MAT 540 : Problem Set 5

Due Thursday, October 17

1 Free presheaves

Let & be a category and R be a ring.

(a).

(b).

(c).

(2 points) Show that the forgetful functor PSh(%,R) — PSh(%) has a left adjoint
F — R,

(1 point) If X is an object of ¥ and hx = Homg(+, X) is the corresponding representabe
presheaf, we write R for R("x) Show that there is an isomorphism of additive functors
from PSh(%, R) to RMod (where .# is the variable):

Hompgy ¢, r) (RN, F) ~ F(X).

(2 points) Suppose that ¢ is equipped with a Grothendiech pretopology. If .% is a sheaf
for this pretopology, is R¥) always a sheaf ?

Solution.

(a).

If .Z is a presheaf on %, we define a presheaf R(?) by setting, for every X & Ob(%),
RI)(X) = RZX),if f: X — Y is a morphism of %, then we take for R*Z)(f) the
only R-linear extension of .Z(f). The presheaf R”) is an object of PSh(%, R), and its
construction is clearly functorial in .%.

Now we show that the functor .# — R(¥) is left adjoint to the forgetful functor. Let
F be a presheal and 4 be a presheaf of R-modules. If v : .% — ¥ is a morphism of
presheaves, then we define a morphism of presheaves a(u) : RY) — & by taking, for
every X € Ob(%), the morphism a(u)(X) : RZX) — @(X) to be the unique R-linear
extension of u(X) : .Z(X) — ¢(X). By the universal property of the free R-module on a
set, the map a : Hompgy ) (F,9) — HompSh(cg7R)(R('?),%) is bijective, and it is easy to
check that it defines a morphism of functors on PSh(%)°P x PSh(%, R).

. We have an isomorphism of functors Hompgy(¢, r) (RX), .7) 5 Hompgy, ) (hx, F) given

by question (a), and an isomorphism of functors Hompgy () (hx, ) 5 Z(X) given by
the Yoneda lemma.

. No. Let X be a topological space, let S be a singleton, and let .# be the presheaf on X

sending every open subset U of X to S. Then R(¥) (U) = R for every open subset U of X,
but a sheaf of R-modules on a topological space must take the value {0} on &, so RV ig
not a sheaf (unless R is the zero ring).

0



2 Constant presheaves and sheaves

Let (¢, 7) be a site. The constant presheaf on ¢ with value S is the functor S, : €°P — Set
sending any object to S and any morphism to idg. The constant sheaf on € with value S is
the sheafification of the constant presheaf on ¥ with value S; we will denote it by S.

().
(b).

().

points) if 2" = (X; — X)es is a covering family, calculate HO(2", Spsh)-

2 points) Suppose that (¢,.7) is the category of open subsets of the topological space

(2

(

[0,1], with the usual topology. Show that (S,,,)" is a sheaf if and only if card(S) < 1.
(

t

2 points) Suppose that (¢,.7) is the category of open subsets of a locally connected
opological space X. Show that, for every open subset U of X, we have S(U) = Smo(U),

Solution.

(a).

Suppose that I = @. Then [[;c; #(X;) and [, jo; # (Xi xx X;) are both isomorphic to
the terminal object of Set, i.e. to a singleton, so HO(.2", S,sn) 1s a singleton.

Suppose that I # @. Then [[,.; 7 (X;) = ST, Also, for all i, € I, the maps
S = y(Xz) — y(XZ Xx Xj) = S and S = ﬁ(Xj) — g;(Xl Xx Xj) = S induced
by the two projections are idg. Let s = (s;)icr € S’. Then s € H°(2",.%) if and only if,
for all 4,5 € I, the images of s by the projections from S’ to its ith and jth factor are
equal, that is, if and only if s; = s; for all 7,57 € I. So the diagonal embedding S C st
induces a bijection S = H(2",.%).

. Let .# = (S,s,)", and let’s pretend that we have not read the next question yet.

Suppose that card(S) < 1. If S is a singleton, then, for every open cover # = (U,);cr
of an open subset U of [0, 1], the canonical map .#(U) — [[,c;-# (U;) and the two maps
[Lier Z(Ui) — 11, ; # (Ui NUj) are isomorphisms, so .# (U) S HOw,.ZF). If S is empty,
this stays true as long as U and all the U; are nonempty; as every open cover of a nonempty
open set can be refined by an open cover that has only nonempty elements, we deduce
again that .# is a sheaf.

