SHARP L' ESTIMATES FOR SINGULAR TRANSPORT
EQUATIONS

SERGIU KLAINERMAN AND IGOR RODNIANSKI

ABSTRACT. We provide L1 estimates for a transport equation which contains
singular integral operators. The form of the equation was motivated by the
study of Kirchhoff-Sobolev parametrices in a Lorentzian space-time verifying
the Einstein equations. While our main application is for a specific problem in
General Relativity we believe that the phenomenon which our result illustrates
is of a more general interest.

1. INTRODUCTION

The goal of this paper is to prove an L' type estimate for solutions of the following
transport equation,

Oru(t, x) — a(t, z)Mu(t,z) = g(t, x), u(0,2) = 0. (1)

Here a = a(t,x) and g = g(t,x) are assumed to be smooth, compactly supported
functions defined! on [0, 1] xR? and M is a classical, translation invariant, Calderon-
Zygmund operator in R?, given by a smooth? multiplier. Though, for simplicity, we
shall proceed as if the equation (1) is scalar, all our results extend easily to systems,
i.e. v and g take values in RN and aM is a N x N matrix valued operator.

Ideally, the desired estimate would take the form

sup ||u(t)||L1(R2) < C(||a||L°C([O,1]><R2)) HgHLl([o,l]xR2)

te[0,1]
As it is well known however such L'-type estimates cannot possibly hold due to
the failure of L' boundedness of Calderon-Zygmund operators. To illustrate this
consider first the case of a constant coefficient transport equation with ¢ = 1. In
this case we may write

u(t,gc):/O =M g (s)ds (2)

where,

1 1
M = T tM + S(EM)? oo — (EM)" -
n:
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The problem of L! estimates for (1) is then reduced to the corresponding question
for the operators M"™. Each of M™ is a Calderon-Zygmund operator and as such
does not map L' to L'. A well known way to resolve this problem is to consider
instead mapping properties of the Hardy space® H; to L'. Since translation invari-
ant Calderon-Zygmund operators M map H; into H; (see [Ste2]) we easily infer
that a solution w of the transport equation

Ou — Mu = g, u(0,2) =0
belongs to the space L>([0,1]; Hl) Indeed,

o = 3 [P g = 3 [ o, i

Ct / l9(8) 17y dis

While this may be considered a satisfactory solution of the problem for the transport
equation (1) with constant coefficients, the situation changes drastically in the
variable coefficient case. Consider the transport equation

Ou — a(z)Mu = g, u(0,2) =0 (3)

IN

IN

with a time-independent coefficient a(z). As before we may write

u(t,x):/o e(t=9)aM g(5)ds (4)

where,
taM 1 2 1 n
e :IthaMJri(taM) + 4 —(tal)
n!

The multiplication operator a and Calderon-Zygmund operator M do not commute®.
We need instead that the operator aM has the same mapping properties as M, i.e.
it maps H; to itself, in which case we would easily conclude that solutions of the
transport equation (3) belong to the space L>([0, 1];H!). To insure this condition
we are led to the requirement that multiplication by the function a = a(z) maps
Hardy space into itself. It is well known however that a multiplication by a bounded
function does not preserve H;. Instead, such a function a should satisfy the Dini
condition

e d\

| s o) - aw)] T <

0 [z—y[<A
see [Steg]. Functions satisfying the Dini condition can not be sharply characterized
in terms of the standard Lebesgue type spaces. Specifically, one can easily see that
even if a is a single atom in the Besov space B, ;(R?) or even in Bj,(R?), both
sharp Besov refinements of the L>(R?) space, does not guarantee that the Dini
condition is satisfied. Yet, in view of the specific applications we have in mind,
we need to consider precisely the situation when a belongs to the space 32171, and

3The classical Hardy space ‘Hi, defined by the norm £+, = Wfllprmey +
sup;—y 2 [|Rj fllL1(r2y, is a can be viewed as a logarithmic improvement of L'. Here R; =
(—A)1/29; are the standard Riesz operators in R2.

4If they did we could write (aM)® as a"M"™ and derive lu@®llpr ey <

lall” oo (t—s)™
0 it oo @ DT ) ey ds < SN2 62) (2 lg(s) ey ds.
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allow even more general functions in the time-dependent case. As a consequence
to accomplish our goal we need to give up on the Hardy space H; and consider in
fact estimates® for solutions u of transport equation (3) of the form,

sup [[u(t)l|Lr 2y < C(llal s, ®2)) N (9), (5)
te|o,

where the expression N(g) reflects a logarithmic loss® relative to the L' norm of
g. The proper definition of N(g) is given below in (14). In the particular case of g
with compact support N (g) becomes simply ||g[|r1(rz) log™ ||g|| o r2) + 1.

The key feature of estimate (5) is that only one logarithmic loss is present. This
means that we are not able to attack the problem by merely considering the mapping
properties of the operator aM. Indeed the best we can prove is the estimate,

tsﬁjpl] |laMg(t)||rrz) < C(llallBs, ®2)N(9),
co :

which leads, by iteration, to a loss of (log™ ||g||ze~2))™ for (aM)™. Instead we
analyze directly the mapping properties of the multilinear expressions

(a(z)M)" = a(z) M a(x) M ....a(z) M (6)

and their sums. Using commutator estimates and appropriate interpolations be-
tween the weak L' and L? mapping properties of the operators M we are able to
show that in fact we lose only one logarithm for ||[(aM)™g| L1, regardless of the
exponent n. Note however that under our assumptions on a(x) the commutator
[a(x), M] is not a bounded operator” on L'(R?) and thus the problem can not be
simply reduced to the weak-L! estimate for the Calderon-Zygmund operator M".
Instead using the assumption that a € Bil we first reduce the problem to the case
where in the multilinear expression (6) the function a is replaced by its atoms

MaklM...ak M,

n—1

with ar = Pra and the Littewood-Paley projection Pj associated with the dyadic
band of frequencies of size 2¥. We then decompose

M = Msy, + Mcy, = Pejy M 4+ P>j, M
and observe that [M>y, ,ay,] is a bounded operator on L'. It follows that

MaklM...aknilM = aklMZklM"'a’kn—lM + [M2k17a’kl]M"'aknflM
+M<k1ak1M...ak M

n—1 °

We now proceed inductively. The first two terms can be reduced to the problem
of L' estimates for the multilinear expressions MZ2ay,...ar, , M and M...ay, , M,

5To prove such estimates we need the the symbol m(£) of M is smooth at the origin, i.e.,
|0m (&) < e(1+ &)~ I, vEe R

6Recall that according to the result of Stein [Stel] the Hardy space H1 contains precisely such
logarithmic loss, as the finiteness of the local, i.e. the norm || f||z1 +||R; f|| ;1 computed over balls
B, H1 norm of g is equivalent to bounds on [, |f(z)|log™ f(z) dz.

