

Step 1: the Tq-inequalities. Consider a quartet of indices. If a quartet contains two
indices from A and two from B, then, up to reordering, the three products appearing in
the Tq-condition are α2, 1, and 1. Since α > 1, the only nontrivial triangle inequality is
(α2)1/q ≤ 2, or equivalently α ≤ 2q/2. If the quartet has block type (3,1) or (4,0), then
all three products are equal, so the Tq-condition is automatic.

Therefore L satisfies the Tq-inequalities if and only if

α ≤ 2q/2. (2)

Step 2: spectral decomposition. Consider the decomposition

Rn = Span{1A,1B}⊕W,

where

W :=

{
(xA,xB) ∈ Ra ⊕Rb : ∑

i∈A
xi = 0, ∑

j∈B
x j = 0

}
.
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On the subspace W , the all-ones matrices Ja and Jb vanish, so the diagonal blocks act
as −αI, while the off-diagonal all-ones blocks also vanish because they depend only
on the blockwise sums. Thus L acts as multiplication by −α on W . In particular, L has
eigenvalue −α with multiplicity

(a−1)+(b−1) = n−2.

It remains to analyze the action of L on Span{1A,1B}. With respect to the basis
{1A,1B}, this action is given by

M =

(
α(a−1) b

a α(b−1)

)
.

Since
tr(M) = α(a+b−2) = α(n−2)> 0,

the matrix M has two positive eigenvalues if and only if det(M)> 0. A direct calculation
gives

det(M) = α
2(a−1)(b−1)−ab.

Thus L fails to be Lorentzian precisely when

α
2(a−1)(b−1)> ab,

or equivalently,

α > r(a,b) :=

√
ab

(a−1)(b−1)
. (3)

Step 3: optimize the obstruction. Combining (2) and (3), we see that whenever

r(a,b)< α ≤ 2q/2,

the matrix L satisfies the Tq-inequalities but is not Lorentzian. In particular, if q >

2log2 r(a,b) then we may choose α with r(a,b) < α ≤ 2q/2 and obtain a weak Tq-
representation of U2,n which is not Lorentzian. Therefore q(n)≤ 2log2 r(a,b) for every
decomposition a+ b = n with a,b ≥ 2. To obtain the best possible upper bound, we
minimize r(a,b) over all such decompositions.

Since

r(a,b)2 =
ab

(a−1)(b−1)
=

(
1− n−1

ab

)−1

,

the quantity r(a,b) is minimized when ab is maximized, i.e. when the partition is as
balanced as possible.
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If n = 2m is even, the minimum occurs at a = b = m, giving

rmin(n) =
m

m−1
=

n
n−2

.

Therefore

q(n)≤ 2log2

(
n

n−2

)
.

If n = 2m+1 is odd, the minimum occurs at (a,b) = (m,m+1), giving

rmin(n) =

√
m(m+1)
(m−1)m

=

√
m+1
m−1

=

√
n+1
n−3

.

Therefore

q(n)≤ log2

(
n+1
n−3

)
.

This proves the stated upper bound.

Step 4: asymptotics. As n → ∞,

2 log2

(
n

n−2

)
= 2log2

(
1+

2
n−2

)
=

4
(ln2)n

+O(n−2),

and similarly

log2

(
n+1
n−3

)
= log2

(
1+

4
n−3

)
=

4
(ln2)n

+O(n−2).

Hence q(n) = O(1/n). □

The preceding proposition has two immediate consequences.

Corollary 6.2. There is no universal constant q> 0 such that every weak Tq-representation
of every U2,n is Lorentzian.

Proof. By Proposition 6.1, we have q(n)→ 0 as n → ∞. □

Remark 6.3. Proposition 6.1 should be compared with the lower bound from Theo-
rem 4.3:

log2

(
n−1
n−2

)
≤ q(n)≤


2log2

(
n

n−2

)
, n even,

log2

(
n+1
n−3

)
, n odd.

In particular, the upper and lower bounds match up to absolute constant factors:

q(n) = Θ(1/n).
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For n = 4, the upper bound in Proposition 6.1 gives q(4) ≤ 2, and Proposition 3.3
shows that this is sharp:

q(4) = 2.

We believe that the upper bound is the right answer for all n ≥ 4.

Conjecture 6.4. For every n ≥ 4,

q(n) =


2log2

(
n

n−2

)
, if n is even,

log2

(
n+1
n−3

)
, if n is odd.

Remark 6.5. For n = 5, Proposition 6.1 yields q(5)≤ log2 3, while Theorem 4.3 gives
q(5) ≥ log2(4/3). In the next section, we prove that the upper bound is sharp when
n = 5:

q(5) = log2 3,

providing a non-trivial piece of evidence for Conjecture 6.4.

7. A sharp lower bound for q(5)

In Section 4, we implicitly used the following metric principle: if every (n−1)-point
metric space (X ,d) has the property that (X ,dq/2) can be embedded in some Euclidean
space, then q(n)≥ q. This is enough to recover the Blumenthal lower bound q(5)≥ 1,
but it does not utilize all of the Tq-quartet inequalities. After diagonal normalization, the
quartets through the distinguished index force a metric on the remaining n−1 points; the
remaining quartets force this metric to be Ptolemaic.

In this section, we exploit this extra Ptolemaic structure in the first open case n = 5.
Our main result is that if (X ,d) is a four-point Ptolemaic metric, then (X ,dq/2) embeds
isometrically in Euclidean space for all 0 < q ≤ log2 3 (Theorem 7.16). From this, we
will deduce that q(5) = log2(3) (Corollary 7.17).2

2With the help of David Renshaw and Claude Code, we have formalized the proofs of Theo-
rem 7.16 and Corollary 7.17 in Lean. The Lean code can be found at https://github.com/icarm/
FourPointPtolemaic.git

https://github.com/icarm/FourPointPtolemaic.git
https://github.com/icarm/FourPointPtolemaic.git
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7.1. Ptolemaic metrics and Schoenberg theory.

Definition 7.1. A finite metric space (X ,d) is Ptolemaic3 if, for every four points
x,y,z,w ∈ X ,

d(x,y)d(z,w)≤ d(x,z)d(y,w)+d(x,w)d(y,z).

Definition 7.2. A finite metric space (X ,d) has q-negative type if, for every choice of
real numbers (cx)x∈X with ∑x∈X cx = 0, one has

∑
x,y∈X

cxcyd(x,y)q ≤ 0.

We will use the following classical result, cf. [19]. For the reader’s convenience, we
give a self-contained proof of the precise version of the theorem that we will use.

Lemma 7.3 (Schoenberg’s criterion). Let (X ,d) be a finite metric space and let q > 0.
For a base point p ∈ X, define the Schoenberg matrix based at p by

G(p)
xy :=

d(x, p)q +d(y, p)q −d(x,y)q

2
, x,y ∈ X\{p}.

Then the following are equivalent:

(1) (X ,d) has q-negative type, i.e.

∑
x,y∈X

cxcyd(x,y)q ≤ 0

for every choice of real numbers (cx)x∈X satisfying ∑x∈X cx = 0.
(2) For some base point p ∈ X, the matrix G(p) is positive semidefinite.
(3) For every base point p ∈ X, the matrix G(p) is positive semidefinite.
(4) The snowflaked4 metric space (X ,dq/2) embeds isometrically in Euclidean space.

Moreover, the following stronger conditions are equivalent:

(1′) The matrix E = (d(x,y)q)x,y∈X is conditionally strictly negative definite, i.e.

∑
x,y∈X

cxcyd(x,y)q < 0

for every nonzero vector (cx)x∈X satisfying ∑x∈X cx = 0.

3The name refers to the classical Ptolemy inequality in Euclidean geometry. Ptolemaic metric spaces
have a substantial literature; for example, Schoenberg proved that a real normed vector space is Ptolemaic
if and only if it is an inner product space [20].

4In metric geometry, replacing a metric d by dα for 0 < α < 1 is called taking a snowflake of the metric
space; the terminology alludes to the classical Koch snowflake curve.
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(2′) For some base point p ∈ X, the matrix G(p) is positive definite.
(3′) For every base point p ∈ X, the matrix G(p) is positive definite.
(4′) The snowflaked metric space (X ,dq/2) admits an isometric embedding into Eu-

clidean space whose image is affinely independent.

Proof. We first prove the semidefinite equivalences. Fix a base point p ∈ X and put
Y = X\{p}. For a vector a = (ax)x∈Y , define coefficients (cz)z∈X by

cx = ax (x ∈ Y ), cp =− ∑
x∈Y

ax.

Then ∑z∈X cz = 0. Conversely, every vector (cz)z∈X with ∑z cz = 0 arises uniquely in this
way, by taking ax = cx for x ∈ Y .

A direct expansion gives

∑
u,v∈X

cucvd(u,v)q = ∑
x,y∈Y

axayd(x,y)q +2cp ∑
x∈Y

axd(x, p)q

= ∑
x,y∈Y

axayd(x,y)q −2 ∑
x,y∈Y

axayd(x, p)q

= ∑
x,y∈Y

axay
(
d(x,y)q −d(x, p)q −d(y, p)q)

=−2aT G(p)a.

