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ABSTRACT. By a result of Moonen, there are exactly 20 positive-dimensional families of
cyclic covers of the projective line for which the Torelli image is open and dense in the
associated Shimura variety. For each of these, we compute the Newton polygons, and the
µ-ordinary Ekedahl–Oort type, occurring in the characteristic p reduction of the Shimura
variety. We prove that all but a few of the Newton polygons appear on the open Torelli
locus. As an application, we produce multiple new examples of Newton polygons and
Ekedahl–Oort types of Jacobians of smooth curves in characteristic p. Under certain con-
gruence conditions on p, these include: the supersingular Newton polygon for genus 5, 6, 7;
fourteen new non-supersingular Newton polygons for genus 5− 7; eleven new Ekedahl–
Oort types for genus 4− 7 and, for all g ≥ 6, the Newton polygon with p-rank g− 6 with
slopes 1/6 and 5/6.
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1. INTRODUCTION

A fundamental problem in arithmetic geometry is to determine which abelian varieties
arise as Jacobians of (smooth) curves. This question is equivalent to studying (the interior
of) the Torelli locus in certain Siegel varieties. For g = 1, 2, 3, the Torelli locus is open and
dense in the moduli space Ag of principally polarized abelian varieties of dimension g.
For any family T of cyclic covers of the projective line, Deligne and Mostow construct the
smallest PEL-type Shimura variety containing the image of T under the Torelli morphism
[6]. In [25], Moonen shows that there are precisely twenty positive-dimensional families
of cyclic covers of P1 for which the image of T under the Torelli morphism is open and
dense in the associated Shimura variety; these families are called special.

In positive characteristic p, the p-rank, Newton polygon, and Ekedahl–Oort type are
discrete invariants of an abelian variety. It is a natural question to ask which of these
invariants can be realized by the Jacobian of a smooth curve. As each discrete invariant
yields a stratification of the reduction modulo p of the Siegel variety, this question is
equivalent to understanding which strata intersects the interior of the Torelli locus.

Ultimately, the goal is to understand the geometry of the induced stratifications of the
Torelli locus (e.g., the connected components of each stratum and their closures), in the
same way that the geometry of these stratifications is understood for Siegel varieties.
For example, for any prime p, genus g and integer f such that 0 ≤ f ≤ g, Faber and
van der Geer prove in [9] that the p-rank f stratum is non-empty and has the expected
codimension g − f in the moduli space Mg of curves of genus g. See also [1], [2], and
[12].
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Beyond genus 3, much less is known about the Newton polygon, more precisely the
Newton polygon of the characteristic polynomial of Frobenius. In [26, Expectation 8.5.4],
for g ≥ 9, using a dimension count, Oort observed that the interior of the Torelli locus
is unlikely to intersect the supersingular locus or other Newton polygon stratum of high
codimension in Ag. This suggests that it is unlikely for all Newton polygons to occur for
Jacobians of smooth curves for each prime p.

In our earlier work [22], we studied Newton polygons of cyclic covers of the projective
line branched at 3 points. In this case, the Jacobian is an abelian variety with complex
multiplication and its Newton polygon can be computed using the Shimura–Taniyama
theorem. We used this to find several new Newton polygons having p-rank 0 which
occur for Jacobians of smooth curves.

The Newton polygon stratification of PEL-type Shimura varieties is well understood by
the work of Viehmann and Wedhorn [35], based on earlier work of Kottwitz, Rapoport,
and Richartz [16], [17], [19], [29]. In this paper, we demonstrate this theory by determining
all the Newton polygons of Jacobians that occur for the 20 special families of cyclic covers
from Moonen’s paper [25]. Furthermore, using [24], we compute the µ-ordinary mod p
Dieudonné modules (e.g., Ekedahl–Oort types) for the 20 special families.

We then investigate which Newton polygons and Dieudonné modules on these lists
arise for a smooth curve in the family. We conclude affirmatively in three distinct cases:
(i) for the µ-ordinary Newton polygon and Dieudonné module, Proposition 5.1;
(ii) for any PEL-indecomposable Newton polygon, Proposition 5.6; and
(iii) for the Newton polygon of the closed stratum (called the basic Newton polygon) if
the family has dimension 1 and if p is sufficiently large, Proposition 5.8.

For (iii), we refer to Theorem 8.1 in the Appendix, where we prove, under some re-
strictions on the prime p, that the number of geometrically irreducible components of the
basic locus at p of certain unitary Shimura variety grows to infinity with p. More pre-
cisely, Theorem 8.1 holds for unitary Shimura varieties of signature (1, n− 1) at one real
place and definite signature at all other real places. In particular, our results hold for the
simple Shimura varieties considered by Harris–Taylor in [14]. Earlier instances of such
a statement are due to Vollaard [36], and Vollaard–Wedhorn [37] who prove a similar re-
sult under the further assumption that the implicit CM field defining the unitary group is
quadratic-imaginary, and to Liu–Tian–Xiao–Zhang–Zhu [23] at primes which are totally
split in the CM field. Here, we only exclude the case of primes which are inert in the
quadratic imaginary extension for n even. We regard Theorem 8.1 to be of independent
interest.

We calculate that these three criteria together with the de Jong–Oort purity result im-
ply that all but a few of the Newton polygons for Moonen’s special families occur for
Jacobians of smooth curves. More precisely, we prove the following result.

Theorem 1.1. (See Theorem 5.11) Let (m, N, a) denote the monodromy datum for one of Moo-
nen’s special families from [25, Table 1]. Assume p - m. Let ν ∈ ν(B(µm, f)) be a Newton
polygon occuring on the closure inAg of the image of the family under the Torelli morphism. Then
ν occurs as the Newton polygon of the Jacobian of a smooth curve in the family unless either:

(1) the dimension of the family is one, ν is supersingular, and p is not sufficiently large; or
(2) the dimension of the family is at least two and ν is supersingular.
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In cases (1) and (2), we also expect that there exists a smooth curve in the family which
is supersingular; (we prove this for large p in [21, Theorem 6.1]).

We deduce the following applications.
First, we verify the existence of supersingular curves of genus 5− 7 for primes satisfy-

ing certain congruence conditions. See [22, Theorem 1.1] for a complementary result.

Theorem 1.2 (See Theorem 7.1). There exists a smooth supersingular curve of genus g defined
over Fp for all sufficiently large primes satisfying the given congruence condition:
g = 5 when p ≡ 7 mod 8; g = 6 when p ≡ 2, 3, 4 mod 5; and g = 7 when p ≡ 2 mod 3.

The second application is in Theorems 7.3 and 7.4: under certain congruence conditions
on p, we verify that 14 new non-supersingular Newton polygons and 11 new Dieudonné
modules occur for Jacobians of smooth curves of genus 4− 7.

Every abelian variety is isogenous to a factor of a Jacobian. Thus every λ ∈ [0, 1] ∩Q

is known to occur as a slope for the Newton polygon of the Jacobian of a smooth curve.
Usually, however, there is no control over the other slopes. In the third application, for
p ≡ 2, 4 mod 7 and g ≥ 6, we show that the slopes 1/6 and 5/6 occur for a smooth
curve of genus g defined over Fp with the other slopes of the Newton polygon all 0 and
1, Theorem 7.5.

As a final application, we consider one non-special family of curves in Section 7.2. Con-
sider a prime m ≡ 3 mod 4 (with m 6= 3) and a prime p which is a quadratic non-residue
modulo m. In Theorem 7.8, we find smooth curves of genus gm = (m − 5)(m − 1)/4
defined over Fp whose Newton polygon only has slopes 0, 1/2, and 1 and such that the
multiplicity of the slope 1/2 is at least 2

√
gm.

In future work, we solve questions about Newton polygons for curves of arbitrarily
large genera using a new induction argument for Newton polygons of cyclic covers of
P1. We use the Newton polygons from this paper as base cases in that induction process.

Organization of the paper.

Section 2 recalls basic definitions and facts about group algebras, families of cyclic cov-
ers of P1, Newton polygons, and mod p Dieudonné modules.

Section 3 contains information about Shimura varieties and positive-dimensional spe-
cial families of cyclic covers of the projective line.

In Section 4, we study the Newton polygon stratification of PEL-type Shimura varieties.
We demonstrate the general theory by computing the Newton polygons for several pro-
totypical examples from [25] in Section 4.4. In Section 4.5, we determine the µ-ordinary
Dieudonné modules (Ekedahl–Oort types) for the special families.

Section 5 discusses which Newton polygon strata intersect the smooth Torelli locus.
Section 6 contains tables of data, including the Newton polygons and the µ-ordinary

Dieudonné modules for each of the twenty special families of cyclic covers from [25].
Section 7 contains the proofs of the main theorems.
In the appendix, we compute a lower bound for the number of irreducible components

of the basic locus of simple Shimura varieties.
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2. NOTATION AND BACKGROUND

2.1. The group algebra Q[µm].

For an integer m ≥ 2, let µm := µm(C) denote the group of m-th roots of unity in C. For
each positive integer d, we fix a primitive d-th root of unity ζd = e

2πi
d ∈ C. Let Kd = Q(ζd)

be the d-th cyclotomic field over Q of degree φ(d).
Let Q[µm] denote the group algebra of µm over Q. Then Q[µm] = ∏0<d|m Kd. The

involution ∗ on Q[µm] induced by the inverse map on µm preserves each cyclotomic factor
Kd, and for each d | m, the restriction of ∗ to Kd agrees with complex conjugation.

Set T := HomQ(Q[µm], C). Each (Q[µm]⊗Q C)-module W has an eigenspace decom-
position W = ⊕τ∈TWτ, where Wτ is the subspace of W on which a⊗ 1 ∈ Q[µm]⊗Q C acts
as τ(a). We fix an identification T = Z/mZ by defining, for all n ∈ Z/mZ,

τn(ζ) := ζn, for all ζ ∈ µm.

For all n ∈ Z/mZ, and a ∈ Q[µm], τ−n(a) = τn(a∗). We write τ∗n := τ−n.
For τ = τn ∈ T , the order of τ is the order of n in Z/mZ. The homomorphism τ :

Q[µm]→ C factors via Kd if and only if τ has order d.
For each rational prime p, we fix an algebraic closure Q

alg
p of Qp, and an identification

ι : C ' Cp, where Cp denotes the p-adic completion of Q
alg
p . Let Q

un
p denote the maximal

unramified extension of Qp in Q
alg
p , and by σ the Frobenius of Q

un
p .

If p - m, then Q[µm] is unramified at p. Via ι, we identify T = HomQ(Q[µm], Q
un
p ).

Hence, there is a natural action of σ on T , defined by τ 7→ τσ := σ ◦ τ. Note that τσ
n = τpn

for all n ∈ Z/mZ. For each σ-orbit o ⊆ T , the order of τ is the same for all τ ∈ o. We
write do for the order of τ ∈ o.

Let O be the set of σ-orbits o in T . For each τ ∈ T , let oτ denote its σ-orbit. Each
τ : Q[µm] → Q

un
p determines a prime p of Q[µm] above p, depending only on the orbit

oτ. Hence, the set O is in bijection with the set of primes p of Q[µm] above p. For an orbit
o ∈ T , we write po for the associated prime above p and and Kdo,po for the completion of
Kdo along the prime po.

2.2. Families of cyclic covers of the projective line.

We follow [25, §§2,3]. Fix integers m ≥ 2, N ≥ 3 and an N-tuple of positive integers
a = (a(1), . . . , a(N)). Then a is an inertia type for m and (m, N, a) is a monodromy datum if

(1) a(i) 6≡ 0 mod m, for all i = 1, . . . , N,
(2) gcd(m, a(1), . . . , a(N)) = 1, and
(3) ∑i a(i) ≡ 0 mod m.

Fix a monodromy datum (m, N, a). Working over Z[1/m], let U ⊂ (A1)N be the com-
plement of the weak diagonal, which consists of points where any two of the coordinates
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are the same. Consider the smooth projective (relative) curve C over U whose fiber at
each point t = (t(1), . . . , t(N)) ∈ U has affine model

(2.1) ym =
N

∏
i=1

(x− t(i))a(i).

The function x on C yields a map C → P1
U and there is a µm-action on C over U given by

ζ · (x, y) = (x, ζ · y) for all ζ ∈ µm. Thus C → P1
U is a µm-Galois cover.

