ON THE UNIQUENESS OF SMOOTH, STATIONARY BLACK HOLES
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ALEXANDRU D. IONESCU AND SERGIU KLAINERMAN

ABSTRACT. A fundamental conjecture in General Relativity asserts that the domain
of outer communication of a regular, stationary, four dimensional, vacuum black hole
solution is isometrically diffeomorphic to the domain of outer communication of a Kerr
black hole. So far the conjecture has been resolved, by combining results of Hawking
[18], Carter [5] and Robinson [28], under the additional hypothesis of non-degenerate
horizons and real analyticity of the space-time. We develop a new strategy to bypass
analyticity based on a tensorial characterization of the Kerr solutions, due to Mars [25],
and new geometric Carleman estimates. We prove, under a technical assumption (an
identity relating the Ernst potential and the Killing scalar) on the bifurcate sphere of the
event horizon, that the domain of outer communication of a smooth, regular, stationary
Einstein vacuum spacetime of dimension 4 is locally isometric to the domain of outer
communication of a Kerr spacetime.
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1. INTRODUCTION

A fundamental conjecture in General Relativity' asserts that the domains of outer
communication of regular?, stationary, four dimensional, vacuum black hole solutions are
isometrically diffeomorphic to those of Kerr black holes. One expects, due to gravitational
radiation, that general, asymptotically flat, dynamic, solutions of the Einstein-vacuum
equations settle down, asymptotically, into a stationary regime. A similar scenario is
supposed to hold true in the presence of matter. Thus the conjecture, if true, would
characterize all possible asymptotic states of the general evolution.

So far the conjecture has been resolved, by combining results of Hawking [18], Carter [5],
and Robinson [28], under the additional hypothesis of non-degenerate horizons and real
analyticity of the space-time. The assumption of real analyticity is both hard to justify
and difficult to dispense of. One can show, using standard elliptic theory, that stationary
solutions are real analytic in regions where the corresponding Killing vector-field T is
time-like, but there is no reason to expect the same result to hold true in the ergo-region
(in Kerr, the Killing vector-field T, which is time-like in the asymptotic region, becomes
space-like in the ergo-region). In view of the main application of the conjectured result to
the general problem of evolution, mentioned above, there is also no reason to expect that,
by losing gravitational radiation, general solutions become, somehow, analytic. Thus
the assumption of analyticity is a serious limitation of the present uniqueness results.
Unfortunately one of the main step in the current proof, due to Hawking [18], depends
heavily on analyticity. As we argue below, to extend Hawking’s argument to a smooth
setting requires solving an ill posed problem. Roughly speaking Hawking’s argument
is based on the observation that, though a general stationary space may seem quite
complicated, its behavior along the event horizon is remarkably simple. Thus Hawking has
shown that in addition to the original, stationary, Killing field, which has to be tangent

1See reviews by B. Carter [4] and P. Chusciel [8], [9], for a history and review of the current status of
the conjecture.

2The notion of regularity needed here requires a careful discussions concerning the geometric hypothesis
on the space-time.
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to the event horizon, there must exist, infinitesimally along the horizon, an additional
Killing vector-field. To extend this information, from the event horizon to the domain
of outer communication, requires one to solve a boundary value problem, with data on
the horizon, for a linear differential equation. Such problems are typically ill posed (i.e.
solutions may fail to exist in the smooth category.) In the analytic category, however, the
problem can be solved by a straightforward Cauchy-Kowalewsky type argument. Thus,
by assuming analyticity for the stationary metric, Hawking bypasses this fundamental
difficulty, and thus is able to extend this additional Killing field to the entire domain
of outer communication. As a consequence, the space-time under consideration is not
just stationary but also axi-symmetric, situation for which Carter-Robinson’s uniqueness
theorem [5], [28] applies. It is interesting to remark that this final step does not require
analyticity.

Though ill posed problems do not, in general, admit solutions, one can, when a solution
is known to exist, often prove uniqueness (we refer the reader to the introduction in [20]
for a more thorough discussion of this issue). This fact has led us to develop a different
strategy for proving uniqueness based on a characterization of the Kerr solution, due
to Mars [25], and geometric Carleman estimates applied to covariant wave equations on
a general, stationary, black hole background. We discuss this strategy in more details
in the following subsection, after we recall a few basic definitions and results concerning
stationary black holes. Our main result, stated in subsection 1.2 below, proves uniqueness
of the Kerr family among all, smooth, appropriately regular, stationary solutions, with a
regular, bifurcate, event horizon, under an additional assumption which has to be satisfied
along the bifurcate sphere Sy of the event horizon. More precisely we assume a pointwise
complex scalar identity relating the Ernst potential o and the Killing scalar F2 on Sy.

1.1. Stationary, regular, black holes. In this subsection we review some of the main
definitions and results concerning stationary black holes (see also the discussion in the
introduction to section 3. We will also give a more detailed discussion of our new approach
to the problem of uniqueness. Precise assumptions concerning our result will be made
only in the next subsection.

The main objects in the theory of stationary, vacuum, black holes are 3+ 1 dimensional
space-times (M, g) which are smooth, strongly causal, time oriented, solutions of the
Einstein vacuum equations, see [18] for precise definitions, and which are also stationary,
asymptotically flat. More precisely one considers, see for example page 2 in [17], space-
times (M, g) endowed with a 1-parameter group of isometries ®,, generated by a Killing
vector-field T, and which possess a smooth space-like slice ¥¢ with an asymptotically flat
end E(()end) C Yy on which g(T, T) < 0. To ensure strong causality we assume that M is the
maximal globally hyperbolic extension of >3. This implies, in particular, that all orbits of
T are complete, see [10], and must intersect ¥, see [13]. Define M) = U;cp®,(3").
Take B to be the complement of Z~(M(")), W the complement of Z* (M), where
7%(S) denote the causal future and past sets of a set S C M. In other words B (called
the black hole region), respectively W (called the white hole region), is the set of points
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in M for which no future directed, respectively past directed, causal curve meets M@

Also we take E (called domain of outer communication) the complement of W U B, i.e.
E = Z- (M) 0 ZH (M), We further define the future event horizon H* to be the
boundary of Z~(M("¥) and the past event horizon H~ to be the boundary of Z+(M(nd)),

H* =0B, H =5W.

By definition both H™ and H~ are achronal (i.e. no two points on H™, or H~ can be
connected by time-like curves) boundaries generated by null geodesic segments. According
to the topological censorship theorem, see [14] or [16], the domain of outer communication
E is simply connected. This implies that all connected components of event horizons must
have the topology of S? x R. In our work we shall assume that the event horizon has only
one component.

It follows immediately from the definitions above that the flow ®; must keep H* and
‘H~ invariant, therefore the generating vector-field T must be tangent to H. One further
assumes that ®; has no fixed points on H with the possible exception of Sy = HT NH™.
Then either T is space-like or null at all points of H. If T is null on H, in which case 'H
is said to be a Killing horizon for T, Sudarski-Wald [31] have proved that the space-time
must be static, i.e. T is hypersurface orthogonal. Static solutions, on the other hand, are
known to be isomorphic to Schwarzschild metrics, see [22], [3] and [11]. In this paper we
are interested only in the case when T is space-like at some points on the horizon.

The existence of partial Cauchy hypersurface ¥y implies, in particular, the existence
of a foliation ¥; on E, which induces a foliation S; on the horizon ‘H with a well defined
area. A key result of Hawking [18] (see also [15] where the area theorem is proved under
very general differentiability assumptions), shows that the area of S; is a monotonous
function of ¢. Using this fact, together with the tangency of the Killing field T, one can
show that the null second fundamental forms of both H* and H~ must vanish identically,
see [18]. Specializing to the future event horizon H*, Hawking [18] (see also [21]) has
proved the existence of a non-vanishing vector-field K, tangent to the null generators of
‘H* which is Killing to any order along H*. Moreover D K = kK with s, constant along
HT, called the surface gravity of H'. If k # 0 we say that H™ is non-degenerate. In the
non-degenerate case the work of Racz and Wald [29] supports the hypothesis, which we
make in our work (see next subsection), that H* and H~ are smooth null hypersurfaces
intersecting smoothly on a 2 surface Sy with the topology of the standard sphere. We say,
in this case, that the horizon H is a smooth bifurcate horizon.

Under the restrictive assumption of real analyticity of the metric g one can show, see
[18] and [12], that the Hawking vector-field K can be extended to a neighborhood of the
entire domain of communication®. One can then show that the spacetime (M, g) is not just
stationary but also axi-symmetric. One can then appeal to the results of Carter [5] and
Robinson [28] which show that the family of Kerr solutions with 0 < a < m exhaust the

3n [17] it is shown that K can be extended in the complement of the domain of outer communication
E without the restrictive analyticity assumption. However their argument does not apply to the domain
of outer communication E.
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class of non-degenerate, stationary axi-symmetric, connected, four dimensional, vacuum
black holes. This concludes the present proof of uniqueness, based on analyticity.

Without analyticity any hope of extending K outside H, in E, by a direct argument
encounters a fundamental difficulty. Indeed one needs to extend K such that it satisfies
the Killing equation,

D,K, +D,K, = 0. (1.1)

Differentiating the Killing equation and using the Ricci flat condition Ric(g) = 0 one
derives the covariant wave equation g K = 0. The obstacle we encounter is that the
boundary value problem Ug K = 0 with K prescribed on H is ill posed, which means that
it is impossible to extend K by solving [g K = 0, if the metric is smooth but fails to be
real analytic. To understand the ill posed character of the situation it helps to consider
the following simpler model problem in the domain E = {(¢t,z) € R'*3/|z| > 1+ |¢|} of
Minkowski space R3.

Oé = F(¢,00),  ¢lse = do. (1.2)

Here [ is the usual D’Alembertian of R'*3 and F a smooth function of ¢ and its partial
derivatives 0,¢, vanishing for ¢ = d¢ = 0. One can regard E as a model of the domain
of outer communication and its boundary H = J0E as analogous to the bifurcate event
horizon considered above. The problem is still ill posed; even in the case F' = 0 we cannot,
in general, find solutions for arbitrary smooth boundary data ¢q. Yet, as typical to many
ill posed problems, even if existence fails we can still prove uniqueness. In other words if
(1.2) has two solutions ¢, ¢ which agree on H = ¢E then they must coincide everywhere
in E, see [20]. The result is based on Carleman estimates, i.e. on space-time L? a-priori
estimates with carefully chosen weights. A more realistic model problem is to consider
smooth space-time metrics g in R'*3 which verify the Einstein vacuum equations and
agree, up to curvature, with the standard Minkowski metric on the boundary H = JE.
Can we prove that g must be flat also in E 7 It is easy to see, using the Einstein
equations, that the Riemann curvature tensor R of such metrics must verify a covariant
wave equation of the form [gR = R * R, with R x R denoting an appropriate quadratic
product of components of R. We are thus led to a question similar to the one above;
knowing that R vanishes on the boundary of E can we deduce that it also vanishes on E ?
Using methods similar to those of [20] we can prove that R must vanish in a neighborhood
of H. We also expect that, under additional global assumptions on the metric g, one can
show that R vanishes everywhere on E and therefore g is locally Minkowskian.

These considerations lead us to look for a tensor-field S, associated to our stationary
metric g, which satisfies the following properties.

(1) If S vanishes in E then the metric g is locally isometric to a Kerr solution.
(2) S verifies a covariant wave equation of the form,

OgS = AxS+ B+ DS, (1.3)
with A and B two arbitrary smooth tensor-fields.
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(3) S vanishes identically on the bifurcate event horizon H.

An appropriate space-time tensor verifying condition (1) has been proposed by M. Mars
in [25], based on some previous work of W. Simon [30]; we refer to it as the Mars-Simon
tensor. In this paper we shall show that S verifies the desired wave equation in (2) and
give a sufficient, simple condition on the bifurcate sphere Sy, which insures that S vanishes
on the event horizon ‘H. We then prove, based on a global unique continuation argument,
that & must vanish everywhere in the domain of outer communication E. In view of
Mars’s result [25] we deduce that E is locally isometric with a Kerr solution.

The unique continuation strategy is based on two Carleman estimates. The first one
establishes the vanishing of solutions to covariant wave equations, with zero boundary
conditions on a neighborhood of S on the event horizon, to a full space-time neighborhood
of Sy. The proof of this result can be extended to the exterior of a regular, bifurcate null
hypersurface (i.e. with a regular bifurcate sphere), in a general, smooth, Lorentz manifold.
Our second, conditional, Carleman estimate is significantly deeper as it depends heavily
on the specific properties of stationary solutions of the Einstein vacuum equations. We use
it, together with an appropriate bootstrap argument, to extend the region of vanishing
of the Mars -Simon tensor from a neighborhood of Sy to the entire domain of outer
communication E. The proof of both Carleman estimates (see also discussion in the first
subsection of section 3), but especially the second, rely on calculations based on null
frames and complex null tetrads. We develop our own formalism, which is, we hope,
a useful compromise between that of Newmann-Penrose [27] and that used in [7], [23].
Strictly speaking the formalism used in [7] does not apply in the situation studied here
as it presupposes that the horizontal distribution generated by the null pair is integrable.
The horizontal distribution generated by the principal null directions in Kerr do not verify
this property.

1.2. Precise assumptions and the Main Theorem. We state now our precise assump-
tions. We assume that (M, g) is a smooth?, time oriented, vacuum Einstein spacetime of
dimension 3+ 1 and T € T(M) is a smooth Killing vector-field on M. In addition, we
make the following assumptions and definitions.

AF. (Asymptotic flatness) We assume that there is an open subset M ("% of M which is
diffeomorphic to Rx ({z € R* : |z| > R}) for some R sufficiently large. In local coordinates
{t,z'} defined by this diffeomorphism, we assume that, with r = /(z1)? + (22)? + (2?)2,

2M
o = —l+——+ O(r™), gij=20;+007"), gu=0("), (1.4)

for some M > 0, and
T = 0, therefore d;g,, = 0.

We define the domain of outer communication (exterior region)

E=7" (M(end)) N I+(M(end)).

4M is assumed to be a connected, orientable, paracompact C'°*° manifold without boundary.



ON THE UNIQUENESS OF SMOOTH, STATIONARY BLACK HOLES IN VACUUM 7

We assume that there is an imbedded space-like hypersurface ¥ € M which is diffeomor-
phic to {z € R?: |x| > 1/2} and, in M(*"¥) %) agrees with the hypersurface corresponding
to t = 0. Let T denote the future directed unit vector orthogonal to ¥,. We assume that
every orbit of T in E is complete and intersects the hypersurface >, and

8(T,Ty)| > 0 on 5 NE. (1.5)

SBS. (Smooth bifurcate sphere) Let
So = (2~ (M DY)) N §(ZH(MEmD)Y),

We assume that Sy C ¥ and Sy is an imbedded 2-sphere which agrees with the sphere
of radius 1 in R? under the identification of ¥y with {x € R3 : |z| > 1/2}. Furthermore,
we assume that there is a neighborhood O of Sy in M such that the sets

HT=0NnsZ (M)  and H™ =0nN§ZT (M)

are smooth imbedded hypersurfaces diffeomorphic to Sy x (—1, 1), We assume that these
hypersurfaces are null, non-expanding®, and intersect transversally in Sy. Finally, we
assume that the vector-field T is tangent to both hypersurfaces H+* = O N §(Z~ (M)
and H~ = O N§(ZT(M©D)), and does not vanish identically on Sy°.

T. (Technical assumptions). Let F,3 = D,Tjs denote the Killing form on M, and
Fop = Fop +1 "Fog, where *F5 = % €apys FY. Let F? = ]—"aﬁj’:aﬁ. The Ernst 1-form
associated to T is defined as 0, = 2T*F,,. It is easy to check, see equation (4.18), that
o, is exact and, therefore, there exists a complex scalar o defined in an open neighborhood
of ¥, called the Ernst potential, such that D,o = o,. In view of the asymptotic flatness
assumption AF, we can choose o such that o — 1 at infinity along 3y. Our main technical
assumptions are

—AM?F* = (1—0)* on S, (1.6)
and
R((1—0)"")>1/2 at some point on Sp. (1.7)

Remark 1.1. As we have discussed in the previous subsection some of the assumptions
made above have been deduced from more primitive assumptions. For example, the com-
pleteness of orbits of E can be deduced by assuming that M is the maximal global hyperbolic
extension of ¥, see [10]. Our precise space-time asymptotic flatness conditions can be

5A null hypersurface is said to be non-expanding if the trace of its null second fundamental form
vanishes identically.

