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Abstract Prescribing oy curvature equations are fully nonlinear generalizations of
the prescribing Gaussian or scalar curvature equations. For a given a positive func-
tion K to be prescribed on the 4-dimensional round sphere, we obtain asymptotic
profile analysis for potentially blowing up solutions to the 0, curvature equation with
the given K; and rule out the possibility of blowing up solutions when K satisfies a
non-degeneracy condition. Under the same non-degeneracy condition on K, we also
prove uniform a priori estimates for solutions to a family of o, curvature equations
deforming K to a positive constant; and under an additional, natural degree condition
on a finite dimensional map associated with K, we prove the existence of a solution
to the 0 curvature equation with the given K using a degree argument involving fully
nonlinear elliptic operators to the above deformation.

Keywords o} curvature - prescribing curvature - fully nonlinear curvature equation

Mathematics Subject Classification (2000) MSC 58J05 - MSC 53A30 - MSC
35J60 - MSC 35B45

The research of the first and third author is partially supported by NSF through grant DMS-0758601; the
first author also gratefully acknowledges partial support from the Minerva Research Foundation and The
Charles Simonyi Endowment fund during the academic year 08-09 while visiting Institute of Advanced
Study, Princeton. The research of the second author is partially supported by NSF through grant DMS-
0103888 and by a Rutgers University Research Council Grant(202132).

Sun-Yung Alice Chang and Paul Yang
Department of Mathematics, Princeton University, Princeton, NJ 08540.
E-mail: chang@math.princeton.edu, yang @math.princeton.edu

Zheng-Chao Han
Department of Mathematics, Rutgers University, 110 Frelinghuysen Road, Piscataway, NJ 08854.
Tel.: 1-732-445-2390, Fax: 1-732-445-5530. E-mail: zchan@math.rutgers.edu



1 Description of main results

Our main results in this paper are (potential) blow up profile analysis, a priori esti-
mates and existence of admissible solutions w to the 0> curvature equation

o2(g ' 0Ay) = K(x), (1)

on S*, where g = ¢*Wg, is a metric conformal to g., with g. being the canonical

background metric on the round sphere S*, A ¢ 1s the the Weyl-Schouten tensor of the
metric g,

1 R
Ay = — {Ric— ——
¢ = g Rie= 30 —py8h o
2 1 2
=A, — |V wfdw®dw+§|Vw\ gl

and oy (A), for any (1,1) tensor A on an n—dimensional vector space and k € N,
0 < k < n, is the k-th elementary symmetric function of the eigenvalues of A; K(x) is
a given function on S* with some appropriate assumptions, and an admissible solution
is defined to be a C*(M) solution w to (T such that for all x € S*, A, (x) € I, ", namely,
oj(g 1 0A,) > 0for 1 < j <k.Note that 61 (A,) is simply a positive constant multiple
of the scalar curvature of g, so Ag in the Fk+ class is a generalization of the notion
that the scalar curvature R, of g having a fixed + sign.
Note that, since

—4w

GZ(g_loAg) =e O'Z(gc_loAg)»

so () is equivalent to
1
62(851 o Agc - V2W+dW®dW— E|VW|2gc ) = K(x)e“w()‘). (3)

It is well known that (B)) is elliptic at an admissible solution; and in fact, any
solution w to (3)) on S* is admissible. There have been a large number of papers on
problems related to the oy curvature since the work [36]] of Viaclovsky a decade ago.
It is inadequate to do even a short survey of recent work in the introductory remarks
here. We will instead refer the reader to recent surveys [39] by Viaclovsky and [4] by
Chang and Chen.

As alluded to above, a similar problem to (3) for the o} curvature was a pre-
decessor to (3). More specifically, if we prescribe a function K(x) on the round n-
dimensional sphere (S", g.) to be the scalar curvature of a metric g = e?"'g. pointwise
conformal to g., then w satisfies

2(n—1)Agw+ (n—1)(n—2)|Vw|* = Ry, — K (x)e™". (4)

Similar equation can be formulated for a general manifold. One difference between
and (3) is that (@) is semilinear in w, while (B)) is fully nonlinear in w. (@) takes on
the familiar form

2A,w = Rg, — K(x)e, (5)



when n = 2, which is the Nirenberg problem. The n > 3 case of (4)) is often written
in terms of a different variable u = e("~2"/2 which would render the equation in the

familiar form
n— 1 n+2

—4n72AgCu+Rgcu:K(x)um. (6)
The K(x) = const. case of (6) on a general compact manifold is the famous Yamabe
problem. (3 and (6] have attracted enormous attention in the last several decades. A
large collection of phenomena on the possible behavior of solutions to these equa-
tions, and methods and techniques of attacking these problems have been accumu-
lated, which have tremendously enriched our understanding in solving a large class
of nonlinear (elliptic) PDEs, and provided guidance in attacking seemingly unrelated
problems. It is impossible in the space here to provide even a partial list of references.
Please see [23]], [25], [33], [31], [8], [24], and the references therein to get a glimpse
of the results and techniques in this area.

Directly related to our current work are some work on the (potential) blow up
analysis, a priori estimates, and existence of solutions to () or (€). It is proved in
[19] and [12]] that when K is a positive function on S?% a sequence of blowing up
solutions to (3] has only one point blow up and has a well-defined blow up profile,
and that when K is a positive C2 function on S? such that Ag K (x) # 0 at any of its
critical points, no blow up can happen, more precisely, there is an a priori bound on
the set of solutions to (3) which depends on the C? norm of K, the positive lower
bound of K and |A, K (x)| near the critical points of K, and the modulus of continuity
of the second derivatives of K. Similar results for (6)) in the case n = 3 were proved in
[40]] and [12], and for (6) in the case n > 4 in [29] under a flatness condition of K at
its critical points. When K is a Morse function, say, this flatness condition fails when
n > 4. In fact it is proved in [30] that in such cases on S*, there can be a sequence
of solutions to (6) blowing up at more than one points. Later on [[I5]] constructed
solutions blowing up on S”, n > 7, with unbounded layers of “energy concentration”
for certain non-degenerate K.

A natural question concerning the oy curvature equations such as (@) is: of the
behaviors for solutions to (5) and (@), which do solutions to (3) exhibit?

In the following we will often transform (3) through a conformal automorphism
@ of S* as follows. Let |d@(P)| denote the factor such that |do(P)[X]| = |[do(P)||X]|
for any tangent vector X € Tp(S*), and

wo(P) =wo@(P)+In|do(P)|. (7
Then w is a solution to (3)) iff wy is a solution to

1 )
Gz(gZI o|Ag, — Vzw(p +dwe @dwe — §|VW¢|28c )=Ko (p(x)e“wtp(x). (8)

Our first results show that solutions to (3) on S* exhibits similar behavior as those
to (3) on S? or (@) on S*.