"The classical result of Coifman-Rochberg-Weiss [CRW] requires only that a € BMO for the
commutator to be bounded on L? with p € (1,00). Extensions of this result from LP to the Hardy
space H1 however impose once again a Dini type condition on a.
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each containing only (n — 1) Calderon-Zygmund operators and (n — 2) atoms a,.
The remaining term My, ar, M...ag,,_, M can be written in the form

M<k1ak1Mak2~-~ak M = E M<k1akle1ak2M...ak"71Mgnil.

n—1
ZZv“'venfl

The operator M.y, is handled with the help of the weak-L! estimate, which comes
on one hand with a logarithmic loss but on the other hand has a certain important
redeeming property in the choice of the constants, which in particular made depen-
dent on the multi-index ¢y, .., £,,. The remaining argument consists in showing that
the operator My, ax, My, ...a,_, My, _, is bounded on L' with the bound reflecting
exponential gains in the differences of either of the adjacent frequencies |£,, — ;1|
or |k — km—1].

The problem of L' estimates for the transport equation (1) with variable time-
dependent coefficient a(t, ) exemplifies even more the need for such multilinear
estimates. In this case a solution u does not quite have an exponential map repre-
sentation similar to (4). Instead it can be written in the form

u(t) = /Ot T{ef-: a(T)MdT}g(s) ds.

Here T is the Quantum Field Theory (QFT) notation for the time ordered product.
Thus, we have

u(t) _/OtiilT{ /: /t/t a(tl)Ma(t2)M...a(tn)Mdt1...dtn}g(s)ds
—/Oti/ota(tl)Mdtl /Otl a(tg)Mdtg..../Otnl a(tn)M/Otn g(s)ds  (7)

n=0

The time ordering T arranges variables t1, ..., t, in the decreasing order t; > to >

. > t,. Our method for deriving L' estimates for solutions of the transport
equation (1) involves analyzing each of the multilinear expressions in the above
expansion. As in the case of the time-independent coefficient a we will be able to
derive an L! estimate with a logarithmic loss under the assumption that a is a B%’l
valued function with an appropriate (in fact L') time dependence. The infinite
series representation (7) will also help us to uncover another phenomenon. In the
case when the time-dependent coefficient a can be written as a time derivative of a
function b, i.e., a = 9;b, the L' estimate for solutions of the transport equation (1)
does not require Besov regularity of the coefficient a and instead needs L?([0, 1]; H')
regularity of a together with L2([0, 1]; H?) regularity of b. Our main result is the L!
estimate for solutions of the transport equation (1) with the coefficient a = 9;b + ¢
with ¢ € L'([0,1]; B3 ;) and b satisfying the above conditions.

To treat this general case we consider multilinear expressions appearing in (7) and
decompose each of the a(t;) into its Littlewood-Paley components to form a term

t ot tn
Ink(t) = / / / ar, (t1)Mayg, (t2)M...ar, (tn)Mg(s) dt;...dt, ds
o Jo 0
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with k = (k1, ..., kn). For each k will be able to show the desired estimate
sup || Jnx(t)[| 11 (r2) < CN(9).

te[0,1]

The constant C' above depends on the L!([0, 1]; H') norms of aj, and grows with n.
As a consequence we face two major summation problems: first with respect to a
given multi-index k followed by summation in n. Difficulties with summation over
k are connected with the fact that a no longer has Besov regularity B ;. This lack
of regularity is due to the term 0;b in the decomposition of a. We notice however
that upon substitution into J,,(t) the term 0;by,; can be integrated by parts which
results in a gain of 1/2 derivative® or, alternatively, a factor of 27%i/2. The problem
however is that this gain needs to be spread across all remaining (n — 1) terms in
Jn(t), which leads us to choose k; to be the highest frequency among all k;. If the
highest frequency is occupied by a Besov term ¢y, appearing the decomposition
of a we select the second highest frequency and continue the process, which in the
end ensures summability with respect to k. This analysis may potentially lead to
violent growth of the constant C' with respect to n and extreme care is needed. We
ensure that C' decays exponentially in n by imposing smallness conditions on the
space-time norms of the coefficients b and c.

We now state our result precisely. Consider the transport equation
Ou — a(t,z)Mu = g(t,x), u(0,2) = 0.

We assume that for the coefficient a

1
lall1 := llall L2 1 = (/O la(t)] 31 g2y)? < Ao. (8)
In addition a can be decomposed as follows,
a=08b+c 9)
where,
1 1
e = (f IO+ [ 108OF )2 <80 (0)
1
lela = [ ety it < Ao (1)

with Bj;(R?) the classical inhomogeneous Besov space defined by the norm,
[0l By, (®2) = | P<ovl[z2 + Z 27| Pevl| 2 (r2).-
kEZ,

The operator M is the classical translation invariant Calderon-Zygmund operator
on R?, given by the symbol m(&) verifying

0°m(¢)| < c(1+ &)1, veeR2 (12)

We prove the following theorem,

8The fact that the gain is only 1/2 derivative rather than the whole derivative is due to the
L? in time integrability assumption on b.
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Theorem 1.1 (Main Theorem). Under the above assumptions , if Ao is sufficiently
small, we have the estimate,

sup [[u(t)[|L1(2) S CN(9) (13)
te(0,1]

where,

N(g) = llgllzr(o,1yxr2) logt {Il <z >* gllpe(jo,1yxr2) } + 1. (14)

Remark 1.2. For a function g of compact support the expression N(g) can be
controlled as follows

N(9) S gl oayxre) 1og™ |9l 2o (jo,17xr2) + 1 (15)

Remark 1.3. Condition (12) implies that the symbol of the operator M is smooth
at the origin, which in principle eliminates a large class of Calderon-Zygmund oper-
ators from our consideration. We argue however that this condition is not particu-
larly restrictive and can be replaced with assumptions of additional spatial decay on
the coefficients a(t, ). Moreover, in our application (see the paragraph below) we
consider the corresponding transport equation on a compact manifold (2-sphere)
instead of R2, where the existence of a spectral gap ensures that condition (12)
holds. In that context a prototype for M is the operator (—A)~!V2. Moreover, in
that case N(g) can be replaced by the Llog L type expression (15).

