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Abstract

We show that, under stronger asymptotic decay and regularity
properties than those used in [Ch-KI], [KI-Ni], asymptotically flat ini-
tial data sets lead to solutions of the Einstein vacuum equations which
have strong peeling properties consistent with the predictions of the
conformal compactification approach of Penrose. More precisely we
provide a systematic picture of the relationship between various asymp-
totic properties of the initial data sets and the peeling properties of
the corresponding solutions.
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1 Introduction and results

One of the outstanding open questions in the wake of the global stability
result of [Ch-KI] and [KI-Ni] is whether there exists initial data which have
a “smooth” skri. Indeed the results in [Ch-KI| and [KI-Ni] based on gen-
eral initial data lead to weaker peeling properties than those derived, see
[Pe], from the assumption of asymptotic simplicity. The seminal work of
Penrose, [Pe], and Penrose and Newman, [Ne-Pe2], had opened the way to
many attempts to provide a constructive approach to such solutions, see
[Frl],[Fr2], [Kr]. Yet the question whether smooth skri is compatible with
initial data, given on a Cauchy spacelike hypersurface, has remained wide
open for a long time. An important recent result in this direction is due
to P.T.Chrusciel and E.Delay, [Chr-Del]. They prove, by adapting the pre-
vious result by J.Corvino, [Cor|, the existence of sufficiently small initial
conditions which are exactly stationary outside a sufficiently large compact
set, whose Cauchy development is asymptotically simple. They do that by
showing the existence of hyperboloidal hypersurfaces of the kind needed in
Friedrich’s stability theorem, [Fr3]. For a detailed review of this approach
see [Fr4].

In this paper we find sufficient decay and regularity assumptions on the ini-
tial data sets such that the corresponding spacetimes (defined in the comple-
ment of the domain of influence of a compact set) verify peeling properties
consistent with asymptotic simplicity. We do that by revisiting and adapting
the global existence proof in [KI-Ni]. More precisely we provide a system-
atic picture of the relationship between various asymptotic properties of the
initial data sets and the peeling properties of the corresponding solutions.

We shall consider asymptotically flat initial data sets {Xg, g, k} for which
there exists a system of coordinates x = {z!, 2%, 23} defined outside a suf-
ficiently large compact set, which verify the following asymptotic assump-
tions:!

2M (3
gij = 0ij = = =0 + Ogn (127

kij = Og(r~(5¥7) (1.1)

In [KI-Ni] we have constructed, under the additional smallness assumption?
Jrc (30,9, k) < €2, see [KI-Ni] Chapter 3, definition (3.6.4), a unique devel-

'Here f = O4(r~*) means that f asymptotically behaves as O(r~ %) and its partial
derivatives 8" f, up to order ¢ behave as O(r=*7F).

2JK(Eo,g7 k) is a L? weighted norm made with the partial derivatives of the Riemann
metric tensor g;; up to fourth order.



opment (M, g) defined outside the domain of influence of the compact set
K, foliated by a canonical double null foliation {C(\),C(v)} whose leaves
are the level hypersurfaces of two optical functions u(p) and u(p):

C(A) ={p € Mlu(p) = A}, C(v) ={p € Mlu(p) =v}

and such that the outgoing leaves C'(\) are complete. To state our asymp-
totic results we associate, see [KI-Ni] Chapter 3, to our double null foliation
an adapted null frame {ey, ea, €3, e4} where

eq =2QL ; e3=2QL (1.2)

and L and L are the null geodesic vector fields generating the null hyper-
surfaces C'(\) and C(v) respectively. Q? is the null shift function,

0° = —(2g(L, L))" (1.3)

and finally {ej,e2} is an orthonormal moving frame tangent to the two-
dimensional surfaces S(\,v) = C(A\)NC(v). Using this frame we decompose
the Riemann curvature tensor into its null components, in the following way:

a(R)(X,Y) = R(X, eq,Y, es) , BR)(X) = %R(X, €1, 3, ¢4)

1 1
p(R) = ZR(€3,€4,63,64) , oR)= Z*R(63,64,63,64)

BR)(X) = %R(X, e5c5.04)  a(R)(X,Y) = R(X, e3,Y, c3)

where * denotes the dual tensor.