Suppose that .# is a sheaf. Let Uy =|1/4,1/2[, Uy =]1/2,3/4] and U = U; U Us; we
denote by # the open cover (Uj,Us) of U. As U; N U@, question (a) implies that
HO(#,%) =S x S, and that the canonical map S = .Z(U) — HO(#,.F) — S x S is the
diagonal embedding. This is not bijection if card(S) > 2, so we must have card(S) < 1.

. Write 7 = (S,4,)"; by (a), the set . (2) is a singleton and we have .7 (V) = S for every

nonempty open subset V' of X.

LetU be an open subset of X. If U is empty, we already know that S(U) is a singleton,
hence isomorphic to S9. Suppose that U is not empty. As U is locally connected, all
its connected components are open (as well as closed), so we have U = HCero(U) C as
a topological space. Using the open cover {C' € my(U)} of U, we see that the map
S(U) = [leeryw)S(C) must be bijective. So it suffices to show that, if U is connected

and nonempty, then the canonical map S = .71 (U) — S(U) is bijective.

Let U be a nonempty connected subset of X, and let #" = (U,);er be an open cover of
U. After replacing # by a refinement, we may assume that all the U; are nonempty.
For every i € I, we denote by I(i) the set of j € I such that there exists a sequence
io = 1,11,...,i, = j of elements of I such that U;, , NU; # @ for every r € {1,...,n},
and we set V Ujer@ Us- Then the sets I(i) form a partition of 1. If we choose a subset
K of I such that K mtersects each I(7) in a singleton, then V;NV; = @ if i, j € K and i # j,



and U = {J;cx Vi, so U = [[;c ¢ Vi; but U is connected, so K has only on element. Now let
s = (si)icr € [L;e; F(U;) = ST 1f i, j € I, the two images of s in .F (U; NUj;) are Si|UinU;
and sjjy;,nu;, so teh equality of these two images is an empty condition itU;NU; = @,
and it equivalent to the condition that s; = s; if U; N U; # @. But we have just shown
that, for all 4,7 € I, there exists a sequence ig = 4,41, ..., i, = j of elements of I such that
Ui,_, NU;, # @ for every r € {1,...,n}, and we set Vi = ;¢ Uj- So s € 0w, F)
if and only if s; = s; for all 4, j € I; in other words, the map S = Z(U) — H)(#, %) is
bijective. So we conclude that S = .%(U) = HY(U, #) = S(U).

r—1

O

3 Points

Let (¢,.7) be a site. We are interested in the category Points(€7) whose objects are func-
tors Sh(¢7) — Set that commutes with all small colimits and with finite limits, and whose
morphisms are isomorphisms between such functors. E|

A reference for many of the results of this problem is MacLane and Moerdijk, Sheaves in
geometry and logic , especially Sections VIL.5 and VII.6.

(a).

(b).

Let € be an arbitrary category. Let A : € — Set be a functor. We denote by Home- (A4, )
the functor Set — PSh(%’) sending a set S to the presheaf X —— Homget(A(X),S).

(i) (1 point) Show that the functor Home (A, ) commutes with all limits.

(ii) (3 points) Show that the functor Hom (A, ) admits a left adjoint, which we will
denote by (-) ®¢ A, and that ((-) ®¢ A) o hg is isomorphic to A. (Hint: First try
to construct the adjoint on representable presheaves, and remember problem 2(a) of
problem set 2.)

We say that the functor A : ¥ — Set is flat if the functor () ®¢ A : PSh(%) — Set
commutes with finite limits.

(iii) (1 points) If A is flat, show that it commutes with all finite limits that exist in €.

(iv) (2 points) Suppose that % has all finite limits and that A commutes with finite limits.
Let .Z be a presheaf on €. If X,Y are objects of ¢/ %, x € A(X) and y € A(Y),
show that x and y represent the same element of ¥ ®¢ A if and only if there exists
an object Z of ¢, morphisms Z — X and Z — Y, and an element z € A(Z) whose
images in A(X) and A(Y) are x and y respectively.

(v) (3 points) If € has all finite limits, show that A is flat if and only if it commutes with
finite limits. (Hint : To show that a functor commutes with finite limits, it suffices
to show that it sends the final object to the final object and commutes with fibered
products. You can admit this easy fact.)

(vi) (2 points) Suppose that ¢ has all finite limits. If .7 is the trivial pretopology on &
(so that Sh(€¢s) = PSh(¥)), show that Points(¢7) is equivalent to the category of
flat functors ¢ — Set (with morphisms being isomorphisms between these functors).