For a point t ∈ U, the cover Ct → P1 is a µm-Galois cover, branched at N points
t(1), . . . , t(N) in P1, and with local monodromy a(i) at t(i). By the hypotheses on the
monodromy datum, the fibers of C → U are geometrically irreducible curves of genus g,
where

(2.2) g = g(m, N, a) = 1 +
(N − 2)m−∑N

i=1 gcd(a(i), m)

2
.

Let Mg denote the moduli space of smooth projective curves of genus g and let Ag
denote the Siegel moduli space of principally polarized abelian varieties of dimension g
over Z.1 The composition of the Torelli map with the morphism U →Mg defined by the
curve C → U yields a morphism over Z[1/m] denoted by

j = j(m, N, a) : U →Mg → Ag.

Definition 2.1. If (m, N, a) is a monodromy datum, let Z0(m, N, a) be the image of j(m, N, a)
in Ag and let Z(m, N, a) be its closure in Ag.

Remark 2.2. By definition, Z(m, N, a) is a closed, reduced substack of Ag. It is also irre-
ducible [10, Corollary 7.5], [38, Corollary 4.2.3].

The substack Z(m, N, a) depends uniquely on the equivalence class of the monodromy
datum (m, N, a), where (m, N, a) and (m′, N′, a′) are equivalent if m = m′, N = N′, and
the images of a, a′ in (Z/mZ)N are in the same orbit under (Z/mZ)∗ × SymN.

Fix a point t ∈ U(C) and let V be the first Betti cohomology group H1(Ct(C), Q). Then
V has a Hodge structure of type (1, 0)+ (0, 1) with the (1, 0) piece given by H0(Ct(C), Ω1

Ct
)

via the Betti–de Rham comparison. Let V+ (resp. V−) denote the (1, 0) (resp. (0, 1)) piece.
Then V, V+, and V− are Q[µm]-modules and there are decompositions

V ⊗Q C = ⊕τ∈T Vτ, V+ = ⊕τ∈T V+
τ , V− = ⊕τ∈T V−τ .

Set:

(2.3) g(τ) := dimC Vτ, f(τ) := dimC V+
τ .

For any x ∈ Q, let 〈x〉 denote the fractional part of x. By [25, Lemma 2.7, §3.2] (or [6]),

(2.4) f(τn) =

{
−1 + ∑N

i=1〈
−na(i)

m 〉 if n 6≡ 0 mod m
0 if n ≡ 0 mod m.

The dimension f(τn) is independent of the choice of t ∈ U. The signature type of the
monodromy datum (m, N, a) is

f = (f(τ1), . . . , f(τm−1)).
1When we talk about universal families on the stacks, it means that we pass to a suitable level structure

for such universal objects to exist.
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Remark 2.3. For all τ ∈ T , dimC V+
τ∗ = dimC V−τ and thus g(τ) = f(τ) + f(τ∗). The value

g(τ) is constant on the σ-orbit of τ, so we sometimes write g(o) = g(τ) for τ ∈ o.

2.3. Newton polygons.

Let X denote a g-dimensional abelian scheme over an algebraically closed field F of
positive characteristic p (e.g., X = Xx, where X is the universal abelian scheme on Ag,
and x ∈ Ag(F)).

If F is an algebraic closure of Fp, the finite field of p elements, then there exists a finite
subfield F0 ⊂ F such that X is isomorphic to the base change to F of an abelian scheme
X0 over F0. Let W(F0) denote the Witt vector ring of F0. Consider the action of Frobenius
ϕ on the crystalline cohomology group H1

cris(X0/W(F0)). There exists an integer n such
that ϕn, the composite of n Frobenius actions, is a linear map on H1

cris(X0/W(F0)). The
Newton polygon ν(X) of X is defined as the multi-set of rational numbers λ, called the
slopes, such that nλ are the valuations at p of the eigenvalues of Frobenius for this action.
Note that the Newton polygon is independent of the choice of X0, F0, and n. For a more
general F, one can use the Dieudonné–Manin classification to define the Newton polygon.

The p-rank of X is the multiplicity of the slope 0 in ν(X); it equals dimFp Hom(µp, X).
If A is an abelian variety or p-divisible group defined over a local field of mixed char-

acteristic (0, p), we write ν(A) for the Newton polygon of its special fiber.
For λ ∈ Q∩ [0, 1], the multiplicity mλ is the multiplicity of λ in the multi-set; if c, d ∈N

are relatively prime integers such that λ = c/(c + d), then (c + d) divides mλ. The New-
ton polygon is symmetric if mλ = m1−λ for every λ ∈ Q ∩ [0, 1]. The Newton polygon is
typically drawn as a lower convex polygon, with slopes equal to the values of λ occur-
ring with multiplicity mλ. The Newton polygon of a g-dimensional abelian variety X is
symmetric and, when drawn as a polygon, it has endpoints (0, 0) and (2g, g) and integral
break points.

Let ord denote the Newton polygon {0, 1} and ss denote the Newton polygon {1/2, 1/2}.
Thus an ordinary (resp. supersingular) abelian variety of dimension g has Newton poly-
gon ordg (resp. ssg). For s, t ∈N, with s ≤ t/2 and gcd(s, t) = 1, let (s/t, (t− s)/t) denote
the Newton polygon with slopes s/t and (t− s)/t, each with multiplicity t.

We denote the union of multi-sets by ⊕, and for any multi-set ν, and n ∈ N, we write
νn for ν⊕ · · · ⊕ ν, n-times. For convex polygons, we write ν1 ≥ ν2 if ν1, ν2 share the same
endpoints and ν1 lies below ν2. Under this convention, the ordinary Newton polygon is
maximal and the supersingular Newton polygon is minimal.

2.4. Dieudonné modules modulo p and Ekedahl–Oort types.

The p-torsion X[p] of X is a symmetric BT1-group scheme (of rank 2g) annihilated by
p. The a-number of X is dimF(αp, X[p]), where αp is the kernel of Frobenius on Ga.

Let E denote the non-commutative ring over Fp, generated by a σ-linear F and σ−1-
linear V with FV = VF = 0. The mod p Dieudonné module of X is an E-module of finite
dimension (2g). Over F, there is an equivalence of categories between finite commutative
group schemes of rank 2g annihilated by p and E-modules of dimension 2g. These can
equivalently be classified by Ekedahl–Oort types.
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Let E(w) denote the left ideal of E generated by w. The mod p Dieudonné module for
an ordinary elliptic curve is isomorphic to L := E/E(F, V − 1) ⊕ E/E(V, F − 1); for a
supersingular elliptic curve, it is isomorphic to N1,1 := E/E(F−V).

3. SHIMURA VARIETIES

Let (m, N, a) be a monodromy datum with N ≥ 4, and f the associated signature type
given by (2.4). In [6] Deligne and Mostow construct the smallest PEL-type Shimura vari-
ety containing Z(m, N, a), which we will denote by Sh(µm, f). In this section, we recall the
basic setting for PEL-type Shimura varieties, and the construction of [6]. We follow [25].

3.1. Shimura datum for the moduli space of abelian varieties.

Let V = Q2g, and let Ψ : V × V → Q denote the standard symplectic form.2 Let
G := GSp(V, Ψ) denote the group of symplectic similitudes over Q. Let h denote the
space of homomorphisms h : S = ResC/RGm → GR which define a Hodge structure of
type (-1,0)+(0,-1) on VZ such that ±(2πi)Ψ is a polarization on V. The pair (G, h) is the
Shimura datum for Ag.

Let H ⊂ G be an algebraic subgroup over Q such that the subspace

hH := {h ∈ h | h factors through HR}
is non-empty. Then H(R) acts on hH by conjugation, and for each H(R)-orbit YH ⊂
hH, the Shimura datum (H, YH) defines an algebraic substack Sh(H, YH) of Ag. In the
following, for h ∈ YH, we sometimes write (H, h) for the Shimura datum (H, YH). For
convenience, we also write Sh(H, hH) for the finite union of the Shimura stacks Sh(H, YH),
as YH varies among the H(R)-orbits in hH.

3.2. Shimura data of PEL-type.

Now we focus on Shimura data of PEL-type. Let B be a semisimple Q-algebra, together
with an involution ∗. Suppose there is an action of B on V such that Ψ(bv, w) = Ψ(v, b∗w),
for all b ∈ B and all v, w ∈ V. Let

HB := GLB(V) ∩GSp(V, Ψ).

We assume that hHB 6= ∅.
For each HB(R)-orbit YB := YHB ⊂ hHB , the associated Shimura stack Sh(HB, YB) arise

as moduli spaces of polarized abelian varieties endowed with a B-action, and are called
of PEL-type. In the following, we also write Sh(B) := Sh(HB, hHB).

Each homomorphism h ∈ YB defines a decomposition of BC-modules

VC = V+ ⊕V−

where V+ (respectively, V−) is the subspace of VC on which h(z) acts by z (respectively,
by z̄). The isomorphism class of the BC-module V+ depends only on YB. Moreover, YB is

2In Section 2.2, we use V to denote H1(Cx, Q) for x ∈ U(C). Here, by the convention of Deligne, V
is identified with H1(Xx, Q) for any x ∈ Ag(C). The symplectic form will be identified with the one
induced by the polarization on Xx. This symplectic form, along with Poincaré duality, induces a natural
isomorphism H1(Cx, Q)(1) ∼= H1(Cx, Q). Hence the only difference between them is given by the Tate twist
and we use the same notation V for both.
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determined by the isomorphism class of V+ as a BC-submodule of VC. In the following,
we prescribe YB in terms of the BC-module V+. By construction, dimC V+ = g.

3.3. Shimura subvariety attached to a monodromy datum.

We consider cyclic covers of the projective line branched at more than three points; fix
a monodromy datum (m, N, a) with N ≥ 4. Take B = Q[µm] with involution ∗ as in
Section 2.1.

As in Section 2.2, let C → U denote the universal family of µm-covers of P1 branched at
N points with inertia type a; let j = j(m, N, a) : U → Ag be the composition of the Torelli
map with the morphism U →Mg. From Definition 2.1, recall that Z = Z(m, N, a) is the
closure in Ag of the image of j(m, N, a).

The pullback of the universal abelian scheme X onAg via j is the relative Jacobian J of
C → U. Since µm acts on C, there is a natural action of the group algebra Z[µm] on J . We
also use J to denote the pullback of X to Z. The action of Z[µm] extends naturally to J
over Z. Hence the substack Z = Z(m, N, a) is contained in Sh(Q[µm]) for an appropriate
choice of a structure of Q[µm]-module on V. More precisely, fix x ∈ Z(C), and let (Jx, θ)
denote the corresponding Jacobian with its principal polarization θ. Choose a symplectic
similitude, meaning an isomorphism

α : (H1(Jx, Q), ψθ)→ (V, Ψ),

such that the pull back of the symplectic form Ψ to H1(Jx, Q) is a scalar multiple of ψθ,
where ψθ denotes the Riemannian form on H1(Jx, Q) corresponding to the polarization
θ. Via α, the Q[µm]-action on Jx induces an action on V. This action satisfies

hQ[µm] 6= ∅, and Ψ(bv, w) = Ψ(v, b∗w),

for all b ∈ Q[µm], all v, w ∈ V, and Z ⊂ Sh(Q[µm]).
The isomorphism class of V+ as a Q[µm] ⊗Q C-module is determined by and deter-

mines the signature type {f(τ) = dim V+
τ }τ∈T . By [6, 2.21, 2.23] (see also [25, §§3.2, 3.3,

4.5]), the HQ[µm](R)-orbit YQ[µm] in hHQ[µm ]
such that

Z ⊂ Sh(HQ[µm], YQ[µm])

corresponds to the isomorphism class of V+ with f given by (2.4). From now on, since
Sh(HQ[µm], YQ[µm]) depends only on µm and f, we denote it by Sh(µm, f).

The irreducible component of Sh(µm, f) containing Z is the largest closed, reduced and
irreducible substack S of Ag containing Z such that the action of Z[µm] on J extends to
the universal abelian scheme over S. To emphasis the dependence on the monodromy
datum, we denote this irreducible substack by S(m, N, a).

