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Representation theory for polymatroids

Matthew Baker, June Huh, Donggyu Kim, Mario Kummer, and Oliver Lorscheid

Abstract. We develop a theory of representations of (discrete) polymatroids over tracts in
terms of Pliicker coordinates and suitable Pliicker relations. As special cases, we recover
polymatroids themselves as polymatroid representations over the Krasner hyperfield K and
M-convex functions as polymatroid representations over the tropical hyperfield Tj.

We introduce and study several useful operations for polymatroid representations, such
as translation and refined notions of minors and duality which have better properties than
the existing definitions; for example, deletion and contraction become dual operations (up
to translation) in our setting. We also prove an idempotency principle which asserts that
polymatroids which are not translates of matroids are representable only over tracts that are
idempotent in a certain specific sense (in particular —1 = 1).

The space of all representations of a polymatroid J, which we call the thin Schubert cell of
J, is represented by an algebraic object called the universal tract of J. When we restrict to
just the 3-term Pliicker relations, we obtain the weak thin Schubert cell, and passing to torus
orbits yields the realization space. These are represented by the universal pasture and the
Sfoundation of J, respectively. We exhibit a canonical bijection between the universal tract
and the universal pasture, which is new even in the case of matroids, and we show that the
foundation of a polymatroid is generated by cross ratios. We also describe a complete list of
multiplicative relations between cross ratios.

Thin Schubert cells and realization spaces are canonically embedded in certain tori. Over
idempotent tracts, we show that thin Schubert cells contain a canonical torus orbit and split
naturally as a product of the realization space with this distinguished torus.
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Introduction

Polymatroids were originally introduced in 1970 by Jack Edmonds [26] in the context of
combinatorial optimization theory. Kazuo Murota demonstrated the importance of discrete
polymatroids' to discrete convex analysis, via the equivalent notion of M-convex sets, and
introduced M-convex functions as valuated generalizations. Much of this theory is developed
in his book “Discrete Convex Analysis” [36].

Discrete polymatroids are treated more systematically from a combinatorial point of view
analogous to matroid theory in Herzog and Hibi’s article [32]. As a sampling of the many papers
generalizing results from matroid theory to discrete polymatroids, we mention [13, 37, 38, 39].

Postnikov [43] investigated a class of polytopes called “generalized permutohedra”, which
arise as deformations of the standard permutohedron. These polytopes were subsequently
recognized to be equivalent (up to translation) to base polytopes of polymatroids by an
extension of the classical result by Gelfand, Goresky, MacPherson, and Serganova [30].
Since polymatroids are cryptomorphically equivalent to their base polytopes, generalized
permutohedra can be viewed as another combinatorial representation of polymatroids.

In recent years, there has been an explosion of interest in polymatroids, motivated in part
by Petter Brindén’s discovery [15] that the support of a homogeneous multivariate stable
polynomial is an M-convex set, that is, the set of bases of a discrete polymatroid. This
generalized an earlier result of Choe, Oxley, Sokal, and Wagner [22] showing that the support

'In the body of this paper, we will be concerned solely with discrete polymatroids and so we omit the
modifier “discrete”, calling these objects simply “polymatroids”. However, for the purposes of this historical
introduction, we distinguish between polymatroids in the sense of Edmonds (which are certain real-valued
submodular functions) with discrete polymatroids (a.k.a. M-convex sets or integer polymatroids) in the sense of
Murota et. al.
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of a multi-affine homogeneous stable polynomial is the set of bases of a matroid, and was
generalized by Briandén and Huh, who showed that the support of a Lorentzian polynomial
is always M-convex [19, Theorem 2.25]. The latter result is particularly interesting because,
in fact, a subset of N" is M-convex if and only if its normalized generating polynomial is a
Lorentzian polynomial [19, Theorem 3.10].

Lorentzian polynomials have a close connection to combinatorial Hodge theory, and
Hodge theory for matroids in the sense of Adiprasito—Huh—Katz [1] was recently extended to
discrete polymatroids by Pagaria and Pezzoli [40]. Other papers exploring recently discovered
connections between discrete polymatroids and combinatorial Hodge theory include the work of
Crowley—Huh—-Larson—-Simpson—Wang [23], Crowley—Simpson—Wang [24], and Eur—Larson
[27].

The relevance of, and interest in, discrete polymatroids is by no means confined to
combinatorial Hodge theory. As a sampling of some other interesting applications of discrete
polymatroids, we mention:

e Knutson and Tao’s proofs of Horn’s conjecture and the saturation conjecture [35]
implicitly employ M-convex functions, which correspond to Ty-representations of
discrete polymatroids in our terminology (where T denotes the tropical hyperfield).
The “hives” that provide the technical foundation for their work are precisely Ty-
representations of A. We discuss this example in greater detail in Section 4.7.

 Briandén [17] disproved a conjecture of Helton and Vinnikov, that any real zero
polynomial admits a certain determinantal representation, by studying the discrete
polymatroid which Gurvits had previously associated to a hyperbolic polynomial.

« Amini and Esteves showed that the tropicalization of linear series on an algebraic curve
gives rise to certain families of tilings of vector spaces by discrete polymatroids [2].

 Farras, Marti—Farré, and Padr6 provide applications of discrete polymatroids to
cryptographic secret-sharing schemes [28].

« Discrete polymatroids arise naturally from the Klyaschko datum of a (framed) toric
vector bundle, see [33].

Motivation for the present paper. Recently some intriguing links between Lorentzian
polynomials and representations of discrete polymatroids over tracts in the sense of this paper
were discovered in [4, 5]. For example, for every discrete polymatroid J, the dimension of the
space L; of Lorentzian polynomials with support J is equal to the rank of the finitely generated
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abelian group TJX defined in Section 5.3 below.> Moreover, L; is always contained in the
space R;(T,) of representations of J over the generalized triangular hyperfield T, defined in
Section 3.7 below.

These observations served as the primary motivation for working out the “foundational”
results described in the present paper. Indeed, in order to precisely formulate and explore
such a connection, one needs a rigorous development of the representation theory of discrete
polymatroids over tracts, generalizing Baker and Bowler’s theory [3] of matroids with
coefficients and Baker and Lorscheid’s subsequent work [9, 10, 11] on foundations of matroids.
This is what we systematically set out to do below.

A word of warning. Linear representations of a discrete polymatroid J over a field F, as
studied in [28, 39], differ from the F-representations of J defined in this paper. In the present
work, we are primarily concerned with generalizing M-convex functions in the sense of
Murota by viewing them as Ty-representations; there does not appear to be a systematic way

to generalize both this point of view and the traditional notion of linear representations over
fields.

Content outline. Before we describe the contents of this text in detail, we provide the following
overview of our results.

Part 1. We introduce and study several operations for polymatroids: duality and translates
(Section 2.1), embedded minors (Section 2.2), which refine previous notions of
polymatroid minors, permutation and extension of variables (Section 2.3), and direct
sums (Section 2.5).

Part 2. We exhibit a characterization of polymatroids in terms of Pliicker relations (Theo-
rem 4.1), which leads to the notion of a representation of a polymatroid J over a tract
F (Section 4.2). A feature of central importance is the idempotency principle for
proper polymatroids (Proposition 4.7). M-convex functions are essentially the same as
polymatroid representations over the tropical hyperfield (Section 4.6).

Part 3. We investigate thin Schubert cells of polymatroids and show that they are represented
by the universal tract (Proposition 5.2). In an analogous way, the weak thin Schubert
cell, defined by the 3-term Pliicker relations, is represented by the universal pasture
(Proposition 5.3). The comparison theorem (Theorem 5.4) establishes a bijection
between the universal pasture and the universal tract . The realization space consists of
polymatroid representations modulo rescaling and is represented by the foundation
(Proposition 6.4). The foundation is generated by cross ratios, for which we establish a

2As we will see, TJX is the multiplicative group of the “extended universal tract” of J, which is characterized
by the property that Hom(fj, F) is equal to the set of F-representations of J for every tract F.
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complete list of relations (Theorem 8.2). We extend the polymatroid operations from
Part 1 to thin Schubert cells and realization spaces (Section 7).

Part 4. We establish and study canonical embeddings of representations spaces, thin Schu-
bert cells, and realization spaces into tori (Section 9, Section 10, and Section 11,
respectively). In the idempotent case, we study lineality spaces (Section 9.2) and a
decomposition of thin Schubert cells into a product of the realization space with a
torus orbit (Section 11.1).

Polymatroids. Discrete polymatroids appear in different cryptomorphic disguises in the
literature: as a “rank function” rk: 21" — N (where 2!" is the power set of [n] = {1, ...,n}),
as an integral polytope in RY, as a collection of “independent vectors” in N, and as a
collection of “bases” contained in the dilated discrete simplex

A, = {aeN”||a/|:r}

for some r > 0 (the rank of the polymatroid) where |a| = a1 + ... + @, (“M-convex set”). See
Section 1 for an overview of these different descriptions of polymatroids, and of the relations
between them.

Convention: We use the terms polymatroid and M-convex set interchangeably
in this paper as synonyms for “discrete polymatroid”. In particular, we omit the
modifier “discrete” except when we wish to make comparisons to the literature.

Example. Matroids are polymatroids in a natural way: a matroid M defines the polymatroid
J = {Dicp € | Bis abasis of M}, where g&; is the i-th standard basis vector of N”. We say that
a polymatroid J is a matroid if it of this form.

For the purposes of the introduction, it suffices to understand polymatroids using a novel
characterization in terms of Pliicker relations in the Krasner hyperfield (Theorem A). In order
to properly formulate this result, we first introduce the concept of a tract.

Tracts. Tracts were introduced by Baker and Bowler in [3] as a generalization of fields over
which one can still develop a satisfying theory of matroid representations. Examples of matroid
representations over a tract include matroids themselves, oriented matroids, valuated matroids,
and linear subspaces of a vector space.

In this paper, we develop a theory of polymatroid representations over a tract.

Definition and examples of tracts. A fract is a multiplicatively written commutative monoid
F with an absorbing element O € F such that F* = F — {0} forms an abelian group (the
unit group), together with a subset Ny (the null set) of the group semiring F* = N[ F*] that
satisfies the following properties:



6 Matthew Baker, June Huh, Donggyu Kim, Mario Kummer and Oliver Lorscheid

(1) Npis an ideal of F*, thatis,0 € Np, Nr + Np = Npand F - N = Np;

(2) there is an element —1 € F such that for all a, b € F, one has a + b € N if and only if
b=(-1)-a.

We write —a = (—1) - a and call this element the additive inverse of a. We write a — b for the
element a + (—b) of F*.

Examples of tracts are fields F, whose addition gets replaced by the null set
Np = {Zai| >, a; = 0 as elements of F},
the Krasner hyperfield K = {0, 1}, with null set
Ng = N-{1} = {0, 1+1, 1+1+1, 1+1+1+1,...},
and the tropical hyperfield T¢ = R, with null set
Nt, = { > a; | the maximum appears twice among ay,...,d, € R;o}.

Note that —1 = 1 in K and in T. See Section 3 for a more comprehensive introduction to
tracts.

Pliicker relations for polymatroids. The fundamental insight that leads to our notion of
polymatroid representations over tracts is the following result, which is Theorem 4.1.

We equip N” with the component-wise partial order, where @ < § if and only if a; < ;
for all i € [n]. For a subset J C A}, we define the infimum ¢ = inf J and the supremum
67 = sup J. These are the elements of N” whose components are given by

67, = min{a; | @ € J} and 6;; = max{a; | @ € J}.

We write y;: A} — K for the characteristic function of J, defined by y,(a) = 1 if and only if
a €.

Theorem A. A nonempty subset J C Al is a polymatroid if and only if xj satisfies the Pliicker

relations
S
Z xila—¢j +e&,+--+¢&) xila+g, +ej,+--+g;) € Ng
k=0

foranys=2,...,r,any a € A%, and any iy, . . ., i, j2, ..., s € [n] such that

- +
0; < «a and a+eg,+tEg e+ +E) < 0.
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Polymatroid representations. The generalization of the Pliicker relations in Theorem A from
K to an arbitrary tract F involves a delicate choice of signs, unless —1 = 1 in F. It will turn
out, a posteriori, that a polymatroid which is not “essentially” a matroid is only representable
over tracts in which —1 = 1, see Proposition C. Thus the reader can ignore the power of —1 in
the following definition if he/she wishes, without much loss of generality. The support of a
function p: Al — F is the set of @ € A}, such that p(@) # 0.

Definition. Let J C A}, be a polymatroid and let F be a tract. A strong Grassmann—Pliicker
representation of J over F is amap p: A, — F, whose support is J, such that p satisfies the
Pliicker relations

N
Z (=D p(a—g + e+ -+ &) pla+e;, + gj,+---+¢;)€NF

k=0
forany2 < s<r,anya € A, any 1 <ip<...<ig<nand1< j, <...< j; <nsuch
that
0; < «a and a+eE,++e e+ e, < 6.
where o (k) is the number of k € {2, ..., s} with i} < J;.

Remark. This definition turns out to be equivalent to Definition 4.3, which is stated using a
slightly different formalism; see Section 4.5 for details.

Convention: Unless otherwise noted, we will use the term “representation” as
shorthand for “strong Grassmann—Pliicker representation” throughout this paper.
We will also frequently refer to (strong Grassmann—Pliicker) representations of
J over F as “F-representations of J”.

Example. Let J C A} be a polymatroid. The characteristic function y;: A; — K of J is the
unique K-representation of J. This establishes an equivalence between polymatroids and their
(unique) K-representations.

Another example of central interest are Ty-representations, which are essentially the same
as M-convex functions in the sense of Murota ([36]); cf. Section 4.6 for a definition. The
following is Proposition 4.11.

Proposition B. Let p: Al — To be a map with support J. Then —logp: Al — R U {co} is
an M-convex function if and only if J is a polymatroid and p is a Ty-representation of J.

Example (Hives). Hives are combinatorial gadgets that were introduced by Knutson and
Tao in [35] in their celebrated proof of the saturation conjecture for Littlewood—Richardson
coefficients, which implies Horn's conjecture on the possible eigenvalues of a sum of Hermitian
matrices. As pointed out by Brindén in [16], hives are naturally in bijection with M-concave
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functions (which are the negatives of M-convex functions) having support A%, and thus with
To-representations of A%.

Due to their explicit combinatorial nature, hives are easier to understand than Ty-representa-
tions in general, and we encourage the interested reader to have a look at Section 4.7 before
continuing with the introduction.

The idempotency principle for proper polymatroids. Let 6, = inf J. The reduction of J is
J={a e N" | a+6; €J}. Wesay that J is a proper polymatroid if J is not a matroid. A
tract F is idempotent if =1 = 1 and 1 + 1 + 1 € NF (in other words, if F is a K-algebra). A
tract F is near-idempotent if —1 = 1 and 1 + 1 + x € Ny for some x € F*. The following is
Proposition 4.7.

Proposition C. Let J be a proper polymatroid and suppose there exists a representation of J
over F. Then F is near-idempotent. If 6. — 6. > 3 for some i € [n], then F is idempotent.

In other words, a polymatroid which is representable over some tract that is not near-
idempotent must be a translate of a matroid. Note that a field (considered in the natural way as
a tract) is never near-idempotent. Consequently, a polymatroid which is not the translate of a
matroid is not representable over any field.

Since the representation theories of translates are essentially equivalent (cf. Theorem 7.1),
and since the representation theory of matroids in the sense of this paper is well-understood:

We assume for the rest of the introduction that all tracts are near-idempotent.

In particular, we assume that —1 = 1, which allows us to suppress all signs, thus simplifying
various expressions.

Discrepancy with other concepts of polymatroid representations. Just as matroids can be
viewed as combinatorial abstractions of hyperplane arrangements, polymatroids can be viewed
as combinatorial abstractions of subspace arrangements. More precisely, for any field K, let
Vi,...,V, be K-linear subspaces of a fixed K-vector space V. Then

1k(S) := codimy (NjesVi)

is the rank function of a polymatroid P on E = [n]. The polymatroid P is a matroid if and only
if every V; is a hyperplane. A polymatroid arising in this way is said to be linearly representable,
or realizable, over K, and the subspace arrangement is called a linear representation, or
realization, of P over K, cf. [39, 28, 23].

As we see from the idempotency principle, the notion of (Grassmann—Pliicker) polymatroid
representations in this text differs from the concept of a linear representation, as a proper
polymatroid has no Grassmann—Pliicker representations over a field.
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Thin Schubert cells and the universal tract. The last two parts of the paper are dedicated to
the study of the spaces of all polymatroid representations. We consider several variations of
such spaces (weak and strong representation spaces, weak and strong thin Schubert cells, and
realization spaces); for the purpose of this introduction, we first discuss our main results in the
context of thin Schubert cells, and turn to the other spaces afterwards.

The representation space of J over F is the set R;(F) of all F-representations p: A}, — F
of J. The thin Schubert cell of J over F is the quotient Gr;(F) = R;(F)/F* by the diagonal
action of F* on R;(F). Both R;(F) and Gr;(F) are functorial in F (by composing an
F-representation p: A, — F with a tract morphism F — F’; cf. Section 5.2). The following
is Proposition 5.2.

Proposition D. Given a polymatroid J, the functor sending a tract F to the thin Schubert cell
Gry(F) is represented by a tract Ty, i.e., there is a bijection Gr;(F) — Hom(Ty, F) which is
functorial in F. We call Ty the universal tract of J.

The universal tract T; is given by a simple construction: up to taking degree 0 elements, it
is generated by symbols xg (for 8 € J), and its null set is generated by Pliicker relations for
the xg. This explicit description makes 7; amenable to computations. On the other hand, the
universal property of 7 implicit in Proposition D allows us to show that thin Schubert cells
are functorial with respect to polymatroid embeddings (Theorem E), which we introduce in
the following section.

Minors and polymatroid embeddings. Let 6, = inf J and 67 = sup J. The translation of
JisJ+1={a+71|aec J}, which is a polymatroid (and, in particular, contained in N")
provided that 7 > —¢, (Lemma 2.1).

Let v, u € N" with u + 65 < a < 67 — v for some @ € J. The deletion of v in J is
J\v = {a€J|a<6}'—v}
and the contraction of u in J is
J/u = {a—yeN”|a/€J, 07 +u < al.
Both sets are polymatroids (Lemma 2.12).

An embedded minor of J is a sequence of deletions, contractions, and translations. While
translations commute with both deletions and contractions, the exchange of deletions and
contractions is more subtle since these operations have an irregular effect on ¢; and 67; cf.
Proposition 2.15. Still, Proposition 2.17 attests that for given v and u, there are v/, u’ and 7’
such that (J/u)\v = ((J\V')/u') + v/, which allows us to represent every embedded minor as

J\vip+t=(J\)/p)+7.
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A minor embedding is an inclusion of polymatroids of the form

Li\v/p+t - J\V//l'i'T — J, with LJ\V/#+T(Q) = a+u-r.

A permutation o € S, of [n] induces a bijection ¢, : A] — A], by permuting the coordinates,
which restricts to a bijection ¢ : J — o (J) (called a permutation of variables), and o (J) is a
polymatroid (Lemma 2.21).

The embedding ¢, : N — N"*! into the first n coordinates restricts to a bijection ¢,: J —
t,(J) (called an extension of variables), and t,(J) is a polymatroid (Lemma 2.22). Its inverse

bijection is called a restriction of variables.

Definition. A polymatroid embedding is acomposition of minor embeddings with permutations,
extensions, and restrictions of variables. Two polymatroids J and J’ are combinatorially
equivalent if there is a bijective polymatroid embedding J — J'.

Note that the inverse of a bijective polymatroid embedding is again a polymatroid embedding.
The following summarizes Theorem 7.1, Proposition 7.2, and Proposition 7.3.

Theorem E. Let 1: J — J' be a polymatroid embedding and let F be a tract. Precomposing
an F-representation p of J' with ¢ yields a map *: Gry (F) — Gr;(F). If v is bijective, then

soist”.

As a consequence of Theorem E, it makes sense to talk about (embedded) minors of
polymatroid representations, which are defined as p\v/u + v = Lj\v It (p).

Remark. Embedded minors in the sense of this text correspond to polymatroid truncations
that appear in the work of Brandén—Huh (see Remark 2.20 for details).

Duality. Whittle has shown in [50] that there is no involution on polymatroids which
interchanges deletion and contraction. Theorem E suggests an alternative perspective: perhaps
polymatroid duality should only interchange deletion and contraction up to combinatorial
equivalence. It turns out that this paradigm leads to a satisfactory notion of duality.

Definition. The duality vector of J is 6; = 6; + 6} = inf J + sup J. The dual of J is
Jr=6;,-J.
The following summarizes Lemma 2.3, Proposition 2.14, and Theorem 7.6.

Theorem F. Polymatroid duality satisfies the following properties:

(1) (J) =J;
(2) (J\v)* and J*|v are combinatorially equivalent (by a translation);
(3) there is a canonical bijection Grj(F) — Gry-(F) that is functorial in J and F.
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Direct sums. The direct sum J; @ J, of two polymatroids J; C A,| and J, C A}} is a

ri+ry

polymatroid contained in A},

(see Section 2.5). The following is Theorem 7.7.

Theorem G. There is a canonical bijection Gtj,¢;,(F) — Gr;, (F)XGr, (F) that is functorial
inF.

A polymatroid J C A} is nontrivial if n > 1, and indecomposable if J is nontrivial and
J is not the direct sum of two nontrivial polymatroids. Every polymatroid J has a unique
decomposition into a direct sum @f:({) J; of indecomposable polymatroids J;, which are
unique up to combinatorial equivalence and a permutation of indices (Proposition 2.29).

The canonical torus embedding. The association p +— (p(a@))qes defines a canonical
embedding R;(F) — (F*)’, which we show factors through a smaller subgroup D;(F) of
(F*)’ defined as follows.

We say that a Pliicker relation

N

Z pla—¢g +e,+-+&) plat+te, +ej,+---+g;) € Nr
k=0

is degenerate if it has exactly two nonzero terms, say

p(B—¢e)p(y +&;) and  p(B-¢g,)p(y+&;,)

for k # {, where f = a +¢&;,+---+¢&;, andy = a +&j, +--- + g;. By the uniqueness of
additive inverses, and since we assume that —1 = 1, a degenerate Pliicker relation corresponds
to an equality of the form

p(B—ei)p(y +&,) = p(B—ei)p(y +&i,).
The degeneracy locus of J over F is the subgroup
D,(F) = { p € (FX’ | p satisfies all degenerate Pliicker relations}

of (F*)’, and it contains the image of the embedding R;(F) — (F*)’.

The Pliicker embedding and the Polygrassmannian. The map [p] — [p(@)]qes defines
a canonical embedding Gr;(F) — (F*)’/F*, which can be considered as a stratum of the
projective space P(Fn) = (F An — {0})/F* (cf. Section 10 for details). Composing these two
inclusions yields the Pliicker embedding Gr;(F) — P(F»).

The union of the images of Gr;(F) in P(F2n) for all polymatroids J C A, defines the
Polygrassmannian PolyGr(r,n)(F), which is in general larger than the Grassmannian; see
Section 10.1 for details.
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Weak thin Schubert cells and the universal pasture. A nontrivial result in matroid theory
is that for many tracts of interest, including fields, K, and T, the thin Schubert cell Gr;(F) of
a matroid J is cut out by just the 3-term Pliicker relations, which are of the form

pla+ej+er) pla+e+e) — plat+e +er)- pla+e;+eg)
+ pla+ei+ej) - pla+er+e) € Nr

for a EAZ‘2 andl <i<j<k<I<nwithd, <canda+ég +e;+ep+& < (5}“ (where
we can ignore the sign if F is near-idempotent).

Maps p: A}, — F with support J that satisfy the 3-term Pliicker relations are called weak
F-representations of J, a notion that makes sense for all polymatroids. The weak thin Schubert
cell Gr'/ (F) is the space of F*-classes of weak F-representations of J.

Proposition H. Given a polymatroid J, the functor sending a tract F to the weak thin Schubert
cell Gr')(F) is represented by a tract Py, i.e., there is a bijection Gr'/(F) — Hom(Py, F)
which is functorial in F. We call P the universal pasture of J.