In view of a well known result, see [24], any non-vanishing Killing field on Sy can only vanish at a
finite number of isolated points.
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deduced by making asymptotic flatness assumptions only on X, see [1], [2]. The assump-
tion (1.5) can be replaced, at the expense of some additional work in section 8, by a
suitable reqularity assumption on the space of orbits of T. The non-expanding condition
in SBS can be derived using the area theorem, see [18], [15]. The regular bifurcate struc-
ture of the horizon, assumed in SBS, is connected to the more primitive assumption of
non-degeneracy of the horizon, see [29].

Remark 1.2. Assumption (1.7) is consistent with the natural condition 0 < a < M
satisfied by the two parameters of the Kerr family. The key technical assumption in
this paper is the identity (1.6), which is assumed to hold on the bifurcate sphere Sy. This
assumption is made in order to insure that the corresponding Mars-Sitmon tensor vanishes
on H- UHT. We emphasize, however, that we do not make any technical assumptions
in the open set E itself; the identity (1.6) is only assumed to hold on the bifurcate sphere
So, which is a codimension 2 set, while the inequality (1.7) is only assumed at one point
of So. We hope to further relax these technical conditions and interpret them as part of
the “reqularity” assumptions on the black hole in future work.

Remark 1.3. In Boyer-Lindquist coordinates the Kerr metric takes the form,
p*A Y2 (sin 0)?

2
ds” = 2 07

(dt)* +

<d¢ - 2“2]‘24 rdt)Q + %Q(dr)Q + p2(d0)?, (1.8)

where,
0 = 2+ acos?d, A=7r*>+a*>—2Mr, Y2 — (7’2 + a2)p2 + 2M7"a2(sin9)2.
On the horizon we have r = ri == M +M? —a? and A = 0. The domain of outer

communication E is given by r > r,. One can show that the complex FErnst potential o
and the complex scalar F? are given by

2M 4M?
- 1 - e 1.9
’ r+iacosf’ (r + ia cos 0)* (1.9)
Thus,
—AM?F? = (1-o0)* (1.10)
everywhere in the exterior region. Writing y + iz := (1 — o)~ we observe that,
r T4 1
=—>—>—.
YZoM = oM T 2

everywhere in the exterior region.

Main Theorem. Under the assumptions AF, SBS, and T the domain of outer com-
munication E of M 1s locally isometric to the domain of outer communication of a Kerr
space-time with mass M and 0 < a < M.

As mentioned earlier, the basic idea of the proof is to show that the Mars-Simon tensor
is well-defined and vanishes in the entire domain of outer communication, by relying on
Carleman type estimates. We provide below a more detailed outline of the proof.
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In section 3, we prove a sufficiently general geometric Carleman inequality, Proposition
3.3, with weights that satisfy suitable conditional pseudo-convexity assumptions. This
Carleman inequality is applied in section 6 to prove Proposition 6.1 and section 8 to
prove Proposition 8.5. -

In section 4 we define, in a simply connected neighborhood M of £y N E, the Killing
form F,3 and the Ernst potential 0. We then introduce the Mars-Simon tensor, see [25],

Saﬂw/ = Raﬁuv + 6(1 - U)_l (faﬁfuv - (1/3)-7:21al3w)
as a self-dual Weyl tensor, which is well defined and smooth in the open set
No={zeM:1-oc(z) 0}

It is important to observe that Ny contains a neighborhood of the bifurcate sphere .Sy,
since Ro = —T*T,, which is nonpositive on Sy. In particular, the Mars-Simon tensor is
well defined in a neighborhood of Sy. The main result of the section, stated in Theorem
4.5, is the identity

D’ Spapw = T(8)apw = —6(1 — 0) "T85 (FP0060 — (2/3)F°L0,,), (1.11)
which shows that S verifies a divergence equation with a source term 7 (S) proportional
to §. It is then straightforward to deduce, see Theorem 4.7, that S verifies a covariant
wave equation with a source proportional to § and first derivatives of S.

In section 5 we show that S vanishes on the horizon §(Z~(M"))) U §(Z+(M(nD))),
in a neighborhood of the bifurcate sphere Sy. The proof depends on special properties
of the horizon, such as the vanishing of the null second fundamental forms and certain
null curvature components, and the divergence equation (1.11). The proof also depends
on the main technical assumption (1.6) to show that the component p(S) vanishes on Sy
(this is the only place where this technical assumption is used).

In section 6 we show that & vanishes in a full space-time neighborhood O,, N E of
Sp in E, see Proposition 6.1. For this we derive the Carleman inequality of Lemma 6.2,
as a consequence of the more general Proposition 3.3. The weight function used in this
Carleman inequality is constructed with the help of two optical functions u, and w_,
defined in a space-time neighborhood of Sy. We then apply this Carleman inequality to
the covariant wave equation verified by S, to prove Proposition 6.1.

Once we have regions of space-time in which S vanishes we can rely on some of the
remarkable computations of Mars [25]. In section 7 we work in an open set N C Ny (thus
1—0#0in N), Sy C N, with the property that S = 0 in NNE and NN E is connected.
Such sets exist, in view of the main result of section 6. Following Mars [25], we define the
real functions y and z in N by

y+iz=(1-0)",
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see Remark 1.3 for explicit formulas in the Kerr spaces. The function y satisfies the
important identity (7.19), found by Mars,

vy —y+B
AM?(y? + 22)
in NN E, where B € [0,00) is a constant which has the additional property that 2* < B

in NNE (in the Kerr space B = a?/(4M?)). We then use this identity and the fact that
R(1—0)=1+g(T,T) to prove the key bound on the coordinate norm of the gradient

ID'y| < C in NNE, (1.13)

D,yD% = (1.12)

with a uniform constant C' (see Proposition 7.2). This bound, together with 2% < B,
shows that the function 1 —o = (y+iz)~! cannot vanish in a neighborhood of the closure
of NNE, aslong as S = 0 in NNE and NNE is connected. This observation is important
in section 8, as part of the bootstrap argument, to show that 1 —o # 0 in XyNE. Finally,
in Lemma 7.3 we work in a canonical complex null tetrad and compute the Hessian D2y
in terms of the functions y and z, and the connection coefficient (.

In section 8 we use a bootstrap argument to complete the proof of the Main Theorem.
Our main goal is to show that 1 — o # 0 and S = 0 in Xy N E. We start by showing that

= yg, is constant on the bifurcate sphere Sy, and use (1.12) to show that y%o—y50+B = 0;
using (1.7) it follows that B € [0,1/4) and ys, € (1/2,1]. We use then the wave equation

2y — 1

D2+ )
which is a consequence of & = 0, and the fact that ys, > 1/2, to show that y must
increase in a small neighborhood O, N E. We can then start our bootstrap argument: for
R > yg, let Up denote the unique connected component of the set {z € Xy NE : o(x) #
1 and y(x) < R} whose closure in 3, contains Sy. We need to show, by induction over R,
that S = 0 in Uy for any R > yg,; assuming this, it would follow from (1.13) that o # 1
in XgNE and U R>ysou r = Yo NE, which would complete the proof of the Main Theorem.
The key inductive step in proving that § = 0 in Uy is to show that if z( is a point on
the boundary of Ugr in ¥g NE, and if S = 0 in Uk, then S = 0 in a neighborhood of z
(see Proposition 8.5). For this we use a second Carleman inequality, Lemma 8.6, with
a weight that depends on the function y. To prove this second Carleman estimate we
use the general Carleman estimate Proposition 3.3 and the remarkable pseudo-convexity
properties of the Hessian of the function y computed in Lemma 7.3.

We would like to thank P. Chrusciel, M. Dafermos, J. Isenberg, M. Mars and R. Wald
for helpful conversations connected to our work. We would also like to thank the referees
for very helpful comments, particularly on section 3.

D“D,y =

2. GEOMETRIC PRELIMINARIES

2.1. Optical functions. We define two optical functions u_,u, in a neighborhood of
the bifurcate sphere Sy, included in the neighborhood O of hypothesis SBS. Choose a
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smooth future-past directed null pair (L, L_) along Sy (i.e. L, is future oriented while
L_ is past oriented),

g(L—>L—) = g(L+7L+) = 07 g(L+7TO) = _17 g<L+>L—) =1 (21)

We extend L, (resp. L_) along the null geodesic generators of H™ (resp. H™) by parallel
transport, i.e. Dy, L, = 0 (resp. D;_L_ = 0). We define the function u_ (resp. u)
along H* (resp. H™) by setting u_ = u; = 0 on the bifurcate sphere Sy and solving
Ly(u_) =1 (resp. L_(uy)=1). Let S,_ (resp. S,_) be the level surfaces of u_ (resp.
uy ) along H* (resp. H™). We define L_ at every point of H* (resp. L, at every point
of H™) as the unique, past directed (resp. future directed), null vector-field orthogonal to
the surface S,_ (resp. S,, ) passing through that point and such that g(L;,L_) = 1. We
now define the null hypersurface H,_ to be the congruence of null geodesics initiating on
Su_ C H* in the direction of L_. Similarly we define H,, to be the congruence of null
geodesics initiating on S,, C H™ in the direction of L. Both congruences are well defined
in a sufficiently small neighborhood O of Sy in M. The null hypersurfaces H,_ (resp.
H.,,) are the level sets of a function u_ (resp u,) vanishing on H~ (resp. H™). Moreover
we can arrange that both u_,u, are positive in the domain of outer communication E.
By construction they are both null optical functions, i.e.

g" o usOpuy = g" o u_o,u_ = 0. (2.2)
We define
Q = ¢"™ousdu_. (2.3)
In view of our construction we have,
Uy|y+ =u_|y- =0, Qly+on- = L. (2.4)
Let
L, =g¢"0,u.0,, L_=g¢"0,u_0,. (2.5)
We have,

g(L+, LJr) = g(L,,L,) = Oa g<L+7L7) = Q.
Define the sets,
O.={reO:|u_| <e|us| <e}

For sufficiently small ¢y > 0 we have,

1 _
Q> 0, 0,CO. (2.6)

We also have, for € < ¢y, O, NE = {0 <u_ <e€0<u; <e}. If ¢ is a smooth function
in O, vanishing on H* N O,, one can show that there exists a smooth function ¢ defined
on O, such that,

¢»=uy-¢ on O, (2.7)
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Similarly, if ¢ is a smooth function in O, vanishing on H~ N O, then there exists another
smooth function ¢’ defined on O, such that,

¢ =u-- ¢, on Oe~ (28)

2.2. Quantitative bounds. Using the hypothesis (1.5) we may assume that for every
0 < € < ¢ there is a sufficiently large constant A, such that,

g(T, Ty)| > A1, Vaz e (SNE)\O.. (2.9)

In view of the normalization (2.1) we may assume (after possibly decreasing the value of
€o) that, for some constant Ay,

uy/u_ +u_juy < Agon O, NEN . (2.10)

We construct a system of coordinates which cover a neighborhood of the space-like
hypersurface Y. For any R € (0,1] let Bgp = {x € R*: |z| < R} denote the open ball
of radius R in R*. In view of the asymptotic flatness assumption AF, there is a constant
A € 5!, 00) such that (2.10) holds and, in addition, for any zy € Xy N E there is an
open set By(zp) € M containing zy and a smooth coordinate chart ®* : B; — By(zg),
®*0(0) = z, with the property that

6 4
sup  sup Z Z (10a; - - On,; 87 ()| + |Oay - - - 00,87 (2)]) < Ao
20€X0NE €B1(x0) 520 oy 0 By=1
6 4

sup  sup Z Z Oy + - 0, TP ()| < Ao.

20ETONE z€B1(x0)

(2.11)

J=0 ai,..,a;,5=1

We may assume that Bi(xg) C O, if g € So. We define M to be the union of the balls

Bi(x) over all points 2y € ¥y N E. We can arrange such that M is simply connected.
Since Sy is compact, we may assume (after possibly increasing the value of Ag) that

6 4

sup  sup [Z Z 0ay - - - Ocyus ()] + (Z|8aui(:c)\)fl} < Ay. (2.12)

20€S0 z€B1(x0) 7=0 a1,...,a;=1

Finally, we may also assume, in view of (1.7), that there is a point xy € Sy such that,
1
R((1—o(z)™") > 5+ At (2.13)
To summarize, we fixed constants ¢y and Ay > ¢, such that (2.10)-(2.13) hold.

3. UNIQUE CONTINUATION AND CARLEMAN INEQUALITIES

3.1. General considerations. As explained in section 1 our proof of the Main Theorem
is based on a global, unique continuation strategy applied to equation (1.3). We say that
a linear differential operator L, in a domain  C RY, satisfies the unique continuation
property with respect to a smooth, oriented, hypersurface > C €2, if any smooth solution of
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L¢ = 0 which vanishes on one side of > must in fact vanish in a small neighborhood of 3.
Such a property depends, of course, on the interplay between the properties of the operator
L and the hypersurface . A classical result of Hormander, see for example Chapter 28
in [19], provides sufficient conditions for a scalar linear equation which guarantee that the
unique continuation property holds. In the particular case of the scalar wave equation,
Leg¢ = 0, and a non-characteristic surface >, defined by the equation h = 0, Vh # 0,
Hormander’s pseudo-convexity condition takes the simple form,

D2h(X,X)<0 if  g(X,X)=g(X,Dh)=0 (3.1)

at all points on the surface ¥, where we assume that ¢ is known to vanish on the side of
Y} corresponding to h < 0.

In our situation, we plan to apply the general philosophy of unique continuation to the
covariant wave equation (see Theorem 4.7),

0,8 = AxS + B+ DS, (3.2)

verified by the Mars-Simon tensor S, see Definition 4.3. We prove in section 5, using
the main technical assumption (1.6), that S vanishes on the horizon H* U H~ and we
would like to prove, by unique continuation, that & vanishes in the entire domain of outer
communication. In implementing such a strategy one encounters the following difficulties:

(1) Equation (3.2) is tensorial, rather than scalar.

(2) The horizon H* UM~ is characteristic and non smooth in a neighborhood of the
bifurcate sphere.

(3) Though one can show that an appropriate variant of Hormander’s pseudo-convexity
condition holds true along the horizon, in a neighborhood of the bifurcate sphere,
we have no guarantee that such condition continue to be true slightly away from
the horizon, within the ergosphere region of the stationary space-time where T is
space-like.

Problem (1) is not very serious; we can effectively reduce (3.2) to a system of scalar
equations, diagonal with respect to the principal symbol. Problem (2) can be dealt with by
an adaptation of Hormander’s pseudo-convexity condition. We note however that such an
adaptation is necessary since, given our simple vanishing condition of S along the horizon,
we cannot directly apply Hormander’s result in [19]. Problem (3) is by far the most serious.
Indeed, even in the case when g is a Kerr metric (1.8), one can show that there exist null
geodesics trapped within the ergosphere region m—++v/m? — a2 < r < m++v/m?2? — a? cos? §
Indeed surfaces of the form rA = m(r? — a?)"/2, which intersect the ergosphere for a
sufficiently close to m, are known to contain such null geodesics, see [6]. One can show
that the presence of trapped null geodesics invalidates Hormander’s pseudo-convexity
condition. Thus, even in the case of the scalar wave equation [g¢ = 0 in such a Kerr
metric, one cannot guarantee, by a classical unique continuation argument (in the absence
of additional conditions) that ¢ vanishes beyond a small neighborhood of the horizon.
In order to overcome this difficulty we exploit the geometric nature of our problem and
make use of the invariance of S with respect to T, Thus the tensor S satisfies, in addition
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to (3.2), the identity
LrS = 0. (3.3)

Observe that (3.3) can, in principle, transform (3.2) into a much simpler elliptic problem,
in any domain which lies strictly outside the ergosphere (where T is strictly time-like).
Unfortunately this possible strategy is not available to us since, as we have remarked
above, we cannot hope to extend the vanishing of S, by a simple analogue of Hormander’s
pseudo-convexity condition, beyond the first trapped null geodesics.

Our solution is to extend Hormander’s classical pseudo-convexity condition (3.1) to one
which takes into account both equations (3.2) and (3.3). These considerations lead to the
following qualitative, T-conditional, pseudo-convexity condition,

T(h) =0;

D*h(X,X) <0 if g(X,X)=g(X,Dh) =g(T, X) =0. (3:4)

In a first approximation one can show that this condition can be verified in all Kerr spaces
a € [0,m), for the simple function h = r (see [20]), where r is one of the Boyer-Lindquist
coordinates. Thus (3.4) is a good substitute for the more general condition (3.1). The
fact that the two geometric identities (3.2) and (3.3) cooperate exactly in the right way,
via (3.4), thus allowing us to compensate for both the failure of condition (3.1) as well as
the failure of the vector field T to be time-like in the ergoregion, seems to us to be a very
remarkable property of the Kerr spaces. In the next subsection we give a quantitative
version of the condition and derive a Carleman estimate of sufficient generality to cover
all our needs.