The above theorem is a vastly simplified model case for the type of result we need in
[K1-Ro6] to prove a conditional regularity result for the Einstein vacuum equations.
The main assumption in [KI-Ro6], concerning the pointwise boundedness of the
deformation tensor of the unit, future, normal vectorfield to a space-like foliation,
allows us to bound the flux of the space -time curvature through the boundary
N~ (p) of the causal past of any point p of the space-time under consideration.
In [Kl-Rol]-[KI-Ro4], see also [Q], we were able to show that the boundedness of
the flux of curvature through N~ (p) suffices to control the radius of injectivity of
N~ (p). This result, together with the construction of a first order parametrix in
[KI-Ro5], is used in [KI-Ro6] to derive pointwise bounds for the curvature tensor
of the corresponding spacetime. To control the main error term generated by the
parametrix one needs however to bound the L' norm of the first two tangential
derivatives of try along N~ (p), with try the trace of the null second fundamental
form of N~ (p). One can show that the second tangential derivatives of try verifies
a transport equation along the null geodesic generators of N~ (p) which can be
modeled, very roughly, by (1), with g a term whose L' norm along N~ (p) is
bounded by the flux of curvature . In fact a more realistic model would be to
consider a transport, similar to (1), along the null geodesics of a past null cone
N~ (p) in Minkowski space R3*! with ¢ denoting the value of the standard afine
parameter along null geodesics and x = (z',22) denoting the standard sperical
coordinates on the 2-spheres Sy, corresponding to constant value of ¢ along N~ (p).
Thus the singular integral operator M would act on S;.

Finally we believe that our result, or rather our proof of the result, can be applied to
other situations where one needs to make L' or L™ estimates for singular transport
equations, where a simple logarithmic loss is unavoidable.
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2. PRELIMINARY RESULTS

We recall briefly the classical Littlewood-Paley decomposition of functions defined
on R?,

F=fo+ > fw

keZ

with frequency localized components fy, i.e. fk(f ) = 0 for all values of ¢ outside the
annulus 28~ < |¢] < 2%+ and a function f, with frequency localized in the ball
|€] < 1. Such a decomposition can be easily achieved by choosing a test function
x = x(|€]) in Fourier space, supported in % < €] <2, and such that, for all £ # 0,

> pez X(277¢) = 1. Then for k > 0 set Fi(€) = x(2%€) £ (€) or, in physical space,
Pof =fr=pex*f

where py.(z) = 2"*p(2¥z) and p(z) the inverse Fourier transform of y, while

fo©=[1-> x@*) | f(©

kEZ 4

and fo = Pyf. The operators Py are called cut-off operators or, somewhat improp-
erly, Littlewood-Paley projections.

Let M be a Calderon-Zygmund operator with multiplier m, i.e.,

Mf(€) = m(€) f(€) (16)
Here m is a smooth function satisfying
0em(¢)| < e+ g7, veeR? (17)

for all multiindices a with |a| < d + 6 and a fixed constant ¢ > 0. According to
Michlin-H6rmander theorem we have,

m(x)| < clz|™¢, |om(z)] < clz| 77 (18)
Due to the smoothness of the symbol of M at the origin we can also add the estimate
m(a)] < e(1+ |2)77° (19)
We shall make use of the standard Calderon-Zygmund estimates in LP, 1 < p < oo,
M fller < Cpllfllze
as well as the weak-L! estimate
{z [Mf(@)] > A} < A7 f] e

Our first result is a global version of the standard local L' estimate for a multiplier
M. The local estimate in a ball Br does not require the condition (19) and takes
the form

IM fllzisr) < Cr(Ifllz log® || fllz= +1).
We have the following
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Lemma 2.1. Let M be a multiplier satisfying (19). Fiz an L'(R?) positive function
B and a constant p > 0. Then for any smooth function f of compact support

IMfllLr < CNys(f),

where

Z b—al<3 Hbe”LOo
Nos(f) = ullBller + |1 £l log™ { sup =12=2= %,
aczd U”XaﬂHLl

Xa @S a partition of unity adapted to the balls of radius one with centers at integer
lattice points a and log™ x = log(2 + |z|).

Proof We first note that the problem can be reduced to the case when the kernel
of M, given by the function m(z), has compact support. This follows since

Mf(x) = Mof(z) + Myf(x),  Mif(x) = / x(@ - y)m(z - v) () dy,

where x is a smooth cut-off function vanishing on the ball of radius one. Assumption
(19) guarantees that y(z)m(z) is integrable. As a consequence,

My flle < Cllfll e

To deal with My we proceed in the usual fashion by writing

oo

[Mofllzr = /OOO e : [Mof(x)] > A} dA S/O {a : [Mof<n(x)| > A} dA

+ /00 Ha : [Mofox(z)| > A} dA,
0

where fo(x) is the function coinciding with f(z) on the set where |f(z)] < A and
vanishing on its complement, and f>x = f(x) — f<x. To estimate the term with
f<x we use the weak-L? estimate

" e * I fallze _ a2
| e sl > pav<e [ E —c//fmx ()] dxda

¢ [I5@)ds

To estimate the term with f>) we decompose f>) into the sum of functions f%, =
Xaf>A
for =" Xalsa,
acZd

where ya is a partition of unity, parametrized by integer lattice points in R¢ with
the property that the support of x, is contained in the ball of radius two around
the point a € R?. Since the kernel of M is supported in a ball of radius one,
the support of My f%, is contained in the ball of radius three around k. As a

consequence, there are at most 3¢C' functions M f2 , containing any given point x
in their support. Therefore,

{z: [Mofor(@)| > M < D s [Mof2a()] > ABC) 1.
aczd
We also have the trivial estimate, with another constant still denoted C,

{2 [Mof25(x)| > ABC) 1} < 39C.
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Thus, using a weak-L! estimate we obtain

Ja:

Amuszﬁ;@n>MWO>%dA

Ao oo
/ 3dc+3dc// A Ylxa ol dA
0 Ao

3dcxo+3dc/ / A xaf ()| de dX
Mo JIf@)I=A

IN

IN

IN

340N + 3dC/Xa(:p)|f(x)\ | log %| dz

< 390N + 340 Xa(z)|f(2)| log @) dx
|£@)[20 Ao

39C N + SdC/xa($)|f(x)\ log* U)(\ix)' dx
0

A

for some Ag > 0. We now choose \g = f1 [ xa(2)3(z) dz. The above estimate then
becomes