In the second line we used cp =−∑y∈Y ay, and in the third line we symmetrized the term
involving d(x, p)q. Therefore, for any fixed base point p, the q-negative type inequality
is equivalent to

aT G(p)a ≥ 0 for all a ∈ RY .

In particular, (1),(2), and (3) are all equivalent.

Next suppose G(p) is positive semidefinite for some base point p. Realize it as a Gram
matrix:

G(p)
xy = ⟨vx,vy⟩ (x,y ∈ Y )

for vectors (vx)x∈Y in a Euclidean space, and set vp = 0. Then, for x,y ∈ Y ,

∥vx − vy∥2 = G(p)
xx +G(p)

yy −2G(p)
xy

= d(x, p)q +d(y, p)q −
(
d(x, p)q +d(y, p)q −d(x,y)q)

= d(x,y)q.

Also,
∥vx − vp∥2 = ∥vx∥2 = G(p)

xx = d(x, p)q.
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Hence ∥vx − vy∥ = d(x,y)q/2 for all x,y ∈ X , so (X ,dq/2) embeds isometrically in Eu-
clidean space. This proves (2) =⇒ (4).

Conversely, suppose (X ,dq/2) embeds isometrically in Euclidean space. Choose an
isometric embedding x 7→ vx, and translate it so that vp = 0. Then, for x,y ∈ Y ,

⟨vx,vy⟩=
∥vx∥2 +∥vy∥2 −∥vx − vy∥2

2
=

d(x, p)q +d(y, p)q −d(x,y)q

2
= G(p)

xy .

Thus G(p) is a Gram matrix, and is therefore positive semidefinite. This proves (4) =⇒
(2).

It remains to prove the strict assertions. The identity

∑
u,v∈X

cucvd(u,v)q =−2aT G(p)a

above identifies nonzero vectors c ∈ RX with ∑x cx = 0 with nonzero vectors a ∈ RY .
Therefore E = (d(x,y)q) is conditionally strictly negative definite if and only if G(p) is
positive definite. This proves (1′)⇐⇒ (2′) for any chosen base point p, and hence also
the equivalence with (3′).

Finally, if G(p) is positive definite, then in the Gram realization above the vectors
(vx)x∈Y are linearly independent. Since vp = 0, this is equivalent to the affine indepen-
dence of the full set {vx : x ∈ X}. Hence (2′) =⇒ (4′).

Conversely, suppose (X ,dq/2) admits an isometric Euclidean embedding whose image
is affinely independent. Translating the embedding so that vp = 0, the vectors (vx)x∈Y

are linearly independent. Since G(p) is their Gram matrix, it is positive definite. Thus
(4′) =⇒ (2′), completing the proof of the strict equivalences. □

Remark 7.4 (Four-point interpretation of the Schoenberg determinant). In the special
case of four points, Lemma 7.3 has the following elementary geometric interpretation.
Let d be a four-point metric on {1,2,3,4}, and let q > 0 be such that d̃ := dq/2 is again
a metric. Form two comparison triangles 134 and 234 in Euclidean 3-space, using the
side lengths prescribed by d̃. Glue these two triangles along their common side 34. If
one rotates the second triangle about the line 34, the possible values of the remaining
distance |1−2| fill an interval

[ℓ−, ℓ+].

Then the following conditions are equivalent:
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(1) The four-point metric space (
{1,2,3,4}, d̃

)
embeds isometrically in Euclidean space.

(2) The prescribed fourth distance satisfies

ℓ− ≤ d̃(1,2)≤ ℓ+.

(3) The 3×3 Schoenberg matrix based at 4,

G̃(4)
i j =

d̃(i,4)2 + d̃( j,4)2 − d̃(i, j)2

2
, i, j ∈ {1,2,3},

has nonnegative determinant.

Indeed, the 2×2 principal minors of G̃(4) encode the existence of the two Euclidean
comparison triangles 134 and 234. Once these triangles exist, the only remaining ob-
struction to realizing the four prescribed distances simultaneously in Euclidean space
is whether the prescribed value of d̃(1,2) lies in the interval obtained by rotating one
comparison triangle around the common side 34. Equivalently, in this four-point case
the nonnegativity of the determinant of G̃(4) is precisely the final condition for positive
semidefiniteness of the Schoenberg matrix.

For m ≥ 3, let

P(m) := sup{q > 0 : every m-point Ptolemaic metric has q-negative type}.

The following proposition makes precise the connection between q(n) (the q-invariant
of the matroid U2,n) and the notion of Ptolemaic negative type.

Proposition 7.5. For every n ≥ 4,

q(n) = P(n−1).

Proof. Let A be an admissible n×n matrix satisfying the Tq-inequalities. By Lemma 4.4,
after positive diagonal congruence we may assume

A1i = 1 (i = 2, . . . ,n).

Write

A =

(
0 1⊤

1 B

)
, X := {2, . . . ,n}.



Lorentzian polynomials and matroids over triangular hyperfields. Part 2 53

Define

d(i, j) := B1/q
i j (i ̸= j, i, j ∈ X), d(i, i) := 0.

The quartets {1, i, j,k} say precisely that d(i, j),d(i,k),d( j,k) are the side lengths of a
Euclidean triangle. Hence d is a metric on X .

The quartets contained in X say that, for every four distinct i, j,k, ℓ ∈ X , the three
numbers

d(i, j)d(k, ℓ), d(i,k)d( j, ℓ), d(i, ℓ)d( j,k)

are the side lengths of a Euclidean triangle. Equivalently, all Ptolemy inequalities on X
hold. Thus d is Ptolemaic.

By Lemma 4.7, A is Lorentzian if and only if d has q-negative type. It follows that
every q < P(n−1) satisfies the defining property of q(n), so q(n)≥ P(n−1).

Conversely, let d be any (n−1)-point Ptolemaic metric and form

A =

(
0 1⊤

1 (d(i, j)q)

)
.

The same discussion shows that A satisfies the Tq-inequalities. If q < q(n), then A is
Lorentzian, hence d has q-negative type by the equivalence above. Thus P(n− 1) ≥
q(n). □

We will also use the following well-known fact, included for completeness.

Lemma 7.6 (Line metrics). Every finite subset of R, with its usual metric, has q-negative
type for 0 < q ≤ 2.

Proof. The case q = 2 follows from the elementary identity

∑
i, j

cic j|xi − x j|2 =−2

(
∑

i
cixi

)2

≤ 0

whenever ∑i ci = 0.

For 0 < q < 2, one can use the Schoenberg integral representation

|t|q = cq

∫
∞

0

(
1− cos(st)

) ds
s1+q ,
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where cq > 0; see [18]. If ∑i ci0, then

∑
i, j

cic j|xi − x j|q = cq

∫
∞

0
∑
i, j

cic j
(
1− cos(s(xi − x j))

) ds
s1+q

=−cq

∫
∞

0

∣∣∣∣∣∑i
cieisxi

∣∣∣∣∣
2

ds
s1+q ≤ 0.

□

Remark 7.7. Alternatively, one can deduce the case q < 2 from the q = 2 case using
the star-shapedness in log-coordinates of the space of Lorentzian polynomials, cf. [10,
Proposition 3.25] and [5, Theorem 4.4].

7.2. Metric inversion. Let (X ,d) be a finite metric space and fix p ∈ X . Define the
inverted distance d̂ by

d̂(i, p) =
1

d(i, p)
(i ̸= p), d̂(i, j) =

d(i, j)
d(i, p)d( j, p)

(i, j ̸= p).

Lemma 7.8. With notation as above, (X ,dq/2) embeds isometrically in Euclidean space
if and only if (X , d̂q/2) does.

Proof. Translate a Euclidean realization of dq/2 so that p is at the origin. Euclidean
inversion

I(x) =
x

∥x∥2

satisfies

∥I(xi)− I(x j)∥=
∥xi − x j∥
∥xi∥∥x j∥

.

This realizes the inverted snowflake. Since Euclidean inversion is its own inverse, the
converse follows in the same way. □

Ptolemy’s inequality is closely tied to metric inversions (indeed, there is a beautiful
proof of the classical Ptolemy theorem using inversion in a circle, see e.g. [8]). The
specific connection we need is the following.

Lemma 7.9. If (X ,d) is Ptolemaic, then the inverted distance d̂ is a metric.

Proof. The triangle inequalities involving p are equivalent to the original triangle inequal-
ities for d. For i, j,k ̸= p, the inequality

d̂(i, j)≤ d̂(i,k)+ d̂(k, j)
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becomes, after multiplying by d(i, p)d( j, p)d(k, p),

d(i, j)d(k, p)≤ d(i,k)d( j, p)+d(k, j)d(i, p),

which is Ptolemy’s inequality for i, j,k, p. □

7.3. The star inequality. The following lemma provides the mechanism through which
the constant log2 3 will enter our proof of the sharp lower bound q(5)⩾ log2(3).

Lemma 7.10 (Star inequality). Let 1 ≤ q ≤ log2 3. Then for all a,b ≥ 0,

(a+b)q ≤ aq +bq +(ab)q/2.

Proof. The cases a = 0 or b = 0 are immediate, so assume a,b > 0. Put

A := aq/2, B := bq/2, r :=
2
q
.

Then a = Ar, b = Br, and the desired inequality becomes

(Ar +Br)2/r ≤ A2 +AB+B2.