3.2. A Carleman estimate of sufficient generality. Unique continuation properties
are often proved using Carleman inequalities. In this subsection we prove a sufficiently
general Carleman inequality, Proposition 3.3, under a quantitative conditional pseudo-
convexity assumption. This general Carleman inequality is used in section 6 to show that
S vanishes in a small neighborhood of the bifurcate sphere Sy in E, and then in section 8
to prove that S vanishes in the entire exterior domain. The two applications are genuinely
different, since, in particular, the horizon is a bifurcate surface which is not smooth and
the weights needed in this case have to be “singular” in an appropriate sense. In order
to be able to cover both applications and prove unique continuation in a quantitative
sense, which is important especially in section 8, we work with a more technical notion of
conditional pseudo-convexity than (3.4), see Definition 3.1 below.

Assume, as in the previous section, that zo € Yo N E and ®™ : B, — Bj(x) is the
corresponding coordinate chart. For simplicity of notation, let B, = B,(xy). For any
smooth function ¢ : B — C, where B C By is an open set, and 7 =0,1,... let

4

D@ = 3 Oy B, 0(a).

at,...,0;=1
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Assume that V = V0, is a vector-field on B; with the property that

4 4
sup » > [DIVF] < A, (3.5)

r€B; j=0 B=1
In our applications, V=0or V =T.

Definition 3.1. A family of weights he : Bao — R, € € (0,€1), 1 < Ayt will be called
V' -conditional pseudo-convex if for any € € (0, ¢;)

4
he(wg) =€,  sup Zelejhs(l’)I <eler, |V (he)(m)| <€, (3.6)
z€B 10
€ j=1
D%h(20)Dh(20)(DohDshe — eDaDshc) (o) > €3, (3.7)

and there is i € [—e; ', ;'] such that for all vectors X = X0, € Ty,(M)
(X1 + (X7 + (X%) + (X))

5 L ) ) (3.8)
< XX (ugap — DaDghe) (o) + € (| X Va(wo)|” + [X*Dahe(wo)[*)-
A function e, : Bao — R will be called a negligible perturbation if
sup |Die.(z)]| < €' forj=0,...,4. (3.9)

ZEB(lO

Remark 3.2. One can see that the technical conditions (3.6), (3.7), and (3.8) are related
to the qualitative condition (3.4), at least when h. = h + € for some smooth function h.
The assumption |V (h)(xo)| < €'° is a quantitative version of V(h) = 0. The assumption
(3.7) is a quantitative version of the non-characteristic condition” D*hDyh # 0. The
assumption (3.8) is a quantitative version of the inequality in the second line of (3.4), in
view of the large factor e 2 on the terms | XV, (z)]* and | X*Dyh(xo)|?, and the freedom
to choose p in a large range.

It is important that the Carleman estimates we prove are stable under small perturba-
tions of the weight, in order to be able to use them to prove unique continuation. We
quantify this stability in (3.9).

We observe that if {hc}ec(o,,) is a V-conditional pseudo-convex family, and e. is a
negligible perturbation for any € € (0, €], then

he + ec € [€/2,2¢] in Beo.

The pseudo-convexity conditions of Definition 3.1 are probably not as general as possible,
but are suitable for our applications both in section 6, with “singular” weights h., and
section 8, with “smooth” weights h.. We also note that it is important to our goal to
prove a global result (see section 8), to be able to track quantitatively the size of the

"t is in fact a quantitative form of the non-vanishing of Dh,. Indeed, if Dy h, is null, (3.7) is, essentially,
the same as (3.8).
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support of the functions for which Carleman estimates can be applied; in our notation,
this size depends only on the parameter ¢; in Definition 3.1.

Proposition 3.3. Assume xo,V are as above, ¢; < Ay', {he}ec(o.e) 15 a V-conditional
pseudo-convez family, and e. is a negligible perturbation for any € € (0,€1]. Then there

is € € (0,€1) sufficiently small and C. sufficiently large such that for any A > C. and any
¢ € 080(3610)

Nle Mool 2 + [le™e
where fo =1In(h. + e.).

D'l |2 < CA2 e Ogo g2 + € *lle MV (9)]12,  (3.10)

Proof of Proposition 3.3. As mentioned earlier, many Carleman estimates such as (3.10)
are known, for the particular case when V' = 0, in more general settings. The optimal
proof, see chapter 28 of [19], is based on the Fefferman—Phong inequality. Here we provide
a self-contained, elementary, proof which, though not optimal, it is perfectly adequate to
our needs. _

We will use the notation C' to denote various constants in [1,00) that may depend only
on the constant ¢;. We will use the notation C, to denote various constants in [1,00) that
may depend only on e. We emphasize that these constants do not depend on the (very
large) parameter A or the function ¢ in (6.8). The value of € will be fixed at the end of
the proof and depends only on ¢;. We divide the proof into several steps.

Step 1. Clearly, we may assume that ¢ is real-valued. Let ¢ = e < € C5°(Beo). In
terms of ¢, inequality (3.10) takes the form,

M@ llzz + lle| DY (M) [|p2 < CA™2 e e Tg(eMe)|| e + € e MV (eNewy)| 2.
(3.11)
We reduce the proof of (3.11) by a sequence of steps. We claim first that for (3.11) to

hold true, it suffices to prove that there exist ¢ < 1 and 55 > 1 such that
Mllzz + 11D ][22 < CAT2lleMe Og(eMewp) 2 + 8¢ [V ()] 2, (3.12)

for any A > C. and any ¢ € C°(Bao). Indeed, using (3.6) and (3.9) (thus |V (h. +
el)(x)| < Ce® for & € Boo), the observation h, + e, € [¢/2,2¢€] in B.o, and the definition
fe = In(he + e.), we have

Y

DY ()| < |D'W| + Ce ' AlY;
e MV (Mew) = V()] < CeNy.
Thus, assuming (3.12), we deduce,
Mllzz + lle™ DY eMNeg)] [l < N[l + [1D*] |22 + Ce M|l 2
< (14 Ce ) (CA e e Og(Me)|| 2 + 8¢V ()| 2)
< (L4 Ce M) [CA e Mo Tg(eMNe)|[ 2 + 86 *|le MV (eMeih) || 12 + 8CEN ] 2]
< CAT2[leMe Og(eMegp) |2 + Ce®[le ™MV (M) 12 + CEND 12,
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and the inequality (3.11) follows for ¢ < CL.
Step 2. We write
e M Og(eMep) = Ogth + 20D (f)Dath + N’Du(f)D(fo) - ¥ + A (fo) - ¥,
— L+ A(f) - ¥,
with L := Og 4+ 2AD*(f)Dy + A*D,(fo)D?(fe), and show that (3.12) follows from,
Moz + [ 1D |2 < CA2 (| Letbl| 2 + e[V () |2 (3.14)
for any \ > 6’6 and any ¢ € C§°(Bewo). Indeed,
e Tg(eMg)llze > 1Ll — A Tg(f) 1o
Observe that, according to (3.6), we have |Og(f.)| < C. on Bao. Thus, if (3.14) holds,
M@z + D[ lze < CAY2([le™ OgleMewh) 12 + MTg(fo)ill22) + 4|V ()] 2
< CA™ 2 le e Og(eMe) |z + CIN2([¢l| 2 + de [V () 2

(3.13)

or,
(A= CNA) [l + 1D 2 < CA™2le™ e Og(eM) 12 + 4|V ()| 2

from which we easily derive (3.12), by redefining the constant 6’6 and taking A sufficiently

large relative to C-..
Step 3. We write L, in the form,

Lo = Og +20W + MG
W = Da(fﬁ)Dom G = Da(fE)Da(fE)' (3'15)

We observe that inequality (3.14) follows as a consequence of the following statement:
there exist € < 1, uy € [—e73/2¢7%/2] and C, > 1 such that

ANV @IE+ [ Lo 2AW() - 2ww) du
B 10 (316)
> CMAW (@) = Mt |Ze + X[z + M D¢ 72,
for any A > C. and any ¢ € C5°(Beo), where
w= g — (1/2)0g/.. (3.17)
The reason for choosing w of this form will become clear in Step 6. Assuming that (3.16)

holds true and denoting by RHS the right-hand side of that inequality, we have
RHS < / C2Leap - CTVRRAW (1) — 22wi) dpu+ 20|V ()17
B 10

< CTYAW () = Awp||2s + Cel| Lep]22 + 206 5|V (1) 2.

Hence _
Nol2z + A D] (|72 < Cel| L[| 72 + 22|V () |72
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from which (3.14) follows easily.
Step 4. We claim now that inequality (3.16) is a consequence of the inequality

ANV @I+ [ (Cab+XG0) - A () — 230w) du+ 2| W (1)
B.1o (3.18)
> 2N [ls + 211D

To prove that (3.18) implies (3.16) we write

Lep = Ogth + NG - + (AW (¥) = dwip) + (AW () + dwy)),
Thus, assuming (3.18),

ANV @I+ [ L AW ()~ 2ww) d

B_10

“ASIV@IE+ [ (O NGu) - AW() — 2200 dy

B_1o
+ 2/ AW (¢) = M|z + 20 (|W (D)]|72 — [Jwip[|72)
> 2X°(|9][72 + 2M[ D] (|72 + 2[AW (¥) — w2 — 227 w7
> 2[AW (¢) — Awil[72 + NP [P 72 + 21 [ D' |12,
if C, is sufficiently large and A > 6’6, which gives (3.16). In the last inequality we use the
bound |w| < Ce™? (see (3.17)) thus 2X\?||¢)[|7. — 2X\%||wep[|32 > N¥||¢)]|32 for X sufficiently

large.
Step 5. Let o3 denote the enery-momentum tensor of [y, i.e.

Qus = Det Dt — 5oy (D*D, ).
Direct computations show that
Ogt - (2W (1) — 2wib) = D*(2WP Qs — 2wt - Doy + Do - ) 1)
— 2D WP - Qup + 20D - Dotp — Ogw - b2, '

and
G- (2W () — 2wyp) = DY(P°G - W,) — ?(2wG + W(G) + G - D*W,). (3.20)
Since ¢ € C§°(B0) we integrate by parts to conclude that
/ (Ogth + NG - ) - (2W () — 2wn)) dpp = / 2wD - Dytp — 2DOWP - Qug dpe
B_10

B 10
+ A? P (—2wG — W(G) — G - D*W,, — A\ *0gw)dp.
B.10
Thus, after dividing by A, for (3.18) it suffices to prove that the pointwise bounds
DY < BV + AW ()P + (wD - Doty — DWW - Qup), (3.21)



ON THE UNIQUENESS OF SMOOTH, STATIONARY BLACK HOLES IN VACUUM 19

and
2 < —2wG — W(G) — G-D*W, — A\ *Ogw, (3.22)
hold on Belo.
Step 6. Recall that w = p; — (1/2)0gf., W = D(f.) and G = D,(f.)D*(f.).
Observe that
wD- Doty = DW - Qo = (D¢ - DY)[(w + (1/2)0g f)as = DaDs /]
and
—2wG —W(G) — G -D*W, = ~G(2w + Ogf.) — 2D*£.D’f.- D, D4 ..
Thus (3.21) and (3.22) are equivalent to the pointwise inequalities
‘D1¢|2 S €_8|V(w)|2 + A’Dafe : DawP + (Da¢ : Dﬁ?ﬂ)(/ﬂ&xﬁ - DaDﬁfe)a (323>
and
1 S _;ulG - DafeDﬁfe : DaDﬁfE + (1/4>)\_2|:|2(f6) (324)
on Beo, for some € < 1 and A sufficiently large. N
~ Let he = he +e. and H. = D*h.Dyh.. We use now the definition f. = Inh,. Since
he € [€/2,2¢], for (3.23) and (3.24) it suffices to prove that there are constants e < 1 and
p1 € [—€%2,e73/%] such that the pointwise bounds
D' < V(@) + e Dok - DY + (D - DY) (1gag — by 'DaDjshe), (3.25)
and o o L B
2 <h *H? -~ h*D*hD°h D Dsh, — h 2u H, (3.26)
hold on Bao for any ¢ € C§°(Bawo). Indeed, the bound (3.23) follows from (3.25) if
A > 2¢7". The bound (3.24) follows from (3.26) if [A\72C02(fc)| < 1, which holds true if
A > Ce2.
Step 7. We prove now that the bound (3.26) holds for any u; € [—e %2 ¢73/2]. We
start from the assumption (3.7)
D*he(20)D?he(x0) (DoheDghe — eDoDghe)(z0) > €.
For x € B.o let
K(x) = D (2)D’he(2)(DyhDghe — he - DoDghe) ().

It follows from the second bound in (3.6) that [D'K (z)| < Ce™*, thus, since € = he(zq),
K(z) > €2/2 for any = € B, if € is sufficiently small.
Let
K (z) = D*h(2)D’he(x)(DohDghe — he - DoDghe)().
It follows from the assumption (3.9) on e, and the assumption (3.6) that | K (z) — K (z)| <
Ce, thus K(x) > €2/4 on Bo, provided that ¢ is sufficiently small. By multiplying with
h=* we have

ho'e /4 < h 'K (z) = h-*H? — h-*D*hD’h, - DoDjh,
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on Bao. The bound (3.26) follows for € small enough since h(z) € [¢/2,2€] on Bao and
P H | < Clnle™® < Ce ™2,
Step 8. We prove now the bound (3.25). We start from the assumption (3.8)

(X + (X7)? + (X7)? + (X7

. (3.27)
< XX (ugap — DaDghe)(x0) + € (| X*Vo(20)[* + | X Dahe(0)[*),
for some p1 € [—€;*, €, '] and all vectors X = X0, € T,,(M). Let
Kup = ue’lhégag —D,Dgh, + 672VaV5 + 672Dah€D5h€.
We work in the local frame 0y, 05, 05, 04. In view of (3.6),
|D'K,5(2)| < Ce®
for any o, 3 =1,2,3,4 and x € Bao. It follows from (3.27) and e 'h.(z) = 1 that
4
Y XX Kp(x) > (61/2)[(X1) + (X7)? + (XP)? + (X*)?] (3.28)

a,B=1
for any x € Bao and (X', X2 X3 X*) € R?, provided that ¢ is sufficiently small. Let

Kop = pe " he@ap — DuDghe + € 2V Vs + ¢ 2DohDghe,

and observe that, in view of (3.9) and (3.6), |l~(aﬁ(x) — Kop(z)| < Cé for any o, f =
1,2,3,4 and x € Bao. Thus, using (3.28), if € is sufficiently small then

4
D XX Kap(r) > (/H[(XT) + (X7) + (XP)? + (X))
a,f=1
for any € Bao and (X1, X2, X3, X*4) € R We multiply this by ﬁ;l € [e71/2,2¢7] and
use the definition of K3 to conclude that
4

4 4
S XX (ue gas — h'DaDghe) + 2672 Y XV |* + 2673 Y X°Dyh |’
a,B=1 a=1 a=1
> B+ (X + (X2 4 (X
The bound (3.25) follows for € sufficiently small, with gy = pe™t € [—(eey)™!, (ee1) ™).
This completes the proof of the proposition. O

4. THE MARS-SIMON TENSOR S

4.1. Preliminaries. Assume (N, g) is a smooth vacuum Einstein spacetime of dimension
4. Given an antisymmetric 2-form, real or complex valued, G,3 = —Gg, we define its
Hodge dual,

* 1 v
Gaﬂ = 5 Eaﬁu G/LZ/'
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Observe that *( *G) = —G. This follows easily from the identity,
Eappo €M7 = =200 N Oj = —2(0h 55 — 0, 0),

Given 2 such forms F, G we have the identity

o * * o 1 o
F,uUGV _< F)VO’( G)u - EguVFaﬁG s (41)

which follows easily from the identity
NN € 0= —052 N O A O
= 05, 0,0, + 03,0, 0 + 030,05, — 0505705, — 05]05)0, — 000,
An antisymmetric 2-form F is called self-dual if,
*F=—iF.
It follows easily form (4.1) that if F, G are two self-dual 2-forms then

1
FiaG + FraGu” = 58 FasG" (4.2

We also have, for any self-dual F,
FuoRF),” = Foo(RF),° (4.3)

where *F denotes the real part of F.
A tensor W € T9(N) will be called partially antisymmetric if

Wapw = —Waau = —Wapup. (4.4)
Given such a tensor-field we define its Hodge dual
1
*Waﬁvé = §Ev5pawaﬁpo'

As before, *( *W) = —W for any partially antisymmetric tensor W. A complex par-
tially antisymmetric tensor U of rank 4 is called self-dual if *U = (—i)U. The following
extension of identity (4.2) holds for such tensors,

g g 1
FM afvo + fy Z/{aﬁ;w' = éguupéuaﬁ'y& (45)
A partially antisymmetric tensor of rank 4 is called a Weyl field if
Wozﬁw/ = _Wﬂauu = _Waﬁuu = W;u/aﬁ;

Waigw) = Wapguw + W + Wawgu = 0; (4.6)
gﬁ VWagw, = 0.
It is well-known that if W is a Weyl field then *W is also a Weyl field. In particular
* * 1 o
Wagw = "Wiwap = 5 Eaﬁp Wiwpo- (4.7)

2
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The Riemann curvature tensor R of an Einstein vacuum spacetime provides an example
of a Weyl field. Moreover R verifies the Bianchi identities,

DisRys)ap =0
In this paper we will have to consider Weyl fields W which verify equations of the form
D Wapys = Jpas (4.8)
for some Weyl current J € TY(N). Tt follows from (4.8) that

1
D* *Waﬁw = *JﬂWS = 5675WJ500' (4-9>

The following proposition follows immediately from definitions and (4.7).
Proposition 4.1. If W is a Weyl field and (4.8) is satisfied then
DioWasjap =€pors “ I ap- (4.10)

4.2. Killing vector-fields and the Ernst potential. We assume now that T is a
Killing vector-field on N, i.e.

D,Ts+ DT, =0 (4.11)
We define the 2-form,
F.s =D,Ts
and recall that I verifies the Ricci identity
D, Fuos = TRy a8, (4.12)

with R the curvature tensor of the spacetime. In view of the first Bianchi identity for R
we infer that,

D Fop = DyFos + DoFp, + DgFl, = 0. (4.13)
Also, since we are in an Einstein vacuum spacetime,
DPF,5 = 0. (4.14)
We now define the complex valued 2-form,
Fap = Fop +1i "Fap. (4.15)
Clearly, F is self-dual solution of the Maxwell equations, i.e. F * = (—i)F and
D, Fag =0, D°F,5=0. (4.16)
We define also the Ernst 1-form associated to the Killing vector-field T,
o, = 2T°F,, =D, (~T°T,) — i €,3,; T’D'T°. (4.17)
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It is easy to check (see, for example, 26, section 3]) that

D,o, —D,o, = 0;
Dto, = —F% (4.18)
o0t = g(T, T)F>.