4. NEWTON POLYGONS FOR SPECIAL SHIMURA VARIETIES

In this section, we determine the Newton polygons and the µ-ordinary Dieudonné
modules that occur for the special families of [25, Table 1]. We refer to [22, Section 3]
for a review of the Shimura–Taniyama method for computing the Newton polygon of a
cyclic cover of the projective line branched at exactly three points.
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4.1. Newton polygon stratification for PEL-type Shimura varieties.

We recall some of the key results about the Newton polygon stratification for PEL-type
Shimura varieties at unramified primes of good reduction from [35]. Similar results are
now known for abelian-type Shimura varieties by [31] and we refer to [15] for a survey of
previous work.

Let (H, h) denote a Shimura datum of PEL-type, with H connected. Assume p is an
unramified prime of good reduction for (H, h), then the Shimura variety Sh(H, h) has a
smooth canonical integral model at p, and we denote by Sh(H, h)Fp

its special fiber (base

changed to Fp). 3 For the Shimura data introduced in Section 3.3, H is always connected
and p is an unramified prime of good reduction if p - m.

There exists a p-adic cocharacter µ = µh which factors through H(Qp) and is conju-
gate by an element in H to the Hodge cocharacter induced by h. Given the local datum
(HQp , µ), in [17, §5] and [19, §6], Kottwitz introduced a partially ordered set B(HQp , µ),
and showed that B(HQp , µ) has a canonical maximal element (called the µ-ordinary ele-
ment) and a minimal one (called basic). For the Shimura datum (G = GSp(V, Ψ), h) as in
Section 3.1, the set B(GQp , µ) is canonically isomorphic (as a partially ordered set) to the
set of all symmetric convex polygons, with endpoints (0, 0) and (2g, g), integral break-
points, and slopes in Q∩ [0, 1] (see [16, §4]). Under this identification, the µ-ordinary and
basic elements are respectively the ordinary and supersingular Newton polygons.

Furthermore, for a Shimura datum (H, h) ⊆ (G, h), Kottwitz constructed a canonical
map (the Newton map)

ν : B(HQp , µ)→ B(GQp , µ).

For any b ∈ B(HQp , µ), consider the Newton polygon stratum

Sh(H, h)Fp
(b) := {x ∈ |Sh(H, h)Fp

| | ν(Xx) = ν(b)},

where, as in Section 2.3, X denotes the universal abelian scheme over Ag. Viehmann and
Wedhorn prove:

Theorem 4.1. [35, Theorem 1.6] For any b ∈ B(HQp , µ) and any irreducible component S of
Sh(H, h), there exists x ∈ |SFp

| such that ν(Xx) = ν(b).

Definition 4.2. Let (m, N, a) be a monodromy datum with signature f. For the associated
Shimura datum (HQ[µm], YQ[µm]) as defined in Section 3.3, we write B(µm, f) in place of
B((HQ[µm])Qp , µ(f)) and denote by ν(B(µm, f)) its image in B(GQp , µ).

We note that the sets B(µm, f) and ν(B(µm, f)) depend on p, specifically on the congru-
ence of p modulo m.

By Theorem 4.1, ν(B(µm, f)) is the set of Newton polygons appearing on the irreducible
component S = S(m, N, a). We refer to the images under ν of the µ-ordinary and basic
elements of B(µm, f) respectively as the µ-ordinary and basic Newton polygons.

3More precisely, for p an unramified prime for the datum (H, h), the group HQp is the generic fiber of
some reductive group H over Zp with connected geometric fibers, and we assume that the level at p of
the Shimura variety Sh(H, h) is the hyperspecial subgroup H(Zp) ⊂ H(Qp). The condition for p to be an
unramified prime of good reduction for (H, h) and the definition of the canonical integral model of Sh(H, h)
at p can be found in [35, §1].
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4.2. The µ-ordinary Newton polygon.

For a PEL-type Shimura variety, Moonen [24] explicitly computes the slopes of the
µ-ordinary Newton polygon at an unramified prime of good reduction in terms of the
signature type. Here, for convenience, we recall the formula in the case of the Shimura
variety Sh(µm, f), following [7, §2.8].

Recall from Sections 2.1-2.2 that σ is the Frobenius action on T = Hom(Q[µm], C) and
O is the set of σ-orbits in T . The signature type f is given by (2.4). For τ ∈ T , recall that
f(τ) is the dimension of the eigenspace of V+ for τ under the µm-action.

For a σ-orbit o ∈ O, let s(o) be the number of distinct values of {f(τ) | τ ∈ o} in
[1, g(o)− 1]. Let E(1), . . . , E(s(o)) denote these distinct values, ordered such that

g(o) > E(1) > E(2) > · · · > E(s(o)) > 0.

For convenience, we also write E(0) := g(o) and E(s(o) + 1) := 0.

Proposition 4.3. The µ-ordinary Newton polygon for Sh(H, h) is given by νo = ⊕o∈Oµ(o)
where the polygon µ(o) has exactly s(o) + 1 distinct slopes,

0 ≤ λ(0) < λ(1) < · · · < λ(s(o)) ≤ 1,

and, for each integer t such that 0 ≤ t ≤ s(o), the slope

(4.1) λ(t) =
1
#o

t

∑
i=0

#{τ ∈ o | f(τ) = E(i)}

occurs in µ(o) with multiplicity

(4.2) m(λ(t)) = (#o) · (E(t)− E(t + 1)).

Example 4.4. If #o = 1 with signature ( f1), then µ(o) has two slopes: 0 with multiplicity
g(o)− f1 and 1 with multiplicity f1.

Example 4.5. If o = {τ, τ∗} with signature ( f1, f2) and f1 ≤ f2, then µ(o) = ord2 f1 ⊕
ss f2− f1 .

Proof. If f1 6= 0 and f1 6= f2, then s(o) = 2; also E(0) = f1 + f2, E(1) = f2, and E(2) = f1.
Then λ(0) = 0 with m(0) = 2 f1; λ(1) = 1/2 with m(1/2) = 2( f2 − f1); and λ(2) = 1
with m(1) = 2 f1. If f1 = 0 or f1 = f2, then a similar calculation applies. In all cases,
νo = ord2 f1 ⊕ ss f2− f1 . �

A similar calculation applies for orbits with #o = 2 that are not self-dual, again showing
that µ(o) has slopes in {0, 1/2, 1}. Hence, we focus on the orbits of length > 2 when
computing the µ-ordinary Newton polygon.

4.3. The Kottwitz method.

Recall that S = S(m, N, a) is an irreducible component of the smallest Shimura subva-
riety of Ag containing Z(m, N, a). In [25, Table 1], Moonen lists the 20 monodromy data
(m, N, a) (up to equivalence) for which Z(m, N, a) = S(m, N, a). He obtains the list by
comparing the dimensions of Z and S: on one hand, dim(Z) = N − 3 since 3 out of the
N branch points can be fixed via fractional linear transformations; on the other hand, the
signature type f determines dim(S) by [25, Equation (3.3.1)].
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As above, p is a rational prime such that p - m. We now give an explicit description of
the set ν(B(µm, f)) of Newton polygons from Definition 4.2. Let M be the (contravariant)
Dieudonné module of an abelian variety X = Xx for any x ∈ Sh(HQ[µm], µ)(Fp). The
Q[µm]-action on X induces a Q[µm]⊗Q Qp-action on X[p∞] and thus a canonical decom-
position

X[p∞] =
⊕
o∈O

X[p∞
o ].

There is an analogous decomposition of Dieudonné modules

M =
⊕
o∈O

Mo.

Let ν(o) denote the Newton polygon of X[p∞
o ]. By (2.4), for o = {τ0}, we have X[p∞

o ] = 0
and hence Mo = 0. For convenience, we set ν({τ0}) = 0.

Theorem 4.6 (special case of [35, Theorem 1.6]). The Newton polygons that occur on S(m, N, a)Fp

are the Newton polygons ⊕o∈Oν(o) satisfying conditions (D), (WA), and (M) below.

The polarization on X induces a prime-to-p isogeny X → X∨ and the Rosati involution
acts on Q[µm] via the involution ∗. Thus there is an isomorphism M ∼= M∨(1) compatible
with the decomposition and this isomorphism induces certain restrictions on ν(o) in the
following sense:

condition (D):
(1) if o∗ 6= o, then Mo

∼= M∨o∗(1), i.e., ν(o) determines ν(o∗). More precisely, if
ν(o) has slopes λ1, . . . , λs with multiplicities m1, . . . , ms, then ν(o∗) has slopes 1−
λ1, . . . , 1− λs with multiplicities m1, . . . , ms.

(2) if o∗ = o, then Mo
∼= M∨o (1), i.e., ν(o) is symmetric. In other words, if λ is a slope

of ν(o) of multiplicity mλ, then 1− λ is a slope of ν(o) of multiplicity mλ.
By [29, Theorem 4.2], for any o ∈ O, the Newton polygon ν(o) satisfies the weakly

admissible condition:
condition (WA): ν(o) ≥ µ(o).

Recall that po is a prime of Kdo with inertia degree #o. Note that Kdo,po acts on Mo, which
yields:

condition (M): the multiplicities of slopes in ν(o) are divisible by #o.

4.4. Computation.

We compute all possible Newton polygons for the 20 families from [25, Table 1]; the
data can be found in the tables in §6. Here, the label M[r] denotes the rth label in [25,
Table 1]. Since the computations are similar for all 20 cases, we give complete details for
two examples: first, family M[17] where m = 7 is prime; and second, family M[19] where
m = 9 is not a prime.

Set O′ = O− {{τ0}}; from now on, o ∈ O′. The Newton polygon for X is given by
⊕o∈O′ν(o). In the following two examples, since non-symmetric Newton polygons arise,
we use different notation from §2.3: when gcd(a, b) = 1, with small abuse of notation,
we use Ga,b instead of ν(Ga,b) to denote the Newton polygon of pure slope a/(a + b) with
multiplicity a + b.
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Example 4.7. We consider family M[17] where m = 7, N = 4, and a = (2, 4, 4, 4). The
signature type is (1, 2, 0, 2, 0, 1). Since N = 4, the Shimura variety is 1-dimensional. For
each congruence class of p 6= 7, there are exactly two possible Newton polygons.

(1) If p ≡ 2, 4 mod 7, then #o = 3 and #O = 2. In this case, O = {o1, o2}, where
o1 = {τ1, τ2, τ4} and o2 = {τ3, τ5, τ6}. Since o∗1 = o2, by (D), Mo1

∼= M∨o2
(1).

By Section 4.2, µ(o2) = G3
0,1 ⊕ G1,2. By (WA) and (M), if ν(o2) 6= µ(o2), then

ν(o2) = G1,5. Therefore, by (D),

νo = G3
0,1 ⊕ G1,2 ⊕ G2,1 ⊕ G3

1,0, and νb = G1,5 ⊕ G5,1.

(2) If p ≡ 3, 5 mod 7, then #o = 6 and #O = 1 and there is only one orbit o = T .
By Section 4.2,

νo = µ(o) = G2
1,2 ⊕ G2

2,1.

By (M), every eigenspace of the Frobenius action on the Dieudonné module M has
dimension divisible by 6. Since the interval (1/3, 1/2) contains no rational number
with denominator 6, the basic Newton Polygon νb is supersingular.

Example 4.8. We compute all possible Newton polygons for family M[19] where m = 9,
N = 4 and a = (3, 5, 5, 5). The signature is (1, 2, 0, 2, 0, 1, 0, 1). Then τ3, τ6 have order 3 and
τi have order 6 for i = 1, 2, 4, 5, 7, 8. By (2.4) and Remark 2.3, g(τ3) = g(τ6) = 0 + 1 = 1
and g(τi) = 2 for i = 1, 2, 4, 5, 7, 8.

To illustrate the idea, we show the computation for p ≡ 4, 7 mod 9. In this case, #O′ =
4, with orbits o1 = {τ1, τ4, τ7}, o2 = {τ2, τ5, τ8}, o3 = {τ3}, o4 = {τ6}.