Let (¢,.7) be asite. A flat functor A : € — Set is called continuous if, for every covering
family (X; — X);er in €, the map [[,.; A(X;) — A(X) is surjective.

!The idea of this definition is that we are abstracting the formal properties of stalk functors on the category of
sheaves on a topological space.



For every X € Ob(%), we denote by X" the sheafification of the representable presheaf
Homy (-, X). This defines a functor ¥ — Sh(%7), that commutes with finite limits.

(i) (2 points) Let (f; : X; — X);er be a covering family. We consider the morphisms

f h
H (Xz X x Xj)Sh *)HXzSh Xsh
ijel Y el

where h = [[;c; 5% and f (resp. g) is equal on (X; xx X;)*® to the image by
()t 1 € — Sh(%7) of the first (resp. second) projection X; xx X; — X; (resp.
Xi Xx Xj — Xj).

Show that h is the cokernel of (f, g) in the category Sh(%7).

(ii) (1 point) Let A : % — Set be a flat functor, and suppose that

.\sh T
() @¢ A : PSh(%) — Set factors as PSh(%) 5 Sh(%7) "4 Set. Show that a4

is an object of Points(€'7).

(iii) (2 points) If A : ¥ — Set satisfies the hypothesis of the previous question, show that
A is continuous.

(c). Let (C,<) be a preordered set. We see C' as a category by taking Hom¢(a,b) to be a
singleton if a < b, and empty otherwise.

(i) (1 point) Let (a;)ier be a family of objects of C. Give a description of [[,.; a; and

[L;c; @i in (pre)ordered set terms.

i€l

(ii) (2 points) Give a similar translation of the property “C has all finite limits”.
From now on, se suppose that C has all finite limits, and we fix a flat functor A : C' — Set.

(iii) (2 points) Show that card(A(a)) <1 for every a € C.

(iv) (2 points) Show that the set [y = {a € C | A(a) # &} is a nonempty upper order
ideal. (That is, if a € I4 and a < b, then b € I.)

(v) (1 point) If .7 is any Grothendieck pretopology on C, show that the points of C»
don’t have any nontrivial automorphisms.

(vi) (1 point) Suppose that any family (a;);cs of elements of C has a least upper bound
sup(a;,i € I). We say that a family of morphisms (a; — a);c; in € is covering if
a = sup(a;,i € I). Suppose that this defines a pretopology on C. If A is continuous,
show that 14 is a completely prime upper order ideal, that is, if sup(a;,i € I) € I4,
then at least one of the a; is in I4.

(d). Let X be a topological space, let 4 = Open(X), and let .7 be the usual topology on
X. Remember that a nonempty closed subset Z of X is called irreducible if, whenever
Z C Y1 UY, with Y7,Y5 closed subsets of X, we have Z C Y7 or Z C Y5.

(i) (1 point) Show that a nonempty closed subset Z of X is irreducible if, for every open
subset U of Z, the set Z N U is either empty or dense in Z.

(ii) (1 point) Let Z be an irreducible closed subset of X, and let %z be the set of open
subsets U of X such that Z NU # &. For every sheaf % on X, we set
F 7 = hg F (U )
UeOb(%gP)

?In fact, the converse is true : points of ¥« correspond to flat continuous functors ¥ — Set.



(iii)

(iv)

Show that this defines a point of €.

(3 points) Let = : Sh(¢’#) — Set be a point, and let A : € — Set be the correspond-
ing flat continuous functor. Let

Z=X— U U.
UeOb(%), A(U)=2

Show that Z is an irreducible closed subset of X, and that z is isomorphic to the
functor .Z — Zy. [

(1 point) If 1 and x9 are points of €7 and Z; and Zs are the corresponding closed
irreducible subsets of X, show that there exists a morphism from x; to x if and only
if Z1 C Zs.

. Let X = [0, 1] with the Lebesgue measure. We take % to be the category whose objects

are Lebesgue-measurable subsets E of [0, 1], and such that Hom (E, E’) is a singleton if
E’ — E has measure 0, and the empty set otherwise. We put the Grothendieck pretopology
on & whose covering families are countable families (E,, — F),en such that E—{J E
has measure 0. (You can admit that this is a pretopology; it is not very hard.)

(i)
(i)

Solution.

(a).

(i)

neN —n

(1 point) Show that the category Sh(%’#) is not empty.

