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ABSTRACT. We prove existence of global weak L2 solutions of the inviscid SQG equation in bounded do-
mains.

1. Introduction

The surface quasigeostrophic equation (SQG) of geophysical significance [8] has many similarities with the
incompressible Euler equation [6]. One difference however has to do with the behavior of the corresponding
nonlinearities in rough function spaces: SQG has weak continuity in L2, while the Euler equation does
not. The weak continuity is due to a remarkable commutator structure, and this property was used to
prove existence of global weak solutions for SQG in the whole space in the thesis of S. Resnick [12].
The weak continuity was revisited in the periodic case in [3], used in the proof of absence of anomalous
dissipation in [7] and generalized for equations with more singular constitutive laws in [2]. In this paper
we are concerned with the issue of weak solutions in bounded domains. The dissipative critical SQG has
global weak solutions [4] and global interior regularity [5]. In this paper we prove that the inviscid equation
has global L2 weak solutions in bounded domains. The commutator structure is modified by the absence of
translation invariance. The commutator estimates from [4] are used to handle the nonlinearity; additional
commutator estimates, based on those in [5] are used to handle the ill effects of absence of translation
invariance. The proof uses Galerkin approximations based on the eigenfunctions of the Laplacian with
homogeneous Dirichlet boundary conditions. The result can also be obtained using a vanishing viscosity
approximation.

Let Ω ⊂ Rd, d ≥ 2, be an open bounded set with smooth boundary. The inviscid surface quasigeostrophic
equation in Ω is the equation

∂tθ + u · ∇θ = 0, (1.1)
where θ = θ(x, t), u = u(x, t) with (x, t) ∈ Ω× [0,∞) and with the velocity u given by

u = R⊥Dθ := ∇⊥(−∆)−
1
2 θ. (1.2)

Fractional powers of the Laplacian −∆ are based on eigenfunction expansions of the Laplacian in Ω with
homogeneous Dirichlet boundary conditions. Our main result is:

THEOREM 1.1. Let θ0 ∈ L2(Ω). There exists a weak solution of (1.1), θ ∈ L∞([0,∞);L2(Ω)) with initial
data θ0. That is, for any T ≥ 0 and φ ∈ C∞0 ((0, T )× Ω), θ satisfies∫ T

0

∫
Ω
θ(x, t)∂tφ(x, t)dxdt+

∫ T

0

∫
Ω
θ(x, t)u(x, t) · ∇φ(x, t)dxdt = 0. (1.3)

Moreover, ψ = Λ−1θ ∈ C([0,∞);H1−ε
0 (Ω)) for any 0 < ε ≤ 1 and the initial data is attained

θ(·, 0) = θ0(·) in H−ε(Ω). (1.4)

The Hamiltonian
H :=

1

2

∫
Ω
θ(x, t)Λ−1θ(x, t)dx =

1

2

∫
Ω
θ0(x)Λ−1θ0(x)dx (1.5)
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is constant in time and, moreover, θ obeys the energy inequality
1

2
‖θ(·, t)‖2L2(Ω) ≤

1

2
‖θ0‖2L2(Ω) a.e. t ≥ 0. (1.6)

REMARK 1.2. The weak formulation (1.3) means that the SQG equation is satisfied in the sense of dis-
tributions. In fact, because of the boundedness of RD in L2(Ω), the product θu is a function, θu ∈
L∞([0, T ];L1(Ω)). The Hamiltonian H is well-defined for allmost all t ≥ 0 because Λ−1θ ∈ H1

0 (Ω).
The linear map Λ : H1−ε

0 (Ω)→ H−ε(Ω) is continuous, and so θ ∈ C([0,∞);H−ε(Ω)).

2. Preliminaries

Let Ω be an open bounded set of Rd, d ≥ 2, with smooth boundary. The Laplacian −∆ is defined on
D(−∆) = H2(Ω) ∩H1

0 (Ω). Let {wj}∞j=1 be an orthonormal basis of L2(Ω) comprised of L2−normalized
eigenfunctions wj of −∆, i.e.