By Section 4.2, µ(o3) = G0,1 and by (WA), this is the only possibility for the Newton
polygon of Mo3 . By (D), the only possible Newton polygon on Mo3 ⊕Mo4 is G0,1 ⊕ G1,0.
Again by Section 4.2, µ(o1) = G1,2 ⊕ G2,1 on Mo1 . By (M), every slope in the Newton
polygon of Mo3 has multiplicity 3 or 6 and hence the denominator divides 6. By (WA), the
first slope lies in the interval [1/3, 1/2]. So, there are two possible Newton polygons

νo(o1) = G1,2 ⊕ G2,1, and νb(o1) = G3
1,1.

Then, by (D), the only possible Newton polygons on Mo1 ⊕Mo2 are

νo(o1, o2) = G2
1,2 ⊕ G2

2,1, and νb(o1, o2) = G6
1,1.

In conclusion, the two possible Newton polygons of the Dieudonné module M are:

νo = G0,1 ⊕ G2
1,2 ⊕ G2

2,1 ⊕ G1,0, and νb = G0,1 ⊕ G6
1,1 ⊕ G1,0.

4.5. The µ-ordinary Ekedahl–Oort type.

The Ekedahl–Oort type is a combinatorial invariant classifying the structure of the re-
duction modulo p of the Dieudonné module. In [24, Theorem 1.3.7], Moonen shows that
the largest Ekedahl–Oort stratum coincides with the µ-ordinary Newton stratum. We re-
call the E-module structure of the mod p Dieudonné module for the µ-ordinary locus,
given in [24, §1.2.3].

Fix o ∈ O and t ∈ {0, . . . , s(o)}. We define the E-module:

Nt(o) := ⊕τ∈oFpeτ,
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by

F(eτ) = eτσ if f(τ) ≤ E(t + 1), 0 otherwise,
V(eτσ) = eτ if f(τ) > E(t + 1), 0 otherwise.

Then Nt(o) arises as the mod p-reduction of an isoclinic Dieudonné module of slope
λ(t).

The reduction modulo p of the µ-ordinary Dieudonné module of Sh(H, h)Fp
is

(4.3) No =
⊕
o∈O

N(o), where N(o) =
s(o)⊕
t=0

Nt(o)
E(t)−E(t+1).

This agrees with the formula in [24, §1.2.3]: note that Moonen defines an E-module for
each j ∈ {1, . . . , g(o)}; if g(o)− E(t + 1) < j ≤ g(o)− E(t), then the E-modules have the
same structure, which determines the multiplicity of each factor Nt(o) in (4.3).

Recall from Section 2.4 that L denotes the E-module of an ordinary elliptic curve, and
N1,1 that of a supersingular elliptic curve.

Example 4.9. If o = {τ, τ∗ = τσ} with signature ( f1, f2) with f1 ≤ f2, then N(o) '
L2 f1 ⊕ N f2− f1

1,1 .

Note that Example 4.9 is not automatic from Example 4.5 since several Dieudonné mod-
ules can occur with Newton polygon ss f2− f1 ; the one in Example 4.9 has a-number f2− f1;
it decomposes into dimension 2 subspaces stable under F and V.

Proof. If f1 6= 0 and f1 6= f2, then by the computation in Example 4.5 and (4.3) N0(o) is
generated by eτ, eτσ with F = id, the identity map, and V = 0; N2(o) is generated by
eτ, eτσ with V = id and F = 0; and N1(o) is generated by eτ, eτσ with F(eτ) = V(eτ) = eτσ

and F(eτσ) = V(eτσ) = 0. A similar calculation works when f1 = f2 or f1 = 0. In all
cases, N(o) ' L2 f1 ⊕ N f2− f1

1,1 . �

A similar calculation applies for all orbits with #o = 2. Hence, we focus on orbits of
length > 2 when computing the µ-ordinary mod p Dieudonné module.

Example 4.10. We compute the µ-ordinary mod p Dieudonné module No for family M[17]
where m = 7. The signature is (1, 2, 0, 2, 0, 1) and g(τ) = 2.

(1) If p ≡ 2, 4 mod 7, then the p-rank is 3, and the local-local part of No has 6 genera-
tors with action of F and V given by:

t = 0, E(t + 1) = 1 e1 e2 e4
F e2 0 0
V e4 0 e2

and
t = 1, E(t + 1) = 0 e′3 e′5 e′6

F e′5 e′6 0
V e′6 0 0

Thus No ' L3 ⊕ (E/E(F− V2))e1 ⊕ (E/E(F2 − V))e′3. One can compute that No
has Ekedahl-Oort type [1, 2, 3, 3, 4, 4].

(2) If p ≡ 3, 5 mod 7, then No has 12 generators with the actions of F and V given by:

t = 0, E(t + 1) = 1 e1 e3 e2 e6 e4 e5
F e3 e2 0 e4 0 e1
V 0 0 0 e2 0 e4

and
t = 1, E(t + 1) = 0 e′1 e′3 e′2 e′6 e′4 e′5

F 0 e′2 0 0 0 e′1
V 0 e′1 0 e′2 e′6 e′4
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Thus No = E〈e5, e6〉/E(F3e5 − Ve6, Ve5 − Fe6)⊕ E〈e′3, e′5〉/E(Fe′3 − V3e′5, Ve′3 −
Fe′5). In total, No has 4 generators, thus a-number 4. One can compute that No has
Ekedahl-Oort type [0, 1, 2, 2, 2, 2].

Example 4.11. We compute the µ-ordinary mod p Dieudonné module No for family M[19]
where m = 9. The signature is (1, 2, 0, 2, 0, 1, 0, 1) and g(τ1) = 2 and g(τ3) = 1.

(1) If p ≡ 2, 5 mod 9, there are two orbits o3 and o1. By Example 4.9, N(o3) '
(E/E(F − V))e3. For the orbit o1 of τ1, we see that N(o1) has 12 generators with
the actions of F and V given by:

t = 0, E(t + 1) = 1 e1 e2 e4 e8 e7 e5
F e2 0 0 e7 e5 e1
V 0 0 e2 e4 0 0

and
t = 1, E(t + 1) = 0 e′1 e′2 e′4 e′8 e′7 e′5

F 0 0 0 0 e′5 e′1
V 0 e′1 e′2 e′4 e′8 0

Then N(o1) = (E/E(F4 − V2))e8 ⊕ (E/E(V4 − F2))e′7. The Ekedahl-Oort type
of N(o1) is [0, 1, 2, 2, 3, 4]. In total, No has 3 generators, thus a-number 3.

(2) If p ≡ 4, 7 mod 9, there are four orbits. We check that:

N(o3)⊕ N(o6) ' L

N(o1) ' (E/E(F2 −V))e7 ⊕ (E/E(F−V2))e′7
N(o2) ' (E/E(F2 −V))e8 ⊕ (E/E(F−V2))e′5.

One interesting feature is that the Newton polygon (1/3, 2/3)2 matches with two dif-
ferent Dieudonné modules in Examples 4.10(2) and 4.11(2).

5. NEWTON POLYGONS OF SMOOTH CURVES

Let (m, N, a) be a monodromy datum. If it is the monodromy datum of one of the
twenty special families from [25, Table 1], we call it special. Fix a prime p with p - m.

For a Newton polygon ν ∈ ν(B(µm, f)), by definition ν occurs as the Newton polygon
of an abelian variety represented by a point of Z(m, N, a) ⊂ Ag. This abelian variety is the
Jacobian of a curve of compact type. One can ask whether ν occurs as the Newton polygon
of the Jacobian of a curve that is smooth. By Definition 2.1, it is equivalent to ask whether
ν occurs as the Newton polygon for a point of Z0(m, N, a). In general, this is a subtle
and difficult question. In this section, we provide an answer in three settings: when the
Newton polygon ν is µ-ordinary in Section 5.1, PEL-indecomposable in Section 5.2, or
basic in Section 5.3. In Section 5.4, we use these three criteria and the purity theorem to
prove that all of the Newton polygons for the special families in [25, Table 1] occur for
Jacobians of smooth curves except for a few of the supersingular ones.

When there is no risk of confusion, we write Z and Z0 for Z(m, N, a) and Z0(m, N, a)
respectively.

5.1. The µ-ordinary case.

Proposition 5.1. For any special monodromy datum (m, N, a), and any prime p with p - m, the
µ-ordinary Newton polygon νo ∈ ν(B(µm, f)) and the µ-ordinary mod p Dieudonné module No
occur for the Jacobian of a smooth curve in Z(m, N, a).
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Proof. Both Z0 and the µ-ordinary Newton polygon (or Ekedahl–Oort) stratum Z(νo) are
open and dense in Z, thus their intersection is non-empty. �

5.2. PEL-indecomposable Newton polygons.

Suppose C is a curve of genus g of compact type. If the Newton polygon of Jac(C) is
indecomposable as a symmetric Newton polygon of height 2g, (e.g., G1,g−1⊕Gg−1,1), then
C is necessarily smooth. In this section, we refine that observation for curves of compact
type which are µm-Galois covers of the projective line.

Remark 5.2. The following material is based on information about the boundary of the
Hurwitz space of cyclic covers of the projective line, see e.g., [38, Chapter 4] and [8]. A
point ξ of Z(m, N, a) − Z0(m, N, a) represents the Jacobian of a singular curve Y. This
curve Y is of compact type since Jac(Y) is an abelian variety. Furthermore, there is a µm-
cover ψ : Y → X where X is a singular curve of genus 0. The cover ψ is the join of two
µm-covers ψ1 : Y1 → X1 and ψ2 : Y2 → X2, where the curves are clutched together in
ordinary double points. Since ξ is in the closure of Z0(m, N, a), the cover ψ is admissible,
meaning that at each clutching point the canonical generators of inertia for ψ1 and ψ2 are
inverses. Since Y is connected, either Y1 or Y2 is connected; without loss of generality, say
Y1 is connected and let r be the number of components of Y2. Then ψ2 is induced from
a µm/r-cover ψco

2 : Yco
2 → X2, where Yco

2 is isomorphic to a connected component of Y2.
Finally, the fact that Y is of compact type implies that each component of Y2 is clutched
together with Y1 at exactly one point.

In the situation of Remark 5.2, the monodromy data for the covers satisfy certain nu-
merical conditions as follows.

Notation 5.3. Let (m, N, a) be the monodromy datum for ψ. Let (m, N1, α1) be the mon-
odromy datum for ψ1. Let (m/r, N2, α2) be the monodromy datum for ψco

2 . Write

α1 = (α1(1), . . . , α1(N1)), α2 = (α2(1), . . . , α2(N2)).

Then N1 + N2 = N + 2. Let α̃2 = Indm
m/rα2 := (rα2(1), . . . , rα2(N2)); we call it the

monodromy datum for ψ2, even if r 6= 1. The admissible condition is that α1(N1) ≡
−rα2(1) mod m. Then (possibly after rearranging)

a = (α1(1), . . . , α1(N1 − 1), rα2(2), . . . , rα2(N2)).

Finally, r = gcd(m, α1(N1)).

Definition 5.4. We say that the pair α1, α̃2 is a degeneration of compact type of the inertia
type a if the numerical conditions in Notation 5.3 are satisfied.

Suppose that α1, α̃2 is a degeneration of compact type of a. For i = 1, 2, write Z1 :=
Z(m, N1, α1) ⊂ Ag1 and Z2 := Z(m/r, N2, α2) ⊂ Ag2 . The numerical conditions imply
that g1 + rg2 = g. We define ⊕ : Ag1 ×Ag2 → Ag, by (A1, A2) 7→ A1 ⊕ Ar

2. Let f (resp.
f1, f2) be the signature for a (resp. α1, α2). Consider Sh(µm, f1) (resp. Sh(µm/r, f2)), the
smallest PEL-type Shimura stack containing Z1 (resp. Z2) as introduced in Section 3.3. It
follows from the definitions that

⊕ (Sh(µm, f1)× Sh(µm/r, f2)) ⊆ Sh(µm, f).
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Definition 5.5. Let (m, N, a) be a monodromy datum and let f be the corresponding sig-
nature. A Newton polygon ν ∈ ν(B(µm, f)) is PEL-decomposable if ν = ν1 ⊕ νr

2 for some
ν1 ∈ ν(B(µm, f1)) and ν2 ∈ ν(B(µm/r, f2)), for some pair f1, f2 of signatures arising from a
degeneration of compact type of a.