Evidently, every (strong) F-representation is a weak F-representation, which yields an
inclusion Gr;(F) < Gr}(F), or, equivalently, a surjection P; — T;. The following non-
obvious result is Theorem 5.4:

Theorem 1. The canonical morphism Py — Tj is a bijection.

We deduce from this result that the functoriality of Gr;(F) described in Theorem E also
holds for GrY/ (F), and that Gr)y (F) is functorial with respect to duality (Theorem F) and
direct sums (Theorem G). Theorem I also implies that Gr'} (F) is contained in the degeneracy
locus Dy (F), and shows that the Tutte group of a matroid M (which coincides with P},) is
canonically isomorphic to T}, (a result which was known by Wenzel [49, p. 39]).

Excellent tracts. In general, the inclusion Gry(F) C Gr}/ (F) is not an equality. We call a
tract F excellent if this inclusion is an equality for all polymatroids J.

Excellent tracts are closely related to perfect tracts F' (see [3] for the definition), for which
the equality Gr;(F) = Gry (F) holds whenever J is a matroid (see [3, Thm. 3.46]). Note that
every field, the Krasner hyperfield K, and the tropical hyperfield T are perfect.

A tract F is degenerate if Ny contains every formal sum ), a; with at least 3 nonzero terms
ai,as,asz € F*. The following summarizes our present state of knowledge about excellent
tracts (see Corollary 4.9 and Corollary 5.5).

Theorem J.
(1) Every perfect tract is excellent.
(2) Every degenerate tract is excellent.
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Realization spaces and the foundation. The torus T(F) = (F*)" acts on Gr;/ (F) through
the formula (7.p) (@) = (17" ---1;") - p(@). The realization space of J over F is the set Gr'} (F)
of T'(F)-orbits of this action.

Proposition K. For every polymatroid J, the functor sending a tract F to the realization space
Gr'/ (F) is represented by a tract Fy, i.e., there is a bijection Gr'} (F) — Hom(F}, F) which is
functorial in F. We call Fy the foundation of J.

The foundation of a matroid has proven to be a valuable tool for the study of matroid
representations (see, for example, [9, 10, 11]), in part because one knows an explicit presentation
for it in terms of generators and relations, with the generators being certain canonical elements
called cross ratios. This presentation is closely connected to Tutte’s homotopy theory ([45, 46];
see also [7] for a “modern” account).

We succeed in generalizing this presentation to polymatroids (for the definition of cross
ratios and a precise formulation, see Theorem 8.2).

Theorem L. The foundation Fj of J is generated by the cross ratios for J. All types of relations
between cross ratios that hold for matroids also hold for all polymatroids, and such relations
together with 1 = =1 if J is proper form a complete list of relations between cross ratios for

polymatroids.

The realization space Gr,(F) satisfies further properties similar to the thin Schubert
cells: it is functorial with respect to polymatroid embeddings (Theorem 7.1, Proposition 7.2,
Proposition 7.3), duality (Theorem 7.6), and direct sums (Theorem 7.7).

The lineality space. If F is idempotent, the characteristic map y;: A, — F of J is an
F-representation. The lineality space of J over F is the torus orbit Liny (F) = T(F).y;. The
following is Theorem 11.2.

Theorem M. Let c(J) be the number of indecomposable components of J € Al. Then
Pj = Fj(x1,...,Xn—¢(s)) Is a free algebra over Fj, and this isomorphism defines a bijection

Grf (F) = Gr}(F) x (F*)")
which is functorial in F. If F is idempotent, then Liny(F) ~ (F*)"~<(),
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Part 1. Polymatroids: duality and embedded minors
1. Polymatroids and M-convex sets

In this section, we review the concepts of (discrete and integral) polymatroids and their relation
to M-convex sets.

We will consider the nonnegative orthant RY j in R", together with the partial order < defined
bya < Biff@; < B;foralli =1,...,n. Wedefine || = a; + --- + @, and we let &; denote
the i-th standard basis vector of R".

1.1. Polymatroids. Like matroids, polymatroids have several equivalent (“cryptomorphic”)
characterizations, for example in terms of rank functions and polytopes. For the purposes of
this paper, the following approach seems the most economical.

A polymatroid on [n] is a nonempty compact subset P of R ; that satisfies the following
two axioms:

(P1) if e Pand a < B, then @ € P;
(P2) if a,B € P and |a| < |B], then there exist i € [n] and r € [0, B; — ;] such that
a+re €P.

It follows from these axioms that P is a convex polytope in RZ .

An integral polymatroid on [n] is a polymatroid P on [n] whose vertices have integer
coordinates, i.e., P is the convex hull conv(S) of a finite subset S of N".

A discrete polymatroid on [n] is a nonempty finite subset P of N” that satisfies the following
two axioms:

(DP1) if B € Pand a < B, then a € P;
(DP2) if @, 8 € P and || < |B], then there exists i € [n] such that @; < 8; and a + &; € P.

The elements of a discrete polymatroid P are called its independent vectors, and the maximal
elements (w.r.t. <) are called its bases. Axiom (DP1) implies that a discrete polymatroid is
determined by its set of bases, and axiom (DP2) implies that |3| = |8’| for any two bases 3, 5’
of P.

Taking the convex hull of a discrete polymatroid P, considered as a subset of RY ), yields

an integral polymatroid P = conv(P). By [32, Thm. 3.4], we recover P as P N N". As
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a consequence of [36, Theorem 4.15], this establishes a bijective correspondence between
discrete and integral polymatroids.

1.2. M-convex sets. Let A] = {a e N" | @) + - + @, = r}. An M-convex set of rank r on
[n] is a nonempty subset J of A] such that for all @, 8 € J and every i € [n] with @; < §3;,
there exists an j € [n] with a; > §; such that J contains both @ + &; —¢; and 8 — &; + ¢;.

It follows directly from the definition that for an M-convex set J/ C A}, the subset
P; = {a € N | @ < Bforsome 8 € J} of N" is a discrete polymatroid. A priori, the
(symmetric) exchange axiom for M-convex sets seems stronger than the exchange axiom (DP2)
for discrete polymatroids, since the symmetric exchange axiom requires both « + &; — &; and
B —&; +&; tobein J. However, it follows from [48, Thm. 2.7] that every discrete polymatroid
is of the form P; for some M-convex set J, which establishes a bijective correspondence
between M-convex sets J and discrete polymatroids P;.

Example 1.1. A matroid M of rank r on [n] can be considered as the M-convex subset
J = {Yicp&i | Bisabasisof M}

of A). In this sense, we consider matroids as particular kinds of M-convex sets. For simplicity,
we say that an M-convex set J is a matroid if it stems from a matroid in the above sense. Note
that an M-convex set J is a matroid if and only if J C {0, 1}".

Another class of examples of M-convex sets are the sets J = A}, which are not matroids for
r > 2. In particular, there are M-convex sets whose rank r is bigger than n, which does not
occur for matroids.

1.3. Rank functions. Let P C R be a polymatroid and let 2171 denote the power set of [n].
The rank function of P is the function r: 2" — R with values

r(S) = max{ag|ae?P},

for S C [n], where g = ;g a; (With @z = 0). The polymatroid P is characterized by r
through the formula

P = {aeR>0|aS<r(S)forallS§ [n]}.

By [32, Proposition 1.2], a function r: 2"} — R is a rank function of a polymatroid if
and only if it is normalized, i.e., vr(@) = 0, non-decreasing, i.e., r(S) < r(T) whenever S C T,
and submodular,i.e.,r(S) +r(T) < r(SUT) +r(SNT)forall S,T C [n].

The polymatroid P is integral if and only if the image of its rank function r: 21"l — Ry is
contained in N. If P is the integral polymatroid corresponding to an M-convex set J, then its
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rank function is given by the formula
r(S) = max{ag|aeJ}

for S C [n].

1.4. Base polytopes and generalized permutohedra. An (integral) generalized permuto-
hedron is a polytope B € R” such that all vertices of B belong to Z" and all edges of B are
parallel to &; — ¢; for some i # j.

Generalized permutohedra are closely related to polymatroids. Given an integral polymatroid
P on [n] with associated M-convex set J, its base polytope B is defined as the convex hull of
J, considered as elements of N” C R”. The base polytope B characterizes the matroid since
J=BnNN".

The following theorem is proved, for example, in [25] and [42]. It establishes a bijection
(modulo translations) between discrete polymatroids and generalized permutohedra, and

generalizes a well-known polytopal characterization of matroids due to Gelfand and Serganova
[31].

Theorem. A polytope B C R" is the base polytope of an integral polymatroid if and only if it
is a generalized permutohedron and lies in the nonnegative orthant RS .

1.5. Terminological convention for this paper. Similar to the usage of the term “matroid,”
which might refer to different characterizations—in terms of independent sets, bases, or a host
of other quantities—we consider a polymatroid as an abstract mathematical object, which we
typically describe in terms of its bases. Moreover, we assume from this point on, as a standing
assumption whenever the term ‘polymatroid’ appears:

All polymatroids are discrete.

This means that we can describe a polymatroid in terms of its associated M-convex set J,
which is our principal perspective on polymatroids.

1.6. The natural matroid. Let J C A’ be a polymatroid with rank function r: 2"l — N,
We let Ey, ..., E, be disjoint sets with |E;| = r(i) and let E := E{ U ---U E,. The
projection §: ZE — Z" is given by 6(e;) = g for j € E;. The natural matroid of J is
Ny :=6071(J)n {0, 1}£. The exchange axiom for N; follows immediately from that for J, and
thus the natural matroid Ny is indeed a matroid.

Example 1.2. For J = A2, the natural matroid N, is the uniform matroid Uz 4.

Natural matroids are quite useful for studying polymatroids. In particular, Crowley—Huh—
Larson—-Simpson—Wang [23] discovered connections between polymatroids and combinatorial
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Hodge theory by making use of natural matroids (which they refer to as minimal multisymmetric
lifts). In this paper, we utilize natural matroids to establish several useful properties of
representations of polymatroids (see Section 4.4 and Section 8.2). For basic properties of
natural matroids, see [14] and the references therein.

2. Duality and embedded minors

In [50], Whittle introduces deletion and contraction operations for polymatroids, and discusses
the existence and non-existence of a duality operation for polymatroids which interchanges these
two operations, as is the case for matroids. The executive summary is that only polymatroids
of a special shape allow for such a duality (cf. Remark 2.26).

In this section, we bypass the limitations which Whittle encountered by introducing a duality
operation which only interchanges deletion and contraction “up to translation,” leading to a
more satisfactory theory. We also refine Whittle’s notion of polymatroid minors.

2.1. Duality and translation. For the rest of this section, we fix an M-convex set J C A].
Lety = (y1,...,¥n) € Z". We define |y| =y +--- + y, and

J+y=Ha+y|lael} and y—-J={y-al|lael}
as subsets of Z".
Lemma 2.1. IfJ +y C N" (resp. y —J C N"), then J + y (resp. y — J) is M-convex of rank
[yl + 71 (resp. [yl =)

Proof. Considera+vy, B+vy €J+ywitha,B € Jandi € [n] such that (& +y); > (B+y);.
Then a; > f;, and by the M-convexity of J, there is a j € [n] such that a; < §; and
a—¢gi+ej,f+ei—g; €J. Thus (a+y); < (B+y)janda+y—¢;+¢&;,B+y+ei—gj € J+y,
which shows that J + y is M-convex. It is clear that the rank of J + y is |y| + r.

The claim for v — J is proven by the same argument, but with the appropriate signs
reversed. O

We consider the partial order on Z" defined by a < S iff a; < g, for all i € [n]. Note that
every finite subset § of Z" has a greatest lower bound 6 = inf § and a least upper bound
6§ = sup S, whose respective coefficients are given by

d, = min{e; | @ € S} and 65, = max{a; | @ € S}.

Definition 2.2. The duality vector of J is 6; = 6 + 6. The dual of J is J* = 6; - J.

Before we discuss examples (see Remark 2.7 and Example 2.8 at the end of this section),
we discuss several properties of polymatroid duality and compare it to matroid duality.
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Lemma 2.3. The dual J* of J is M-convex of rank |6;| — r with duality vector 65~ = 65 and
dual J** = J.

Proof. By Lemma 2.1, J* is M-convex of rank |6;| — r. The equality ¢+ = ¢, follows from

6, = min{éy;—a; |@eJ} = 6;,; + 67, — max{e; |a €J} = 6y,
=07
and
6p; = max{d;;, —a; |a€J} = 6;; + 6;; — min{e; | @ €J} = &},
=07
and J** = J follows from the equality 6;- — (6; —a) = a fora € J. O

Lemma 2.4. Lety € Z" such that J + y C N". Then 6y = 65+ 2y and (J +7y)* =J" +.

Proof. The first claim follows from

+ 67

Ojty = 0 J+y

T+y =6, +y+ 86 +y =065+ 2y,

and the second claim follows from
Ojpy —(@+y) =05 +2y —a -y = (6y-a) +vy

for a € J, together with the observation that 674, — (¢ +7y) € (J+y)"and6; —a € J*. O

We say that an element i € [n] is isolated in J if 67 ; = 67 ., and that J is without isolated
elements if no element of [n] is isolated in J.

Lemma 2.5. Let J be a matroid. Then i € [n] is isolated in J if and only if i is a loop or a
coloop.

Proof. If i is aloop, then 6, = 67, = 0. If i is a coloop, then 5}, = 67, = 1. In both cases, i
is isolated in J. If 7 is not a loop nor a coloop, then there are @, 5 € J such thati € @ and i ¢ S.
Thus 65, = 0 and 6}ri = 1, which shows that i is not isolated in J. O

Proposition 2.6. If J is a matroid without isolated elements, then the matroid dual of J is
equal to J*.

Proof. Since J is without isolated elements, we have 5;,1‘ =0and¢;, = 1foralli € [n]. Thus
0y, = 1foralliand (67 — @); = 1 — @;. Therefore the support of 6; — « is the complement of
the support of @ (as subsets of [n]), which agrees with the matroid dual of J. ]
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Remark 2.7. There is a discrepancy between matroid duality and polymatroid duality in the
presence of isolated elements. The prototypical example is J = A} = {re1}, which has duality
vector §; = 05 +6; = (r)+(r) = (2r) and dual J* = {2re| —re1} = {re1} = J. In particular,
the loop Uy = A(l) and the coloop U;; = A% are self-dual as polymatroids, in contrast to
matroid duality, which interchanges these two matroids. In any case, the matroid dual and
polymatroid dual differ only by a translation.

Example 2.8. For J = A;, we have 67 =0and 6; = 6}’ =rey+rey. SoJF = A; is self-dual,
just as in the case of Aq. The situation is different for n > 3. If J = A%, then 67 = 0 and
87 =0} =2&1 +2e3 + 2e3. Thus

Jr = {28,~+28j, 28,~+8j+8k|{i,j,k}:{l,2,3}}.

2.2. Embedded minors. An embedded minor of a matroid M is a matroid of the form M\J/I
with [ independent and J coindependent, together with the data of 7 and J. In this section, we
extend this concept to polymatroids.

Recall that §; = 65 + 6] with 6, = inf J and 67 = sup J.
Definition 2.9. The reduction of J is the M-convex set J := J — §.

Definition 2.10. Let 4 € N". We say that y is effectively independent in J if u < a — ¢ for
some a € J. We say that v is effectively coindependent in J if v < 67 — a for some a € J.

Let u be effectively independent in J and let v be effectively coindependent in J. The
contraction of u in J is
J/jp ={a-plaeJandu<a-96;},
and the deletion of v in J is

J\v = {a|aeJandv <] —a}.

Note that p is effectively independent in J if and only if x4 — 67 is independent in J:=J-67,
and thus it differs from the usual notion of independence for polymatroids (cf. Section 1.1).
We won’t use the latter meaning of independence in this paper, however, so we will frequently
omit the modifier “effectively” in what follows, for ease of terminology.

Contractions and deletions come with injections

s Ju — J and tvw: J\v — J

a +— a+pu a +— «a

into J.
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Example 2.11. Consider the M-convex set J = Ag\{(0,3,0)}, which has ¢, = 0 and
(5} = (3,2, 3). The contractions and deletions of &3 and 2¢3 are illustrated in Figure 1, where
we write i jk for the tuple (i, j, k) € J. More examples can be found in Example 2.16.

300 201 300 201 102 300 201 102 003 200 101 002 100 001
[ ] [} ® ® . . ® ® [ ] [ ] (] [ ]
210 111 210 111 012 210 111 012 110 011 010
[ ] ([ ] ® ® . . ® ® [ L]
120 021 120 021 120 021 020
[ ] [ ] ® ® . L] [ ]
J\2€3 J\€3 J J/e3 «——— J /263

Figure 1. Some contractions and deletions of J = A%\{(O, 3,0)}

Lemma 2.12. Both J/u and J\v are M-convex.

Proof. Consider @ —u,B—pu € J/uandi € [n] with (a — u); > (8 — w);. Then a, B € J with
u+06; < a,pBanda; > B Since J is M-convex, there is a j € [n] such that @; < 8; and
a—-¢i+¢g;, B+e—¢g; €J. Thusalso (@ —u); < (B—pu);. Since

pi+oy; < P < @i-1 = (a-g+gj), pi+6;; < PBi < (B+&—¢)
,Ltj+5;’j < @; < ﬁj—l = (ﬁ+8,‘—8]‘)]‘, ,Ltj+5;’j < a; < (CL’—Si+8j)j,
we have @ — u — & + &, @ — u + & — &; € J/u, which shows that J/u is M-convex.

Consider a, 8 € J\v and i € [n] with a; < B;. Since J is M-convex, there is a j € [n] such
thata; > B;janda —g; +¢;, B+¢&; —¢€; € J. Since

(ﬁ+V—8i+8j)i = ﬁ,‘+V,'+1 < q+Vv; < 6}—,1"
(a+v-g+¢gj)j = aj+vj+1 < Bj+v; < 6}“’j,
(,8+V+8,'—8j)j < ,Bj+Vj < 6;,j’ and (Q’+V+8,'—8j),' < @ +V; < 5}3,
we have @ + v + & — &, B+ Vv +¢&; —&; € J\v, which shows that M\v is M-convex. O

Lemma 2.13. Let u be independent and let v coindepdendent in J, and let T € Z" be such that
T 2> —=0,. Then

J+1)/u = (J/u)+71 and J+1)\v = (J\v) +71,
with all sets M-convex.

Proof. As subsets of Z", we have

(J+T)/,U = {(1+T—,LL|Q+T€J+T,/l+5_;+7-<a+T}
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={a-pu+vlael, u+é;,<a}l = (J/p+t

and

J+1)\v ={a+7|a+7e+1, @ +T< 6, —V}
={a+7|acd, a<d-v} = (J\v)+T.

Since T > =07, all of these set are contained in N” and are thus M-convex. O
The following result shows that contractions and deletions behave well — up to translation

— with respect to polymatroid duality. Note that u is independent in J if and only if it is
coindependent in J*, and vice versa.

Proposition 2.14. Let u be independent and let v coindependent in J. Then

(J/w* = J\u + (Gyp+p—06;) and (J\v)" = J[v + (6py +Vv—0)).

Proof. These equalities follow from the direct computations

J/w* = {oyu—(@-p|eel, p<a-6}
={6j—a|lael, u<; -/ -a)} + Gyu+p—9y)

J\u + 0/ +1—0y)

and

(J\n)*

{6, —a|laed, v< &) -a}

{5]—a—v|a€J, v < (51—05)—5}} + (Opy +v—0y)

Jv + (65, +v—06y). |

Note that if 67/, + 4 = 6; and 6, + v = d,, then the equalities from Proposition 2.14
simplify to (J/u)* = J*\u and (J\v)* = J*/v, which resemble the analogous formulas from
matroid theory. In general, we only have the following bounds on the duality vectors of minors.
Example 2.16 shows that these bounds are attained.

Let 1 € N" be the all-ones vector. Recall that |u| = py + -+ - + wy,.

Proposition 2.15. Let u = py + po be independent and let v = v| + v, be coindependent in J.
Then uy is independent in J [y, v, is coindependent in J\v1, and

Jip = /p) /e and  J\v = (J\vi)\ra.

Moreover,
67 = 075 0 < 67=(8G,+m < u-1-p
67, = 67—V, 0 < &, — 6 < l-1-,
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and thus

N

0 6y = Oy + 1) < -1 - p
0 < (6py+v)—-96; < [v-1-w.
Proof. We first treat the case of contractions, and then derive the results for deletions by duality.

We begin with the bounds for 67 e

By Lemma 2.13, (J = 6;)/&; = (J/&;) — ¢,, which allows us to assume that 6, = 0 for
simplicity. Then & Jer 2 0 = 67 is evident. In order to establish the reverse inequality, consider
J € [n] and g € J with B; = 6;,j. If i = 6;; < i, thenthereis a k € [n] with B > a; (and
thus k # i, j) and ' = B + & — &, € J. Thus we can assume that §; = 6;’1. and 3; > 6;’1. +1,

i.e., B —&; € J/&;. Therefore 6;/& ;i S (B-&);<Bj= o7 ;» as desired.

fori € [n]. Fix@ € Jwitha —¢; € J/g;,ie., a; > 6, + 1.

Since J/g; C J — g;, we have 5}'/& +&; < ) and thus 0 < 67 - (5;/51- + &;). In order to
establish the upper bound, choose j € [n] and 8 € J such that §; = 6}“,]‘. If B; = 67, < @, the
M-convexity of J implies that there is a k € [n] with 8; > @, (and thus k # i, but possibly
k =j)and B’ = B+ & — &, € J. Thus we can assume that §; > 5}',]. -1 (and B; = 5}”1. if
j=iandp; > 67, +1,ie, B —¢ €J/g. Therefore 6}"1. -1<B;=(B-¢g);<0o
J #i,and 6;’1. —1=8-1=(B-¢) < (5;/81.’1.
67 — (6;/& +g)<1-¢.

‘]/‘91 5]

, which establishes the desired upper bound

Next we establish the equality J/u = (J/u1)/us for uy = &;, by the following direct
computation:

J/u)/pe = {(@ =) —pa|a = € J /1, (@ = 1) = pa > 65, }
= {o-(m+mw)|ael, a-(u+w) >} = J/pu
where we use that 6, = 6 for u; = g;. Note that since y is independent in J, there exists

I/

aeJwith (@ —pu) —pp=a-u>06,=49;

I thus, in particular, @ — p; € J/u; and uy is

independent in J/u1, as claimed.

I =

5;/01_%) =...=06,aswellas0 < ¢} — (5}“/#) + u < |u|-1— p. This in turn makes the above

verification of J/u = (J/u1)/uz valid for all ;. This establishes all claims of the proposition

As a consequence, an induction over s = |u| for u = &, + ... + &;, shows that 6

for contractions.

We proceed with deletions, and begin with the bounds for (67, +v)—3d,. By Proposition 2.14,
we have

J\v = (J*/v)" + (65 =65y — V),
and by Lemma 2.4 (6, = 6(y+/y)* + 205 — 20+, — 2v) and Lemma 2.3 (6; = 6,+), we have

(5J\V+V)—5j = 5(]*\V)*+26J—26j*/v—2V+V—5j = 5]*—(51*/V+V).
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Applying the bounds for the contraction to 6+ — (6;+/, + v) yields the desired bounds for

(0\y +v) — 0. Together with the trivial inequalities 0 < ¢, — ¢, and 5;\1/ < 07 — v, this

; \v
implies the other two desired bounds for 5;\1/ and 6}’\V.
Finally, the equality J\v = (J\v1)\v2, can also be deduced by duality from the previous

results, using Proposition 2.14:

((N\vD\W2)" = T\ /va + (S, + V2 = 1u,)
(/v ]va + (60 +vi—061) + (6w + V2= 0,)
= J/v + (6 +v—0y)

= (J\»)". O

Example 2.16. The only independent vector and the only coindependent vector for Af is 0.
Thus A} does not have any proper minors.

For J = A}, withn > 2 and r > 1, we have ¢ :Oand5]=5j=r81+---+rgn. For
u=sep with0 < s < r, we find

A;/Sgl = A:l_s and AZ\SSI = A:l \ {(r_s+ 1)81 +a | a € Az—l}.