Theorem 1.1 (Strong peeling property) Under the assumptions 1.1 with
v = % + ¢, € > 0 and sufficiently large q the mazimal development (M, g)
constructed in [KI-Ni] verifies the following stronger asymptotic properties:

a) Along the outgoing null hypersurfaces C(\) the following limits hold

li =A(\ li 23 = B(\
C(/\)l;runﬂoorg AAw) C(A)l;gloor B=B(w)
li Sp=P li Sg = 1.4
com T Aw) colm o QA w)  (14)
li ‘3=n
oo, " = Bw)
with A(\,w), B(A\,w), P(A\,w),Q(\,w), B(A\,w) satisfying:
A W) < 1+ AN~ 5 [BALw)| < e(1 + A~
(P =P)\w)| < c(1+A)"H) 5 [(Q = Q)(A\w)| < (1 + A)~FH)
B\, w)| < e(1+|A)~3F9 (1.5)



b) The Riemann components a and 3 satisfy the following estimates,

with € < e: 3

sup [r|A|al < Cp 5 sup [FA"(8] < Co

M M
Theorem 1.2 (Weak peeling property) Under the assumptions 1.1 with
v = %—5, 0 €0, %) and sufficiently large q the spacetime (M, g) constructed
in [KI-Ni] verifies the following asymptotic properties:*
a) Along the outgoing null hypersurfaces C(\) the following limits hold

. _ . 2 _
C'(/\l)l;llr/nﬂoo ra=4Aw) C(AI)I;IJLOOT B=B0w)
li ’p=P(A li S0 =Q(\
oo ¥ Aw) COVoe Q@)
li 3=8B 1
colm v B=B(\w) fordel0,1)
with A(\,w), B(\,w), P(\,w), Q(\,w), B(\,w) satisfying:
AN @) e+ AN~ 5 B w)| < e(1+[A)C0
(P=P)(\w) < e+ AN 5 [(Q-Q)(\w)| < e(1+]A) 0
[BOLw)| < e(1+ A~ (1.6)

b) The Riemann components o and [ satisfy the following estimates:

r®(log |A])°

d=0 ; S/%tP (logr)lJFEa’ <Cp; 5/1\171? T4|>‘|ﬁ‘ < (o

6€(0,1);  sup W@ < Cp; sup A8 < Co (1.7)
M ./\/l
M M

56(1,%); S%Wa SCO;SLpMﬁ’<C (1.8)

Remark: Observe that strong peeling in the sense of Theorem 1.1, is
incompatible with the presence of a nontrivial angular momentum. Indeed
recall that, see [Ch-Kl], Chapter 1,

1 ‘ .
J; = lim —/ EiabT" (kb] — gbjtrk) njdo . (1.9)
Sy

r—oo 7

3Hereafter we always assume € < €, wherever these two quantities appear.
4The precise version of this and the next theorem will be presented in Section 6.



Thus it easily follows that J = 0 if k decays faster than r—3. Therefore, in
the presence of a nontrivial angular momentum we do not expect the strong
peeling estimates, but rather the weaker ones consistent with § = 1,

rt(log |A])° r!(log |A])°
(log 7)2+e (log r)1+e

Oé‘éco ;

5‘ < Cy (1.10)

M M

1.1 The main ideas of the proof.

The proof of the stated results is based on two separate ingredients.

Part I.) By a modification of the construction used in the proof of the
Klainerman-Nicolo global existence result, see [KI-Ni] Chapter 3, we show
that the the spacetime M satisfies better asymptotic properties relative to
A. In particular we show that the null curvature components verify,

supr7/?Aa] < Cy , supr|A|F+7jal < Gy
K K

s%pﬂ%mm <y, s%pﬂw%*m <y (1.11)

1

supr¥lp| < G, supr*\[=*(p = p.o)| < Co

In addition we can show that the angular derivatives of order ¢ > 0 verify:®
sup APl < Gy, supr TNVl < Gy
Slépﬂ/z*q!)\!”!Wqﬂ! < Co , S%PTM]\)\!%”IWQI <Co (112)

sup 3\ |25 |V (p, 0)| < Co
K

Remark that the only difference between these and the estimates established
in [KI-Ni] is due to the factor |A|7. It is worthwile to point here that, exactly
as in [KI-Ni], the central part of the proof is based on the introduction of a
family of energy-type norms Q, based on the Bel-Robinson tensor associated
to the (conformal part of the) Riemann tensor. These norms are modifica-
tions of the @ norms in [KI-Ni], obtained by introducing the weight factor
IA|>” in their integrand. The precise definition of these norms is given in
section 2.

The fact that we can incorporate the additional weight |A|>Y in the energy
type norms Q is an essential ingredient of our result. One can motivate this

5¢ is an integer < 5. Y is the covariant derivative associated to the induced metric on

SO\ v) = C(A) NC(v).



fact by considering weighted energy estimates for the linear wave equations
in flat space, outside a light cone. We shall do this in details at the beginning
of section 3.