−∆wj = λjwj ,

∫
Ω
w2
jdx = 1,

with 0 < λ1 < λ2 ≤ ... ≤ λj →∞.
The fractional Laplacian is defined using eigenfunction expansions,

Λsf ≡ (−∆)
s
2 f :=

∞∑
j=1

λ
s
2
j fjwj with f =

∞∑
j=1

fjwj , fj =

∫
Ω
fwjdx

for s ∈ [0, 2] and f ∈ D(Λs) := {f ∈ L2(Ω) :
(
λ

s
2
j fj
)
∈ `2(N)}. The norm of f in D(Λs) is defined by

‖f‖s,D :=
( ∞∑
j=1

λsjf
2
j

) 1
2 .

It is also well-known that D(Λ) and H1
0 (Ω) are isometric. In the language of interpolation theory,

D(Λα) = [L2(Ω),D(−∆)]α
2
∀α ∈ [0, 2].

As mentioned above,
H1

0 (Ω) = D(Λ) = [L2(Ω),D(−∆)] 1
2
,

hence
D(Λα) = [L2(Ω), H1

0 (Ω)]α ∀α ∈ [0, 1].

Consequently, we can identify D(Λα) with usual Sobolev spaces (see Chapter 1 [11]):

D(Λα) =

{
Hα

0 (Ω) if α ∈ [0, 1] \ {1
2},

H
1
2
00(Ω) := {u ∈ H

1
2
0 (Ω) : u/

√
d(x) ∈ L2(Ω)} if α = 1

2 .
(2.1)

Here and below d(x) is the distance to the boundary of the domain:

d(x) = d(x, ∂Ω). (2.2)

The following estimate for the commutator of Λ with multiplication by a function was proved in [4] using
the method of harmonic extension:

THEOREM 2.1 (Theorem 2, [4]). Let χ ∈ B(Ω) with B(Ω) = W 2,∞(Ω) ∩ W 1,∞(Ω) if d ≥ 3, and
B(Ω) = W 2,p(Ω) with p > 2 if d = 2. There exists a constant C(d, p,Ω) such that

‖[Λ, χ]ψ‖ 1
2
,D ≤ C(d, p,Ω)‖χ‖B(Ω)‖ψ‖ 1

2
,D.

We also need a pointwise estimate for the commutator of the fractional Laplacian with differentiation.
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THEOREM 2.2. For any p ∈ [1,∞] and s ∈ (0, 2) there exists a positive constant C(d, s, p,Ω) such that

|[Λs,∇]ψ(x)| ≤ C(d, s, p,Ω)d(x)
−s−1− d

p ‖ψ‖Lp(Ω)

holds for all x ∈ Ω.

The proof follows closely the proof for the p = ∞ case which was done in [5] (see Lemma 6 there) using
the heat kernel representation of the fractional Laplacian together with a cancelation of the heat kernel of
Rd. We apply this theorem to the stream function ψ = Λ−1θ which is in H1

0 (Ω) and thus not necessarily in
L∞(Ω). The proof of Theorem 2.2 is provided in the Appendix.

3. Proof of Theorem 1.1

Let Ω ⊂ Rd be an open bounded set with smooth boundary. Denote by Pm the projection in L2 onto the
linear span L2

m of eigenfunctions {w1, ..., wm}, i.e.

Pmf =

m∑
j=1

fjwj for f =

∞∑
j=1

fjwj .

Let φ ∈ C∞0 (Ω) and let φj =
∫

Ω φ(x)wj(x)dx be the eigenfunction expansion coefficients of φ. Let us note
that

|φj | ≤ CNλ−Nj (3.1)

holds with CN depending only on φ and N ≥ 0, for j ≥ 1,

CN = ‖∆Nφ‖L2(Ω). (3.2)

This follows from repeated integration by parts using −∆wj = λjwj and Schwartz inequalities. By elliptic
regularity estimates, we obtain for all k ∈ N that

‖wj‖Hk(Ω) ≤ Ckλ
k
2
j .