Jo < 3%C (ullxaﬁllu +/xa(x)\f(w)| log™ M)
< 3iC (ullxaﬁllLﬂL/f(”?)|><'°‘(”“")log+ - W)
53%’Mhﬁu+/ﬁ@Mﬂ@b5Wﬂgﬁﬁiﬁ?)
< 3% ullxaﬁHL1+/|f(x)lxa(x) log™ |b§s3W)
< 3l unxaﬂL1+-nfxanL11°g+:££ib52232ﬁ§52ﬁ21)

Now,

IMofll < AIMﬂMﬁo@H>MMN{A\@ﬂMﬁa@H>MMA

:5 (ijHL1'+ :E: Jé

aczd

xb.f || Lo
Cllfllz +3%C (HHﬂHLl + £l logt sup > ”bL)

aczp, S o #lIXaBll e

A

as desired.
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We also need to consider powers of M™ of M with multipliers m(™ (&) = m(&)".
Clearly, there exists a constant C' > 0 depending only on ¢ and d such that,

m™ (@) < C™a|~, [9,m " (@)] < CMa| T Im ™ (@) < O™ (1 + [2]) 770 (20)
Thus, for a similar C' > 0,

[M" fllr < C"Npu(f) (21)

Let mg (&) = x(2F¢)m(€) and denote by My, the operator defined by the multiplier
my. Clearly My f = Pp(M f). We shall also denote by M the operator P;M with
multiplier mj = >, . ; my for any interval J C Z. In physical space,

My f(z / mi(x —y)f(y)dy, M>if = / m(x —y) f(y)dy
We have the following,

Lemma 2.2. Let k € Z U {0} and assume that ay, is a function whose frequency
is supported in the band 28— < |¢| < 28+ or in the case k = 0 in the ball |¢| < 1.
Then, there exists a constant C' > 0 such that for all n € N,

I(M™) 2k 5 anlfllr < C™lak o< || £l o1

Proof: We have,
Claw)f: = (M")sk(anf)(z) — ar(@)(M") >, f(z
= /m >k(z —y) (ar(y) — ax(z)) f(y)dy

To show that the the integral operator C'(ax) maps L' into L it suffices to show
that,

I = supl(y)
Yy
I(y) = / ™ s (@ — y)llanly) — ax(@)lde < C™ axl|z=
We write,
I(y) < §hLy)+ L(y)
Liy) = / ™ s — )l ax(y) — ax(@)|dz
lz—y|>2—F
L(y) = / ™ 54 (2 — )lax(y) — ai(@)]de
lz—y|<2—F
We have,
o4() ~ k(@) <[~y sup [90x(:)] S 2Te ol
zE€|x,y
We also have,
™ 5 ()] < C™ar|
Thus,
Ly) < "o~ / & — 4] ~92¥ |z — yldz S O™ ag ]
|lz—y|<2—k
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Also, since,
m™ si(2)] < Cr2 Kz~
L(y) < C”llakllm/ 2 ¥ — y| " e S C"lak|
lz—y|>2—F
as desired. ]

We shall now prove the following,

Proposition 2.3. Let M be a Calderon-Zygmund operator on R? with the symbol
satisfying (17) and a = a(x) a smooth function verifying the bound,
lallsy ,(me) < A (22)

Then, for every positive integer n we have,

[(@M)" fllzr < C"A"N(f) (23)
with N(f) defined by (13).
Remark 2.4.  Observe that the proposition remains valid if we replace (aM)™ by
a(l)M(l)a(Q)M(z) . a(n)M(n) with

||a(i)HB%=1(Rd) SAa it=1,...n

and My, M,, ... M, translation invariant Calderon-Zygmund operators with sym-
bols which are uniformly bounded by the same constant ¢, see (17).

The proof follows immediately from the following lemma.

Lemma 2.5. Let (ki,...,k,) be an n-tuple of non-negative integers and assume
that the functions ay, with 0 <1 <n have frequencies supported in the dyadic shells
[2Fi-1 2Fit1]  or in the case k; = 0 in the ball || < 1. Then for some positive
constant B,

||Mak1M...aanf||L1 < BnAklkﬂN(f) (24)

~

where

Ak by = llaky N - ak, |2 (25)

Proof : We prove by induction on n the following stronger version of estimate
(24),

M a, M ....ap, M [l S BPH By Apy e, N(f) (26)
with appropriately chosen constants constants Bi, Bs. Assume that the estimate
has been proved for (n — 1) and any [ € N. Splitting M := M! = My, + M>j, we
need to prove,

| My, (ag, May, . ..ax, M) f||p < BY By g,k N(f) (27)
My, (an, Mag, ... ap, M) f||l 2 S BYH By A,k N(f) (28)
To deal with the first inequality we write,
Msy,ap, Mag, ...ax, M = ap, Mg, May, ...ap, M

+ [M2k1vak1]Mak2 coeap, M
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According to Lemma 2.2 and the Bernstein inequality ||ag||r~ < ||ak| g, we have,
[[Mpys ary | Map, .. ag, M fllr S Cllag, || | Mag, - . ag, M f| s
Also,

lak, Mop, Mag, .. ax, Mfllpr S llar, |l |1M T ar, - oan, Mfllr (29)

~

Thus, taking into account our induction hypothesis,

| M> g, (ar, May, ... ax, M) f| 1 Cllag, || - [|Mar,M ... ap, Mfl|
g, |z | M ag, - .. ar, M £z
(C'BYBy ™' + B BY N Ay, N(f)

B BY Ay, 1k N(f)

NN+ A

as desired, provided that the constants By, By are sufficiently large, in fact we need
BlzCandBQZI.