Equivalently, after raising both sides to the power 1/q = r/2, it is enough to prove

Ar +Br ≤ (A2 +AB+B2)r/2.

By homogeneity, set B = 1. Writing c := A and m := r/2 = 1/q, the inequality is

ϕ(c) := (c2 + c+1)m − c2m −1 ≥ 0.

The hypothesis q ≤ log2 3 is equivalent to

m ≥ m0 := log3 2.

We have the symmetry

ϕ(c) = c2m
ϕ(1/c),

so it suffices to prove the inequality for c ≥ 1. At the symmetric point,

ϕ(1) = 3m −2 ≥ 0.

We show that ϕ is nondecreasing on [1,∞). Differentiating gives

ϕ
′(c) = m

(
(2c+1)(c2 + c+1)m−1 −2c2m−1) .
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For c ≥ 1, set v := 1/c ∈ (0,1]. After dividing by the positive factor 2mc2m−1, the
inequality ϕ ′(c)≥ 0 is equivalent to

ρm(v) :=
(

1+
v
2

)
(1+ v+ v2)m−1 ≥ 1.

For fixed v, ρm(v) is increasing in m, so it suffices to prove this for m = m0. Define

Θ(v) = log
(

1+
v
2

)
− (1−m0) log(1+ v+ v2).

Then Θ(0) = Θ(1) = 0, and

Θ
′(v)> 0 ⇐⇒ 1+ v+ v2

(2+ v)(1+2v)
> 1−m0.

The function

Ξ(v) :=
1+ v+ v2

(2+ v)(1+2v)
satisfies

Ξ
′(v) =

3(v2 −1)
(2+ v)2(1+2v)2 ,

so it is decreasing on [0,1]. Since

Ξ(0) =
1
2
, Ξ(1) =

1
3
,

1
3
< 1−m0 <

1
2
,

the derivative Θ′ changes sign exactly once. Thus Θ increases and then decreases, and
because both endpoint values are zero, Θ ≥ 0 on [0,1]. Hence ϕ ′ ≥ 0 on [1,∞), and

ϕ(c)≥ ϕ(1)≥ 0.

The symmetry gives the result for 0 < c ≤ 1. □

7.4. The four-point Ptolemaic theorem. In this section we prove that a four-point
Ptolemaic metric space has q-negative type for all 0 < q ≤ log2 3. By Lemma 7.3, an
equivalent statement is that if (X ,d) is a four-point Ptolemaic metric, then (X ,dq/2)

embeds isometrically in Euclidean space for 0 < q ≤ log2 3. This result is sharp, as the
following example shows:

Example 7.11. Let d be the four-point metric with

d(1,2) = 2, d(3,4) = 1, d(1,3) = d(1,4) = d(2,3) = d(2,4) = 1.

This metric is Ptolemaic, since the only nontrivial Ptolemy inequality is

2 ·1 = 1 ·1+1 ·1.
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At q = log2 3, the snowflaked metric dq/2 has

d(1,2)q/2 =
√

3, d(3,4)q/2 = 1,

and all four cross-distances equal to 1. Thus it is realized by a Euclidean rhombus with
side length 1 and diagonals

√
3 and 1. Equivalently, the matrix (d(i, j)q) is conditionally

negative semidefinite at q = log2 3.

The constant log2 3 is sharp for this example. Indeed, take

w = (1,1,−1,−1), ∑
i

wi = 0.

Then

∑
i, j

wiw jd(i, j)q = 2
(
d(1,2)q +d(3,4)q −d(1,3)q −d(1,4)q −d(2,3)q −d(2,4)q)

= 2(2q +1−4) = 2(2q −3).

For q > log2 3, this quantity is positive, so (d(i, j)q) is not conditionally negative semi-
definite. Hence d does not have q-negative type for any q > log2 3.

We require several preliminary lemmas.

Lemma 7.12 (Star metrics). Let 1 ≤ q ≤ log2 3. Every four-point star metric with center
o and three leaves has q-negative type.

Proof. Let the leaf lengths be r1,r2,r3, and use o as base point. After conjugating the
Schoenberg matrix by the diagonal matrix with entries r−q/2

i , the diagonal entries are 1,
and the off-diagonal entries are −ηi j/2, where

ηi j =
(ri + r j)

q − rq
i − rq

j

(rir j)q/2 .

By Lemma 7.10, 0 ≤ ηi j ≤ 1. The determinant is

1−
η2

12 +η2
13 +η2

23 +η12η13η23

4
,

which is nonnegative for 0 ≤ ηi j ≤ 1. The principal 2×2 minors are also nonnegative, so
the Schoenberg matrix is positive semidefinite. By Lemma 7.3, the metric has q-negative
type. □

The following lemma provides a useful concavity result for determinants of symmetric
3×3 matrices.
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Lemma 7.13. Let

G =

A x u
x B v
u v C


be a symmetric 3×3 matrix. If A,B,C,u,v are fixed and only x is allowed to vary, then
detG is a quadratic polynomial in x with coefficient −C. In particular, if C ≥ 0, then
detG is concave as a function of x.

Proof. Expanding the determinant gives

detG = ABC+2xuv−Av2 −Bu2 −Cx2. □

The following lemma concerns the geometry of a triangle PUV with a tail AP attached
at P.

A
P

U

V

y

r

z

h

y+ r

y+ z

FIGURE 1. The attached-ray extension: a segment AP is attached to the
triangle PUV at P. The dashed curves indicate the additive distances from
A to U and V .

Lemma 7.14 (Attached-ray extension). Let 1 ≤ q ≤ log2 3. Suppose a four-point metric
d on {A,P,U,V} satisfies

d(A,P) = y, d(P,U) = r, d(P,V ) = z, d(U,V ) = h,

and

d(A,U) = y+ r, d(A,V ) = y+ z.

Then the metric has q-negative type.

Proof. The triangle inequalities for P,U,V give

|r− z| ≤ h ≤ r+ z.
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Use A as base point and form the Schoenberg matrix G of the snowflaked metric dq/2

on the remaining points P,U,V . (Note that dq/2 is a metric because d is a metric and
q/2 < 1.) The 2×2 principal minors are nonnegative because the corresponding three-
point restrictions of dq/2 are metric triangles, hence Euclidean. Thus it remains to prove
detG ≥ 0.

The variable H := hq appears only through the off-diagonal entry GUV . By Lemma 7.13,
detG is concave as a function of H. Since h 7→ hq is increasing, H ranges over an interval.
It is enough to check the endpoints of this interval.

If h = |r− z|, the triangle P,U,V is degenerate and the whole four-point metric is a
line metric. Hence it has q-negative type by Lemma 7.6. If h = r+ z, then P lies between
U and V , and the whole metric is a three-leaf star with center P, with leaves A,U,V . This
endpoint is handled by Lemma 7.12. Thus detG ≥ 0 throughout the interval, so G ⪰ 0.
By Lemma 7.3, the metric has q-negative type. □

The following Lemma investigates the effect of inserting a point P along one edge AB
of a triangle ABO, assuming the distance from O to P satisfies a Ptolemy-style upper
bound.

A P B

O

y z

a r b

FIGURE 2. Geodesic insertion: P lies on the segment AB, and r = d(O,P)
is constrained by (y+ z)r ≤ za+ yb.

Lemma 7.15 (Geodesic insertion). Let 1 ≤ q ≤ log2 3. Let {O,A,P,B} be a four-point
metric such that P lies on a geodesic from A to B. Write

d(A,P) = y, d(P,B) = z, d(A,B) = y+ z,

and
d(O,A) = a, d(O,P) = r, d(O,B) = b.

Assume
(y+ z)r ≤ za+ yb. (∗)

Then the metric has q-negative type.
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Proof. By scaling all distances by the positive factor b−1, which does not affect q-negative
type, we may assume that b = 1. We retain the same notation for the rescaled distances.
Set

s := y+ z, r∗ :=
za+ y
y+ z

.

Since {O,A,P,B} is a four-point metric space, the four points are distinct; in particular,
y,z > 0.

Regard r as variable while keeping a,y,z fixed. The closure of the set of positive values
of r for which the prescribed distances define a metric and satisfy (∗) is the nonempty
interval r0 ≤ r ≤ r1, where

r0 := max{|a− y|, |1− z|}, r1 := min{a+ y, 1+ z, r∗}.

Indeed, the lower bounds and the first two upper bounds are exactly the triangle inequal-
ities for OAP and OBP, while (∗) is equivalent to r ≤ r∗. The triangle inequalities for
OAB are independent of r and already hold.

Use A as basepoint, and let G(r) be the Schoenberg matrix of dq/2 on {P,O,B}.
Its 1× 1 and 2× 2 principal minors are nonnegative: since 0 < q/2 ≤ 1, snowflaking
preserves the triangle inequalities, and every metric triangle is Euclidean. It therefore
remains to prove that detG(r)≥ 0.

The quantity R := rq occurs only in the symmetric pair of entries

[G(r)]PO = [G(r)]OP =
1
2
(
yq +aq −R

)
.

By Lemma 7.13, detG(r) is a concave quadratic polynomial in R, with quadratic coeffi-
cient

−1
4

d(A,B)q =−1
4

sq.

Since r 7→ rq maps [r0,r1] onto [rq
0,r

q
1], it is enough to check the endpoints r = r0 and

r = r1.