Since d(o,dz*) = 0 and the set M is simply connected we infer that there exists a function

o : M — C, called the Ernst potential, such that o, = D,0, 0 — 1 at infinity along ¥,
and o = —T*T,,.

4.3. The Mars-Simon tensor. In the rest of this section we assume that N C M is an
open set with the property that

1—0#0in N. (4.19)
We define the complex-valued self-dual Weyl tensor
i - ok
Ra,@m/ = Raﬁuu + §€,uz/p Raﬁpo- = Raﬂ#y +1 Raﬁlﬂ/‘ (420)
We define the tensor Z € T}(N),
Iozﬂ;w = (gaugﬁl/ — 883 +1 Eaﬁuu)/4- (421)
Clearly,
Iaﬁ,uu = _Iﬂauu = _Iozﬁuu = Luvas- (422)
On the other hand,
31
TLairs) = Lapns + Lavss + Laspy = 7 €apns - (4.23)

Using the definition (4.21) we derive

N | :
afury — ie,ul/p Iaﬁpo = (_Z>Iaﬁpy- (424)

Thus Z is a self-dual partially antisymmetric tensor. We can therefore apply (4.5) and
(4.22) to derive

F Lyoas + F, Tuoas = %gwf'ﬁzmﬁ. (4.25)
We observe also that
F' Topuw = Fap- (4.26)
Following [25], we define the tensor-field @ € T}(IN),
Qupw = (1 — 0) N (FapFuw — %ﬁzaﬁ,w). (4.27)
We show now that Q is a self-dual Weyl field on N.
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Proposition 4.2. The tensor-field Q is a self-dual Weyl field, i.e.

Qo = —sapy = —Lapvp = Luvags;
Qapur + QLapws + Qavpu = 0;
g% Qupu = 0,

and

1 - .
= €uvpo Qap” = (—1) Qapuw-

2
Proof of Proposition 4.2. The identities
Qaﬂ,uz/ = _Qﬁa,uz/ = _Qaﬂu,u = Q,ul/aﬂ
follow immediately from the definition. To prove
Qa[ﬁuy] = Qaﬁ,uz/ + Qa,u,u,é’ + chyﬁ,u =0
it suffices to check, in view of the identity (4.23),

FasFow + FanFos + FouFop = i Cag F2. (4.28)

Since F is a 2-form, the left-hand side of (4.28) is a 4-form on N (which has dimension
4). Thus, for (4.28) it suffices to check

€M FopFuw + FapFup + ForFau) = —6iF.

This follows since the left-hand side of the above equation is equal to 6F,5 *F of — _6iF2.
We compute

_ 1 y
gBVQaﬂ/w =(1-0)"! (‘7:@5'7:#5 - §‘7:2 g’ Iaﬁu”) =0

Also
1 o - * 1 * .
2 €po Qap” = (1 —0) 1(j:a5 Fuw = 5’7:2 Iaﬁw) = (—1) Qappur-
This completes the proof of the proposition. O

We define now the Mars-Simon tensor.
Definition 4.3. We define the self-dual Weyl field S,
S=R+609. (4.29)

Remark 4.4. Since Ro = —T*T, <0 on S, it follows from the definition of the constant
Ay in section 2 that R(1 — o) > 1/2 in a neighborhood O., C M of Sy, for some €2 < €
that depends only on Ag. In particular, the tensor S is well defined in O, .
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4.4. A covariant wave equation for §. Our main goal now is to show that S verifies
a covariant wave equation. We first calculate its spacetime divergence D*S,g,,,. Clearly,
it suffices to calculate D*Q,g,,. Recalling the definition of the 1-form o, = 2T"F,, and
using the definition (4.27) we compute

D,Qoguw = (1— U)_le}—aﬂ - Fuw + (1— U)_lj:aﬁ "DpFw

— %(1 — 0)_1Dp,7-“2 Topuw + (1 — a)_Qap (fagfuy — %fQIamW). (4.30)
Using (4.12), (4.26), and R = S — 69, we have
D,Fs =T'Rupys =T'Sppys — 6 - T Qs
=-3(1—0) "0, F+2(1 —0) ' F* T"Z,ps + TS, pns. (4.31)
Thus,
(1—=0)"Fap D, Fr = =31 —0) % 0,FapFu (4.32)
+2(1 - 0)72~7:2~7:aﬁT)\I>\pw + 7 (S)paﬁ;w’ '
where
T1(S)papuw = (1= )71 - FagT Sy
Observe that, in view of (4.31) and (4.26)
D,F? = 2D,F; F" = —4(1 —0) ' Flo, + 2T"S, s F°. (4.33)
Thus
_%ﬂ - U)ile}—z Lopuw = g(l - ‘7)72-7:2 0 Lapuw + T2(S) pasps (4.34)
where,
T2(8) papw = —§(1 =) TS0 Lo

We combine (4.30), (4.32), and (4.34) to write
D, Qo = (1- U)ile}—aﬁ Fuw —2(1 = U)izapfaﬁfw
+ 201 —0) 2F2F T Ty + (1 — 0) 2 F%0,T0p (4.35)
+ ~71(S>pozﬁ/w + 7 (S)paﬂW'

We are now ready to compute the divergence D?Qg,,,,. Using (4.35) and the Maxwell
equations (4.16) we derive

DBQQBW’ = j”(S)a;w —2(1 - 0)_20pfap]:w/
+ 201 = 0) 2P T Dy + (1= 0) 2 F 207 Top,
T S)aw = gpﬁ(jl (S)papur + T2(S) pas)-
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Using (4.2) and the definition of o, we derive,
—2(1 —0) 2 0, Fo Fu = —2(1 — 0) 2 - 2T  Fo , Fu Fus
= —2(1—-0)%-2T*. igmﬁ - Fuw (4.36)
=—(1—0) 2P’ ToF .
Using (4.25), (4.26), and the definitions,
2(1 — o) 2 F2Fo P T Dy py + (1 — 0) 2 F% - 67T,
=2(1 — 0) 2 FHFu" T Doppr + T FAP Loy
=2(1 = o) ?F*TNFo’ Dy + FA Zapyu) (4.37)
=2(1— o) 2F*T*. %g)\afpongw
= (1—0) 2 F*ToFpu.
Thus, using (4.36), and (4.37), we derive,
D7 Qoo = T"(8)apws
with
T"(8)apw = (1= 0) " TASpys (FLO15 — (2/3)F°LL,,).

Since, according to the Bianchi identities, and the Einstein equations, we have D R 3,,, =
0 we deduce the following.

Theorem 4.5. The Mars-Sitmon tensor S verifies,
DSpapr = T(S)apw- (4.38)
where,
T(S)apw = —6(1 — 0) " T Syp05(F,100, — (2/3)FL0,,).

As a consequence of the theorem we deduce from Proposition 4.1 and the self-duality

of § and 7,
D[aSuu]aB = —1 epauu jpaﬁ(s)- (439)

In the following calculations the precise form of 7(S) is not important, we only need to
keep track of the fact that it is a multiple of S.

Definition 4.6. We denote by M(S) any k-tensor with the property that there is a smooth
tensor-field A such that

M(S)Oél---ak = 851---64A61..‘ﬂ4a1...ak' (440)

Similarly we denote by M(S,DS) any k-tensor with the property that there exist smooth
tensor-fields A and B such that

M(Sv Ds)m---ak = Sﬂ1--ﬂ4“4ﬁ1"ﬂ4a1---ak + Dﬁssﬁl--ﬂzxgﬁl"ﬂsm---ak' (4'41>
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We state the main result of this section.

Theorem 4.7. We have
OeS = M(S,DS). (4.42)

Proof of Theorem 4.7. The result follows easily from the equations (4.38) and (4.39)
DSaps = T(S)sns
DieSappys = —1 Cpoap jpfyé(s)'
Indeed, differentiating once more the second equation we derive,
DG(DUSa,G'y(s + DaSBU'y6 + DBSUC!’YCS) =—1 EPUCYB D p’y5 (8)
Thus, after commuting covariant derivatives and using the first equation we derive,
UgSapys = M(S,DS)apys
as desired. O

5. VANISHING OF S8 ON THE HORIZON
In this section we prove that the Mars—Simon tensor S vanishes on H™ U H ™.
Proposition 5.1. The Mars—Simon tensor S vanishes along the horizon HT UH ™.

The rest of the section is concerned with the proof of Proposition 5.1. Recall, see
Remark 4.4, that the tensor S is well defined on Sy. We will use the notation in the
appendix. Assume N is a null hypersurface (in our case N' = H* or N' = H~) and let
[ € T(N) denote a null vector-field orthogonal to N'. The Lie bracket [X,Y] of any two
vector-fields X, Y tangent to N is again tangent to A and therefore
In particular we infer that along ' ¢ vanishes identically and )y is symmetric.

Definition 5.2. Given a null hypersurface N and | a fized non-vanishing null vector-field
on it we define x(X,Y) = g(Dxl,Y), X,Y € T(N), the null second fundamental form
of N'. We denote by trx the trace® of x with respect to the induced metric and by X the
traceless part of x, i.e. X =X — %ytr X, with v the degenerate metric on N induced by g.

In view of the definitions (A.13), writing m = (e; + iey)/v/2, with e}, e; an arbitrary
horizontal orthonormal frame, we deduce that,
0 = (xu1+x22)/2=1trx/2
v = (X1 — X22)/2 +ixa2

We now restrict our considerations to that of a non-expanding null hypersurface. In
other words we assume that 6 = tr x/2 vanishes identically along A. In view of the null
structure equation (A.21) and the vanishing of ¢ = "¢(m), we deduce that |92 = 0

8The trace is well defined since x(X,1) = y(X,1) = 0 for all X € T(N).
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along N therefore ¥ = 0. Therefore the full null second fundamental form of A/ vanishes
identically. We now consider the null structure equation (A.19). Since &, 6,9 vanish
we deduce that W () (R) must vanish along /. Similarly we deduce that ¥)(R) vanishes
along N from equation (A.29). Finally, we consider the Bianchi equations with zero source
J. From (A.41) we deduce that DW () vanishes identically along N. Observe also that
Uy (R) is invariant under general changes of the null pair (I, [) which keep [ orthogonal
to N. Indeed () (R) is always invariant under the scale transformations I' = fI, I' =
f~11. On the other hand if we keep [ fixed and perform the general transformations
I' = L+ Al + Bm + Bm we easily find that Vi) (R) differs from W) (R) by a linear
combination of W) (R) and ¥ (R).

We have thus proved the following.

Proposition 5.3. Let (I, l) be a null pair in an open set N with | orthogonal to a non-
expanding null hypersurface in N' C N. Then W¢ and My vanish identically on N .
Moreover the curvature components Wo)(R) and W1)(R) (or equivalently, a(R), 3(R))
vanish along N and the invariant Vo) (R) (or equivalently p(R+1 *R)) is constant along
the null generators.

We apply this proposition to the surfaces H™ and H~ to establish the following facts.
Recall that R = R+ *R.

(1) The null second fundamental form y, respectively x, vanishes identically along
HT, respectively H™.

(2) The null curvature components o = a(R) and f = [(R) (respectively a(R),
B(R)), vanish identically along H* (respectively H™).

(3) The null curvature component p(R) is invariant and constant along the null gen-
erators of both H* and H™.

(4) All null curvature components, except p(R), vanish along the bifurcate sphere S.
We also have y = x = 0 on 5.

Consider an adapted null frame ey, es,e3 = [, eq = [ in O with [ tangent to the null
generators of H™ and [ tangent to the null generators of H~. Thus,

gl,)=g(L,)=0, g, )=-1, g(le)=2g(le.) =0,
glea,ep) = 0ap, a,b=1,2, €13=€ (e1,€2,€3,€4) = 1.
We introduce the notation,
ao(F) = Flea, ), a,(F) = Flea, ), p(F) = F(L1). (5.1)

Observe that the null components o, (F), o, (F), p(F) completely determine the antisym-
metric, self-dual tensor F. Indeed, —iF3y = ( *F )34 = % Eagap F = % Ea F. Hence,

Fap = —i €Eap P(]:) (52)
We claim that a(F) vanishes on H* while o(F) vanishes on H™,
a(F)=0 onHT, a(F)=0 onH" . (5.3)
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Indeed since g(T, 1) = 0 on HT (see the assumption SBF) and the null second funda-
mental form x vanishes identically on H™,
Fl(eg, 1) = —g(T,D,,l) = —x(T,e,) =0 on H".
On the other hand,

1 b
“Foy = 92 Catw I =C€aa3 I P = — €m3 Fru = 0.

Hence oy (F) = Fos = Fas+1 *Foy = 0 on H'. The proof of vanishing of a(F) on H™ is
similar. We infer that both «(F) and o(F) have to vanish along the bifurcate sphere Sp.
We also observe,

F? = FuF" =2F"Fy + FPFy = —AF3, = —4p(F)* on ;.

Since F? does not vanish on Sy we infer that p(F) cannot vanish on Sy.

Consider now the Mars-Simon tensor (4.29). To show that the Weyl tensor S van-
ishes along the H*T U H™ it suffices to show that all its null components (see Appendix)
a(S), B(S), p(S), al(S), B(S), relative to an arbitrary, adapted, null frame (eq, ea, 1), van-
ish along H™ UH~. We first show that

a(S)=p(S)=0 onH", a(§)=p5(S)=0 onH". (5.4)
Indeed,
T ealyer) = 0, T(eal, 1) =0, Z(, 11 1) =—1/4.
Therefore along H*, where a(F), a(R), S(R) vanish,
a(8)ap = B(S)a = 0,

using the formula S = R + 6Q. Similarly we infer that a(S) = 3(S) = 0 along H ™.
We show now that p(S) vanishes on Sp. This is where we need the main technical
assumption (1.6) along Sy,

(1—o0)* = —4M>*F>.
Differentiating it along Sy we find,
0=D.(F(1-0)H)=(10-0) D, F*+4(1 —0) '0,).
On the other hand, recalling formula (4.33)
DoF? +4(1 — 0) ' FPoq = 2T Srars F 7,
We deduce that
T*SrarsF 7" =0 on Sp. (5.5)

Recall T is tangent on Sy and can only vanish at a discrete set of points (see assumption
SBF in subsection 1.2). Therefore, at a point where g(T,T)'/2, does not vanish we can
introduce an orthonormal frame e, e; with T = g(T, T)"2e;.
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We now expand the left hand side of (5.5) using (5.2) while setting the index a = 2,
0 = T'SasF " = 2T Sroza P + TS0t F! = — 2T Srn34F34 — 1T Sraea € p(F)
= —g(T,T)"2p(F) (281231 + iS190a €) = 4ig(T, T)*p(F)p(S).
The last equality follows from ( see (A.12))
Si231 = —ip(S),  Si2ed = — €ea p(S).