In the case of the contraction, the difference of the dimension vectors assumes the extremal
value 67 — (6y/y + ) = |u*| - 1 — p from Proposition 2.15. In the case of the deletion, we
= 0 for n > 3. Thus we have

have 6;2 = sey if n =2 and 6,

n\Sgl

\s&1

| r=s)er+ (r+s)er ifn=2,

O\ = .
(r—s)ey+rey+...+rg, ifn>3,

and the difference of the dimension vectors is

lul-1—p ifn=2,

(Opu + ) — 05 = ,
0 ifn > 3,

which assumes the different extremal values from Proposition 2.15, depending on the value of
n.

An example in which the extremal value 6; — 6/, — u = 0 appears is the M-convex set
J = U;,3 = {281, g1 +&p, €1+&3, & +£3}
in A%. Here we have 67 = 0 and 6; = 2&1 + &, + €3. For u = &, we find J/er = Aé and

5]/51 =&+ &+ eés. Thus5]—(6j/u+/l) =0.

The exchange of order of contractions and deletions involves a translation, as the following
result shows.
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Proposition 2.17. Let u, v € N"*. Then the following are equivalent:

(1) 6, +pu < a<dj—vforsomeac€l);
+

(2) wis independent in J and v' = sup{0, v — 67 + 6J/# + u} is coindependent in J [ u;

(3) v is coindependent in J and u’ = sup{0, 6 — ¢,

ot u} is independent in J\v.

If these conditions are met, then
(I\W/K = (Iw\V + sup{—p. &7, ~67}.

Proof. We begin with the equivalence of (1) and (2). First note that u + ¢, < a fora € J
means that y is independent in J and that 8 = @ — u is in J/u. Thus (1) is equivalent to u
being independent in J, together with the existence of a 8 € J/u such that

,3<(5}’—v—,u:6;/#—(v+5}r/#

Since S < (5} e 0, this latter inequality turns into 8 < ¢

- 67 + p).

7 " v/, which means that v is
coindependent in J/u. This establishes the equivalence between (1) and (2).

We continue with the equivalence of (1) and (3), which is proven similarly. The inequality
@ < 67 — v for @ € J expresses that v is coindependent in J and that @ € J\v. Thus (1) is

equivalent to v being coindependent in J, together with the existence of @ € J\v such that
6p, + (67 =05, + 1) =6; +u< a

Since 5;\V

independent in J\v. This establishes the equivalence between (1) and (3).

+ 0 < a, this latter inequality turns into 5;\V + u’ < @, which means that y’ is

We turn to the last claim, assuming (1)—(3), which follows from the direct computation

(J\»)/u

{a/—,u’|a€J, ,u'+6;\y<a/<6}'—v}
N

{e-plaed, p+d;<a, a—,u<(5j/#—v’} + (=)
(/N + sup{-pu, 6;,-05}. 0

Example 2.18. Note that we need to use the supremum in the definitions of ¢’ and v’ in
Proposition 2.17 since the tuples v — 67 + 6}'/# +pand 65 — 67,
coefficients. An example where this happens is J = A; with u = €1 and v = &3. In this case,

+
J/u

Definition 2.19. An embedded minor of J is an M-convex set of the form

N\vip + 7 = (J\v)/u + T,

together with the minor embedding

, T ¢ might have negative

we have v — 6}’ +067, +p = —&. Similarly, we have 67, — 5;*\V +u = —&.

Lnv/u+t - J\V//J+T - J
a — a+u-T,
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where 7 > =96,

T dnd g +65 < a< 67 — v for some a € J.

Note that the minor embedding ¢\, 4+ 1s an injective map. Note further that v, 4 and 7
are uniquely determined by the minor embedding ¢j\,/,+-. In Section 7, we investigate the
relationship between representations of J and representations of its embedded minors.

Remark 2.20 (Truncations with cubes and the multi-affine part). A cube in N" is a the
non-empty intersection of N” with a product of closed intervals, i.e. a subset of the form

I =1g, ={eeN"|B<a<y}

with 8 < y in N". As observed in the proof of [19, Lemma 2.8], the intersection of an M-convex
set J with a cube I is M-convex, provided it is non-empty. In fact, such an intersection is an
embedded minor of J:

JNlg, = J\v/u+pu
for v = sup{0, 67 — v} and p = sup{0, 8 - (5;\V}. In particular, the multi-affine part of J is
the intersection of J with the unit cube /o 1, which is M-convex whenever it is not empty (cf.
[19, Cor. 3.5)).

2.3. Permutation and extension of variables. In this section, we discuss two additional
operations on an M-convex set J/ C A} : permutation and extension of variables.

The proofs of the following two lemmas are immediate from the defining property of
M-convex sets:

Lemma 2.21. Let o € S, be a permutation of [n] and v, : A, — A}, the bijection defined by
to(@;) = ag(;) for a € Ay, and i € [n]. Then 1,(J) is M-convex.

Lemma 2.22. Let 1,11 : [n] — [n + 1] be the inclusion given by t,+1(i) =i fori € [n]. Then
tw+1(J) S A7, is M-convex.

Definition 2.23. An M-convex set J’ is said to be elementary equivalent to J if J' = J + 7 for
some 7 > =6, or J' = 1,(J) for some o € S, or J' = 1,(J), or J = 1,(J"). Two M-convex
sets J and J’ are said to be combinatorially equivalent if there exists a chain of elementary
equivalences J = Jy ~ ... ~ J;, = J'. In this case, we say that J’ is of type J.

An elementary polymatroid embedding is a map ¢: J — J’ between polymatroids which
is given by either a minor embedding ¢\,/,+:, @ permutation of variables ¢,, an extension
of variables ¢,, or the inverse ¢, of an extension of variables. A polymatroid embedding is
amap ¢: J — J’ between polymatroids that is the composition of elementary polymatroid
embeddings.

Lemma 2.24. Two polymatroids J and J' are combinatorially equivalent if and only if there
exists a bijective polymatroid embedding J — J'.
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Proof. First note that each type of elementary equivalence induces a bijection J — J’ between
the respective M-convex sets, which is given by @ — « + 7 (translation), @ — (, (@)
(permutation), and a +— ¢,(@) (extension of variables), respectively. The inverse bijection
is in each case also a polymatroid embedding, namely, @ — @ — 7, @ — (,-1(a), and L;l,
respectively. Thus, if J and J’ are combinatorially equivalent, the composition of the defining
elementary equivalences yield a bijective polymatroid embedding J — J’.

Conversely, we note that every elementary polymatroid embedding is injective and that
the polymatroid embeddings ¢\, : J\&; — J and /., : J/&, — J are not surjective. Thus,
if ©: J — J’ is a bijective polymatroid embedding, it must be composed of elementary
equivalences, which shows that J and J’ are combinatorially equivalent. O

2.4. Comparison with Whittle’s notion of minors. In [50], Whittle introduces single-
element deletions and contractions for rank functions of (discrete) polymatroids; cf. also [39].
We recall Whittle’s construction and compare it to our notions of deletion and contraction.

Let r: 2" — N be the rank function of J, i.e., r(S) = max {as | @ € J} for S C [n]. For
ease of notation, and without loss of generality, we describe Whittle’s operations only for the
element 7.

Let ¢,_1: N*~1 — N” be the inclusion of the first n — 1 coordinates. The deletion of n
in r is the function r\n: 2"l = N given by r\n(S) = r(t,-1(S)) for S C [n —1]. The
contraction of n in r is the function r/n: 21"~ — N given by r/n(S) = r(t,—1(S) Un) —r(n)
for S € [n—1].

Both r\n and r/n are indeed rank functions of polymatroids, i.e., they satisfy
r\n(S) = max{as | a € J\,} and r/n(S) = max{as | a € J),}

forall S € [n — 1] and (uniquely determined) M-convex sets J\, and J;,. The following result
identifies these two M-convex sets (embedded into N” via ¢,_; : N*~! — N") with embedded

minors of J in the sense of our paper.
Proposition 2.25. Define p = (67, —96;,) - &, and v = 6,, - &,. Then
Ln—l(-]\n) =J\p -7 and Ln—l(-]/n) =J/p -t

Proof. We only explain the proof the first identity; the proof of the second identity is analogous.
(Alternatively, it can be deduced from the first identity by establishing suitable compatibilities
between polymatroid duality in the sense of this paper, rank functions, and ¢,,_1.)

We establish the first equality by identifying the rank function r\, of ¢, (J\,) with the rank
function r’ of
J\u -1 = {a € AZ_(S':

a, =0, a+T€J}.
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We first show that r'(S) < r\,(S) forall § C [n]. Note that evidently r\,(S — n) < r\,(S),
and that the above description of J\u — 7 yields ' (S — n) = r’(S). Consider @ € J\u — 7 with
r'(S—n)=as_,andlet B =a+ 71 €J. Then

r'(S) = r'(S-n) = asy = Bs-n < T(S—n) < 1,(95),
as desired.

Next we show that, for every S C [n — 1], there exists an a € J with r\,(S) = as and
@, = 0, . For this, choose @ € J with r\,(S) = ag so that @, is minimal, and choose § € J
with B8, = 6;. If @, > 6, = By, there is a k € [n] such that @’ = @ + & — &, € J. This
element satisfies r\,(a) < r\,(e’) and a;, < a@,, which contradicts our assumptions on a.
Thus a,, = 6, as desired.

In order to show that ¥'(S) > r\,(S), we choose a € J withr\,(S —n) = @s—, and @, = 7.
Then @ — 7 € J\u — 7, and thus

r'(S) > (@—-1)s = (),
which completes the proof. O

Remark 2.26. The main focus of Whittle’s paper [50] is on duality operations which interchange
deletion and contraction, in the sense that (r\n)* = r*/n. This is a stricter requirement than
what the duality operation, in the sense of this paper, satisfies. Under the additional assumption
that duality is an involution, [50] shows that such a duality operation only exists for particular
subclasses of polymatroids. The corresponding duality functions from [50] do not correspond
to the duality in the sense of this paper (not even up to translation).

2.5. Direct sums. Let J; C A,rl‘1 and Jp, C A:fz be M-convex sets. Let r = r{ + rp and
n =ny +ny. For a; € J; and a; € J;, we define a1 @ a, € N" by

i if 1 <i<n1,

(@1 ® @) = ' .

@i-pn, ifnp <i<n.
Note that |a) @ a2| = r1 + 2 = r and thus @) & @y € A),. The direct sum of J1 and J; is the
subset

JioJ, = {a1@ap € A:l | @y € Ji, ap € b}

of A}, which inherits the exchange property from J; and J; and is therefore M-convex.

The direct sum of polymatroids behaves well with respect to the operations and constructions
of the previous sections. The following properties are easy to verify, and will not be used
elsewhere in this paper, so we omit the straightforward proofs.

Proposition 2.27. The direct sum J = J; & J; satisfies the following properties:
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(1) 65 =06, ®6;, 67 =07 ®6) and6; =06y, ®6y,;

(2)J =J;eJ5;

(3) (1 @ JID)\(vi @ v2)/ (1 @ p2) = (Ji\vi/p1) ® (J1\va/2)s

(4) J1 ® J» and J, @ J| are elementary equivalent (by a suitable permutation);

(5) J = J1 ® Jo, where J denotes the reduction of a polymatroid J (cf. Definition 2.9).

2.5.1. Decomposition into indecomposable summands. An M-convex set J C Aj is decom-
posable if it is combinatorially equivalent to the direct sum J; & J, of two polymatroids with
nonempty ground sets [n1] and [ny]. If J is not decomposable and its ground set is nonempty,
then it is indecomposable. If J is a matroid, then it is indecomposable as an M-convex set if
and only if it is connected as a matroid.

For @ € J and S C [n], we write ag = };cs @;; in particular, || = a[,). We say that a
subset S C [n] is a direct summand of J if there is an rg € N such that ag = rg for all @ € J.

Lemma 2.28. If S C [n] is a direct summand of J and T = [n] — S, then J is elementary
equivalent to J1 ® J, (by a suitable permutation of variables) for two M-convex sets J| and J;
with respective ground sets [#S]| and [#T|. In particular, J C A}, is indecomposable if and
only if for every nonempty proper subset S C [n], there are elements «, B € J with ag # Bs.

Proof. By assumption there is an r; € N such that ag = r; for all @ € J. After permuting
[n], we can assume that S = [n]] C [n] for n; = #S. Let T = [ny] forn, = #T = n — ny
and ry = r — r;. Then every a € J can be written as @ = ay, ® ¢, for a;, € A} and
@y, € Ay Define J; = {ay, | @ € J}and J, = {ey, | @ € J}. WeclaimthatJ = J; @ Jrisa

decomposition of J.

First note that J; and J, are M-convex, since the fact that g = r = Bg for any two a, 8 € J
guarantees that when we apply the exchange axiom, we substitute ani € S by a j € S. This
allows us to deduce the exchange axiom for J; and J> from the exchange axiom for J.

It is evident that J C J; & J,. Consider a1 € J; and a» € J,. We need to show that
a; ® ap € J. By the definition of J; and J,, there are §1 € J; and B> € J, such that
a) ® Bo, B1 ® ay € J. Using the fact that the exchange axiom substitutes ani € Sbya j € S,
we can exchange the elements in the difference 5; — @ one by one, and by induction we obtain
a1 ® ap € J as desired. This establishes the first claim.

We turn to the second claim. If J is indecomposable and S C [n] is a direct summand, then
S = @orS = [n]. Conversely, if J decomposes into the direct sum J; & J, of two polymatroids
with nonempty ground sets [n1] and [n;], then for every nonempty proper subset S = [n;]
of [n], as = |ay| is equal to the rank r; of J; for all @ = a; ® a; € J. This establishes the
reverse implication. O
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Note that (J; & J») & J3 = J; & (J2 @ J3), which allows us define the direct sum

m
Bii=ne--ei,

i=1
of M-convex sets Ji, . . ., J,, unambiguously. As in Proposition 2.27, permuting the summands
results in a direct sum that is elementary equivalent to P J; (by a suitable permutation of
variables).

Proposition 2.29. Let J be an M-convex set. Then there are a unique positive integer m and
indecomposable M-convex sets Ji, . . ., J,, which are unique up to combinatorial equivalence
and a permutation of indices, such that J is combinatorially equivalent to J1 ® - - - @ J,.

Proof. By Lemma 2.28, every direct summand S C [n] of J induces a decomposition into
J1 ® J, (up to permutation of variables). Using this fact repeatedly leads to a decomposition
of J into a finite number of indecomposable M-convex sets.

The uniqueness follows from the fact that the intersection S N T of two direct summands S
and T of J is also a direct summand of [n]. To see this, we prove that asnr = Bsar for all
a, B € J by induction on the distance d(a, 8) = % - Yie[n] | — Bi| between « and S.

Ifd = d(a,B) =0, then asnr = Bsnr, as claimed. If d > 0, then @; < B; for some i € [n],
and thus there isa j € [n] such thate’ = a + &; — &; € J. Since d(a’, B) = d(a, B) — 1, the

inductive hypothesis shows that «;

SNT
ifand only if j € S, andi € T if and only if j € T. Thus as~r = @

= Bsnar. Since as = Bs and ar = Br, we have i € §

’
SNT?

follows by induction. O

and the result now

Part 2. Representations of polymatroids
3. Tracts

Tracts were introduced in [3] as a streamlined way to systematically study matroids with
coefficients. The axioms for a tract are similar to the axioms for a field, but we relax the
requirement that addition is a binary operation. More precisely, we do not define the sum of
two elements of a tract F', but rather declare certain formal sums a; + - - - + a; of elements of
F to be “null” and the rest to be non-null.

In this section, we review the definition and basic properties of tracts and provide a number
of examples.

3.1. Definition of tracts. A pointed monoid is a multiplicatively written commutative monoid
F with identity element 1 and a distinguished absorbing element O that satisfies 0 - a = 0 for
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all a € F. The unit group of F is the group
F* := {a € F|ab =1 forsomeb € F}

of all invertible elements in F.

A pointed (abelian) group is a pointed monoid F such that F* = F — {0}. The ambient
semiring of a pointed group F is the group semiring

F* := N[F*].

We denote its elements by )’ n,.a, where n, € N and n, = 0 for all but finitely many a € F*.
We sometimes write the sum ), n,.a as nj.aj + - - - + n,.a, or ), a; (where a appears n, times
as a summand). The pointed group F embeds into F* by sending O to the empty sum (which
is the additive identity element of F*)anda € F*toa = l.a € F*.

An ideal of F* is a subset I that contains 0 and is closed under addition and under
multiplication by elements of F*. For a subset S C F*, we denote by (S) the ideal of F*
generated by S.

A tract’ is a pointed group F together with an ideal N of F*, called the null set of F, such
that for every a € F there is a unique b € F with a + b € Nr. We write —a for the unique
element b with a + b € N, and call it the additive inverse of a. We often write a — b instead
of a + (—b). Typically, we denote a tract by F' and suppress its null set Ny from the notation.

Note that the tract axioms imply that @ € N if and only if @ = 0; in particular —0 = 0.
Furthermore, we have (=1)2> = 1 and a + b € N if and only if b = —a.

A tract morphism is a multiplicative map f: F; — F, with f(0) = 0 and f(1) = 1 such
that 3 f(a;) € N, for all )} a; € Np,. This defines the category Tracts.

3.2. First examples. Every field F is a tract by defining the null set of F as
NF = {Zai | Za,- :OinF}.

This construction extends to partial fields and hyperfields. Semple and Whittle’s original
definition of a partial field in [44] is in terms of a pointed group F' together with a partially
defined addition + : F' X F --> F that satisfies certain axioms. Equivalently, the partial addition
can be captured in terms of a certain ring R that contains F as a multiplicative submonoid ([41,
Thm. 5.1]). By [8], every partial field F' can be viewed as a tract by defining the null set of F as

Nrp = {Xa;| Xa;=0inR}.

3We deviate in this text from the definition of a tract in [3] by imposing the property that N is closed under
addition. What we call a tract in this text should, strictly speaking, be called an ideal tract or idyll (cf. [8]).
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Similarly a hyperfield F with hyperaddition @ : F x F — 2F (where 27 is the power set of
F) is a tract with respect to the null set

Nr = {Xa|0€ A a}.
See [3, 8] for additional details on partial fields and hyperfields.

In each case, homomorphisms are naturally tract morphisms. More to the point, these
constructions define fully faithful embeddings of the categories of fields, partial fields, and
hyperfields into Tracts, which allows us to consider (partial / hyper-)fields as tracts by abuse of
terminology.

Two concrete examples are the regular partial field F{ = {0, 1, -1}, whose null set is
Npz = {nl1+n(-1)|neN} ={0, 1-1, 1+1-1-1,...},
and the Krasner hyperfield K = {0, 1}, whose null set is
Ng = N—{1} = {0, 1+1, 1+1+1, 1+1+1+1,...}.

Note that —1 = 1in K. The regular partial field Fy is an initial object of Tracts, and the Krasner
hyperfield K is a terminal object of Tracts.

3.3. Subtracts. Let F be a tract. A subtract of F is a pointed submonoid A of F with
—1 € AX = A — {0}, which is a tract in its own right with respect to the null set

Ny = {ZaiENplaiEA}.

3.4. Free algebras. Let k be a tract. A k-algebra is a tract F together with a tract morphism
ar: k — F. A k-linear morphism between k-algebras is a tract morphism f: F; — F
between k-algebras F; and F, such that ap, = f o aF,.

Let {x;};c; be a set. The free k-algebra in {x;} is defined as follows: as a pointed monoid, it

is
k(x;) = k(x)ier = {a-TIx7"|a €k, (&) e P,2} ] ~,

where ~ is the equivalence relation generated by 0 := 0- [ x? ~0-[]x;" forany (&) € @, N.
The association a — a -x? defines an embedding of k as a submonoid of & (x;), which extends
by linearity to an embedding k™ — k(x;)*. The nullset of k (x;) is the ideal Ny y,) generated by
the image of Ny in k(x;)*. We write axii1 . -xfri’ fora - []x{" withe; = Ofor j ¢ {i1,...,ir}.

By construction, the inclusion k — k(x;) is a tract morphism, which turns k(x;) into a
k-algebra. It satisfies the expected universal property: every set-theoretic map fy: {x;} — F
into a k-algebra F extends uniquely to a k-linear morphism f: k(x;) — F with f(x;) = fo(x;)
(this is proven exactly as for pastures; cf. [9, Prop. 2.6]).
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3.5. Quotients. Let F be a tract and S C F™* be a subset that does not contain any element of
F*. The quotient of F by S is the quotient monoid

FJ(S) = F/~,

where ~ is the equivalence relation generated by the relations ca ~ cb forall a — b € § and
c € F, together with the null set

NEeysy = <Z[ca,~] |c €F, Ya; € Np US),
where [a] denotes the class of a € F in F J{S).

The quotient map ng: F — F/(S) is a tract morphism, which turns F /(S) into an F-
algebra. It satisfies the expected universal property: every tract morphism f: F — F’ with
> f(a;) € Np for all 3, a; € S factors into f = f o ns for a uniquely determined morphism
f: FJ{(S) — F’ (this is proven exactly as for pastures; cf. [9, Prop. 2.6]).

3.6. Tensor products. The category of tracts is complete and cocomplete. In a nutshell, Fy
is an initial object, K is a terminal object, products are given by Cartesian products of the
unit groups, equalizers are defined as the set-theoretic equalizers, and coequalizers can be
constructed in terms of a quotient construction. The only subtle construction (similar to the
constructions for rings) is the coproduct, or tensor product, of tracts, which is given by the
following universal property.

The tensor product of a family {F;};c; of tracts is a tract ® F;, together with morphisms
i Fp—> ® F; (one for each i € I), such that the induced map
Hom ( ® F;, F’) — l_l Hom(F;, F')
iel iel
is a bijection for all tracts F’. The construction of (X) F; is analogous to the case of pastures
([9, Lemma 2.7]) and bands ([7, Prop. 1.42]).

3.7. More examples. Every tract F can be written in the form F = [ (x;) /(S) by choosing a
suitable set of generators x; and a suitable set S of defining relations. Some examples are:

Fr = F{/{1+1) (the field with 2 elements)
F3 = F{/{1+1+1) (the field with 3 elements)

S =F/{1+1-1) (the sign hyperfield)

U = Fi(x,y)[{(x+y—1) (the near regular partial field)
D = Fi(z)[{z—-1-1) (the dyadic partial field)

H = }F;—'(z)//(z3 +1, 22-z+1) (the hexagonal partial field)
G = F}‘L(z)//(z2 -z-1) (the golden ratio partial field)
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If F is a pointed group, there are several general ways to define a tract structure on F.

We define the frivial tract structure on F by letting the null set be
Nrp = {a+a|a€F*),

so that in particular 1 = —1. For example, this provides R with the structure of a tract. (And,
from now on, when we write R as a tract, we consider it with the trivial tract structure.)

We define the degenerate tract structure on F by letting the null set be

Np = { ay+---+a,|a) =—aj or at least 3 terms are nonzero}.

The tropical hyperfield is the tract
To = Rso/(> a; | the maximum among ay, ..., a, appears at least twice),
the triangular hyperfield is the tract
T1 = Ryo/{Xa;|ai,...,a, are the side lengths of a (possibly degenerate) polygon),
and the degenerate triangular hyperfield is the tract
T = Rso/(2 a; | the maximum appears twice or at least 3 terms are nonzero).

Note that T is equal to the pointed group F = R,y endowed with the degenerate tract
structure.

The tracts Ty, Ty, and T play a major role in the forthcoming papers [4] and [5], where
a continuous family of tracts T, (for ¢ € [0, oo]) that interpolates between them (a process
which Viro calls Litvinov—Maslov dequantization in [47]) is considered. Concretely, for g > 0
the generalized triangular hyperfield T, is defined as

T, = Roof(Xa; | ai/ ..., a,l/ 7 are the side lengths of a (possibly degenerate) polygon).

We also define the discrete tropical hyperfield T% as the subtract of T corresponding to the
pointed submonoid eZ U {0} of Ty = Rso.