We first consider the lower endpoint. If r0 = 0, then a = y and z = 1.

The formula for G(r) extends continuously to r = 0. Since then a = y and

d(P,B) = z = 1 = d(O,B),

the rows of G(0) indexed by P and O are identical. Thus detG(0) = 0.
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Assume now that r0 > 0. If r0 = |a− y|, then the triangle OAP is degenerate. If
a = r0 + y, then Lemma 7.14 applies with

(A,P,U,V ) = (A,P,O,B).

If instead y = a+ r0, then the triangle inequality for OBP gives 1 ≤ r0 + z, and hence

s = y+ z = a+(r0 + z)≥ a+1.

The triangle inequality for OAB gives s ≤ a+1. Thus

s = a+1, r0 + z = 1.

The four points are therefore realized on a line in the order A, O, P, B, with consecutive
distances a,r0,z. This endpoint is handled by Lemma 7.6.

This settles the lower endpoint whenever r0 = |a− y|. We may therefore assume that
r0 ̸= |a− y|. Then r0 = |1− z|, so the triangle OBP is degenerate. If 1 = r0 + z, then
Lemma 7.14 applies with

(A,P,U,V ) = (B,P,O,A).

If instead z = 1+ r0, then the triangle inequality for OAP gives a ≤ r0 + y, and hence

s = y+ z = 1+(r0 + y)≥ a+1.

Again s ≤ a+1 by the triangle inequality for OAB, so

s = a+1, a = r0 + y.

The four points are therefore realized on a line in the order A, P, O, B, with consecutive
distances y,r0,1. This endpoint is again handled by Lemma 7.6.

We now consider the upper endpoint. If r1 = a+ y, then (∗) gives

(y+ z)(a+ y)≤ za+ y.

After canceling za, this becomes

y(a+ y+ z)≤ y.

Since y> 0, we obtain a+s≤ 1. The reverse inequality 1≤ a+s is the triangle inequality
for OAB. Hence a+ s = 1, and the four points form a line metric in the order O, A, P, B
with consecutive distances a,y,z.

If the preceding case does not apply and r1 = 1+ z, then (∗) gives

(y+ z)(1+ z)≤ za+ y.
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After canceling y, this becomes

z(1+ y+ z)≤ za.

Since z> 0, we obtain 1+s≤ a. The reverse inequality a≤ 1+s is the triangle inequality
for OAB. Hence a = 1+ s, and the four points form a line metric in the order O, B, P, A
with consecutive distances 1,z,y. Thus every upper endpoint arising from a metric bound
is handled by Lemma 7.6.

It remains to treat the case r1 = r∗, with neither metric upper bound handled above.
Then (∗) is an equality:

sr = za+ y.

Define the inverted distance d̂ at A. We first verify that d̂ is a metric. Every triangle
containing A satisfies the triangle inequalities, since after clearing positive denominators
these are exactly the corresponding triangle inequalities for d. For the remaining triangle
on {P,B,O}, the equality above gives

d̂(P,O) =
r

ay
=

1
as

+
z
sy

= d̂(O,B)+ d̂(B,P).

Thus d̂ is a metric. Moreover, the geodesic relation s = y+ z gives

d̂(A,P) =
1
y
=

1
s
+

z
sy

= d̂(A,B)+ d̂(B,P).

Consequently Lemma 7.14 applies to d̂, with the lemma’s labels (A,P,U,V ) replaced by
(P,B,A,O). Hence d̂ has q-negative type. By Lemmas 7.8 and 7.3, the original metric d
has q-negative type as well.

We have proved that detG(r) is nonnegative at the two endpoints R = rq
0 and R = rq

1.
By concavity, detG(r)≥ 0 throughout that interval, in particular at the original value of
r. Together with the nonnegative principal minors of orders 1 and 2, this shows that G(r)
is positive semidefinite. The conclusion now follows from Lemma 7.3. □

With these preliminaries out of the way, we can now prove the main result of this
section.

Theorem 7.16 (Four-point Ptolemaic snowflake theorem). Every four-point Ptolemaic
metric has q-negative type for

0 < q ≤ log2 3.
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Equivalently, if (X ,d) is a four-point Ptolemaic metric, then (X ,dq/2) embeds isometri-
cally in Euclidean space for 0 < q ≤ log2 3.

Proof. For 0 < q ≤ 1, this is Blumenthal’s theorem. So we may assume that 1 ≤ q ≤
log2 3. We write X = {1,2,3,4} and use 4 as a base point. Put

ρi = d(i,4) (i = 1,2,3), δi j = d(i, j) (1 ≤ i < j ≤ 3).

Since d is a metric, ρi > 0 for i = 1,2,3. By Lemma 7.3, it is enough to show that the
normalized Schoenberg matrix K based at 4, with diagonal entries 1 and off-diagonal
entries

Ki j =
ρ

q
i +ρ

q
j −δ

q
i j

2ρ
q/2
i ρ

q/2
j

(1 ≤ i < j ≤ 3),

is positive semidefinite. Its 2×2 principal minors are nonnegative: since 0 < q/2 ≤ 1,
the snowflaked distance dq/2 is again a metric, and every three-point metric embeds
isometrically in the Euclidean plane. It therefore suffices to prove that detK ≥ 0.

We obtain this by pushing a single distance to the boundary of its feasible range. Hold
ρ1,ρ2,ρ3,δ13,δ23 fixed and regard detK as a function of δ12 alone. Set W := δ

q
12. Only

the symmetric pair of entries K12 = K21 depends on W , and

K12 =
ρ

q
1 +ρ

q
2 −W

2ρ
q/2
1 ρ

q/2
2

.

Thus K12 is an affine function of W . By Lemma 7.13, applied with diagonal entry
C = 1 ≥ 0, detK is a concave quadratic polynomial in K12, and hence a concave quadratic
polynomial in W .

With the other distances fixed, the positive values of δ12 for which the prescribed
distances define a four-point Ptolemaic metric are exactly those satisfying the trian-
gle inequalities for {1,2,4} and {1,2,3} and the Ptolemy inequalities for {1,2,3,4}.
Explicitly, this set is (0,∞)∩ [δ−,δ+], where

δ
− = max

{
|ρ1 −ρ2|, |δ13 −δ23|,

|ρ2δ13 −ρ1δ23|
ρ3

}
and

δ
+ = min

{
ρ1 +ρ2, δ13 +δ23,

ρ2δ13 +ρ1δ23

ρ3

}
.

The closed interval [δ−,δ+] is nonempty, since it contains the original positive value
of δ12, and the map δ12 7→W = δ

q
12 sends [δ−,δ+] onto [(δ−)q,(δ+)q]. Since detK is
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concave as a function of W , its minimum over this interval is attained at an endpoint.
Hence it is enough to prove detK ≥ 0 when δ12 = δ− and when δ12 = δ+.

There is one possible auxiliary endpoint which is not itself a four-point metric. If
δ− = 0, then

ρ1 = ρ2, δ13 = δ23.

At δ12 = 0 we therefore have

K12 = 1, K13 = K23.

The first two rows of K coincide, and hence detK = 0 in this case.

Every endpoint not already handled is positive. At such an endpoint, the modified
distances define a genuine four-point Ptolemaic metric, and at least one of the defining
triangle or Ptolemy inequalities holds with equality. We now fix such an endpoint and
distinguish two cases.

Case 1: A triangle inequality is tight.

There are four possibilities, all handled by Lemma 7.15; in each the required hypothe-
sis (∗) is one of the Ptolemy inequalities of the quadruple.

• δ12 = ρ1 + ρ2: then d(1,2) = d(1,4) + d(2,4), so 4 lies on a geodesic from
1 to 2. Apply Lemma 7.15 with (O,A,P,B) = (3,1,4,2); here (∗) is δ12ρ3 ≤
δ13ρ2 +ρ1δ23.

• δ12 = δ13 + δ23: then d(1,2) = d(1,3)+ d(3,2), so 3 lies on a geodesic from
1 to 2. Apply Lemma 7.15 with (O,A,P,B) = (4,1,3,2); again (∗) is δ12ρ3 ≤
δ13ρ2 +ρ1δ23.

• δ12 = |ρ1−ρ2|: after relabelling so that ρ1 ≥ ρ2, d(1,4) = d(1,2)+d(2,4), so 2
lies on a geodesic from 1 to 4. Apply Lemma 7.15 with (O,A,P,B) = (3,1,2,4);
here (∗) is ρ1δ23 ≤ δ12ρ3 +δ13ρ2.

• δ12 = |δ13−δ23|: after relabelling so that δ13 ≥ δ23, d(1,3)= d(1,2)+d(2,3), so
2 lies on a geodesic from 1 to 3. Apply Lemma 7.15 with (O,A,P,B) = (4,1,2,3);
here (∗) is δ13ρ2 ≤ δ12ρ3 +δ23ρ1.

In each case detK ≥ 0 at the endpoint.

Case 2: No triangle inequality is tight. Then a Ptolemy inequality is tight, so one of the
three products

δ12ρ3, δ13ρ2, δ23ρ1
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is the sum of the other two. Since q-negative type is invariant under relabeling, we may
assume that

δ12ρ3 = δ13ρ2 +δ23ρ1.

