EXCEPTIONAL SPLITTING OF REDUCTIONS OF ABELIAN SURFACES

ANANTH N. SHANKAR AND YUNQING TANG

ABsTrRACT. Heuristics based on the Sato-Tate conjecture and the Lang—Trotter philosophy suggest that
an abelian surface defined over a number field has infinitely many places of split reduction. We prove this
result for abelian surfaces with real multiplication. As in [Chal4] and |Elk89|, this shows that a density-zero
set of primes pertaining to the reduction of abelian varieties is infinite. The proof relies on the Arakelov
intersection theory on Hilbert modular surfaces.

1. INTRODUCTION

1.1. Infinitely many nonsimple reductions of a given abelian surface. Murty and Patankar conjec-
tured in [MPO§| that an absolutely simple abelian variety over a number field has absolutely simple reduction
for a density one set of primes (up to a finite extension) if and only if its endomorphism ring is commutative.
Chavdarov (|[Cha97]) proved their conjecture in the case of abelian varieties of dimension 2 or 6 whose geo-
metric endomorphism ring is Z and Achter (|Ach12]) proved their conjecture in the case of abelian surfaces
with real multiplication (i.e. when the endomorphism algebra of the surface contains a real quadratic field).
Conditional upon the Mumford-Tate conjecture (which is known in the case of abelian surfaces), Zywina
(|Zyw14]) established Murty and Patankar’s conjecture in full generality.

It is natural to inquire whether the set of primes (conjecturally a density zero set!) at which a given abelian
variety does not have absolutely simple reduction is finite or infinite. Based on the Sato—Tate conjecture
and the Lang-Trotter philosophy for abelian surfaces (see §1.2)), it is expected that the (density zero) set
of places of nonsimple reduction of a simple abelian surface is infinite. The main result of this paper is the
following:

Theorem 1. Let A be an abelian surface over a number field K. Suppose that F' C End(4) ® Q, where F
is a real quadratic field. Then A modulo v is geometrically isogenous to the self-product of an elliptic curveﬂ
for infinitely many primes v of K.

1.2. A heuristic based on the Sato—Tate conjecture and the Lang—Trotter philosophy. The clas-
sical Sato—Tate conjecture addresses the distribution of Frobenius elements involved in the Galois represen-
tation on the étale cohomology of a fixed elliptic curve defined over a number field. The work of Katz—Sarnak
[KS99], Serre [Ser12|, and Fité-Kedlaya—Rotger—Sutherland (JFKRS12|) generalizes this conjecture to higher
dimensional abelian varieties. We focus on the case of abelian surfaces with real multiplication and offer a
heuristic which indicates that such surfaces have infinitely many places of nonsimple reduction.

For simplicity, assume that A is an abelian surface defined over Q such that End(A4)®Q = End(Ag)®Q =

Q[VD] = F, a real quadratic field. We roughly follow the idea of Lang-Trotter (see [LT76, Part I| for more
refined computations and further details). For each prime ¢ of good reduction for A, the characteristic
polynomial of the Frobenius endomorphism of A modulo ¢ is of the form z* 4+ a123 + as2? + laz + £2,
with a1,as € Z. The roots of this polynomial come in complex conjugate pairs A1, A1, A2, A2, and each
At

\; has absolute value ¢/2. Define Si4 = The Sato—Tate conjecture for abelian surfaces with real

multiplication predicts that the distribution of (s1,¢,s2.¢) € [—2,2] X [~2,2], as ¢ varies, converges to the
measure on [—2,2] x [-2,2] defined by the function (5=)2y/4 — s31/4 — s3 (for instance, see [Ked15]). By
Honda-Tate theory, A splits modulo ¢ if s1 4 = 52 .

An analogue of the probablistic model developed by Lang—Trotter in |[LT76| can be used in our setting
to estimate the probability that our abelian surface splits at ¢. Since we are only aiming for a heuristic
that suggests infinitude, from now on, our estimate is only up to an absolute constant. From the Sato—Tate

ISuch elliptic curve depends on v.



measure for (s1¢, $2,¢), we obtain a probability measure u for tp = 510 — s2,¢. Since s1 ¢ — s2¢ € ‘/—\/?Z, we
follow Lang—Trotter (JLT76, pp. 29-33]) to discretize the measure u into a probability measure on the set
\/—\/?Zﬂ [—4,4]. Asin [LT76, pp. 31-32], the probability that ¢, = 0 is < %. Since Z % diverges, there
¢ prime

should be infinitely many primes ¢ such that s; ; = s2 ¢ and hence A should have infinitely many primes of
nonsimple reduction.

Note that the above estimate is based on a probability model on isogeny classes of such abelian surfaces.
One may also build a model based on estimating the number of isomorphism classes of simple and non-simple
abelian surfaces, and obtain similar predictions. See for example the work of Achter and Howe |[AH17, §2].

1.3. Related results. The Sato—Tate and Lang—Trotter conjectures for elliptic curves and pairs of elliptic
curves also suggests that the set of primes in either of the following two situations is infinite:

(1) given an elliptic curve E over a number field, consider primes v such that F mod v is supersingular;
(2) given a pair of non-isogenous elliptic curves F, E5 over a number field, consider primes v such that
the reductions of E;, F5 mod v become geometrically isogenous.

As in our case, both sets of primes have density zero (after taking a finite extension). Indeed, Serre
conjectured that up to taking a finite extension of the field of definition, a given abelian variety over a
number field has ordinary reduction at a density-one set of primes. Katz proved Serre’s conjecture in the
case of elliptic curves and abelian surfaces (|Ogu82, pages 370-372]). Sawin (in [Sawl6|) made explicit the
smallest field extension that is required for abelian surfaces.

The second set also has density zero (after taking a finite extension) by an application of Faltings’ isogeny
theorem (|Fal86]) and a result of Serre on Frobenius tori (see, for instance, [Chi92] for the definitions): indeed,
suppose that E; and Fy are a pair of non-CM non-isogenous elliptic curves (if one or both of the curves
have CM, a similar argument to the one given below would work). Then, by Faltings’ isogeny theorem, the
¢-adic algebraic monodromy group Gy of E; x E5 contains SLs g, X SLa g,. Serre’s theory of Frobenius tori
(see |[Chi92|, Corollary 3.8]) implies that the Frobenius element Frob, generates a maximal torus of G, for a
density one set of primes v (after taking a finite extension). By Honda-Tate theory, if E; is (geometrically)
isogenous to Fy modulo v, then the Frobenius eigenvalues of F; are the same as the Frobenius eigenvalues
of E5 (up to multiplication by roots of unity), which implies that the torus in Gy generated by Frob, cannot
be a maximal torus.

Elkies proved (1) in |EIk87,[E1k89] when the elliptic curve is defined over a number field with at least one
real embedding and Charles proved (2) in [Chal4]. Theorem [1|is an analogue of these two results. Indeed,
all three results establish that certain thin sets of primes related to the reduction of abelian varieties are
infinite.

1.4. The strategy of the proof. The proof of Theorem [I| builds on the idea of the proof of the main
theorem in [Chald], where Charles uses Arakelov intersection theory on the modular curve X¢(1) to prove
his result. In our case, we use Arakelov intersection theory on the Hilbert modular surface H (see for
the precise definition).

Let [A] € H(K) denote the point determined by A. Loosely speaking, the modular curve embeds canon-
ically into H (we label its image A) and parametrizes the locus of split abelian surfaces (along with the
product polarization). A natural strategy is to consider the Arakelov intersection of A with Hecke orbits of
[A]E| The local contribution at a finite prime v is positive precisely when the Hecke orbit of [A] intersects A
modulo v. The reduction of A modulo v would be geometrically nonsimple for such v.

In our proof, we replace A with a compact Hirzebruch—Zagier divisor 7 (see §2.1jand for definitions).
Hirzebruch—Zagier divisors of H have the feature that the abelian surface B admits quaternionic multiplica-
tion if [B] lies on these divisors. This has the consequence that over a finite field, an abelian surface is not
geometrically simple if it lies on a special divisor (see Corollary . There are two advantages of using a
compact Hirzebruch—Zagier divisor 7: the first is that we do not have to deal with places of bad reduction
for A. The second is that we are able to avoid all the cusps of H in the archimedean contribution to the
global Arakelov intersection.

2Here we refer to the 1-cycle, given by taking the Zariski closure of the Hecke orbit of [A] in H over SpecZ.
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In order to prove Theorem [I} it would suffice to prove that the set of primes which contribute to the
intersection is infinite as we vary over infinitely many well-chosen Hecke orbits of [A]. There are two steps
involved in proving this:

e A local step, where we bound the local contribution of the intersection at every place.

e A global step, where we compute the growth of the Arakelov intersection of Hecke orbits of [A] with
T. The growth is expressed in terms of the degree of the Hecke operators, and is seen to grow
asymptotically faster than the local contributions at each place.

Consequently, it follows that more and more primes contribute to this intersection as we vary the Hecke
orbit of A.

The abelian surfaces parametrized by Hirzebruch—Zagier divisors have extra special endomorphisms (re-
called in . In the non-archimedean case, our methods are very different from the ones used in [Chal4].
For a finite place v, we use Grothendieck—Messing theory to prove statements about the rate of decay of
special endomorphisms of A[¢>°] modulo higher and higher powers of v. This method avoids the use of CM
lifts and can be used in other Arakelov-theoretic situations. We use these results and Geometry-of-numbers
arguments to bound the number of special endomorphisms of A modulo powers of v. This allows us to prove
that the v-adic contribution grows asymptotically slower than the global intersection for most of the Hecke
orbits that we consider. Indeed, if there were too many Hecke orbits T}, ([A]) having large v-adic intersection
with 7, then A modulo v™ would have too many special endomorphisms as n — co.

The arguments used to bound the archimedean contribution are very different from the ones used to bound
the finite contributions. A key step in bounding the archimedean contribution is the following statement:
for a fixed infinite place, if [A] is close to two Hirzebruch—Zagier divisors, then [A] must be close to their
intersection, which is a CM abelian surface.

In order to prove the global part of our result, it is necessary to relate the global Arakelov intersection
of T and certain Hecke orbits T}, ([A]) (see for the precise definition) to the intersection of [A] and T.
We accomplish this in two steps:

e We use Borcherds’ theory (briefly recalled after Lemma to construct a compact special divisor,
whose class in the Picard group of a toroidal compactification of H equals, up to multiplying by a
constant in Zg, the class of the Hodge bundle. Consequently, the global Arakelov intersection of
[A] with T (endowed with a suitable Hermitian metric)ﬂ up to multiplying by a suitable constant,
equals the Faltings height of A.

o We relate the Faltings height of T}, ([A]) to the Faltings height of A when A has potentially good
reduction at p in Proposition This extends a result of Autissier (JAut05, Theorem 5.1]), which
only applies to A with potentially ordinary reduction at p.