Theorem 1 Consider a family of admissible conformal metrics g; = eig. on $*
with 6 (g]f1 0Ag;) = K(x), where g. denotes the canonical round metric on S* and
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K (x) denotes a C? positive function on S*. Then there exists at most one isolated sim-
ple blow up point in the sense that, if maxw; = w;(P;) — oo, then there exists confor-
mal automorphism @; of S* such that, if we define v;(P) = w;o ¢;(P)+1In|dg;(P)
we have

s

1 6
vi(P)— Zln X(P)

—0 in L°(SY), ©)

and

/84|ij|4—>0. (10)

In fact, we have the stronger conclusion that the W>® norm of v ; stays bounded and
vji— }‘ln% — 0in CY¥(S*) forany 0 < o < 1/3.

J
We also have

Theorem 2 Let K(x) be a C? positive function on S* satisfying a non-degeneracy
condition
AK(P)#0 whenever VK(P)=0, (11)

and we consider solutions w(x) to (3), with K(x) replaced by
KB (x) = (1 —5)6+ sK(x),

for 0 <s <1, namely,
1
ox(g- o |Ay, — VPwHdw@dw — 5\VW|2gC ) = K (x)eM ). @D

Then there exist a priori C2% estimates on w, uniform in 0 < s < 1, which depend on
the C? norm of K, the modulus of continuity of V?K, positive lower bound of minK
and positive lower bound of |AK (x)| in a neighborhood of the critical points of K.

Remark 1 There are several recent papers on the study of the behavior of the singular
blow up of solutions to the oy(A,) curvature equations on a Riemannian manifold
(M, go), which are analogues of (I)) on (M, go) and for general k. More specifically,
the equation takes the form

1 3
0Ll o |Agy = V2w dwdw — 2 [Vwg |) = K(x)e™ ). (12)

These papers mostly deal with the case when (M, go) is assumed to be not confor-
mally equivalent to the round sphere. Compactness and existence of solutions to (12)
is proved in [L0]] for the case k = 2 and (M, g¢) a four-dimensional manifold not con-
formally equivalent to the round sphere; in [26] for the case of a general k, K = 1 and
(M, go) locally conformally flat, and not conformally equivalent to the round sphere;
in [18] for the case k > n/2 and (M,go) not conformally equivalent to the round
sphere; and in [35]] for the case k = n/2 and (M, go) not conformally equivalent to the
round sphere.



Remark 2 Theorems|l|and 2, with the uniform estimates in Theorem [2| for solutions
to @E]only for 0 < sp <5 <1 and the estimates possibly depending on 0 < 59 < 1,
were obtained several years ago and were announced in [20]. The details were written
up in [13] and presented by the second author on several occasions, including at the
2006 Banff workshop “Geometric and Nonlinear Analysis”. The current work can be
considered as a completion of [13]. As mentioned above similar statements for (3]
and (6) were obtained earlier in [[19], [12]], [29], [40], among others. When applying
these estimates to the corresponding equation such as (3 and (6) with K (x) replaced
by KU (x), all previous work stated and proved that the a priori estimates on the
solutions remain uniform as long as 0 < 5o < s < 1, for any fixed sg. This stems from
the dependence of the a priori estimates on a positive lower bound of |AK (x)| near the
critical points of K, among other things. Since AK bl = sAK (x) becomes small when
s > 0 is small, previous work in this area assumed that the a priori estimates could
deteriorate as s > 0 becomes small. In these previous work, one has to devise a way to
study the problem when s > 0 becomes small. [12] and [29] used some kind of “center
of mass” analysis via conformal transformations of the round sphere. Technically [12]]
and [29] used a constrained variational problem to study the “centered problem”. In
essence the success of these methods was due to the semilinear nature of the relevant
equations, so one could still have control on the “centered solution” in some norm
weaker than C2% norm, say, W2P norm, when s > 0 is small, and used these estimates
to prove existence of solutions under natural geometric/topological assumptions on
K. This approach was problematic for our fully nonlinear equation (3). Due to this
difficulty, until recently we have not been successful in using our preliminary version
of Theorem E] (for estimates in the range 0 < so < s < s which may depend on sp)
and the deformation K above to the equation to establish solutions to @ under
natural geometric/topological assumptions on K. It was our recent realization that in
our setting, as well as in those of [12] and [29]], the a priori estimates of solutions,
under conditions like those in Theorem 2] remain uniform for all 1 > s > 0! A similar
observation was made by M. Ji in her work on () in [22]. This uniform a prioir
estimate for all 1 > s > 0 leads to our next Theorem.

Theorem 3 Suppose K(x) is a C? positive function on S* satisfying (T0). Then the
map

G(P1) = |s*! /4K0(pp’t(x)xdvolg(, €RS
S

does not have a zero for (P,t) € S* x [t;,00), for t| large.

Furthermore, consider G as a map defined on (t —1)P/t € B,(O) forr> (t—1)/t
and if

deg(G,B,(0),0) #0, forr=r =(t—1)/n, (13)

then (3) has a solution.

In particular, if K has only isolated critical points in the region {x € S*: AK(x) <
0} and

ind(VK(x)) # 1,
x€S*:AK (x)<0,VK (x)=0

where ind(VK(x)) stands for the index of the vector field VK (x) at its isolated zero
x, then holds, therefore, (3)) has a solution.



A corollary of the proof for the W>? estimate in Theorem 1| is a bound on a
functional determinant whose critical points are solutions to (3). We recall that the
relevant functional determinant is defined, similar to [9]], through

2 2
vl =f§4 ((Aow)* +2|Vow|* +12w) dvol,,

Ck[w] =3log (fSAt Ke4wdvolgc> ,

1
Y =5 ( fs4 R*dvol,, — fS4 R: dvolgf>

2\2 2
:/S“ (Aow—|—|Vow| ) dvolg, _4/84 [Vow|“dvol,, .

and

Fw] =Y[w] — H[w] 4 Ck|w] is the relevant functional determinant and a critical point
of F[w] is a solution of (3). It is known that, for any conformal transformation ¢ of
(S*,gc), Ywe] =Y [w], and H[wy] = H[w].

There is a similar functional determinant and a variational characterization for
solutions to the prescribing Gaussian curvature problem on S?. Chang, Gursky and
Yang proved in [12]] that this functional is bounded on the set of solutions to the
prescribing Gaussian curvature problem on S? for any positive function K on S? to
be prescribed. Our corollary is in the same spirit.

Corollary 1 Let K(x) be a given positive C? function on S*. Then there is a bound C
depending on K only through the C> norm of K, a positive upper and lower bound of
K on'S*, such that

[Fiwl|<C

Jfor all admissible solutions w to (3).