We know from the easy part of Weyl’s asymptotic law that λj ≥ Cj
2
d . Therefore, with sufficiently large N

satisfying 2
d(N − k

2 ) > 1 we deduce that

‖(I− Pm)φ‖Hk(Ω) ≤
∞∑

j=m+1

|φj |‖wj‖Hk(Ω) ≤ Ck,N
∞∑

j=m+1

λ
k
2
−N

j → 0

as m→∞. We proved therefore:

LEMMA 3.1. Let φ ∈ C∞0 (Ω). For all k ∈ N we have

lim
m→∞

‖ (I− Pm)φ‖Hk(Ω) = 0. (3.3)

Next, we adapt the well-known commutator representation of the nonlinearity in SQG ([12], see also [3],
[2]) to take into account the lack of translation invariance of Λ:

LEMMA 3.2. Let ψ ∈ H1
0 (Ω), u = ∇⊥ψ and θ = Λψ. Let φ ∈ C∞0 (Ω) be a test function. Then∫

Ω
θu · ∇φdx =

1

2

∫
Ω

[Λ,∇⊥]ψ · ∇φψdx− 1

2

∫
Ω
∇⊥ψ · [Λ,∇φ]ψdx (3.4)

holds.
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PROOF. First, we note that∫
Ω
θu · ∇φdx =

∫
Ω

Λψ∇⊥ψ · ∇φdx = −
∫

Ω
ψ∇⊥Λψ · ∇φdx,

where we integrated by parts and used the fact that ∇⊥ · ∇φ = 0. The first and middle terms are well
defined because θu ∈ L1(Ω) because both Λψ and ∇⊥ψ are in L2(Ω). The last term is defined because
∇φ · ∇⊥Λψ ∈ H−1(Ω) and ψ ∈ H1

0 (Ω). Commuting∇⊥ with Λ and then with∇φ leads to∫
Ω
θu · ∇φdx = −

∫
Ω
ψ[∇⊥,Λ]ψ · ∇φdx−

∫
Ω
ψΛ∇⊥ψ · ∇φdx

= −
∫

Ω
ψ[∇⊥,Λ]ψ · ∇φdx−

∫
Ω
∇⊥ψ · Λ(ψ∇φ)dx

= −
∫

Ω
[∇⊥,Λ]ψ · ∇φψdx−

∫
Ω
∇⊥ψ · [Λ,∇φ]ψdx−

∫
Ω
∇⊥ψ · ∇φΛψdx

= −
∫

Ω
[∇⊥,Λ]ψ · ∇φψdx−

∫
Ω
∇⊥ψ · [Λ,∇φ]ψdx−

∫
Ω
θu · ∇φdx.

Noticing that the last term on the right-hand side is exactly the negative of the left-hand side, we proved
(3.4). �

Let us fix θ0 ∈ L2(Ω) and a positive time T .
Step 1. (Galerkin approximation) The mth Galerkin approximation of (1.1) is the following ODE system in
the finite dimensional space PmL2(Ω) = L2

m:{
θ̇m + Pm(um · ∇θm) = 0 t > 0,

θm = Pmθ0 t = 0
(3.5)

with θm(x, t) =
∑m

j=1 θ
(m)
j (t)wj(x) and um = RD

⊥θm automatically satisfying div um = 0. Note that in
general um /∈ L2

m. The existence of solutions of (3.5) at fixed m follows from the fact that this is an ODE:

dθ
(m)
l

dt
+

m∑
j,k=1

γ
(m)
jkl θ

(m)
j θ

(m)
k = 0

with

γ
(m)
jkl = λ

− 1
2

j

∫
Ω

(
∇⊥wj · ∇wk

)
wldx.

Since Pm are self-adjoint in L2 , um are divergence-free and wj vanish at the boundary ∂Ω, an integration
by parts gives ∫

Ω
θmPm(um · ∇θm)dx =

∫
Ω
θmum · ∇θmdx = 0 ∀m ∈ N.