It follows that the global intersection number grows faster than any local contribution. Hence, infinitely
many primes occur in the intersection of T}, ([A]) and T as p — oo.

1.5. Organization of the paper. In §2] we recall the definitions of the Hilbert modular surface and the
Hirzebruch-Zagier divisors. In §3] we bound the archimedean contribution. We spend §4] counting special
endomorphisms and bounding the non-archimedean contribution. We use Borcherds’ theory in §5.1]to choose
a compact Hirzebruch—Zagier divisor and relate the Arakelov intersection number to Faltings height. We
also extend Autissier’s result to the setting of Hilbert modular surfaces. Finally, we assemble all these results
together in §5.2] to prove Theorem

1.6. Notation and conventions. We use K to denote a number field and let Ok be its ring of integers.
As in Theorem [I we use F' to denote a fixed real quadratic field with discriminant D; its ring of integers is
denoted by OF and 0 is its different ideal. For a € F', we use Nma to denote its F//Q-norm.

The statement of Theorem [1]is invariant under isogeny. Therefore, we will always assume that A has real
multiplication by the maximal order Op, and is equipped with an a-polarization for some (integral) ideal a
of Op; see [Pap95, § 2.1 item 2 before Def. 2.1.1] for the definition of an a-polarization. We may also assume
that A has semistable reduction over K. For any abelian varieties B, B’, we use End(B) and Hom(B, B’) to
denote the endomorphism ring of B and the Z-module given by homomorphisms from B to B’.

3Technically speaking, since we will not make [A] into an arithmetic cycle, here by Arakelov intersection, we mean the height
of the 1-cycle [A] with respect to the Arakelov divisor 7, which is endowed with a Hermitian metric by Borcherds’ theory.
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Let H be the Hilbert modular surface over Z associated to F' which is the moduli stack of abelian surfaces
B with real multiplication by Op and an a-polarization. This is a Deligne-Mumford stack and we use [B]
to denote the point of H determined by B. Sometimes, we may denote a point of H by [B’]; this means that
B’ is the abelian surface that determines this given point.

We always use mathcal letters to mean the natural extension over certain ring of integers. For example,
we use A to denote the everywhere semistable semi-abelian scheme over Ok such that Ax = A.

Throughout the text, v means a place of K, either archimedean or finite. If v is finite, we use F, to denote
its residue field and e, to denote the degree of ramification of K at v. If A has good reduction at v, we
use A, , to denote 4 modulo v™. We always use p to denote a prime number which is totally split in the
narrow Hilbert class field of F' and denote by p,p’ the two primes ideals of F' above p. We use A[p] and A[p]
to denote the p-torsion and p-torsion subgroups of A.
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2. HIRZEBRUCH—ZAGIER DIVISORS AND HECKE ORBITS

In this section, we first recall the definition of Hirzebruch—Zagier divisors and their properties and then
we specify the Hecke orbits that will be used in the rest of the paper.

2.1. The Hilbert modular surface and the Hirzebruch—Zagier divisors. Recall that we use H to
denote the moduli stack over Spec Z that parametrizes abelian surfaces with real multiplication by O and
an a-polarization (see |[Pap95| Def. 2.1.1]). It is a Deligne-Mumford stack. A totally positive element a € a
gives rise to a polarization on A and a symplectic form ) on the Betti cohomology group W = HL(A(C), Q)
(here we choose an embedding K — C). The set of GSp(W,¢)(R)-conjugate cocharacters of the Hodge
cocharacter (from the Hodge decomposition of W ® C) of A¢ coincides with H;t, the upper and lower Siegel
half plane of genus 2. Let G C GSp(W, ) be the subgroup (over Q) that commutes with O C End(WW)
and let G; = Res(g GLy. Then G is naturally isomorphic to the following subgroup of Gi: for any Q-
algebra R, the set G(R) consists of matrices with determinant in R (instead of R ®g F'). The embedding
G C GSp, induces an embeddinﬂ of the Hilbert modular surface Hg = Sh(G, X) into Sh(GSp(W, ), Hy )
(see [vdG88| Chp. IX.1].) Here X is the subset of Hi which consists of cocharacters conjugate to the Hodge
cocharacter of Ac under G(R).

Let H be a toroidal compactification of # as in [Rap78| (see also |Cha90, §3]). The stack H "~ is

regular and proper and ﬁtor\”H is a normal crossing divisor (see, for example, [Pap95, 2.1.2, 2.1.3] for the
regularity of H and |[Cha90, Thm. 3.6, 4.3] for the statements about the boundary). Hence the arithmetic

intersection theory developed by Burgos Gil, Kramer, and Kiihn in |[BGKKO07| applies to ﬂtor (see, for
example, [BBGKO7, §1, §6] for a summary of their theory). We will use [A] (resp. [A]) to denote the unique

Oxk-point (resp. K-point) of H'™" corresponding to A (the stack H'" being proper allows us to do this)

2.1.1. We now summarize some basic facts about H¢ and the Hirzebruch—Zagier divisors. The facts discussed
here can be found in [vdG88, Chp. I, V, IX], [BBGKO07, §2.3, §5.1] and |Gor02, Chp. 2]; however, since
conventions differ, we will use this subsection to fix our notation. After defining Hirzebruch—Zagier divisors,

40One needs to choose suitable level structure to ensure that the natural finite morphism is an embedding.
5In general, one needs to pass to a finite field extension to extend a K-point on a proper Deligne—-Mumford stack to an Ok
point; however, since we have assumed that A has a semistable integral model A over Ok, we do not need to pass to a further
field extension.
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we first show that among them there exists a nonempty compact one, and then we give a moduli interpretation
of these divisors.

Let H denote the upper half plane. The two real embeddings of F' induce two embeddings o1,09 :
SLy(F) — SLa(R). The action of g € SLa(F) on H? is given by o1(g) on the first copy of H and by o2(g) on

-1
the second copy. We have H(C) = I'\H?, where I' = SLy(F) N (gF (abér) >
F F

For any r € Z~¢, we recall the definition of the Hirzebruch—Zagier divisors T'(r) in H¢ (see for example
[vdG88, V.1.3] and [BBGKO7, sec. 2.3]). Let 4" denote the Gal(F/Q)-conjugate of a given v € F. Consider
the lattice

L= {(;‘, Z) a€ (DNma)Z,bGZ,WEa}

V:{(;L, Z) :a,be@,veF}

with the quadratic form given by the determinant. The group I' acts on V via v.g = (¢')* - v - g for
g € T',v € V and this action preserves L. The quadratic space V is of signature (2,2). One may also view
‘H as an orthogonal type Shimura variety defined by SO(V). The divisor T'(r) is defined to be the reduced
divisor in H¢ whose set of C-points is the image oﬂ

in the rational quadratic space

U {(z1, z2) ceH?: az12 + 721 + v 22 + b= 0}.
MeL,det(M)=r Nma

Proposition 2.1.2. The divisor T'(r) is nonempty if and only if r Nma modulo D Nma is — Nm~y for some
v € a. In this case, T(r) is defined over Q and is either a modular curve or a Shimura curve defined by the

D,—rNma

) ) . If r is not the norm of an ideal of Op, then T(r) is a Shimura

indefinite quaternion algebra (
curve, and hence compact.

Proof. The first assertion follows from the definition of a Hirzebruch—Zagier divisor. By the discussion
on [vdG88, pp. 89-90|, the divisor T'(r) is the union of Shimura curves defined by the quaternion algebra

mentioned above and hence is defined over Q. The last assertion follows from [vdG88, Chp. V, 1.7]. |

Corollary 2.1.3. Let q denote a rational prime inert in F. Then the diwisor T(¢D) is non-empty and
compact.

Proof. As q is inert, ¢D is not the norm of an ideal of Op. Further, ¢D Nm a is 0 modulo D Nm a. It follows
from Proposition that T'(¢D) is compact and nonempty. O

Hirzebruch—Zagier divisors parametrize abelian surfaces with extra special endomorphisms. After recalling
the definition of special endomorphisms, we sketch a proof of this fact (see Lemmaﬁ which may be well
known to experts. From now on, B denotes an abelian surface over some Z-algebra with an a-polarization
and O C End(B). We fix a totally positive element in a N @Q which provides a fixed polarization on B. We
use this polarization to define the Rosati involution (—)* on End(B) ® Q.

Definition 2.1.4 (see also [KR99, Def. 1.2]). An element s € End(B) is a special endomorphism if aos = soa’
for all @ € Op C End(B) and s* = s.

The special endomorphisms of B form a sub-Z-module of End(B). It is well known that the rank of this
submodule is at most 4 (see for instance [HY12, Cor. 3.1.4]). The following lemma recalls the discussion
after [KR99| Def. 1.2].

6The Hilbert modular surface H is connected and hence we may use Resg SLo instead of G to study the complex points.
Using the notation in |[BBGKO07|, we work with I'(Op & ad ).
"This is the definition in [BBGKO07]. The lattice in [vdG88| differs by a multiple of the scalar matrix v/D - I, so these two
definitions of T'(r) coincide.
SWe only deal with T'(Dr) since these are the divisors that we will use in the proof of Theorem However, after minor
modifications, the proof shows that any T'(r) parametrizes abelian surfaces with an extra special endomorphism.
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Lemma 2.1.5. Every special endomorphism s has the property that sos € Z -1dg C End(B), and hence
Deg(s) = (s o s)2. The integer valued function Q(s) = s o s is a positive definite quadratic form on the
Z-module of special endomorphisms of B.

The Q-vector space in End(B) ® Q generated by special endomorphisms depends on the choice of the
polarization on B. However, there are natural isomorphisms between the Q-vector spaces of special endo-
morphisms defined by different polarizations and the quadratic forms coincide up to multiplying by a fixed
scalar determined by the polarizations.

Lemma 2.1.6. The Hirzebruch—Zagier divisor T'(Dr) defined in is the locus of Hg where the abelian
surface has a special endomorphism s with Q(s) = r Nma. In particular, the degree of the endomorphism s
is (rNma)?2.