Theorem [T] will be established using blow up analysis, Liouville type classification
results of entire solutions, and integral type estimates for such fully nonlinear equa-
tions from [9] and [20]. Theorem E] will be established using a weaker version of
Theorem|]and a Kazdan-Warner type identity satisfied by the solutions. The weaker
version of Theorem ] only needs to establish

1 6

vi(P)— 1K(P) — 0 pointwise on S*\ {—P;}, and bounded in L(S*), (@]
J

instead of (9), and the W2 norm estimates. A degree argument for a fully non-
linear operator associated with (3) and Theorem [2] will be used to establish Theo-
rem [3] To streamline our presentation, we will first outline the main steps for proving
Theorem[3] assuming Theorem[2]and all the other needed ingredients. In the remain-
ing sections, we will first provide a proof for (] in Theorem 1] and for Theorem
before finally providing a proof for the W2® norm estimates in Theorem [I| and for
Corollary



2 Proof of Theorem 3

The first and third parts of TheoremE] is contained in [6] and [12]. We will establish
the second part of Theorem |3| by formulating the existence of a solution to asa
degree problem for a nonlinear map and linking the degree of this map to that of G.

By a fibration result from [J5], [6], [3]] and [29], see also [1]], [32] for early genesis
of these ideas, if we define

Fo=1{ve P sh: /4 e4v(x>xdvolg(, =0},
S
then the map 7 : (v, &) € S x B +— C>%(S*) defined by
z(v,&)=vo (p,;: +In \d(pgll l,
with B denoting the open unit ball in R% and & =rP, P€S*, r=(t—1)/t,t > 1,
is a C? diffeomorphism from .% x B onto C>%(S*). Thus (v, P,t) € S x S* x [1,0)

provide global coordinates for C>%(S*) (with a coordinate singularity at t = 1, similar
to the coordinate singularity of polar coordinates at r = 0) through

w=vo (PI;,tl +In ‘d(Plj,tl |
w solves (3) with K replaced by K/ iff v solves
02(A,) = Ko gpse®. (14)

Then the estimates for w in Theorem [2|turn into the following estimates for v and ¢.

Proposition 1 Assume that K is a positive C* function on S* satisfying the non-
degeneracy condition (T1), and let w be a solution to (3)) with K replaced by K 5] and
(v,Pt) € S x S* x [1,00) be the coordinates of w defined in the paragraph above.
Then there exist ty and €(s) > 0 with lims_9 €(s) = 0, such that

1<ty and [|[V[|c2ags) <E(s). (15)

A proof for Proposition 1| will be postponed to the end of the next section.
We treat as a nonlinear map

1
Jald vé&]:= e74"(x)0'2(g;1 o |Ag — Viv4dvedy— E\Vv|2gc ) —Kkbo op;,

from .% x B into C%(S*), for 0 < s < 1, where £ = (t — 1)P/t € B. Proposition
implies that there is a neighborhood A4 C A of 0 € Spand 0 <rg=(to—1)/tp < 1
such that FI¥! does not have a zero on (AN xBy) forall g <r<land0<s<
1. According to [28]], there is a well defined degree for F 5l on A x By, and it is
independent of 0 < s < 1. We will compute this degree of F 5], for s > 0 small, through
the degree of a finite dimensional map.



We first use the implicit function theorem to define this map and link the solutions
to to the zeros of this map. Note that FI%[0, (r — 1)P/s] = 0 and D,F[0, (r —
1)P/t](n) = —6An —24n. If IT denotes the projection from C*(S*) into

Y= {fECa(S4):/4fx,'dvolgc,:O forj=1,---,5}
!

defined by IT(f) = f—5|S*|~! ?:1 (Jsa fxjdvol,, ) xj, then we can apply the implicit
function theorem to ITo FI¥ at v = 0 to conclude

Proposition 2 There exist some neighborhood Nz C N of 0 € S and so > 0, such
that for all 0 < s < s, (P,t) € S* x [1,10), there exists a unique v = v(x; P,t,s) € Nz,
depending differentiably on (P,t,s) such that

Mo F¥v(x;Pt,s),(t—1)P/t] =0. (16)
Furthermore, there exists some C > 0 such that, for 0 < s < sg, 1 <t <1y,
Iv(x: P,t,9) | c2age) < CIIK 0 @py —6||cagge) = Cs||K 0 @pr — 6l [cagsy.  (17)

(T6) implies that

W

F¥(x;Pt,s),(t —1)P/f) = Z i(Pt,5)xj,

for some Lagrange multipliers A;(P,z,s), which depend differentiably on (P,z,s). Or,
equivalently,

5
02 (Ay(uiprs)) = (K “logp+ Y Aj(P,r,s)xj) MEPES), (18)

Jj=1

A zero of the map Al(Pr) := (A{(Pt,s),--- ,As(P,t,s)) corresponds to a solution
to (I4). Propositions [I|and [2] say that, for 5o > 0 small, all solutions v € . to (
for 0 < s < s, are in 4%, thus correspond to the zeros of the map Al (Pr).

Remark 3 ||K o @p; — 6||ca(ssy could become unbounded when # — oo; yet thanks to
the bound 1 < < to from Proposition I} it remains bounded in terms of || K ||« (s4) in
the range 1 <t <1y. Note also that ||Ko ¢p; — 6| Lr(s*) remains bounded in terms of
||K]| 1 (s#) evenin the range 1 <7 < oo. Itis essentially this bound and the applicability
of W2P estimates in the semilinear setting of [12] and [29] which allowed them to
handle their cases without using the bound 1 <t <.

Remark 4 The implicit function theorem procedure here works also in the setting of
[6], [12] and [29] using wp space, as does Proposition in the setting of [12]] and
[29], and can be used to simplify the arguments there.

At this point, we need the following Kazdan-Warner type identity for solutions to

(3).



Proposition 3 Let w be a solution to @). Then, for 1 < j <35,
/ (VK (x), Va ;)™ dyol,, = 0. (19)
s4

Proposition@is a special case of the results in [37] and [21]]. But in the special case
of S*, it is a direct consequence of the variational characterization of the solution to
(@), as given after the statement of Theorem[I} A solution w to (3) is a critical point
of F[w] =Y[w] — I[w] + Ck[w] there, thus satisfies, for any one-parameter family of
conformal diffeomorphisms ¢, of S* with ¢ =Id,

4
ds

with wg, = wo @, +log|dy|. Since Y [wy,| = Y [w| and H[wg,] = Hw], a solution w

of (B) thus satisfies
d d 1 4
Crlwol = | ( fgﬂ Koo '™ dvol&,> —0,

Flwe | =0,
-0 [we,]

ds

which is (T9).

