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SOME RECENT RESULTS

In his monumental (EMS 2007 ), > 1000 pages monograph,
“ The Formation of Shocks in 3-Dimensional Fluids”

D. Christodolou provides a detailed analysis on the formation
of shock waves, for small initial disturbances, for irrotational,
compressible fluids in 3 + 1 dimensions, completing a program
initiated by F. John.

In his monumental (EMS 2009 ), > 600 pages monograph,
“The formation of black holes in general relativity.
D. Christodolou proves the first result on the formation of
trapped surfaces for the Einstein-vacuum equations, starting
with regular initial conditions at past null infinity

In “On the formation of trapped surfaces” (Acta Math 2011?)
Kl-Rodnianski give a significant extension and simplification of
Christodoulou’s result.
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Soffer-Blue, Blue-Sterbenz, Dafermos-Rodnianski,
Tataru-Tohaneanu, Anderson-Blue (2005-2010) prove various
results concerning the behavior of linear waves on the exterior
of black holes backgrounds. Major step in proving stability of
the Kerr family.

S. Wu, Germain-Masmoudi-Shatah (2007-2009) prove,
independently, global existence for small gravity water waves
in dimensions. The latter use the new method of “space-time
resonances ”

VECTORFIELD METHOD. Flexible use of well adapted
vectorfields, related to symmetries or approximate symmetries
of the eqts, to derive realistic decay estimate and thus enable
control of the long time behavior of solutions.

1 Energy identities (method of multipliers)

2 Commuting vectorfields
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VECTORFIELD METHOD. Can also be used to derive
improved regularity estimates (i.e. Strichartz).

Kl-Rodnianski “Rough solutions to the Einstein-vacuum eqts”
Show well posedness for the Einstein vacuum equations for
initial data in H2+ε.

Coliander-Keel-Staffilani-Takaoka-Tao “Global well-posedness
and scattering for the energy critical nonl. Schr. eq in R3.”
Prove global existence for the critical, 3D, defocusing, Schr.
equation using the interaction Morawetz estimates.
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MULTIPLIER METHOD Using Friedrich’s a,b,c method
C. Morawetz discovers how to
use the vector-fields,

S = t∂t + x i∂i

K0 = (t2 + |x |2)∂t + 2tx i∂i

M = ∂r

to derive local decay rates for
�φ −m2φ = 0, in the exterior of
an obstacle.

1961. Decay of solutions of the exterior initial-boundary value
problem for the wave equation

1968. Time decay for the nonlinear Klein-Gordon equations

1972. Decay and scattering of solutions of a nonlinear
relativistic wave equation.
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GENERAL REMARKS

1 S and K0 have simple geometric significance tied to the
conformal structure of the Minkowski space. This is not the
case for M = ∂r .

2 K0, S lead to O(t−1),O(t−1/2) rates of decay for the
localized energy. M gives no rate but can be combined to
other estimates.

3 Both S and K0 can be applied to other relativistic field
equations such as Maxwell, Yang-Mills. The vectorfield M,
however seems to be intimately tied to the second order,
scalar wave equation.

4 They have all found innumerable applications, most notable in
General Relativity
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WHAT ABOUT UNIFORM DECAY ?

FACT. Even though the total energy of solutions to �φ = 0 is
conserved, their uniform norm decays. In fact,

‖φ(t)‖L∞(Rn) . (1 + |t|)−
n−1

2

Shakespeare(Henri VI) “Glory is like a circle in the water, Which
never ceaseth to enlarge itself, Till by broad spreading it disperse
to naught.”

PROOF. Use Kirchoff formula or stationary phase. Intimately tied
to the curvature of the light cone, restriction theorems in Harmonic
Analysis, Strichartz inequalities.
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�φ = F (∂φ, ∂2φ), φ|t=0 = εf , ∂tφ|t=0 = εg .

1976 “Delayed singularity formation in solutions of nonlinear
wave equations in higher dimensions”.

1983 “Lower bounds for the life span of solutions of nonlinear
wave equations in three dimensions”.
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JOHN’S 1983 PAPER

Introduces a null frame formalism to capture different rates
of decay in different directions,

m(l , l) =

m(l , l) = 0, m(l , l) = −2, m(l , ei ) = m(l , ei ) = 0.
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Measures decay using more precise weights.

Proposition. If �φ = 0, with compactly supported initial data

|∂φ(t, x)| . (1 + t + |x |)−
n−1

2 (1 +
∣∣t − |x |∣∣)− 1

2

and peeling

|l(∂φ)(t, x)| . (1 + t + |x |)−
n−1

2 (1 +
∣∣t − |x |∣∣)− 3

2

|l(∂φ)(t, x)| . (1 + t + |x |)−
n+1

2 (1 +
∣∣t − |x |∣∣)− 1

2

|ei (∂φ)(t, x)| . (1 + t + |x |)−
n+1

2 (1 +
∣∣t − |x |∣∣)− 1

2

Proof. Use the spherical means representation of solutions.