Proof. We only need to check the statement over C. Given a point in H(C) corresponding to (z1, 29) € H?,
it corresponds to an abelian surface B with B(C) = C?/(Or(21,22) + (adr)~1). Any endomorphism of B
is given by the induced map on B(C) of some C-linear map on C?. For any endomorphism s, the condition
fos=so f forall f € OF is equivalent to the condition that the C-linear map corresponding to s is of the
form (1,0) — (0,&/22 + '), (0,1) — (az1 + 3,0) where @ € adp, 8 € Op. This linear map gives rise to an
endomorphism of B if and only if the image of (z1,22) is in the period lattice. In other words, there exists
v € Op,d € (adp)~ ! such that (z2(azy + B), z1(a’z0 + B") = (21 + 6,0 20 + 8').

For every component of T'(Dr), there exists M € L in satisfying det(M) = DrNma. Write M =

(j, Z) where a € (DNma)Z,b € Z,v € a. Since DNma | v/, we have % € a C Op. Moreover % €

(Nma)dp C adp. We take o = % and 8 = ]5. Given (z1, z2) € H? such that azi2o +v21 +7v'22 +b =0,

we have
b
VD’ VD’
Hence (1,0) — (0,a’z2 + 8'),(0,1) — (az1 + 3,0) is an endomorphism s with fos=so f’ for all f € Op.
To check that s = s*, it is equivalent to check that for any u,v € Hy(B,Z), one has E(su,v) = E(u, sv)
where F is the Riemann form on H!(B,Z). Up to multiplying by a constant € Q, E is the pull back of the

az12g + Bze = 'z — &' z1z0+ Bz = Paa+

1
-1 0
Or @& (adp)~!; see, for example, [vdG88, p. 208] and [BBGKO7, the discussion after Thm. 5.1]. Since we
have already checked that fos = so f/ for all f € Op, one only needs to check the above equality for
u,v € {e1 = (21, 22),e2 = (1,1)} € C2. By construction, se; = 'e; — %62 and se; = aeq + Bes. The facts

standard alternating form (Trz/q of < 0 )) on Or®(adr)~! via the isomorphism Op(z1, 22) + (adp) ! =2

that Trp /g 8 = Trr/g g, TrF/Q(—%) =0, and Trp/g @ = 0 allow us to conclude that s = s*. Moreover,

on C2?, the composite s o s = % -Idcz. Hence s is a special endomorphism with Q(s) = r Nma.

On the other hand, the moduli space of B with a special endomorphism is 1-dimensional. Hence the
two conditions z(az; + ) = vz1 + 6 and z1(a’z9 + ') = V25 + 0’ are linearly dependent. Hence either
2,6 €Q,B=—-vora-vD,§-vVD e Q, B=1" Inboth cases, note that the special endomorphism s given
by (1,0) — (0,&'z2 + ), (0,1) — (az1 + 3,0) has the property that sos = (¢/d + 85’) - Idg. In the first
case, we have

azzo+ 214+ Bz —6=0,88"+ad =rNma >0,
and so there is no (21, z2) satisfying the above condition (see for example [vdG88, V.4]). In the second case,
take a = a-vVD,b=—6-v/D,y = -v/D. Then M = (;, Z) € L and hence [B] € T(Dr). O
Let 7 (r) be the Zariski closure of T'(r) in H™" over SpecZ.

Corollary 2.1.7. Assume T(Dr) is compact. Then for any finite place v, the points on T(Dr)Fv correspond
to abelian surfaces which are not absolutely simple. The abelian surfaces parametrized by T (Dr) admit a
special endomorphism s such that Q(s) = r Nma.

Proof. Since T'(Dr) is compact, every point parametrized by it has potentially good reduction. For any given
point parametrized by T (Dr)g,, let [B] be an Ok-valued point of T (Dr) lifting it, where K is some number
6



field. By Lemma the endomorphism algebra of By, and therefore of Br,, contains a quaternionic
algebra which is split at infinity. This implies that By, is either supersingular or ordinary. In the supersingular
case, By, is isogenous to E? for supersingular E, in which case we are done. On the other hand, the
endomorphism algebra of a geometrically simple ordinary abelian variety has to be commutative. Indeed,
the endomorphism algebra of an ordinary abelian variety is the same as that of its canonical lift (and thus,
the canonical lift has CM), and every geometrically simple CM abelian variety in characteristic zero has
commutative endomorphism ring.

The last assertion follows from Lemma and the fact that the canonical reduction map End(Bg) —
End(Bp,) is injective. O

2.2. Hecke orbits. The idea of the proof of Theorem [I]is to show that the corresponding Hecke orbits of
[A] intersect certain Hirzebruch—Zagier divisors at more and more places of K as one varies over certain
well-chosen Hecke operatorsﬂ In this subsection, we specify the Hecke orbits which we will use later.

2.2.1. Recall that p is a prime which splits completely in the narrow Hilbert class field of F and (p) = pp’ C
Op. Hence p = ()\), p’ = () with A, ) € F totally positive and A\ = p. Let G2¢ be the adjoint group of
Gy = Res(g GLy. We denote by G34(R); the image of G (R) in G34(R), and let G59(Q); be G54(Q)NG5Y(R);.
Since A is totally positive, the image of the diagonal matrix g, := diag(1, A) under G; — G54 lies in G34(Q)1,
so it induces a correspondence T}, on Hz[y /) (defined in [Del79]; see also [Kis10, sec. 3.2])@ The following
lemma provides a moduli interpretation of Tj.

Lemma 2.2.2. We have #T,[A] = p+ 1. Over Z[1/p], the set T,[A] consists of those points on H that
correspond to a quotient of A by an order p subgroup in Alp] endowed with the induced Op-structure and a
suitable a-polarization]]

Proof. The first assertion follows from the definitions: #7T},[A] = #T'/(g, 'Tgy NT) = #PY(F,) = p + 1.

For the second assertion, since the correspondence T, is étale, we only need to show the same statement
for T}, [A] over C for a fixed embedding of K into C. On the one hand, as Op acts on Alp] via Op/p = F, and
Z C Op surjects onto F,, any subgroup of A[p] is Op-invariant. Therefore, any quotient of A by an order p
subgroup of A[p] has the induced Op-structure. Moreover, by [BBGKO7, Lem. 5.9], any such quotient of A
is a-polarizable.

On the other hand, by [vdG88, p. 208], if a point (21, 22) € H? corresponds to Ac, then A(C) is isomorphic
to C2/(Op(z1, 22)+(adp)~1). Sodiag(1, )z corresponds to C2/(Op (21 /X, z2/N)+(adr) 1), hence the kernel
of the isogeny defined by diag(1, ) is contained in ker(\) = Afp]. On the quotient C?/(Op(21/\, 22/\) +
(adp)~1), the Op-structure is the induced one and the choice of A determines the a-polarization. Since the
other elements in 7, differ from diag(1,\) by the action of some element in I' (on H? and on A[p]), the set
T, injects into the set of order p subgroups of A[p|. Since both sets have cardinality p + 1, this is in fact a
bijection. |

3. ARCHIMEDEAN PLACES AND EQUIDISTRIBUTION OF HECKE ORBITS

——tor

Let ¥ be a meromorphic Hilbert modular form of parallel weight k over Q such that Div(¥) in Hg
is given by > ¢, T(r), where k € N5g, I is a finite set, ¢, € Z, T(r) is compact and D|r for all r € L.
We further assume that » = Dgq, where ¢ is an inert prime in F. In the proof of Theorem [I} we will use
Lemma to construct such a meromorphic Hilbert modular form. Note that ¥ does not have poles or

zeros along the boundary of ﬂ%r.

We assume that End(A) = Op and hence T,([A]) does not intersect T'(r) in characteristic zero. This
is the key case in the proof of Theorem Fix an embedding ¢ : K — C. Given an abelian surface B
corresponding to a point [B] on Hg, we use o([B]) to denote the corresponding C-point on H via base
change by o.

We view every Hecke orbit as a horizontal divisor over K, so the arithmetic intersection number is a sum over the finite
places of K.
10The definition of T, depends on the choice of X if we do not pass to a certain finite quotient of H. However, there are
only finitely many choices: let U be the unit group of O and Ut the subgroup of totally positive units; then the number of
choices is #U T /U?. Hence we will not specify our choice of A as it does not affect the arguments in this paper.
HThe choice of A determines the polarization.
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We set ||U(2)||pet = [P (21, 22)(S21)"/2(322)%/2|, where 2 = (z1,29) € H?. This norm is well-defined
outside (the preimage of) |J,o;7'(r) and invariant under I' (defined in [2.1.1) and hence we will also view
|[¥]|pets as a function on Hc\ U,y T(r). The real analytic function —log[|W||pe; is a Green function for

> re1 &1 (r) and endows it with the structure of an arithmetic divisor ZTE/H@\T(T) Note that although the
metric || - ||pet is not defined on the boundary, it only has log-singularity and hence such a Green function is
valid in the framework of [BBGKO07, §1].

The goal of this section is to show that for most p as in [2.:2.0] the archimedean con/tlﬂution
- Z[B]ET,, 14 1og [[¥ (o ([B]))|[pet, to the height of T}, ([A]) (with respect to the arithmetic divisor 3, ; ¢, T'(r)),
is o(plogp) as p — oo. We will discuss this height in detail in §5.1} The equidistribution theorems for
Hecke orbits on Shimura varieties reduces this goal to establishing a suitable upper bound (for most p) for
—log ||¥(o([B]))||pet for all [B] € T,[A]. We establish this bound by proving that if it is violated for more
than one prime p (in a certain range), then o([.A]) lies close to a (unique) CM point. The existence of this
CM point allows us to show the required bounds for most primes p. The proofs are inspired by Charles’
treatment in the case of the modular curve. Recall that all T'(r) (r € I) are compact, so we are able to avoid
dealing with estimates around the cusps.

Throughout this section, we view a, A, 0, ¥ as fixed, p is a prime as in and N;(x), Ci(x) denote
constants only depending on * (here we will not specify the dependence of the constant on a, A,0, V). In
particular, if there is no (), it means an absolute constant (modulo possible dependence on the fixed data).
After defining the constants, we may abbreviate N;(x),C;(x) as N;,C;. Given n € F, we use |n| < C to
mean that for any real embedding ¢ : F — R, the absolute value |n|, < C. We also use | - | to denote the
absolute value on C.

Unless otherwisely specified, we work with the complex analytic topology in this section.