Part II.) To obtain improved estimates for the null curvature compo-
nents «, 3 we shall make use of the incoming transport equations which
they satisfy. These will allow us to transfer some of the gain in powers of
|A|7 established in the first step to the desired powers of r. Before writing
down the transport equations for o, 3 we recall briefly the definition of the
connection coefficients associated to our double null foliation.

Xab = &(De,a.60) X, = 8(De,e3,€p)

1 1
ga = ig(D64e47 ea) ; éa = §g(D€3e37 €a)
1 1
Na = _ig(D%ea’ e) Ny = _§g(De4€a7 €3) (1.13)
1 1
w=—8[Desese4) , w=—78[Deses,e3)
1

Ca = _ig(DeGGSa 64)

Moreover we observe that in the first step presented above one can show
not only that the null curvature components gain decay in powers of A but
also the connection coefficients. In particular one can prove the following

estimates:
1 N 1 N
PRI < Co PRI ETTYR| < Co
FAETRI< Co L [PINTTYRI < Co (1.14)

|T2|)\|%+V (QtrX — Qtrx) | < Coy, ‘r2’)\|%+’)/ (QUK _ Qtr&) | < C
AR < Gy, [PAET] < Gy

With these preparations we are now ready to demonstrate the improved
behavior of «, 3. 6

i) Improved estimate for . According to the null Bianchi equations,
see [KI-Ni] Chapter 3, egs. (3.1.46), (3.1.47), (3.1.48) we have,

op

a5 T QUrxB = 20w8 + QVp + Qo + 2% B+30mp+0)|  (1.15)

5A similar argument, based on the idea of using the incoming null Bianchi equations
for a and S, has been used by D. Christodoulou in a related context, see [Ch].




where 8% = QI3 and 3 denotes the projection to S(A,v) of the derivative
along the null direction eg. In view of the above estimates 1.11, 1.12 and 1.14
we observe that the terms in square brackets are of order O(r*ﬂ)\]_(%*”))
and can be neglected. Recalling,” see [KI-Ni], Chapter 4, that % = 5Qtry,
we obtain

o(r25,)
oA

In view of the estimates for the connection coefficients 1.14 8 it follows
immediately that the quantity [(Qtrz — Qtry) + 2Qg] is integrable in .

= [(@try — Qtry) + 20w] (1?8a) + 22V, p (1.16)

An application of Gronwall’s Lemma gives, with A1 () = A|¢()ns,,

A
0100 < (I Blewrm + [ IPYAN) @D
1(v

and, multiplying both sides by 72|A\|1*¢, which is allowed in view of the fact
that r and |\| are both decreasing as we move toward the future along the
incoming null hypersurface C'(\), we obtain

A
B (A, v, W) < c(|r5+€ﬁ|c<u>nzo + [

PN ) (118)
1(v)

To obtain the “strong peeling” property for 8 it remains to show that the
right hans side of 1.18 is bounded. The finiteness of |r5¢3 lc()ns, follows
immediately from our initial data assumptions. To check the finiteness of
the integral term we only need to make use of the asymptotic result for p
obtained in the part I. Indeed we have Yp = 0(7"*4])\]_(%*'7)) and, therefore,

for v > 3 + ¢, the integral f/<\1(u) r4 N1 €Y pld) is bounded.
ii) Improved estimate for .  Making use of the improved estimate for

B, which we have just established, we make use of the null Bianchi equation,
relative to a,
Oa

1 s —~
N + EQtrxa = 4Quwa + QYVRE + Q [—3(>2p +%0) + (C + 477)®ﬁ] (1.19)

Clearly the terms in in square brackets are O(r‘5\)\\7(%+7)) and can be
neglected. Proceeding in the same fashion as above we write,

d -
a\rod < [4Qw — 271 (Qtry — Qtry)||ral + Q|7 Y3 (1.20)

"Here f refers to the average of the scalar quantity f over the 2-surfaces S(\,v).

8In fact it suffices to take the weaker estimates of [KI-Ni] corresponding to + arbitrarily
small. The estimate of w cannot be improved from the one in [KI-Ni], but that one is
sufficient.



and applying Gronwall’s lemma we obtain

A
i) < e raloens, + [ YY) 2
1(v

Finally, multiplying both sides by 4 we conclude that

A
ol ) <e(Palgpns, + [ 1PAAY)  (122)
1(v

To derive the strong peeling property for a we only have to check that the
right hand side is finite. In view of our initial conditions it is immediate
to check the boundedness of |r5a|g(,,)mgo. The boundedness of the integral
term follows immediately from our improved estimate for 3 discussed above
and the fact that any tangential derivative produces an extra r—! factor.