(2 points) Show that the category Points(¢’#) has no objects (that is, ¥ has no
points).

Let a: .# — Set be a functor, with .# a small category. We want to show that the
canonical morphism

Hom, (4, )(lim a) — Jim(Homy (4,-) o a)

is an isomorphism in PSh(%). For every X € Ob(%), if we evaluate this morphism
at X, we get the canonical morphism

Homse (A(X),lima) - lim  Homge(A(X), a(i))
1€0b(7)

(where we use Proposition 1.5.3.1 of the notes to calculate the right-hand side),
which is an isomorphism by definition of the limit.

By Proposition 1.4.7 of the notes, it suffices to show that, for every presheaf .% on
%, the functor Set — Set, S —— Hompgp«)(F, Homy (4, S)) is representable.

Suppose first that % = hx = Homg(-,X) is a representable
presheaf. By the Yoneda lemma, for every set S, the map
Hompgy () (hx, Homg (A,S5)) — Homg(A,S)(X) = Homset(A(X),S) send-

ing w : hx — Homg(A,S) to u(X)(idx) is bijective. An easy verification
shows that this map defines an isomorphisms of functors. So the functor
S+ Hompgy(g)(hx,Homg (A, S)) is represented by the set A(X). Also, if
f+ X — Y is a morphism of ¢ and hy : hx — hy is its image by the Yoneda

330 we have shown that points of ¥ correspond to closed irreducible subsets of X. If X is sober, that is, if
every closed irreducible subset has a unique generic point, then points of ¥z correspond to points of X, but
this is not true in general.



embedding, then we have a commutative diagram, for every set S:

Hompgp¢) (hy, Homyg (A, S)) —— Homget (A(Y), S)
(')Ohfl l(')OA(f)
Hompgp ) (hx, Homeg (A, S)) —— Homset (A(X), S)

Indeed, let u € Hompgy(¢)(hy, Homy(A,S)). Then its image in Homget(A(X), S)
by the upper right path of the diagram is u(Y)(idy) o A(f), and its image by the left
bottom path of the diagram is (uo hy)(X)(idx) = w(X)(f) = w(X)(idy o f). But
these two are equal because, as u is a morphism of presheaves, we have a commutative
diagram:

u(X)

Iy (X) === Homy (1, X) " Homg (A(X), 8)
T(‘)Of T(')OA(f)
hy (Y) == Homy (X, X) W Homget (A(Y), S)

It remains to show that the functor S +— Hompgy(¢)(F,Homy (A, S)) is repre-
sentable for an arbitrary presheaf .% on %. Asin problem 2 of problem set 2, consider
the category ¢ /.# and the functor Gz : €/# — ¢. We have shown in question
(a) of that problem that there is a canonical isomorphism hgl(hg 0Ggz) > F. Let
F Q¢ A = hﬂ(A oGg)= ligXeOb(f/_% A(X). Then we have, for every set .5,

Hompgy, () (%, Home (A, 5)) ~ Hompgp¢) (lim(hg © G.#), Homy (4, 5))

= lim  Hompgyg)(hx, Homyg (4, 5))
XeOb(¢/.7)

~

—  lim  Homsget(A(X),5))
X€Ob(¢/.7)

~ Homget (¥ ®¢ A, S).

These isomorphisms are all easily seen to be functorial in S, so the set ¥ ®¢ A
represents the functor S —— Hompgy ) (-7, Homy (4, 5)).

We know that ((-) ®4 A)ohy ~ A by (ii), and that hy commutes with all limits that
exist in € by definition of limits, so, if () ®¢ A commutes with finite limits, so does

A.

By Theorem L5.2.1 of the notes, we have .# @y A = [lyconw s AX)/ ~,
where ~ is the equivalence relation generated by the relation R defined by: if
X, Y € Ob(¢/%) and x € A(X), y € A(Y), then xRy if there exists a morphism
f:X =Y in €/.% such that A(f)(z) =v.