3.1. An upper bound for values of the Green function on Hecke orbits.

3.1.1. Let F C H? be a fundamental domain for I' constructed as in [vdG88| I.3] such that the preimage
of o([A]) in F lies in the interioff'? of F. Let F denote the closure of F in H? (that is, the cusps of I'\[H?
are not included). For any Q-point [B] in H, we use 2(B) = (21(B), 22(B)) = (z1(B) + v/~ 1y1(B), z2(B) +
V—1y2(B)) to denote the preimage of o([B]) in F.

Since T'(r) is compact for all r € I, we may choose a compact domain €2 C F such that 2 contains an open
neighborhood of the preimage of o([A]) U (U, T'(r)) in F. We will fix € from now on. Since €2 is compact,
there exists Cyp € R+ such that for any (z1, 22) = (z1 + vV—1y1, 22 + vV—1y2) € Q, we have |z;| < Cy and

Cyt <y < Co.
Let G be the pull back to H? of the Green function — log ||¥||pe; of Y ¢, T'(r). There are only finitely many
components of the preimage of T'(r) in Q and for each component, we pick (a,b,~y) such that (3, Z) eL

with ab — vy = rNma as in such that this component is defined by az129 + v21 + /22 +b = 0. We
use Mgq , to denote this finite set of (a,b,7). Then by the definition of the Green function, we have that
G+ 21 & D (abm)emMa, 108 [az122 + 721 + 722 + b is a real analytic function on F.

The goal of this subsection is to show that for most p, one has that
—log |az1(B)z2(B) + v21(B) + v 22(B) + b| < O(log p),V[B] € T,([A]).
Proposition 3.1.2. Let (a,b,v) be a fized triple in Mgq,. Given C; > 20 and e3 > 0, there is an
No(es,C1) > 0 such that for every N > No(es, Cy), the number of primes in [N'/2 N| for which there
exists some [B] € Ty (0([A])) such that
|az1(B)z2(B) + vz1(B) +7'22(B) +b| < p~ !

is at most e3#{primes € [N'/2, N1}.

We extend the idea in [Chald] of relating bad primes and degrees of homomorphisms between well-chosen

CM elliptic curves to the setting of Hilbert modular surfaces by using the theory of special endomorphisms.
A point [B] on Hg is called special if there exist T'(n1) and T'(n2), ni,n2 € N, ning ¢ (N)? such that

12e may do this because End(A) = Op, and thus A doesn’t have any automorphisms in addition to O;‘
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[B] € T(n1) NT(ny). If [B] is special, then B has complex multiplication. We construct a special point
[Acm] on Hc close to o([A]) and show that if some point in T}, (c([A])) is close to Div(¥) = > ;¢ T(r),
then Acy has a special endomorphism of certain degree. Proposition [3.1.2) then follows after analysis of the
possible degree of special endomorphisms of Acy. In what follows, we will not specify the dependence of
the constants C; and NV; in this subsection on the fixed triple (a,b,~y) and fixed domain €.

The following lemma shows that if there exists [B] € T, (c([A])) which is close to T'(r), then o([A]) is close
to T'(pr).

Lemma 3.1.3. If there exists [B] € T,[A] such that |azi(B)2z2(B) 4+ A21(B) 4+ XN z2(B) + b| < p=©1, then
there exist m € (DNma)Z,l € Z and n € a such that ml — Nm(n) = rpNma and |mz1(A4)z2(A) + nz1(A) +
0 22(A) + 1] < p~C1. Moreover, we have |ml,|l|,|n| < Csp*/2.

Proof. As in we write p = (A\) and after multiplying A by an element in (O3)?, we may assume that
Cgl\/ﬁ < |A| < Cs4/p. We may also assume z(B) € Q (this can be done by letting N be large enough).

Let U = (1 "12) ¢ L0 - T' be the matrix that maps z(A) to z(B). The set I' acts on V
U1 U2 0 A

(in [2.1.1) via g.M = (¢’)!Mg and this action preserves L. Let (Z,L 7) = (U (;L, Z) U € L. Then
ml —nn’ = det(U’)(ab — ") det(U) = rpNma and
mz1(A)z2(A) +nz1(A) + n'22(A) + 1 = az1(B)23(B) + Az1(B) + N 22(B) + b.

This proves the first assertion.
For the second assertion, we first bound |u;;|. Consider the real embedding of F' corresponding to the
first coordinate of H? and we will still use u;; to denote its image under this embedding. By definition
uy121(A) + ur2 Ay1(A) . 1
of U, we have z;(B) = ——————= and hence B) = . Since y1(B) > C; " and
1( ) U2121(A) T Usgo yl( ) |’(,L212’1(A) +U22‘2 yl( ) 0
y1(A) < Cp, we have |ugy 21 (A) +uge|? < 0306\/;3. Consider the imaginary part of ug121(A) 4 u22 and notice

that y1(A) > C;'. Thus, we have |ug| < C’OQC’é/Qpl/4. By considering the real part, we obtain

lugo| < Jugiz1 (A) + uga| + |uziz1(A)] < [ugiz1(A) + uga| + |uzzi (A)] < CoCq/?pt/ + C3CH *pt/4.
On the other hand, using the bounds of |ug1|, |u2z|, we have
lu11|y1(A) < urrz1(A) + ura| = |(21(B) (u2121(A) + ua2))| < Crp'/*.
Hence we obtain
lur1] < CoCrp?, Jura| < uirz1(A) + uig| + Juizi (A)| < Copt/* 4+ C2C7pY/4.

The same argument works for the other embedding of ' — R by studying z2(B), 22(A). The bounds of
|m/, ||, |n| follow from the fact that |u;;| is bounded by O(p'/*). O

3.1.4. The following lemma shows that if two Hecke orbits of o ([A]) satisfy the assumption of Lemma
then o([A]) is close to a special point on Hc. Recall that for a special point [B] € H(C), one defines a
quadratic form @, up to SLo(Z)-equivalence, as follows (see, for example, [HZ76, 1.1], [vdG88| V.4]). Let
Lip) be the sub lattice of L in such that for any v € Lg), one has (z1(B) 1)v(z2(B) 1)" =0. The
lattice Lp) has rank two and is equipped with a natural orientation. The restriction of the quadratic form
on L to the rank two lattice L|p) is positive definite and it coincides with, up to a constant, the quadratic
form on the Z-module of special endomorphisms of B. By choosing an oriented basis, one obtains a positive
definite integral binary quadratic form Q.

Lemma 3.1.5. Assume that N is large enoug and that for primes p1,ps € [Nl/Q, N, p1 < p2, there exist
[B] € Ty, [A), [B'] € Tp,[A] satisfying |az1(B)za(B) + Az1(B) + N22(B) + b < p; " and |az1(B')22(B') +
Az1(B') + N zy(B') +b| < py €. Then there exists a special point [Acy] on He such that |z(A) — z(Acw)| <

C’gN*%+2 and the integer coefficient binary quadratic form Qn associated to [Acm| represents pir and par.

13In the proof, we give a constant N3(C1) such that being large enough means N > N3.
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Proof. By Lemma , there exist m; € (DNma)Z,l; € Z,n; € a with |m;|, [l;], |n:] < C5pi1/2 such that
mgl; — Nmn; = p;r Nma and

Imiz1(A)za(A) + niz1(A) + mjza(A) + ] < p; .

Since r = Dgq for some inert prime ¢, we have ¢||p;r. As ¢ is inert, it follows that the norm of any
element or ideal in O has to have even g-adic valuation. Therefore, there does not exists £ € F such that
Nm¢ = —p;r Nma. Therefore, m; # 0.

We first show that |, + m;z1(A)| is bounded below by a constant. Indeed, since m; # 0, one has
)+ miz1(A)] > |mslyi(A) > Cy .

Therefore,

niz1(A) +1; <

n; +mizi(A)| T |n) +mizi1(A)

Let f(z) be the Op-coefficient quadratic polynomial in z given by (n1z2+11)(nh+maz)—(n2z+12) (0] +m1 2).
We first show that the leading coefficient 11mge — nomy # 0. If not, then f(z) = (maly —mqls)z 4 linh — lan}
and mal; — myly # 0 (otherwise, one would have p; = p3). In particular, |moly — mqle| > 1. Hence
|£(21(A))| is bounded below by its imaginary part |maly — mila|yi(A) > Cy'. On the other hand, since

I} + mazi (A)] < Csp;”* (14 2Cy), we have

ZQ(A) + | < Cgp{cl.

A)+1 A)+1
ma(A)+h mz(4) +1 < (C54+2CoC5)2(prpa) /2 (2CoprCH).

() < ’(77/1+m121 (A)neFmaz <A))| n+mizi(A)  nh +mazi(A)

This leads to a contradiction, when NF- > 2C,(C5 + 2C,C5)%Cy.
Now we show that f has two complex roots. Let «, be the two roots of f, then we have f(z) =
(mma —namy)(z — a)(z — B). Then by assumption, we have

ma(A)+h  ma(A)+l | ‘ (mma — n2mi)(21(A) — a)(21(4) — B)

- (n) +mi1z1(A)) (g + maz1(A))

3.1.1) 2Cop; €t >
(810 200, > |0mm )+ e (A)

Since m; € Z and 1; € Op, one has |mma — namy| > |nimae — nymy|~" > (2C2(p1p2)*/?)~. Moreover,

i + miz1(A)] < C’5p3/2(1 +2Cy). If a, 3 were real, then |z1(A) — a,|21(A) — B] > Cy " and one gets a
3

contradiction when N3 ~3 > 4C2C3Cy(1 + 2Cp)2. Then we may assume that o has positive imaginary
part.
Consider the point (oc, —M> € H2. We now show that this point is close to z(A4). We use eqn. (3.1.1

ni+mia

to study the first coordinate. Since 3 has negative imaginary part, |z;(A) — 3| > Cy *. Since py < p?, the
above discussion shows that

|21(A) — a] < 4C,CECH(1 +2Co)*py 173,
Moreover, for the second coordinate,

o ()

n +mia

ma(A)+h ma+h
- A
n+mizi(4)  n+ma +|2(A) +
(lymy — mny)|z1(A) — o Cop=C1
|(m} +maz1(A))(n +mia)] 1

4C2CECH(1 + 2C)2Cror(Nma)py 114,

mzi(A)+ 1
m +miz1(A)

IN

where Cp is the lower bound of |1} 4+ mya| given by Cy ' — 4CoCECo(1 + 2C)2py 113,
Since 2 N F contains a (fixed) open neighborhood of z(A), then the point <a, — ath ) lies in QN F

7]1+m104

when N is large enough.
We define Acy to be the abelian surface such that z(Acnm) = (oz7 — math ) Then Acy lies on both

ni+mia
T(p1r) and T'(par) (so [Acm] is a special point). In other words, the integer coefficient binary quadratic
form associated to [ACM] represents p17r and por.
Moreover, we may take Cg = 8CyC2Cy(1+2Cs)2C3r(Nma) to get the desired inequality when N is large
enough. (Note that we take Cg to be Cy here since we have proved that z(Acnm) € Q.) O
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The following lemma shows that the special point [Acy| constructed above is unique when N is large
enough.