4. Representations of polymatroids

In this section, we extend the notions of strong and weak matroid representations over tracts
(cf. [3, 9]) to polymatroids, using a novel characterization of polymatroids in terms of Pliicker
relations.
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4.1. Pliicker relations for polymatroids. We consider the characteristic function of a subset
J € A}, defined by (@) = lif @ € J and y;(a) = 0 if not, as a function

xs: A, — K
into the Krasner hyperfield K = F{ /(1 + 1,1 + 1 + 1), which has elements 0 and 1 = 1.

Theorem 4.1. A subset J C A}, is M-convex if and only if the characteristic function
Xxs: A, — Kof J satisfies the Pliicker relations

N
Z xila+e,+---&,---+e,) xsjla+g, +e,+---+gj) € Nx
k=0

foralls € {2,...,r},alla € A% with 6; = inf J < @, and all iy, . .., i, j2,..., Js € [7]
suchthat @ + &jy + -+ +& +&j, +---+¢&; <5 =sup J.

Proof. Assume that J is M-convex. Since Ny = N — {1}, it suffices to show, for @ € A/~ with
se€{2,...,r}andiy,...,i j2,...,Js € [n], that either all terms in

S
Z)(J(a+8,-o+---§,-\k---+8is) - xila+e, +ep+-+€))
k=0

are zero or that at least two terms are nonzero. Assume that the sum contains a nonzero
term yy(a + &, + - &, - + & )xs(@ + &, +€j, +---+¢&;,). Then we define i = iy,
B=a+sj,+ &, - -+e&,andy=a+¢g, +&,+ - +¢gj.

If B; > v, then there exists k” # k with ipr = i;. Thus we find a second nonzero term
xila+ei+---&, - +e&)xi(a+e, +&j,+- - +¢j,) in the Pliicker relation.

If B; < ;, then, by the exchange axiom for M-convex sets, there exists j € [n] such that
v; < Bjand such thatboth f—&;+&;and y—¢&;+¢; arein J. Since y; < 8;, we have j = iy for
some k" # k. Thus a+¢g;,+- - 5,-; ctg = B-gjteand ateg, te,+o e = y—gite,
which yields yj(a + &, +--- &, - -+ & )xs(a + &, +&j, +---+ &) as a second nonzero
term in the Pliicker relation. This shows that the characteristic function of an M-convex set
satisfies the Pliicker relations.

Conversely, assume that J/ C A} is a subset whose characteristic function y; satisfies the
Pliicker relations. Consider 8,y € J with 8; < y; for some i € [n]. We need to show that there
exists j € [n] such that y; < ; and such that both § — &; + &; and y — & + &; are in J. Let
a = inf{B,y} > 6;. Wehave @ € A" forsome | < s < r. If s =1, theny = § + & — &; for
some j € [n] and the exchange property we’re trying to show is trivially satisfied. Thus, we can
assume that s € {2,...,r}. There are iy,...,is, ji,...,Js € [n] (unique up to permutation)
such that

B=a+e+ -+&, y=a+eg; +---+¢g; and {i,....is;}N{j1,....Js} =9,
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and therefore a + &; + -+ + & +&j +---+¢&; < sup{B,y} < ¢;. Assume without loss of
generality that i = j; and define iy = i. Then the Pliicker relation

N
Z)(](a’+8,'0+"-8,‘k-'-+8,'s) xila+eg, +ej,+--+gj) € Nx
k=0

contains the nonzero term y,;(a + &, +---+ & )ys(a + &, + €, +--- + &), and therefore
contains a second nonzero term y; (@ + &;, + -+ & -+ &) xs(a + &y + & + -+ g ) for
some k # 0. Thus J contains both

a+egy+--g,+e, = B-gi+eg and a+g te,+tE = y—&+E;
for j =iy. Since ix & {j1,...,Js}, we have y; < B;. This shows that J is M-convex. O

Remark 4.2. Not all Pliicker relations are needed in the characterization of M-convex sets in
Theorem 4.1. It is visible from the proof that we only need those Pliicker relations for which
{i1, ..., i} N{io, j2,...,Js} = @ in order to imply M-convexity.

4.2. Polymatroid representations over tracts. The definition of polymatroid representations
over arbitrary tracts, in which —1 might differ from 1, requires a suitable sign for the Pliicker
relations, which in turn depends on the ordering of the coordinates. This is best formulated
in terms of r-tuples @ € [n]” instead of vectors @ € A]. We can compare both viewpoints in
terms of the surjection

X: [n]" — A

(D

o > 8arl+"'+gar.
Furthermore, we use the shorthand notation «i; ... i, for (ay,...,,,iy,...,i5) where a €
[#n]" and iy,...,i € [n].

Recall from Definition 2.9 that the reduction of an M-convex set J is the M-convex set
J =J -6, where 6; = inf J.

Definition 4.3. Let J C A}, be an M-convex set. The effective rank of J is the rank 7 = r — |6 |
of J. The width of J is wy = 67 = 6 = 67.

Let F be a tract. A strong F-representation of J is a function p: [n]” — F that satisfies the
following axioms:
(SR1) p(a@) € F*if and only if Za € J;

(SR2) p(ix(1)s - -sior) = sign(o) - p(iy,--- , i) forevery o € S5;
(SR3) p satisfies the Pliicker relation

N
Z(—l)k-p(aio...ik...is)-p(aika...js) € Nr
k=0
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forall2< s < 7, € [n)]"*and iy, ...,is, j2,...,js € [n] such that

Xaig...isj2...Js < Wy.

,_.

A weak F-representation of J is a function p: [n]” — F that satisfies the following axioms:

(WR1) p(a@) € F*if and only if Za € J;
(WR2) p(iz1), .- -»igr) = sign(o) - p(iy,- -+ ,i5) forevery o € S5;
(WR3) p satisfies the 3-term Pliicker relations

p(ajk) - p(ail) — p(aik) - p(eajl) + p(aij) - p(akl) € Nf
for all @ € [n]"2, and i,],k,l € [n] such that Zaijkl < wy.

The tract F is called excellent if every weak F-representation of every M-convex set J is strong.

Remark 4.4. If J is a matroid, then this definition agrees with the notion of strong (resp.
weak) F-representations of matroids in [10], which are also called a strong (resp. weak)
Grassmann-Pliicker functions in [3, 9].

Remark 4.5. Consider a function p: [n]” — F that satisfies (SR2) and (SR3) with respect to
the set

J = {Za | p(a) #0}.

Then J is M-convex and p is a strong F-representation of J. Indeed, the composition of p
with the unique tract morphism F° — K satisfies the assumptions of Theorem 4.1 and has the
same support as p. This shows that J is M-convex, and then p is an F-representation of J by
definition.

This extends a known fact for matroid representations to polymatroids. It fails for weak
F-representations (in fact, already in the matroid case; see [8, Ex. 6.25]): for every tract
F, there is a function p: [6]°> — F that satisfies (WR2) and (WR3), but that is not a weak
F-representation of any M-convex set J.

4.2.1. The unique K-representation of a polymatroid. Let J be an M-convex set and let
x7: A, — K be its characteristic function. Then the map p;: [n]” — K, defined by
ps(ir, ..., ir) = xs(05 +&; + ...+ &), is a strong K-representation of J. More precisely,
p is the unique strong (resp. weak) K-representation of J, since it is entirely determined by
axiom (SR1) (resp. by (WR1)). This shows, in particular, that K is excellent.

4.3. The idempotency principle for proper polymatroids. An M-convex set J is a translate
of a matroid if J = J' + 7 for a matroid J’ and 7 € Z". Otherwise, we call J a proper
polymatroid or proper M-convex set.
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Letwy = 6}’ — 6 be the width of J, J=J- 67 its reduction, 1 = (1,...,1) € N, and
Usy = {(2,0,0), (1,1,0), (1,0,1), (0,1,1)} < A3
Lemma 4.6. The following are equivalent:

(1) J is a translate of a matroid;

(2) J is a matroid;

(3) wy < 1,'

(4) J has no embedded minor of type A% or U£3.

Proof. We establish the circle of implications (3)=(2)=(1)=(4)=(3) in the following.
Assume (3), i.e., wy < 1. Since (5} = 0 and wy is invariant under translates of J, we have
6}2 = wj = wy < 1, which shows that J is a matroid and establishes (3)=(2).

Assume (2), i.e., J is a matroid. Then J = J + 67 is a translate of a matroid. This establishes
2)=(1).

Assume (1), i.e., J = M + 7 is the translate of a matroid M. The matroid M does not have
embedded minors of type A% or U;, 3
same embedded minors, this establishes (1)=(4).

Assume (4) and leti € [n]. Choose a, 8 € J witha; = 6}3 and g3; = 6;’1.. fwj;=a;i-pi > 2,
then applying exchange axiom repeatedly to @ and g yields &,/ € [n]\{i} (not necessarily
distinct) such that

which are proper polymatroids. Since J and M have the

a— g + &g, a-—g; + ¢, a—2g +ep+&
are in J. Thus
J\6j—a+er+e/a—-2e = {28,-, g +er, & +e&, 8k+81},

which is combinatorially equivalent to A, > or U; 3

contradicts our assumption (4), which shows that w;; < 1 and establishes (4)=(3). O

depending on whether k = [ or not. This

A tract F is idempotent4 ifl=-1(@Ge,l+1€Np)and 1+ 1+ 1 € Np. Equivalently, a
tract F is idempotent if and only if there exists a (necessarily unique) morphism K — F| i.e.,
if and only if F is an algebra over the Krasner hyperfield.

A tract F is near-idempotent if 1 = —1 and if there is an x € F* with 1 + 1 + x € Np. Every
idempotent tract is near-idempotent. A typical example of a near-idempotent tract that is not
idempotent is Fp ® D = Fo(x) /(1 + 1 + x).

“This terminology stems from the fact that an idempotent semifield (commutative, with O and 1) is naturally a
tract whose nullset is generated by all relations of the form b + Y a; for which Y, a; = b holds in F. This tract
is idempotent in the sense of this text. More concisely, this construction defines a fully faithful functor from
idempotent semifields to idempotent tracts.
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Proposition 4.7 (Idempotency principle). Let F be a tract, J C A}, a proper M-convex set of

effective rank r, and p: [n]" — F a weak F-representation of J. Then F is near-idempotent.
If wy; > 3 for some i € [n], then F is idempotent.

Proof. 1t J is not the translate of a matroid, then it contains an element of the form 6, +a +¢&;+&;
for some @ € A7~2 and i € [n]. Choose @ € [n]"~? with Za = @. Then by axiom (WR1),
p(aii) € F* and by axiom (WR2), p(aii) = —p(aii). Thus 1 = —11in F.

Let =6, +a+2¢ andy € J withy; =6 ;. Since y; < B; — 2, we can apply the exchange
axiom twice to find k, [ € [n] — {i} such that all of

B —¢&i+ &k, B—¢&i+e& B—2¢& +e&r+&

are in J. Thus, in particular, @ + 2¢; + €, + & < wy. By axiom (WR3), we have the Pliicker
relation

p(aii) - p(akl) + p(aik) - p(ail) + p(ail) - p(aik) € Nr.

Dividing all terms by p(aik) - p(ail) yields 1 + 1 + x € Np for x = % € F*, which

shows that F' is near-idempotent.
If wy; > 3, then we can replace « as above by @ — ¢; + g;, which yields a + 3¢; + € < wy.
Thus by axiom (WR3) we find the Pliicker relation

p(aii) - p(aik) + p(aii) - p(aik) + p(aii) - p(aik) € Np.

Dividing all terms by p(aii) - p(a@ik) yields 1 + 1 + 1 € Np, which shows that F is
idempotent. O

4.4. The up operator. Let N be the natural matroid of the reduction J. We denote by E the
ground set of N and by 6: ZF — 7" the associated projection. We also write 6 for the map
E — [n] obtained by identifying the standard basis vectors of ZE and Z" with the elements of
E and [n], respectively.

The up operator TI1 is given as follows. For a function p: [n]” — F, we define the function
" p: ET — F by taking
pBay,...,0ar) ifai,...,«arare pairwise distinct,

' p(a) = ,
0 otherwise.

Proposition 4.8. Let p: [n]" — F be afunction satisfying (SR1) and (SR2). Then p is a strong

(resp. weak) F-representation of J if and only if II! p is a strong (resp. weak) F-representation
of N.
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Proof. The support of IT' p is the natural matroid N of J. In addition, (SR2) for p implies
(SR2) for IT' p.

Suppose that p is a strong F-representation of J. The Pliicker relations for IT' p are
s
Z(—l)k~HTp(a/i0...ik...is)-HTp(aika...js) € Np,
k=0

where @ € E™ and iy, ...,i, j2,...,js € E are chosen so that Zaig...isjr...js < 1.
Because 6(Zaig . . .isjs . .. js) < wy, the Pliicker relations for IT" p are simply reformulations
of the corresponding Pliicker relations

—

DDk pO@io . i) pOl@inis-j) € N
k=0

for p. Thus IT! p is a strong F-representation of N.

Conversely, suppose that IT' p is a strong F-representation of N. For any tuple @ of elements
in [n], if Za < wy then there is a tuple @’ of distinct elements in E so that 6@’ = @. Thus the
Pliicker relations for p follow from those for ITT p, implying that p is a strong F-representation
of J.

The same arugment works for weak F-representations. O

A tract F is called perfect if, for every strong F-representation p of every matroid M, the
F-vectors of p are orthogonal to the F-covectors of p (for details, see [3, section 3.13]).
Examples of perfect tracts are fields, partial fields, K, T and S. The most important property of
a perfect tract (from our perspective) is that every weak matroid representation over a perfect
tract is strong [3, Thm. 3.46]. We extend this property to polymatroids in the following result.

Corollary 4.9. Every perfect tract is excellent.

Proof. Every weak F-representation p of a polymatroid J lifts to a weak F-representation
' p of the natural matroid N = N 7. If F is a perfect tract, then by [3, Thm. 3.46], Ol pisa
strong F-representation of N. Hence, by Proposition 4.8, p is a strong F-representation of
J. O

4.5. Simplified description of near-idempotent polymatroid representations. Due to
Proposition 4.7, only near-idempotent tracts F possess proper polymatroid representations,
in which case they can be described in an equivalent but simplified way. Namely, if F is
F

near-idempotent, we can identify a strong (or weak) F-representation p: [n]” — F of an

M-convex set J (with effective rank 7) with the function p: A}, — F given by

p(67 +e&i +...+e;) = plit,....07),
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which does not depend on the ordering of iy, . .., i7 € [n] due to (SR2) (resp. (WR2)) and the
fact that 1 = —1 in F. Property (SR1) (resp. (WR1)) turns into the condition that the support

of p is J. More concisely, this formula identifies functions p: [n]" — F satisfying (SR1) and
(SR2) (resp. (WR1) and (WR?2)) with functions p: A} — F whose support is J.

The Pliicker relations (SR3) for p turn into the relations

N

Z pla—¢g +e,+--+&) plat+te, +e,+---+¢g;) € Nr
k=0

forall2 < s <r,a € A7 with6; < wand allio, . ..,i5 j2,..., s € [n] witha +&;; +...+
gytept...teg < 6}“. The 3-term Pliicker relations (WR?3) turn into the relations

pla+ej+er) plat+e+e) + plate +er)- pla+e;+eg)
+ pla+si+ej) pla+er+e) € Nr

forall @ € AZ‘Z with 6, < @andalli, j, k,l € [n] witha +¢&; +&; +&r + & < 6}’.
We can extend this alternative perspective on polymatroid representations to arbitrary tracts
in the following way.

Lemma 4.10. Let F be a tract, J C A}, an M-convex set of effective rank ¥ = r — |6;|, and
p: [n]" — F afunction that satisfies (SR1) and (SR2). Let p: Al — F be the function with
support J given by p(6; + & +...+¢&;;) = p(i1,...,i7) wheneveriy < ... < iz Thenpisa

strong F-representation of J if and only if p satisfies the Pliicker relations

N
Z (=D p(a—g + e+ +5) pla+e;, + gj,+---+¢;)€NF
k=0

forall2 < s<r,ae A 1 <ip<...<ig<nandl < jp < ...< jg < nsuch
that §; < a and a + &y + ... + & +&j, + ...+ & < §;, where (k) is the number of
ke{2,...,stwithi; < J,.

The function p is a weak F-representation of J if and only if p satisfies the 3-term Pliicker
relations
pla+ej+er) pla+e+e) — plate +er)- pla+e;+eg)
+ pla+sei+ej) plat+er+e) € Nr
forall GAZ‘Zandl i< j<k<lI<nsuchthaté; < aanda+e¢;i+ej+e+& < 5}'.
Proof. 1If F is near-idempotent, then —1 = 1 and the requirements on the ordering of the i and
Je become irrelevant. Thus the claim reduces to the discussion in the beginning of this section.

If F is not near-idempotent, then J is a matroid by the idempotency principle (Proposition 4.7)
and thus 67 — ¢ < 1 by Lemma 4.6. Since the defining relations of p and p are translation
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invariant, we can assume that 6, = 0 and thus (5} < 1. This means thatp(i’l, ...,0) =0ifthe i;{
are not pairwise distinct. It also means that the Pliicker relations for s, @, 1 < ip < ... < iy < n,
and 1 < j, < ... < j; < nare trivial (i.e., all terms are O or it is of the form a — a € Nf)
unless 1 < ip<...<ig<nand1 < jp <...< jg<n((esp.i < j <k </[in the case

of 3-term Pliicker relations). In the case of (SR3), we can further assume that s = r and
a =0, since if i; = ji,...,i,—y = Jr—s, the corresponding Pliicker relation is equal to that
fora = g, +--- + &;,_, (a fact which is particular to matroids and does not generalize to
polymatroids).

Thanks to these simplifications, the Pliicker relations assume their usual shape (for instance,
cf. [8, Def. 3.1]5), which reduces the lemma to the equivalence between (strong) matroid
representations as alternating functions with domain [z]” and functions with domain ([’r’]).
The case of the 3-term Pliicker relations (WR3) can be established in a similar vein. O

4.6. M-convex functions as representations over the tropical hyperfield. In this subsection,
we show that a Ty-representation is essentially the same thing as an M-convex function
in the sense of Murota, which is a function f: Z" — R U {co} with nonempty support
J ={a € Z"| f(a) # oo} that satisfies the following exchange axiom: for a, € J and
k € [n] with @y > By, there is an [ € [n] with a; < B; and

(2) fl@) + f(B) > fla—sr+e&) + f(B+er—&).

It follows from this exchange axiom that J is an M-convex set ([36, Prop. 6.1]). Note that an
M-convex function whose support J is a matroid is the same thing as a valuated matroid.

In the following, we identify Ty-representations of J with functions p: A}, — Ty that have
support J and satisfy the appropriate version of the Pliicker relations; cf. Section 4.5 for details.

Proposition 4.11. Let J be an M-convex set and p: A], — Ty = Ry a function with support
J. Then p is a strong Ty-representation of J if and only if f = —log(p) is M-convex.

Proof. Assume that p is a strong To-representation of J. Consider 8,y € J with B < yi
for some k € [n]. We need to show that there exists an [ € [n] with 8; > 7y; and
JB)+f(y) > f(Brex—e)+ f(y ek +e).

Let @ = inf{f,y} > 6;. We have @ € A}™ for some 1 < s < r. If s = 1, then
v = B+ & — g for some [ € [n] and the exchange property we are trying to show is trivially
satisfied. Thus we can assume that s € {2,...,r}. There are iy,...,i, ji,...,Js € [n]
(unique up to permutation) such that

B=a+eg + --+g, y=a+g,+---+¢g; and {i,....i;} N {j1,...,js} =9,

SNote that the factor (=1)7 %) stems from the permutation of (ix, j», . . ., js) that brings the coefficients into

increasing order. This factor is missing in the Pliicker relations in [8]—a mistake that requires correction.
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and therefore a + &; + -+ + & +&j +---+¢&; < sup{B,y} < ¢;. Assume without loss of
generality that k = j; and define iy = k. Then the Pliicker relation

N

Z pla+e,+---&, -+¢,) - pla+e,+e,+ --+¢&j) € Nr
t=0

assumes its maximum twice. Thus there is an m > 0 such that

pBp(y) = pila+s&+---+e)pla+e,+e)+ - +¢gj)
< pla+ey+---&, +g)pla+e, +e,+--+¢g) = p(B+ex—)p(y—ex+&1).
forl =1i,. Since i,, ¢ {J1,...,Js}, we have y; < B;. Applying —log to both sides turns the

products into sums and reverses the inequality, which establishes the desired exchange axiom
and shows that f = —log(p) is M-convex.

Conversely, assume that f is M-convex. We show that the exchange axiom (2) for M-convex
functions implies the Pliicker relations (SR3) for all @ € A7~ and iy, . . ., i, j2, . . ., js € [n],
i.e., the maximum appears at least twice in the formal sum

N

Z pla+e,+...6,...+&,) pla+s, +&,...+&).
k=0

Fix a k such that p(f) - p(y) assumes the maximum among these terms where
B=a+eg,+...8...+&, and Yy = a+¢g,+Ej,...+Ej,.

If Bi, > vi, = 1, then there exists an [ # k with i; = i), and therefore also

plate,+...5,...+¢&,) pla+e,+gj,...+¢])
=pla+te,+...8,...+&,) pla+e, +&,...+¢&})
assumes the maximum. If B;, < v;,, then the exchange axiom (2) implies that there is an [ # k
such that
FB) + f(y) 2 f(B-eiy+&,) + fy+ei, —&i)

or, equivalently,

pla+e,+...8 ...+&) pla+te +&j,...+&)
> pla+ey+...8,...+¢&,) plate,+&,...+&j).
By the maximality of the latter term, this inequality must be an equality, which exhibits also in

this case a second maximal term in the Pliicker relation under consideration. This shows that
p satisfies (SR3), which concludes the proof. O
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Murota shows in [36, Thm. 6.4] that M-convex functions are characterized by the following
local exchange axiom: for @ € A7~2 and all i, j, k,1 € [n] such that {i, k} N {j, 1} = @,

Q) fla+sg+e)+ flat+e +g)
> min{f(a+e&+¢&;)+ fla+er+e), flate+e)+ flate +er)}.
We present a new proof of this fact based on our result that Ty is excellent (Corollary 4.9).

Proposition 4.12. Let J be an M-convex set and p: A;, — Ty = Ry a function with support
J. If f = —log(p) satisfies the local exchange axiom (3), then f is M-convex.

Proof. Assume that f satisfies the local exchange axiom (3). We claim that this implies that
p: Al — Ty = Ry satisfies the 3-term Pliicker relations (WR3)

plat+ei+e) -plat+ter+e) + pla+te+er) -plate +eg)
+ pla+eg+e) pla+ej+er) € N,
forall @ € AZ‘Z and i, j, k,l € [n].

Assume that p(a + &; + &) - p(a + & + &) is the largest among the 3 terms in this Pliicker
relation. If {i,k} N {j,[} # @, then exchanging the two equal indices does not change the
argument of the functions, which means that there is a second term in this Pliicker relation
equal to p(a + & + &) - p(a + &; + &), which means that the maximum is achieved twice
and therefore the 3-term sum is in N, as desired.

If {i, k} N {j,l} = @, then the local exchange axiom implies that

pla+eg +ep) plat+e;+ep)
< max{p(a +eit+egj) plater+eg), plate+e)-plate;+ Sk)},

which once again implies that the maximum is achieved twice, and thus that the 3-term sum is
in Nt,, as desired.

This verifies our claim and shows that p is a weak Ty-representation. Since T is perfect
([3, Cor. 3.45]) and thus excellent (Corollary 4.9), p is, in fact, a strong To-representation. It
follows from Proposition 4.11 that f is M-convex. m|

4.7. Hives. As mentioned in the introduction, hives are combinatorial gadgets that were intro-
duced by Knutson and Tao in [35], and they are naturally in bijection with Ty-representations
of A%. We explain the concept of a hive here and give an illustrative example, mainly following
[21].

The r hive triangle is the triangular array depicted in Figure 2, consisting of r + 1 “hive

2«

vertices” on each side and r* “small triangles”.



44 Matthew Baker, June Huh, Donggyu Kim, Mario Kummer and Oliver Lorscheid

r+1

Figure 2. The r hive triangle.