Let R’ be the relation on [ [ ycop(y,/) A(X) defined in the question. We clearly have
xRy = xR’y = x ~ y (with the same notation as in the previous paragraph), so it
suffices to show that R’ is an equivalence relation. It is clearly reflexive and symmet-
ric. We show that it is transitive. Let X, X9, X5 be objects of ¥ /.% and z; € A(X1),
x9 € A(X2), 3 € A(X3) such that z1 R'zy and z9R'z3. This means that we have
Y., € Ob(%), morphisms f1 : Y7 = X1, fo: Y7 = X9, g1 : Yo = Xo, g0 : Yo — X3
in /% and elements y; € A(Y1) and y2 € A(Y2) such that A(f1)(y1) = =1,
A(f2)(y1) = z2, A(91)(y2) = 2 and A(g2)(y2) = x3. Let Z = Vi xx, Y2, let



p:Z—Yrand q: Z — Yo, and let z = (y1,42) € A(Z) = A(Y1) X a(x,) A(Y2).
A
Y; Yy
2N
X, X, X

Then A(f1 0p)(2) =21 and A(ge 0 q) = x3, so z1 R x3.
Suppose that A commutes with finite limits. We want to show that it is flat.

Let * be the final object of € (i.e. the limit of the unique functor @ — ¢’). Then the
final object of PSh(%’) is the presheaf h,, which is also isomorphic to the constant
presheaf with value a fixed singleton. The functor Gy, : € /h, — € is an isomorphism
of categories, so, to show that h, ®¢ A is a final object of Set, we need to show that
S = hﬂXGOb(%) A(X) is a singleton. We have a morphism A(x) — S and A(x) is a
final object in Set, i.e. a singleton, so S is not empty. Let X, Y € Ob(%), z € A(X)
and y € A(Y). Then (z,y) is an element of A(X xY) ~ A(X) x A(Y), and, if
p1: X XY — X and po : X XY — Y are the two projections, then A(p1)(z,y) =«
and A(p2)(z,y) =y. Sox € A(X), (z,y) € A(X xY) and y € A(Y) define the same
element of S. This shows that card(S) < 1, hence that S is a singleton because S is
not empty.

We now show that the functor (-) ®¢ A commutes with fiber products. Let .# — ¢
and 4 — # be morphisms in PSh(%),let E = @4 A, E' =9®R4A, B = A R4A
and F' = (F X »9)®¢ A. Applying the functor (-) ®¢ A to the commutative diagram

Fxy GG

we get a commutative diagram

and we want to show that this induces an isomorphism from F' to the fiber product
E xpn E'. So let S be another set, and let u : S — E, v : S — E’ be maps such
that pou = gowv. We want to show that these maps factor uniquely through a map
w:S — F. Let s € §. To make the notation less cumbersome, we will use the
Yoneda embedding to identify € to a full subcategory of PSh(%), so we write X
instead of hx if X € Ob(%¥’). Choose an object X — .# of ¢ /.%#, an object Y — ¥
of /9 and elements x € A(X) and y € A(Y) such that x represents u(s) and y
represents v(s). The fact that p(u(s)) = ¢(v(s) means that there exists an object Z
of €, a commutative diagram

Z—Y ——Y

NN

X—F —=



in PSh(%) and z € A(Z) such that the images of z in A(X) and A(Y) are = and y.
The diagram we just wrote gives a morphism Z — # X ;% in PSh(%), so we get an
object of € /(% X v ¥), and, if w: S — F existed, we would necessarily have that
w(s) is the element of F' represented by z. This proves the uniqueness of w. To prove
its existence, we need to show that other choices of representatives of u(s) and v(s)
would give the same element of F'. So suppose that we have another commutative

diagram
'—Y ——¥9

and an element z’ € A(Z’) such that the image 2’ of 2’ in A(X’) is a representa-
tive of u(s) and the image y’ of 2’ in A(Y’) is a representative of v(s). We must
show that z and 2’ represent the same element of F. As x and 2’ represent the
same element u(s) of E, there exists an object X” of ¢, morphisms X” — X and
X" — X' and an element 2”7 € A(X") whose images in A(X) and A(X') are x
and 2’ respectively. Similarly, we get Y’ — Y, Y” — Y’ and y" € A(Y"). Now
replacing X by X", Z by X" xx Z, the morphism Z — X by the first projection
X" xx Z — X", the morphism Z — Y by the composition of the second projec-
tion X" xx Z — Zand of Z = Y, z € A(X) by 2" € A(X") and z € A(Z) by
(2", 2) € A(X" xx Z) = A(X") x4(x) A(Z), we may assume that there is a mor-
phism X — X’ such that the image of x in A(X") is 2/. Playing the same game with
Y"” — Y (that is, replacing Z with Y” xy Z etc), we may also assume that Y =Y
and y” = y. We now have w commutative diagram

/\
4 Y Y’ /%
F X(yfg /%
Z X X' F

and element z € A(Z), 2/ € A(Z') such that the images of z in A(X) and A(Y)
are x and y respectively, that the images of 2/ in A(X’) and A(Y’) are 2’ and ¥/
respectively, the image of x in A(X’) is 2’ and the image of y in A(Y”) is ¥/.