We now consider the more difficult term
M<k1 (aklMa’kz s aan)f = M<k1 (ak1M<g)> = M<k1 (a‘k1Mk1 (g>)

with g = (ag,May, .. .ax, M)f. Note that if k; = 0 the operator M.y, is a multi-
plier with a smooth symbol of compact support. As a consequence it is bounded
on L' and, with ag = ay,,

HM<0((10MCL}C2 . aan)fHLl S Cl||ak1 HHl ||Mak2 . aan)fHLl
S C'BY By Ay, ok, N(f).
Therefore to prove (28) we need to consider the case k; > 0 and estimate,
||]\Z'<k1 (aklMak2 v aanf)HLl

We further decompose as follows,
My, (ax, May, . ..ax, Mf) = Z Mg, Mgy, 1., (f) (30)
[l]n

My, .w.(f) = ar, My ag, ... My, ax, M, f

with [{],, denoting an arbitrary integer n-tuple (1, ...,1,) € (Z4+ U {0})" and [k],, =
(k1,...,k,). Whenever there is no possibility of confusion we shall drop the index
n and write simply simply write [k], [{]. By the triangle inequality

M <k, (ak, May, . ..ap, Mf)|[ 12 <> | Mag, Migg, o1, ()] 1
[Un

We note that in the expression M_y, ay, My, (ak, - .. ax, My, f) the frequency Iy is
forced to be of the order of k;. This allows us to insert a factor of 2~-1F1=4l in the
above expression. Using (21) we then derive,

| Mgy Mg iy (Pl xS 27~ 0IBIBoN, () 6 ( Mg () (31)
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Here, the notation p( [I]) indicates that the scalar p will be chosen dependent on
the multi-index [I] = [I],,. Recall that?,

I XagllLo
Nous(9) = pllBllr + [lgl 22 log™{sup 22—}
aczd M||Xa5||L1

We now make the following choice for the scalar y. The choice will be justified in
the lemmas below.

p(l) = Apog, 270,
1 .

a(l] = 5me(\lm—lm_ﬂ,ﬂm—km\)
m=2

We also choose the function

B= 1+
Observe that the following holds true,
<b>\"* <b>\*
< llxa < 2
(522) Iwbler < adler < (S22 ) ol (32)

We will need to make use of the following,

Lemma 2.6. The following estimates hold true for the expression,

M[k]v[l] (f) = ak1Ml1ak2""aanlnf7

IMug (Dl < cm272eWD A 1l (33)
IXa My, (F)lle S C Ak, >, <Ib—a] >~ ||xpfllLe (34)
beZ?2

We postpone the proof of the lemma to the end of this section.

Now, using (31)

[M <y (ar, Mag, .. ap, MF)||pr <Y [ Mar, Mg gy (f)]l 0
[ln

aM o
522"’“‘“(u([mnﬂup+||M[k],m<f>||plog+{sup e Mg o (/)1 })
[1]

acze M [I])lIxaBl Lt

Given our choice of p([l]) we have,
Z 2—\k1—l1\M< ) = Ap.x, Z g—lk1=lilg—a([l])
[ (7]
= Anw Y (g—wn—m c9—3min(lla=llJla—ka]) | .2—%min<|zn—ln71|,|ln—kn\>)

[1]
S Aklmkn

9For simplicity of notation we drop the summation Z\b—a\<3 which will only adds a finite

number of terms of the same type.
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Thus, in order to end he proof of (28) it suffices to show that

o Mg ()=
o—lki=lal| py, f 1logJr sup Ix L
%; Mg, (Dl og™{ sup = =i 2

}SCMAg, ke, N(f) (35)

Using (33) and (34) and recalling the definition of u[l], 5(z), we obtain
[ My (F) |l =

> 2Bl My ()]l log™ { sup

[ acZd M(U])HXaﬂ”Ll
ga([l) N
S C" Ak, Z27|k17h|272a([l])||fHL1 log™ {C'"*l sup Z <|b—a|>73 M}
[l] acza b#a ||Xaﬁ||L1
SO Agy g, Y2l 0g™ { sup m}
1 %]: aczd ”XaﬁHLl

SO Ay, Il log™ { sup < Jal >* |xafll~ }
aczZd

S C¥ Ag, ok, N(f),

as desired. Here we have used,
(1+[a))> < (1 +[b—a])’(1+ [b])*
and the finiteness of the sum
Z 9—lk1=lilg—a([l]) — Z (2—\k1—l1|2—% min([lo—lil,|la—k2|) | 2—% min(|ln—ln,,1|,|ln—kn,\))
U U

It remains to prove Lemma 2.6. Estimate (33) follows recursively provided that we
can establish the following

T o T e 11 (36)

In fact, since M is bounded in L', it suffices to prove,

m—1

1Py, an,, P hlle S llag,, |27 20 tm =tm s bln =D (37)

On the other hand, estimate (34) is a localized version of the trivial estimate
llak, My, @k, .ar, Mi, fllooe S C™ Ay ok, 1 fll oo

which holds since each of the frequency localized Calderon-Zygmund operators M;
are bounded on LP including p = 1,00. Its localized version follows inductively
from the estimate,

IXaMixpgllL= < C(1+[b—a])|gllz=, 120 (38)

which holds true on account of the sharp localization of the kernel of M;, in physical
space, due to the smoothness of the symbol of M at zero. Indeed the kernel of
m(x — y) of the operator xa,M;xp verifies,

Im(z — )| < COxa(z)(1+ |z —y]) *xb(y) < C(1+|b—al) *mi(z —y)
with my(z —y) = (1 + |z —y|)~3 in L.

To prove (37) we distinguish the following cases.
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(1) Assume l,,—1 < k. Observe that P,
2. Therefore, since

(ak,, P, h) = 0 unless |, — k| <

m—1

we have ,

1P,y (@, Pry )| 1 @k, [z [[P2]] 2

29— min(|lm —lm—1],/lm—FKml) Hak

IZANRAN

ol ] 2
as desired.
(2) Assume l,;,—1 > ky, . In this case P;,,_, (ax,, P

m m
2. Therefore we have again,

min (\lm —l—1], [l — km|)) ~1

h) =0 unless |l;—1 — | <

and

1B, (an,, Br o B 20 @k, |z [[o]] 2

<

~Y
—in (|l —lon— 1 ||l —

S 2 mm(\m m lllm ml)”akm

e P
(3) If lyn—1 = km, then P, (ag, P, h) = 0 unless l,;, < k,,. Then, using the
Bernstein inequality || Py, k|2 < 2=

1P, (ak,, Pr,h) |l o1

h||L2 we derive,

@k, P )|t S lla,, || 2] 1, B 22

27" lak,, | || P, bl 2
271€m+l

AR ZANRZA

" llaw |zl AllLr

Since in this case l,, < k,, = l,,_1 we have,

min (|l — b1, b = Kml) = ko — I

Therefore,
1By, (ak,, P, W)l s 27 mintm=tm bl =EnD g 1] 1
as desired.
Thus in all cases inequality (37) is verified. [ |

3. PROOF OF THE MAIN THEOREM

We need to prove the estimate

sup [|lu(t)|| 1wy S CN(g)
t€(0,1]

where d = 2 and
N(g) = llgllLjo,1xr2) log™ { SU% |a|2||Xag||L°°([O,1]><R2)} +1
ac

for a solution to (1)

Ou — a(t,z)Mu = g, u(0,2) =0,
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where the coefficient a admits the decomposition
a=0b+c (39)
with a,b and c satisfying the conditions (8), (10) and (11).