Lemma 3.1.6. Assume that N is large enoug and that for p; € [NY/2 N] with i = 1,2,3,4, p1 # pa,
p3 # pa, there exists [B;] € Ty, ([A]) such that |azy (B;)22(B;) + Az1(Bi) + Nza(B;) + 0] < p;y . Let [Ay], [As]
be two special points constructed as in Lemma by using the assumption on p1,p2 and p3,ps. Then
[A1] = [A2]. More precisely, if |z(A1) — z(A2)| < QCgN_%+2, then z(A1) = z(Az).

Proof. Assume for contradiction that z(A;) # z(Az). Without loss of generality, we may assume that
z1(A1) # z1(Asz); otherwise, we may redo the proof assuming z2(A;) # 22(A2) and the same estimate works.

Let f1(2), f2(z) € Op[z] be the quadratic equations defining z1 (A1), z1(A2) in the proof of Lemma
Here F is naturally a subfield of R with respect to the embedding of first copy of H in H?. Let a1, 0 € F
(resp. (1,82 € F) be the leading coefficients (resp. the coefficients of z) of fi, fo and —Aj, —As the
discriminants. Since f; has two complex roots for both embeddings of F', one has that A, is totally real. We
may assume both aj, s are positive with respect to this embedding F' C R.

We discuss two cases: (1) y1(A1) # y1(As) and (2) x1(A1) # x1(A2). Since z1 (A1) # z1(As), at least one
of the above situations happen.

In case (1), we have Y21 =y (A;) # y1(A) = ‘/A?. By the definition of f; and Lemma we have

2a1 2a
a;l, o] < 202N and |A;], |A}] < C11N?. Moreover, since a;, A; € Op, we have the nonzero | Nm(a3A; —
[ 5 7 2
a?As)| > 1 and hence

0341 — 0 Aof > [(ap)?Af — (07)?A5| ™! > (8C5C1a) TINTE

Putting these inequalities together, we obtain

VE VK

2001 209

|2(A1) — 2(A2)] > [21(A1) — 21(A2)] = [y1 (A1) — y1(A2)| =

_ 0341 — afAy| > CiaN-%.
2a1a2(a1vAg + asy/Ay)
This contradicts our assumption when N(€1/2=10 > 9Ce Ot
In case (2), we have ;fll =x1(A1) # z1(A2) = g(f; . The argument is similar to case (1). By the definition
of f; and Lemma|3.1.3] we have |3;], |3] < 4CZN and then |az81 — a1 (2] > |ahB; — ) B5|71 > (16C3H) "IN 2.
We conclude that

b1 B2 Brag — Baoy _4
Aq) — 2(A2)| > A) —zo(Ao)| = |7———|=|——| > CisN "
[2(A1) = 2(A2)] = |21 (A1) = 22(Ao) = |5 - = 57 varay |2 C1
This contradicts our assumption when N(€1/2)=6 > 2CsC L. O

Corollary 3.1.7. Assume that N is large enough as above and that A satisfies the assumption in Lemma[3.1.5
For any p3 € [V'N, N| such that there exists [B"] € Ty,[A] satisfying |azy(B")ze(B") + A 21(B")+ N z(B") +
bl < pgcl, the quadratic form Qn in Lemma represents psr.

Proof. We may assume that p3 # p;. By Lemma [3.1.5] we construct special points [A;] by using p;,p2 and
[A2] by using pi1,p3. By Lemma we have [A1] = [A2] and hence they have the same quadratic form
Q. Since [As] lies on T'(psr), then @y represents psr. a

Lemma 3.1.8. Fiz Cy > 20 and let Ay denote the discriminant of Qn in Lemma[3.1.5, As N — oo, we
have |An| — oo.

Proof. Fix abound X of |A x|, then there are only finitely many equivalent classes of integral binary quadratic
forms of discriminant < X. For each class, [HZ76, Thm. 1]E| shows that there are only finitely many special
points corresponding to the given class of quadratic forms. As N — oo, the CM approximation [Acm,n] is
closer to o([A]) and hence |Ay| cannot be bounded. O

M1 the proof, we give a constant N4(C1) such that being large enough means N > Ny.
15 Although in |HZ76|, they assume that D is a prime, their method still works in general. See for example [vdG88| V.6].
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Proof of Proposition[3.1.9. Let p1,p2 be the smallest primes in [V/N, N] such that there exists B € T,,A
such that |azy (B)2z2(B) 4+ 21 (B) + N za(B)+b| < p; ©*. Then by Lemmaand Corollary we obtain
a quadratic form @y associated to a special point [Acy, ] which represents psr for any prime p3 in [V/N, N]
which satisfies the condition that there exists [B”] € Ty, [A] satisfying |az1(B")z2(B")+Xz1(B")+ X z2(B")+
bl < pgcl. There exist finitely many (and this number is bounded by 24" where d(r) is the number of
factors of r) positive definite integral binary quadratic forms @'y such that a prime pr is represented by Qn
only if p is represented by some @Q’. One also has that the absolute value of the discriminant A’y of Q' is
at least |Ay]|/r%.
The result now follows from the following claim.

{prime p € [N'/2, N],p is represented by Q’y}
{p e [N'/2 NJ}

Proof. When |A'y| < (log N)*, |TZ16| Corollary 1.3] shows that

Claim 3.1.9. We have — 0 as N — oo.

Li(N)

hy '
where hp is the number of SLo(Z)-equivalence classes of primitive positive definite integral binary quadratic
forms of discriminant A’y. Since Ay, — —oo by Lemma one has hy — co. When |A| > (log N)4,
[Chald, Lemma 5.2| shows that

{prime p € [N'/2 N], p is represented by Qy} <

N
{integer n € [N*/2, N],n is represented by Qy} < 1+4V2N +8N/|AN Y2 =0 ((10gN)2> .

The claim follows by putting these two cases together. O
O

3.2. From equidistribution to an upper bound of archimedean contribution. This is the main
theorem of this section. We use Proposition [3.1.2] and equidistribution theorem for Hecke orbits to show
that for most p, the archimedean contribution in the height of T}, ([A]) is o(plogp).

Theorem 3.2.1. For any €1, €z > 0, there is an N (e, €2) > 0 such that for every N > N(e1, €2), the number
of primes in the interval [N'/? N] for which

— > log||¥(c([B])lpet > e1plogp
[Bl€Ty [4]
is at most ea#{¢ € [NY/2 N] prime}.
Proof. Notation as in We first show that a fixed triple (a, b, ),
- Z log|az1(B)z2(B) + v21(B) +7'22(B) + b| = o(plog p).
BeT, A
For any € > 0, by the equidistribution theorem of Hecke orbits (see for example [COUOL|), there exist
constants Ny(e,Cy) > 0 and Cs(e, C1) < 0 such that for any p > Ny,
#{[B] € Ty[A] : log|az1(B)z2(B) +vz1(B) +7'22(B) + b < C3} < ep/Ch.

Let I' ={rel|c(r) >0} and M =3 _;, #Maq,. Taking e3 = e3/M and applying Proposition for
all triples (a, b,v) € Ur:c(r)>0 Mg, we have that, for every N > Na(ez, C1) := max(q 3 ~){ No(a, b, 7, €3, C1), N33,

— Y loglaz(B)z2(B) + 721 (B) +7'22(B) + b < —(p+1)Cs + (ep/C1) - Cy logp
[BI€T, [A]

holds for primes p € [N'/2, N] outside a set By of density e (this set is the union of the exceptional sets for
all (a,b,v) € Ur:c(r)>0MQ,r)~

Let ¢ be a smooth function which is 1 in Q with compact support in F. Then by the function
f=G+2,acr) X apems, P(2)10glazize + v21 + 722 + b is smooth on F. Since ¥ does not have

poles or zeros along the boundary of ﬁfcor and the Petersson metric admits logarithm singularity along the
12



boundary, G and hence f go to —oc as (z1, 22) approaches the cusps. Therefore, f is bounded above on F.
On the other hand, since ¢(z) has compact support, ¢(z)log |az122 + v2z1 + 7’22 + | is also bounded above.
Therefore, since #T,[A] = p+ 1, we have

Yo (GEB)+Y er) D d(z(B)loglaz(B)z2(B) +v21(B) +'z2(B) +b]) < Ca- (p+ 1)

[BleT, (4] rel (aby)EMa.

Take € = e1/(2M’), where M’ =Y, ¢(r)#Maq,,, then we have, for N > Ny, for p € [N'/?, N|\By ,

S GB) < Cilp+1) + (aplogp) /2.
[BIE€Ty [A]

Then by taking N (e, e2) > Ny large enough so that Cy < (e log N(e1,€2))/4, the theorem follows. O

4. SPECIAL ENDOMORPHISMS AND CONTRIBUTIONS AT FINITE PLACES

We first establish notation for this section. Let ¢ denote a prime, and B, B’, B, B’ denote abelian surfaces
with Op-multiplication and a-polarization. We fix a finite place v of a number field K over ¢. Recall
that e, is the ramification degree of K at v. These abelian surfaces may be defined over K, Ok, Ok, , or
Ok, /v™. Recall that we use B,B’ to denote abelian surfaces defined over Ok, and we use B, , B, , to
denote their reduction modulo v". We will use B, and B;,, to denote surfaces over Ok, /¢" (note that
the abelian varieties are defined modulo ¢7, not v™) which do not @ priori come with lifts to Ok,. Let
M, », and My, denote the module of special endomorphisms of B, ,, and B, respectively. Finally, we let
A, = End(B[¢*°]) N (My,1 ® Zg), where the intersection takes place in End(B,,1) ® Z; = End (B, 1[¢*°]). We
call the Z,-module A, the set of special endomorphisms of B[¢(*°]

In this section, we will bound the local intersection multiplicities of (T} ([A]), 7 (r)) at non-archimedean
places for r € I, where [ is a fixed finite set such that D|r and 7 (r) is compact in H for all » € I. The
choice of T will be dictated by Lemma [5.1.1] We will relate the local intersection multiplicity to special
endomorphisms of A, ,,. The main step involved in deducing the required bounds is to bound the number
of special endomorphisms of A, ,. We prove that the nested sequence of modules M, ,, shrink sufficiently
rapidly. The precise statement is in Theorem [£.1.1] Together with geometry-of-numbers arguments, this
result allows us to bound the number of special endomorphisms of A, .