A rhombus in the hive triangle is the union of two small triangles which share a common
edge. There are three combinatorial types or orientations of rhombi, as depicted in Figure 3.

Figure 3. The three combinatorial types of rhombi.

Each rhombus has two acute angles and two obtuse angles. Let H be the set of hive vertices
and R” the set of labelings of H by real numbers. Each rhombus gives rise to an inequality on
R saying that the sum of the labels at the obtuse vertices must be greater than or equal to the
sum of the labels at the acute vertices. A hive is a labeling in R that satisfies all rhombus
inequalities. Of particular interest, in terms of the connection to the representation theory of
GL,, are the integral hives, which are hives for which all labels are integers.

Example 4.13. The rhombus inequalities say that the labeling given in Figure 4 is a hive if
andonlyif4 < x < 5.

We coordinatize the hive triangle by letting (r, 0, 0) denote the lower-left corner, (0, r, 0)
denote the lower-right corner, and (0, 0, r) denote the top corner; see Figure 5. This identifies
H with A’

With this coordinatization, the following observation of Briandén [16, Section 4] becomes a
direct translation of Proposition 4.11 into the language of hives. Recall from Section 3.7 the
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(2,1,0) (1,2,0)

Figure 5. Coordinates on the 3™ hive triangle.

definition of the discrete tropical hyperfield as the tract T% = {0} U {e' | i € Z} with null set

NT% = {a1 +---+a, | ai,...,a, assumes its maximum at least twice}.

Proposition 4.14. A function p : H — Rsq is a To-representation of A% if and only if
logp : H— Ris a hive. A function p : H — ¢%isa T%—representation of A} if and only if
logp : H— R is an integral hive.

This allows us to translate the key results of [21] into the language of polymatroid

representations.

Given an integer partition A with at most r parts, we let Ay, . . ., A; denote the parts in weakly
decreasing order, i.e., Ay, ..., A; are integers with k < rand 4y > A, > --- > Ax > 1, and we
set Ag41 = --- = A, = 0. We denote by || := A; + - - - + Ay the integer being partitioned by A,
and we let V, denote the unique irreducible representation of GL, with highest weight A.

Given three such partitions A, u, v with |v| = |A] + |u|, we denote by C/Vl/x the corresponding
Littlewood-Richardson coefficient, i.e., the multiplicity of the representation V, in V; ® V.

The following result is, in a certain precise sense, equivalent to the celebrated Littlewood—

Richardson rule, cf. [21, Appendix A].

Theorem 4.15 (Knutson-Tao). Let A, u, v be integer partitions with at most r parts such that
|v| = |A| + |u|.- Then the Littlewood—Richardson coefficient c/Vlﬂ is equal to the number of
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representations p : Ay — T% with logarithmic values (A, u,v) on the “border” of A} as in
Figure 6.

Figure 6. Border labels corresponding to a triple of integer partitions.

For example, if v = (3,2,1), 4 = u = (2, 1), then by Example 4.13 there are two integral
hives with the corresponding border labels (corresponding to x = 4 and x = 5). Thus C,Vw =2.

The saturation theorem proved by Knutson and Tao is equivalent to the following statement:

Theorem 4.16 (Knutson-Tao). If there exists a representation p : A} — Ty with given border
labels in T%, then there exists a representation p : A}, — T% with these border labels.

As discussed in Fulton’s survey [29], the work of Klyachko [34], combined with the
Knutson—Tao saturation theorem, implies the following result about eigenvalues of sums of
Hermitian matrices which was previously known as “Horn’s Conjecture”:

Theorem 4.17. There are r X r Hermitian matrices A, B, C with A + B = C having respective
eigenvalues 11 > Ap > -+~ 2 A, 1 2 2 > -+ 2 Uy, and vy > vp > - -+ > v, if and only if
there is a representation p : A} — T% with logarithmic border labels (A, u, v).

Part 3. Foundations of polymatroids

5. The universal tract and the universal pasture

In this section, we extend the notions of “universal tract” and “universal pasture”, as introduced
in [8], from matroids to polymatroids.
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5.1. Representation spaces and thin Schubert cells. Let J C A be an M-convex set and
F a tract. The (strong) representation space of J over F is the set R;(F) of all strong
F-representations of J, and the weak representation space of J over F is the set R (F) of all
weak F-representations of J.

The multiplicative group F* of F acts diagonally on both the weak and strong representation
spaces of J over F' (cf. Lemma 6.1 for a generalization). The (strong) thin Schubert cell of J over
Fis Gry(F) = R;(F)/F*. The weak thin Schubert cell of J over F is Gr') (F) = R} (F)/F*.

Remark 5.1.

(1) If F is a field and M is a matroid, then Gr, (F) = Gry (F) corresponds to the usual
notion of the thin Schubert cell of M, which consists of all points x of the Grassmannian
Gr(r,n)(F) over F for which the Pliicker coordinate x,, is nonzero precisely when « is
a basis of M.

(2) If F = Ty is the tropical hyperfield and J is an M-convex set, we have Gr} (To) =
Gr;(Ty) since Ty is excellent (Corollary 4.9).

(3) If M is a matroid, then the association p — —log p (cf. Section 4.6) identifies Gry, (To)
with the local Dressian Dry; of all tropical linear spaces with underlying matroid M.

5.2. Functoriality. Let f: F| — F, be a tract morphism and p: [n]" — Fj a strong (resp.
weak) Fj-representation of an M-convex set J C A),. The push-forward of p along f is the
function
f(p): [n]" — F
a +— f(pla)).
Since tract morphisms preserve null sets as well as non-zero elements, f.(p) is a strong (resp.
weak) F»-representation of J. Thus f: Fi — F, defines maps

feir Ry(F1) — Ry(F2) and fi: Rj(F1) — RY(F).

More precisely, taking the strong (resp. weak) representation space of J defines a functor
Rjy: Tracts — Sets (resp. R}V: Tracts — Sets).

Similarly, the strong (resp. weak) thin Schubert cell of J is functorial in F, i.e., a tract
morphism f: F; — F, induces maps

fer Gry(F1) — Gr;(F2) and f.: Grj(F1) — Gr} (F2),

yielding functors Gr; and Gr’; from Tracts to Sets.

5.3. The universal tract. Let J C A}, be an M-convex set of effective rank 7 = r — |6, ] and
define J := {B e [n]" | B € J}, where J = J — 67 is the reduction of J. (Here X : [n]" — AT
is the map defined in Equation (1).)
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Let w; = 6; — ¢, be the width of J. The extended universal tract of J is the tract
T, = Fi(xg | B € J)/(S), where S consists of the relations

Xig(yrior = S180(07) “ Xip i
for all (iy,...,i7) € Jand o € S5 together with the Pliicker relations
N
k
Z (=D Xgi iy " Xevijes
k=0
forall2 < s < 7, € [n]  and ig, ..., 05, j2,...,Js € [n] with Y aiq...isjr...Js < wy,

using the convention that xg = 0 if B ¢ J.

The universal representation of J is the representation

A

p: [nl” — T,
defined by p(@) = x4. Itis a strong Tj—representation by the very definition of 7.

The extended universal tract 7} is graded by the multiplicative map

deg: T, — Z

with deg(xg) = 1 for B € J and deg(0) = 0.

The universal tract of J is the subtract

T, = {a € T}| deg(a) = 0}

of TJ.

By the idempotency principle for proper polymatroids (Proposition 4.7), the existence of
the universal representation implies that both T, and T are near-idempotent if J is not the
translate of a matroid. If w;; > 3 for some i € [n], then both T; and T, are idempotent.

Proposition 5.2. Let J C A}, be an M-convex set with extended universal tract Ty and universal

7

tract Ty. Let F be a tract. Then composing the universal representation p: [n]" — T; with a

tract morphism f : T} — F yields a bijection

@, p: Hom(T;, F) — Ry(F),
which descends to a bijection

EJ,F: Hom(T;, F) — Gry(F).

Both bijections are functorial in F.

Proof. This is proven exactly as for usual matroids, cf. [9, Thm. 6.15 and Prop. 6.23]. For
completeness, we sketch the argument.
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The inverse bijection ¥;p: R;(P) — Hom(fj,P) to @y p is given as follows: an F-
representation o : [n]” — F of J is mapped to the tract morphism f : T, — F determined by
f(xq) = o(a). Since o satisfies the Pliicker relations as a representation of the M-convex
set J, it follows from the universal properties of free algebras and quotients (cf. Section 3.4
and Section 3.5) that the assignment x, — o (a) defines a tract morphism f: T, — F. By
construction, ®p ;(f) = o. Since T is generated by the x,, over Fy, f is uniquely determined
by the images of the x,, which completes the proof that ¥, p is the inverse bijection of ®@; p.

The bijection ®@; p descends to a bijection ) 7.p: Hom(T;, P) — Gr,(P) for the following
reason: two morphisms f;: T; — F (fori = 1,2) have the same restriction to T = {c e T |
deg ¢ = 0} if and only if there exists a € P> such that f>(x4) = afi(xe) for all @ € [n]”. This
is the case if and only if 0, = ao for the F-representations o; = f; o p (fori = 1, 2), which
means, by definition, that [0 ] = [0%] in Gr;(P).

The functoriality of ®; p in F follows from the fact that both Hom(fj, —) and R;(-) act
on morphisms in terms of compositions of maps. Since a tract morphism P — Q restricts to
a group homomorphism P* — Q%, and since Hom(7}, P) and R, (P) are sets of P*-orbits,
®; p is also functorial. O

5.4. The universal pasture. Roughly speaking, the universal pasture of a polymatroid is the
3-term truncation of the universal tract, which only captures the 3-term Pliicker relations. For
simplicity, we refrain from introducing pastures in this text, and instead define the universal
pasture as a tract. For more details on pastures, including their precise relationship to tracts,
see [8, Section 6.4] and [9].

Let J € A}, be an M-convex set of effective rank 7, and let J be defined as above. The
extended universal pasture of J is the tract Py = Ff(xg | B € J)[(S), where S consists of the
relations

xia-(l) ..... Lo (F) = Slgn(o-) * Xiq, 7
for all (iy,...,i7) € Jand o € S7 together with the 3-term Pliicker relations
Xaij * Xakl — Xaik " Xajl T Xail * Xajk
for all @ € [n]"2 and i, j,k,I € [n]. The universal representation of J is the weak
ﬁj-representation p:[n] — P, of J defined by p(B) = xp.

Analogous to the extended universal tract, the extended universal pasture is graded by the
multiplicative map deg: P; — Z with deg(xg) = 1 for B € J and deg(0) = 0. The universal
pasture of J is the subtract P; = {a € Py | deg(a) = 0} of P;.

By Proposition 4.7, P 7 and P; are near-idempotent if J is not the translate of a matroid. If
wy; > 3 for some i € [n], then both P ; and Pj are idempotent.
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Proposition 5.3. Let J C A}, be an M-convex set with extended universal pasture P, and
universal pasture Pj. Let F be a tract. Then composing the universal representation
p: [n)" — Py with a tract morphism f: Py — F yields a bijection

(I)j’PZ Hom(ﬁj, P) — R}V(P),
which descends to a bijection
aj,pi HOIH(P], P) 4 GI‘;}(P).

Both bijections are functorial in F.
Proof. The proof of Proposition 5.2 applies mutatis mutandis; we omit the details. O

5.5. The comparison map. Let J C A} be an M-convex set, and let J be defined as above.
Since the extended universal pasture P, = Fi(xg | B € J)[(S’) of J is defined by the set S’
of 3-term Pliicker relations, which are a subset of the set S of all Pliicker relations, which
define the extended universal tract 7) = Fi(xpg | B €J)/(S) of J, these two tracts come with a
canonical morphism 7, : P, — Ty, which is degree preserving and thus restricts to a morphism
ny. Py —Ty.

For M-convex sets J C Al of rank r < 2, we have $” = §, and thus the canonical morphisms
7ty and mr; are isomorphisms. This fails, in general, for M-convex sets of larger rank due to the
presence of Pliicker relations with 4 or more terms.

However, as we prove below (Theorem 5.4), the canonical maps 7; and r; are bijective. As
a preparation for the proof, we call a Pliicker relation

)
k
Z (-1 “Xaig..ig.ds X2 s
k=0

(With2 < s < 7, @ € [n]" 7 and iy, . .., iy, j2, . .., js € [n]) degenerate if it has exactly two
nonzero terms, i.e., there are exactly two indices k in {0, ..., s} for which both aij . .. f;; Lo
and @iy js ... jyarein J.

Since a — b € Nz, implies that @ = b in T, by the uniqueness of additive inverses, the
degenerate Pliicker relations enforce relations between the generators xg of 7, and, in the
case of degenerate 3-term Pliicker relations, of P 7. The following result implies that, in fact,
the degenerate 3-term Pliicker relations generate all relations between the generators of T;.
(It does not, however, imply that the non-degenerate Pliicker relations are generated by the
3-term Pliicker relations; in particular, the bijective morphism P; — T} is in general not an
isomorphism.)

Theorem 5.4. Let J be a polymatroid. Then the canonical morphisms 7y : P ;= TJ and
ny: Py — Ty are bijections.
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Proof. Since 7;(0) = 0, it suffices to show that the restriction of 7; to 1/5}( — ]A"JX is bijective
for the first claim. The second claim (about ;) follows from the first claim by taking the
respective degree O parts.

The groups YA“JX and P, are quotients of the free abelian group generated by —1 and the
symbols xg with B € J by certain respective subgroups H; and H;' (defined below). We show
by an elementary induction over the number of terms of a Pliicker relation that H} = Hy,
which shows that P7 — T} is a bijection. Note that since 7; is degree preserving, this result
implies at once that 7r; is also a bijection.

Before we begin with the induction, we note that if J is a matroid, the claim follows from
general results on perfect tracts. Namely, enriching the nullset of P 7 by the set S of all
relations ), a; with at least 3 nonzero terms yields a tract F' = Py /{S), which is perfect since
it satisfies the modified strong fusion rule; see [12, Thm. 1.11]. By [3, Thm. 3.46], every
weak F-representation of J is strong. Thus, by Proposition 5.2 and Proposition 5.3, we have
canonical identifications

Hom(Tj, F) = R;(F) = RY(F) = Hom(P;, F).

This means that the canonical projection 7rg: P, — Py J{S) = F factors through the surjection
ny: P ;= TJ. Since every relation in S has at least 3 nonzero terms, rg is injective, and
so is /7. This shows that 7, is a bijection. Since the translation J — J = J — 6, induces
isomorphisms between the respective universal tracts and universal pastures (cf. Theorem 7.1),
this proof extends to all translates of matroids.

Even though the following proof does not rely on the previous discussion, we can use it
to simplify matters: if J is not the translate of a matroid, then the idempotency principle for
proper polymatroids (Proposition 4.7) implies that 1 = —1 in Ty and P;.

We therefore assume that —1 = 1, which leads to a number of simplifications:

(1) The group Ty is generated by the symbols xg with 8 € J, i.e., we can remove the
generator —1. Moreover, the generators xg of T are invariant under the permutation of
the coefficients of B, which allows us to define xg := xg for § = LB € J, independently
of the order of the coefficients of S.

(2) The Pliicker relations for the xg turn into

N

Pl(a’li() [N isljz e jS) = Z xa+3i0+...+§i+...+8i5 . xa+8ik+8j2+...+gjx S NT\J
k=0

for2< s<r,ace Afl_s and ig, ..., J2,..., Js € [n] witho; < @anda+eg,+...+
&, +&j, +...+&j, < wy. In particular, we can drop the sign (=1)¥+7*),



52 Matthew Baker, June Huh, Donggyu Kim, Mario Kummer and Oliver Lorscheid

(3) The group YA"JX is the quotient of the free abelian group generated by the symbols xg
with S € J modulo the subgroup H; generated by the degenerate generalized cross

ratios
Kot ++ey ++eig  Xatei e, +ote

>
xa+8i0+...+a?+...+gis * xa’+8,’l +8j2+"'+8js

whose numerator and denominator are the two nonzero terms of a degenerate Pliicker
relation Pl(alig . ..is|j2 ... Js)-
We show by induction over s > 2 that the degenerate generalized cross ratios lie in the

subgroup HY' generated by the degenerate cross ratios

Xatei+e " Xatej+sy

Xatei+er " Xa+ej+sg

with @ € A2 (i.e., s = 2), which stem from degenerate 3-term Pliicker relations Pl(«|ik|j).
Since P; is the quotient of the free abelian group generated by the xg modulo HY, this proves
the claim of the theorem.

The base case s = 2 is tautologically true. Thus we assume that s > 3, and we consider
a degenerate Pliicker relation Pl(«alip...i5|j2 ... js). After permuting the indices, we can
assume that the two nontrivial terms are indexed by k = 0 and [ = 1, which means that we
need to show that the generalized degenerate cross ratio

Xatei +eiy+tei, " Xateig+e),++ej

Xatej e, +tei, " Xatei +ej,++ej

lies in HY. If {is,...,is} N {j2,...,js} contains a common element, say iy = j (after
rearranging indices), then the degenerate Pliicker relation Pl(alig .. .i|j2 . . . js) is equal to
the degenerate Pliicker relation Pl(a + &; |ip . ..i5-1|j2 ... js—1), up to a zero term. Thus the
generalized degenerate cross ratio in question appears already for a shorter Pliicker relation
and lies in H} by the inductive hypothesis. Therefore, we can assume that {i,...,i;} N
{Jj2,...,Js} = @ in the following.

Define 8 = g;, +---+¢&;, andy = g, +¢&j,+---+¢&j,. Since Pl(a|ip ... is|j> ... js) has only
two nonzero terms for k = 0 and / = 1, the indices iy and i; do not appear in {iy, ...,is} and
thus y;, > B;, = 1. Since {ia,...,is} N {j2,...,Js} = @, we have y; > B, , and the exchange
axiom for M-convex sets yields an index in {iy, ..., i}, say iy, such that both 5 — &; + &;, and
Y +é&i, —€j, arein J.

For the ease of notation, we introduce the abbreviations ¢ Ig = x, and §§ = xy for subsets
Sc{0,...,stand R C {2,...,s}, where

77:0/+8io+"'+3is—Zsik"'zsjkandﬂ:a"‘gjz"'"""gjs+Z¢9ik—zé‘jk-

keS keER keS keR
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So the Pliicker relation Pl(«|ig . . .is|j2 . . . J5) reads

Poto+ a8 € N,

—_—

#0 #0 =0 =0

and the conclusion from the previous paragraph means that %S - fi # 0. Our goal is to show
that the generalized degenerate cross ratio

1 .
& B Xatei +veiy+-+eig “Xatejg+e),++ej

P& Xatei teiy++eig “Xatei +ej,++ej

is in H). We divide the proof into two cases: either { S=0or & =0.

Case 1: S = 0. Consider the 3-term Pliicker relation

PIC lioinislis) = &7 4" + & -4+ £ 00 € Np,.
#0 #0 #0 =0

Since a relation in N7, cannot have exactly one nonzero term, we conclude that £ # 0, so

that Pl(g(mﬁoilisljs) is degenerate and thus

1. #0s
IS

0. 1
40' ss

w
€ HJ.

Next we aim to show that the Pliicker relation

Pl(a+e)lio...is1lja. . jou1) =4 €0+ £ & + P&+ + 28 e € Nz,

—_— S —

#0 #0

is degenerate, i.e., {SE & =0fork =2,...,5s— 1. We know that {E & = 0. If & =0, then
Sks <& =0, as desired. If £ k =0, then we consider the 3-term Pliicker relation

Oksp: + = 1+ . 0 ks k L0k 5 ,0s
P liohvisljs) := &7 -&° + ¢ &g+ &4 € Ni.
—— —— ——
#0 =0 =0
Since a relation in NTJ cannot have exactly one nonzero term, we conclude that Sks = (0, which
implies {fs - & = 0 that in this case as well.

This shows that the Pliicker relation Pl(a + & |io .. .i5-1]j2 . .. Js—1) is degenerate. So the
inductive hypothesis applies and shows that

is
ss'gl

— € HY.
Os J
s 'fO
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Therefore

41 . fl {1 A ?S slS . fl ,
= = — - —= € Hyj,
A SR ¢S SR )
which completes the inductive step in case 1.

Case 2: &5 = 0. The proof is analogous to case 1. Consider the 3-term Pliicker relation
PUE Lioiisljs) := &0 - &)y + & &5, + & & € Np.
20 #0 #0 =0
Then &% # 0 and PI(¢%)igi1is]jy) is degenerate, which shows that

£
éﬁ_foj € HY.
&o - &,

Next we aim to show that the Pliicker relation

Pl(a+slio. . is-1lja. .. js1) = (0 & + L -8 + 8+ + 7€, € Nj
#0 #0

is degenerate, i.e., {E . fis =0fork =2,...,5s — 1. We know that f & =0 If 4«2 = 0, then
ck. 525 = 0, as desired. If & = 0, then we consider the 3-term Pliicker relation
PIE lioiisliy) = &0 €5, + &k €, + & € € Ny
#0 =0 =0
Thus fis = 0, which implies {SE - & = 0 also in this case.

This shows that the Pliicker relation Pl(a + &; |ip . . . is—1]j2 . . . Js—1) is degenerate. So the
inductive hypothesis applies and shows that

it
0 &,

w
€ HJ.

Therefore in case 2 we also have

d6 _dd a8

Dty -6 &8,

which completes the proof. O

J>°

Theorem 5.4 has several consequences, some of which will appear later in the paper. Right
away, however, we gain a series of new examples of excellent tracts. We call a tract F
degenerate if every formal sum ) a; € F* with at least 3 nonzero terms is contained in Ng.
An example of a degenerate tract is the degenerate triangular hyperfield To.
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Corollary 5.5. Every degenerate tract is excellent.

Proof. Let J be a polymatroid and 7 : P; — T the canonical morphism from the extended
universal pasture to the extended universal tract of J. Let p: [n]” — F be a weak F-
representation of J with associated morphism fj: P ; — F (using Proposition 5.3). By
Theorem 5.4, 7 is a bijection, which means that f,, defines a multiplicative map f: T, — F.
Since N contains all relations with more than two nonzero terms, f is automatically a tract
morphism, which in turn corresponds to a strong F-representation of J by Proposition 4.11.
This shows that p is a strong F-representation of J. Thus F is excellent. O

6. The foundation

The foundation F); of a matroid M was introduced in [8]. It is characterized by the fact that
Hom(Fy, —) represents the functor Gr,,: Tracts — Sets that sends a tract F' to the set of
F-rescaling classes of representations of M. In this section, we extend this concept from
matroids to M-convex sets.

6.1. The realization space. The set R} (F) of all weak F-representations of an M-convex set
J € A} is invariant under scalar multiplication by F* and under rescaling by elements of the
torus T'(F) := (F*)". In more detail, given a weak F-representation p: [n]” — F of J and
a € F*, we define a.p: [n]” — F by the formula

(a.p)(@) = a-p(a)

fora € A},. Givent = (t1,...,t,) € T(F), we define

n

p)@) = ([]4)- o).
i=1
Lemma 6.1. Both a.p and t.p are weak F-representations. If p € R;(F), then both a.p and
t.p are strong F-representations.

Proof. This follows from the fact that for all @ € [n]"~% and i, j, k, [ € [n], the corresponding

3-term Pliicker relation for a.p (resp. for 7.p) is a multiple of the Pliicker relation for p by a

n

=1 t,%f’m)). The same holds for Pliicker relations with

factor a> (resp. by a factor (#;t;tt; -
more terms, which establishes the latter claims. O

We thus have actions of F* and of T'(F) on the set R} (F) of all weak F-representations. If
F* is n-divisible, then the F*-orbit of an F-representation p is contained in the 7'(F')-orbit of
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p. Since this is not always the case, it is useful to consider the action of T(F )= F*xT(F)
on RY (F) defined by

n

(@n-p@) = a-([] 1) pl@.
i=1
Definition 6.2. An F-rescaling class of J is the f(F )-orbit of a weak F-representation of J.
The realization space of J is the set Gr'} (F)) = R} (F)/ T(F ) of all F-rescaling classes of J.