We define the iterates u® = 0,u!,...u", u"*! according to the recursive formula,

Otu(""’l)(t,x) = a(to,x)Mu(")(t,ac) +g(t, x), u("+1)(0) =0. (40)

3.1. First iterates. To illustrate our method consider first the case of the iterate,

to to t1
u(2) (t(]) = / g(tl)dtl +/ a(tl)dth/ g(tg)dtg
0 0 0

Thus,

to
I sup «® (o) imey S | sup / g(t)dty || + || sup I(to)] s
toG[O,l] t0€[0,1] 0 toe[o,l

I(to) = /Ooa(tl)dth/Olg(tQ)dtg

The first term is trivial. To estimate the second term we need to make use of the
decomposition (39). Thus,

I(to) = Iy(to) + L.(to)
to t1
L) = [ et [ gl
0 0
to ty
L(ty) = / D, b(t1)dts / M(ts)dts
0 0
to

= b(to) . Mg(tQ)dtQ—Aob(tl)Mg(tl)dtl

= Iya(to) + Ip2(to)

To estimate I. we use the fact that, for d = 2, the Besove space B%,l(Rd) embedds
in L>°(R%) and the estimate,

Mgl @ay S N9t waylog™ 1g(t) || oo may + 1 < N(g(t))

Thus,
1 t1
| sup I.(to)llor S /||C(t1)||L°°dt1/ [Mg(t2)| L1 (raydta
t0€[0,1] 0 0
1 t1
S [ lett)lsy, madts [ N(o)(ta)dee
0 ’ 0
S lellsN(g)
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On the other hand, decomposing b = by + Zkem b,

to
| sup Ipa(to)lpirey S |l sup b(tO)HLOO(Rd)/ [Mg(ta)|l L1 (maydtz
0

to€[0,1] to€0,1]
S NI sup b(to)ll Lo ey
to€[0,1]
S Nlg) Z [ sup bk(to)l Lo (ra)

kezyufoy ‘to€01
We now appeal to the following straightforward lemma,

Lemma 3.2. The following calculaus inequality holds true (see (10)) for k > 0,

sup. 10 () | 1 ety S 10eb | Forrs 108115 S 272 b2
telo,1 t t

Also,

I sup b)) 5 [ e s [ Y

In view of the Lemma we deduce,

| sup Ipi(to)llnirey < N(9) Z 10kl L2 21
to€[0,1]

k€Z+U{O}
< N Y 2ol < N(9)lblle
keZ,u{0}
Similarly,
1
| sup To(to) s S | / b(tr) Mg (tr)dts || 1 o)
to€[0,1] 0
< N(g) sup [[b(tr)]
t1€[0,1]
< NIl

Therefore,

| sup u® (to)ll ey < N(g) (102 + llells)
to€(0,1]

Remark 3.3. Observe that there is room of a 1/2 derivative in the estimates for Ij,.
This room will play an important role for treating the general iterates u("+1).

Consider now the more dificult case of the iterate u(®),

t(J tO
u® = [Totan+ [ ale)da® e
0 0

to to t1
/ g(t1)dt +/ a(tl)dth(/ g(ta)dts)
0 0 0
to t1 ta
/ / / a(t1)Ma(tg)Mg(t3)dt1dt2dt3
0 0 0

_|_
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We concentrate our attention on the last term,

I(t()) :/00/01/02a(tl)Ma(tQ)Mg(tg)dtldthtg,

As we decompose each a(t;) = 9:b(t;) + c(t;) with ¢ = 1,2 we notice that we can
only integrate by parts only one of the potentially two terms containing 0;b(t;). We
need to make that choice judiciously, based on the relative strength of the terms.
We begin by decomposing a(t1), a(t2) into their Littlewood-Paley pieces and write,

I(ty) = /0 i /0 1 / ’ S ar (b)) May, (t2) Mg(ts)dtdtadts

0 ki ko€, U{0}
to  pt1 pto to  pt1 pte to  pt1 pte
S AP YIRS A A D IR A A D >
0 JO J0 gk YO MO0 ogp g, YO Y0 Y0 g sk >0

In what follows we will tacitly assume that all the integer indices k; take values
in the set of non-negative integers and will not write this constraint explicitly.
Consider the last term,

to t1 ta
J(to) = / / / S7 i (1) Mag, (t2) Mo ts)dydtadts
0 0 0

k1>ko

We further decompose,

Ak, (t1> = atbkl (tl) + Ck, (t1>

and concentrate on the term,

to t] t2
Jb(to) = ‘/0 A A Z 8t1bk1 (tl)Mak2 (tg)Mg(tg)dtldtgdt3

k1>ko

to t2
= Z bkl(to)/ Makz(tg)Mg(t;g)dtgdtg
k1>k 0 70
1>k2

t() tl
— Z / / bk1 (tl)Makz (tl)Mg(tg)dtldtg
ki>ky 7070
Let,

o [t2

Mak2 (tQ)Mg(tg)dtgdtg

J1(to) = Z bkl(tO)/

t
k1>ko 0 Jo
and estimate
to to
)l S 3 1o (to)l / / | Mag (b2) Mg (t3) | 1 dtodts
k1>ko o Jo

Using Lemma 2.6 we have,

[May, (t2)Mg(ts)| 1 S llar, (E2)[| a1 N (9)(ts)

Also, according to Lemma 3.2, using the norm || ||z introduced in (11),

bk, (to) | o= S 2752 by 2



TRANSPORT EQUATIONS 19

Hence,

to [2)
o)l < 3 2—k1/2||bk1|\2/ ||ak2(t2)|\H1dt2/ N (g)(ts)dtsdts
k1>k2>0 0 0

S Nl D 2782 b, l2llak, ]l £ N(g)lIbllllall
k1>k22>0

The term Jyo = > <4, Oto Otz bi, (t1)May, (t1) M g(ts)dé1dts can be treated in ex-
actly the same fashion. Thus,

[Jo(to)llzr S N(g)llbll2llally (41)
Consider now the term,

to ty to
Jc(to) = /0 /0 / Z Ck, (tl)Makz (tQ)Mg(tg)dtldthtg,

0 k1 >ko

We further decompose

Ay (tQ) = atbkz (tg) + Ck,y (tQ)