4.1. Deformation theory. The following result is crucial to bounding the local intersections:

Theorem 4.1.1. There exists a positive integer ng such that M, n; ke, = (A, + Eka,né ® Zg) N My p,
where ng > ng and k is allowed to be any positive integerm

We will need the following result on homomorphisms between abelian surfaces:

Lemma 4.1.2. Let o € Hom(Bgm_l,Bé’nfl) for any n > 3.
(1) The homomorphism Lo lifts uniquely to Hom(By,n, By ,,), where By, and By, are lifts of By -1 and
B, ..
(2) If L lifts to Hom(Bg’nJthé’nH), then « lifts to Hom(Bg,n,Bzm). Here, By 11 and Bé,n+1 are lifts
of Be, and By ,,.

Let &; = By ;[(>°], and & = B, ;[¢>°]. By the Serre-Tate lifting theorem, it suffices to prove the analogous
result for ¢-divisible groups. This is a straightforward application of Grothendieck—Messing theory. Before
proceeding to the proof, we recall some facts from Grothendieck—-Messing theory (|[Mes72| contains every
result that we need). All the reduction maps between the O, /¢* for i = n,n 4 1 are canonically equipped
with nilpotent divided powers (in fact, as n > 2, all the ideals in play are square-zero). Let D and D’ denote
the Dieudonné-crystals associated to 4,1 and ¢4, _; (see [Mes72}, §2.5 of Chapter IV]). Any homomorphism
between ¥,,_1 and ¢4, _; canonically induces a map of crystals D — D'.

Let D; and D/ denote D and D' evaluated at O, /¢ for i = n,n £ 1 (these are free O, /¢i-modules
whose ranks equal the heights of 4 and ¢’). Grothendieck—Messing theory associates canonical filtrations

1611 an earlier version of the paper, we implicitly assumed that A, = 0 (this assumption simplified the geometry-of-numbers
arguments), and we are very grateful to Davesh Maulik for pointing this out to us.
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F, C D, and F} C Dj to the groups ¢4 and ¢/ for i = n,n £ 1. Note that the F,,y; reduces to F, and
F,,_1 under the canonical quotient maps (the analogous statement holds for F}, | ;). The filtrations are direct
summands of the crystals evaluated at the O, /¢*. Suppose that W), C D/, is some submodule such
that D], | = F) , ® W, . Let W) C D, denote the mod-¢" reduction of W} . Clearly, W) @ F, = D,.
By |[Mes72, Theorem 1.6 of Chapter V], a homomorphism between ¢,,_; and ¢, _, lifts to Hom(¥%;,¥/) (for
i =mn,n + 1) if and only if the associated map of crystals evaluated at Oy, /¢* maps the filtration F; to F.
Let o; : D; — D} (i = n,n £ 1) denote the maps induced by a. We now proceed to the proofs of the two
statements.

Proof of Lemma[{.1.9

(1) Let v, € F,, C D,,, whose image in F,,_; is denoted by v,,—1. It suffices to prove that la,,(v,) € F),.
Let an(vy) = v, + w),, where v}, € F} and w)], € W). As ay,—1(F,—1) C F}_;, we have w, modulo
=1 is zero. It follows that fw!, = 0. Therefore, fav, (vy,) = fv], € F!. Thus la, preserves filtrations,
as required.

(2) As above, let v,, € F,,. Let v, 41 € F, 11, whose mod-¢" reduction is v,,. Suppose that ay,y1(vp41) =
Uy 1 +wy,yq, where v € F) ) and w;,, € W, . As la lifts to Hom(%, 11,9, ), it follows that
tw;, 1 = 0. Therefore, w},,; = 0 modulo ¢". It follows that a,1(vn4+1) modulo ¢" - which equals
an(vy) - is an element of F),.

O

Lemma 4.1.3. We have NS>, (M., @ Zs) = A,

Proof. Since End(B,,1[¢*°]) = End(B,,1) ® Z,, then by Serre-Tate theory, M, ., ® Z;, = End(B, »[¢*°]) N
(My1 ® Zyg). Therefore, N2, (M, , ® Z;) is the lattice of special endomorphism of the formal ¢-divisible
group B[¢>°] over SpfOk, . Note that the category of ¢-divisible groups over SpfOk, is equivalent to the
category of (-divisible groups over O, . Hence we obtain the desired assertion. O

We now prove Theorem

Proof of Theorem[{.1.1] For ease of notation, denote by A, ; the Z;-module M, ; ® Z;. By the Serre-Tate
theorem, it suffices to prove the existence of ng such that A, 7 1 ge, = Ay + ékAv)né for n{, > ng. First, note
that Lemma implies that A, C A, 2e, is co-torsion free. Let A’ C A, 2., denote a direct summand of
A,

Consider the following statement:

Claim 4.1.4. We have that A’ N Ay 4., C (A NA,,) for large enough n.

Proof of claim. Fix any n’ > 2e,. As the Zy,-module of special endomorphisms of B[¢*°] equals A,, it follows
that (N, (A’ N A, ) = 0. Therefore A" N Ay ke, C ¢(A' N Ay,) for large enough k. We now prove by
contradiction that A" N Ay, y(k1)e, C LA N Ay prge,) for such k.

Assume that there exists a special endomorphism o € (A" N A, g (et1)e, ) \E(A N Ay rge,). I a €
LA N Ay 4 (k—1)e, ), We write o = £3, where € A'NA, 14 (k—1)e, By assumption, £5 € AN Ay niy (k41)e,
and then by Lemma B € NN Ay ke, This contradicts that a ¢ ¢(A’ N Ay 1 4ke,) and hence we have
shown that a ¢ £(A"N A, /4 (k—1)e,). By iterating this argument, it follows that o ¢ £(A’ N A, /), which is
a contradiction. O

We now prove the theorem. Choose ng such that the above claim holds for every n > ng. For any
n{ > no, the inclusion AU,%_%% DA, + ékAU7n6 follows from Lemma As for the other inclusion, let
Ay = NN Ay ke, Ttis clear that Ay ke, = Ay @A}, and it suffices to prove that Aj C ¢ A} We induct
on k by assuming this holds, and then proving that A}, C ¢A}. However, this follows from the claim and
the fact that Aj, is co-torsion free in Av,n()-s-ke,,- O

4.2. Geometry of numbers and applications to counting special endomorphisms. For an m-
dimensional lattice M with a positive definite quadratic form @, let py (M) < pa(M) ... < pym(M) denote
the successive minima of M (see [EK95| Definition 2.2] for the definition of the term successive minima).
We will need the following lemma due to Schmidt:
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m Ni/2
Lemma 4.2.1. The following estimate holds: #{s € M | Q(s) < N} =0
(e eMIQW =N =0\ 2, Trn

, where

the implied constant depends only on m.

Proof. Equations (5) and (6) on page 518 of [EK95| together with Lemma 2.4 of loc. cit. implies the stated
result (the authors refer to [Sch68| for a proof of Lemma 2.4). O

We now prove an elementary lemma that will allow us to use Lemmal[£.2.1]to bound special endomorphisms
of B, . We refer to the beginning of this section for notation.

J
Lemma 4.2.2. Let m be the Z-rank of M, 1 and m’ be the Z¢-rank of A,,. Then H i (M) > mi—m")/e
i=1
J o
Proof. We may assume that m’ < j. It suffices to prove that H i ( My ngtke,) > peG—m").
i=1
For a lattice M, let d(M) denote the square root of its discriminant. Theorem implies that
d(My g the,) = (Fm=m") Thys,

(42.1) Hl‘i(Mv,no-i-keu) > (hm=m’)
i=1

by [EK95, Eqn. (5),(6)]. This is the desired result for j = m.
Moreover, if M C M’ are lattices, then p;(M) > p;(M’). Therefore, Theorem implies that
i My ngtke,) < pi(Kka_,nO) = €kpi(nyn0) < (%, The lemma follows from multiplying (4.2.1) with the

inequality [ i(Mymike,) > €40, D
i=j+1
Lemmas [£.2.1] and [£.2.2] immediately yield the following corollary:
Corollary 4.2.3. Suppose that the Z-rank of A, is <1 and the rank of M, 1 is m. Then

mo Ni/2
#{s € My, | Q(s) < N} = O(N”2 +ZW>'
j=2

4.3. Proof of the non-archimedean local results. In what follows, we consider T}, as in with p # ¢
and recall that we write (p) = pp’ C Op. We always use N to denote a large enough integer.

Lemma 4.3.1. Over Z[1/pr|, we have T,T(r) = T(pr) = Ty T(r). Moreover, for any n, if there exists
[B] € Ty[A] such that [B, ] € T(r), then [A, ] € T (pr).

Proof. Checking at the level of complex points, we have T,T(r) = T'(pr) = Ty T (r). By definition, 7 (m) is
the Zariski closure of T'(m) and hence T, 7 () = 7 (pr). The second assertion then follows from the étaleness
of Hecke orbits. O

For the rest of this section, we assume End(Ag) = O and A has good reduction at v. Further, the norm
of a special endomorphism s denotes the integer Q(s).

The following lemma is well-known and follows directly from the crystalline realization of the module of
special endomorphisms. We record a proof here for completeness.
Lemma 4.3.2. Let m be the Z-rank of M, 1 and m’ be the Zg-rank of A,. Then m <4 and m’ < 2.
Proof. Since s* = s for any s € M, 1 (resp. A,), we have that A, C M, 1 ®Z, C H2. (B, 1/W(F)). On
the other hand, as Oﬁp C End(B,,1) is stable l{nder the Rosati jnvolutiom we have a natural embedding
Op C HZ(By1/W(Fy)). Since HZ; (By1/W(Fe))[1/€] is a W (F,))[1/{]-vector space of dimension 6, the

Frobenius invariant part H2, (B, 1/W (F,))[1/€]?=! is a Q-vector space of dimension at most 6.