We note that the condition of being PEL-decomposable depends on p modulo m.

Proposition 5.6. For a special monodromy datum (m, N, a), and a prime p with p - m, if ν ∈
ν(B(µm, f)) is not PEL-decomposable, then ν occurs as the Newton polygon of the Jacobian of a
smooth curve in Z(m, N, a).

Proof. For a special monodromy datum, every Newton polygon ν ∈ ν(B(µm, f)) occurs
for a point of Z(m, N, a). By Remark 5.2, if this point is the Jacobian of a singular curve,
then ν is PEL-decomposable by Notation 5.3 and Definitions 5.4 and 5.5. �

We compute all PEL-decomposable Newton polygons, for families M[1− 20] from [25,
Table 1]; the data for families M[3− 20] can be found in Lemma 6.4. The computations
are similar in all cases, so we give complete details only for M[15].

Example 5.7. For family M[15] where m = 8, N = 4, and a = (2, 4, 5, 5); the signature is
f = (1, 1, 0, 0, 2, 0, 1). There are two degenerations of compact type of a:

α1 = (2, 5, 1), α2 = (7, 4, 5) or α′1 = (5, 5, 6), α̃′2 = Ind8
4(1, 2, 1).

The corresponding partitions of the signature f are respectively:

f1 = (1, 1, 0, 0, 1, 0, 0), f2 = (0, 0, 0, 0, 1, 0, 1);
f′1 = (0, 1, 0, 0, 1, 0, 1), f̃′2 = (1, 0, 0, 0, 1, 0, 0).

Thus, for each non-trivial congruence class of p mod 8, there are at most two PEL-decomposable
Newton polygons η, η′. We compute η, η′ using the Kottwitz method.

(1) If p ≡ 1 mod 8: η = η′ = νo = G5
0,1 ⊕ G5

1,0.
(2) If p ≡ 3 mod 8: η = η′ = νo = G2

0,1 ⊕ G3
1,1 ⊕ G2

1,0.
(3) If p ≡ 5 mod 8: η = η′ = νo = G3

0,1 ⊕ G2
1,1 ⊕ G3

1,0.
(4) If p ≡ 7 mod 8: η = η′ = νb = G5

1,1.

We deduce that the following Newton polygons are not PEL-decomposable and thus
occur as the Newton polygon of the Jacobian of a smooth curve in Z0(8, 4, a):

(1) for p ≡ 1 mod 8, νb = G3
0,1 ⊕ G2

1,1 ⊕ G3
1,0;

(2) for p ≡ 3 mod 8, νb = G1,3 ⊕ G3,1 ⊕ G1,1;
(3) for p ≡ 5 mod 8, νb = G0,1 ⊕ G1,3 ⊕ G3,1 ⊕ G1,0.
(4) for p ≡ 7 mod 8, νo = G2

0,1 ⊕ G3
1,1 ⊕ G2

1,0.

Thus, combining Propositions 5.1 and 5.6, in this example we conclude that all Newton
polygons ν ∈ B(µm, f) occur on Z0(8, 4, a), thus occur as Newton polygons of the Jacobian
of a smooth curve, except for p ≡ 7 mod 8 and ν = G5

1,1. This last case is addressed by
Proposition 5.8.
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5.3. Basic Newton polygons.

Consider a special monodromy datum (m, N, a), and a prime p with p - m, such that the
set ν(B(µm, f)) contains exactly two Newton polygons, namely the µ-ordinary polygon νo
and the basic polygon νb. In other words, assume that the closed (basic) Newton stratum
has codimension 1. Note that this condition depends on p, as seen in the tables. For
the special families of [25, Table 1], this condition implies that the dimension of Z =
Z(m, N, a) is either 1 or 2, or equivalently N = 4, 5.

Under this condition, we prove that the basic polygon νb occurs as the Newton polygon
of a smooth curve in Z.

Proposition 5.8. For any special monodromy datum (m, N, a) with N = 4, and any sufficiently
large prime p with p - m, the basic polygon νb ∈ ν(B(µm, f)) occurs as the Newton polygon of
the Jacobian of a smooth curve in Z(m, N, a).

The key input of the proof is that the number of irreducible components of the basic
locus in the mod p reduction of a simple unitary Shimura variety is unbounded as p goes
to ∞. We prove this statement in Theorem 8.1 in the appendix.

Proof. For N = 4 (dimension 1), the set ν(B(µm, f)) contains exactly two Newton polygons
for any prime p - m. We argue by contradiction; let us assume that the basic Newton
stratum Zp(νb) is contained in the mod p fiber ∂Zp of the boundary ∂Z := Z− Z0. Since
the closed substack Zp(νb) has codimension 1 in Zp, if Zp(νb) ⊂ ∂Zp, then it is equal
to a union of irreducible components of ∂Zp, which represent the singular curves in the
family. On one hand, the number of irreducible components of the mod p fiber ∂Zp has
an natural upper bound which is independent of p.

On the other hand, the number of irreducible components of the basic Newton stratum
of the mod p reduction of any irreducible component of the unitary Shimura variety at-
tached to the special monodromy datum (m, 4, a) grows to infinity with p (see appendix
Theorem 8.1, Corollary 8.3). Hence the contradiction, for p sufficiently large. �

Example 5.9. For family M[17], the Shimura variety S(7, 4, (2, 4, 4, 4)) has dimension 1.
We deduce that for p sufficiently large, and p ≡ 3, 5, 6 mod 7, the basic Newton polygon
νb = G6

1,1 occurs as the Newton polygon of the Jacobian of a smooth curve in Z.

Remark 5.10. When N = 5 (dimension 2), to apply Theorem 8.1 we have to further as-
sume p is split in the quadratic imaginary extension. This condition excludes primes
p ≡ −1 mod m for the special families M[6], M[8], and M[14], and primes p 6≡ 1 mod 5
for M[16].

5.4. Conclusion.

We apply the three criteria above to the special families in [25, Table 1] to prove that all
but a few of the Newton polygons occur for the Jacobian of a smooth curve in the family.

Let M[r] denote one of the special families from [25, Table 1] and (m, N, a) its mon-
odromy datum. Section 6 contains the list of all the Newton polygons ν ∈ ν(B(µm, f)).
Note that dim(Z(m, N, a)) equals 3 for the family M[r] when r = 2, 10, equals 2 for
r = 6, 8, 14, 16, and equals 1 otherwise.
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Theorem 5.11. Let (m, N, a) denote the monodromy datum for one of the special families from
[25, Table 1]. Assume p - m. Let ν ∈ ν(B(µm, f)) be a Newton polygon occuring on Z(m, N, a).
Then ν occurs on Z0(m, N, a), meaning that ν occurs as the Newton polygon of the Jacobian of a
smooth curve in the family unless either:

(1) dim(Z(m, N, a)) = 1, ν is supersingular, and p is not sufficiently large; or
(2) dim(Z(m, N, a)) ≥ 2, and ν is supersingular.

In cases (1) and (2), we prove in [21, Theorem 6.1] that there exists a smooth curve in
the family which is supersingular for sufficiently large p.

Proof. For the family M[1] (resp. M[2]), where m = 2, the Shimura variety Z(m, N, a) is
simplyA1 (resp.A2). Thus all Newton polygons for M[1] and M[2] are already known to
occur for Jacobians of smooth curves.

Consider one of the families M[3 − 20], where m ≥ 3. For the µ-ordinary Newton
polygon νo, the result follows from Proposition 5.1. Suppose that ν ∈ ν(B(µm, f)) is not
µ-ordinary. We distinguish two cases: dim(Z(m, N, a)) = 1 and dim(Z(m, N, a)) ≥ 2.

Suppose dim(Z(m, N, a)) = 1. Then the set ν(B(µm, f)) contains exactly two polygons;
since ν is not µ-ordinary, then ν is the basic Newton polygon νb. Direct computations
(Lemma 6.4) show that if νb is not supersingular, then it is PEL-indecomposable and the
result follows from Proposition 5.6. If νb is supersingular, by Proposition 5.8, νb occurs for
a smooth curve if p is sufficiently large.

Suppose dim(Z(m, N, a)) ≥ 2 and the basic Newton polygon νb ∈ ν(B(µm, f)) is not
supersingular. From the tables in Section 6, this occurs exactly when p ≡ 1 mod m. Again,
direct computations (Lemma 6.4) show that νb is PEL-indecomposable. By Proposition
5.6, νb occurs for the Jacobian of a smooth curve in the family, i.e., Z0[νb] 6= ∅, where
Z0 = Z0(m, N, a). Furthermore, note that ν(B(µm, f)) is totally ordered and

codim(Z0[νb], Z0) = #ν(B(µm, f))− 1.

By the de Jong–Oort purity result for the stratification by Newton polygons [5, Theo-
rem 4.1], we deduce that Z0[ν] is non empty, for all ν ∈ ν(B(µm, f)).

Suppose dim(Z(m, N, a)) ≥ 2 and the basic Newton polygon νb ∈ ν(B(µm, f)) is su-
persingular. The proof is complete unless ν(B(µm, f)) contains more than 2 Newton
polygons. From the tables in Section 6, this happens only for the family M[10] when
p ≡ 2 mod 3, in which case ν(B(µm, f)) contains exactly three polygons: the µ-ordinary
ν0; the basic Newton polygon νb; and η = (1/4, 3/4), which is PEL-indecomposable. By
Proposition 5.6, η occurs for the Jacobian of a smooth curve in the family M[10]. �

6. TABLES

The following tables contain all the Newton polygons and the µ-ordinary Dieudonné
modules which occur for the cyclic covers of the projective line arising from the special
families of Moonen. The label M[r] denotes the rth label in [25, Table 1]. We organize the
tables for M[1]−M[20] by the value of m starting with the ones with φ(m) = 1, 2.

Notation 6.1. The degree of the cover is m, the inertia type is a = (a1, . . . , aN), the signa-
ture is f = ( f (1), . . . , f (m− 1)). The prime orbits are denoted by O.
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Notation 6.2. Let ord = {0, 1} (resp. ss = {1/2, 1/2}) be the ordinary (resp. supersingu-
lar) Newton polygon. For s, t ∈N, with s < t and gcd(s, t) = 1, let (s/t, (t− s)/t) denote
the Newton polygon with slopes s/t and (t− s)/t, each occuring with multiplicity t.

Notation 6.3. As in Section 2.4, let E denote the non-commutative ring generated by F
and V with FV = VF = 0. Let EO-type stand for Ekedahl-Oort type. Define:

• L = E/E(F, V − 1)⊕E/E(V, F− 1); it has rank 2, p-rank 1, and EO-type [1];
• Nr,1 = E/E(Fr −Vr); rank 2r, p-rank 0, a-number 1, and EO-type [0, 1, . . . , r− 1];
• Nr,2 = E/E(Fr−1−V)⊕E/E(Vr−1− F); it has rank 2r, p-rank 0, a-number 2, and

EO-type [0, 1, . . . , r− 3, r− 2, r− 2].

6.1. Tables for m with m = 2, 3, 4, 6.

Here are the tables for Moonen’s special families when φ(m) ≤ 2. Because of previous
work, e.g., [3, 28, 22], we do not produce any new examples of Newton polygons and
Dieudonné modules for smooth curves in this subsection.

When φ(m) ≤ 2, each orbit of the eigenspaces under Frobenius has length 1 or 2. By Ex-
amples 4.4 and 4.5, this implies that the µ-ordinary Dieudonné module No is determined
by the µ-ordinary Newton polygon νo; if νo = orda ⊕ ssb, then No ' La ⊕ Nb

1,1.
For m = 2 with p odd: Family M[1] has a = (1, 1, 1, 1), f = (1), and ord and ss occur.