Applying (T9) to v(x; P,z,s), a solution to (I8), we obtain,

s=0

5
/4<V (K[s] o @py(x)+ Y Aj(P,t,s)x,-> V) e WP dyol, =0, for1 <k <5,
S i— ’
j=1

from which we obtain, for 1 <k <5,

5
4v(x;Pit,
—;Aj(Rt,s)/;4<ij7ka>e v(x ”)dvolgc

:S/4 (V (K 0 @ps(x)), Vo) e P55 dyol,
S
As in [6], [12] and [29], we define
A (P r) = (4]s%) ! / (VKo 9p, (1) V)™ 5P dvol,, € RS,
. ,

Since .
. 4v(x;Pt,s)
('/S4<Vx/,ka)e dvolgc)
is positive definite, we conclude that
deg(Al) B, ,0) = —deg(A¥, B,,,0),

for so > s > 0 provided that one of them is well defined.
Using v(x; Pt,s) € .7, and Ax = —4x on S*, we have, as in [6], [12] and [29],

ALl(Pt)y = G(Pt)+1+11,
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where
[= st / (Ko 9, ()~ K(P))x (705509 —1) dvoly,,
S

and X

= (@8~ [ (Ko gr, ()~ K(P)) (V2 Ve ol

Js

We could have fixed #y > 1, such that G(P,¢) # 0 for t = t(, and there willbe a § >0
such that |G(P,t)| > 0 for t = tg. Since (I7) implies that

[v(x; Pt,s)|c2a(ssy = O(s), uniformly for (P,t) € S* x [1,10),

we find that, by fixing so > 0 small if necessary,
1
||+ T < §|G(P,t)|, for 0 < s < s and 7 = 1.

This implies that A8l (P,7) - G(P,r) > 0 for 0 < s < s and ¢ = #y. Therefore
—deg(Al,B,,,0) = deg(AV, B,,,0) = deg(G, B,,,0) # 0,
for 0 < s < s¢. Finally, we now prove

deg(F, 4 x B,,,0) = —deg(A" B,,,0), (20)

ro>s
for 0 < s < s9, from which follows the existence of a solution to (3).

The verification of is routine, but requires several steps. First, we may perturb
K, if necessary, within the class of functions satisfying the conditions in Theorem
such that the corresponding G(P,t) has only isolated and non-degenerate zeros in
B,,(0). We will prove momentarily that for s > 0 small, the zeros of Abl fors >0
small will be close to the zeros of G(P,t) and are isolated, non-degenerate. Therefore
the zeros of FI in A x B, are isolated and non-degenerate. This can be argued as
follows. First, it follows from that

AF(E)-x=(1d—1T) (7490 (A, e ) — Ko ).
Using , we can then write
e MGy (Ay g ) = 6 6AV(X:E,5) — 24v(x;&,5) + Q(v(x: € ,5)),
with [|Q(v(x:€,5) Iy S [IV(x:€,5)[[3 S 5% Therefore, using
(Id—IT)(1) = (Id — IT) (6Av(x; &, 5) + 24v(x; €, 5)) = 0,

and
AU(E) =[5 [ (AN(E)-x) xdvoly.
we have

API(§) = =55G(P.1) +5[s* ! /S4 [(1d —IT) (Q(v(x: & ,5)))] xdvolg, ,

with |(Id — IT) (Q(v(x; €,5))) | < %, so the zeros of Al!() for s > 0 small are close
to the zeros of G(P,t). We can further use the implicit function theorem to prove that
for s > 0 small there is a (unique) non-degenerate zero of Al (&) near each zero of
G(P).
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Remark 5 This argument shows that, for each non-degenerate zero of G(P,t), if we
associate (P,t) with the center of mass of @p,,

CM(gr) =I5 [ gri(v)dvol,, € B1(0)

as a geometric representation of (P,¢), then for s > 0 small, there is a unique solution
w to (3) whose center of mass approaches C.M(@p, ), for our argument gives rise to a
solution
w(x) = v(P1) 0 @l () + Inld g, ()
with (P, approaching (P,t), and v(x; P',#") approaching 0 as s — 0, thus the center
of mass of w is
871 [ e xdvoly, =[5! [ €0 gp () dvoly, — C.M(gr)
S S ’ ' ’
as s — 0.

Now deg(F [S],JV X By,,0) is well defined in the manner of [28]], and according to
Propositions 2.1-2.4 of [28]],

deg(FU, ¥ xB,,0)= ¥ ind(DFV(x:,s).E)),
£€By (0):AF(£)=0

where ind(DF B [v(x; €, 5), £]) refers to the index of the linear operator DF ! [v(x; €, 5), €],
and is computed as (—l)ﬁ, with B denoting the number of negative eigenvalues of
DFBI[v(x;€,5),E]. We also have

deg(A[s]aBroaO) = Z ind(DA[S](é)).
£eByy (0)AB(£)=0

To compute DFF [v(x; € ,5), €], we identify & € RS with & - x € span{x;,--- x5},
and write the differential of F[*/ in the direction of v as D,FI¥/[v(x; &, s), E](¥), or sim-
ply D,FIs](v), and the differential of FI¥/ in the direction of & - x as D¢ FEv(x;€,5),E](€).
Then . .

DeFPIv(x:€,5),8](8) = —s& - Ve (Ko o)),
and
Dy PP (x:€,5),£](0) = MI[(x: £, 5)]V} 55y — 4K o g,
where M/ [v(x; &, 5)] stands for the Newton tensor associated with &, (e =2"(¢ ’S)Av(x;g )

and Vl-v;x;g’s) stands for the covariant differentiation in the metric €255 g,.. Thus,
DFHI[(x;€,5), €] (v+& x) =Mij[V(x;§,S)]Vf§x;§‘s)v'—41<[s] o Pp =55V (Ko py).
At a fixed zero & of A [s] (&) =0, we define a family of deformed linear operators Leg
for0 <7 <1by

Loy(v+&-x) = MYIVETy — 4K 6D 0 gp v — 5 - Vi (Ko gpy),

where vITl = Tv(x;&5), and v € X 1= {v € CP%(S*) : fquv(x)x; =0,j=1,---,5}.

ol

Then L; defines self-adjoint operators with respect to the metric e ]gc, thus its

eigenvalues are all real. We first assume the
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Claim For s > 0 small and 0 < 7 < 1, the spectrum of L; ; does not contain zero.
Thus ind(Lo,s) = ind(L; 5) = ind(DF [v(x; €, 5), £]). We will next establish
ind(Lo,) = (—1)'*7,  fors > 0 small, 1)
where ¥ is the number of positive eigenvalues of VG(P,1) at £, and
Y= the number of negative eigenvalues of D(:A[S] (&) for s > 0 small. (22)
First note that

Los(v+E&-x) = —6Av —24v — s& - Vi (Ko gpy)

so if v +$ -x is an eigenfunction corresponding to a negative eigenvalue —A, with
v € X, then . .

Taking projection in span{xp,--- x5}, we find

A
~VG(PE =~ 5E,
and taking projection in X, we find
— 6Av — 247 — sI1 (é-vé (Ko(pR,)) = V. (23)

If <§ # 0, then 5 is an eigenvector of VG(P,t) with eigenvalue % > 0; and if 3; =0,
then v # 0 solves —6Av — 24y = —Av, which is possible for some A > 0 iff —A = —24
and v = constant. Conversely, for any eigenvector é # 0 of VG(P,t) with eigenvalue
u > 0, the operator —6A — 24 4 5s is an isomorphism from X to Y for s > 0 small,

so we can solve (23] as (—6A —24+5su)v = sI1 (5 Ve (Ko(pp’t)) forve X and v+

& - x becomes an eigenfunction of Lo ; with eigenvalue —5spt. Therefore we conclude

(7).