Z——sx——>gq

Let Z" = Zx xiwy' Z' and let 2" = (2,2') € A(Zx xixy' Z") = A(Z)XA(X/)XA(yr)A(Z/).
To show that z, 2’ and 2” induce the same element of F' (which will finish the proof),
it suffices to show that the morphisms 2" — Z — .F X 9 and 2" — Z' — F X p 9
are equal. But these morphisms become equal after we compose them with the two
projections from F X ¥4 to .% and ¥, so they are equal by the universal property
of the fiber product.

If A: % — Set is a flat functor, then the functor x4 = (1) ®¢ A : PSh(%¢) — Set
commutes with all colimits (as a left adjoint) and with finite limits (by flatness of A),
so it is an object of Points(¢’#). Also, the construction of () ®¢ A in the solution of
(ii) is clearly functorial in A.



Conversely, let x : PSh(¢) — Set be an object of Points(¢7), and let
A, =xzohy : € — Set. Then A, is a flat functor because both he and x commutes
with finite limits, so we get a functor from Points(%’7) to the category of flat functors
¢ — Set (with isomorphisms of such functors as morphisms). Moreover, if x is a
point, then it commutes with all colimits, so we have a canonical isomorphism for all
F:

z(F) =z lim hx) = lim z(hx) = lim AX) = F@4A=124,(%),
XeOb(¢/F) XeOb(¢/F) XeOb(€/F)

and this gives an isomorphism of functors z = x4, .

Finally, if A : € — Set is a flat functor, we have already seen in (ii) that z4ohy ~ A;
in other words, we have A, , ~ A.

O

4 (G-sets

Let G be a finite group, let € = G — Set be the category whose objects are sets with a left
action of G and whose morphisms are G-equivariant maps. We consider the pretopology 7 on
¢ for which a family (f; : X; — X)ser is covering if and only if X = (J;c; fi(Xs). E|

Let A be G with its actionby left translations. More generally, for every subgroup H of G,
we denote by Ap the set G/H with the action of G by left translations.

Useful fact: If X — Y is a surjective map in Set or G — Set, then it is the cokernel of the
two projections X Xy X — X. (You still need to justify thisn if you want to use it.)

(a). (1 point) Show that every object of G — Set is a coproduct of objects isomorphic to some
Apg.

(b). (1 point) Calculate A x 4, A in the category G — Set.
(c). (1 point) Show that every representable presheaf on G — Set is a sheaf.

(d). (1 point) Show the automorphisms of A in G — Set are exactly the maps ¢, : A — A,
a+— ag, for g € G.

(e). (1 point) If .Z is a presheaf on G — Set, show the family (% (¢,))4ec defines a left action
of G on F(A).

(f). (1 point) Consider the functor ® : Sh(¢7) — G — Set defined by ®(F#) = .7 (A) and
the functor ¥ : F' — Set — Sh(%7) fiven by ¥V(X) = Homg_get(-, X). Show that
DoV~ idG—Set-

(g). (4 points) Show that ¥ o @ =~ idgp4,). (Hint: For any G-set X, if [X] is the set X
with the trivial G-action, then we have a surjective G-equivariant map A x |X| — X,
(9,x) — g - x, which induces an injection .7 (X) = [[,cx # (A) = Homget (X, .7 (A)).)

(h). (3 points) Let « : Sh(¢») — Set be the functor .# —— F(A), where we forget the
action of G on .#(A) to see .#(A) as a set. Show that every point of €7 is isomorphic
to x. (See the beginning of Problem 3 for the definition of points.) (Suggestion: if y
is a point, calculate y(¥({1})), then y(¥(A)), then construct a morphism of functors
Homg_get(A, ) — y o ¥, then show that it is an isomorphism.)

41t is very easy to check that this is a pretopology, you don’t need to do it.



(i)-

(1 point) Show that the group of automorphisms of the point z is isomorphic to G.

Solution.

(a).

(b).

Let X be a set with an action of G. Then X is the disjoint union of its G-orbits, and a
G-orbit GG - x is isomorphic to A, where H is the stabilizer of x.