Family M[2] has a = (1, 1, 1, 1, 1, 1), f = (2), and ord2, ord⊕ ss, and ss2 occur.

m = 3 a f p ≡ 1 mod 3 p ≡ 2 mod 3
M[3] (1, 1, 2, 2) (1, 1) ord2 ord2

ss2 ss2

M[6] (1, 1, 1, 1, 2) (2, 1) ord3 ord2 ⊕ ss
ord⊕ ss2 ss3

(1/3, 2/3)
M[10] (1, 1, 1, 1, 1, 1) (3, 1) ord4 ord2 ⊕ ss2

ord2 ⊕ ss2 (1/4, 3/4)
ord⊕ (1/3, 2/3) ss4

(1/4, 3/4)

m = 4 a f p ≡ 1 mod 4 p ≡ 3 mod 4
M[4] (1, 2, 2, 3) (1, 0, 1) ord2 ord2

ss2 ss2

M[7] (1, 1, 1, 1) (2, 1, 0) ord3 ord⊕ ss2

ord2 ⊕ ss ss3

M[8] (1, 1, 2, 2, 2) (2, 0, 1) ord3 ord2 ⊕ ss
ord⊕ ss2 ss3

(1/3, 2/3)
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m = 6 p 1 mod 6 5 mod 6

a
HH

HHHHf
O split (1, 5), (2, 4), (3)

(2,3,3,4) (1,0,0,0,1) ord2 ord2

M[5] ss2 ss2

(1,3,4,4) (1,1,0,0,1) ord3 ord2 ⊕ ss
M[9] ord⊕ ss2 ss3

(1,1,1,3) (2,1,1,0,0) ord4 ord⊕ ss3

M[12] ord3 ⊕ ss ss4

(1,1,2,2) (2,1,0,1,0) ord4 ord2 ⊕ ss2

M[13] ord2 ⊕ ss2 ss4

(2,2,2,3,3) (2,0,0,1,1) ord4 ord2 ⊕ ss2

M[14] ord2 ⊕ ss2 ss4

ord⊕ (1/3, 2/3)

6.2. Tables for m with m = 5, 7, 8, 9, 10, 12.

Here are the tables of Newton polygons for Moonen’s special families when φ(m) > 2.
We include the µ-ordinary Dieudonné module No when the prime orbits have #o > 2;
when #o ≤ 2, then No can be computed from Examples 4.4 and 4.9.

m = 5 p 1 mod 5 2, 3 mod 5 4 mod 5

a
HHH

HHHf
O split (1, 2, 3, 4) (1, 4), (2, 3)

(1, 3, 3, 3) (1, 2, 0, 1) ord4 (1/4, 3/4) ord2 ⊕ ss2

M[11] ord2 ⊕ ss2 ss4 ss4

(2, 2, 2, 2, 2) (2, 0, 3, 1) ord6 (1/4, 3/4)⊕ ss2 ord2 ⊕ ss4

M[16] ord4 ⊕ ss2 ss6 ss6

ord3 ⊕ (1/3, 2/3)
When p ≡ 2, 3 mod 5: for M[11], No ' N4,2; for M[16], No ' N4,2 ⊕ N2,1.

m = 7 p 1 mod 7 2, 4 mod 7 3, 5 mod 7 6 mod 7

a
HHH

HHHf
O split (1, 2, 4), (3, 5, 6) (1, 2, 3, 4, 5, 6) (1, 6), (2, 5), (3, 4)

(2,4,4,4) (1,2,0,2,0,1) ord6 ord3 ⊕ (1/3, 2/3) (1/3, 2/3)2 ord2 ⊕ ss4

M[17] ord4 ⊕ ss2 (1/6, 5/6) ss6 ss6

By Example 4.10, for M[17]: when p ≡ 2, 4 mod 7, then No ' L3 ⊕ N3,2; when p ≡ 3, 5 mod 7,
then No ' E〈e5, e6〉/E(F3e5 −Ve6, Ve5 − Fe6)⊕E〈e′3, e′5〉/E(Fe′3 −V3e′5, Ve′3 − Fe′5).

m = 8 p 1 mod 8 3 mod 8 5 mod 8 7 mod 8

a
HH

HHHHf
O split (1, 3), (2, 6) (1, 5), (3, 7) (1, 7), (2, 6)

(5, 7), (4) (2), (4), (6) (3, 5), (4)
(2,4,5,5) (1,1,0,0,2,0,1) ord5 ord2 ⊕ ss3 ord3 ⊕ ss2 ord2 ⊕ ss3

M[15] ord3 ⊕ ss2 (1/4, 3/4)⊕ ss ord⊕ (1/4, 3/4) ss5
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m = 9 p 1 mod 9 2, 5 mod 9 4, 7 mod 9 8 mod 9

a
H

HHH
HHf
O split (1, 2, 4, 8, 7, 5) (1, 4, 7), (2, 8, 5) (1, 8), (2, 7)

(3, 6) (3), (6) (4, 5), (3, 6)
(3,5,5,5) (1,2,0,2,0,1,0,1) ord7 (1/3, 2/3)2 ⊕ ss ord⊕ (1/3, 2/3)2 ord2 ⊕ ss5

M[19] ord5 ⊕ ss2 ss7 ord⊕ ss6 ss7

By Example 4.11, for M[19]: when p ≡ 4, 7 mod 9, then No ' L ⊕ N2
3,2; when p ≡

2, 5 mod 9, then No ' E/E(F4 −V2)⊕E/E(V4 − F2)⊕E/E(F−V).

m = 10 p 1 mod 10 3, 7 mod 10 9 mod 10

a
HH

HHHHf
O split (1, 3, 9, 7) (1, 9), (2, 8)

(2, 6, 8, 4), (5) (3, 7), (4, 6), (5)
(3,5,6,6) (1,1,0,1,0,0,2,0,1) ord6 (1/4, 3/4)⊕ ss2 ord2 ⊕ ss4

M[18] ord4 ⊕ ss2 ss6 ss6

For M[18]: when p ≡ 3, 7 mod 10, then No ' N4,2 ⊕ N2,1.

m = 12 p 1 mod 12 5 mod 12 7 mod 12 11 mod 12

a
HHH

HHHf
O split

(1, 7), (3, 9) (1, 11), (4, 8)
(1, 5), (2, 10), (3) (2), (4), (5, 11) (3, 9), (2, 10)

(4, 8), (6), (7, 11), (9) (6), (8), (10) (5, 7), (6)
(4,6,7,7) (1,1,0,1,0,0,2,0,1,0,1) ord7 ord3 ⊕ ss4 ord4 ⊕ ss3 ord2 ⊕ ss5

M[20] ord5 ⊕ ss2 ord⊕ (1/4, 3/4)⊕ ss2 ord2 ⊕ ss5 ss7

6.3. PEL-decomposable Newton polygons. The next lemma contains the data of all the
PEL-decomposable Newton polygons for families M[3− 20] from [25, Table 1]. We refer to
Remark 5.2 and Notation 5.3 for explanation and to Example 5.7 for a sample calculation.

Lemma 6.4. In the following tables, for the special families from [25, Table 1], the fourth col-
umn lists the degenerations of compact type of the inertia type and the last column lists the PEL-
decomposable Newton polygons for the family under the given congruence condition on p modulo
m (excluding the µ-ordinary Newton polygon when p ≡ 1 mod m 4).

4The µ-ordinary Newton polygon for p ≡ 1 mod m is ordinary, and always PEL-decomposable.
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label m inertia type degeneration PEL-decomp. NP (congruence class)
M[3] 3 (1,1,2,2) (1,1,1)+(2,2,2) ss2, p ≡ 2

M[6] 3 (1,1,1,1,2) (1,1,1)+(1,1,2,2)
ord⊕ ss2, p ≡ 1
ord2 ⊕ ss, p ≡ 2

ss3, p ≡ 2

M[10] 3 (1,1,1,1,1,1) (1,1,1) + (2,1,1,1,1)
ord2 ⊕ ss2, p ≡ 1, 2

ord⊕ (1/3, 2/3), p ≡ 1
ss4, p ≡ 2

M[4] 4 (1,2,2,3) (1,1,2)+(2,3,3) ss2, p ≡ 3
M[7] 4 (1,1,1,1) None None

M[8] 4 (1,1,2,2,2)
(1,2,2,3)+(1,1,2) ord⊕ ss2, p ≡ 1

(1,1,2) + Ind4
2(1,1,1,1) ord2 ⊕ ss, p ≡ 3

ss3, p ≡ 3
M[5] 6 (2,3,3,4) (1,2,3)+(3,4,5) ss2, p ≡ 5

M[9] 6 (1,3,4,4) (1,1,4)+(3,4,5) ss3, p ≡ 5
(1,2,3) + Ind6

3(2,2,2)
M[12] 6 (1,1,1,3) (1,1,4) + (2,1,3) ss4, p ≡ 5
M[13] 6 (1,1,2,2) (1,1,4) + Ind6

3(1,1,1) ss4, p ≡ 5

M[14] 6 (2,2,2,3,3) (2,3,1) + (5,3,2,2) ord2 ⊕ ss2, p ≡ 1, 5
(2, 3, 3, 4) + Ind6

3(1, 1, 1) ss4, p ≡ 5

label m a degenerations PEL-dec. NP, congruence on p
M[11] 5 (1,3,3,3) (1,3,1) + (4,3,3) ss4, p 6≡ 1

M[16] 5 (2,2,2,2,2) (2,2,2,4) + (1,2,2)

(1/4, 3/4)⊕ ss2, p ≡ 2, 3
ord2 ⊕ ss4, p ≡ 4
ord4 ⊕ ss2, p ≡ 1

ss6, p 6≡ 1

M[17] 7 (2,4,4,4) (4,4,6) + (1,4,2) ord3 ⊕ (1/3, 2/3), p ≡ 2, 4
ss6, p ≡ 3, 5, 6

M[15] 8 (2,4,5,5)
(5,5,6) + Ind8

4(1,2,1) ord2 ⊕ ss3, p ≡ 3
(5,2,1)+(7,4,5) ord3 ⊕ ss2, p ≡ 5

ss5, p ≡ 7

M[19] 9 (3,5,5,5) (3,5,1) + (8,5,5) ord⊕ (1/3, 2/3)2, p ≡ 4, 7
ss7, p ≡ 2, 5, 8

M[18] 10 (3,5,6,6) (3,5,2) + Ind10
5 (4,3,3) ss6, p 6≡ 1(6,3,1) + (9,5,6)

M[20] 12 (4,6,7,7)
(7,7,10) + Ind12

6 (1,2,3) ord3 ⊕ ss4, p ≡ 5
(7,4,1) + (11,6,7) ord4 ⊕ ss3, p ≡ 7

ss7, p ≡ 11

7. APPLICATIONS

The method of the previous sections produces numerous Newton polygons and mod
p Dieudonné modules that occur for the Jacobian of a smooth curve. In Section 7.1, we
collect a list of these, focusing on the ones which are new, and prove a result about curves
of arbitrary large genus whose Newton polygon has slopes 1/6, 5/6. In Section 7.2, for
an infinite sequence of g ∈ N and a set of primes of density 1/2, we produce an explicit
family of smooth curves of genus g such that the multiplicity of the slope 1/2 in the
Newton polygon is at least 4

√
g.
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7.1. Newton polygons and Dieudonné modules arising from special families. The la-
bel M[r] denotes the rth label in [25, Table 1].

Theorem 7.1 (Theorem 1.2). There exists a smooth supersingular curve of genus g defined over
Fp for p sufficiently large in the congruence class in the following cases:

• when g = 5, p ≡ 7 mod 8, from M[15];
• when g = 6, p ≡ 2, 3, 4 mod 5, from M[18];
• when g = 7, p ≡ 2 mod 3, from M[19, 20].

Proof. The results appear in Section 6 in the basic loci of families. By Proposition 5.8, for
p sufficiently large in each congruence class, each of the supersingular Newton polygons
above appears as the Newton polygon of the Jacobian of a smooth curve. �

Remark 7.2. (1) In Theorem 7.1, we could also include: genus 4 when p ≡ 2 mod 3
from M[12− 13] or p ≡ 2, 3, 4 mod 5 from M[11]; and genus 6 when p ≡ 3, 5, 6 mod
7 from M[17]. We do not include these cases since they already appear in [22, The-
orem 1.1] for all p satisfying the congruence condition.

(2) We would like to thank Voight and Long for pointing out that the genus 6 case of
Theorem 7.1 can likely also be proven (without the hypothesis that p is sufficiently
large) using truncated hypergeometric functions.

We collect new examples of Newton polygons and Dieudonné modules from the µ-
ordinary locus. The two Newton polygons with ∗ appear earlier in [3, 28].