The torus action 7(F) on RY(F) is functorial in F, and in particular the push-forward
fe: RY(F1) — RY(F,) for a tract morphism f: F| — F; induces a map f.: Gr} (Fy) —
Gr'/ (F2) between the respective realization spaces. Thus we may consider the realization
space of J as a functor Gr'} : Tracts — Sets.

6.2. The foundation of a polymatroid. The foundation represents the realization space Gr/
of an M-convex set J just as the universal pasture represents the weak thin Schubert cell
Gr'; (considered as a functor from Tracts to Sets). The advantage of the foundation over the
universal tract and the universal pasture is that it is easier to compute, and it allows for several
structural results that transfer the combinatorics of (poly)matroids into algebraic properties.
At the same time, the foundation and the realization space still capture essential information
about the thin Schubert cells (see Theorem 11.2).

We note that there is an analogous tract that represents the strong realization space Gr; of J,
but for simplicity we omit a treatment of this theory.

The extended universal pasture P of an M-convex set J C A}, is multi-graded by the group
homomorphism

deg,: P, — 7'
defined by deg,(xe) = Za.
Definition 6.3. The foundation of J is the subtract
F; = {a € P;| deg}, (a) = 0}
of P 7.
Note that F; € P since deg(a) = 0 if deg,;(a) = 0. Note further that the idempotency

principle for proper polymatroids (Proposition 4.7) implies that F; is near-idempotent if J is
not the translate of a matroid. If w;; > 3 for some i € [n], then F; is idempotent.

Proposition 6.4. Let J C A}, be an M-convex set of effective rank r with extended universal
pasture P, weak universal representation p: [n]” — Pj, and foundation Fj. Let F be a tract.
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Then there exists a unique bijection
@, .+ Hom(F;, F) — Gr}(F)

that satisfies @, -(f|r,) = [f o p] for every tract morphism f: P; — F. Moreover, this
bijection is functorial in F.

Proof. The proof is similar to that of the bijection ® 7.F in Proposition 5.2. In the present
case, the group T(F) = (F¥)"*! acts on both Hom(P;, F) and RY(F), and @y is T(F)-
equivariant. So ®, r descends to a functorial bijection ®, . : Hom(F;, F) — Gr}(F)

between the respective sets of T(F )-orbits. O

Lemma 6.5. Let J C A}, be an M-convex set with foundation Fj, universal pasture Py, and
extended universal pasture P;. Then

P; =~ Fy(xi,...,x5) and ﬁj ~ Fr(xp,x1...,x5)

for some 0 < s < n.

Proof. The proof is analogous to [9, Cor. 7.14]. We sketch the argument for completeness. If
we multiply a 3-term Pliicker relation

Xaij * Xaki — Xaik *Xeji + Xail *Xajk € Np

(where @ € [n]"? and i, j, k,1 € [n] with Y @ijkl < wy) by (Xaik -xajl)‘l, we obtain

Xaij * Xakl Xail * Xajk

-1 ,
Xaik * Xajl Xaik * Xajl

which is contained in Nf,. Therefore, the null sets of P; and of P ; are generated by the null

set of Nf,. The groups P} /F} and ﬁ; /F are isomorphic to subgroups of the free abelian

groups Z" and Z x Z", respectively, via the multi-degree map. Thus both P7/F} and ﬁ? /Ff

are themselves free abelian groups, and the lemma follows easily from this. O

We show in Theorem 11.2 that s = n — ¢(J), where ¢(J) is the number of indecomposable
components of J.

6.3. First examples. We present here some examples of foundations of matroids. We postpone
examples of foundations of proper polymatroids to Section 8.4, since they are based on further
theory. For a more comprehensive list of foundations of matroids, see [11, Appendix A].
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6.3.1. Regular matroids. The foundation of a regular matroid M is Fy; = ]F;—' ([8, Thm. 7.35]).
In this case, Gry, (F) = Hom(F{, F) is a point for every tract F. Thus R}, (F) consists of a
single T(F )-orbit, which is in bijection with (F*)* for some s < n + 1 by Lemma 6.5. In
particular, we have

Ry, (F) = F*  and Ry, (F) = (F*)?

for the uniform rank 2 matroids U » and U, 3 with 2 and 3 elements, respectively.

6.3.2. The uniform rank 2 matroid on 4 elements. The smallest matroid with a nontrivial
realization space is U 4, whose foundation is the near-regular partial field U = Fi—“ (x, ) [{x+
y —1) ([9, Prop. 4.11]). Thus

Gry, (F) = Hom(Fj (x,y)/(x +y=1), F) = {(a,b) € (F*)*|a+b~1€ Nr}.

The torus orbit 7 (F). p of an F-representation p of U4 is in bijection with (F)3.

6.3.3. Binary matroids. The foundation of a binary matroid M is F{ if M is regular and F,
otherwise ([8, Thm. 7.32]). In the latter case, Gr}, (F) is a singleton if —1 = 1 in F" and empty
otherwise.

6.3.4. Ternary matroids. By [9, Thm. 6.28], the foundation F); of a ternary matroid M
is isomorphic to the coproduct, or fensor product, F| ® --- ® F, of tracts Fy,..., F, €
{Fs, H, D, U} (see Section 3.6 and Section 3.7 for definitions), which is the tract characterized
by the functorial bijection

Gry,(F) = Hom(Fy, F) =~ Hom(Fy, F) X --- x Hom(F}, F).

The terms Hom(F;, F) are of the following forms: Hom(F3, F) is a singletonif 1+ 1+ 1 € N
and empty otherwise,

Hom(H, F) = {a € F*|a*—a+1¢€ Ng},
Hom(D,F) = {a € F*|a+a—-1¢€ Ng},

and Hom(U, F) is as described in Section 6.3.2.

7. Representations of embedded minors and duals

In this section, we compare representations of embedded minors J\v/u + 7 of J in terms
of induced morphisms between the corresponding universal tracts, universal pastures, and
foundations.

We fix an M-convex set J C A/, for the rest of this section and let J = {@ € [n]" | Za € J}.
As usual, we denote its duality vector by 6; = 6, + 6} with §; =inf J and 67 = sup J. We
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denote its effective rank by 7 = r — |6, |. We write T} for its universal tract, P, for its universal
pasture, and F; for its foundation.

Since the canonical maps F; — T; and P; — T are both injective (cf. Theorem 5.4), a
morphism 7; — T between the universal tracts of two M-convex sets J and J’ restricts to at
most one morphism P; — P between the respective universal pastures and to at most one
morphism F; — Fj between the respective foundations. For this reason, we begin with the
description of the morphism 77 — T in the following results.

7.1. Minor embeddings. When we say that J\v/u + 7 is an embedded minor of J in the
following, we assume that v, u € N" and 7 € Z" with 7 > —07, and that there is an « € J such
that u + 6, < @ < oy, —v.

Recall from Section 2.2 that the embedded minor J\v/u+7 comes with the minor embedding

t\vjusc: J\v/ju+t — J

a — a+u-T.

Theorem 7.1. Let J\v/u + T be an embedded minor of J. Let ¥ =r — |u| — |6;\V/”| be the
effective rank of J\v/u. Fixy € [n]” " with Yy =6

T TH= 05. Then the association
v/u J
Xg > X, g defines a morphism

wj\v/;wrz TJ\V//J+T — Ty,

which does not depend on the choice of y and which restricts (uniquely) to morphisms

lﬁ}v\v/wz Pj\v/,u+r — Py and PN\ utt: FJ\v/y+~r — Fj.

In the case of a translation (i.e., if v = u = 0), all three morphisms are isomorphisms.

Proof. We can separate the formation of an embedded minor into deletion, contraction, and
translation, which allows us to prove the claim for these cases separately. This is easiest
for translations: we have 6;, = 6, + 7 and 7 = 7. Thus the association of the theorem is
the identity map xg +— xg. From the shape of the Pliicker relations, it is evident that this
map identifies Ty+r with T) as tautologically isomorphic tracts. This isomorphism preserves
(multi)degrees and the 3-term Pliicker relations, and thus restricts to isomorphisms 7y, — 77,
Py — Py, and Fj. — Fj.

As the next case we consider contractions J/u. By Proposition 2.15, 6,5, = ¢, and thus
Xy = u. We claim that the association xg — x, g defines a multiplicative map

—~

‘ﬁ = lZ;J/,u: TJ/,u B TJ

Firstly note that x, g # 0 for £8 € J/u since § +— [ + p defines an injection J/u — J. We

need to show that y*: T’

TJ+/,, — ff restricts to the respective nullsets, which can be tested on
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generators, i.e., elements of T;/ﬂ of the form

N

4) Pl(alio...islja- .. js) = D (=DF xp = o Xairjo
k=0

for2<s<i7,ace AZ"S and ig, . .., i, j2, ..., Js € [n] such that Zaiq .. .i5/2. .. js < wy/u.
Note that every a € J with @ > 6 + u is in the image of ¢;;, — J. Thus a variable xg that
appears in (4) is nonzero if and only if x, g is nonzero in 7. Further, we have

Xyaig...igjr...Js < WijutH < W

by Proposition 2.15. So the image of (4) under i is the Pliicker relation
N
Z (_1)k “Xyaig..in.is XV
k=0

which is in N, . This shows that the map ¢ : T ju = T/isa morphism of tracts.

Note that ¢y depends on the choice of iy up to a sign, due to axiom (SR2). Since ¢ is degree
preserving, it restricts to the tract morphism ¢, : T/, — T, which does not depend on the
choice of y. From the above argument, it is clear that g@* sends 3-term Pliicker relations to
3-term Pliicker relations, giving a tract morphism ¢": P;,, — P; between the respective
universal pastures.

Since Py, is generated by elements of the form xg/xg and the association xg/xg +
Xyp/Xyp is invariant under the rescaling action by T'(F) = (F*)", the morphism " : P;/,, —
P restricts to a morphism ¢: Fj;, — F; between the respective foundations.

Finally, for deletions J\v, the argument is analogous to that of contractions. In this

case, Xy = 5;\1/ —6,. We claim that the association xg +— x,g defines a tract morphism

lﬁ: i:J\v — Ty.
Since J\v C J, ¥ maps nonzero elements xp of T}\V to nonzero elements x,, g of f] We are
left with verifying that y* maps the generators

N
(5) Pl(alio...islja- .. js) = D (=DF Xpu = o Xairjs i,
k=0

of the nullset of fj\y to the nullset of Tj. Since
Yyaio...isj2...js < 65, =0+, =0, = 67— -V

by Proposition 2.15, we conclude that an element xg in (5) is nonzero in f]\v if and only if x, g
1S nonzero in TJ and that

Xyaig...igjr...Js < Wy.
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This shows that z/A/+ maps (5) to the Pliicker relation

N
k
Z (_1) ) xya'io...ik...is ) xya'ikj2--~js
k=0

in ij. This shows that the map i : f]\v - TJ is a tract morphism.

The same arguments as in the case of contractions show that iy induces tract morphisms
v:Tpny, — T5,¥": Py, — Py, and ¢: Fj\, — F;, which are independent of the choice of
Y. ]

Let J\v/u + 7 be an embedded minor of J and let F' be a tract. Applying Hom(—, F) to
the morphisms from Theorem 7.1 yields maps between the respective (strong and weak) thin
Schubert cells and realization spaces by Proposition 5.2, Proposition 5.3, and Proposition 6.4,
respectively:

lr//J\V//l+T : TJ\V//1+T — Ty yields l//;\y/ﬂ.,.-r : GrJ(F) - GrJ\V//,l+T(F);
Q/I}V\V//HT: Ppyjusr — Pj yields wy\’i/#ﬂ : Grj(F) — Gr}V\V/MT(F);
QDJ\V//J+T : FJ\V//J"’T — FJ yields SD;\V/#‘FT : @y (F) - gy\y/ﬂq_T(F)’

We denote the image of a class [ p] in a (strong or weak) thin Schubert cell or in the realization
space under the corresponding map by [p]\v/u + 7, and call it an embedded minor of [p].

7.2. Change of coordinates. In this section, we show that combinatorially equivalent M-
convex sets have isomorphic universal tracts and foundations. We have established this already
for translations in Theorem 7.1.

Proposition 7.2. Let t,,: N" — N"*! pe the embedding into the first n coordinates, J' = 1,(J)
and v,: [n]" — [n + 1]" the tautological embedding. Then the association xo = X, (a)

defines an isomorphism T; — Ty, which restricts (uniquely) to isomorphisms Py — Py and

Proof. We claim that the association x, > x,, () defines an isomorphism of tracts 77 : YA} — ij.

Since ¢,: J — J’ is a bijection, x, is nonzero in TJ if and only if x,, (o) 18 nonzero in TJ'. The
image of the Pliicker relation

S
k
Z (-1 “Xig..in.is  Xirja.Js
k=0
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in Nz, under n™* is the Pliicker relation

N

k
DD X, i ) ety
k=0

in ij,, where we note that wy = 1,(wy) and thus Zaiy...isj> ... s < wy if and only if
Y (aig...igj2...Js) < wyp. This verifies that j : Ty — Ty is an isomorphism of tracts.
It 1s clearly degree preserving and thus restricts to an isomorphism 7; — T/, as well as
isomorphisms P; — P (since it preserves 3-term Pliicker relations) and F; — F (since it
preserves the multi degree). O

Proposition 7.3. Let o: N" — N”" be a coordinate permutation, o : [n]" — [n]" the induced
bijection, and J' = o (J). Then the association xo > Xq(a) defines an isomorphism Ty — Ty,
which restricts (uniquely) to isomorphisms Py — Py and F; — Fy.

Proof. We claim that the association x4 > X (o) defines an isomorphism of tracts 7 : f] — fp.
Since o : J — J’ is a bijection, x, is nonzero in f] if and only if x (o) is nonzero in /. The
image of the Pliicker relation

in NT, under 77 is the Pliicker relation

s
DD, X i) Koty
k=0
in ij,, where we note that wy = o (wy) and thus Zaiy .. .izjs ... Js < wy if and only if
Yo (@iq...isj2...Js) < wy. This verifies that #: T; — Ty is an isomorphism of tracts.
It is clearly degree preserving and thus restricts to an isomorphism 7; — T/, as well as
isomorphisms P; — Py (since it preserves 3-term Pliicker relations) and F; — F (since it
preserves the multi degree). O

Applying Hom(—, F) to these isomorphisms yields due to Proposition 5.2, Proposition 5.3
and Proposition 6.4 canonical bijections

Gr, (5 (F) = Gr,(F), Gro(y)(F) = Gry(F),
Gr::(J)(F) ~ Gr} (F), Grﬁ(J)(F) ~ Gr} (F),
g:(j)(F) = g}v(F), g;(j)(F) = g}v(F)

between the respective (strong and weak) thin Schubert cells and realization spaces.
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Corollary 7.4. The spaces and maps
Gr;(F) —— Gr} (F) —» Gr}(F)

are functorial in tract morphisms F — F’ and polymatroid embeddings J — J'.

Proof. The functoriality in F has been established in Section 5.2 and Section 6.1. The
functoriality in polymatroid embeddings follows from Theorem 7.1, Proposition 7.2, and
Proposition 7.3. O

Corollary 7.5. Two combinatorially equivalent M-convex sets have isomorphic universal tract,
universal pastures, and foundations.

Proof. By Theorem 7.1, Proposition 7.2, and Proposition 7.3, two elementary equivalent
M-convex sets have isomorphic universal tract, universal pastures, and foundations. The result
follows by composing such isomorphisms. O

7.3. Duality. Let w; = 6 — 6} be the width of J and d = |w,|. For B € [n]9, we define the
signature of B as

signf8 = signo € Ty,

where o € S, is a permutation such that B,(1) < ... < Bs(). The signature of B is
well-defined, since:

« o is uniquely determined by strict inequalities between the g; if J is the translate of a
matroid;

e otherwise, 1 = —1 by the idempotency principle (Proposition 4.7), and thus sign 8 = 1,
independently of the choice of o.

Theorem 7.6. Let J be M-convex, 7 its effective rank, and d = |wy|. The association
xg > sign(BB*) - xg:, where B* € (1] satisfies TB* = 65 — 3B, defines an isomorphism
T; — T+, which is independent of the choices of the B’s and which restricts (uniquely) to
isomorphisms P; — Pj- and F; — Fj-.

Proof. Since a — ¢; — a defines a bijection J — J*, the association xg > sign(BB*) - xp-
with £6* = §; — Za defines a bijection between the variables of T, and T}, where we note
that axiom (SR2) identifies sign(BB*) - xg- with sign(88*) - xge if S is another choice of
element in [#]¢™" with 28 = 6; — Za.

Consider the Pliicker relation

—~

N

k
Z(_l) “Xeig..ivoiy KXeicjrjs € T,
k=0
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with2 < s < 7, @ € [n]"™%, Qg,...,i5 ] ..., Js € [n] with Zaig...isj>...Js < wy. Let
a € [n]d—F—

and the association xg > sign(Bf*) - xg- sends Xeiooivoiy ©O T Xigjo.jia and Xxqi; j,...j,

ton-x, i~ ;4 Wheren = sign(aig . ..isj2 ... js@’). Thus the above Pliicker relation

corresponds to the Pliicker relation

Swith Za' = wy—Zaig...isj2 ... Js. Then, evidently, Zaiy...i5js...Js < wy

N
X —~
Z (_1) .xa',ikJ-Z-njs .x(l'io...iAk...is € TJ*'
k=0

This shows that the null sets of T] and T]* agree, which establishes the desired isomorphism
TJ = TJ*.

Since this isomorphism is degree preserving, it restricts to an isomorphism 7 =~ Ty«. Since
the 3-term Pliicker relations of 7 correspond to the 3-term Pliicker relations of 7, this
isomorphism restricts further to an isomorphism P; =~ Pj-. Since an element [ | x;j, of P; has

J

multidegree zero if and only if its image [ | x;’ in Pj- has multidegree zero, Py ~ Py restricts

J
to an isomorphism F; =~ Fj«, which concludes the proof. O

Applying Hom(—, F) to these isomorphisms yields, by Proposition 5.2, Proposition 5.3 and
Proposition 6.4, canonical bijections
Gry:(F) =~ Gry(F), Grl.(F) =~ Gr}(F), Gr'.(F) = Gr)(F).

7.4. Direct sums. Thin Schubert cells and realization spaces of direct sums of M-convex sets
decompose into products, as detailed in the following result.

Theorem 7.7. Let J1 C A:,‘l and J, C A,rfz be M-convex and J = J| @ J, € A],. Then there are
canonical bijections

T, ~ le ®T]2, GI’](F) ~ GI'JI(F)XGI'JZ(F),
P; ~ P; ® Py, Gry(F) = Gr}vl(F)xGrZ(F),
F; = Fp, @ Fy, Grj (F) = Gr) (F) X Gr} (F),

which are tract isomorphisms (left column) and functorial in the tract F (right column),

respectively.

Proof. The canonical isomorphism 7; ~ T, ® T}, is equivalent to the functorial bijection
Grj(F) = Gry,(F) x Gr,,(F), since Gr;(F) = Hom(7}y, F) and

Gry, (F) X Gry,(F) = Hom(7y,, F) x Hom(7;,, F) = Hom(T;, ® T},, F)

by Proposition 5.2. The analogous equivalence holds for the other claims of the proposition.
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We now establish the claims in the right-hand column. We begin with the bijection
Gr;(F) ~ Gry, (F) X Gry, (F). Consider representations p: [n;]"" — F and py: [n2]"”? — F
of J; and J;, respectively, and define p: [n]” — F as the function that satisfies axiom (SR2),

p@p’) = pi(a)- p2(B)

whenever @ € [n;]", B € [n2]" and B}, = B + n for all £ € [r], and p(¥) = 0 whenever
#{€ € [r] | ye € [n1]} # r;. Itis immediate from the definitions that the function p satisfies
axioms (SR1) and (SR2) of a strong F-representation of J. Consider the Pliicker relation

—~

D=1 plaig...ix .. .is) - plaicja.. . Js) € NF,
k=0

which contains a nontrivial term only if there is a k such that
#{t e [r]|aio...ix...i)c € [m]} = #{C € [r]|(aixja...js)e € [m]} = ri.

Depending on whether iy < nj ori; > ny, this Pliicker relation is equivalent to a corresponding
Pliicker relation for p; or p,, respectively. Carrying out this comparison carefully leads to the
conclusion that the Pliicker relations for p are equivalent to the Pliicker relations for p; and p».

Therefore, the F*-class [p] is in Gr;(F), and every class in Gr;(F) stems from a unique
pair of classes [p1] € Gry, (F) and [p2] € Gry, (F), which establishes the bijection Gr;(F) ~
Gry, (F) X Gry, (F). It is evident that this bijection is functorial in F.

The canonical bijection Gry(F)" =~ Gr}”1 (F) % Gr}v2 (F) can be established analogously (one
only considers the 3-term Pliicker relations for s = 2). The canonical bijection Gr’} (F) ~
Qr}”l (F) x @}VZ(F ) follows from this, since it is invariant under the action of the torus
(FX)I’! ~ (Fx)nl X (FX)I’!Q. O

8. Generators and relations for the foundation

A fundamental result about the foundation F); of a matroid M is that it is generated as a tract
over [F{ by the cross ratios of M. In this section we generalize this result to polymatroids.
Moreover, in the matroid case, we know a complete system of relations between the cross ratios,
which determines the foundation. We show that these relations extend to the polymatroid case.

8.1. Cross ratios. Let J C A’ be an M-convex set and J = {8 € [n]" | 3 B € J}. Consider

« € [n]"?andi, j, k,I € [n] such that @ik, ajk, @il, ajl € J. Then the element

[i ]] _ Xaik " Xajl
kil Xail * Xajk



66 Matthew Baker, June Huh, Donggyu Kim, Mario Kummer and Oliver Lorscheid

of P 7 is invertible and has multidegree deg, ([,’{ { ]a) = 0; thus it is contained in F}. Note
that a permutation of the coeflicients of @ leads to a simultaneous sign change of all 4 terms in
the definition of [ ,’( f ]a, which shows that this element only depends on @ = Y, @ € A7~2,

Definition 8.1. Let Q; be the collection of all tuples (a,i,j, k,l) with @ € Afl‘z and
i,J,k,l € [n] such that all of

a+ &g+ &g, a+egi+ g, a+e;+ e, atejte

are in J. We call (a,1, j, k,l) € Q; non-degenerate if also @ + &; + €; and @ + & + &; are
in J; otherwise we call (a,1, j, k,l) degenerate. We define Qj C Qj as the subset of all
non-degenerate elements.
Let (a,i, j,k,[) € Qyand @ € [n])"? with 3 @ = a. The cross ratio for (a,1, j, k,[) is the
element
[ ij Xaik * Xajl

= - S FX
J'
kIl Xail * Xajk

8.2. Generators and relations. A deep structural result, based on Tutte’s homotopy theorem,
shows that the foundation of a matroid is generated by cross ratios and exhibits a complete
system of relations between them (cf. [9, Thm. 4.21]). We generalize this result to polymatroids.

Theorem 8.2. Let J C A}, be an M-convex set. Then the foundation of J is generated by the
cross ratios [;{ f ]a with (a,1, j, k,1) € QF over F{, and the following relations between the
cross ratios generate all additive and multiplicative relations between these generators in the
foundation of J:

(CRo) If (a,i,j, k1) € Q, then (o, o (i),0(j),o(k),o(l)) € QS for every permutation
o € 84 and

il = sl = 0l = 155

(CR-) If J has an embedded minor that is isomorphic or dual to the Fano matroid, then
1 = —1.

If J is a proper polymatroid, then

(CR+) If (a,i,j,k, 1) € QF, then

[;”a + [;];]a -1 € Ng,.
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(CRO) If (a,i, j, k,l) € Qy is degenerate, then

[ il =1

(CRI) If (a,i,],k,1) € Q, then

ol Tl =

(CR2) If (a,i, ], k,l) € QF, then

[/l{; a‘[;-];]a.[;]l{]a:_l'

(CR3) If (a,1, ), k, 1), (a,i, j,l,m), (a,i, j,m, k) € Qy, then

1 P VA A P Rt

CR4) If (@ + &m, i, J, k, 1), (@ + €x,0, ], l,m), (@ + &0, j,m, k) € Q) fora € A3, then
( J J J n

ij i i jJ _
[k l]a+sm ' [l m]a+sk . [m k]a+al -
(CRS) If (a +&p,1,],k, 1), (a+ey,i,],k,1) € ijora € AZ‘3 and if both (a + &, k, 1, p, q),
(@ +¢&j,k,1,p,q) € Qj are degenerate, then

[]lc ‘;.]01+8p - [llc ;‘]aﬂsq'

Throughout this subsection, we write N for the natural matroid of the reduction J. We prove
Theorem 8.2 by making use of a canonical tract morphism Fy — Fj.