Let B be the set G with the trivial action of G. We have a G-equivariant bijection
AxA— Ax B, (z,y) — (z,27'y). (Where A x A is the direct product in G — Set, so
G acts via g- (z,y) = (g9, 9y).) If H is a subgroup of G, this bijection sends the G-subset
Axa, A={(z,y) € Ax A| a7y € H} to A x H, where the factor H has the trivial
action of G.

. This is exactly the content of the “useful fact” from the statement. Let’s prove it. Let

be a G-set, and let (f; : X; — X);er be a covering family in G —Set. Let (u; : X; — E)jer
be a family of G-equivariant maps such that, for all ¢, j € I, the pullbacks of u; and u; to
X; xx Xj (by the two projectins) agree. This means that, for every x € X, if z; € fz-_l(x)
and z; € f;l(az), then w;(x) = u;j(z). As X = [J;c; fi(Xi), there exists a unique map
u : X — FE such that uwo f; = u; for every ¢ € I, and it suffices to check that u is G-
equivariant. Let x € X and g € G; choose i € I and x; € X; such that z = f;(x;); then

g-x=filg-zi),soulg-x) =uig-xi) =g-ulxi) =g u)

. It is clear that the ¢, are all automorphisms of A in G — Set.

Conversely, let ¢ : A — A be an automorphism in G — Set, and let g = ¢(1). Then, for
everty h € A, we have p(h) = ¢(h-1) =h-¢(1) = hg. So ¢ = ¢4.

. For every g € G, the map % (cy) is an automorphism of .#(A) (in the category Set),

and we have Z(c1) = idz(4) because ¢; = ida. If g,h € G, we have ¢y, = cp 0 ¢y, 50
F (cgn) = F(cg) 0 F(cp). So we do get a left action of G on .F(A).

. The functor ® is well-defined, because, if « : . # — 4 is a morphism of sheaves and g € G,

then a(A) o F(cy) = Y(cy) 0o a(A), so a(A) is a G-equivariant map.

Let X be a G-set. Then we have a map u(X) : (V(X)) = Homg(A4,X) — X sending
f:A— X to f(1), and this clearly defines a morphism of functors v : ® o ¥ — idg_get-
We show that it is an isomorphism. If f, f' : A — X are two G-equivariant maps such that
F(1) = (1), then, for every g € G, we have f(g) = f(g-1) = g- /(1) =g~ /(1) = '(g).
So u(X) is injective. Let z € X, and define a map f: A — X by f(g) = g x; then f is
G-equivariant, and u(X)(f) = z; so u(X) is surjective.

. If Z# is a sheaf, then ¥(®(.%)) = Homg_sget(+,-# (A)), so we must find an isomorphism of

sheaves Homg_get(+,-Z (4)) ~ .% that is functorial in .#.

Let .Z be a sheaf. For every G-set X, let px : A x |X| = X, (9,2) — ¢ - = be the G-
equivariant surjection of the hint. It is a covering family in G-set, hence induces an injec-
tion o(X,.7) : F(X) = F(Ax |X]) = F(Uex A) = [hex Z (A) = Homge (X, .7 (A)),
that is a morphism of functors in X in .%. We first check that the image of (X, %) is
contained in the set G-equivariant maps. Write A x [X| = [[,cx Az, with A, = A for
every z € X; we have pxj4,(9) =g-7,forg€ Aand z € X. Let z € X and g € G; we
set y = g - . Then we have a commutative diagram in G — Set:

A2 4,

ClJ/ \LPXAT,

Ay—X
Y pxia,

10



So, if e € #(X) and u = «(X, F)(e) : X = F(A), then F(cy)(u(x)) = F(c1)(ul(g - x)).
This shows that u is G-equivariant.

To finish the proof, we must show that +(X,.%) is surjective for every G-set X and every
sheaf .#. Fix .%.

If X = A, then pg : A X |A] — A is the map (g,h) — gh; if we write as before
A x |A|l = [lpeq An with A, = A for every h, then pyja, = c; for every h € G. So
F(pa) : F(A) = (F(A)A = Homget(A, F(A)) is the map sending e € F(A) to
A — F(A), g— F(cg)(e). It is easy to see that every G-equivariant map u : A — .F(A)
is of this form (take e = u(1)). So ¢(A,.%) is surjective, hence bijective.

Note that the functors .# and Homg_get (-, % (A)) both send coproducts to products. For
the second functor, this is by definition of a coproduct. For the first functor, suppose
that X = [[,c; X;. Then the then the family of injections (X; — X);cr is covering and
Xi xx X;j = @ for i # j, so the morphism .7 (X) — [[,c; # (X;) is bijective. So if X is a
disjoint union of copies of A, then «(X,.%#) is a bijection.