We show how to treat the term,

t() tl t2
Jc(to) = /0 /0 /0 Z Ck1 (tl)Matka (tg)Mg(tg)dtldtgdtg

k1>ko

t() t1
Z / / Cky (t1)Mbk2 (tl)Mg(tg)dtldt:;
0 0

k1>ka
t() tl
— Z / / Cky (t1)Mbk2 (tz)Mg(tz)dtldtg
k1 >ko 0 0

Hence, using first Lemma 2.6 followed by Lemma 3.2,

to t1
[Je(to)llzr = Z/ / l[ck, (1) My, (1) Mg(ts)|| 2 dtrdts
0 0

k1>ko

to t1
+ 0> l[ck, (1) Mg, (t2) Mg(t2)|| L1 dtrdts
0 0

k1>ko

to t1
< ¥ / / ey () L 1B (£2) 112 N 9) (83l
ki>k, V0 O
to t1
. / / ety () L 1B (£2) 112 N (9) (b2) it
ki>k, V0 O
to t1
S 3 sw @l [ [ llew(t)llm No)tinndte
ks Sk tEI0,1 o Jo
< N S 2Pl lallen o < N@ble S llew o
k1>ko>0 k1
< N(@)blallclls
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3.4. General case. Treatment of the general case will follow the scheme laid down
for the third iterate u(®). Additional challenge however is presented in controlling
constants in the estimates, which may grow uncontrollably with respect to the order
of the iterates. Recalling (40) we write,

t t
ul™t D (t) :/ (tl)dt1+/ (t1 dm/ Mg(ts)dts + ..
t1 tn
/ / / tl MCL tz M (tn)Mg(tn+1)dt1dt2 . dtn+1

To simplify notations introduce the simplex A,,(¢) defined by,
>t >ty >ty >tnsr >0

and write,
u"I() = a () + Jalt) (42)
where,
Ja(t) = / a(ty)Ma(te)M ... a(tm)Mg(tn1)
A”(to
/ / fr o dtnes alt)Malts)M . . a(tn) Mg(tn)
JANS (to
To prove (13) it will suffice to show that
sup || (t)| 1 ray S C"A™N(g) (43)
t€[0,1]

We decompose each a(t;) in the expression for J, into its Littlewood-Paley compo-
nents according to,

a(t;) = Z Pra(t;) = ao(t;) + Z a, (t;)

kezZ,u{0} ki€Z+
Thus, writing k = (ky,...k,) € (Zy U{0})"
Ja(t)=J(t) = > / at)e M .. ap, (b)) Mg(tar)  (44)
ke(z ufop)n 7 Ant)

For each 1 < j < n we define,
[k]] = {(khkg, cee kn) S (Z+ @] {0})” | k; < kj VZ} (45)

to be the set on n-tuples (ki,...,k,) with the property that for each i = 1,..,n
k; < kj. In what follows we will tacitly assume that all indices k; take values in the
set of non-negative integers and will not write this constraint explicitly. Let,

T = T = kez[:kj] /A L oM, ()Mt (40

Clearly,

[ Jn ()21 (Ray S Z 1T ()| 21 ety
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We now fix j and decompose in view of (39),

ak; (t;) = Oebi; (t5) + cx; (t5) (47)
Thus,
Jt) = JO+T0) =D T 0+ D T (48)
kelky) kelk;]
T ) = / ak, (01)M .. Opby, (t;)M ... g, (tn) Mg(tni1)dts ... dtnia
An(t)
T2 () :/ ar, (L) M .., (8)M .. ag, (tn) Mg(tngr)dty ... b
An(t)

with the summation convention,

=Y 3, K = (ki,...kj. . k).

ke[k;]  kj€Z K <k;

We first estimate!'® .J, = Jg. Integrating by parts,

Iy x (t) / " ~--akj,1(tj—1)Mbkj( G- I)Mak]+1( 1) - - Mg(tpy)dtr ... dty .. dtnga
n—1(t

- / covagy (b)) Mby, (b)) Mag,,, (t551) -« Mg(tnyr)dty . dt; ... by
n l(t)

Toxc() + I (1)

Now, with the help of Lemma 2.6, we proceed as in the previous subsection,

”Jb_,k(t)HLl < C’"sgp”bkj(t)HHl/A ()Ak(th...@...tn)N(g)(tn_,_l)dtl...dtj...dtn_i_l
n—1(%t
where,
Ag(cot) = llawy () Nl ()1 - llaw, (8) |

Henceforth, with the help of Lemma 3.2,

_ n k ~ — 1/2
153l S C"N(g)27%5/2 by, |2 'A”‘2(t)|1/2(/A ( )Ak(. L)ty )Y
n—2(t
where |A,,_2(t)| is the volume of the n — 2 dimensional simplex!!. Consequently,
ol S C™((n =Y 2N(g)27%2lby, llallan, 11 - lla, |11 - - - lar, |
and, by triangle inequality and then Cauchy-Schwartz,

1Y Joa®lle S C™((n=1))7TV2N(g) D 2752 lbw lallany Iy - a1 - ax, |1

ke(k;] ke(k;]
n 1/2
S C((n=1)TVEN()( Y 27 )Y bk 3llar IF - - lla, 1)
ke(k;] kelk;]
ISEGA( ) 2N () [Bll2lall?

(nf 1)!
< n2C"N(g)||blla]lallp?

Opor simplicity, since j is kept fix we drop the j upper index below
1n our notations it corresponds to an actual (n — 1)-dimensional simplex.
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Proceeding exactly in the same way we derive,

1> Jh®l < nC "N(g)|bllallalf "

ke[kj]

Therefore, recalling that J,(t) = Zke[kj] Jpx (1),

173 @)l ey S nC N(g)llbll2llalf (49)

~

To estimate JI(t) = Zke[kj] Jex(t) we have to do a further decomposition. We
define,

(kj, ki) = {(k1, ko, k) € (Zy U{0})" | ki Sk < kj Vil j} (50)
For fixed j we have precisely n—1 such regions covering [k;]. Fix | # j and consider,
TN = >IN0 (51)
kelk; ki
Clearly,
[BAGIFFED Z HJck ML wey (52)
I#7