Therefore, at all points of Sy where T does not vanish we infer that p(S) = 0 (since p(F)
cannot vanish on Sy, due to (1.6) and (1.7)). Since the set of such points is dense in Sy we
conclude that p(S) vanishes identically on the bifurcate sphere Sy. We have thus proved
the following.

Proposition 5.4. The components a(S), B(S) vanish along H* while o(S), 5(S) vanish
along H=. In addition, if (1.6) holds then p(S) also vanishes on Sy.

To show that p(S), 3(S), a(S) vanish on H* we need to use the Bianchi equations (see
Theorem 4.5),

2
DSoopy = T(S)aw = —6(1 = 0) T Syp0s (faﬂ(sgdi — §P5IQPW>. (5.6)

Assume, without loss of generality, that the null generating vector-field [ is geodesic along
H*, ie. Dyl = 0. Since both 8(S) = a(S) = 0 along H we deduce’ directly that p(S)

must verify the equation,
Vip(S) = =T (8)aza- (5.7)

To deduce that p(S) vanishes identically on H™ it only remains to verify that that J(S)34
vanishes on H*. Clearly

2
j(8>434 = _6(1 - U)ilT)\SAp'yé(jipdg(si - §P514p:54)-

Observe that the only choice of the index p for which the expression inside brackets does
not vanish is p = 4. Thus

1
T (8)aza = —6(1 — 0)_1T’\S/\475 (]—“345?352 + 651:75)
= —6(1 — 0) " T*SaizaFss — (1 — 0) " T Spaye F .

Since a(S), B(S) vanish the only pair of indices v for which T*Sy4,s does not vanish is
when either of the two indices is a 3 and the other is a € {1,2}. Since o(F) = 0, it follows
that J(8)434 vanishes identically as stated. Thus p(S) is constant along generators and
vanishes on Sy. We conclude that p(S) vanishes identically on H*.

9Alternatively we can use the null Bianchi identities of the Appendix.
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To show that 3(S) also vanishes we derive a transport equation for it along the gener-
ators of H*. In view of the vanishing of a(S), 3(S), p(S) we can directly deduce'® (see
also Appendix) it from (5.6),

ViB(8S)a = T(S)4a3

Thus, since 3(S) vanishes on Sy, to deduce that it vanishes everywhere on H™ we only
need to verify that J(S)4q3 vanishes identically on H*. Now,

2
J(S)4a3 = —6(1 — U)_lT/\SprS (7:4%353 - 5«7:%14/;3)
= —6(1 — 0) ' T*Srsas3Fu3 + 8(1 — ) T Sxp3aFusZ, s
+4(1 — 0) ' T Snpea FL s+ 8(1 — o) TASapue FL,0 5.

Since a(S), B(S) and p(S) vanish, it follows that Spies = Sapzs = Sabed = Suped = Sapae = 0,
which gives J(S)4a3 = 0.

To show that «(S) also vanishes on H* we derive another transport equation for it.
Since all other components of S have already been shown to vanish we easily derive, from
(5.6),

Vi0a(8)a = =T (S)azb- (5.8)

Since «(S) vanishes on Sp it only remains to check that J(S).s vanishes identically.
This can be checked as before taking advantage of the cancellations of all the other null
components of §. Therefore S vanishes along the entire event horizon.

6. VANISHING OF & IN A NEIGHBORHOOD OF THE BIFURCATE SPHERE

Let O, ={z € O : |u_| <€, |uy| < €} as in section 2. In this section we show that the
tensor S vanishes in a neighborhood of the bifurcate sphere Sy in E.

Proposition 6.1. There is 1y = r1(Ag) > 0 such that
S§=01imn0O, NE.

The rest of this section is concerned with the proof of Proposition 6.1. Recall, see
Remark 4.4, that the tensor S is well defined and smooth on O, for some e, = €3(Ag) €
(0, €9). Recall that we have

L.
g(L:I:yL:I:) =0, g(L+, L_) =0 > 5 m Oeo'

Moreover both L, L_ are orthogonal to the 2-surfaces S, ., = H,_ NH,,. We choose,
locally at any point p € S,_ ., an orthonormal frame (L,),=1,» tangent to S, . . Thus,
relative to the null frame L, Lo, L3 = L_, Ly = L, the metric g takes the form,

{ 8ab = 5ab7 8a3 = 8Bas = 07 a, b= 17 2

6.1
833 =8uu =0, g3 = 1. ( )

1OWe also refer the reader to the Appendix for the definition of the horizontal covariant derivative V.
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Also, for the inverse metric,

{ gab — 5ab7 ga3 — ga4 — O, a, b= 1’ 2

: . (6.2)
g =g =0, gH=0"1

We denote by O(1) any quantity with absolute value uniformly bounded by a positive
constant which depends only on A, (in particular L,(Q2) = O(1), a = 1,2,3,4). In view
of the definitions of w4 and L4 we have,

La(us) = Lo(us) = L_(u ) = Ly(uy) =0, L (w)=Lo(u)=0  (63)
For € € (0, ¢g] we define the weight function in O,
he =€ Yuy +€)(u_ +e). (6.4)
Observe that,
Ly(he) = e Huy +6)Q,  Ly(h) =€ H(u_ +€)Q, Ly(h) =0, a=1,2. (6.5)
Also, using (6.3) and (6.5)
(D?he)ss = O(1),  (D*he)a = O(1),
(D?h )3 = e 'Q*+ 0O(1), (D%ho)a = O(1), a,b=1,2, (6.6)
(D?h)3, = O(1), (D?h)4a = O(1), a=1,2.

Assume xy € Sy is a fixed point and define, using the coordinate chart ®*° : By —
Bl(fﬂo), N*o . Bl(x’0> — [0, OO),

N (z) = |(2) ()] (6.7)
We state now the main Carleman estimate needed in the proof of Proposition 6.1.

Lemma 6.2. There is € € (0, €3) sufficiently small and C. sufficiently large such that for
any xog € So, any A > C¢, and any ¢ € CF° (B (o))

MeMegll 2 + [le D] || 2 < CA™2|e e T 12, (6.8)
where fo =1In(he + €2N™), see definitions (6.4) and (6.7).

Proof of Lemma 6.2. Tt is clear that B¢ (o) C O, for e sufficiently small (depending only
on the constant Ag), thus the weight f, is well defined in Bo(xy). We apply Proposition
3.3 with V' = 0. Tt is clear that ¢!2N?®° is a negligible perturbation, in the sense of (3.9),
for e sufficiently small. It remains to prove that there is € = ¢;(Ag) > 0 such that the
family of weights {hc}ec(o,,) satisfies conditions (3.6), (3.7) and (3.8).

Let C denote constants that may depend only on Ag. The definition (6.4) easily gives
he(zo) = €, |D'he| < C on Beao(zp), and |D?h.| < Ce™' on Bao(z) for j = 2,3,4. Thus
condition (3.6) is satisfied provided ¢ < C1.

Using (6.2), (6.5), (6.6), and Q(z¢) = 1 we compute in the frame Ly, Lo, L3, L4

D%h(20)D°h(20)(DahDshe — eDaDshc) (o) = 2+ €O(1) > 1
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if ¢ is sufficiently small. Thus condition (3.7) is satisfied provided ¢; < CL.

Assume now Y = YL, is a vector in T, (M). We fix u = 61_1/2 and compute, using
(6.5), (6.6), and Q(xg) = 1,

Y°YP(ugas — DaDpshe) (o) + ¢ 2Y“Dyh, 2
4
= p((Y')? + (V22 +2V°YH) = 2V 4 e (VP4 Y2+ 0(1) ) (Y
a=1
> (u/2)[(Y')? + (Y2 + (71 /2)[(Y?)* + (Y*)?]
Z (Y1)2 + <Y2)2 + (Y3)2 + (Y4)2
if €1 is sufficiently small. We notice now that we can write Y = X0, in the coordinate

frame 9y, 8y, 93, Oy, and | X < C(|YY+|Y2|+|Y3|+]Y4|) for o = 1,2, 3, 4. Thus condition
(3.8) is satisfied provided €; < C~!, which completes the proof of the lemma. O

We prove now Proposition 6.1.

Proof of Proposition 6.1. In view of Lemma 6.2, there are constants € = €(Ap) € (0,€)
and C. > 1 such that, for any 2 € Sy, A > C. and any ¢ € C5°(Bo (o))

Ale™gl|pz + [le™ | D'¢| [l 2 < CA™||e ™ Og |l 2, (6.9)

where
fo=In(e  (uy +e)(u_ +€) + €2N™). (6.10)

The constant € will remain fixed in this proof. For simplicity of notation, we replace the
constants C, in (6.9) with C; since € is fixed, these constants may depend only on the
constant Ay. We will show that S = 0 in Buao(z9) N E for any xy € Sy. This suffices to
prove the proposition.

We fix g € Sy and, for (ji,...,J4) € {1,2,3,4}*, we define using the vector-fields d,
induced by the coordinate chart $*°

¢(j1---j4) - S(ajlv s 76]‘4)' (6'11>

The functions ¢, j,) @ Beo(zo) — C are smooth. Let n : R — [0, 1] denote a smooth
function supported in [1/2, 00) and equal to 1 in [3/4, 00). For § € (0, 1] we define,

¢?.;i-..j4) = ®Gr.jo) " 1B - n(uru—/9) - (1 B TI(NxO/EQO)) (6.12)
= Q(jr.ja) ° To.c-

Clearly, ¢( v € C5°(Beo(zg) N E). We would like to apply the inequality (6.9) to the

functions (15 _j»y» and then let 6 — 0 and A — oo (in this order).
Using the deﬁnltlon (6.12), we have

d,€ ~ a~ ~
Ued(y ay = Mo - UgPi..ju) + 2Dadi..ja) - D Ns.c + Dji..ja) - Hglls,e-
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Using the Carleman inequality (6.9), for any (j1,...71) € {1,2,3,4}* we have
A lle™™e sy ol + le™ sl D oo | |12
< COXT2 e s Do lli2 (6.13)
+ G[HB_VE Doty inDsellz + le™™ - o, (I0g7s el + |Dlﬁa,e|)||L2],

for any A > C. We estimate now |0g®jy..j)|- Using Theorem 4.7 and the definition
(4.41), in Bao(zg) we estimate pointwise
||:|g¢(]1]4)| S M Z (|D1¢(l1...l4)| + |¢(l1...l4)|)7 (614)
U1yla

for some large constant M. We add inequalities (6.13) over (jy,...,74) € {1,2,3,4}*. The
key observation is that, in view of (6.14), the first term in the right-hand side of (6.13)
can be absorbed into the left-hand side for A sufficiently large. Thus, for any A sufficiently
large and ¢ € (0, 1],

A Z He_)\f6 'ﬁ5,e¢(j1...j4)||L2

Jlseesj4
<C Y [l - Dagi iy Dscls + e+ 6,0 (1Dgiisel + 1D 2.
J1yeeja

(6.15)

We would like to let § — 0 in (6.15). For this, we observe first that the functions
Do¢ iy jnDTse and (|Ogljse| + | D'7se|) vanish outside the set Ay U B,, where

As ={x € Bao(zo) NE 1 uy(x)u_(x) € (6/2,9)};
B. = {z € Bao(zo) NE : N* € (¢°/2,¢)}.

In addition, since ¢, _j,) = 0 on O, N [§(Z~ (M) Us(ZT(MED))] (see section 5), it
follows from (2.7) and (2.8) that there are smooth functions ¢/(; ;) : O, — C such that

¢(J'1~~~J'4) = Ut - ¢/(J'l--~j4) in O,. <6'16>
We show now that
|Ogiise| + [D'7is.e| < C(1p, + (1/0)14,). (6.17)

The inequality for |D'7;s | follows directly from the definition (6.12). Also, using again
the definition,

ID*Dyijs| < [D*Da(lg - n(ugu_/6))| - (1= n(N"/e?)) + C(1p, + (1/5)1a,).
Thus, for (6.17), it suffices to prove that
LEn5, 10 (z0) - 1D Da(n(uu_ /)| < C/5 - 1a,. (6.18)
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Since u,,u_,n are smooth functions, for (6.18) it suffices to prove that
52D (uyu_)Do(uiu_)| < C/8 in Ag, (6.19)

which follows from (6.3).
We show now that

Doty ioD | < Cp(1n, + 1a,), (6.20)

where the constant Cy depends on the smooth functions ¢/ (jr...jr) defined in (6.16). Using
the formula (6.16), this follows easily from (6.19).
It follows from (6.16), (6.17), and (6.20) that

Doty ...inDTsel + 10150 (|Dglisel + |D'7se]) < Co (1, + 1a,)-

Since lims_ || 1a,l/z2 = 0, we can let § — 0 in (6.15) to conclude that

A Z Hei)\f6 | 13610/2(IO)QE ’ ¢(j1~~j4)HL2 < C¢>’Hei)\f€ -1g, |12 (6.21)

Ji---ja

for any A sufficiently large. Finally, using the definition (6.10), we observe that

inf e—AfE > 6—,\1n[e+e32/2} > sup e—AfE.
B€40(z0)ﬁE B.

It follows from (6.21) that
A s 0@ore - G gnllze < Cyllls, ||z

J1se04

for any A sufficiently large. We let A — oo to conclude that ¢;,. j,) = 0 in Beo(zo) NE,
which completes the proof of the proposition. O

7. CONSEQUENCES OF THE VANISHING OF S
We assume in this section that N C M is a open set, Sop € N, NNE is connected, and
1—0#0in N; (7.1)
Sogw = Raguw + 6(1 — 0) ™ (FapFuw — $F Lapu) = 0in NNE. ‘

It follows from the assumption (1.6), and the identities (4.33) and (7.1) (which give
D,(F*(1—0)*) =0) in NN E) that

—4M*F?* =(1-0)*in NNE. (7.2)
We define the smooth function P =y + iz : N — C,
P=y+iz=(1-0)"" (7.3)

Since —F?/4 = (4M P?)72 = 0 (see (7.2)), there are null vector-fields [, [, locally around
every point in N, such that

Fogl® = (A4M P, Fupl® = —(—4MP*)7',, and ], = -1in NNE.  (7.4)

Q
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We fix a complex-valued null vector-field m on N such that (m,m,[,1) = (e, €2, €3,€4)
is a complex null tetrad, see the definitions in subsection A.2. We may also assume that
(m,m, [, 1) has positive orientation, i.e.

Eapuy MOT MY = .

We prove now some identities. Most of these identities, with the exception of Propo-
sition 7.2 and the computation of the Hessian of y in Lemma 7.3, were derived by Mars
[25]; for the sake of completeness we rederive them in our notation. It follows from (7.4)
and (7.2) that, in NNE,

1

Fop = W( g+ lsly — i Eapp IM1Y). (7.5)
Using (7.5), we compute easily
Fu = Fao=F31 = Fzo =0 and Fy3 = Foy = 1/(4M P?). (7.6)
Using (7.1) and (7.6) we compute
Ruta1 = Ragao = 0 thus ¥(y(R) = 0;
Raiz1 = Razze =0 thus ¥y (R) = 0;
Risza = Raaza = 0 thus V(y)(R) = 0; (7.7)
Rizaz = Raozas = 0 thus ¥y (R) = 0;
Rosia = szg, Rizea =0  thus () (R) = 8M—12]33
We use now the first 4 Bianchi identities (A.37)—(A.40) to conclude that
§=¢=9=0=0inNNE. (7.8)
The remaining 4 Bianchi identities, (A.41)—(A.44) give
DP =P, DP =8P, 6P =nP, 6P =T7P. (7.9)

We analyze now the functions y and z. By contracting (7.5) with 2T® and using
2T*F,3 = 03 = Dgo we derive

1 « o —1 ajuv
Dy = W[_ (Tla)lg + (T°1,)lg] and Dgz = oaf Soomw T M. (7.10)
In particular,
Sy=0y=Dz=Dz=0. (7.11)
Using (7.9) it follows that
Dy =0P, Dy=0P, 6z = —inP, 0z = —ifjP. (7.12)

In particular 6P = 6P, §P = §P, —nP = QF, and, using again (7.10),
Tl, = 2M0OP, T°l, = —2MGP. (7.13)
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Using (7.11) and (7.12) we rewrite (7.10) in the form
Dgy = —0Plg — OPl;, Dgz = —ifPmg — inPmg. (7.14)
A direct computation using the definition of P shows that
D,ocD% _TO‘Ta
(1—o0)* 4M2
The real part of this identity and —T*T, = Ro give

D,PD*P =

_TeT, 1 y
D,yD% — D, D% = - (1— ) 715
vy S 4M? 4M? Y2+ 22 (7.15)

Using (7.14) this gives
8M?(ni] — 00) P*P = y* — y + 2°. (7.16)
Lemma 7.1. There is a constant B € [0, 00) such that

N B-2*

In addition 2> < B in NN E.
Proof of Lemma 7.1. For (7.17) it sufficces to prove that

4M?*PP -D,2D% + z* = B. (7.18)
Let Z = 4M?PP-D,2zD%z. To show D(Z + 2?) = 0 we use the formula Z = 8M2P2ﬁ2ﬂﬁ

(which follows from (7.14) and —nP = nP), the identities (7.9), 0P = 6P, and the Ricci
equation (see (A.24), (7.7), and (7.8))

Indeed,
D(Z +2%) = SM* PPy + = + == + )

— 8M?P?P’y728
=0.