As so f :_f’ os for any s € M,; ® Q; and f € F, it follows that Op ® Q, N M, ® Q¢ = 0 in
H2, (B, 1/W(F))[1/£]¥=L. Since O ® Q; has dimension 2, we have that M, ; ® Q, is at most of dimension

cris

4 and hence m < 4.
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On the other hand, the de Rham cohomology of B induces a (decreasing) Hodge filtration Fil® on
H2, (By1/W(F;)) ® Q with dimFil° = 5 and dimFil' = 1. Hence Fil® NH2, (B,.1/W (F))[1/£9=" is
a Qy-vector space of dimension at most 5. By GrothendieckMessing theory, both Op and A, lie in Fil°
and hence m’ + 2 < 5. If m’ = 3, then Span{Of, A, } = Fil’. By Mazur’s weak admissibility theorem, since
both O and A, lie in H2, (B, 1/W (F,))[1/€)?=!, it follows that Span{Op, A,} has trivial filtration. This

contradicts 0 # Fil! ¢ Filo7 and we conclude that m’ < 2. O

Theorem 4.3.3. Let M(N,n, ¢) denote the number of primes p € [N'/2, N] such that #{[By.n] € Tp([Av.n]) |
[Bun] € U,e1 T(r)} > ep. Then M(N, [3e,loglog NT,€) = o.(N/(log N)).

Proof. The number of primes in the interval [N'/2, N/log(N)] is o(N/log(N)), so we will restrict ourselves to
primes p € [N/log(N), N]. For each prime p, each [B,,] € T} ([Av,,]) which lies in U, 7 (r) induces a special
endomorphism of A, , whose norm is pr Nma/D. For all p € [N/log N, N], the quantity pr Nma/D = O(N).
Notice that distinct [B, »] € Ty ([ Ay n]) which lie in U1 7 (r) induce distinct special endomorphisms of A, .
Therefore, A, ,, has at least M (N, n,€)eN/log N special endomorphisms with norm bounded by O(N).
Applying the crudest bounds that Theorem Lemma and Lemma yield, the number of

special endomorphisms of A, ,, with norm bounded by O(N) is O(ZQ]X/ + N3/2>. Therefore M(N,n,e) =

2
€v

O, (]Zzlffgfv + N'/21og N). Substituting n = [3e, loglog N yields M (N,n,€) = o.(N/(log N)) as required.
(|

The following theorem shows that one can choose a sequence of p such that the largest v-adic intersection
multiplicity of a point in T}, ([A]) with [, T (r) is O(logp).

Theorem 4.3.4. Set n = (%1 Then the number of primes p € [N'Y/2 N] for which there exists
[B] € Ty ([A]) and r € T with [By,,) € T(r) is o(N/(log N)).

Proof. Let p € [NY/2 N] such that there exists [B] € T,([A]) and 7 € I as in the statement. Then A, ,
has a special endomorphism, say s,, of norm prNma/D. Clearly, s, # s,» where p’ # p also satisfies the
conditions in the statement. Therefore, each such p induces a distinct special endomorphism of A, ,, having
norm O(N) and it suffices to bound the number of special endomorphisms of norm < O(N).

Let A, denote the module of special endomorphisms of Ao, [>°]. If A, has Zs-rank < 1, then Corol-
lary yields the desired result. Therefore, we assume that the rank is at least 2. By Lemma the
rank of A, is at most 2, so we assume that the rank equals 2. Let n = n{ + ke,, where nj, — ng < e, and
ng is as in Theorem We first deal with the case when 1 (M, ) p2(M, ) > (log N)%. By Lemmam
#{s € My : Q(s) <O(N)} = 0(2215/2% + giij + w1 (M, ng\LQ(MU ) + N1/2) This quantity is o(/N/log N)
and so the result follows in this case. , ’

We may therefore assume that pq (M, ,)pa(M,,) < (log N)2. Let vi,va € M,, denote two linearly
independent vectors with length (M, ), po(My,,) respectively and let L, denote the rank-2 sublattice
spanned by the two vectors, and let L/, denote its saturation in M, ,. We first claim that the index of L,
in L], is bounded by an absolute constant. To prove this claim, we notice that the lattices L/, and L,, have
the same successive minima: p;(M,n) < pi(L)) < pi(Ly) = (M, ) for i = 1,2, with the last equality
following by construction. By |[EK95, Equations 5,6], p1(Myn)pe(Myn) < d(L]) < p1(Myn)p2(My 1),
which yields that d(L,,) < d(L}) < d(Ly).

We claim that any vector v € M,, ,, such that Q(v) < O(N) actually lies in L/,. Indeed, if this were not the
case, then the vectors vy, ve, v are linearly independent, and the length of v is bounded above by O(N 1/ 2).
Therefore, it follows that us(M,,) < O(N'/2). This is a contradiction. Indeed, by Lemma and the
assumption that gy (M, ,)p2(M, ) < log(N)2, we have that us(M, ) > /¢ /(log N)? > N/(log N)? >
O(N?'/2). Therefore, we may assume that every vector v € M, ,, with Q(v) < O(N) lies in L.

Finally, we claim that d(L])) — oo as n — oo. As d(L,) < d(L!) < d(L,), it suffices to prove that
d(L,) — 0. Clearly, p1(Myn) < p1(Ly) < d(Ly). Given any C > 0, there are only finitely many vectors
v € M, with length bounded by C. As the intersection (.=, M, ; = {0} (this is because A has no special

I7Note that k differs from n/e, by a quantity bounded independent of n, so 1/¢¢ = O(l/éﬁ)‘
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endomorphisms generically), it follows that for ¢ large enough, M, ; contains no vectors with length bounded
by C, and hence for i large enough, p1 (M, ;) > C. Hence, p1(M,,,) — o0, and therefore d(L,,) — co. Now,
the same argument used to prove Claim applies to prove that the proportion of primes p, such that
there exists a B € T,,(.A) modulo v", goes to zero. O

5. PROOF OF THE MAIN THEOREM

The goal of this section is to deduce our main theorem from the results in §§3-4 which provide upper
bounds of the local intersection numbers. Recall that A is an abelian surface over K with an a-polarization
and Op C End(A4). As in we will assume the existence of a semi-abelian scheme A over Ok with
semistable reduction everywhere, whose generic fiber is A. Recall that p denotes a prime which is totally
split in the narrow Hilbert class field of F'. To prepare for our proof, we first use Borcherds’ theory to choose
a suitable Hirzebruch—Zagier divisor in the Hilbert modular surface and then compute the asymptotic of
Faltings heights on the Hecke orbits.

5.1. Borcherds’ theory and the Faltings height. We devote this subsection to applying arithmetic
Borcherds’ theory to choose a rational section of certain tensor powers of the Hodge line bundle. We then
interpret the Faltings height of an abelian surface as a certain Arakelov intersection number.

We use A™IVS2 to denote the universal family of semi-abelian schemes over " (with suitable level
structure). In [BBGKOT7, §6], the authors explain a way to define the arithmetic intersection independently

of the choice of a level structure. We recall their definition in Let e: H ' — AWiv-sa b the identity

section and let w = det(e*Qi“miv_sa /ﬁmr) over " be the Hodge line bundle. We endow w with a Hermitian

metric || - ||z (only on H(C)) as in [Fal86, sec. 3] and denote by @ the Hermitian line bundle with log
singularity along the boundary. By definition, we have

hr(A) = htz([A]),

where hp denotes the stable Faltings height and ht is the height function of subvarieties of an arithmetic

variety with respect to certain arithmetic cycles (see, for example, [BBGKOT7, §1.5, eqn. (1.17)] and we
[K:Q]

normalize hr and htz to be independent on the choice of K; more specifically, ||¢||, = ¢~ & af ).

It is well known that the space of global sections of the line bundle w®* over ﬁ(tcor (resp. ﬁgr) is the
space of Hilbert modular forms of parallel weight k over C (resp. Q); see, for example, [FC90, Chp. V.1]
and [Cha90, sec. 4]. Up to a constant, the Hermitian metricﬁ |- ||F on w®* is defined by ||f(2)||pet =
|f (21, 22) (S21)%/2(S22)"/2|, where f is a Hilbert modular form of parallel weight k and z = (z1,2) € H?:
indeed, this follows from the G(R)-invariance of both metrics.

Lemma 5.1.1. There exist a positive integer k and a meromorphic Hilbert modular form ¥ over Q of parallel
weight k such that the divisor Div(¥) defined by ¥ on ﬁgr is given by > ¢ T(r), where ¢, € Z and I is
a finite subset of

J={qD| q is a rational prime inert in F}.

In particular, Div(¥) is a weighted sum of compact Shimura curves.

We use Borcherds’ theory [Bor98| to construct meromorphic Hilbert modular forms on H¢ from certain
weakly holomorphic modular forms on modular curves. The Hilbert modular form constructed in such a
way (sometimes called a Borcherds lift) has the following properties: (1) When viewed as a rational section
of certain tensor power of the Hodge line bundle, the divisor defined by the Hilbert modular form is a
linear combination of T'(r) determined by the principal part of the Fourier expansion of the given weakly
holomorphic modular form; (2) Divide H? into Weyl chambers and fix any cusp. The Hilbert modular form
can be explicitly written down as an infinite product (sometimes called a Borcherds product) near the cusp.
Borcherds also showed that the existence of such lifts of a weakly holomorphic modular form can be verified
by certain explicit conditions on the Fourier coefficients of its principal part. The Fourier expansions of
Borcherds lifts have also been studied by many people, leading to an arithmetic theory of these lifts. See
[BBGKOT7, §4] for a summary of relevant results when the discriminant of F' is a prime.

18We also use || - || to denote the metric on @®* given by the tensor product of the Hermitian metric || - ||z on @.
17



Proof of Lemmal[5.1.1 By [Brul6, Thm. 1.1 H in which we take the infinite admissible set to be J, there
exists a Borcherds product U’ of non-zero weight k whose divisor is supported on U,.c3T(r). In other words,
U’ is a Hilbert modular form of parallel weight k& over C. We may assume k > 0, since otherwise we just
take U'~1. By |Brul6), Prop. 3.1], the weakly holomorphic modular f whose Borcherds lift is ¥ has integral
Fourier coefficients. |[Horl4, 3.2.14| shows that, after multiplying by a suitable scalar, the Borcherds lift of a
modular form with Fourier coefficients in Q is defined over Q. In particular, if we take ¥ to be U’ multiplied
by a suitable scalar, then V¥ is a rational section of w®* over ﬁgr. For r € J, the divisor T'(r) is compact by
Corollary At each cusp, we use the Borcherds product to study ¥. Since T'(r) is compact, the Weyl
chamber is the whole H? and the Borcherds product expression of ¥ does not vanish at the cusps. O

5.1.2. We view ¥ as a rational section of w®* over ﬁg;, where K’ is a large enough number field such that
¥ is defined. Hence Div(¥) =3, ¢, T(r) +3_, &y, where the second sum is over finitely many p and &, is a
finite (weighted) sum of irreducible components of ﬁ%or.