Theorem 7.3. There exists a smooth curve of genus g defined over Fp with the given Newton
polygon NP and mod p Dieudonné module DM in the following cases:

genus NP DM congruence on p where
4 ∗(1/4, 3/4) N4,2 2, 3 mod 5 M[11]
5 ord2 ⊕ ss3 L2 ⊕ N3

1,1 3, 7 mod 8 M[15]
6 (1/4, 3/4)⊕ ss2 N4,2 ⊕ N2,1 2, 3 mod 5 M[16, 18]

6 ord2 ⊕ ss4 L2 ⊕ N4
1,1

4 mod 5, 6 mod 7, M[16, 17]
or 9 mod 10 M[18]

6 ∗ord3 ⊕ (1/3, 2/3) L3 ⊕ N3,2 2, 4 mod 7 M[17]
6 (1/3, 2/3)2 Example 4.10(2) 3, 5 mod 7 M[17]
7 (1/3, 2/3)2 ⊕ ss Example 4.11(1) 2, 5 mod 9 M[19]
7 ord⊕ (1/3, 2/3)2 L⊕ N2

3,2 4, 7 mod 9 M[19]
7 ord4 ⊕ ss3 L4 ⊕ N3

1,1 7 mod 12 M[20]
7 ord3 ⊕ ss4 L3 ⊕ N4

1,1 5 mod 12 M[20]
7 ord2 ⊕ ss5 L2 ⊕ N5

1,1 8 mod 9 or 11 mod 12 M[19, 20]

Proof. The result follows from Proposition 5.1 since these Newton polygons and Dieudonné
modules occur in µ-ordinary cases in Section 6 under these congruence conditions. �

Theorem 7.4. There exists a smooth curve of genus g defined over Fp with the given Newton
polygon NP in the following cases:
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genus NP congruence on p where
5 (1/4, 3/4)⊕ ss 3 mod 8 M[15]
6 (1/6, 5/6) 2, 4 mod 7 M[17]
7 ord⊕ ss6 4, 7 mod 9 M[19]
7 ord2 ⊕ ss5 7 mod 12 M[20]
7 ord⊕ (1/4, 3/4)⊕ ss2 5 mod 12 M[20]

Proof. These Newton polygons appear in basic loci cases from Section 6 under the given
congruence conditions. By Lemma 6.4, these cases are PEL-indecomposable. Thus, by
Proposition 5.6, they occur for Jacobians of smooth curves. �

The p-divisible group G1,d−1 ⊕ Gd−1,1 has slopes 1/d, (d − 1)/d. The next result was
proven for all p, when d = 2 [9, Theorem 2.6]; d = 3 [28, Theorem 4.3]; d = 4 [3,
Corollary 5.6]; and (under congruence conditions on p) when d = 5 or d = 11 in [22,
Theorem 5.6].

Theorem 7.5. When d = 6 and p ≡ 2, 4 mod 7, for all g ≥ d, there exists a smooth curve of
genus g defined over Fp whose Jacobian has p-divisible group isogenous to (G1,d−1 ⊕ Gd−1,1)⊕
(G0,1 ⊕ G1,0)

g−d:

Proof. From the basic locus for M[17] when m = 7 in Section 6, there exists a curve of
genus d = 6 defined over Fp whose p-divisible group is isogenous to G1,d−1 ⊕ Gd−1,1.
By Proposition 5.6, this curve is smooth. The Newton polygon for G1,d−1 ⊕ Gd−1,1 is the
lowest Newton polygon in dimension d with p-rank 0. Thus there is at least one compo-
nent of the p-rank 0 stratum ofMd whose generic geometric point has p-divisible group
isogenous to G1,d−1 ⊕ Gd−1,1. The result is then immediate from [27, Corollary 6.4]. �

7.2. A non-special family.

Let QR (resp. QNR) be an abbreviation for quadratic residue (resp. non-residue).

Notation 7.6. Let m > 7 be a prime such that m ≡ 3 mod 4. Let p ≥ m(m − 7)/2 be
a prime which is a QNR modulo m. Let N = (m − 1)/2. Let αm = (a1, . . . , aN) be an
ordering of the QRs modulo m.

The triple (m, N, αm) is a monodromy datum because ∑N
i=1 ai ≡ 0 mod m.

Consider the family C = C(m, N, αm) → U of curves defined as in (2.1). For t ∈ U, the
genus of the curve Ct is gm = (m− 5)(m− 1)/4 by (2.2). Recall that Z(m, N, αm) is the
closure in Agm of the image of C under the Torelli map, and S(m, N, αm) is the smallest
Shimura subvariety in Agm containing Z(m, N, αm).

Proposition 7.7. Consider the monodromy datum (m, N, αm) with m, p, N, αm as in Notation
7.6. There are explicitly computable constants E(1), E(2) ∈ N, with E(1) > E(2) and E(1) +
E(2) = (m− 5)/2, such that the µ-ordinary Newton polygon νo and µ-ordinary mod p Dieudonné
module No of the reduction modulo p of S(m, N, αm) are

νo = (ord2E(2) ⊕ ssE(1)−E(2))(m−1)/2,(7.1)

No = (L2E(2) ⊕ NE(1)−E(2)
1,1 )(m−1)/2.(7.2)
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Proof. Let n ∈ (Z/mZ)∗. Since the inertia type αm consists of all the QRs, by (2.4), there
exist c1, c2 ∈ Z>0 such that f(τn) = c1 when n is a QR and f(τn) = c2 when n is a QNR.
Since m ≡ 3 mod 4, exactly one of n and−n is a QR. So g(τn) = f(τn)+ f(τ−n) = c1 + c2 =
(m− 5)/2. Also c1 6= c2 since (m− 5)/2 is odd.

Since p is a QNR in (Z/mZ)∗, each orbit o has the same number of QRs and QNRs. By
§4.2, s(o) = 2, E(0) = c1 + c2, E(1) = max{c1, c2} and E(2) = min{c1, c2}. By (4.1)-(4.2):

λ(0) = 0, m(λ(0) = (#o) · E(2);
λ(1) = 1/2, m(λ(1)) = (#o) · (E(1)− E(2)); and

λ(2) = 1, m(λ(2)) = (#o) · E(2).

Hence, µ(o) = (ord2E(2)⊕ ssE(1)−E(2))#o/2 and νo = ∑ µ(o) = (ord2E(2)⊕ ssE(1)−E(2))(m−1)/2.
Because E(1)− E(2) 6= 0, the multiplicity of the slope 1/2 in νo is at least m− 1.

Since s(o) = 2 for any orbit o and E(1) = max{c1, c2} and E(2) = min{c1, c2} are
independent of o, then No = (L2E(2) ⊕ NE(1)−E(2)

1,1 )(m−1)/2 by Example 4.9. �

For m > 7, the image of the Torelli morphism is not open and dense in S(m, N, αm).
This makes it extremely difficult to determine the generic Newton polygon for the curve
C → U; In this case, a result of Bouw allows us to prove that the µ-ordinary Newton
polygon νo occurs for the curves in the family.

Theorem 7.8. Consider the monodromy datum (m, N, αm) with m, p, N, αm as in Notation 7.6.
Consider the family C(m, N, αm) → U of curves of genus gm defined as in (2.1). For t in an
open dense subset of U, the curve Ct is smooth and has Newton polygon µo and mod p Dieudonné
module No as in (7.1). In particular, the Newton polygon only has slopes 0, 1/2, and 1 and the
multiplicity of the slope 1/2 is at least m− 1 ≥ 2

√
gm.

Proof. Let Sp denote the reduction modulo p of S(m, N, αm); it has µ-ordinary Newton
polygon µo by Proposition 7.7. The Newton polygon µo is the lowest among all Newton
polygons of the same p-rank. Thus in Sp, the maximal p-rank stratum agrees with the µ-
ordinary Newton polygon (and Dieudonné module) stratum. In particular, the Jacobian
of Ct has Newton polygon νo if and only if it has maximal possible p-rank. By [4, Theorem
6.1], for p ≥ m(N− 3) = m(m− 7)/2, the maximal possible p-rank is achieved on an open
dense subset of U. �

In the first few examples, the multiplicity of the slope 1/2 in the Newton polygon
matches the lower bound (m− 1)/2.

Example 7.9. When m = 7 and a = (1, 2, 4), then c1 = 1 and c2 = 0. Thus, for p ≡
3, 5, 6 mod 7, the Newton polygon is ss3.

Example 7.10. When m = 11 and a = (1, 3, 4, 5, 9), then c1 = 2 and c2 = 1. Thus, for
p ≡ 2, 6, 7, 8, 10 mod 11, the Newton polygon is ord10 ⊕ ss5.

Example 7.11. When m = 19 and a = (1, 4, 5, 6, 7, 9, 11, 16, 17), then c1 = 4 and c2 = 3.
Thus, for p ≡ 2, 3, 8, 10, 12, 13, 14, 15, 18 mod 19, the Newton polygon is ord54 ⊕ ss9.
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8. APPENDIX: BOUNDING THE NUMBER OF IRREDUCIBLE COMPONENTS OF THE BASIC
LOCUS OF SIMPLE SHIMURA VARIETIES

In this section, we study the basic locus of a certain type of unitary Shimura variety.
Under some natural restrictions on the prime p, we prove that the number of irreducible
components of the basic locus of its reduction modulo p is unbounded as p goes to ∞.

8.1. Notation. Let E be a CM field, Galois over Q, and F its maximal totally real subfield.
Recall from Section 3.1, that V = Q2g has a standard symplectic form Ψ. There is an action
of E on V which is compatible with Ψ. In other words, if we view V as an E-vector space,
the symplectic form on V naturally induces an E/F-Hermitian form ψ on V.

Using the notation in Section 3.2, we consider the PEL-Shimura datum (HB, h) for B =
E. In the following, we write G = HE. Note that we have an exact sequence

1→ ResF
Q U(V, ψ)→ G → Gm → 1

where U(V, ψ) is the unitary group over F with respect to ψ. For example, in the notation
of Section 3.2, when E = Km is a cyclotomic field, for each embedding τ : Km → C, then
the signature of ψ at the real place of F induced by τ is (f(τ), f(τ∗)). Note that the reflex
field of the Shimura datum (G, h) is contained in E.

For any rational prime p, we fix a prime p of E above p. In the following, with some
abuse of notation, we still denote by p the corresponding primes of F and of the reflex
field. We write A f for the finite adeles of Q. Let K ⊂ G(A f ) be an open compact sub-
group, and denote by Sh(G, h) the associated Shimura variety of level K. Assume p is
unramified in E, and K = KpKp ⊂ G(Qp)× G(A

p
f ) with Kp hyperspecial.5 Note that this

assumption holds for any prime p sufficiently large. Then, we denote by S the canonical
integral model of Sh(G, h) at p, and write Sp for the mod p reduction of S , and Sp(νb) for
its basic locus.

8.2. Main theorem.

Theorem 8.1. Assume that the signature of the unitary group U(V, ψ) is (1, n− 1) or (n− 1, 1)
at one real place of F and is (0, n) or (n, 0) at any other real place. If p | p is inert in E/F, we
further assume that n is even. Then for any such prime p, the number of (geometrically) irreducible
components of Sp(νb) grows to infinity with p.

Remark 8.2. When n is odd or when the signature has another form, the statement of The-
orem 8.1 does not hold in general. For example, when the center ZG of G is connected,
Xiao and Zhu show that if the dimension of the basic locus is half the dimension of a
Hodge type Shimura variety, then the number of its irreducible components is the same
for all unramified primes [39, Lemma 1.1.3, Theorem 1.1.4 (1), Remark 1.1.5 (2), Proposi-
tion 7.4.2]. This dimension requirement is satisfied for any unitary Shimura variety with
the signature as in Theorem 8.1 and n odd at inert prime p. For more examples, see [39,
Remark 4.2.11].

Related material is in [40].

Corollary 8.3. The statement of Theorem 8.1 holds true for any connected component of a product
of finitely many unitary Shimura varieties satisfying the assumptions of Theorem 8.1.