Invert the metric with respect to the point 3. By Lemma 7.9, the inverted distance d̂ is
again a metric. Moreover,

d̂(1,2) =
δ12

δ13δ23

=
ρ2

ρ3δ23
+

ρ1

ρ3δ13

= d̂(4,2)+ d̂(1,4).

Thus 4 lies on a geodesic from 1 to 2 in the inverted metric. We now apply Lemma 7.15
to d̂ with (O,A,P,B) = (3,1,4,2). The required inequality is

d̂(1,2)d̂(3,4)≤ d̂(4,2)d̂(3,1)+ d̂(1,4)d̂(3,2).

After multiplying by ρ3δ13δ23, this becomes δ12 ≤ ρ1 +ρ2, which is the triangle inequal-
ity for the triple {1,2,4}. Therefore Lemma 7.15 applies to d̂. By Lemmas 7.8 and 7.3,
the original endpoint metric has q-negative type, and hence detK ≥ 0.

We have shown that detK ≥ 0 at each positive endpoint; the possible zero endpoint
was handled separately above. Hence detK ≥ 0 at both δ12 = δ− and δ12 = δ+. By
concavity in W = δ

q
12, it follows that detK ≥ 0 for every δ12 ∈ [δ−,δ+], and in particular

at the original value of δ12. Together with the nonnegativity of the 2×2 principal minors,
this shows that K ⪰ 0, and Lemma 7.3 completes the proof.

□

Corollary 7.17. We have

q(5) = log2 3.

Proof. By Proposition 7.5 and Theorem 7.16,

q(5) = P(4)≥ log2 3.

The opposite inequality is Proposition 6.1 in the case n = 5. □



66 Matthew Baker, June Huh, Mario Kummer and Oliver Lorscheid

8. Strong representations and Lorentzian polynomials

Up to this point we have worked exclusively with weak representations of matroids
and, more generally, M-convex sets. The corresponding theory of strong representations
appears to be substantially subtler.

We will not need the full formalism here, so we refer to [4] for the definition of a
strong representation over a tract. We write

Rstr
J (F)⊆ Rw

J (F)

for the space of strong F-representations of an M-convex set J. Thus every strong
representation is weak, but not conversely.

Our purpose in this section is not to give a definitive account of the strong case, but
rather to explain why it is nontrivial and why it does not seem to reduce easily to the
weak theory developed in the rest of the paper. On the weak side, the main theorems are
driven by local quadratic tests and reductions to rank-2 uniform matroids. The examples
below show that strong Tq-representability involves genuinely global constraints, and
that neither a uniform passage from weak to strong nor a naive downward-induction
argument can hold in general.

We begin with one statement that does survive formally from the weak theory.

Proposition 8.1. Let M be a matroid, and let qM > 0 be as in Theorem 5.6. Then for
every 0 < q ≤ qM,

Rstr
M (Tq)⊆ Rw

M(Tq)⊆ LM.

In particular,

Grstr
M (Tq)⊆ PLM .

Proof. This is immediate from the inclusion

Rstr
M (Tq)⊆ Rw

M(Tq)

and Theorem 5.6. □

Thus the lower-bound problem becomes no harder in the strong setting. The real diffi-
culty is the reverse direction: unlike weak Tq-representability, strong Tq-representability
imposes higher Plücker-type relations, and these are not controlled by the quadratic local
tests that characterize Lorentzianity.
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The first example shows that there is no uniform way to promote weak T1-representations
to strong Tc-representations by changing the parameter.

Proposition 8.2. There is no constant c > 0 such that every weak T1-representation of
every M-convex set is a strong Tc-representation.

Proof. For each integer d ≥ 2, let J = ∆d
2 and define a coefficient function ρd : J → R≥0

by
ρd(d − k,k) = ak := 2(

k
2) (0 ≤ k ≤ d).

Let

fd(x,y) :=
d

∑
k=0

ak
xd−k

(d − k)!
yk

k!
.

By Lemma 5.4, the polynomial fd is a weak T1-representation if and only if

ak−1ak+1 ≤ 2a2
k (1 ≤ k ≤ d −1).

But (
k−1

2

)
+

(
k+1

2

)
= 2
(

k
2

)
+1,

so
ak−1ak+1 = 2(

k−1
2 )+(

k+1
2 ) = 22(k

2)+1 = 2a2
k .

Hence fd is weak T1 for every d ≥ 2.

Now suppose for the sake of contradiction that there exists a constant c > 0 such
that every weak T1-representation of every M-convex set is a strong Tc-representation.
Then in particular ρd is a strong Tc-representation for every d. Apply the strong Plücker
relation with

s = d, α = (0,0), i0 = 1, i1 = · · ·= id = 2, j2 = · · ·= jd = 1.

The condition
α + ei0 + · · ·+ eid + e j2 + · · ·+ e jd ≤ (d,d) = δ

+
J

is satisfied, since the left-hand side is exactly de1 +de2.

The summation index in this strong Plücker relation runs from 0 to d. The k = 0 term
is

ρd(de2)ρd(de1) = ada0.

For each summation index k = 1, . . . ,d, the corresponding term is

ρd(e1 +(d −1)e2)ρd((d −1)e1 + e2) = ad−1a1.
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Thus the strong Plücker relation becomes

a0ad +a1ad−1 + · · ·+a1ad−1︸ ︷︷ ︸
d times

∈ NTc .

By definition of Tc, this means that the d +1 nonnegative numbers

(a0ad)
1/c,(a1ad−1)

1/c, . . . ,(a1ad−1)
1/c︸ ︷︷ ︸

d times

are the side lengths of a (possibly degenerate) Euclidean (d +1)-gon. In particular, each
side length is at most the sum of the others, so

(a0ad)
1/c ≤ d (a1ad−1)

1/c.

Raising both sides to the c-th power yields the endpoint inequality

a0ad ≤ dca1ad−1.

Substituting ak = 2(
k
2), and noting that a0 = a1 = 1, we obtain

2(
d
2) ≤ dc 2(

d−1
2 ).

Equivalently,
2d−1 ≤ dc.

For fixed c > 0, this fails for all sufficiently large d, a contradiction.

Therefore there is no constant c > 0 such that every weak T1-representation of every
M-convex set is a strong Tc-representation. □

The obstruction already appears in the matroidal setting.

Corollary 8.3. There is no constant c > 0 such that every weak T1-representation of
every matroid is a strong Tc-representation.

More concretely, for every c > 0 and all sufficiently large d, there exists a weak
T1-representation of the uniform matroid Ud,2d which is not a strong Tc-representation.

Proof. For each d ≥ 2, let
Jd = ∆

d
2,

and let ρd be the weak T1-representation of Jd constructed in Proposition 8.2. By that
proposition, for every fixed c > 0 and all sufficiently large d, the representation ρd is not
a strong Tc-representation.
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Let Nd be the natural matroid of Jd . Since Jd = ∆d
2 , the ground set of Nd is the disjoint

union of two blocks E1 and E2, each of size d, and a squarefree vector β ∈ {0,1}E1⊔E2

is a basis of Nd exactly when θ(β ) ∈ ∆d
2 . Equivalently, β is a basis exactly when it has

total size d. Therefore
Nd

∼=Ud,2d.

Now apply the up operator Π↑. By Proposition 4.8 of [4], Π↑ρd is a weak T1-
representation of Nd , and Π↑ρd is a strong Tc-representation if and only if ρd is a
strong Tc-representation. Hence, for every fixed c > 0 and all sufficiently large d, the
matroid representation Π↑ρd is weak T1 but not strong Tc.

Since Nd
∼=Ud,2d , this proves the claim. □

Proposition 8.2 and Corollary 8.3 show that strong representability cannot be recovered
from weak representability by any universal reparametrization, even on the very concrete
family of uniform matroids Ud,2d .

A second obstruction comes from the downward operator. On the Lorentzian side,
downward operators are central. For Tq-representations, however, downward operators
are already delicate in the weak setting, and they behave even worse in the strong setting.

For a polynomial f (x1, . . . ,x6), write

D5,6( f ) := f (x1,x2,x3,x4,x5,x5).

Thus D5,6 identifies the variables x5 and x6.

Proposition 8.4. For every q > 0, there exists a weak Tq-representation of the uniform
matroid U3,6 whose image under D5,6 is not a weak Tq-representation.

Proof. Fix q > 0, and define a multi-affine cubic polynomial

fq(x1, . . . ,x6) = ∑
S∈([6]3 )

cSxS

by setting

c135 = c246 = 2q, cS = 1 for all other S ∈
(
[6]
3

)
.

Since the support is all of
([6]

3

)
, this is a coefficient function on the uniform matroid U3,6.

We claim that fq is a weak Tq-representation. Since fq is multi-affine of degree 3, the
only relations to check are the 3-term Plücker relations. Each such relation is indexed
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by a choice of α ∈ ∆1
6 and distinct i, j,k, ℓ ∈ [6], hence by a 5-element subset of [6]. The

only exceptional coefficients are c135 and c246, and these correspond to disjoint 3-subsets.
Therefore any fixed 5-element subset of [6] contains at most one of them. It follows that
in every 3-term Plücker relation, the three terms are either

1, 1, 1 or 1, 1, 2q.

For Tq, these correspond to side lengths

1, 1, 1 or 1, 1, 2,

and both triples satisfy the Euclidean triangle inequality. Hence fq is weak Tq.