It follows that 1
2
d
dt‖θm(·, t)‖2L2 = 0 and thus for all t ∈ [0, T ]

1

2
‖θm(·, t)‖2L2(Ω) =

1

2
‖Pmθ0(·, 0)‖2L2(Ω) ≤

1

2
‖θ0‖2L2(Ω). (3.6)

This can be seen directly on the ODE because γ(m)
jkl is antisymmetric in k, l. Therefore, the smooth solution

θm of (3.5) exists globally and obeys the L2 bound (3.6). Let φ ∈ C∞0 ((0, T ) × Ω) be a test function.
Integrating by parts we obtain∫ T

0

∫
Ω
θm(x, t)∂tφ(x, t)dxdt+

∫ T

0

∫
Ω
θm(x, t)um(x, t) · ∇Pmφ(x, t)dxdt = 0. (3.7)

Let us denote
ψm = Λ−1θm ∈ L2

m. (3.8)
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We also have∫
Ω
ψmPm(um · ∇θm)dx =

∫
Ω
ψm div(∇⊥ψmθm)dx = −

∫
Ω
∇ψm · ∇⊥ψmθmdx = 0,

and therefore ∫
Ω
ψm(x, t)θm(x, t)dx =

∫
Ω
ψm(x, 0)θm(x, 0)dx ∀t ≥ 0, m ∈ N. (3.9)

Step 2. (Weak and strong convergences). In view of (3.6) the sequence θm is uniformly in m bounded in
L∞([0, T ];L2(Ω)) and consequently the same is true for um = R⊥Dθm. The sequence ψm = Λ−1θm is uni-
formly bounded in L∞([0, T ];H1

0 (Ω)). In addition, the sequence ∂tψm is bounded in L∞([0, T ];H−r(Ω))

for r > 3d
2 . Indeed, from the equation (3.5) we have that

∂tψm = −Λ−1Pm(∇ · (umθm)) = Pm(RD)∗ · (umθm) (3.10)

because Λ−1 and Pm commute, and the L2(Ω) formal adjoint of RD is R∗D = −Λ−1∇. Testing with a test
function φ we have ∫

Ω
∂tψmφdx =

∫
Ω

(umθm) ·RD(Pmφ)dx

and by taking φ ∈ Hr
0(Ω) we made sure that Pmφ is uniformly in m bounded in Xα(Ω) = {p ∈

Cα(Ω), p|∂Ω = 0}. Indeed, the expansion coefficients φj decay as in (3.1), (3.2), and choosing N =
r
2 >

k+d
2 , k > d

2 ensures the uniform bound of Pmφ in Hk(Ω) ∩H1
0 (Ω) ⊂ Xα(Ω). Now it is known that

RD maps continuously Xα(Ω) to L∞(Ω) (and better, [1]). Therefore, from the uniform bound on umθm in
L∞([0, T ], L1(Ω)) it follows that∣∣∣∣∫

Ω
∂tψmφdx

∣∣∣∣ ≤ C‖θ0‖2L2(Ω)‖φ‖L1([0,T ];Hr
0 (Ω)). (3.11)

In view of the compact embedding H1
0 (Ω) ⊂ H1−ε

0 (Ω) we may use the Aubin-Lions lemma [10] with
spaces L2([0, T ];H1

0 (Ω)) and L2([0, T ];H−r(Ω)) to extract a subsequence of ψm which converges weakly
in L2([0, T ];H1

0 (Ω)) to a function ψ and such that the convergence is strong in C([0, T ];H1−ε
0 (Ω)) for

ε ∈ (0, 1]. By lower semicontinuity we have also that ψ ∈ L∞([0, T ];H1
0 (Ω)). The function θ = Λψ is

then the weak limit in L2([0, T ];L2(Ω)) of the sequence θm and the strong limit in C([0, T ];H−ε(Ω)). The
function θ belongs to L∞([0, T ];L2(Ω)).

Step 3. (Passage to limit) Let the test function φ ∈ C∞0 ((0, T )×Ω) be fixed. We first apply (3.3) (uniformly
in t) and Sobolev embedding to deduce

lim
m→∞

‖∇(I− Pm)φ‖L∞([0,T ]×Ω) = 0,

and hence the difference∫ T

0

∫
Ω
θm(x, t)RD

⊥θm(x, t) · ∇Pmφ(x, t)dxdt−
∫ T

0

∫
Ω
θm(x, t)RD

⊥θm(x, t) · ∇φ(x, t)dxdt (3.12)