We now establish (22) to prove ind(DFF[v(x;€,5),E]) = find(DéA[S](é)) for
s > 0 small. From (I8), which can be written as A/(&)-x = FIl[v(x;&,5),&]), we

obtain
DyF (Dev(x; €,5)(€)) + D F(€) = DAL (£)(€) - .

Taking projections in X and span{xi,---,xs}, respectively, and using D¢ F sl(g) =
—s& Ve (Ko @p,), we obtain

11 (DVF[“'] (ng(x;é,s)(g))) —sIT (g’ Ve (Ko (pp,,)) —0, (24)

and

0= 11) (DD 8.9)(ED) ) xdvol,, sV GPE = SDAM(E)(E).
(25)



Writing
D,FE(Dev(x:E,5)(8)) = (—6A —24) (D v(x:€,5)(§)) + O(Dev(x: &, 5)(§)),
we find, using (T7)), that ||@(D5v(x;§,s)(f))||y < s||D§v(x;§,s)(£)\|X. Thus
1 (DVF[S]()) XY

is an isomorphism for s > 0 small and has an inverse ¥, and we can solve Dgv(x; §, s) 3]
in terms of & from (24):

Dev(x:&,5)(€) = (sTT (€ Ve (Ko gpy)) ) =T (E).
Using this in (23]), we find

éDgAM(é) = —sV:G(P1) +sf84 [(Id — IT) 0 @ o Y] xdvoly,
=—s5(VeG(P1)+0(s)) .

Thus for s > 0 small, ¥ matches the number of negative eigenvalues of D;’:A[S] (&),

and we can conclude that ind(DF*(v(x; € ,5),&)) = —ind(DéA[s] (&)).
In the remainder of this section, we provide proof for our Claim above, leaving
the proof for Proposition [1|to the end of the next section.

Proof (of C[aim) Suppose tha@ for (a sequence of) s > 0 small and some 0 <7 <1,
Ly has v+ & -x, with v € X, £ € R, as eigenfunction with zero eigenvalue. Then,
taking projections in span{x,---,xs} and X, respectively, we obtain

11 MV s = 4K o pi| — 5T [€ Ve (Kogp)| =0, (26)

and

fy (1d — IT) [M"f WAV — kb o (pg,v'] xdvoly, —sV:G(P1)E =0.  (27)
Using again, we find

MRV — 4K BT o v = —640 — 240+ O (v),
with [|@T*(v)||y < s7||v||x. Thus, for s > 0 small, we can solve v from (26} to obtain
b= (SIT[&-Ve (Kogp,)|) =T ().
Thus 5 # 0 and we can normalize it so that \5 | = 1. Using this in (27)), we find
s(Id—IT) o @™ oY (£) —sV:G(P,1)E = 0.

Using ||@%*|| < s7, we find this impossible for s > 0 small under our non-degeneracy
assumption on the zeros of G(P,r).
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3 Proof of ([} (I0), Theorem [2]and Proposition

Proof (of (A} and (10)) The full strength of () is established as soon as the W23
estimates are established — the latter is a step in proving the W2 estimates.

If there is a sequence of solutions w; to (3)) such that maxw; = w;(P;) — oo, then
we choose conformal automorphism ¢; = ¢p, ;; of S*, such that the rescaled function

vj(P) =wjo¢;(P)+In|d¢;(P)|, (28)
satisfies the normalization condition
1 6
i(Pj)=-1 . 29
vj( J) 4 n K(P]) ( )
If we use stereographic coordinates for S*, with P; as the north pole, then
y(9;(P)) =1;y(P), for P € S*,
" (14 y(P)P)
ti(1+|y(P
vi(P)=w;o0@;(P)+In1———~
S =t 2 (P)P
v; would satisfy
02(Ay;) =Ko ¢je. (30)
The normalization in (29) amounts to choosing #; such that
1 6
Thus, #; — oo, and for any P € S*,
2 2
16 17 (1+y(P)]?)
vi(P)< ~In +In- . 31)
! 4 K(Fj) L+7y(P)]2

(31) implies that, away from —P;, v; has an upper bound independent of ;. Together
with (30), the local gradient and higher derivative estimates of [17], there exists a
subsequence, still denoted as {v;}, such that, P; — P, and for any 6 > 0,

Vj = Voo in C** (S*\ Bs(—P,)), for some limit  ve. (32)
We also have
02(A,.) = K(P,)e™ on S*\{-P}, (33)
/S K(P) dvoly, < Timin | K og;e® dvol,, = 167 (34)
P = tin—C v (P =0, (35)
4 K(P,)

1 1+ [y(P)|?

v (P) < Zan(i*) +In E'&J()z)' . (36)



A Liouville type classification result in [[10] and [26] says that

Veo

1 6
—Zlnm =1In|d¢|

for some conformal automorphism ¢ of S*, which together with (33) implies that

1 6
Voo = —In . 37
(P:)
Thus for any 6 > 0,
lim Ko ¢;e*i dvoly, =6|S*\ Bs(—P.)|.

J== S5\ Bs(P)

Together with the Gauss-Bonnet formula

)

/ Kogje™idvoly, = 68*
S

we have

lim Ko ¢;e*i dvoly, = 6|Bs(—P.)|.
j=>.JB5(~P.)

This allows us to apply our Theorem in [20] on Bg(—P.) for small § > 0 to conclude
that 3C > 0, such that

P <
ng‘}xvj <C. (38)

Next we declare the

Claim There exists C' > 0 such that

néinvj > (. (39)

The Claim can be proved making use of the information that R,; = Ry, 0 ¢; > 0,
which implies
2—Av;—|Vvj|*>0. (40)

Thus
b(P)=7; = [ (=4v/(Q) G(P.0)dvol, Q)
: (41)
> -2 [ G(P.Q)dvol, (Q),

where G(P,Q) is the Green’s function of —A on S*. Integrating (#0) over S* implies

that 1
2
2 - 14
22£4|ij| > const. <fg4vj(P)—vj| ) . (42)

(32), 37, @), and conclude the Claim and (9}



Next we prove the integral estimate (I0). This can be seen by looking at the
integral version of the equation

/S4 [2|Vv)[>+24v; — 6] (Vv;, V1) +An|Vv;* + (K o ¢;¢"'7 — 6) n = 0.
If we plug in 7 = v;, we obtain

/84 (6—2|ij|2 —3Avj) \ij|2 = /S4 (Ko q)je4".i 76) V.

Using Av; <2 — |ij|2, we have

which converges to 0 by (32), 37), (33), and the Dominated Convergence The-

orem.