Now set

gq := D5,6( fq) = fq(x1,x2,x3,x4,x5,x5).

The coefficient of xix jx5 in gq is ci j5 + ci j6. In particular,

[gq]125 = [gq]145 = [gq]235 = [gq]345 = 2,

while

[gq]135 = [gq]245 = 1+2q.

Consider the 3-term Plücker relation in ∂5gq corresponding to the quartet {1,2,3,4}. Its
three terms are

[gq]235[gq]145 = 4, [gq]135[gq]245 = (1+2q)2, [gq]125[gq]345 = 4.

If this relation belonged to NTq , then the three side lengths

41/q, (1+2q)2/q, 41/q

would form a Euclidean triangle, so we would have

(1+2q)2/q ≤ 2 ·41/q.

Raising both sides to the q/2-th power gives

1+2q ≤ 21+q/2.

But

1+2q −21+q/2 = (2q/2 −1)2 > 0

for every q > 0. This is a contradiction. Hence gq is not a weak Tq-representation. □
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Thus, even weak Tq-representability is not stable under the basic downward operation
x6 7→ x5. The next example shows that the strong theory can fail even more dramatically:
a strong Tq-representation may be sent to a polynomial that is not even weakly Tq.

Proposition 8.5. For every q ∈ [1,2], there exists a strong Tq-representation Fq of a
rank-3 matroid on [6] such that D5,6(Fq) is not even a weak Tq-representation.

Proof. Fix q ∈ [1,2], and define a multi-affine cubic polynomial

Fq(x1, . . . ,x6) = ∑
S∈([6]3 )

cSxS

by

c126 = 0, c346 = 0, c135 = 2q,

and

cS = 1 for all other S ∈
(
[6]
3

)
.

Its support is (
[6]
3

)
\{{1,2,6},{3,4,6}}.

This is the set of bases of a rank-3 matroid on [6]: indeed, the only nonbases are 126 and
346, and a direct basis-exchange check is immediate since these two forbidden triples
intersect in only one element.

We claim that Fq is a strong Tq-representation. Since the support is multi-affine of
rank 3, the only nontrivial strong Plücker relations are the 3-term and 4-term relations.

For the 3-term relations, a direct inspection of the finitely many possibilities shows
that the three terms are always of one of the forms

1, 1, 1, 0, 1, 1, 1, 1, 2q.

Each of these lies in NTq: after taking q-th roots, the corresponding side lengths are

1, 1, 1, 0, 1, 1, 1, 1, 2,

all of which satisfy the Euclidean triangle inequality.

For the 4-term relations, fix a 2-subset J ⊆ [6], and write

[6]\J = {a1,a2,a3,a4}.
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The corresponding strong relation has the form

cJ∪{a1}c[6]\(J∪{a1})+cJ∪{a2}c[6]\(J∪{a2})+cJ∪{a3}c[6]\(J∪{a3})+cJ∪{a4}c[6]\(J∪{a4}) ∈NTq.

The only non-unit coefficients are c126 = 0, c346 = 0, and c135 = 2q, while their comple-
mentary triples have coefficients

c345 = 1, c125 = 1, c246 = 1.

It follows that each of the four terms in the above relation is either 0, 1, or 2q. A direct
inspection of the 15 choices of J shows that the resulting 4-tuple of terms is always one
of

1, 1, 1, 1; 0, 1, 1, 1; 0, 0, 1, 1; 1, 1, 1, 2q; 0, 1, 1, 2q.

After taking q-th roots, these become side-length multisets

(1,1,1,1), (0,1,1,1), (0,0,1,1), (1,1,1,2), (0,1,1,2),

and in each case the largest side is at most the sum of the others. Hence every 4-term
relation belongs to NTq . Therefore Fq is a strong Tq-representation.

Now set

Gq := D5,6(Fq) = Fq(x1,x2,x3,x4,x5,x5).

The coefficients of the monomials involving x5 are

[Gq]125 = 1, [Gq]145 = 2, [Gq]235 = 2, [Gq]345 = 1,

and

[Gq]135 = 1+2q, [Gq]245 = 2.

Consider again the 3-term Plücker relation in ∂5Gq corresponding to the quartet {1,2,3,4}.
Its three terms are

[Gq]235[Gq]145 = 4, [Gq]135[Gq]245 = 2(1+2q), [Gq]125[Gq]345 = 1.

If this belonged to NTq , then the three side lengths

41/q,
(
2(1+2q)

)1/q
, 1

would form a Euclidean triangle. The middle term is the largest of the corresponding
three side lengths, so the triangle inequality would imply(

2(1+2q)
)1/q ≤ 1+41/q.
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For 1 ≤ q ≤ 2, raising to the q-th power and using

(a+b)q ≤ 2q−1(aq +bq)

gives

2(1+2q)≤ (1+41/q)q ≤ 5 ·2q−1.

But for 1 ≤ q < 2,

2(1+2q)−5 ·2q−1 = 2−2q−1 > 0,

a contradiction. For q = 2, we have directly

2(1+22) = 10 > (1+41/2)2 = (1+2)2 = 9,

again a contradiction. Thus the displayed three-term relation does not hold over Tq, and
hence Gq is not a weak Tq-representation. □

These examples naturally suggest the following questions.

Question 8.6. For each degree d, does there exist a constant qd > 0 such that the
downward operator preserves strong Tq-representability for all q ≥ qd on multi-affine
degree-d polynomials?

Question 8.7. Let J ⊆ ∆d
n be an M-convex set, or let M be a matroid. Does there exist a

constant pstr(J) ∈ (0,∞] such that

LJ ⊆ NRstr
J (Tpstr(J))?

In the matroidal case, does there exist pstr(M) such that

PLM ⊆ Grstr
M (Tpstr(M))?

Appendix A. Six proofs that tree distance matrices are strictly Lorentzian

One of the foundational results in [10] is that every weak T0-representation determines a
Lorentzian polynomial. In the rank-2 uniform case, a weak T0-representation is encoded
by a positive coefficient vector (ρi j)1≤i< j≤n such that (logρi j) is a rank-2 tropical Plücker
vector, or equivalently, a tree metric up to the usual lineality ci + c j. Thus the final linear-
algebraic input needed in rank 2 is the following theorem.
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Theorem A.1 (Exponential tree-metric theorem). Let n ≥ 2, and let d = dT be a tree
distance on X = {1, . . . ,n}, arising from a weighted tree T with positive edge lengths
whose leaves are labeled by X. Let A ∈ Rn×n be the symmetric zero-diagonal matrix

Ai j = ed(i, j) (i ̸= j), Aii = 0.

Then A has strictly Lorentzian signature (1,n−1).

It is useful to separate this statement from the following closely related ordinary
tree-distance theorem.

Theorem A.2 (Ordinary tree-distance theorem). Let n ≥ 2, and let d = dT be a tree
distance on X = {1, . . . ,n}, arising from a weighted tree T with positive edge lengths
whose leaves are labeled by X. Let D ∈ Rn×n be the symmetric zero-diagonal matrix

Di j = d(i, j) (i ̸= j), Dii = 0.

Then D has strictly Lorentzian signature (1,n−1). In fact, D is conditionally strictly
negative definite on

H0 :=

{
w ∈ Rn :

n

∑
i=1

wi = 0

}
.

Several of the proofs below first establish Theorem A.2 and then deduce Theorem A.1.
The reduction is short. By Lemma A.8 below, every finite tree metric can be written in
the form

d(i, j) = u(i, j)+ ci + c j,

where u is an ultrametric on X and c1, . . . ,cn ∈ R. Hence

ed(i, j) = eciec jeu(i, j).

Thus the exponential distance matrix for d is positive diagonally congruent to the expo-
nential distance matrix for u. Since increasing functions preserve the ultrametric property,
the function

v(i, j) := eu(i, j) (i ̸= j), v(i, i) := 0,

is again an ultrametric. Every finite ultrametric is an equidistant tree metric, so Theo-
rem A.2 applied to the tree metric v gives Theorem A.1.
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The purpose of this appendix is to collect several proofs of these tree-metric inputs.
Proofs #1–#5 establish the ordinary tree-distance theorem, and therefore also the expo-
nential theorem by the preceding reduction. Proof #6 proves the exponential theorem
directly using ideas from tropical geometry.

A.1. How the exponential tree-metric theorem enters the proof. The following result
is proved in [10]; we recall a self-contained variant of the argument here in order to
clarify where the exponential theorem enters.

Proposition A.3. Assume Theorem A.1. Then for every matroid M, every weak T0-
representation of M has Lorentzian generating polynomial.

Proof. Let M be a matroid of rank r on the ground set E, and let

fρ(x) := ∑
B∈B(M)

ρ(B)xB

be the multi-affine generating polynomial attached to a weak T0-representation ρ of M.

Step 1: reduction to rank 2 by contraction. For an independent set S⊆E, the squarefree
derivative ∂ S fρ is the generating polynomial of the induced weak T0-representation of
the contraction M/S. By Theorem 2.10, it is therefore enough to prove the claim for
rank-2 contractions of M.

Step 2: reduction from loopless rank-2 matroids to uniform ones. Let N be a loopless
rank-2 matroid, with parallel classes

V1, . . . ,Vm.