converges to 0 as m→∞. Next, using Lemma 3.2 we write

Im :=

∫ T

0

∫
Ω
θm(x, t)um(x, t) · ∇φ(x, t)dxdt−

∫ T

0

∫
Ω
θ(x, t)u(x, t) · ∇φ(x, t)dxdt

=
1

2

∫ T

0

∫
Ω

[Λ,∇⊥](ψm − ψ) · ∇φψdxdt+
1

2

∫ T

0

∫
Ω

[Λ,∇⊥]ψm · ∇φ(ψm − ψ)dxdt

− 1

2

∫ T

0

∫
Ω
∇⊥(ψm − ψ) · [Λ,∇φ]ψdxdt− 1

2

∫ T

0

∫
Ω
∇⊥ψm · [Λ,∇φ](ψm − ψ)dxdt

=:
1

2

4∑
j=1

Ijm.
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According to Theorem 2.2,∣∣∣[Λ,∇⊥](ψm(x, t)− ψ(x, t))
∣∣∣ ≤ C1d(x)−3‖ψm(t)− ψ(t)‖L2(Ω) ≤ C2‖ψm(t)− ψ(t)‖L2(Ω)

on the support of ∇φ which stays away from the boundary. By virtue of the strong convergence of ψm in
L2([0, T ];L2(Ω)) we deduce that∣∣I1

m

∣∣ ≤ C‖ψm − ψ‖L2([0,T ];L2(Ω))‖∇φ‖L∞([0,T ];L∞(Ω))‖ψ‖L2([0,T ];L2(Ω)) → 0

as m → ∞. The same argument leads to I2
m → 0. Next, because of of Theorem 2.1, [Λ,∇φ]ψ ∈

L2([0, T ];D(Λ
1
2 )) ⊂ L2([0, T ];H1

0 (Ω)) which combined with the fact that ∇⊥(ψm − ψ) ⇀ 0 weakly
in L2([0, T ];L2(Ω)), implies that I3

m → 0. Regarding I4
m we apply Theorem 2.1 to have∣∣I4

m

∣∣ ≤ C‖∇ψm‖L2([0,T ];L2(Ω))‖∇φ‖L∞([0,T ];B(Ω))‖ψm − ψ‖L2([0,T ]; 1
2
,D).

In view of (2.1), ψm → ψ in L2([0, T ]; 1
2 , D). Consequently, I4

m → 0 and thus Im → 0. Sending m to∞
in (3.7) and taking (3.12) into account, we obtain (1.3). Moreover, because of the strong continuity of θ in
H−ε the initial data is attained

θ0(·, 0) = lim
m→∞

θm(·, 0) = lim
m→∞

Pmθ0(·, 0) = θ0(·, 0) in H−ε,

where the third equality actually holds in L2. The conservation in time of the Hamiltonian follows from
the constancy in time of Hm(t) =

∫
Ω ψmΛψmdx = ‖ψm‖21

2
,D

(3.9). From strong convergence of ψm to ψ

in C([0, T ];D(Λ
1
2 )) ⊂ C([0, T ];H

1
2
0 (Ω)) it follows that H(t) = ‖ψ‖21

2
,D

is constant in time. Finally, the

energy inequality (1.6) follows from (3.6) and lower semicontinuity.

Appendix: Proof of Theorem 2.2

In view of the identity

λ
s
2 = cs

∫ ∞
0

t−1− s
2 (1− e−tλ)dt

with 0 < s < 2 and

1 = cs

∫ ∞
0

t−1− s
2 (1− e−t)dt

we have the representation of the fractional Laplacian via heat kernel:

Λsψ(x) = cs

∫ ∞
0

t−1− s
2 (1− et∆)ψ(x)dt, 0 < s < 2. (3.13)

Let H(x, y, t) denote the heat kernel of Ω, i.e.

et∆ψ(x) =

∫
Ω
H(x, y, t)ψ(y)dy ∀x ∈ Ω.