We write E for the ground set of N and denote the associated projection by 6: ZF — 7",
We also use 6 for the map E — [n] obtained by identifying the standard basis vectors with the
corresponding coordinates. Let N := {8 € E" | 28 € N}.

Recall that the extended universal pasture of J is
Py =Fi(xo | @ € D)J(Sy),
where J = {@ € [n]” | Za € J} and the set S, consists of the 3-term Pliicker relations along
with the relations sign(o)x;,, ..i, = Xiy..ir for (i1,...,i7) € Jand o € S7.

The canonical morphism Fy — Fj is constructed as follows. We define a tract morphism
Fi(yg | B€N) = Fi(xq | @ € J) given by:l — —1 and y, > xg(q) for each @ € N. Then
we obtain a morphism Fi(yg | B € N) — P; = F{(xa | @ € J)/(S;). Each element in the
preimage 671 (S;) is generated by Sy U R, where R is the set of all relations yg = yp with
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6(B) = 6(B’). Thus we deduce an isomorphism Fy(yg | B € N)/(Sy UR) = P, and the
following commutative diagram:

=~ degp
Fy © > Py > ZE
\L —~ deg[n] \L
FJ c > PJ 7 z"

Lemma 8.3. The tract morphisms PA’N —> P 7 and Fy — Fj are surjective.

Proof. The morphism Py — Pjis surjective since the pre-composition with the quotient map
F(yg | B € N) — Py is surjective.

For [] xq, € Fy, let B; € Nbe such that 6(B;) = @;. Then 3., degp([1yp,); = 0 for each
k € [n]. By multiplying elements of the form y,,/y,, with 6(a) = 6(b) together with [] yg,,
we obtain an element in Fjy that maps to [] x4,. Thus Fy — Fj is surjective. |

Note that Fy — Fj; is an isomorphism if J is the translate of a matroid. Thus we may
assume in the following that J is a proper polymatroid, and thus 1 = —1 in F; and P;. This
means that the kernel of 13\;; — I”\F contains —1. More specifically, the kernel, denoted by ‘R,
is generated by —1 and the elements of the form yg;/yg; with B € E™1'and 6(i) = 6(j). By
[9, Thm. 4.21], F} is generated by —1 and the cross ratios.

Lemma 8.4. If J is proper, the intersection F; N R is generated by —1 and the cross ratios of
the form [,’( f ]w with (k) = 0(1).

Proof. First note that the cross ratio

[ i j] _ Yaik * Yajl
k 1da Yail " Yajk
is indeed in R if 6(k) = 0(1).

Let Y be an element of R whose multidegree is 0. Up to multiplication by —1, the element
Y can be written as a product of m elements of the form yg;/yg; with 6(i) = 6(j), along with
cross ratios of the form [ ;{ ; ]a with (k) = 6(1). We proceed by induction on m to show that
Y is generated by cross ratios [,’( ”a with 6(k) = 6(l).

We may assume that m is positive. Pick a multiplicative factor yg;/yg; with (i) = 6(j)
from such an expression for Y. If i = j, then we can remove this factor and apply the
induction hypothesis. Thus we may assume that i # j. Then there is another factor

VyjlYyk because degp (Y) = 0. We may assume that X5 # Xy, since otherwise (ygi/yg;) -
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(¥yj/Yyk) = ypi/ypk- By the exchange axiom, there are p, g € [n] suchthat (£8), > (Xy),,
(Zy)g > (2B)g, and (2B — &, + &4) + & € N. Thus

yﬂl [ ypi
ZB-ep yﬂ’j’

where 8 € E™~! with 28’ = Zﬁ — &), + 4. By applying such relations inductively, we deduce

that
YBi y?’] Ps ds Yyi
YBj  Yyk - 1_” ]“ﬁ

for some § € {I,-1}, py and ¢, € E, and ay € A7~>. We obtain another expression for ¥

having only m — 1 factors of the form yg, /yg; with 8(i) = 6(j). Thus the induction hypothesis
applies, which completes the inductive step. O

Proof of Theorem 8.2. We may assume that J is a proper polymatroid, as the matroid case is
covered by [9, Thm. 4.21].

By [9, Thm. 4.21], the foundation Fy of the natural matroid N is generated over F{ by

the non-degenerate cross ratios [ € PN with (e, 1, j, k,[) € Q},. Because the canonical

1l
morphism Fy — Fj is surjective by Lemma 8.3 and each non-degenerate cross ratio for N maps
to a non-degenerate cross ratio for J, we conclude that F; is generated by the non-degenerate

Cross ratios over FI—“

The relations (CRo) and (CR1)—-(CR4) follow from a direct verification. Relation (CR-) is
proven for matroids in [9, Thm. 4.21]; for proper polymatroids it follows from the idempotency
principle Proposition 4.7. In order to show (CR+) and (CRO), we divide the 3-term Pliicker
relation

Xaik * Xajl — Xail * Xajk t Xaij - Xakl € Nﬁj
by Xqii - Xajx (Where we assume that i < j < [ < k; the other cases are similar). This yields
the relation (CR+) if (a, 1, j, k, ) is non-degenerate (where @ = }; @) and the relation

iJ
[k l]a -1 € Np
if (a,1, j, k,1) is degenerate, which establishes(CRO).

Conversely, the 3-term relations (CR+) generate the null set of the foundation, which follows
at once from the definition of the extended universal pasture in terms of 3-term Pliicker relations
and generalizes to polymatroids; cf. the proof of Lemma 6.5.

Relation (CRS5) follows from the direct computation

[i j] [i j]—l _ Xaikp *Xajlp * Xailg " Xajkq [k z] [k I
atep ateg - a+g;

k1 k1 Xailp " Xajkp * Xaikq * Xajlg lpg q p]a+sj

9
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where we apply (CR1) to express the inverse of [ ,’( f ]

o1 and (CRO) to identify the latter two
q

degenerate cross ratios with 1.

It remains to show that the relations (CRo), (CR-), and (CR0O)—(CRS5) generate all mul-
tiplicative relations between cross-ratios. More precisely, we claim that the kernel of the
natural embedding f;: E—'([;C ”a | (a,i,],k,1) € Qj)x — F} is generated by the elements

corresponding to the relations (CRo), (CR-), and (CR0O)—(CRS5), where we regard the cross
k111

ratios in the domain as symbols. For instance, [ L ]a . [ il is one of the six elements

k1
corresponding to relation (CRo).

By mapping a .non-.degenerate Cross ratio [;{ f ] 3 for N to a non-degenerate cross ratio
o[, 7] /3) = | g((,?) Z(&)) 1, (p) for J, we deduce the following commutative diagram:

| I |

ker f; ——— FE([ 1] [ (@i, j k1) € Q) —L— F¥

Notice that the middle and right vertical maps are surjective, but that the left vertical map
ker fy — ker f; does not need to be surjective.

Let [] X; be an element in ker f;, where each X; is a non-degenerate cross ratio for J. There
are non-degenerate cross ratios Y; for N such that ®(Y;) = X; for each i. Since f;([[ X;) =1,
we have fy([1Y;) € R. Therefore, by Lemma 8.4, fy([]Y;) can be written as a product of
cross ratios of the form [? f ] 8 with 6(c) = 6(c’), possibly up to a factor —1. Thus there are
elements Zi, ..., Z; such that each Z; is either —1 or a cross ratio of the form [? f] 5 with
0(c) =0(c’) and [1Y; - [1Z; € ker fy. By [9, Thm. 4.21], [TY; - [] Z; € ker fy is generated
by the elements for the corresponding relations (CRo), (CR-), and (CR0)-(CRS5) for N. It is
straightforward to see that such elements for N map to the elements standing for multiplicative
relations (CRo), (CR-), and (CRO)-(CRS5) for J. Furthermore, ®(Z;) is either —1 or a cross

ratio of the form [g b ]a for J. The element —1 corresponds to relation (CR-) because J is
ab

proper. If [C i ]a is degenerate, then it is an element corresponding to relation (CRO). If

[‘c’ b ] is non-degenerate, then it is a product of elements corresponding to relations (CR-),
a

(CR2), and (CR1) as follows:

0o (L L L) (12 L)

Therefore [] X; is generated by the elements corresponding to the relations (CRo), (CR-), and
(CRO)-(CRS5) for J, which completes the proof. O
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8.3. Non-degenerate cross ratios. Since degenerate cross ratios are equal to 1, the foundation
is generated by the non-degenerate cross ratios (Theorem 8.2). Non-degenerate cross ratios
stem from certain types of embedded minors of J, which we classify in this section. This
has been done in the matroid case (cf. [9]): every non-degenerate cross is in the image of the
canonical map F\,/, — F; for a minor J\v/u of type U 4. In the polymatroid case, we find
two additional types. Recall that

Uss = {(2,0,0), (1,1,0), (1,0,1), (0,1, 1)}.
In Section 8.4.1, we determine the foundation of both U7 ; and A% as K(x)J{x+1+1).

Proposition 8.5. A cross ratio [,’( f ]Q in Fy that is not equal to 1 is in the image of the
canonical map Fy — Fj for an embedded minor J' = J\v/u + 7 of J that is of type Uz 4, U; 5,
or A2

2

Proof. Let [ ]‘{ 5 ]a be a cross ratio of F; that is not equal to 1. Whenever we find an embedded

minor J’ of J such that [ ]’( ; o, 1s in the image of the canonical map F» — Fj, we can replace

J by J’ until we have arrived at one of the three M-convex sets in the claim of the proposition.

To begin with, the cross ratio [ 71 in Fy is the image of the cross ratio [ ,’( ” € Fyjo

J
klla
under the canonical map ¢,/ : Fjjo — F;, which allows us to assume that & = 0 and that J is
of rank 2.

By (CRO), [ ,’{ 5 ] has to be non-degenerate, i.e., J contains
S = {si+ej, g t+ep, gt+e, gt €j+e, g teg }

Any other element of J does not matter, which means that [ ,’{ f ] lies in the image of Fj\, — Fy
for v = 67 — sup S. This allows us to assume that 67 = sup S and, after permuting [n] and
restricting the support suitably, that [n] = {i, j, k, [}.

Since

[i j] _ Xik = Xjl
kol Xil * Xjk
is not equal to 1, we can assume that i # j and that k # [. If i, j, k and [ are pairwise distinct,
then J = Uz 4.

If two of i, j, k and [ are equal, then we can apply (CRo) and (CR1) (i.e., passing to the
multiplicative inverse) and assume thati # j = k # [. In this case, J is one of the last two
M-convex sets of the proposition, depending on whetheri # [ ori = [. O

8.4. More examples of foundations. In this section we compute the foundations of some
proper polymatroids.
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8.4.1. The foundation of U; , and of A%. Consider J = Uy, or J = A%, which is a proper
polymatroid in either case. Thus its foundation F; is near-idempotent by Proposition 4.7.
Consider a cross ratio

[i j] _ Xik X

k1 Fy

Xil * Xjk

of J that is not equal to 1. Then we have i # j and k # [ and it is non-degenerate by (CRO),
and so are all cross-ratios obtained by permuting i, j, k, [ by (CRo"). After reordering the
rows (using (CRo)) and possibly exchanging k and / (which exchanges [ ,’( { ] by its inverse
by (CR1)), we can assume thati # j = k # [. This implies thati # [ if J = Uy3 andi = [ if

J = A%. Finally, since
[ 1=157]

by (CRo), we find that the foundation is generated by [ ; f ] , or, equivalently, by its multiplicative
inverse x = [ ; j ] . Note that the degree of x;; in [; { ] = % maps the powers of x bijectively
to Z, which shows that there are no further multiplicative relations.

The unique Pliicker relation of J is
Xil - Xjj + XijcXj o+ XijcXj € N;;J,
which is equivalent to 1 + 1 + x € Np,, after dividing by x;; - x;;. We therefore find that
Fr =Fx/d+1+x) ~F D

for both J = U;3 and J = A%.

8.4.2. The foundation of A%\sz. Consider the proper polymatroid
J = A\ex = {(2,0,0), (1,1,0), (1,0,1), (0,1,1), (0,0,2)},

whose foundation is near-idempotent. By Proposition 8.5, the nontrivial cross ratios stem from

the embedded minors of J of types Uy 4, US ., and Ag, which are

2,3°
Ner = {(1,1,0), (1,0,1), (0,1,1), (0,0,2)} (type U3 5);
J\82 = {(2’0’0)9 (1’0’1)’ (0’0’ 2)} (type A%),
J\ez = {(2,0,0), (1,1,0), (1,0,1), (0,1, 1)} (type U3 5).

The corresponding cross ratios are x = [% %] y = H %] z = [% H which satisfy x + 1 +
I, y+1+1, z+ 1+ 1 € Nf, by Section 8.4.1. By (CR3), we have

-G =
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and thus (using (CRo) and (CR1)), y = xz. There is no further relation between x (which
involves x11) and z (which involves x33). Thus we find that the foundation of J = Ag\sz is

F;r = Fo(x,2)J{1+1+x, 1 +1+4+xz, 1+1+2).

8.4.3. The foundation of A3. The polymatroid J = A3 has 3 embedded minors J\(&; + &;) of
type U£3 and 3 embedded minors J\2¢&; of type A2, where {i,j, k} = {1,2,3}. We denote
the corresponding cross ratios by x; = [; ﬁ ] and y; = i j: ] . For the same reasons as in the
previous example, they satisfy the relations y; = x;x;, xx +1+1 € Np,,and y, +1+1 € Np,,
which determines the foundation F; of Ag as

FQ(X],XQ,X_?,)//()C] +1+1, xo+1+1, X3 + 1+1, xjxp +1+1, X1XxX3 + 1+1, X2X3 + 1+ 1)

8.4.4. The foundation of A%. The polymatroid J = Ag has 2 embedded minors of type A2,
which are J/&; and J/&>, and none of types U5 ; or U 4. The corresponding cross ratios are

—[11 —[11 i ive i
x=[} 2]8] and y = [} 2]82, and their respective inverses.

By the idempotency principle, the foundation F; of J is idempotent and, in particular,
—1 = 1. Since the variables x1; and x22, only occur in one of x and y, taking the multidegree
in x111 and x72, defines an group isomorphism FJ>< — 72

The Pliicker relations are parametrized by @ € {e1,&2} and i, j, k,l € {1,2} such that
a+e+ej+e+e <wy=(3,3). If @ = g, then up to permutation of 7, j, k, [, we have
eitheri=1and j=k=[1=2o0ri=j=1and k = = 2. In the former case, the Pliicker
relation is equivalent to 1 + 1 + 1 € Nf, (which we know already from the idempotency
principle), and the latter relation is equivalent to 1 + 1 + x € Np,. Similarly the Pliicker
relations fora =gy yield 1 +1+1 € Np, and 1 + 1+ y € Nf,. Thus we find

FA% = K, y)J(1+1+x, 1+1+y).

Part 4. Canonical embeddings

In this last part of the paper, we describe canonical embeddings of the representation space
RY(F) and of the realization space Gr)/ (F) into tori, by which we mean sets of the form
(FX)N for some N. This is of particular interest if F (and thus F*) carries a topology, since
the torus embeddings then endow the representation / realization spaces with a topology (cf.
[4] and [5], where such a study is carried out in the case of triangular hyperfields).

Further, we discuss the Pliicker embedding pl;: Gr}/ (F) — PN (F) (for N = #A — 1) and
a decomposition of R (F) into the product of Gr; (F) with a torus.
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9. The torus embedding of the representation space

We call a group isomorphic to (F*)* (for some s > 0) a torus over F. Let J C Al be an
M-convex set, J its reduction, and 7 its effective rank. By the definition of a strong (resp.
weak) F-representation of J as a function p: [n]” — F, the representation space R;(F)
(resp. R} (F)) can be considered as a subspace of F " Axiom (SR1) (or, equivalently,
(WR1)) determines the non-vanishing coordinates of p as those whose indices « lie in
J={ae[n]"|a+--+a, €J}. Thisresults in the canonical embedding

R;(F) € R}(F) — (F9?
of the (strong resp. weak) representation space into the torus (F I, Axiom (SR2) (or,
equivalently, (WR2)) implies that R;(F) (resp. RY/ (F)) is contained in the subgroup Cy(F) of
(F*)J that consists of all p € (F*)J that satisfy
Plc(1ys - i) = sign(o) - p(it, ..., i),

which is a subgroup of (F*)J. Choosing an @ € J with Y, @ = « for each a € J, e.g. the
unique such @ with @; < ... < @, yields the torus embedding R} (F) — (F )7, Note that if
1 # —1in F, then the signs of the coordinates depend on the choices of the a.

9.1. The degeneracy locus. There is yet a smaller subgroup of D;(F) C (F*)J that contains
the representation space. It is cut out by the degenerate 3-term Pliicker relations, which force
the two nonzero terms to be additive inverses of each other. These relations are of the form

p(aik) - p(ajl) = p(ail) - p(ajk)

for @ € A7~2, assuming that p(aij) - p(akl) = 0. The degeneracy locus of J over F is defined
as the subgroup

p satisfies (WR2) and all }

Dy(F) = {p e (F)’
s(F) pe ) degenerate 3-term Pliicker relations
of (F*)J. Summing up, this yields a chain of inclusions
R;(F) € RY(F) € Dy(F) ¢ (F*)) ¢ F".

The following fact verifies that the degeneracy locus does not get smaller if we require all
degenerate Pliicker relations to hold.

Corollary 9.1. Let J be an M-convex set of F a tract. Then

Dy(F) = {p e (F*)J ) p satisfies (WR2) and all degenerate Pliicker relations}.

Proof. This follows at once from Theorem 5.4: every degenerate Pliicker relation is contained
in the ideal generated by the degenerate 3-term Pliicker relations. O
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Proposition 9.2. Let J be an M-convex set with extended universal pasture Py andlet F be a
tract. Then there is a canonical bijection

D;(F) — {group homomorphisms f ﬁ; — F* with f(-1) = -1}.
If F is a degenerate tract, then D;j(F) = R (F) = R;(F).

Proof. Let G be the (multiplicatively written) free abelian group generated by symbols —1
and xg for B € J. Anelement p € D;(F) defines a group homomorphism f,: G — F* with

fo(=1) = =1 and f,(xp) = p(B). Since (f,(~1))?> = (-1)?> = 1 and

(xozik ’xa/jl) _ P(Olik) ’ p(ajl) _
P Xail * Xajk p(ail) - p(ajk)

whenever p(aik) - p(ajl) and p(«ail) - p(ajk) are the two nonzero terms of a degenerate
3-term Pliicker relation, the group homomorphism f,, factors through a uniquely determined
group homomorphism

fo: PY = G/HY — F

with fp(—l) = —1, where HY is the subgroup of G generated by the elements (—1)? and the
XaikXajl
Xail Xajk

This defines the canonical map given in the statement of the proposition. It is injective

degenerate cross ratios

since p can be recovered from fp via pg = fp (xg). It is surjective since all defining relations
between the generators xg of ﬁ? hold for the coefficients pg of p € D;(F).

The claim D;(F) = R} (F) follows from the fact that the non-degenerate 3-term Pliicker

relations are vacuous if F is degenerate. By Corollary 5.5, F is excellent, i.e., R}V(F ) =
R ](F ) O

9.2. The lineality space. If F' is idempotent, then R;(F) contains a certain subgroup of the
ambient torus (F*)J, which we call the lineality space.

Recall from Section 6.1 that the torus T(F) = F* x (F*)" acts on R;(F) by the formula
(a,1).p(a) =a- (H;—:1 t(li) pla).

If F is idempotent, then there is a (necessarily unique) morphism ir: K — F. The
composition of the unique K-representation y;: [n]” — K of J with iy yields the trivial
F-representation xjr: [n]” — F given by ysr(a) = 1if Ya € J and y;r(@) = 0
otherwise.

Definition 9.3. The lineality space of R;(F) is the orbit Lin; (F) = f(F).X‘],F, which is a
subgroup of (F*)J that is contained in R;(F). The thin Schubert cell Gr;(F) = R;(F)/F*
contains the quotient torus T(F ).x7.r/F*, which we call the lineality space of Gr;(F).
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Example 9.4. If J is a matroid, then the bijection —log: Gr;(F) — Dry (cf. Section 4.6)
identifies the lineality space of Gr;(T) with the lineality space of the local Dressian Dry,
which consists of all valuated matroids with underlying matroid J (cf. [20] for details on local
Dressians and their lineality spaces).

Whether or not a weak F-representation p: [n]” — F belongs to the lineality space Lin; (F)
can be evaluated in terms of the triviality of the cross ratios of p, which are the elements

FX

[ i j] _ plaik) - p(ejl)
ki ldep — p(ail)- p(ajk)
for (a,i,j,k,l) € Qyand @ € Afl_2 with Y @ = a. If f,: ﬁj — F'is the tract morphism
associated with p (see Proposition 5.3), which is given by f,,(xg) = p(B), then

i Xaik * Xaj (aik) - p(ajl) iJj
fp([k; “) B fp(xa;'xa;li) B z(zzl);)(;yjjk) B [k ;]“’p'

Proposition 9.5. Let F be idempotent, let p € R (F), and let f: P; — F the associated
tract morphism. Then p € Ling(F) if and only if [,i {]ap =1 forall (a,i,j, k,l) € Q.

Proof. 1t is clear from the definition that the cross ratios of p are invariant under the action of
T(F). The “only if” direction now follows from the obvious fact that the cross ratios of the
trivial F-representation are all equal to one.

Conversely, we have p € Liny(F) = T(F).X],F if and only if [p] = [xs.r] as classes
of the realization space GrY/ (F), i.e., if and only if the restriction of f, to F; — F agrees
with the tract morphism f), .: F; — F, using Proposition 6.4. Now if [ ;{ f ]a’p = 1 for
all (a,i, j, k,l) € Qy, then fp|FJX : FJ>< — F is indeed trivial because FJ>< is generated by —1,
whose image in F is —1 = 1, and all cross ratios by Theorem 8.2. m]

10. The Pliicker embedding for thin Schubert cells

We define the projective N-space over F as the quotient
PN(F) = {(ao,...,an) € FN*'|a; € F* forsome 0 < i < N} / F*.
We denote elements of PV (F) by
[a1:...:an] = F*-(ag,...,an).

Quotienting out the domain and the codomain of the canonical embedding R} (F) — F ”r
(cf. Section 9) by the diagonal action of F* yields the effective Pliicker embedding

Gr;(F) € Gr¥(F) — P" ' (F) = {[xal|@ € [n]},
which sends [p: [n]" — F] € Gr(F) to [p(@)]ge[n)7-
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10.1. The Polygrassmannian for idempotent fusion tracts. The thin Schubert cells Gr;(F)
for various M-convex subsets J C A} (with fixed r and n) glue to a subvariety of P 1, which
we call the Polygrassmannian. If F is not near-idempotent, then the idempotency principle
(Proposition 4.7) implies that Gr;(F) is nonempty only if J is the translate of a matroid. So
in this case, the Polygrassmannian is a union of “translates” of usual Grassmannians. If F
is near-idempotent, then the Polygrassmannian is larger than (a union of translates of) usual
Grassmannians.

In order to realize the embedding of Gr;(F) into P ! (as opposed to P 1, as in the
effective Pliicker embedding), we need to “translate” [ p] € Gr;(F) to a function p: [n]" — F
by adding coefficients that correspond to 7 in a certain sense, as explained below. Unless J is
a matroid, the signs of the coordinates of the “translate” of p depends on the ordering of [n] if
1 # —11in F. To avoid these complications, we concentrate on the near-idempotent case in the
following, which is the only genuinely interesting case as explained above.