Exactly as in the proof of Theorem 5.6, the weak T0-relations imply a factorization

ρi j = tit jσab (i ∈Va, j ∈Vb, a ̸= b),

for suitable ti > 0, where σ is a weak T0-representation of the uniform matroid U2,m.
The corresponding quadratic polynomial satisfies

fρ(x) = gσ

(
∑

i∈V1

tixi, . . . , ∑
i∈Vm

tixi

)
.

As in Section 5.2, this linear substitution preserves the property of having at most one
positive eigenvalue. Thus it remains to prove the claim for U2,m.



76 Matthew Baker, June Huh, Mario Kummer and Oliver Lorscheid

Step 3: passage from U2,m to tree metrics. For U2,m, the weak T0-relations say exactly
that the maximum among

ρi jρkℓ, ρikρ jℓ, ρiℓρ jk

is attained at least twice for every quartet. Equivalently, after setting

wi j := logρi j,

the vector w = (wi j) is a rank-2 tropical Plücker vector. Such vectors are precisely tree
metrics up to the lineality space: there are real numbers c1, . . . ,cm and a tree distance d
on [m] such that

wi j = d(i, j)+ ci + c j.

Consequently,
ρi j = ewi j = eciec jed(i, j).

The Hessian of gσ is therefore positive diagonally congruent to the exponential tree-
distance matrix (ed(i, j)). By Theorem A.1, this matrix has strictly Lorentzian signature.
Hence gσ is Lorentzian. This proves the rank-2 uniform case, and hence the proposition.

□

Remark A.4. Combined with the quadratic reduction argument of Section 5.3, Proposi-
tion A.3 yields the full containment

Rw
J (T0)⊆ LJ

for arbitrary M-convex sets J.

A.2. Background and terminology.

Definition A.5. A symmetric matrix H is conditionally negative semidefinite if

w⊤Hw ≤ 0 for all w ∈ H0.

It is conditionally strictly negative definite if in addition

w ∈ H0, w⊤Hw = 0 =⇒ w = 0.

Definition A.6. A metric u on a finite set X is an ultrametric if

u(i, j)≤ max{u(i,k),u( j,k)} for all i, j,k ∈ X .

We record two useful elementary facts about the relationship between weighted trees
and ultrametrics.
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Lemma A.7. Let T be a rooted weighted tree with leaf set X, and suppose that every
leaf lies at the same distance h from the root. Then the leaf-to-leaf distance function uT

on X is an ultrametric.

Proof. For leaves i, j ∈ X , let lca(i, j) denote their lowest common ancestor. Then

uT (i, j) = 2
(
h−h(lca(i, j))

)
,

where h(v) denotes the distance from the root to the vertex v. Given three leaves i, j,k, at
least two of the three lowest common ancestors

lca(i, j), lca(i,k), lca( j,k)

coincide and lie no deeper than the third. It follows that two of the three distances

uT (i, j), uT (i,k), uT ( j,k)

are equal and dominate the third. This is exactly the ultrametric inequality. □

Lemma A.8. Let d be a tree distance on the leaf set X = {1, . . . ,n}. Then there exist
real numbers c1, . . . ,cn and an ultrametric u on X such that

d(i, j) = u(i, j)+ ci + c j (i ̸= j).

Moreover, if D = (d(i, j)) and U = (u(i, j)) are the associated zero-diagonal matrices,
then

w⊤Dw = w⊤Uw for all w ∈ H0.

Thus D is conditionally (strictly) negative definite on H0 if and only if U is.

Proof. Choose a root r of the given tree T , and for each leaf i ∈ X let

hi := dT (r, i).

Let
H := maxi∈X hi, ci := hi −H ≤ 0.

Now extend the tree by attaching to each leaf i an extra segment of length −ci. In
the resulting rooted tree, every leaf lies at distance H from the root. Let u denote the
leaf-to-leaf distance function in the extended tree. Then

u(i, j) = d(i, j)− ci − c j,

or equivalently
d(i, j) = u(i, j)+ ci + c j.
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By Lemma A.7, the metric u is an ultrametric.

For the final statement, let w ∈ H0. Then

∑
i, j

wiw j(ci + c j) =

(
∑

i
wici

)(
∑

j
w j

)
+

(
∑

i
wi

)(
∑

j
w jc j

)
= 0.

Hence

w⊤Dw−w⊤Uw = 0,

as claimed. □

A.3. Proof #1: Schoenberg plus ultrametric embedding. This is the proof employed
by Brändén and Huh in [10]. It relies on the following classical fact, cf. [23].

Theorem A.9 (Timan–Vestfrid). Every finite ultrametric space (X ,u) admits an isometric
embedding of (X ,

√
u) into Euclidean space.

Proof of Theorem A.2, first proof. Let d be a tree distance on X . By Lemma A.8, there
exist real numbers ci and an ultrametric u such that

d(i, j) = u(i, j)+ ci + c j.

By the same lemma, it is enough to prove that the matrix U = (u(i, j)) is conditionally
strictly negative definite on H0.

By Theorem A.9, the finite metric space (X ,
√

u) embeds isometrically into Euclidean
space. For finite ultrametrics, one may moreover choose the embedding to be affinely
independent; this is made completely explicit in Section A.4 below. Hence Schoenberg’s
criterion (Lemma 7.3) applies and shows that U is conditionally strictly negative definite.

Therefore D is conditionally strictly negative definite on H0. Since

1⊤D1 = 2 ∑
i< j

d(i, j)> 0,

the matrix D has exactly one positive eigenvalue and is negative definite on H0. Thus D
has inertia (1,n−1). □

A.4. Proof #2: Explicit Pythagorean embedding of rooted trees. The Timan–Vestfrid
embeddability proof in [23] is not constructive. We now give a completely explicit
Euclidean embedding; our construction is a metric enhancement of [15, Theorem 3.6].
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Proof of Theorem A.2, second proof. Let T = (V,E,w) be a weighted tree whose leaves
are X = {1, . . . ,n}. Choose a root r which is not a leaf; if necessary, subdivide an edge
and take the new vertex as root. For every edge e ∈ E, let e∗ denote the corresponding
standard basis vector of RE . Define

Φ(v) := ∑
e∈[r,v]

√
w(e)e∗ (v ∈V ),

where [r,v] denotes the unique path from r to v.

If x,y ∈V , then the vectors Φ(x) and Φ(y) agree on the common initial segment of the
two root paths and differ exactly on the edges of the path [x,y]. Therefore

∥Φ(x)−Φ(y)∥2 = ∑
e∈[x,y]

w(e) = dT (x,y).

In particular, for leaves i, j ∈ X ,

∥Φ(i)−Φ( j)∥2 = d(i, j).

Thus (X ,
√

d) embeds isometrically into the Euclidean space RE .

We claim that the leaf images Φ(1), . . . ,Φ(n) are linearly independent. Indeed, for
each leaf i, let ei be the pendant edge incident to i. Because the root is not a leaf, the
edge ei lies on the path from r to i. The coordinate of Φ(i) in the ei-direction is

√
w(ei),

whereas the same coordinate vanishes for Φ( j) when j ̸= i. Hence any linear relation
among the Φ(i) forces all coefficients to vanish.

In particular, the points Φ(1), . . . ,Φ(n) are affinely independent. By Schoenberg’s
criterion, the zero-diagonal matrix D = (d(i, j)) is conditionally strictly negative definite
on H0. As in the first proof, this implies that D has inertia (1,n−1). □

A.5. Proof #3: Split decomposition. This proof utilizes the canonical split decomposi-
tion of a tree metric, which is a standard and imortant tool in phylogenetics.

Let X = {1, . . . ,n}. A split of X is a bipartition

σ = {Aσ ,Bσ}

with Aσ ,Bσ ̸=∅. The associated split metric is

δσ (i, j) =

1, if i ∈ Aσ , j ∈ Bσ or vice versa,

0, otherwise.
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If T is a weighted tree with leaf set X , then every edge e determines a split σe by
deleting e, and the tree distance admits the canonical decomposition

d = ∑
e∈E(T )

w(e)δσe ,

see for example [21]. Equivalently, one may group together equal splits and write

d = ∑
σ∈S(X)

λσ δσ , λσ ≥ 0,

where S(X) denotes the set of splits of X .

Proposition A.10. Let d be a tree distance on X, written in split form as above. Then for
every c = (ci)i∈X ∈ RX satisfying ∑i ci = 0, one has

∑
i, j∈X

cic jd(i, j) =−2 ∑
σ∈S(X)

λσ

(
∑

i∈Aσ

ci

)2

. (4)

In particular, d is conditionally negative semidefinite. Moreover, the right-hand side
vanishes only when c = 0, so d is conditionally strictly negative definite.

Proof. Fix a split σ = {A,B}. Since δσ (i, j) = 1 exactly on A×B and B×A, we have

∑
i, j

cic jδσ (i, j) = 2 ∑
i∈A, j∈B

cic j = 2

(
∑
i∈A

ci

)(
∑
j∈B

c j

)
.

Because ∑i ci = 0, we have ∑ j∈B c j =−∑i∈A ci, so

∑
i, j

cic jδσ (i, j) =−2

(
∑
i∈A

ci

)2

.

Multiplying by λσ and summing over all splits gives (4). This proves conditional negative
semidefiniteness.

Now assume c ∈ H0 and the right-hand side of (4) vanishes. Then

∑
i∈Aσ

ci = 0 for every edge-split σ .