We have from [9] the following bounds on H and its gradient:

ct−
d
2 e−

|x−y|2
kt ≤ H(x, y, t) ≤ Ct−

d
2 e−

|x−y|2
Kt , (3.14)

|∇xH(x, y, t)| ≤ Ct−
1
2
− d

2 e−
|x−y|2
Kt (3.15)

for all (x, y) ∈ Ω× Ω and t > 0. In view of the expansion

H(x, y, t) =

∞∑
j=1

e−λjtwj(x)wj(y)
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it is easily seen that |∇yH(x, y, t)| also obeys the bound (3.15).
Using (3.13) and integration by parts we arrive at

[Λs,∇]ψ(x) = cs

∫ ∞
0

t−1− s
2

∫
Ω

(∇x +∇y)H(x, y, t)ψ(y)dydt. (3.16)

Let p ∈ (1,∞] and 1
q = 1− 1

p . We have

|[Λs,∇]ψ(x)| ≤ cs‖ψ‖Lp
∫ ∞

0
t−1− s

2

[∫
Ω
|(∇x +∇y)H(x, y, t)|q dy

] 1
q

dt. (3.17)

The problem reduces thus to estimating the Lq-norm of (∇x + ∇y)H(x, ·, t). We distinguish two regions
of y: |x− y| ≥ d(x)

10 and |x− y| ≤ d(x)
10 . We use the elementary estimate∫ ∞

0
t−1−m

2 e−
p2

Ktdt ≤ CK,mp−m, m, p,K > 0. (3.18)

If |x− y| ≥ d(x)
10 , the gradient bound (3.15) implies

|(∇x +∇y)H(x, y, t)| ≤ Ct−
1
2
− d

2 e−
d(x)2

200Kt e−
|x−y|2
2Kt ∀t > 0,

hence, in view of (3.18),∫ ∞
0

t−1− s
2

[∫
|x−y|≥ d(x)

10

|(∇x +∇y)H(x, y, t)|q dy

] 1
q

dt

≤ C1

∫ ∞
0

t−1− s
2
− 1

2
− d

2 e−
d(x)2

200t dt

[∫
|x−y|≥ d(x)

10

e−
q|x−y|2

2Kt dy

] 1
q

≤ C2

∫ ∞
0

t
−1− s

2
− 1

2
− d

2
+ d

2q e−
d(x)2

200t dt

≤ Cd(x)
−s−1−d+ d

q .

On the other hand, if |x− y| ≤ d(x)
10 we have from Appendix 1 of [5]

|(∇x +∇y)H(x, y, t)| ≤ Ct−
1
2
− d

2 e−
d(x)2

Ct , t ≤ d(x)2. (3.19)

Note that in Rd, (∇x +∇y)H vanishes identically. (3.19) thus reflects the fact that translation invariance is
remembered in the solution of the heat equation with Dirichlet boundary data for short time, away from the
boundary. The bound (3.18) then yields∫ d(x)2

0
t−1− s

2

[∫
|x−y|≤ d(x)

10

|(∇x +∇y)H(x, y, t)|q dy

] 1
q

dt

≤ C1

∫ d(x)2

0
t−1− s

2
− 1

2
− d

2 d(x)
d
q e
− d(x)

2

C2t dt

≤ C3

∫ d(x)2

0
t
−1− s

2
− 1

2
− d

2
+ d

2q e
− d(x)

2

C4t dt

≤ Cd(x)
−s−1−d+ d

q .

To obtain the bound for [Λs,∇]ψ(x), it remains to estimate

I =

∫ ∞
d(x)2

t−1− s
2

[∫
|x−y|≤ d(x)

10

|(∇x +∇y)H(x, y, t)|q dy

] 1
q

dt.

7



Using the gradient bound (3.15) we have

I ≤ C1

∫ ∞
d(x)2

t−1− s
2
− 1

2
− d

2

[∫
|x−y|≤ d(x)

10

e−q
|x−y|2
Kt dy

] 1
q

dt

≤ C2

∫ ∞
d(x)2

t
−1− s

2
− 1

2
− d

2
+ d

2q dt

≤ Cd(x)
−s−1−d+ d

q .

Putting the above considerations together we arrive at the pointwise estimate

|[Λs,∇]ψ(x)| ≤ Cd(x)
−s−1− d

p ‖ψ‖Lp
for all p ∈ (1,∞]. The case p = 1 can be proved along the same lines.
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