Next, we prove Theorem [2] We will first prove that, under our non-degeneracy
conditions on K, there is a bound C > 0 depending on the quantities as in the state-
ments of Theorem [2] but uniform in 0 < s < 1, such that any solution w of (3) with
K satisfies maxgs w; < C. Once we have the bound maxg w; < C, the C%% estimates
follow from known theory of fully nonlinear elliptic equations.

Proof (of Theorem E]) Suppose, on the contrary, that maxgs w; — oo (for a sequence
of K’s, which we write as a single K for simplicity, satisfying the bounds in Theorem
. Then, as proved above, (EE] holds. Let P;,¢; be as defined in the earlier part of the
proof. We will then prove the following estimates:

vEE) =20 asjoe, @)
J

and
AK(P;)) =0, asj— oo. (45)

and would contradict our hypotheses on K.

The main idea is to examine the Kazdan-Warner identity in the light of the asymp-
totic profile of w; as given in Theorem

For each w, we choose stereographic coordinates with P; as the north pole. For
P = (x1,---,x5) € S% let its stereographic coordinates be y = (y1,---,ys). Also set
x' = (x1,+++,x4). Then

2vy:
xi:iza i:1725374’a
L+ 1y]
] (46)
x5 = yl®—1
> +1°

For any € > 0, there exists M > 0 such that for any P with |y(P)| > M, we have



4 4
K(P)=K(P)+Y aixi+ Y byxpxi+r(P), (47)
i=1 kh=1
with
Ir(P)| <elf?,  [Y||Vr(P)| <elx)’, X2 VAr(Q)| < elx | (48)

We can identify a; = V;K(P;), by = Vi K(P;), and we may assume that by is diag-
onalized: by = Oy by,. Then, using

2 2
Vxi = (1 —x7,—x1X2,- -+, —X1X5),- -+ , Vs = (—xs5x1,- -+, —X5x4, | —x5),

and

in . V)Ch = 5,';, — XiXp,

we have, for 1 < h <4,

4 4
<VK, Vxh> =a, — Z aixixp +2bpx, — 2 Z b,'xith +Vr-Vx,.
4 ~

i=1 i=

So we can fix M large such that, when |y| > M,

(49)

<VK,VXh> = ay + 2bpxy + 11 (P),
[ (P)] < elY].

From the Kazdan-Warner identity, we have

0= /4 (VK V)™ dvoly,
S

= s/4(VK,Vxh>e4W-/ dvoly,
S

Thus, the deformation parameter s is divided out from the Kazdan-Warner identity to
give

Oz/ (VK,Vx;)eti dvoly,
s4

= (VK,Vxy)e*i dvolg, + (VK,Vx,)e™i dvoly,.
yl<M yl>M

Remark 6 1t is this property that K, not K 5, can be used in the Kazdan-Warner iden-
tity that allows us to obtain bounds on w uniform in 0 < s < 1. This also applies to
the settings in [12] and [29] to make the estimates there uniform in 0 < s < 1 in the
respective deformations.
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We estimate

2 4
VK,VXh e4wj dvol . < C e4wj () dy
/‘”|§M< > : V<M L+ y?

2 4
:C/ eMi () dz
el < L+ 22
M 4
gc(t> . using (38) and (39).
J
/I \>M<VK’ Ve dvoly,
y

:ah/ e™i dvol,, + 2bh/ eMixy, dvol,, —|—/ e™iry(P)dvoly,.
l>M y[>M y[>M

The following estimates will complete the proof of {@4).

6
lim eidvol, = —— |S*]. 50
== Jyl=m KPR o Co

1
/ e“fo,,dvolC:@, as j—oo (1 <h<4). (51)
[y|>M £
1
/ eMir (P)dvol,, = M, as j — oo, (52)
[y|>M £

Here are the verifications of the above estimates.

4
/ e™i dvoly, = / e (22) dz — 6 |S4} ,
yI>M o> I+ 2] K(P.)

by (32), (38) and (39).

2t 2 \*
/ eMixy dvoly, :/ /2111 2e4"j < 2) dz
y[>M o>+ 1417]z] 1+

21 6 2 \*
_ il <e4v_,-_ )( 2) dz
e> 4 1+1712]? K(P.)) \ 1+

/\z\>a 5>|z\>%7

/ <c/ o< €8
> —/aix>s —/.
8>[¢f> 8>[<f> 41 1] tj

For any given € > 0, we can first fix § > 0 such that C§? < €. Then using the con-
vergence of v; to %lni on |z| > 8, we can fix J such that when j > J, we have

K(Py)
1 2 \* Ce
< e/ —— |\ ) dz2< —.
2>8 tlz] \ 1+ 2] 1

with

4y ; 6
‘e J—m‘ < €. Then

‘/IZ>5




These together prove the second estimate above. (52)) follows similarly.
Finally

4 4
VK, Vxs)=—Y aixixs—2Y bix’xs+ Vr-Vas.
1
i=1 =1

1

We may fix M large so that |Vr- Vxs| < £[x’|* when |y| > M. In

4 5.
0= /S (VK. Vxs)e®i dvoly,

(53)
= (VK,Vxs)e™idvoly, + (VK,Vxs)e™i dvol,,
<M >M
4
M
/ (VK, Vaxs)e™i dvol, | < C <) , (54)
vl<m ‘ lj
as before.
1
/ xixsei dvolgc‘ = @
y[>M 1j
as in the proof of (31)). Thus
1
/ aixxse™i dvoly, | = Lz) (55)
[yI>M 1

/“ y‘>Mx,~2x5e4Wf dvoly,
2 4
2tjz; ) th|2—le4vj< 2 ) dz
Ty et TP

_/\ZI>M. <
_ 2tz 2[j‘Z|2—1 i 6 2 4dZ
> \1+1]z)? ) 1]z +1 K(P,) 1+ |z|?

<

M
1

/‘ |

+ 6 / ( 2tz >2tj|Z|2—1( 2 )4dz
K(P.) J> 2 \ 145122 ) ]2 + 1\ 1+ [2f?

Note that

2tjz; 2lj‘Z|2—1 2 4
2 2 5 ) dz
e \ Tl ) i1 \ T
= (2)d
17 J> 2 J2|* \ 1+ [z
J (56)

1/ 1 < 2 >4d
- THh |l T 4
17 Jie> 2 [z N1+ 2]
L= 2 3
== dr||S
6(4<1+ﬂ>rﬁ||

X
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Similarly, we can prove

/ ( 21z >2t,,-|z21<€4vj_ 6 )( 2 )4dz
>4 L+tjlz]2 ) 1]z +1 K(P.)) \1+z?