5If p is unramified in E, then GQp admits a smooth reductive model G over Zp, and Kp = G(Zp) is
hyperspecial.
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Definition 8.4. The group of self-isogenies and certain open compact subgroups. Fix
a point x in Sp(νb), and let Ax denote the associated abelian variety, endowed with the
additional PEL-structure. We write I = Ix for the group of quasi-isogenies of Ax which
are compatible with the E-action and the Q-polarization. Then I is an inner form of the
algebraic reductive group G. Furthermore, I(Q`) = G(Q`) at any finite prime ` 6= p, and
I(R)/R∗ is compact (due to the positivity of the Rosati involution).

In the following, we construct an open compact subgroup Cp of I(Qp) such that the
mass of CpKp gives a lower bound of the number of irreducible components of Sp(νb).

(1) Assume p is split in E/F. Then, I(Qp) decomposes as I(Qp) = Q×p ∏v|p Iv,6 where
v runs through all places of F above p. Furthermore, Iv ∼= GLn(Fv) for v 6= p, and
Ip is isomorphic to D×Fp,n the division algebra over Fp with invariant 1/n. We define
Cp as the maximal compact subgroup of I(Qp) given by

Cp = Z×p O×DFp,n ∏
v|p,v 6=p

GLn(OFv),

where O×DFp,n
⊂ D×Fp,n is the subgroup of elements with norm in O×Fp . (For more

details, see for example [14, Chapter II.1]).
(2) Assume p is inert in E/F. We generalize the discussion in [36, §2], where Vollaard

treats the case F = Q. Here, we follow [23] and recall that n is even in this case.
Let V• be the n-dimensional E/F-Hermitian space such that
• V• ⊗F A

p
F, f
∼= V ⊗F A

p
F, f as Hermitian spaces; (we fix such an isomorphism);

• V• has signature (n, 0) or (0, n) at all archimedean places (more precisely, we
only change the signature by 1 at the one indefinite place of V),
• V• ⊗F Fp is a ramified Hermitian space over Ep/Fp.
Fix an OE ⊗ Zp-lattice Λ•p ⊂ V• ⊗Q Qp, such that the dual Λ•,∨p of Λ•p with

respect to the Hermitian form satisfies Λ•p ⊂ Λ•,∨p and Λ•,∨p /Λ•p ' OE/p (such
lattice exists due to the above assumption on V•). Then I is the unitary similitude
group of V•7 and we define Cp ⊂ I(Qp) to be the stabilizer group of Λ•p.

Proposition 8.5. The number of irreducible components of S(νb)p is bounded below by the mass
of CpKp,

m(CpKp) := #I(Q)\I(A f )/CpKp.

Proof. By Rapoport and Zink’s p-adic uniformization theorem [30, Theorem 6.30], to prove
the statement it suffices to show that the irreducible components (of a subset) of the
Rapoport–Zink space RZ are indexed by I(Qp)/Cp.

Assume p is split in E/F. By Theorem 4.6, there are n possible Newton polygons on Sp
and hence by [13, Theorem 1.1], the basic locus is 0-dimensional. Note that the group Cp
is the stabilizer of the Dieudonné lattice of Ax. Hence I(Qp) acts on RZ with stabilizer Cp
and the number of irreducible components is bounded below by I(Qp)/Cp.

6As a convention in the appendix, if we write G = H1H2, it means that H1, H2 are subgroups of G and
every element g in G can be written as h1h2 for hi ∈ Hi, i = 1, 2 with no assumption that such decomposition
is unique. For instance, we do not assume that H1 ∩ H2 = {1}.

7Step (2) of the inert case of the proof of Proposition 8.5 contains a proof for this well-known fact.
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Assume p is inert in E/F. For F = Q, the statement is [37, Theorem 5.2 (2), Prop.
6.3]. For F totally split at p, the statement is proved in [23]. Here, we sketch a proof that
generalizes [37] and [23]. The proof is in three steps.

(1) Construct a 0-dimensional Shimura variety Sh(GU(V•)) of level CpKp, parametriz-
ing abelian varieties A• of dimension [F : Q]n with OE-action and polarization λ•

satisfying Kottwitz’s determinant condition. Here we assume that the polarization
λ• admits the same polarization type as in Sh(G, h) outside p; at p we assume that
(Ker λ•)[p∞] = (Ker λ•)[p] and that the latter is a finite flat group scheme of order
#OE/p. To describe the Kottwitz’s condition, let Φ ⊂ Hom(E, C) be the subset of τ
such that the signature (f(τ), f(τ∗)) of V• is (n, 0). Note that ΦtΦ∗ = Hom(E, C).
Kottwitz’s determinant condition says that the characteristic polynomial of the ac-
tion b ∈ OE on Lie(A•) is given by ∏τ∈Φ(x− τ(b))n.

(2) We will construct a Deligne–Lusztig variety DL and, for a fixed A• as in (1), a
family of abelian varieties A in Sp(νb) together with a universal isogeny from A•

parametrized by DLperf, the perfection of DL.
Let τ0 denote the unique indefinite real place for U(V) and let f denote the iner-

tia degree of p in F. Consider the σ-orbit oτ0 = {τ0, στ0, · · · , σ f τ0 = τ∗0 , στ∗0 , · · · , σ f−1τ∗0 }.
For τ ∈ oτ0 , define F̃ f = Ff ◦ · · · F1, where Fi : HdR

1 (A•)σi−1τ0
→ HdR

1 (A•)σiτ0
is

equal to F if σi−1τ ∈ Φ, and to V−1 otherwise.8 Then, there exists a submodule
M ⊂ HdR

1 (A•)τ0 ⊗ F̄p of rank n/2 + 1 satisfying the condition

F̃ f ((M(p f )))⊥ ⊂ M,

where ⊥ is taken with respect to the pairing

〈−,−〉• : HdR
1 (A•)τ0 × HdR

1 (A•)τ∗0
→ F̄p.9

The Deligne–Lusztig variety DL is the moduli of all submodules M satisfying the
above conditions.

To construct A over DLperf, we use covariant Dieudonné theory and by a theo-
rem of Gabber (see for instance [20, Theorem D]), we only need realize the Dieudonné
module of A as a sub-Dieudonné module of D(A•).

We define D(A)τ ⊂ D(A•)τ as follows.
(a) For τ /∈ oτ0 : we define D(A)τ = D(A•)τ if τ /∈ Φ, and D(A)τ = pD(A•)τ if

τ ∈ Φ.
(b) For τ ∈ oτ0 : let M̃ be the preimage of M in D(A•)τ0 under the mod p map,

and M̃∗ the preimage of M⊥ in D(A•)τ∗0
. We define D(A)τ∗0

= F(M̃) and
D(A)τ0 = V−1(M̃∗). For τ = σiτ0, where 1 ≤ i ≤ f (resp. f + 1 ≤ i ≤ 2 f ), we
define D(A)τ = Ṽ D(A)στ inductively from τc

0 = σ f τ0 (resp. τ0 = τ
2 f
0 ), where

Ṽ = V if τ /∈ Φ and Ṽ = p−1V otherwise.

8We have that V : HdR
1 (A•)στ → HdR

1 (A•)τ is invertible if and only if τ /∈ Φ.
9For the totally split case, see [23]. To prove that such a submodule M exists, one can argue by induction

on n as in [23].
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Note that by definition the submodule D(A) of D(A•) is invariant under F and
V . Hence, it is a sub-Dieudonné module.10 Furthemore, the abelian variety A in-
herits a polarization and additional PEL-structures from those of A•, and satisfies
Kottwitz’s determinant condition.

(3) Show that step (2) constructs an irreducible component of Sp(νb), or similarly of
RZ. Indeed, this can be proven by showing that the image of DL has the correct
dimension. On one hand, by the same argument as in the proof of [36, Proposition
2.13] (replacing the p-Frobenius by the q-Frobenius), the dimension of the Deligne–
Lusztig variety DL in step (2) is n/2− 1. On the other hand, by Theorem 4.6, the
µ-ordinary Newton polygon νo(oτ0) has break points

(2 f , f ), (2 f (n− 1), (n− 1) f − 1), and (2 f n, f n).

Hence all possible non-supersingular Newton polygons are in one-to-one corre-
spondence with integer points with abscissa 2 f t, for some t ∈ Z ∩ [1, n/2]. In
particular, by [13, Theorem 1.1] (combined with Theorem 4.6) the basic locus (i.e.,
the supersingular locus) has codim n/2, and thus dimension n/2− 1.

To conclude, we observe that Cp is the stabilizer of this irreducible component under
the action of I(Qp) on RZ arising from its natural action on the associated Dieudonné
modules. �

Proof of Theorem 8.1. By Proposition 8.5, the theorem follows once we provide an asymp-
totic lower bound for m(CpKp) which grows to infinity with p. By [11, Proposition 2.13],11

m(CpKp) = c · λS

where λS = ∏p∈S λp, for λp an explicit local factor at p and S the set of finite places v of
Q where Iv is not isomorphic to Gv, and c = 2−(n[F:Q]+1)c′ · L(MI) · τ(I), where

• MI is a motive of Artin–Tate type attached to I by Gross,
• L(MI) is the value of the L-function of MI at 0,
• τ(I) is the Tamagawa number of I, and
• c′ depends only on the non-hyperspecial piece of the level K.

Note that in our case S = {p} (see Section 8.4). We claim that c is independent of p.
Indeed, the constant L(MI) only depends on the quasi-split inner form of I over Q, which
is independent of p; by [18], τ(I) is independent of p because the center of the neutral
connected component of the Langlands dual group of I is independent of p; since K is
hyperspecial at p, then c′ is independent of p.

Hence, to conclude, it suffices to prove that the local factor λp is unbounded as p grows
to infinity. In [11, Formula (2.12)], the local factor λp is explicitely computed as

λp =
p−N(Gp) · #Gp(Fp)

p−N(Ip) · #Ip(Fp)
,

10One may use the non-emptiness of basic locus due to Wedhorn and Viehmann to prove the existence
of such M. The argument goes the reverse way: let A be the abelian variety with ν(A) = νb. As in [36], one
can construct an F-invariant lattice from D(A) and this lattice recovers Λ•p.

11A mass formula for the stabilizer of a maximal lattice in a quadratic or Hermitian space over a totally
real field was first proved by Shimura in [32, 33, 34].
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where, for H = G, I, the group Hp denotes the maximal reductive quotient of the special
fiber of Hp, and N(Hp) denotes the number of positive roots of Hp over Fp. Note that the
integral structure of Ip is given by Cp.

Assume p is split in E/F. Then, G and I only differ at p. More precisely, GZp =

Gm ∏v|p Gv and Gv ∼= Iv for v 6= p. At p, the group Cp = O×DFp,n
⊂ Ip is Iwahori and

Ip modulo Gm is a totally non-split torus of rank n − 1. More precisely, Ip is the multi-
plicative group of the degree n extension of OF/p. Hence, for q = #OF/p, we have

λp =
q−N(GLn)# GLn(Fq)

#Ip(Fq)
=

q(1−n)n/2 ∏n
i=1(q

n − qi−1)

qn − 1
=

n

∏
i=2

(qn−i+1 − 1).

Assume p is inert in E/F. In Lemma 8.6 below, we verify that the OE ⊗Zp-lattice Λ•p is
maximal. Hence, the computation in [11, §3, Table 2] applies for n even. For q = #OF/p,
we have

λp = (qn − 1)/(q + 1).
�

Lemma 8.6. Maintaining the same assumptions as in Theorem 8.1, suppose p is inert in E/F
and n is even. Then the OE ⊗ Zp-lattice Λ•p is maximal. More precisely, let H be the split
rank 2 Hermitian space over Ev with a standard basis {e, f } and let ∆ be the maximal lattice
OE,ve⊕OE,v f .

(1) if v 6= p, then Λ•v ∼= ∆n as Hermitian lattices.
(2) if v = p, then, as Hermitian lattices, Λ•v ∼= ∆n−1 ⊕OD, where OD is the maximal order

of the unique quaternion algebra over Fv.12

Proof. Let Λ be a maximal lattice containing Λ•p. We use integral Witt decomposition
for the maximal lattice Λ to check that Λ itself satisfies the duality condition Λ∨/Λ '
OE/p. Hence, Λ = Λ•p and it is maximal. (For definition and results on the integral Witt
decomposition, we refer to [32, Chapter 1]. Also, note that since p is unramified in E/Q,
the inverse of the different ideal d−1 is relatively prime to p.) �
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