Sergiu Klainerman Brief history of the vector-field method



THEOREM[John(1983)] The life-span T∗(ε) of solutions to
equation

�φ = F (∂φ, ∂2φ), φ(0, x) = εf (x), ∂tφ(0, x) = εg(x)

admits the lower bound, T∗(ε) ≥ CNε
−N , ∀N.

Proof. Asymptotic expansion in powers of ε,

φ = εφ(0) + ε2φ(1) + . . .+ εNφ(N) + ψ

and estimate each term inductively using, the weighted decay
estimates. To close need also energy estimates for the error ψ.
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THEOREM[John-Kl(1984)] Almost global existence, i.e.

T∗(ε) ≥ C eA/ε.

FURTHER DEVELOPMENTS

F. John shows that the result is sharp, in general. Result
extended by T. Sideris compressible, ideal, fluids.

F. John extends the result to nonlinear elasticity (result later
simplified in Kl-Sideris).

F. John derives precise lower bonds for the constant A.
Similar result obtained by L. Hörmander.

S. Alinhac obtains the first formation of singularity result for
general quasilinear wave equations.

D. Christodoulou’s monograph “ The Formation of Shocks in
3-Dimensional Fluids”
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THEOREM[Kl(1983), Christodoulou(1986), Kl(1986)]
If null condition is satisfied then solutions exist for all time for
sufficiently small ε > 0 i.e. , T∗(ε) =∞.

�φ = Qr(∂φ, ∂2φ) + . . .

Main idea. If �φ = �ψ = 0, the null forms

Q0(φ, ψ) = mµν∂µφ∂νψ

Qαβ(φ, ψ) = ∂αφ∂βψ − ∂βφ∂αψ

decay faster than ∂φ · ∂ψ.

FURTHER DEVELOPMENTS.

Weak null condition of Lindblad-Rodnianski

Method of space-time resonances of Germain-
Masmoudi-Shatah
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THEOREM[Kl(1985)] Small data global existence for all n ≥ 4,
and almost global existence for n = 3 using only commuting
vectorfields method.

If �φ = 0, then �Xφ = 0 for any vectorfield, X linear
combination of Tα = ∂α, Lαβ = xα∂β − xβ∂α, S = t∂t + r∂r

The generalized energy norms below are conserved

Es(t) = E [X1X2 . . .Xmφ](t)

John’s decay rates for φ can be deduced by a simple global
Sobolev inequality, for s > n

2 .

|∂φ(t, x)| ≤ C (1 + t + |x |)−
n−1

2 (1 +
∣∣t − |x |∣∣)− 1

2 Es

Get peeling estimates by a simple linear algebra calculation
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GLOBAL STABILITY OF THE MINKOWSKI SPACE

THEOREM[Chr-Kl(1992)] Any small perturbation of the flat
initial data set admits a complete, maximal, future global hyperb.
development (M, g), Ric(g) = 0, close to the Minkowski space.

Construct space-time together with,

A time function t, and an optical function u whose level
surfaces are outgoing null, (normalized at infinity).

A family of approximate Killing and conformal vectorfields, i.e.
deformations of T0, S,Lij ,K0, adapted to t, u.

A family of generalized energy norms of the space-time
curvature and its Lie derivatives with respect to these
vectorfields
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The proof is based on a huge bootstrap argument with three major
steps,

Make assumptions on the boundedness of the curvature
curvature norms and derive precise decay estimates on the
geometric parameters of the t, u foliations, i.e. connection
coefficients.

Use the connection coefficients estimates to derive estimates
for the deformation tensors of the vectorfields T0, S,Lij ,K0.

Use the latter to derive energy-like estimates for the curvature
and thus close the bootstrap.

Christodoulou’s works “ Formation of shocks...”, and “ Formation
of black holes...” as well as Kl-Rodnianski’s “Formation of trapped
surfaces...” are based on the same three, steps, even though many
important details are different.
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Theorem[Chr. 2008, Kl-Rodn. 2010] Specify regular,
characteristic, initial data, in vacuum, and show that its future
development must contain a trapped surface
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SHORT PULSE. Prescribe non-trivial data on the outgoing null
hypersurface H0,

χ̂0(u, ω) = δ−1/2ψ(δ−1u, ω).
(Chr.)

2(r0 − u)

r 2
0

< inf
ω

∫ δ

0
|χ̂(0)(u, ω)|2du

χ̂0(u, ω) = δ−1/2ψ(δ−1u, δ−1/2ω).
(Kl-Rodn)

In Kl-Rodn we prove also formation of scars in prescribed angular
sectors.
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LINEAR STABILITY OF BLACK HOLES

Soffer-Blue, Blue-Sterbenz, Dafermos-Rodn., Tataru-Tohaneanu,
Anderson-Blue ..., have used an enhanced version of the vectorfield
method to study the decay properties of wave equation �gφ = 0
in the exterior region of a black hole (Kerr).