D sy
/j

and

/ Pt
y[>M

3
2t|z| a < ) >4
/z|>9j_ (1 +12]z)? T \aTE) “* (58)

_o()
=

To put things together, we multiply (53) by #7 and use (54), (33), (56), and (8) to see

that
o(1)

0=o(1) ~2ak(;) (1°] [ () rr o)) + 22

which shows (43).
Proof (of Proposition [I) First, by Theorem 2] there is a C > 0 depending on K and

0 < a < 1 such that any solution w to (3) with K substituted by K sl and 0 < s <1
satisfies

HW||C2~"‘(S4) <C. 59)

Since v = wo @p; +In|d@p,| is chosen such that
4y
fy e (y)ydvolgc =0,
we obtain, in terms of w and (P,?),
0= /S Moy ! (x) dvol,, = /S ) gy -1 (x) dvol, (60)
Due to (59), there is a § > 0 such that

fmozs
sS4

If there existed a sequence of solutions w; for which ¢; — e, we would have, comput-
ing in stereographic coordinates in which P; is placed at the north pole, ¢, 1 (x) —
A ir

(0,---,0,—1) except at x = P}, therefore, in view of (39),

fg4 W@, i (x)dvoly, — (0,--- ,0, _fy ey £ 0,
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contradicting above. This implies the existence of some 7o such that # <#y. Using
this and (39) in the relation between w and v, we find an upper bound for [[v[|c2.¢ (g4
Finally using the equation for v:

o (A,) =KMo opre®,

in which the right hand side has an upper bound in C>%(S*) due to C>%(S*) estimates
of v and the bound ¢ < 7, we find higher derivative bounds for v. Then as s — 0, a
subsequence of v would converge to a limit v., in C>%(S*), which satisfies

02(A,.) = 6¢"= and f eM=Wxdvol, = 0.
s4

This implies that v, = 0. Since this limit v., is unique, we obtain that v — 0 in
C*>%(S*) as s — 0, which is the remaining part of (T3).

4 Proof of the W2 estimates of Theorem|1|and of Corollary

For the W29 bound for vj, we write v for v; and o for Gz(e_z".igzl oAv/.) =Kooj,
and adapt the argument for the W27 estimates in [9] of Chang-Gursky-Yang and
push the argument to p = 6. We will first prove a W3 estimate for v j» with the bound
depending on an upper bound of 0> = K o @;, a positive lower bound for o>, and
an upper bound for [g4 |Vo(K o @;)|?dvol,,. Then we will extend the W23 estimate
to W2 estimate for the v ;j in terms of an upper bound of 6, = K o @}, a positive
lower bound for 6, and an upper bound for [qs |Vo(K o 9;)[*dvol,,. Since [qa |Vo(K o
@;)|*dvoly, = Js4 |VoK|*dvoly,, we see that a bound for the W23 norm of v; is given
in terms of an upper bound of K, a positive lower bound for K, and an upper bound
for [s4 |VoK|*. This will suffice for proving ().

Proof (of the W*© estimates of Theorem |I)) First we list a few key ingredients for
these W2P estimates, mostly adapted from [9]]. As in [9] we explore two differential
identities, which in the case of S*, are

VR|?
SijViR = 61rE> + R|E|* +3A0, + 3(|VE[* — %)
61
>6trE°+ — —20R+3A0, — ,
12 20,
following (5.10) of [9]], with
an(A) 1
S = = _R.+-R
ij aAij ij+ 3 &

and

SijVizj|Vv|2

R® trE* oR R|Vy|* 5 o

:m_T—ﬁ—T—ZSUVAVW VjV+SijV]AijV1V (62)

R —4y
— 2e72v5ijV5ijV + 2R672V‘VV|2 + ET —(W»Voy) - 20007,
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following (5.44) of [9]] and the fact that A?j = g?j in the case of S*. Here the differen-
tiations are in the metric g.

In (61)) and (62) we used |E|*> = f—; —207 and

|VR|2 S ‘VO'2|2

VE|> —
IVE| 12 20,

(63)

(63) can be proven as in (7.26) of [9], but can also be seen to be based on the general
fact that {0y }!/% is concave in its argument as follows: set F(A;;) = {ow(A;j)}'/%,
then

JoF

doy oF

Sii = = kF*! . and Vo, =S;VA; = kF*! VA;;. (64)
Y (9Aij 8Aij k Y Y 8A,-j Y
So
d%F oF OF
VS =kF*'———— VA, + k(k—1)F*2 ——V,A;.
12ij 0A;jdAy ! e+ k(k=1) 0A;; dAy, Y
Thus
ZVlSijleij
1
0%F OF OF
=kFK1'—~— VA V,A;; +k(k—1)F*2 —— VA VA
A, 9AL 1AL VIiAij+k( ) 34, 94 AViAi;  (65)
k—1)|Voy|?
S% using concavity of F and (64).
k

In the case of 2k = n =4, A,‘j = E,‘j + %gij’ and S,’j = %gij — El'j. So

ViR ViR VR|?
Y ViSiiViAij = Z{Tgij ~ViEGHVIE; + 581} = | 12‘ —|VEP,
1 1
and by (63)
VR|? Vo |?
| | _ |VE|2 < ‘ 0-2| )
12 20,

Because of S;; ; = 0, which is a consequence of Bianchi identity, we can use (61)) and

to obtain
' 2 2
0 :/84 S VE(R+12|Vv]2)

R3 4 2
Z /4 Z —6R‘VV| —24S,~le-|Vv| Vjv
S

+128;;VIA7V v+ 24Re > |Vv]? — 24e72S;; VvV jv
3|V62|2

—12(Vy,V0,) + (6™ —202)R — 24¢ > 3y
20'2

)
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from which we can estimate [ R? in terms of the other terms:

/S4 ¢ _/ 6R|Vv|* +24S;,Vi|Vv|*V v
— 128;;V,A;V v — 24Re™ > |Vv|* + 24 2S;; VvV jv (66)

|V62|2

+12(Vv, Vo) — (66 —202)R + 24052 + o
2

The integrations are done in the g metric, but due to the L™ estimates on v, the inte-
grals in g metric are comparable to those in g.. The terms that require careful treat-
ments are

2
/84 SijVilVv['V v

and

4 3 173 6 € 3 2e71/2 6
/R\w < /R / vy g—/ R+ / Ve (67)
s s s 3 Js4 3 s

The term [ SijVi\Vv|2Vjv can be estimated as (5.53) in [9]]

2/3

/S4 SijVi|Vv|2Vjv

= — /S4 |VV|ZS,'J‘V%]»V

g A A9 v2
_/S4|VV|ZSij{_%+#_ViVVjV+| | 8ij}
(68)
RIVv?  SijA?
:/4|VV|2{62+S,']‘V,-VV]‘V7 |2v| Y lj}
S

: S;;AY;
= [ |W*o—RijVoVjy— —
[ 9o Ry¥iry o= =51y

2
§é4 |VV| 0>.

where in the last line we used (R;;) > 0 when g € I;* in dimension 4 and S;;A; > 0 on

S*. The terms in the second line of (66) can be estimated in terms of [ss Re™"|Vv|?,
which in turn can be estimated as