To show D(Z +2%) = 0 we use the formula Z = 8M2P2P’ni (which follows from (7.14)
and —nP = nP), the identities (7.9), P = P, and the Ricci equation (see (A.23), (7.7),
and (7.8))

Dn=0(n—mn)—Tiun.
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Indeed,
— 2DP 2DP Dy Dn
D(Z 4 2*) = 8M2P2P2nﬁ(— e/ Y Tn)
P P n 1
— 8M?P*P*y7[20 + 20 — O(P/P + 1) — Tyas — O(P/P + 1) — Ty4]
= 0.

Finally, to show that 6(Z + 2%) = 0 we use the formula
7422 = —8M2PP 00 — * +y,

which follows from (7.16) and P = @P, the identities (7.9), 6P = 0P, and the Ricci
equations (see (A.29), (A.30), (7.7), and (7.8))

50 = —¢0 — (6 — B);
50 = ¢0 — (0 - 0).

Indeed,
—2,.000 60 20P  25P
7+ 2%) = —8M*PP 00 (= + = + — + —
N2+ 27) 8 9Q<9+Q+P+P)
— —8M2P*P 98]~ — (1 — P/P) + — (1 — P/ P) + 25+ 2]
= 0.
This completes the proof of (7.18). O
It follows from (7.17) and (7.15) that
2
y " —y+B
DyD%% = —————. 1
Oéy y 4M2(y2+z2> (7 9)
Using (7.13) and (7.14), it follows that
— 2 B T,) - (T*
_GQP2 — Y Yy + — ( lOé) ( La) (72())

SM2(y? + 22) e

We express also the vector T in the complex null tetrad (m,m,[,1). Using (7.5), and
(7.10),

To = (F2/4) " F TP Fp = —(TPUg)le — (TPlg)l, — 2M Eqp, DP2IML. (7.21)
We prove now a uniform bound on the gradient of the function y.
Proposition 7.2. There is a constant C' = 5(140) that depends only on Ay such that
ID'y| < C in N. (7.22)
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Proof of Proposition 7.2. For p € ®*(By), xg € X, the gradient |D'y| is defined using
the coordinate chart ®*°, i.e.

|D'y|(p) = Z 10;(y)(p)]-

In view of the definition y = R[(1 — ¢)~!] and the smoothness of o, the bound (7.22) is
clear if |1 — o(p)| > 1/4. Assume that |1 — o(p)| < 1/4. Since

R1—-0)=1+g(T,T),
it follows that g(T, T)(p) < —3/4. In particular, p € N N E. We define the vector-field,
Y = g*0,y05. (7.23)
In view of (7.19) and T'(y) = 0, we have

y-y+B
AM?(y? + 22)
Since g(T, T) < —3/4 it follows that Y}, is a space-like vector with norm (as induced by the
coordinate chart ®*°) dominated by C. The bound (7.22) follows since 0;y = g(Y,0;). O

g(Y.Y)| = < Cand g(T,Y) = T(y) = 0 at p.

7.1. The connection coefficients and the Hessian of y. Assume now that N’ is a
subset of N N E with the property that

y>—y+ B>0in N
Using (7.20), we can normalize the vector [ such that

T, =2M in N'. (7.24)
Thus, using (7.13) and (7.20), we compute

2
6=1/Pand § = —W/P = —% - 8?42@/—% in N. (7.25)
Using the null structure equation (A.21) (see also (7.8))
DO = —6* — wh,
together with (7.9) and (7.25), we compute
w=0 in N (7.26)
Using the null structure equation (A.22) (see also (7.8))
DO =—6*—wb,
together with (7.11), (7.12), and (7.25), we compute
Lo WB- (7.27)

8M2(y2 + 22)2
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We can express w in the form,

_ Y- -B -2

— HW, H-= . 7.98
< I 72
Using the null structure equation (A.29) (see also (7.8) and (7.7))
50 = —C0— (0 — D),
together with (7.9) and (7.25), we compute
P
(=L - 5 i N. (7.29)
P —
Using (7.16) and (7.25),
B —2? nP
2 _ A .
I =n7= S 1 ) and 7 = —p N’ (7.30)

Finally, using (7.14), we rewrite (7.21) in the form
T=-2MWI+1—-(Pm—(Pm) in N (7.31)
We summarize these computations in the first part of the following lemma.

Lemma 7.3. Let N be the set defined by (7.1) and N’ the subset of N N E for which
y? —y + B > 0, with B the constant of lemma 7.1. In N’ we have, with P = y + iz =
(1 - 0)_17

* SM2(y2 + 222 (2 —y+B) (2 +22)
2
Yy —y+ 2
W= 0 <B
8M2(y2 1 22) "= B,
— B — 22 P
0=1/P. 0=—-W/P 2 _ _L

Sy=0y=Dz=Dz=0, Dy=1, Dy=-W, DgyD% =2W.
We also have, for the Hessian of y,

(D?y)as = (D?y)33 = 0, (D*y)as = (D*y)3s = -WH

(Dzy)41 = (Dzy)m =, (D2?/)42 = (D2y)24 = Z (7.32)
(D?y)z1 = (D*y)13 = nW, (D?y)32 = (D?y)a3 = W '
(D?y)1s = (D?y)oy = W2y, (D)1 = (D?y)as =0

Proof. Tt only remains to prove formulas in (7.32). These formulas follow easily using
(D*y)ap = ealegy) — T sae,(y), the first part of the lemma, and the table (A.16). O
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8. THE MAIN BOOTSTRAP ARGUMENT

In this section we show that
l—-0c#0and S=0 on ¥,NE. (8.1)

In view of our assumption AF, this suffices to show that § = 0 in E. Our Main Theorem
is then consequence of the main result of Mars in [25].
We show first that the function y is constant on H™ U H~ and increases in E.

Lemma 8.1. There is a constant ys, € (1/2,1] such that
y=ys, on HT UH". (8.2)
In addition B € [0,1/4), where B is the constant in Lemma 7.1. Finally, for sufficiently
small € = €(Ap) > 0,
y > ys, +C 'ugu_ on O.NE, (8.3)
where O, are the open sets defined in section 2, and C= 5(A0) > 0.

Proof of Lemma 8.1. Let N = O,,, denote the set constructed in Proposition 6.1. Since
S =0 in N, we can apply the computations of the previous section. It follows from (5.3)

that if { is tangent to the null generators of H* then F, glﬁ Cl, for some scalar C.
Thus [ is parallel to either [ or [ on H*. Similarly, the null generator of H~ is also parallel
to either [ or [ on H~. Thus the vector m is tangent to the bifurcate sphere Sy. Using
dy = 0, see (7.11), it follows that y is constant on Sy. Using (7.12) and Proposition 5.3
it follows that y is constant on H*™ UH~, which gives (8.2). Also, using (7.20) on Sy and
the fact that T is tangent to Sy, it follows that
ygvo—ygo—i-B:O.
Since B € [0,00) and yg, > 1/2 (using assumption (1.7)), it follows that B € [0,1/4) and

1++v1-4B
ys, = ——5—— € (1/2,1].

To prove (8.3) we consider the open sets O, and the functions us : O, — R defined in
section 2. It follows from (8.2) combined with (2.7), (2.8) that
Y=1ys, +usu_ -y, (8.4)

for some smooth function 3 : O, — R, with [D'y/| < C. The identities P = (1 — o)1,
D*D,oc = —F? D,oD!o = T*T, - F? = —Ro - F? (see (4.18)), and F? = —(1 —
o)*/(4M?) (see (7.2)) show that,

D'D,P = (1-0)°D'D,o+2(1 —0)°D"sD,0o
2P -1
AM?PP

1 _
= —(l-0)(1+0) =
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Therefore,
2y — 1

DP(2 +22)
We substitute y = yg, + uru_ -y’ (see (8.4)) and evaluate on Sy

st —1
4M2(y0§0 22 DD, (ys, + usu— - y') = 2D"(uy)Dy(u-) -y = 4y'.

DD,y =

Since yg, > 1/2 + CL it follows that 4/ > C~! on Sy. Thus, for ¢ € (0,r1) sufficiently
small,

Yy > ys, + c! usu_  in O, NE,
as desired. O

We define the set
={r el NE:o(zx) #1}.
Clearly, ¥f is an open subset of ¥y N E which contains a neighborhood of Sy in ¥y N E.
We define the function (which agrees with the function y defined earlier on open sets)

y:3 — R, yl)=R[1-0)"]

For any R > yg, let Vg = {z € ¥} : y(z) < R} and Ug the unique connected component
of Vg whose closure in ¥y contains Sy (this unique connected component exists since
y(x) = ys, < R on Sy). We prove now the first step in our bootstrap argument.

Proposition 8.2. There is a real number Ry > ys, + 5_1, for some constant C =
C(Ap) > 0, such that S =0 in Ug, .

Proof of Proposition 8.2. With € as in Lemma 8.1, it follows from Proposition 6.1 that
S =01in O.NE. Also, since uy /u_ +u_/uy < Ag in 3o NEN O, it follows from (8.3)
that

y—ys, € [C Nt +u?),C(u +u?)] in ZyNENO,.
Thus, for R, sufficiently close to yg,, the set Ug, is included in O, and the proposition
follows. O

With R; as in Proposition 8.2, the main result in this section is the following:
Proposition 8.3. For any Ry > Ry we have § =0 in Ug,.

The proof of Proposition 8.3, which will be completed in subsection 8.2, is done by
induction. In view of Proposition 8.2, we may assume that the claims in Proposition 8.3
hold for some value Ry > R;. We therefore make the following induction hypothesis:

Induction Hypothesis. For a fixed Ry > R; the tensor & vanishes on the set Ug,,
which is the unique connected component of the set Vg, = {z € Lo NE : y(z) <
Ry, o(z) # 1} whose closure in Xy contains the bifurcate sphere Sj.

To complete the proof of the proposition we have to advance these claims for R, =
Ry + ', where " > 0 depends only on the constants Ay, A , (here A~ L = A with
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¢ = CL, see (2.9) for the definition of A,), and R, (as before, the constants C' may
depend only on Ag). In the rest of this section we let Cr, denote various constants in

[1,00) that may depend only on Ay, As_., and R,. It is important that such constants
do not depend on other parameters, such as the point xy € ds,ng(Ug,) chosen below.
Assume zg € d5,ne(Ur,) is a point on the boundary of Ug, in 3y N E. Clearly,

y(z0) = Ro.

Thus |1 — o(z0)| = (R2 + 2(w)2)"V2. Since 1 — ¢ is a smooth function on M and
2(z0)? < B < 1/4 (see Lemma 7.3), there is ry, = r5(Ay, Ry) > 0 such that |1 — o(z)| €
(1/(2R»),2/Ry) in B,y (x0). Thus the function

y: BT/2 (IO) - R7 y(l’) = §R[<1 - 0(‘7"))71]7

is well defined; observe that, with 0; defined according to the coordinate charts defined
in section 2.2,

sup  ([y(@)| + [D'y(@)| + ... + |D'y(x)]) < Ch,. (8.6)

mGBT'Q(Zo)
By choosing 7, sufficiently small it follows from y(z¢) = Ry and (8.6) that
y(r) € ((ys, + R1)/2,2Ry) for any x € By (o). (8.7)

In view of (2.9) there is 6o > 51;21 small'! such that the set (—ds,dy) X (B (w0) N %) is
diffeomorphic to the set Ujy<s,®: (B (10) N Xg). We let Q : Ujyjes, @i(Byy (20) N Xo) —
B, (z9) N %o denote the induced smooth projection which takes every point ®;(x) into x.

We now define the connected open set of M, which we denote by Ng,,
Npg, = connected component of [( Uter @t(Z/lR2)) U OTJ AM containing Ug,, (8.8)

where r; is as in Proposition 6.1. Since T is a Killing vector-field, LS = 0 in M and
T(1 —0) = 0. In view of our induction hypothesis S = 0 in Ug, and T does not vanish
in E; it follows that

1—0#0in Ng, and $§=01in Ng, NE.
Thus the computations in section 7 can be applied in the open set Ng,.
Lemma 8.4. With xy € 0x,ne(Ur,) as before, there is ro € (0,r5] such that

{z € By,(w0) : y(x) < Ro} C Upy<s, ®e(Un, ). (8.9)
Proof of Lemma 8.4. In view of (7.19),

v —y+B

D*Doy = Ene )

in NR2~

HThe constants rh and 02 are fixed in this paragraph such that 74, do < 1. We later fix the constants
ro < min(rj, d2) (Lemma 8.4), r3 < 7o (Proposition 8.5), and ' < r3 (proof of Proposition 8.3). All of
these constants are bounded from below by some constant C’};j
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Thus, if ri < 51;21 is sufficiently small then D*yD,y > 6’521 in B,y(zg). It follows that
there exists ro = 12( Ay, Ké_l, Ry) > 0 and an open set B, B,,(xo) € B' C B,s(x0), such
that the set {z € B’ : y(v) < Ry} is connected. Let @ : B' — B, (x) N Xy denote the
projection defined above. The set Q({x € B’ : y(z) < Ra}) C B,y (z9) N Yo is connected
and contains the set {x € B'NY : y(x) < Ry}. Since y(Q(z)) = y(x), it follows from the

definition of Ug, (as a connected component of the set Vg,) that
Q({x € B : y(x) < Ra}) C Ug,.
The claim (8.9) follows. O

We define now N’ = Ng, N B,,(z0). Since y> —y + B > 61521 in N’, the calculations
following (7.24) in the previous sections are also applicable in IN’. Recall the function H
defined in (7.28),

y? — 22 —2y(B — 2?)

(v* —y+ B)(y* + 2%)

Since B € [0,1/4) (see Lemma 8.1) and y > ys, + 5}}21 > 1/2 + (7}521, it follows that
H > CE; in N/,

H =

8.1. Vanishing of § is a neighborhood of z,. Assume zy € d5,nr(Ur,) is as before,
and r9 > 0 is constructed as in Lemma 8.4. We show now that the tensor S vanishes in
a neighborhood of z;.

Proposition 8.5. There is r5 = r3(Ag, Az_1, R2) € (0,72) such that S = 0 in B,,(z).

As in section 6, the main ingredient needed to prove Proposition 8.5 is a Carleman
inequality. We define the smooth function N : &*(B;) = B;(x¢) — [0, 00)

N (z) = [(@7) " (2)[*.

Lemma 8.6. There is € € (0,rs] sufficiently small and C. sufficiently large such that for
any A > Ce and any ¢ € C3°(Beao(zp))

Ale M| 2 + [le M| D | |12 < CAY2(le M Ol 2 + € e MT(¢) |2, (8.10)
where, with Ry = y(xo),

fo=1In[y — Ry + ¢ + "2N®], (8.11)

Proof of Lemma 8.6. We will use the notation Cg, to denote various constants in [1, c0)
that may depend only on the constants Ay, As-:, and Ry. We would like to apply
Proposition 3.3 with V =T, h, = y — Ry + € and e, = "2 N*. The condition (3.9) for the
negligible perturbation e, is clearly satisfied if € is sufficiently small. It remains to show
that there is €, sufficiently small such that the family of weights {h}ec(o.,) satisfies the
pseudo-convexity conditions (3.6), (3.7), and (3.8).