Choose a leaf i. The split corresponding to the pendant edge at i is {{i},X\{i}}, so the
displayed relation yields ci = 0. Since every leaf appears in such a split, all coordinates
of c vanish. Thus the form is strictly negative definite on H0. □
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Proof of Theorem A.2, third proof. Proposition A.10 shows that the zero-diagonal dis-
tance matrix D is conditionally strictly negative definite on H0. As before, this implies
that D has at most one positive eigenvalue, while 1⊤D1 > 0 shows that it has at least one
positive eigenvalue. As before, we conclude that the inertia is (1,n−1). □

A.6. Proof #4: Determinant formulas for tree distance matrices. We next give a
proof based on determinant formulas for tree distance matrices. The motivating result is:

Theorem A.11 (Bapat–Kirkland–Neumann). Let T = (V,E,w) be a weighted tree with
|V |= m ≥ 2, and let DT be its full vertex–vertex distance matrix:

(DT )uv = dT (u,v), (DT )uu = 0.

Then

det(DT ) = (−1)m−12m−2

(
∑
e∈E

w(e)

)
∏
e∈E

w(e).

In particular, DT is nonsingular and

signdet(DT ) = (−1)m−1.

Proof. This is [6, Corollary 2.5]; see also the earlier unweighted result of Graham–
Pollak [12]. □

The Bapat–Kirkland–Neumann formula applies to the full vertex–vertex distance
matrix of a tree. In the present application we need signs of principal minors of a
leaf-to-leaf distance matrix. For this we use the principal-minor formula of Richman–
Shokrieh–Wang [16], which directly generalizes the Graham–Pollak and Bapat–Kirkland–
Neumann determinant formulas in the direction needed here. The following is a particular
consequence of their general formula:

Theorem A.12. Let T be a weighted tree whose leaf set is X = {1, . . . ,n}, and let

D = (dT (i, j))1≤i, j≤n, Dii = 0,

be the leaf-to-leaf distance matrix. Then for every subset S ⊆ X with |S|= k ≥ 2,

signdet(D[S]) = (−1)k−1.

In particular, D[S] is nonsingular.
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Proof. This is a special case of the principal-minor formula of Richman–Shokrieh–
Wang [16] for tree distance matrices. Applied to the principal submatrix indexed by S,
their formula expresses det(D[S]) as (−1)k−1 times a strictly positive sum of monomials
in the edge lengths of the minimal subtree spanned by S. Since all edge lengths are
positive, the asserted sign and nonsingularity follow. □

Proof of Theorem A.2, fourth proof. Let

D = (dT (i, j))1≤i, j≤n, Dii = 0,

be the leaf-to-leaf distance matrix of T .

For every principal submatrix N = D[S] of size k ≥ 2, Theorem A.12 gives

signdet(N) = (−1)k−1,

and hence

(−1)k det(N)< 0.

For k = 1, the principal minors are zero. Therefore all principal minors of D satisfy the
hypothesis of Theorem 2.5, so D is Lorentzian. Moreover, Theorem A.12 applied to
S = X shows that det(D) ̸= 0, so D has no zero eigenvalues. As before, it follows that
the inertia of D is (1,n−1). □

A.7. Proof #5: Potential theory on metric graphs. We next give a proof using potential
theory on metric graphs (see [3, 1] for overviews, including all the background we need
here). Let Γ be a metric graph, and let r(x,y) denote the effective resistance between
x,y ∈ Γ.

Proposition A.13. For any distinct points x1, . . . ,xn ∈ Γ, the matrix

H =
(
r(xi,x j)

)
1≤i, j≤n

is conditionally strictly negative definite on

H0 =

{
w ∈ Rn :

n

∑
i=1

wi = 0

}
.

Proof. Let jz(x,y) be the j-function on Γ; see [3, Corollary 3]. For a probability measure
µ on Γ, define

jµ(x,y) :=
∫

Γ

jz(x,y)dµ(z).
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The energy pairing on the space Meas0(Γ) of signed measures of total mass zero is
defined by

⟨ν ,ω⟩ :=
∫∫

Γ×Γ

jµ(x,y)dν(x)dω(y),

and is independent of the choice of µ; see [1, Section 10]. By [1, Theorem 10.4], this
pairing is positive definite on Meas0(Γ).

Moreover, there are a canonical probability measure µcan on Γ and a constant c(Γ)
such that

jµcan(x,y) =−1
2

r(x,y)+ c(Γ);

see [1, Theorem 14.1]. Therefore, for every ν ∈ Meas0(Γ),∫∫
Γ×Γ

r(x,y)dν(x)dν(y) =−2⟨ν ,ν⟩ ≤ 0,

with equality if and only if ν = 0.

Now let w = (w1, . . . ,wn) ∈ H0, and define

ν :=
n

∑
i=1

wiδxi ∈ Meas0(Γ).

Then

w⊤Hw =
n

∑
i, j=1

r(xi,x j)wiw j =
∫∫

Γ×Γ

r(x,y)dν(x)dν(y) =−2⟨ν ,ν⟩.

Thus w⊤Hw ≤ 0. If equality holds, then ν = 0. Since the points x1, . . . ,xn are distinct,
this implies w = 0. Hence H is conditionally strictly negative definite on H0. □

Proof of Theorem A.2, fifth proof. Take Γ = T , viewed as a metric graph. On a tree,
effective resistance agrees with path distance, so for leaves i, j ∈ X ,

r(i, j) = dT (i, j).

Hence the leaf distance matrix D is conditionally strictly negative definite on H0 by
Proposition A.13. As before, it follows that the inertia of D is (1,n−1). □
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A.8. Proof #6: Tropicalization and logarithmic limit sets of Gr(2,n). We conclude
with a direct proof of the exponential tree-metric theorem using ideas from tropical
geometry. This is the most novel of our six proofs.

Let N :=
(n

2

)
and let Gr(2,n)◦ ⊂ (C×)N denote the intersection of the Plücker embed-

ding of Gr(2,n) with the dense torus. We write

L×
U2,n

⊂ (R>0)
N

for the strictly Lorentzian stratum, i.e., the set of positive coefficient vectors

(pi j)1≤i< j≤n

such that the quadratic form

∑
1≤i< j≤n

pi jxix j

is strictly Lorentzian.

For a subset S ⊂ (R>0)
N , define its logarithmic limit set by

LLS(S) := lim
t→0+

Log1/t(S),

where
Loga(x1, . . . ,xN) := (loga x1, . . . , loga xN).

Lemma A.14. If Log(S) is closed and star-shaped with respect to the origin, then

LLS(S)⊆ Log(S).

Proof. Let y ∈ LLS(S). By definition, there exist xm ∈ S and tm → 0+ such that

ym := Log1/tm(xm)→ y.

But

Log1/t(x) =
Log(x)

log(1/t)
.

Since log(1/tm)≥ 1 for m large, star-shapedness of Log(S) implies that each ym lies in
Log(S). Since Log(S) is closed, we obtain y ∈ Log(S). □

For a complex algebraic variety V ⊂ (C×)N , define its amoeba by

A(V ) := Log
(
|V (C)|

)
⊂ RN ,

and its large-scale limit by

A0(V ) := LLS
(
|V (C)|

)
.
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We will use the following facts:

(1) By [5, Theorem 5.1], the map

(zi j) 7−→ (|zi j|2)

sends Gr(2,n)◦ into L×
U2,n

. Equivalently,

2A(Gr(2,n)◦)⊆ Log(L×
U2,n

).

(2) By [5, Theorem 4.4], the set

Log(L×
U2,n

)

is closed and star-shaped with respect to the origin.
(3) By [13, Theorem A],

A0(V ) = trop(V )

for every V ⊂ (C×)N , where the tropicalization is computed with respect to the
trivial valuation on C.

(4) By [22, Theorem 3.4],

trop(Gr(2,n)◦) = DrU2,n ,

the Dressian of U2,n, i.e., the collection of all rank-2 tropical Plücker vectors.
(5) By [14, Theorem 4.3.5], the Dressian DrU2,n coincides with the space of tree

metrics on [n].

Proposition A.15. We have

DrU2,n ⊆ Log(L×
U2,n

).

Proof. Let

A :=A(Gr(2,n)◦), A0 :=A0(Gr(2,n)◦).

By (1),

2A ⊆ Log(L×
U2,n

).

Taking logarithmic limit sets and using (2) together with Lemma A.14, we obtain

2A0 ⊆ Log(L×
U2,n

).

Since Log(L×
U2,n

) is star-shaped with respect to the origin, it follows that

A0 ⊆ Log(L×
U2,n

).
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Now (3) and (4) give

A0 = trop(Gr(2,n)◦) = DrU2,n .

Therefore

DrU2,n ⊆ Log(L×
U2,n

),

as claimed. □

Proof of Theorem A.1, sixth proof. If d = (di j)1≤i< j≤n is a tree metric then by (5) we
have d ∈ DrU2,n . By Proposition A.15, we have

d ∈ Log(L×
U2,n

).

Therefore

(edi j)i< j ∈ L×
U2,n

,

which is equivalent to the assertion that the symmetric zero-diagonal matrix

Ai j = edi j (i ̸= j), Aii = 0

has inertia (1,n−1). □
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