1 2 .
/ Re™ 2V|Vv|2<{/ R 1/3{/ VoY < /R3 2e /4|w\3. (69)
. S

The terms in the last line of @]) can be estimated in terms of upper bound of 0;, a
lower bound of 6y, and fqu , in a trivial way. The term Jq4 |[Vv|® in (67) can be
estimated as

1/4

, , 34
/S4|VV|6§|:/S4|VV|4:| [/S4|Vv|12] , (70)
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and, as in (5.73) in [9],
1/4
L]
S4
< [ e a
S
5/ R+ [V +1,
54

here in the last line we used

Sij= S?J- +2Vl42jv72(Av)g,-j +2VV v+ Vg, (72)
R=Roe ® —6Av+6|Vv|?, (73)
(74)

and
0 < (8ij) < (Rgij)-

Using in and noting that [4 |[Vv|* is small, we obtain

3/4
/ V|6 < [/ |Vv|4} /R3+1, (75)
S# S# S4

Using ([73)), together with (68), (69) and in (66), and noting the smallness of
Js4 |Vv[*, we obtain an upper bound for [R® in terms of [|Vo2|?, upper bound
for o, and positive lower bound for 6. Note that [su [Voa|* = [c4 [Vo(K 0 9))|* =
Js4 [VoK|* dvol,, and using a transformation law like (73), we can estimate

/|A0v\3dvolgC S / (R3 + |V0v|6) dvoly, < /R3 +1,

bounded above in terms of [|VoK|*dvol,., upper bound for K and positive lower
bound for K. Then we can use the W2 theory for the Laplace operator to obtain the
full W23 estimates for v.

Remark 7 In fact, for any solution w to (3), one can obtain an upper bound for the
W23 norm of w in terms of a positive upper and lower bound for K, an upper bound
for [ |VoK|*dvoly,, and an upper bound for |w| and [|Vow|*dvol,. A proof would
proceed as above, instead of using the smallness of [ [Vow|*dvol,, in proving
and the subsequent bound on [ R* via (66), one uses Proposition 5.20, Proposition
5.22, and Lemma 5.24 in [9]] to complete the argument.

To obtain the W2© estimates of v by iteration, we multiply and by R?
and estimate [ R”*3 in terms of the other terms:

R 3R |V, 2
/RpSijvl-szZ/ —|—6R”trE3—202R”+1—|—3R”A62—7‘ 2| R
12 202
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and
/RPS,»,-V,?ijF

RPF3 RPtrE®  ooRPT RPNV
144 2 12 2

—2RPS;;Vi|Vv|*V v

Rp+1

+RPS;V AV v — 2RPS; VvV ;v + 2RV V|2 — RP(Vv, V6,) — 200RP +

From these we obtain
» RPH3

< /R”Sile»zj{RJr 12|Vv[2} — 3RPAGy + 6RPH [V 1 24RP S, Vi VV[2V v

3RP|V
+30RPT! 4 % 12RPS;;V A}V v+ 24RPS; VvV jv — 24RPH |V 2
2
4 12RP(Vv,V0,) +240,RP — 6RP™!.
(76)
The most crucial terms are
/R Sij ViR = —p/Rp_lSijV,-RVjR, (77)
/RPS,‘J-V%]-|VV|2
=—p / RpilS[jViRVj‘VVP
S])‘/Rp_1 [S,'jV,‘RVJ'R]I/Z [S,-jVi|Vv|2Vj|Vv|2] 1/2
1/2 (78)

1/2
<p {/Rp_lSi_,-V,‘RVjR] [/Rp—lsijv,-|vv|2vj|vv|2
P [ op
<f / RPIS, ViRV R +2p / R?|V2V2 Vv

Sg/RpflSijViRVjR"FCp/RP(R2+|S?j|2+|vv|2)|vv|2'

/ —RPAG)

:p/R"_lVGzVR

and

1/4

1/4 1/2
<p [/ |VGZ|4} [/ VRFRH} [/ Rﬂ (79)
- VAT RS, VRV R /4
<p [/ |V62|4} [/ 3’62 } {/sz’}

RP=1S;;V,RV ;R ~ Ve 92
_819/ s AS S ﬁ |:/ |V62|4:| |:/R2p:|
30, 28
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Next we claim that the Sobolev inequality in dimension 4 implies

1/2
[/RZP} §p2/|VR|2RP_2+/RP|Vv|2+/Rpe_2V. (80)

Using (80) in (79), we obtain

/fRPAGZ
RV S,,VRV R € , P B
<e — [ RP|V —/ Vo™
p/ 2p/ V" + 255 [ Vol

Using (77), (78), and @ in and choosing € > 0 small, we obtain

Rp+3
—+ RIS, ViRV R

g/RPH|vv\4+RP+2WV|2+RP|V<;2|2+RP|VV||V<;2|+RP+1 1
SRV [ (oot [R5 [ [mape syl

+{/R2p}l/2{/‘Vo.2|4}l/2+{/R2p}l/2{/|Vv|4}l/4{/|V62|4}l/4+/Rp+l+1
(82)

(81)

Now for p < 3, we have 2p < p+3 and 2(p + 3) < 12. Using the earlier bounds
on [R® and [|Vv|'? from (7I), we obtain an upper bound for [R® in terms of
J VoK |4dvolgc, an upper bound and a positive lower bound of K, which again gives
a bound for v in W26,

Proof (of Corollary 1) Let 6 > 0 be small such that the argument for and the
subsequent W23 estimate for v via (66) would go through when [ [Vv|* < §. For
any admissible solution w to (3), Theorem [I] implies that there is a constant B > 0
depending on the C? norm of K, a positive lower bound of K, and § > 0, such that if
maxw =w(Q) > B, then the normalized v defined as in Theorem[I} v=wo @ +In|d¢|
with v(Q) = 1 71n K(Q , would satisfy

1 In 6
)
v also satisfies (8) and then estimate (66), with o, standing for K o ¢, is valid for v.
Then the W23 estimate in Theorem E] would be valid for v, and one obtains a bound
for the W23 norm of v in terms of an upper bound for K, a positive lower bound
for K, and an upper bound for fgu [VoK o @|*dvol,,, and since [q1 |VoK o @|*dvol,, =
Js4 [VoK|* dvoly,, one can use this estimate to obtain the bound for F[v]. Since lI[w] =
lI[v] and Y [w] = Y [v], the bound for F[w] now follows. When the solution w satisfies
w < B, then one can use the Harnack type estimate in [20] to obtain a lower bound
for w, and use inequality (@3) to obtain an upper bound for [s4 |[Vw|* dvol,, . Then one
can use Remarklto obtain the W3 estimate for w in terms of an upper bound for K,
a positive lower bound for K, and an upper bound for [ |VoK |? dvol,, . Finally these
W23 estimates for w give directly the bound for F[w].

‘ <5, and /4 vyt <. (83)
JS
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