Let X be an arbirtrary G-set. We have a surjective G-equivariant map
px ¢ AX|X] = [lex A4z — X, where A, = A for every z € X and pyja,
sends g € A to g-x. Let z,y € X. Then we have a G-equivariant isomorphism
Az xx Ay = {(g,h) € AxA|g-x=h-yt S5 Ax Gy, (9,h) | (9,97 h), where
G,y is the set {g € G | g -y = x} with the trivial action of G; in particular, A, xx A, is
a disjoint union of copies of A. So P := (A x | X|) xx (A x | X]) also is a disjoint union of
copies of A. Let p1,p2 : P — A x |X| be the two projections. Then we have commutative
diagrams

L(X73/7)i L(AX|X’§)\L L(P,f)l
Homg_set (X, .7 (A)) i Homg_get(A x | X|,.Z (4)) > F(P)
X i
for ¢ = 1,2, the maps ZF(px) : FX) — FA x |X]) and

P : Homg_get (X, # (A)) = Homg_get (A x | X|, # (A)) are the kernels of (F (p1), 7 (p2))
and (p7, p5) respectively (because .# and Homg_get(+,-# (A)) are sheaves), and the maps
(A x|X]|,.#) and (P, %) are bijective by the previous paragraph, so ¢(X,.%) is bijective.

. Note that zo ¥ : G — Set — Set is the functor X — Homg_get(A, X). For every G-set

X, we have a bijection Homg_get(A4, X) = X sending u : A — X to u(1), and this gives
an isomorphism from z oW to the forgetful functor G —Set — Set. As V¥ is an equivalence
of categories by (f) and (g), this shows that = commutes with all small limits and colimits,
and in particular that it is a point.

Let y : Sh(%7) — Set be a point, that is, a functor that commutes with all small colimits
and all finite limits. The functor F' := yo V¥ : G — Set — Set has the same property, so it
sends the terminal object Ag of G — Set to a terminal object of Set, i.e. a singleton. For
every nonempty G-set X, the unique map X — Ag identifies Ag to the cokernel of the
two projections X x X — X, so F(Ag) — F(X) is a kernel morphism, hence injective,
and so F'(X) is not empty.

We calculate F(A). We have an isomorphism of G-sets A x A = [], . Az, where A, = A
for every x € G, sending (g,h) € Ax Atog € Ay, Let q1,q2 : [[eq Az — A
be the map corresponding to the two projections pi,pe : A x A — A by this iso-
morphism. Then, for every z € G, we have ¢4, = ida and gga, = cz. Apply-
ing F' and using the fact that F' commutes with coproducts and finite products, we
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get two maps F(q1), F(q2) : HreG F(A;) — F(A), such that F(q1)|F(Az) = idF(A)
and F(q2)|p(a,) = F(cz) for every z € G, and such that the induced map
(F(q1),F(q2)) : Hpeq F(Az) — F(A) x F(A) is bijective. Let e € F(A) (we
know that F(A) # & by the previous paragraph). Then (qi,¢2) induces a bijection
[Toec{er = {e} x F(A), so we get a bijection ¢ : F(A) = G = A, and it is easy to see
that ¢ o F'(¢;) = ¢z o for every x € G.

Now that we have an isomorphism ¢ : F(A) = A, we can construct a morphism of functors
a from x o ¥ = Homg_set (A4, ) to F by sending f: A — X to F(f)(:71(1)) € F(X). We
know that a(A) is bijective, so «(X) is bijective if the G-set X is a coproduct of copies
of A, because both functors commute with coproducts. As every G-set is the cokernel of
two G-equivariant maps between coproducts of copies of A (see the solution of (g)), and
as both functors commute with cokernel, «(X) is an isomorphism for every X.

. As ¥ is an equivalence of categories, it suffices to calculate the group of automorphisms

of x o . We can apply the other Yoneda lemma (see for example Corollary 1.3.2.8):
as x o ¥ is a representable functor, every automorphism of this functor comes from an
automorphism of the representing object, that is, of A. So, by question (d), every au-
tomorphism of z o ¥ is of the form Homg_set(cq,-). If g,h € G, then ¢y, = ¢p, 0 ¢y,
so Homg_set(cgn,-) = Homg_set(cy, ) © Homg_get(ch,-). So we get an isomorphism
G 5 Aut(z o 0).

0
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