5.1.3. Given an arithmetic divisor D and a horizontal 1-cycle Z intersecting properly on 7—[0 , one defines the

(arithmetic) intersection number as follows: (see, for example, [BGKKO07, Thm. 1. 33@ for regular schemes
and [Yanl0, eqn. (2.1)] for regular Deligne-Mumford stacks.)

log(#OZmD " Length(@zmj,z) log(#k(x))
b.z= Z Z # Aut(z Z Z # Aut(x) ’
v z€(Z2nD)(F,) v ze(2nD)(F,)

where v ranges over the finite places of K’, the intersection Z ND = Z Xz D is a Deligne-Mumford stack

= H
of dimension 0, the ring Oznp , is the strictly Henselian local ring of Z ND at z, and k(x) is the residue

field of O znD,e. By definition, is independent of the choice of K.

D.Z
[K': Q]
In [BBGKO7, sec. 6.3], they define the arithmetic intersection number on H'"™" as the arithmetic intersection
number of the pull back of arithmetic cycles to ﬁtor(N ), the Hilbert modular surface with full level N-
structure with N > 3, divided by the degree of the map ﬁtor(N ) — H'". This is the idea behind the above
formula.

Remark 5.1.4. For D and Z as above, let n denote the largest integer such that Z is contained in D modulo

" (here, we consider £ and D as subschemes of the coarse Hilbert modular surface). In our applications,
we will only consider the intersection at finitely many places. Therefore, we may pass to a suitable level
structure étale at these finitely many places so that 7 (r) are regular (|Car86]). Then the length at v referred
to in [5.1.3] differs from n by an absolutely bounded factor. As we are only concerned with bounds, we will
in the sequel restrict ourselves with controlling the growth of n.

Lemma 5.1.5. Assume that End(Ax) = Op. Following the notation as in Lemma there exists a
constant C independent ofA such that

hi(4) - ALY T0) + e 2 s I e < 1

rel o:K—C

Proof. By Lemma 6 if [A] lies on T'(r), then End(A ) is strictly larger than Op. Hence our assumption
implies that [A] does not lie on any T'(r). It follows that the 1-cycle [A] intersects ), ;¢ T'(r) properly. Set

E(A) = [K ) [A].(32, &), where > &, was defined i 1n 2| By definition, £(A) is bounded by an absolute
constant mdependent of A. Moreover

he(A) = htol(A) = el e T~ rrar X g P A + pE),

rel o:K—C

(see, for example, lYanIO, eqn. (23)]) The lemma then follows from the fact that || - ||z and || - ||pet differ
by an absolute constant independent of A. O

19|Bru16, Thm. 1.1] is a generalization of [BBGKO07, Lem. 4.11]. The proof of this lemma, which only deals with the case
when D is a prime, contains the main idea of the proof for the general case.
20The higher tor group vanishes since we work with a Cartier divisor which intersects the 1-cycle properly.
18



We end this subsection with a formula for the average Faltings height of abelian surfaces corresponding
to points in T,[A] when A has good reduction at all the primes of K above p. The idea of proof builds on
Autissier’s idea in |[Aut05]. From now on, we say that A has good reduction at p (resp. ordinary reduction
at p) if A has good reduction (resp. ordinary reduction) at all the primes of K above p.

Proposition 5.1.6. Let p be a prime as in[2.2.1. If A has good reduction at p, then

hp(B) = (p+ 1)hp(A) + p—1

[B]e€T, [A]

log p.

Proof. The proof consists two parts. We first show that > g, 14 her(B) — (p+ 1)hp(A) is independent of
A. Then we compute this quantity in a particular case.

(1) Let H(p) denote the Hilbert modular surface over Z with I'g(p) level structure. The stack H(p)
parametrizes degree p isogenies ¢ : A7 — As between abelian varieties with Op-multiplication such
that ker(¢) C Ai[p] (see for example [Pap95, sec. 2.2|). Let m; : H(p)z,, — Hz,,, for i = 1,2 be the
forgetful map that sends ¢ to A;. We claim that each ; is finite flat.

We first show that 7; is quasi-finite. Let v be any finite place of K over p. The group scheme A[p*°]
of p-power torsions of A is a p-divisible group of height 2, whose mod v reduction has dimension 1.
There are two cases: the mod-v reduction of A[p] is either ordinary, or supersingular. If ordinary,
[FC90L §VII.4| shows that there are only finitely many degree p subgroups of the mod-v reduction of
A[p]. Therefore, the modular interpretation of #(p) shows that the map m; is quasi-finite. Now we
assume that the mod-v reduction of A[p°°] is supersingular. Since the number of degree p subgroups
of the reduction of A[p] only depends on the isomorphism class of the p-divisible group, we may
assume that A has supersingular reduction at v. Since p is split in F', the supersingular locus of Hy,
is O-dimensional and hence there are only finitely many mod-v points on H corresponding to abelian
surfaces isogenous to A mod v. In particular, m; is quasi-finite. The same argument applies to mo
when we study the kernel of the Rosati involution of ¢.

By [Pap95} 2.1.3, Cor. 2.2.3], the stack H(p) is Cohen-Macaulay and # is regular. Since all the
fibers of m; are 0-dimensional, it follows by [EGAIV] I1.6.1.5] that 7; is flat. On the other hand, each
7; is proper by [Pap95) the discussion after Def. 2.2.1]. Therefore, each ; is finite flat.

By the argument in |[Aut05, Theorem 5.1], one observes that the independence of the quantity
Z[B]GT,, (4 hr(B) = (p+ 1)hp(A) on A is a formal consequence of m; being finite-flat, of H being
normal, and of Hp, being irreducible for every v above p.

(2) We now compute } g, 4] hr(B) — (p+ 1)hr(A) when A has ordinary reduction at p|§| Such an
A always exists: indeed, for a CM field K5 containing F' such that K is Galois over Q of degree 4
and p splits completely in K5, there exist abelian surfaces with CM by K that correspond to points
on ‘H and these abelian surfaces are ordinary at p.

Now assume that A has good ordinary reduction at p and we prove the result for such A. We
first enlarge K so that all [B] € T},[A] are defined over K. Since A[p™] over Ok, is 1-dimensional,
it only contains a unique degree p subgroup which is multiplicative (equivalently, in the ordinary
case, not étale) for any v above p. Then by Lemma there exists only one element in T [ A
that corresponds to an isogeny with multiplicative kernel. Now we apply |Fal86, Lem. 5]. By the
standard calculation on Q' of finite flat groups of degree p, at each v there are p out of p+1 elements
in T,[A] such that the term log(#e* (L, ¢ /Oxv)) in Faltings’ formula is 0, and one element such

that log(#e* (Q},, 6Ok )) = [Ky : Qp]logp. We obtain the desired formula by summing up all the
local contributions. |

5.2. Proof of Theorem [l
5.2.1. We first sketch the proof of Theorem[l} First, we use Lemma to choose a good Hirzebruch—Zagier

divisor ) ;¢ T(r) = Div(¥). By Proposition we have > pier, ((a)) hr(B) > plogp. On the other
hand, the local results in §§3H4| show that for most of primes p, each local term in Lemma is o(plogp).

210ne may also choose any CM abelian surface on H and apply the formula for the Faltings height in [Moc17| to compute
this difference.
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By local term, we mean either — 3 g 147 10g [ (0 ([B]))||pet for all o : K — C or the v-adic intersection
number (3 g7, 4Bl X2,e1 6T (7))o for finite places v. This implies that T}, ([A]) intersects } -, oy ¢, T (r)
at infinitely many places as p — oo and then Theorem [I] follows from Corollary

5.2.2. If Op C End(Ay), then by the classification of the endomorphism ring of absolutely simple abelian
surfaces over a characteristic zero field, End(A%) ® Q is either an indefinite quaternion algebra over Q or
a degree 4 CM field. In the first case, Az is not simple if the quaternion algebra splits at charF,. In the
second case, there exists a positive density set of primes ¢ so that Ap, is supersingular for all v|¢ and hence
not geometrically simple. Therefore, to prove Theorem |1} we assume that End(A@) = Op from now on and
hence for any [B] € T, ([A]), we also have End(By) = Op. Therefore, all T}, ([.A]) intersect Hirzebruch-Zagier
divisors properly.

Proof of Theorem[], We now show that there are infinitely many primes v of K such that Ag, is not
simple. Assume, for the sake of contradiction, that there is a finite set of places ¥ of K such that A
has geometrically simple, or bad reduction modulo v for v ¢ ¥. Corollary - 2.1.3] and Lemma [5.1.1] give
a meromorphic Hilbert modular form ¥ such that Div(¥) is a compact special divisor ), ¢, T (r) with
Dlr for all r € I. The intersection (T,([A]),> , c;¢,T(r)) has a nonzero v-adic term only when v € ¥ by
Corollary Throughout the proof, p will denote a prime which is totally split in the narrow Hilbert
class field of F and v { p for all v € ¥. We now explain how to choose an increasing sequence of primes p
such that we can bound the local terms as described in [5.2.1] by eplog p for arbitrary € > 0.

By Theorems [1.3.3] and [£:3.4] and Remark [5.1.4] outside a density-zero set of primes p, the v-adic inter-

section
> B Tm), < Lol (04 D3 log2logn) + eplze, logp -+ 1) ).

[B]eTy [A] rel rel

where C is the absolute constant mentioned in Remark Notice that 2logp > log N.

Let C5 be the density of primes splitting completely in the narrow Hilbert class field of F'. By taking
€1 =€, €9 = ﬁ in Theorem we have that, for N >> 0 and for p € [N*/2, N] in a set of density at
least 3C5 /4, for all o : K — C, the archimedean term

— Y log|[¥(o([B)))llpet < eplogp.
[BIET, [A]

We have shown that for N > 1, there exists a positive density set of primes p € [N N\ | such that all the

local terms are o(plogp). On the other hand, by Proposition|5.1.6 Z hp(B) has order of magnitude

[BIET, ([AD
plogp. We then obtain the desired contradiction by applying Lemma [5.1.5 to all [B] € T, ([A4]). O

Remark 5.2.3. A slight modification of the proof shows that for any indefinite non-split quaternion algebra
D over Q such that F' C D, there exists infinitely many places v of K such that D ¢ End’ (Ag. ) Indeed, we
may take J = {r € Z | T'(r) is a Shimura curve with associated quaternion algebra to be D} and the rest of
the proof follows.
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