Thus, let us assume for the remainder of this discussion that F is near-idempotent. By
Lemma 4.10, a function p: [n]” — F that satisfies axioms (SR1) and (SR2) is a strong
F-representation if and only if the function p: A}, — F with support J, givenby p(6; + X @) =
p(a) for @ € J, satisfies the Pliicker relations

N

Z pla—gy +e,+-+&) plate, +&,+ --+¢&;)€Nrp
k=0

forall2 < s < r,a € A7, and ig,- - ,i5, j2,...,Js € [n] such that 67 < @ and a + &;, +
.oteE et +Ej <O

This identifies F-representations of different M-convex subsets J C A7, (for fixed r and n)
with functions p: A}, — F on the same domain. However, the defining relations depend on
J because of the bounds that involve ¢, and ¢;. The following result resolves this issue by
removing these bounds. It comes with the price that we need to assume the fusion rule for F,
which is

(FR) If Y a; — ¢, C+ij ENF,thenZai+ij € Nr.

We call a tract that satisfies the fusion rule (FR) a fusion tract. Note that the most interesting
examples of tracts are fusion tracts, which include all hyperfields and partial fields and, in
particular, all examples mentioned in this text. Note that we also need to assume that F is
idempotent.

Lemma 10.1. Let F be an idempotent fusion tract. Let J C Al, be an M-convex set, J its
reduction, and ¥ = r — |67 | its effective rank. Let p : [n]" — F afunction that satisfies axioms
(SR1) and (SR2) and p: A} — F the function with support J given by p(6;, + X @) = p(«a)

for a € [n]". Then p is a strong F-representation of J if and only if p satisfies the Pliicker
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relations

©”

pla—¢gy +e,+--+&) plate, +&,+---+¢&;) €N
k=0

forall2< s<r,aeA andiy,- - ,is, j2,...,Js € [n].

Proof. By Lemma 4.10, we only need to verify that p satisfies the Pliicker relations in question
ifo; £ aorifa+sg,+...+& +e&j,+...+&; £ ). These two cases can be proven
analogously (and are, more concisely, related by polymatroid duality). We only explain the
proof for 65 £ a, proceeding by induction on d* = d*(a,6;) = Xie[, max{0,0;; — a;}.

If d* = 0, then 6; < a, so the corresponding Pliicker relation holds by assumption. If
d* > 0, then ay < oy for some £ € [n] and the expression

N

(6) Pl(alip...is|j2...Js) = Z pla—¢g, +ej,+-+&) plat+te, +e,+-+&)
k=0

is either identically 0, and thus in Nf, or
B =a+eg,+ - +eg, and Y = a+gj+-tgj
satisfy B, > O Yoz 6,,—1, and By + 7y, > 265 ,.

We begin with the case where y, = 6, — 1, and thus B¢ > 6, , + 1 > @, + 2. Then (6) is of
the form

Z pla—¢g; +ej,+---+¢&) plate, +ej,+---+¢j)
ks.t.ig=C

= (1+-+1)-pla+e,++e,—€) pla+e+ej,+ - +&j,)
————
m-times
form = B¢ — a¢ > 2, which is in N since F is idempotent and thus m.1 =1+ ...+ 1 € Np.

In the other case, y, > 67, > @+ 1, we have B, > 67, > a¢ + 1 and thus ¢ appears in both

I s
{io,...,igtand {ja, ..., js},sayio = j» = €. If B¢ = a¢ + 1, then
pla+te,+---+¢&) pla+tg,+e,+---+g;) =0

and thus (6) equals Pl(a + &¢|iy .. .i5|j3 ... Js), which is in Nf by the inductive hypothesis
since d*(a + &¢,6;) = d*(a,6;) =1 <d*. If B¢ > a¢ + 2, then £ appears at least twice in
{io,...,is},sayigp =i} = ¢, and (6) is of the form

p(B—er)-ply+er) + p(B—er)-ply+e&r)

S
+ Z pla—g, +ej,+--+&) plat+e, +e,+ -+&)),
k=2
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which is in N by the fusion rule (FR) applied to the two terms

p(B—e0)-py+ee) + p(B—g0) - p(y+er) + p(B—er) p(y + &),

which is in N since F is idempotent, and

N

p(B—e0) ply+&0) + Z pla—c&i +&,+ - +e&) plat+e, +&,+ - +&j),
k=2

which is Pl(a + &¢]i; ... ig|j3 ... js) and thus in N by the inductive hypothesis. O

Definition 10.2. Let F be an idempotent fusion tract. The Polygrassmannian of rank r on [n]
over F is the subset PolyGr(r, n)(F) of PV (F) (for N = #A, = 1 = ("!") — 1) that consists of
all classes [p: Al — F] of functions that satisfy the Pliicker relations

N

Z pla—¢g; +&,+---+¢) pla+eg, +g,+ ---+¢;)€Nrp
k=0

forall2< s<r,a € A%, andip, - ,is, j2,..., Js € [n].

As a consequence of Lemma 10.1 and Remark 4.5, PolyGr(r, n)(F) is the union of the
thin Schubert cells Gr;(F) for the various M-convex subsets J C Al. More precisely, the
association p — p established by Lemma 10.1 defines a bijection

]_[ Gr;(F) —> PolyGr(r,n)(F).
JCA”"

==n
M-convex

In particular, PolyGr(r, n)(K) is canonically in bijection with the collection of all M-convex
subsets J C A,

Remark 10.3. In fact, the Pliicker relations endow the Polygrassmannian with the struc-
ture of a band scheme PolyGr(r,n) whose F-rational points are naturally identified with
PolyGr(r,n)(F). This perspective can be extended to an interpretation of PolyGr(r,n) as
the fine moduli space of polymatroids, in the vein of [8], in terms of a suitable theory of
polymatroid bundles for band schemes.

Note that we refrain from making an analogous definition for the weak Polygrassmannian,
because the weak Pliicker relations (WR3) do not by themselves imply that the support of p is
a polymatroid. This leads to a less satisfactory picture from an algebro-geometric point of
view: the space of weak F-representations of M-convex subsets of A}, is not represented by a
band scheme. (A similar phenomenon occurs already for matroids, so there is nothing unique
in this regard about the case of polymatroids.)
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Let 6: Z" — Z" be the function given by 6(«); = Z;:l @y(ji-1)+; With i € [n]. For a
function p: Al — F, we define the associated function Il p: Ay, — F by
p(fa) ifa<1,

' p(a) = ,
0 otherwise.

This is a direct analogue of the up operator defined in Section 4.4 when F is a near-idempotent
tract. If the support J of p is a polymatroid, the support N = 671(J) N {0, 1} of IT" p is a
matroid. Note that N is the natural matroid of J iff the rank of each element i of J is r.

Lemma 10.4. Let F be an idempotent fusion tract. A function p: A} — F satisfies the Pliicker

relations
S

Z pla—¢g; +&,+---+¢) pla+eg, +g,+---+¢;)€Np
k=0
forall2 < s <r, @ € N5, and ig, - i, jo,...,js € [n] if and only if I p: AT, — F

satisfies the Pliicker relations
S
Z HTp(,B—sl-k +& ot EL) -HTp(ﬁ+s,-k +&j,+--+¢gj)€NF
k=0

forall2 < s<r,BeA 7’ andiy,--- ,is, j2,...,Js € [rn].

rn °

Proof. We denote the support of p by J and the support of ITT p by N.

Assume that p satisfies all Pliicker relations. By Lemma 10.1, it suffices to show that IT! p
satisfies 3 ' p(B-e;, +&i,+- - -+sl~s)~HTp(ﬁ+8,-k+sj2+- --+g;) € Npforall2< s <r,
B e A andig, - ,is j2,...,]s € [rn] suchthat B+ &, + -+ & +¢&j, + - +¢&j <
6% = 1. In this case, 1" p(B — &;, + &, + -+ + &) = p(O(B —&i, +&jy + -+ + &,)) and
' p(B + g tej,+--+¢gj)=p@(B+eg, +&j+---+¢&j,)). Therefore, the above Pliicker

relations for I1T p follow from the Pliicker relations for p.

Conversely, assume that I1T p satisfies all Pliicker relations. By Lemma 10.1, it suffices to
show that p satisfies 3\, _, p(a—¢;, +&i+---+&;) -pla+g, +egj,+---+¢g;) € N forall
2<s<r,a€ A andig, -+ ,is, j2,..., s € [n] suchthata+&; +- - -+ +&),+ - -+&j, <
(5} < rl. There are B € A/* and ié, o0, Jhe oo Js € [rn] such that 6(8) = a, 6(i)) = ik
for all k, 6(j;) = j; for all [, and S + g+ +e&g +ej+---+¢gj < 1. Thus the above
Pliicker relations for p follow from the Pliicker relations for II' p. O

As a consequence of Lemma 10.4, we obtain an embedding
PolyGr(r,n)(F) — Gr(r,rn)(F)

provided that F is an idempotent fusion tract.
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Remark 10.5. Let

r
(7 gwi,wa, ..., wy) = Z (a) caw®
a€eA]
be a degree r homogeneous polynomial in n variables with nonnegative coefficients, where
w® = [T, wi" and (") = [T7, (/). The polarization of g is the degree r homogeneous

polynomial in rn variables w;; with i € [n] and j € [r] given by

n
Mg := Z Ca | | €a;(Wit, Wiz, ..., wir),

aeh;, =1
where e (z1,...,z,) denotes the elementary symmetric polynomial of degree k. Brindén
and Huh [19, Prop. 3.1 and Thm. 3.14] proved that the polarization operator preserves the
Lorentzian property of polynomials and that (c,)qenr is a To-representation of a polymatroid
;)cgwa is Lorentzian for all ¢ > 0. We remark that for
g > 0, if we assign to a polynomial g written as in (7) the function g, : A}, — T, given by

if and only if the polynomial ), AL (

Pg(@) = cq, then we have ' Pg = P g- However, note that g, differs from the function
pg: A, — T, that is assigned to a polynomial g in [4], for which in general ' Pg # P11t g-

10.1.1. The Polydressian. Let R = R U {co} be the min-plus-algebra. Taking coefficientwise
inverse logarithms defines the bijection —log: PN (Ty) — ﬁN/R where N = #A] — 1.
We define the Polydressian as the image PolyDr(r,n) = —log(PolyGr(r,n)(Tp)) of the
Polygrassmannian over T, under this map. The Polydressian PolyDr(r,n) contains the
Dressian Dr(r, n), which is the union of the local Dressians Dry = —log ( Gry (To)) for which
J is a matroid. It follows from the results in Section 4.6 that the Polydressian PolyDr(r, n) is
the set of M-convex functions A7 — R U {co} modulo constant functions.

In rank r = 1, every polymatroid is a matroid and thus Dr(1,n) = PolyDr(1, n). For rank
r > 2 and n > 1, the Polydressian is strictly larger. For example, Dr(r, 1) is empty for r > 2
since there is no matroid of rank » > 2 on [1], but PolyDr(r, 1) is a singleton that contains the
class of the trivial valuation v: A} — R with v(r,0) = 0.

A richer example is PolyDr(2,2). The Dressian Dr(2, 2) is a singleton that consists of the
class of the trivial valuationv : Uy, — Rwithv(1,1) = 0, where Uz» = {(1, 1)} is the uniform
matroid of rank 2 on [2]. The Polydressian PolyDr has six strata Dr; = —log(Gr;(Ty)),
labeled by the six M-convex subsets

{2,00}, {(LD}, 0,2}, {(2,0,(1,D} {(2,0,(1,1)} A

of A%. The (logarithmic) Pliicker relations are trivially satisfied for all valuations of these
M-convex sets, with the unique exception of A2, whose valuations must satisfy the condition
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that the minimum among
v(2,0) +v(0,2), v(1,1) +v(1,1), and v(1,1)+v(1,1)

occurs at least twice, which means that 2v(1,1) < v(2,0) + v(0,2) # co. See Figure 7 for an
illustration of PolyDr(2, 2).

Dr{(l.,l)} = D].’(Z, 2)

Dri2,0),1,1)) Dr{(1,1),(02)}

Dry0) Dryo,2))

Figure 7. The Polydressian PolyDr(2, 2)

10.2. The Tutte rank. If M is a matroid, then P}, is canonically isomorphic to the Tutte
group of M; cf. [8, Thm. 6.27]. This justifies the following definition of the Tutte group of a
polymatroid.

Definition 10.6. Let J be an M-convex set. The Tutte group of J is the abelian group P*, and
the Tutte rank of J is its free rank 7(J) = rk P7.

As an immediate consequence of Theorem 5.4, the Tutte group is also canonically isomorphic
to T} The Tutte rank 7(J) is finite since P7 is finitely generated.

Corollary 10.7. Let J C A}, be an M-convex set. Then —log ( GrYy (Too)) is a real vector space
whose dimension equals the Tutte rank t(J) of J.

Proof. Since T, is degenerate and every group homomorphism f': Py T maps the torsion
element —1 to 1 = —1 in TX = R, Proposition 9.2 implies that

RY(Te) = Dy(Teo) = Homz (P}, Rso).
In conclusion — log ( Gr% (T«)) = Homz(P%, R) is a real vector space of dimension 7(J) =

k(P7). |

Remark 10.8. It is shown in [4] that for every M-convex set J, the dimension of the space of
Lorentzian polynomials with support J is equal to 7(J) + 1.

For nonnegative integers «i, . . . , k,, we define the polymatroid

Ar

ey = 1@ € AL | i < x; forall i}

Note that A21,1 ..... n

the space of Lorentzian polynomials with support A

is the uniform matroid U, , and Azr . = A},. It was shown in [18] that

yeens)
g/ is full-dimensional. Thus, by

(Kseees Kn)
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Remark 10.8, its Tutte rank is equal to the number of bases minus one. We give a direct proof
of this formula.

is equal to b — 1, where b denotes the number of
..... Kn)

Proof. We write J for AZKI ..... ) Every 3-term Pliicker relation in the universal pasture P is
non-degenerate. Thus the unit group P7 is the free abelian group generated by symbols —1 and
xq With @ € J modulo the relation (—1)2 = 1 if J is a translate of a matroid. Otherwise, ﬁ; is
the same free abelian group modulo the relation —1 = 1, which follows from the idempotency

principle (Proposition 4.7). Thus P} = ker(deg) ~ (Z/2Z) x ZP=1 or ZP71. O

Example 10.10. The Tutte rank of A% is two, and the Tutte rank of U; 3 = A%z D) is three.

11. The canonical torus embedding for realization spaces

Let J C A, be M-convex, J its reduction, 7 its effective rank, and J = {@ € [n]" | Y @ € J}.

The non-degenerate cross ratios of an F-representation p: [n]” — F of J determine the map
@ Gry(F) — (F*)%
[p] = [(a’i’j’k’l)l_)[li{]a,p]'

Let 777 (F*) — (F*)* be the group homomorphism that maps a function p: J — F* to
the function n;(p): Q; — F* given by

iy j kol — [ j]ap _ plaik) - plajl)

kol -~ plail) - p(ajk)’
where @ € [n]" "2 such that Y, @ = . Letpl;: RY — (F *)J be the canonical torus embedding
(cf. Section 9) and 7r;: R (F) — GrY/ (F) the quotient map.

Proposition 11.1. The map @y is injective and

RY(F) — 2Ly (FX))

") I
Gy (F) — s (F)%

commutes.

Proof. By Proposition 6.4, a class [p] € R} (F) is uniquely determined by the associated
morphism f,: F; — F (cf. Theorem 8.2), which in turn is uniquely determined by the

image of the non-degenerate cross ratios fj, ( [ ,’{ f ]Q) = [ ,’( f ]a,p since F; is generated by the

non-degenerate cross ratios (Theorem 8.2). Thus @y is injective.
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The diagram commutes since

(@som)(p) = wy(lp]) = {[}4],,| (@i jk.]) e}
= n({p(B) | B€T}) = (ns0opL)(p)
for all p € R} (F). O
11.1. A decomposition of the representation space. By Lemma 6.5, the extended universal
pasture is a free algebra over the foundation. The choice of an isomorphism P 7= Fr(xy,...,x5)
yields a bijection
Gr} (F) = Hom(Py, F) =~ Hom(F;(xy,...,x,),F)
= Hom(Fy, F) x Maps ({x1,...,xs}, F*) = Gr}(F) x (F*)*
which is functorial in /' and which commutes with the projections onto Gr;/ (F). More

precisely, the following holds.

Theorem 11.2. Let J C A}, be M-convex and J = @IC:({) Ji a decomposition into indecom-

posable M-convex sets J; C Ay.. Let p: [n]" — F be an F-representation of J. Then the
stabilizer of [ p] under the action of T(F) = (F*)" on Gr'}/ (F) is

Stabr(ry([p]) = {t € T(F)|tn_s1=... =ty foralli=1,...,c(J)},

where ng = 0, and the orbit T(F).[ p] is in bijective correspondence with (F*)"~¢/).

r

In particular, Py = Fy(x1, ..., Xn_c(s)). If F is idempotent, then Lin;(F) =~ (F*)"=¢\),

Proof. We begin with the first claim. An element ¢t € T(F) is in the stabilizer of [p] iff
[t.p] = [p], i.e., iff there is an element ¢ € F* such that (¢.p)(B) = ¢ - p(B) for all B € J,

which means that [T}_, tf I =c.

By Theorem 7.7, p(B) = Hf:({) pi(B|;;) for certain F-representations p;: [n;]"" — F of J;
and By, = (Bui_y+15 - -+ Bny)-

Assume that t,, 41 = ... =1, foralli = 1,...,c(J) and define ¢ = Hfz({) tf,’t Then
]—[?:1 tfj = c for all B € J since |B|;,| = r;, and thus ¢ € Stabr(r)([p]).

Conversely, assume that ¢ € Staby(r)([p]). We want to show thatt,,_ +1 = ... = t,, for each
i=1,...,c(J), which can be established separately for each component J;. After replacing J
by J;, this allows us to assume that J is indecomposable for simplicity. We establish the claim
by showing through an induction on s = 1, ..., n that there is a subset S C [n] of cardinality s
that contains ¢, and such that ¢; = ¢, for all i € S.

If s = 1, then S = {t,,} satisfies the claim. In order to establish the inductive step, assume that
S is a proper subset of [n] that contains ¢, and such that t; = ¢, for alli € S. By Lemma 2.28,
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there are 3,y € J with 85 < ys. Applying the exchange axiom repeatedly yields a sequence
B=p9,. .., =y of elements in J with 3,cp, |/3§J) —,8!.("_1)| =2forallj =1,...,m.

In particular, there is a j for which ,ng ) = Béj RSl

After replacing 8 by B~V and y by 8), this means that there are k € Sand € € [n] — S
such that yx = By + 1, y¢ = B¢ — 1, and y; = §; for all i # k,¢. Since ¢t € Stabr(r)(p), we
have [T,epy tfi = [Tic[ay ¢]'> and thus 7, = t;.. This shows that S U {¢} satisfies the claim of the
induction, which establishes the inductive step. This completes the proof of the first claim of
the proposition.

The orbit 7(F).[p] is in bijection with T(F)/Stabrr)(p), which is isomorphic (as a
group) to (F¥)"~¢() which establishes the second claim. For a finite proper extension
of K (e.g. F = H® K), counting the elements of Gr/ (F) x (F¥)r=cU) = GrYy(F) x (F*)*

implies that s = n — ¢(J), where s € N is chosen so that Py~ Fy(x1,...,x5). Thus
Pj = Fj(x1,...,Xp—¢(s)). If F isidempotent, we can choose p to be the trivial F-representation
xs.r: [n]” — F, which yields Liny (F) = T(F).[xs.r] = (F*)" ). This establishes the
last claim. O

12. Topologies for representation spaces and realization spaces

If a tract F' comes with a topology, then this induces a topology on the (weak) representation
and realization spaces. If the topology of F is sufficiently nice, then this topology has
several equivalent characterizations. The following definition is analogous to the notion of a
topological idyll (cf. [6]).

Definition 12.1. A topological tract is a tract F together with a topology such that the following
holds:

(TP1) {0} C F is a closed subset.
(TP2) The multiplication m: F X F — F is continuous (where F X F carries the product

topology).

(TP3) The inversion i: F* — F* is continuous (where F* C F carries the subspace
topology).

(TP4) For all n € N, the set {(a;,...,a,) € F" | a; + ...+ a, € N} is a closed subset of

F" (where F" carries the product topology).

Note that (TP1) is equivalent to F* being an open subset of F. Axioms (TP2) and (TP3)
imply that F* is a topological group. Examples of topological tracts are topological fields and
the triangular hyperfields T, (for all 0 < g < oo) with the euclidean topology for T, = Ro.
Every tract is a topological tract with respect to the discrete topology.
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If F is a topological tract and F” an arbitrary tract, we endow Hom(F’, F') with the compact-
open topology where we equip F’ with the discrete topology. In other words, Hom(F”, F) is
endowed with the coarsest topology such that for every a € F’, the map

ev,: Hom(F', F) — F
[f: FF > F] — f(a)

is continuous. In this way, we obtain a topology on Gr; (F) = Hom(F}, F), and similarly
on (weak) representation spaces and (weak) thin Schubert cells. (For the sake of brevity, we
restrict our discussion to the weak setup.)

Proposition 12.2. Let F be a topological tract. Then R} (F) is a closed subspace of (F X/
(considered with the product topology).

Proof. For every a € J, let x,, be the generator of P, indexed by the element @ € [n]” with
YXa = a whose entries are ordered increasingly. Then the bijection Hom(l3 7, F) = RY(F)
is given by ¢ — (evy,(¢))qees, and thus is continuous. Because —1 and the x, generate the
unit group of Py, every value of ¢ € Hom(ﬁ 7, F) can be expressed in terms of products and
inverses of constants and the ev,_(¢). Since F* is a topological group, this shows that the
map inverse to Hom(Pj, F) — RY (F) is also continuous. The subspace R (F) being closed
in (F*)” follows directly from the definition of a topological tract. O

Remark 12.3. Note that also R} (Te) = Dy(Te) is a closed subset of (T%)” = R/, even
though the order topology for T, = R fails to satisfy (TP4).

Proposition 12.4. Let T be a topological tract and F = colim JF for a finite diagram F of
tracts, then the canonical bijection Hom(F,T) — lim Hom(F, T) is a homeomorphism.

Proof. This follows from [7, Thm. 3.5]. ]

Corollary 12.5. Let F be a topological tract, J C A, an M-convex set with c¢(J) indecomposable
components and s = n — c(J). Then there are (non-canonical) homeomorphisms R’ (F) —
GrY/ (F) x (F*)s*! and Gr/ (F) — Gr'/(F) x (F*)* such that the following diagram commutes:

R}/ (F) > G} (F) ——— G (F)

! | |

G (F) x (F)**! —— Gr}(F) x (F¥)’ — Gr}(F)

Here the maps in the first row take elements to their equivalence classes and the maps in the

second row are coordinate projections.
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Proof. By Lemma 6.5 we have
Py~Fy(xy,...,x5) 2 F;® Ff(xl, e Xg).
Thus by the preceding proposition we have a homeomorphism
Gr)/ (F) = Hom(Py, F) =~ Hom(F;, F) x Hom(Fj (x1, ..., x,), F) = Gr'} (F) x (F*)’,
and similarly for Py. O

Corollary 12.6. Let F be a topological tract and J C A, an M-convex set. The spaces Gr'y (F)
and Gr'y (F) carry the quotient topology of R’/ (F).

Proof. It follows from Corollary 12.5 that the natural maps R (F) — Gr’/ (F) and R} (F) —
GrY/ (F) are open and continuous, which implies the claim. ]

Corollary 12.7. Let F be a topological tract, J C A, an M-convex set with c¢(J) indecomposable
components, and s = n—c(J). Let f(F) = F* X T(F) be the extended torus acting on R/ (F).
Then the orbits of F* and T (F) are closed in R} (F), and the orbits are homeomorphic to F*
and (FX)S*1, respectively.

Proof. This follows from Corollary 12.5 because the fibers of the maps Gr'} (F) x (F Xys+l
Gr'/(F) x (F*)*® and GrY/ (F) X (FX¥)s*1 — Gr'/(F) in the second row of Equation (8) are
closed and homeomorphic to F* and (F*)**!, respectively. |
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