Need special vectorfields for different regions

Red shift vectorfield near the boundary of the black hole

Modified Morawetz vectorfield M to deal with the trapped
region

Modified vectorfield K0 to treat the region far from the black
hole.
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VECTORFIELD METHOD

I. Generalized energy method
II. Commuting vectorfieds method

�gφ = 0, L(φ) = gµνDµφDνφ

Qαβ = DαφDβφ−
1

2
gαβL(φ)

Q is symmetric
Q is divergenceless
Q(X ,Y ) > 0 if X ,Y timelike, f- oriented

Q(T0,T0) ≥ c |Dφ|2

Q(T0, L) ≥ c |Lφ|2 + |∇/ φ|2
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GENERALIZED ENERGY

∫
N

Qw (X , L) +

∫
Σ1

Qw (X ,T ) =∫
Σ0

Qw (X ,T )−
∫
D(0,1)

Err(w ,X )

Here X vectorfield, w scalar

Q(X ,Y ) = X (φ)Y (φ)− 1

2
g(X ,Y )L(φ)

Qw (X ,Y ) = Q(X ,Y ) +
1

2
w φY (φ)− 1

4
Y (w)φ2

Err(w ,X ) =
1

2

(
Q · LXg + w L(φ)

)
− 1

4
�(w)φ2
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Example 1. LXg = 0, g(X ,X ) < 0, w = 0.

∫
N

Q(X , L) +

∫
Σ1

Q(X ,T )

=

∫
Σ0

Q(X ,T )

Example 2. LXg = Ωg , g(X ,X ) < 0, w = Ω
d−1

2 .

∫
N

Qw (X , L) +

∫
Σ1

Qw (X ,T )

=

∫
Σ0

Qw (X ,T )
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Example 3. Err(w ,X ) ≥ 0. This is the case of the Morawetz
vectorfield X = ∂r in Minkowski space R1+3.

2π

∫ t1

t0

|φ(t, 0)|2dt +

∫
D

1

r
|∇/ φ|2 = RHS

with RHS estimable by the total energy through Σ0.

II. Commuting vectorfields. π = LXg

�g (LXφ) = LX (�gφ)− παβDαDβφ

−
(
2Dβπαβ − Dα(trπ)

)
Dαφ

If X1,X2, . . . are Killing,

�(LX1LX2 . . .LXk
φ) = 0
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SYMMETRIES AND DECAY IN MINKOWSKI SPACE Rd+1

Theorem. There exists an expression Q[φ](t), constructed by the
vectorfield method, such that Q[φ](t) = Q[φ](0) if �φ = 0
and, with u = t − |x |, u = t + |x |,

|φ(t, x)| ≤ c
1

(1 + u)
n−1

2 (1 + |u|)
1
2

sup
t≥0
Q[φ](t)

Generators of translations : Tµ = ∂
∂xµ .

Generators of rotations Lµν = xµ∂ν − xν∂µ.

Generator of scaling: S = xµ∂µ.

Generators of inverted translations
Kµ = 2xµxρ ∂

∂xρ − (xρxρ) ∂
∂xµ .
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LINEAR STABILITY OF KERR K(a,m)

Can the vectorfield method still be applied ?

DIFFICULTIES

Only two linearly independent Killing vectorfields, T and Z
T becomes space-like in the ergo-region. Even for a = 0, T
becomes null on the horizon. Thus Q(T,T ) is degenerate for
any t-like T .

Trapped null geodesics
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−(1− 2m

r
)dt2 + (1− 2m

r
)−1dr 2 + r 2dσ2

S2

Event horizon r = 2m,

Black and white holes r < 2m

Exterior domains r > 2m.

Photon sphere r = 3m.
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MODIFIED MORAWETZ VECTORFIELD

Idea: Look for a vectorfield X = f ∂r∗ , w = w(f ),

Err(φ; w ,X ) ≥ 0, at r = 3m

r∗ := r + 2m log(r − 2m)− 3m − 2m log m.

f = 1, w = µ
r , µ = 1− 2m

r :

1

2
Q(w) · (X )π =

r − 3m

r 2
|∇/ φ|2

X = f (r∗)∂r∗ , w = f ′ + 2µ
r

Err(w ,X ) = f
r − 3m

r 2
|∇/ φ|2 + f ′µ−1(∂r∗φ)2

− 1

4
∆(w)φ2

Want: f ′ ≥ 0, f r−3m
r2 ≥ 0, ∆w ≤ 0.

Can be done near r = 3m.
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JOHN’S APOLOGY. The science of mathematics depends for its
growth on the flow of information between its practitioners. The
joy of discovering new results ought to be matched by the joy in
studying the achievements of others. Unfortunately this latter
enjoyment is made difficult by the overwhelming volume of
mathematical output and the work involved in absorbing the
context of even a single paper. Every mathematician has to
compromise on the amount of energy he can devote to the
literature. I myself have been irresistibly attracted to mathematical
research almost since my childhood, but always was loath to spend
the time needed to keep up with developments. This has severely
limited my work. Fortunately there was a compensating factor. I
was able to spend most of my mathematical life in the stimulating
atmosphere of the Courant Institute of Mathematical Sciences at
New York University, where I could draw freely on the knowledge
and experience of my colleagues.
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