Clearly, h.(zo) = € and T(h)(z0) = 0since T(c) = 0. Also |[Diy| < Cg, forj =1,2,3,4
in B,,(z), see (8.6), thus condition (3.6) is satisfied if ¢; is sufficiently small.
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To prove (3.7) and (3.8) we use the complex null tetrad | = ey, | = e3, m = ey,
M = e, normalized as in (7.24). With D, = D, using Lemma 7.3 and the definition
he =y — Ry + € we have

D(l)h6 = D(Q)he = 0, D(g)he = —W, D(4)he = ]_, (812)

and, using also n = C%,

DD uhe = D Da)he =0, DyDehe = Dy Dwhe = —WH
DyD@u)he = DyD@yhe = ¢, D(yD»)he = DDwhe = ¢ B (8.13)
D3 D)k = D(1yDis)he = ng, D(3D)he = DiyDgyhe = W(E
Do)Dhe = D) Dayhe = WgiZs 2R2 Dy)Dyhe = D(gDg)he = 0.

where all the functions are evaluated at xy. Thus
D*h Dh (Dyh.Dgh. — eD,Dsh.) = AW? — 2¢W?H,

which is bounded from below by €7 if ¢; is sufficiently small, since W (zg) > 6'};21 and
|H (0)| < Cr,. The condition (3.7) is therefore satisfied.

We prove now condition (3.8) for a vector X = XWe; + XMey + Yes+ Zey, Y, Z € R,
XM e C. Recall, see (7.31),

T/(2M) = ZPel + C?GQ — €3 — W€4.
Thus, using also (8.12)
(IXTo [ + [ X Dahel?)
= HZ-WY)? + e 24M*((PXY 4+ CPXD + YW + Z)? (8.14)
> (72)2)(Z = WY)? + (€1/2)(CPXWY + CPXD 4 2Y V)2

for € sufficiently small. Using (8.13)
2R W

R3 + 22

X°XP(jigas — DaDgh.) = 2XV XD (u - ) YOV Z(—p+ WH)

—2AXD[Z+WY(P/P)] —2(XV[Z + WY (P/P)).

Let L = CPX(1 —|—CPX . Wewrite Z = WY+Z—-WY, and then L = —2WY +L+2WY,
and use

_ —_ 2R _ 2R
+(P/P)=P——2~, 1+(P/P)=P—, 22,
R3 + R5+ 2

)
22
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to rewrite
«@ TRy 2R W
XX?(pgap — DoDghe) = 2X W X0 (M & i Z2> +2Y(—=Wp + W2H)
4 P —
- RQ—Z_—EQZWY LA (Z = WY)[2Y (~p+ WH) = 2(XW — 20X D]
) z
8.15)
— 2R, W AR, V2 (
:2X(1)X(1)< — 2 ) 2Y2<—W W2H 2 )
"R T S
4R B
2

We set now pu = 3R, W/(R3 + 2%) and combine (8.14) and (8.15). Since H(zg) > 0 it
follows that

XX (ugap — DaDghe) + ¢ 2(|XTo|? + | X Dohe|?)

RoW on RoW?

> (€72/2)(Z — WY)? “LOVL 4+ 2YW)? + 2| X D2
> (€720 (Z =WY)"+ (e /2)(L +2YW)" + 2| !RSHQ R

— Crp|1Z — WY |+ L+ WY (Y] + [xV))
RQW 2 R2W2

> (e 2/A(Z = WY)? + (e VAL 4+ 2YW)? 4+ | X D)2
> (e7/A(Z-WY) + (e /4L +2YW)" +| |R§+22 R

if € is sufficiently small, since W > 51521 It follows that
XX gy — DaDih,) + € (| XT 2+ | XODhf?) > Cpl(22 + XV 12,

thus the condition (3.8) is satisfied for €; sufficiently small. This completes the proof of
the lemma. O]

We prove now Proposition 8.1.

Proof of Proposition 8.1. We use the Carleman estimate in Lemma 8.6 and Lemma 8.4.

In view of Lemma 8.6, there are constants e € (0, 73] and C. > 1 such that for any A > C.
and any ¢ € C§°(Bewo(zo)),

Mle™ 8]z + [l D o] |2 < CA™2[e™ Tgo 2 + € e T (@) [l 12,  (8.16)

where

fo=Inly — Ry + ¢ + "2N™]. (8.17)
The constant € will remain fixed in this proof. For simplicity of notation, we replace the
constants C, with C,; since € is fixed, these constants may depend only on the constants

Ao, Ag-1, and Ry. We will show that S = 0 in the set Baoo = Beoo(xp).
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In view of Theorem 4.7 and the fact that T is a Killing vector-field

DgSal...a4 — Sﬁl...@;Aﬂl"ﬂ‘lal...azx + Dﬁsgﬂl'..548[31...55061.”0[4; (8 18)
LrS =0, |

in Beo(xg), for some smooth tensor-fields A and B. Also, using Lemma 8.4 and the fact
that S vanishes in Ug, (the bootstrap assumption),

S=01in {x € Bao(xo) : y(x) < R2}. (8.19)

As in the proof of Proposition 6.1, for (ji,...,74) € {1,2,3,4}* we define, using the
coordinate chart @,
Plji.ja) = S(aju e 7ajk)'
The functions ¢, j,) : Beo(zg) — C are smooth. Let n : R — [0, 1] denote a smooth
function supported in [1/2,00) and equal to 1 in [3/4,00). We define

¢Ej1...j4) = ¢(j1...j4) : (1 - 77<N($)/540)) = Q(jy...j1) “Te.
Clearly, ¢;, ;,) € C5°(Beo(xo)) and
Oe®(,..0) = e - Do) + 2Da®(.oja) - DUTe + d(ji...ia) - Delle
T(0(, ) = e " T(BGi...j0) + Bi...ja) - T(7he)-
Using the Carleman inequality (8.16), for any (ji,...71) € {1,2,3,4}* we have
A He_)\f6 '77€¢(J'1~--J'4)HL2 + He_)\fe 'ﬁ€|D1¢(j1--~j4)‘ HL2
< CRz)‘_l/2 ) ||e_)\f€ ’ ﬁemgqb(ﬁ---jz;)uﬂ + 01"712”6_)\]8€ ) ﬁeT(Qb(ﬁ---jzx))“LQ (8'20)
+ Ck, [He_)\fe ) Da¢(j1~~j4)Daﬁ€HL2 + ”e_AfE ’ ¢(j1~~~j4)(|Dg776| + ’Dlﬁey)”LQ} )

for any A > Cp,. Using the identities in (8.18), in Beo(zy) we estimate pointwise

{ Cetr-.iol < Cra Xiy...ay (1D br.a0)| + [901..00]); (8.21)

.....

.....

We add up the inequalities (8.20) over (ji,...,j1) € {1,2,3,4}*. The key observation is
that, in view of (8.21), the first two terms in the right-hand side can be absorbed into the
left-hand side for A sufficiently large. Thus, for any A > Chg,

A e T le
(8.22)

Using the hypothesis (8.19) and the definition of the function 7., we have
|Da¢(jl~~~j4)Daﬁ€| + ¢(j1--~j4)(“:|g776‘ + ‘DlﬁED < CRQ ’ 1{xEB€1o(xo):y(x)2R2 and N(z)>€%0}-
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Using the definition (8.17), we observe also that
inf e M > e A > sup e M,
B.100 {zeB 10 (2x0): y(x)>R2 and N(x)>e50}
It follows from these last two inequalities and (8.22) that
A b0 Sninlle € Cry Y I L{seB o0y yw)> ke and M@=yl 22,
J1seesda J15eesJ4

for any A > C r,. The proposition follows by letting A — oo. 0

8.2. Proof of Proposition 8.3 and the Main Theorem. In this subsection we com-
plete the proof of the Main Theorem.

Proof of Proposition 8.3. In view of Proposition 8.5, the tensor & vanishes in the con-
nected open set N’ = Ng, J ( Uso€dsynmUny) Brs (:Eo)). It remains to show that for some
r’ < r3 we have

Z/{Rz-l-?“/ C Z/{Rz U (Ux0€520mE(UR2) Grg/é(mo))7 (823>
Gr(zg) = {z € By(xg) NZg:y(r) < Ry + 7"}),

where C is sufficiently large so that,

(UCE0€5200E(UR2) GT3/5(ZL‘0)> C (UI0€5200E(UR2) Gr3/4<l'0>), (824)

with the bars denoting the closures in ;. We observe that such a constant exists in
view of the fact that s nr(Ur,) is compact and the function y tends to infinity in the
asymptotic region of ¥y (in view of our assumption AF).

Assume, by contradiction, that (8.23) does not hold, thus there exists p € Ug, i
which does not belong in the open set (in ¥y) in the right-hand side of (8.23). Let
v 2 [0,1] — Ugy+ U Sy denote a smooth curve such that v(0) € Sy and (1) = p. Let
p' = y(t') denote the first point on this curve which is not in the open set in the right-hand
side of (8.23). Clearly, p’ does not belong to the closure of Ug,, thus

p/ < U$0€5200E(UR2)GT3/C‘<I0)'
In view of (8.24) we infer that, for some zg € ds,nr(Ur,),
P €{x € Bryo(rg) NEo: y(z) < Ry + 7'} (8.25)

Recall our smooth vector-field Y = g*%9,y0;, see (7.23) and discussion following
it, with the property that g(Y,Y) > 51;21 in B,,(z9). We consider the integral curve
starting from the point p’ and flowing (backwards) a short distance 6’;21 (much smaller
than r3) along Y, and project this integral curve to ¥, using the smooth projection
Q : Ulpj<s, @e( By, (10) N 3g) — Bry(xo) N Xo. The resulting curve is a smooth curve
in B,,(zg) N Xp; if v sufficiently small then this curve contains a point p” such that
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y(p") < Ry. In view of Lemma 8.4, p” € Ug,, thus there is a point p” € ds,ne(Ur,) on
the curve joining p’ and p”. Then p' € B, /5(p”’ ), which gives a contradiction. O

To complete the proof of the Main Theorem we use Proposition 8.3 and Proposition 7.2.
Using Proposition 8.3, it follows that the tensor & vanishes in the connected component
of the set Xf whose closure in ¥, contains Sp. Assume (3o N E)\ X) # 0 and let
p € (ZoNE)\ X). Assume 7 : [0,1] — $g N E is a smooth curve such that v(0) € Sy and
(1) = p. Let p’ = y(t') denote the first point on this curve which is not in X{ U Sy. Thus
7(t") belongs to the connected component of the set ¥f whose closure in 3, contains Sy
for any t” < t’. Since S vanishes in this connected component, it follows from Lemma 7.2
that the function y is bounded by a constant at all points v(¢”), t" < t. Thus p’ € X,
contradiction.

It follows that ¥j = ¥ NE and § = 0 in ¥ N E, which establishes the claim (8.1).

APPENDIX A. THE MAIN FORMALISM

A.1. Horizontal structures. Assume (N, g) is a smooth'? vacuum Einstein space-time
of dimension 4. Assume ([,1) is a null pair on N, i.e.

g(l,l) =g(l,l) =0and g(l,]) = 1.
We say that a vector-field X is horizontal if
g(l,X)=g(,X)=0.

Let O(IN) denote the vector space of horizontal vector-fields on N. We define the induced
metric, and induced volume form,

{ YXY) = g(X,Y) VXY € O, (A1)

€(X,Y)=€ (X,Y,l,l) VX,YeO(N).

where € denotes the standard volume form on N. If (e,),=12 is an orthonormal basis of
horizontal vector-fields, i.e. y(eq,€) = dup, We write €,4=€ (€4, €) and without loss of
generality we assume that €= 1.

In general the commutator [X,Y] of two horizontal vector-fields may fail to be hori-
zontal. We say that the pair (I, [) is integrable if the set of horizontal vector-fields forms
an integrable distribution, i.e. X,Y € O(N) implies that [X,Y] € O(N). For any
vector-field X € T(N) we define its horizontal projection

WX = X +g(X, )l +g(X, 1)

Using this projection we define the horizontal covariant derivative VxY, X € T(N),
Y € O(N),

ViY = M(DyY) = DxY — ¢(Dxl, V)l — g(Dxl, V)l

12 A5 before, N is assumed to be a connected, orientable, paracompact C'° manifold without boundary.
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The definition shows easily that,

VixipxY = fVxY + f'VxY;
Vx(fY+fY)=fVxY + X(f)Y + f'VxY'+ X(f)Y; (A.2)
X/V(Ya YI) = ’7<va Y/) + 7(Y> VXY/)?
for any X, X’ € T(N), YY" € O(N), f, f' € C>®(N). In particular we see that V is
compatible with the horizontal metric ~.

In what follows we identify covariant and contravariant horizontal tensor-fields using
the induced metric ™~. For any k € Z, let O (N) denote the vector space of k horizontal
tensor-fields

U:ON)x...xO(N)—C.
Given a horizontal tensor-field U € Ox(N) and X € T(N) we define the covariant deriv-
ative VxU € Og(N) by the formula
VxUYr,....Y,) =XUYr,...,Ys))—U(VxYy,....,Y)—...—=U(Y,...,VxYs). (A.3)
According to the definition the mapping (X, Y3,...,Ys) — VxU(Y1,...,Ys) is a multi-
linear mapping on T(IN) x O(N) x ... x O(N).
We define the null second fundamental forms ")y, (*) X € Oy(N) by

{ M (X,Y) = g(Dxl,Y),

M (X,Y) = g(DyLY). (4-4)

Observe that My and My are symmetric if and only if the horizontal structure is inte-
grable. Indeed this follows easily from the formulas,

WX, Y) =Wy (Y, X) = g(DxlY) - g(Dyl, X) = —g(l, [X,Y])

Wx(X,Y) - MWx(Y,X) = g(DxLY)—gDylX)=—g(L[X,Y]).
The trace of an horizontal 2-tensor U is defined according to

tr(U) := 6*Uy,
where (€4)q=1.2 is an arbitrary orthonormal frame of horizontal vector-fields. Observe that
the definition does not depend on the particular frame. We denote by tr x and tr x the
traces of ™y and (h)x. If U € Ox(N) with £ = 1,2 we define its dual, expressed relative
to an arbitrary orthonormal frame (e,),—12 € O(N),
Uy =€ap Us, “Uab =€ac Ush

Clearly *( *w) = —w. If w € O(N), is symmetric traceless then so is its dual *w.
We define also the horizontal 1-forms ¢, (Mg (My (g (F¢ € O (N) by

ME(X) = g(Dil, X), MEX) = g(DyL, X),
Mn(X) = gDy, X), ®n(X) =gDL X), (A.5)
M¢(X) = g(Dxl, 1),
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and the real scalars
Assume that W € TY(N) is a Weyl field, i.e.

Waﬁuu = _Wﬁauu = _Waﬁr/u = Wuvap;
WCMB,LLIJ + Wa;w,@ + Wauﬁ,u = 07 (A7>
gBVWagW, =0.

We define the null components of the Weyl field W, a(W),a(W), o(W) € Oy(N) and
BW), (W) € O1(N) by the formulas

(a(W)(X,Y)=W(,X,,Y),

a(W)(X,Y) = W(, X, 1Y),

BW)(X) = W(X, 1,1 1), (A.8)
BWX) = W(X, 111,

Lo(W)(X,Y) = W(X, LY, ).

Recall that if W is a Weyl field its Hodge dual *W, defined by *W,g,, = %EW""WQWU,
is also a Weyl field. We easily check the formulas,

a(*W) = "a(W), o "W)=-"aW)

BUW) = *p(W),  B(*W)=—"B(W) (A.9)

o( W)= *o(W)

It is easy to check that «, @ are symmetric traceless horizontal tensor-fields in O(IN). On
the other hand p € O2(N) is however neither symmetric nor traceless. It is convenient to
express it in terms of the following two scalar quantities,

p(W)=W(, L1, 1), (W)= *W(, L1, 1). (A.10)
Observe also that,

p( W)= “p(W), (W) = —p.
Thus,
1
oX,V) =S (=pr(X.Y)+ "p €(X)Y)), VXY €ON) (A.11)
We have, W(X,Y, ;1) = o(W)(X,Y) — o(W)(Y,X) = *p(W) € (X,Y). Also, since
“(*W) = —W, we deduce that W (X,Y,X",Y") =€ (X,Y) *W(X".Y", L,I) =€ (X,Y) €

(X",Y") *p( *W). Therefore,

W(X,Y, 1,1) =€ (X,Y) *p(W)
W(X,Y, X, Y)=— € (X,Y) e (X, Y)p(W)
W(X,Y. Z, 1) =€ (X,Y) B(W)(2).
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We also consider the case of a self-dual Weyl field W = W + ¢ *W, ie. "W = —W.
Defining the null decomposition a(W), B(W), p(W), *p(W), (W), a(W) as in (A.8),
(A.10) and setting *p(W) := p( *W) as in (A.10), we find,

*p(W) = —ip(W)
Relative to a null frame eq, es,e3 = [, 1 = e4 we have,

Wab34 =—1 Cab P(W)7 Wabcd = — CwCed p(W), Wabc3 =Cab QC(W) (A12)
A.2. Complex null tetrads. We extend by linearity the definition of horizontal vector-

fields to complex ones. We say that a complex vector-field m on N is compatible with the
null pair ([,1) if, | i.e.

g<l7m) = g(i, m) = g(m7m) =0, g(mvm) =1

In that case we say that (m,m, [, 1) forms a complex null tetrad. Clearly m is compatible
if and only if m = \%(X + 1Y) for some real vectors X,Y € O(N) with g(X,Y) = 0,

g(X,X) = g(Y,Y) = 1. Given a compatible vector-field m and WU € O;(N) we can
define the complex scalar U; : N — C,

U, = WU (m).
Similarly, given ®V € O5(N) we can define the complex scalars Va1, Vi : N — C,
Vor = WV (m,m), Vii =PV (m,m).