In view of (39) we decompose,

ax, (t1) = Oy, (t1) + cx, (t1) (53)
Thus, dropping the upper indices j, 1,
Jet) = Ja®)+Je®) = D Jax®+ D> Jex(t) (54)
ke(k; ki kelk;,ki]
Jox(t) = /A i (0)M e, ()M .. Qb ()M .. g, (1) M (b1 )dts ... b
Joext) = /A M i ()M - (1) 00, () M2 )l
Integrating by parts, and droping the operators M for a moment,
Japx(t) = / . () - any (=) biy (Bi—1) gy (frg) - g (B )dity Ldty . dtnan
An—y
- / o () ar (f—1)bry (te1)aryy, (Bi1) ry s (Bg2) - g(tngr)dty dty ...
An—y
= Jax(®) + L)
Using Lemma 2.6 as before7
”Jc:%,k(t)HLl NI Sup 16k, () || m12 /An_l(t) Bu(ti, .. 1. ta)N(g)(tns)dty ...ty . dbyi
where,

~

Bic(-otie) = awy @)l - Mew; @) Hlaw (@) [ - llag, (62) |

dthrl
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Therefore, exactly as before with the help of Lemma 3.2,
15Ol S C*N (9272 |lby, |2 Pcn—a(t)

Pien—a(t) :/ ()Bk(...tAl...)dtl...gt\l...dtn
n 2t

Observe that,

Pocal®) < [ o)l Lo @) Sl o ()t
JANREPY ¢

Thus,
| Y Tak®lle SO —2))" N (9)Q
ke[kj,kl]
with,
Q = Y 27" bgllallen,lls Y lawlh - llaw; 1 - Tar 1 - ok, |1
k1 <k; k" <k;

with &” = (k1, ks ... ,kj,... ki ...ky). Therefore, by Cauchy-Schwartz,
_ —2)/2 1/2
Q < > 272K g llallew, Ns (D law, 13- lla, |)

ki <k; k' <k

n— _ n—2)/2
Slalli™2 3" fewlls S 2752k 272 by, ||

k;€Z ki <k;

k;
Sallz 2l Y flew s (S 2 k22

ijZ k;=0
< ((n =N [lallF =2 (b2 ells

Consequently,
n (n_l)' 1/2 n—
Yo TakWln S C ((n_2),) N(g)llallF~[1Bll2ells
K<k <k; :
S n2C"N(g)llallT 2 [bll2lclls
Therefore,
Sup 172 ()| L gy S n2C™N(g)lallF > [[bl2lclls (55)
€10,

To treat the term J.. k(t) we decompose once more. Continuing in the same manner
after m steps we arrive at the integral,

O =8 / (56)

J'm 1

with the integrand containing ¢1 = ¢k, ,c2 = ¢k, ... Cm—1 = ¢g; _ and

[kjl"' o 1]—{( )GZn‘k <I€ §§kj1 v@#jl,.]Q]m_l}

dty ...

dty,
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Clearly [kj,,...k;, _,] can be covered by precisely n —m + 1 regions of the form
(kjy, ... Kj,,]. We have,

ng]2 Jm— 1(t) — Zngjz Jm (t)7 kj Skjm—l (57)

Cm—1 Cm—1 m

Im

Jhinin (1) = Z / 5 (58)
(ki K] A (t)

In view of (39) we decompose,

ax,,, (tj,,) = Ocbr;,, (t5,,) + cx;,, (t5,,) (59)
and, respectively,
ORI DR AN LoD 1)
kelkjy - ki, | ke[kjy -k ]

where by, = by, , cm = ci,;, Proceeding exactly as before, integrating by parts and
using Lemma 2.6, we write,

1272 @l S C"Sl;pl\bkjm(t)llm/ t)Bk(tlw-@m-~-tn)N(9)(tn+1)
n—1

Cm—1bm,k

where,

Bty ) = ew, )l - llew,,, _, (8,

s, Cgp ) N, (8,) [

Therefore,

127230 Ol S CN ()25 2lby,, ll2 Pen—a(t)

Pgn—a(t) = / Bil...t;, ...)
n—2(t)

where kj,. .., ... k;, are the labels for all other frequencies different from k;,... k;,,_,.

To estimate Py ,—2(t) we make use of the following obvious lemma.

Lemma 3.5. Let f1, fo,... fn be an ordered sequence of n positive, integrable, func-
tions defined on the interval [0,1] C R among which m, say fi,,i =1,...m are in

L' and n—m, say fj,,...fj._ .. arein L. Then,
1 1/2
/" filt) o faltn)dty . dt, S (““‘*)/|UAHL1~-Hﬁm o
n—2(t) (n )
il Ml

According to Lemma 3.5 we have,

1 1/2
Fenal®) 5 (Grmaemgy) e o e, oo - - Do, s

n—m—1)! 37"+1H
Observe that,
(n—1-—m)/2
S gy, e, S (ki) (Y Hakwnf s, I2)72

k”Skjm k‘”<k'

(ks ) " al

A
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where k" = (kj,.,,,...kj,). Observe also that,
1
S lew o - llews, oo S el (60)
J ]m ~ — |
kg, <kjy <k ' ! (m—1)!
Indeed this follows by symmetry in view of the fact that,
Z lew, lpra - New, Mo S llellg=
Ky see K
Finally, by Cauchy-Schwartz,
K, (n—1-m)/2
Do 27 Bk, )T T b, Nl S (0= m)) b2
kjnlez
Hence,
J1J2---Jm < n 1 (TL _ m)‘ 1/2 n—m m—1
> Ol S O () N @bl el
(kg1 +Kjm] ' )
In other words,
1 n 1 n
PO B v Ol PRSI el e (61)
(kg1 -k ] '

We are ready to estimate J,,(t) = J(t) in formula (46). We have,

1T @)y S D 177 (@)l

j1=1
and,
12Ol S 15 Ol + 172 @) 2
S nECTAY T D) e
Hence,

nﬂm1<mmﬂ+2wnml

J1=1
On the other hand, for each ji,

175 @O er < Z 172372 (1) ] e

J2#h
and,
1272 @) S WL @Ol + 1722 (1) 2
< S8 ),
Therefore,

~

IS @ay < n%nC”Ag—kn% ( )C"An+ Z \|J7132 (¢

J1#J2

C1C2

P&
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Continuing in this way we derive,

[ Tn (8)]] L1

(n—1)

< Ngn?ager(1+ 1 = )2(1 (m —1)!

< nEARCT(1+ 1) IN(g) S nfAR20)"N(g),

as claimed in (43).

[CRW]
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[K1-Ro6)
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