The complex scalars Uy, respectively V5 and Vi, determine uniquely the real horizontal
tensors fields WU and MV respectively.
Given a compatible vector-field m we define (compare with (A.4), (A.5), and (A.6))

0 = (m, m) = g(Dwml, m), 0= (h)x(m, m) = g(Dwxl, m)
9 =Dx(m,m) = gDnl,m),  9="x(m,m)=g(Dynlm),
="e¢(m) = g(Dil,m),  &£="¢(m) = g(Dd, m), (A13)
:hWWHZQDmm% n=""n(m) = g(DyL,m),
w = g(Dyl, 1), w=g(Di,1),
¢ ="¢(m) = g(Dl, D).

The complex scalars 6,0,7,9, ¢, £, 0,1, ¢ and the real scalars w,w are the main connection
coefficients of the null tetrad.
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Similarly, given a real-valued Weyl field W we define (compare with (A.8))

(Vo) = Vo) (W) = a(W)(m,m) = W(l,m,l,m),

£(2) = g(z)(W) = a(W)(m,m) = W(l,m,l,m),

\D(l) = \Ij(l)<W) = ﬂ(W)( ) (m7 L1, l) (A'14>
Eu) = Eu)(W) = @(W)(m) W(m,1,1,1),
(Vo) = Vo) (W) = o(W)(m,m) = W(m,1,m,1).

Notice that, in view of (A.7), a(W)(m, m) = a(W)(m,m) = o(W)(m,m) = 0, so the
scalars W(g), W(o), V1), ¥(yy, U(g) uniquely determine the real-valued Weyl field W. In
addition, if

*

afuv — éeuupg afpo

is the dual dual of W, and the null tetrad (m,m, [, ) has positive orientation (i.e. €,3.,
memPI*1” = i) then

Uy("W) = (=) We(W), Wi (W) = (=)W (W), Yo("W) = (=i)¥o(W),

iy (W) =0y (W), ) () = 005, (). 1)
In what follows we denote,
er=m, ea=mes3=1, e, =1L.
We define the connection coefficients I',3,T",,o3 by the formulas
D.,eq = T e,
and
Lyop = 8l ap = 8leu, Degea).
Clearly
I'yop + Laps = 0.
We easily check the formulas,
Pus=¢& Tay=¢ Tis=¢ Daz=¢
Pus=mn, Taz="7, Dia=n Taus=71,
Pp =10, T =0, Tiza=0, T3 =0, (A16)

F141 = 197 F242 = 57 F131 = ﬁv F232 =

sy =w, Tuszs=w, DI'syn=¢, I3p=

Using the definition (A.3) we see easily that if U € O(N), WV € Oy(N), and a €
{1,2,3,4} then
Va(h)Ul = (ea + Flga)((h)Ul), (A17)
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and
Vo™V = (ea + 2T120) (V11), VoW Vo = eo(MVy)). (A.18)

A.3. The null structure equations and the Bianchi identities. We define
D=l=ey, D=l=e3, S=m=c¢ey, 6 =T = €.
Let R denote the Riemann curvature tensor on M. We compute
R = g(€a, [De, (De,e5) — De, (De,e3) = Die, e,1€5])
= g<€aa [Deu (Fpﬁuep) - D, (Fpﬁuep) - (Fpuu - FpW>Depeﬁ])
= eu(Tapr) — € (Tapu) + TP 0l ap — I pulapy + (TP — T70) gy

Using this formula and the table (A.16) we derive the null structure equations. Using
Riy = —Y(9)(R) we derive

(D +20194)0 — (6 + T121)§ = E(2C+ 0+ 1) — I(w + 0 4 0) — V() (R). (A.19)
Using Ry331 = —W,(R) we derive

(D +20193)0 — (6 +T12)§ =&(=2¢ +n+n) —Hw+ 0+ 6) — Yy (R). (A.20)

Using Ry442 = 0 we derive

DO — (64 T'122)€ = —0° — wf — 90 + En + £(2¢ + 7). (A.21)
Using R332 = 0 we derive
Do — <5+F12z)§: —6? —QQ—QE+EQ+§(_QZ+W- (A.22)
Using Rius = —V(1y(R) we derive
(D +Tioa)n — (D +T3)€ = —2wE +0(n —n) + 97 —7) — Yuy(R). (A.23)
Using Rizzs = — ¥ ;)(R) we derive
(D +Tha3)n — (D +Ti24)§ = =20 +0(n —n) + 97 —7) — 2(1)(3)- (A.24)
Using Ry431 = 0 we derive
(D + 2T193)0 — (8 + Thar)np = 1 + €€ — 90 + I(w — B). (A.25)
Using Ry341 = 0 we derive
(D +2120)0 — (6 + Tia)p = n° + £ — 90 + Y (w — 6). (A.26)
Using Risg0 = —V(0)(R) we derive
DO — (6 + D12y = £ + 11 — 99 + O(w — 0) — Vo) (R). (A.27)

Using Ri340 = — V() (R) we derive
DO — (8 +T1z2)n = £E + 07 — 99 + O(w — 0) — V() (R). (A.28)
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Using Ris91 = —V(1)(R) we derive

(8 + 2T195)0 — 60 = €0 — CI + (0 — ) + £(8 — ) — Vi) (R). (A.29)
Using Ri391 = —g(l)(R) we derive
(S + 2IM99)0 — 060 = —(CO + ¢V + n(0 — E) +&£(0 - 5) - gu)(R)- (A.30)

Using Rgyq1 = —V(1y(R) we derive

(D +T124)¢ = dw =w(C+n) +0(n—¢) + (7 — ) — (0 +w) — &0 — Vyy(R). (A.31)
Using Ryz31 = —Q(l)(R) we derive

(D+T193)(=C) = 0w = w(—=C+n) +0(n+ ) + 07+ () —£(0+w) — €9 — ¥,y (R). (A.32)

USil’lg R3443 = ‘11(()) (R) + ‘1/(0) (R) we derive
Dw+ Dw = &6+ €= — i+ (M — 1) + C(n —n) — (Yo)(R) + ¥(o(R)). (A.33)
Using Ras91 = ¥ (0)(R) — ¥(o)(R) we derive

(0— FlQl)Z_ (5+F122)< = (Eﬁ—ﬁﬁ) + (Qé—g@ +w(f —5) —W(Q—E) — (Vo) (R) = Y0)(R)).

(A.34)

We derive now the Bianchi identities. Assume W is a real-valued Weyl field, see (A.7),
and

D*Wopw = Jpu,
for some Weyl current J € T$(M). Then, using Proposition 4.1,

D[pWaﬁ];w = DpWaﬂW + Dawﬁmw + Dﬂwpa#v =C€opap *JU,LW? (A-35>
where |
AP §€W75J"75.

Using (A.7), we derive the following
Waia1 = Waoao = Wiomr = Wia =0,
Wiar = Vg, Wigsa = U(g), Waisi = Uya), Waggy = Ty,
Wasie = U0y, Wisas = U(o), Wisas = Wiziz = —¥(q) — T, Wizsa = ¥ — ¥,
Wiags = Wi = Uy,  Wagza = Wiz = Uy,

Wizas = Waiz1 = W(yy,  Wagag = Wiggo = Uy,
(A.36)

We use the table (A.36) and the formula (A.35) to derive the Bianchi identities. Using
D[2W41]41 = —J414 we derive

(0 + 2T 122) W2y — (D + T124) U1y = —(2C + ) W2y + (40 + w) U1y + 3EW (o) — Jura. (A.37)
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Using DpWsyj31 = —J313 we derive
(0+2T122) W9y — (D+T123)¥py = —(—=20+7) gy + (40 +w) ¥ yy +3E ¥ o) — Ja1z. (A.38)
USiIlg D[3W41]41 = J114 we derive

(D +2T193) V(o) — (64 T121) W1y = 2w — )W a) + (¢ +4n) Py + 30V o) + Ji1a (A.39)
Using D[4W31]31 = Ji13 we derive

(D 42T 124) ¥ ) — (6 + T1a1) ¥ y) = (2w — )Y oy + (—C +4n) Wy + 30 Yoy + J113. (A.40)
Using D[2W34]41 = —Jo14 we derive

—DW(g) — (6 + T1a2) U1y = =0V o) + 27+ Q)W (1) + 30W (o) + 26 W ) — Jos.  (A41)
USIIlg D[2W43]31 = —J213 we derive

—D W) — (0 + T192) ¥y = =0 + (27 — O)W(yy + 30 W) + 26 Wy — Juz.  (A42)
Using Dy Wiygj31 = Jyi3 we derive

5% +(D+ F124)&0) =20V —3n ¥ + (w— 25)&(1) + gg(z) + Jus. (A.43)
Using Dy W3g41 = J314 we derive

60y + (D +Tig3) Wy = =200, — 30T + (w — 20) V1) + EV o) + Jara.  (A44)

A.4. Symmetries of the formalism. We discuss now the main symmetries of the for-

malism introduced in this section. o
1. Interchange of the vectors [ and [. We define the complex tetrad (m/,m/,I',l'),

di=m'=m, ey=m'=m, e3=0=1 ¢€, ==L (A.45)

Using this new complex tetrad we define the scalars 0',6',9', 90", ¢', &', 7,7/, ', ', (' as in

(A.13). Given a real-valued Weyl field W, we define the scalars \1122),_'(2), \IJ’(I),_'(D, Wiy

as in (A.14). We define the connection coefficients I', .5 = g(e€),, D €;,). The definitions
show easily that

Ql:Q? Ql:g? ﬁl:ﬁvﬁlzﬁa §,Z§a §/:§7 nlzﬁv Q,:an =W, w,:wa C/:_Cv

Uiy = Yoy, Yoy = Vo), Yigy = Yy, ¥y = Vo), Vi) = W0,

§'=68,0=6D=D,D =D, Ty =T191, [y, = Lo, Tigg = T12g, [gy = Lo
(A.46)

The Ricci equations (A.19)-(A.34) and the Bianchi identities (A.37)—(A.44) are invariant
with respect to the transformation (A.45). For example, the equation corresponding to
(A.19) in the complex tetrad (m/,m’,l',I') reads

(D' + 20 )0 — (8 +Tp0)¢ = €' (2¢ + 0 + 1) ='W + 8 +6) — Uiy (R).
After using the table (A.46), this is equivalent to
(D +2C193)0 — (6 +Ti2)§ =&E(=2C+n+n) —dw+ 0+ 6) — Y (R),
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which is (A.20).
2. Interchange of the vectors m and m. We define the complex tetrad (m/,m/, I, '),
dh=m'=m, eh=m'=m, ey=0=1 €, ==L (A.47)

Using this new complex tetrad we define the scalars 0',6',9', 90", ¢', &', 7,7, ', W', (' as in
(A.13). Given a real-valued Weyl field W, we define the scalars @@,E'@), \IJ’(I),E'(D, Wiy

as in (A.14). We define the connection coefficients I', .5 = g(e),, D €g,). The definitions

show easily that
0=06,0=0,0=00=08=5¢=6n=nn=nu=wu=0(=C
)= Ty, Yy = Yy, i = Y,

=D D' = D, F1121 = I'i9, I‘/122 = E? F/123 = T%a F/124 = I'124.
(A.48)

The Ricci equations (A.19)-(A.34) and the Bianchi identities (A.37)—(A.44) are invariant
with respect to the transformation_(A.47). For example, the equation corresponding to
(A.19) in the complex tetrad (m/,m/,l',l) reads

(D' + 20" )0 — (8" +T)E =20 +0' + 1) ='W + 0 + o) — ioy(R).
After using the table (A.48), this is equivalent to
(D +2T124)0 — (04 T11) = €20+ +7) — Dw + 0+ 0) — ¥5)(R),

which is equivalent to (A.19) after complex conjugation. o
3. Rescaling of the null pair /,I. We define the complex tetrad (m/,m/,I', 1),

)
—~~
(Y]
S
I

| e
P
[\v]
S
&
[\]

J
I
|
iy
no
S
K
~=
=

ef=m'=m, eh=m'=m, ey=0I=A"1 e =1I=A-I, (A.49)
for some smooth function A : N — R\ {0}. Using this new complex tetrad we define
the scalars ¢, 60,9, 0', ¢, &', 0/, ' o', ¢’ as in (A.13). Given a real-valued Weyl field
W, we define the scalars \Il’(2),£'(2), \I/’(l),_’(l), Wlp) as in (A.14). We define the connection

coefficients I, 5 = g(e/,, De/ﬁefx). The definitions show easily that

paf3
0 =A0,0=A710,0 =A9, 0 = A, & =A%, ¢ =A 0 =0, =1,

Wiy = AWy, Yoy = AWy, Uy = AV, ¥y) = A7), Uy = V),

5, - 57 y - 37 Ql - A_IQ7 D/ - ADa F/121 - F1217 I-‘/122 - F1227

W' =Aw—D(A), W' = A'w - D(A™), ' = —6(A)/A, Tyy = A 'T1a3, Ty, = AT 0.
(A.50)

The Ricci equations (A.19)-(A.34) and the Bianchi identities (A.37)—(A.44) are invariant
with respect to the transformation (A.49). For example, the equation corresponding to
(A.19) in the complex tetrad (m/,m’,l',I') reads

(D' +2005)0 — (6 + Tip)E =€ +7' +1) ='W + 6 +0) — Uiy (R).
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After using the table (A.50), this is equivalent to
(AD + 2AT 194)(AY) — (6 + T191)(A%)
= A%¢(2¢ — 20(A)/A+n+n) — AV(Aw — D(A) + A0 + Af) — A>T (5)(R).
This iSQequivalent to (A.19), after simplifying the term AD(A)Y¥—2A6(A)¢ and multiplying
byﬁf Rotation of the vector m. We define the complex tetrad (m’, m’,l',1'),
ef=m'=Bm, ey=m'=B"'m, e=1=1 € =1I=I, (A.51)

for some smooth function B : N — C, |B| = 1. Using this new complex tetrad we define
the scalars 0,60, 0,9, & . &0/, 1,/ &', (" as in (A.13). Given a real-valued Weyl field
W, we define the scalars \If’(2),@(2), \If’(l),_'(l), Wip) as in (A.14). We define the connection
coefficients I') 5 = g(e},, Der€r,). The definitions show easily that
0'=0,0=0,9=B,9=B,¢&=BE =By =By, =By, =w, W = w,
CI = B, \Iﬂ(z) = BQ‘I’@), gl(g) = Bzg(gy ‘111(1) = B\I’(l), gl(n = Bgu), ‘Ifl(o) = \IJ(O)7
§' = B6, 8 = B7'0, I'ly; = Bl'1g1 — 0(B), I'jgy = B 'T192 + 6(B 1),
D'=D, D' =D, "y =T — D(B)/B, I'yy = I'iaa — D(B)/B.

(A.52)

The Ricci equations (A.19)-(A.34) and the Bianchi identities (A.37)—(A.44) are invariant
with respect to the transformation_(A.51). For example, the equation corresponding to
(A.19) in the complex tetrad (m/,m’,l',I') reads

(D/ + 211,124)19/ - (5/ + F,121)§/ = f/(QC/ +n' + ﬂ/) - 79,(“/ + 0+ @) - \I/(2)(R)-
After using the table (A.52), this is equivalent to
(D + 2T 94 — QD(B)/B)(BQW — (Bé + BTl'121 — 60(B))(B¢)
= B&(2B( + B+ Bn) — B*(w + 0 4 6) — B>V (5)(R).
This is equivalent to (A.19), after simplifying the left-hand side and multiplying by B~2.
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