In Section 2 we give a precise statement of the result mentioned in Part I
and a sketch of its proof. We define the main norms and outline the main
differences between the result presented here and that of [KI-Ni]. Section 6
is devote to the detailed proof of our peeling result along the lines sketched
above. Sections 3, 4 and 5 provide the technical details of the proof of the
result presented in section 2.



2 The spacetime M

As discussed in the introduction the proof of our results depend on a modi-
fication of the main result proved in [KI-Ni]. In this section we give a precise
formulation of it. We recall that the main theorem in [KI-Ni] was based on
the following norms:

1) The initial data norms Jx which we replace here by the norms J I(?),
whose precise definitions are given in the next subsection. The new norms
differ from the old ones by the presence of the additional weight factor r7”
and additional covariant derivatives up to a prescribed order.

2) The connection coefficient norms O. These norms differ from the old
ones, O, by the presence of an additional weight factor |A|7, except those
which are non trivial in Schwarzschild spacetime,” and additional covariant
derivatives. Their explicit expressions are given in the appendix.

3) The Riemann curvature norms R. Again they differ from the R norms
used in [KI-Ni] by the presence of the additional weight factor |\|7, except,
of course, for p which is tied to the ADM mass, and additional covariant
derivatives. Their explicit expressions are given in the appendix.

4) The “Bel-Robinson” integral norms Q. These norms differ from their
analogous ones, Q, used in [KI-Ni] by the presence of the additional weight
factor |A|??. We also need to add terms containing higher angular derivatives
220 with ¢ < ¢ + 1. We exhibit them below.

5) The definition of the canonical foliation on the last slice needs to be
modified. More precisely we replace the condition log Q = 0, used in [KI-Ni],
with the condition

Dslog O = (fry) 7. (2.1)

2.1 Initial hypersurface and final slice

In this section we discuss the initial conditions on both the initial and final
slices.

2.1.1 The initial data condition

We restrict ourselves to initial data sets {Xg, g, k} with 3¢ diffeomorphic to
R3; moreover we assume they are asymptotically flat in the following sense,
stronger than the one used in [Ch-KI| and in [KI-Ni]:

9A more detailed discussion of this fact is in the second part of section 3.



Definition 2.1 An initial data set {Xo, g,k} is “strongly asymptotically flat
of orderv”, see [Ch-KIJ, eqs. (1.0.9a), (1.0.9b), if there exists a compact set

B, such that its complement ¥0\B is diffeomorphic to the complement of the

closed unit ball in R3. Moreover there exists a coordinate system (', 22, x3)

defined in a neighborhood of infinity such that, as r = / 3 1 (21)2 — oo,
we have

gij = (1+2M/r)5i; + Ogpr (r"GT0) | ki = 0,(r Gy (2.2)

We define the global initial data smallness condition with the help of the
quantity

T (S0, 9.k) = sup ((d0+ szcP) / Zcf(”” + 1)H V2
20 =0

4 / Z 2147) | 1))y B2 (2.3)
20—
with 4/ arbitrary close to v, 7' < v, where ~, see 2.2, has been introduced
in Theorems 1.1 and 1.2.

Definition 2.2 Given an initial data set {Xg, g, k} and a compact set K C
Yo such that YO\K is diffeomorphic to the complement of the closed unit ball

in R3, we define jf(g)(Eo,g, k) as follows:

o We denote G the set of all the smooth extensions (g, ) of the data
(9, k) restricted to Xo\K, to the whole of ¥o, with g Riemannian and
k a symmetric two tensor.

o We denote by dy the geodesic distance from a fized point O in K rel-
ative to the metric g.

e We denote 19
JD (50, g,k) = inf IS0, 3, k) . (2.4)
Definition 2.3 Consider an initial data set {X¢, g,k}. Let K be a compact
set such that Y0\K is diffeomorphic to the complement of the closed unit ball

in R3. We say that the initial data set satisfy the “exterior global smallness
condition” if, given ¢ > 0 sufficiently small,

jl(g)(g(bgak) < 62 .

lojéq)(Zo,[], INC) has the same expression as jé‘”(Eo,g, k) in 2.3, with do instead of do.

10



Remark: The “exterior global smallness condition” is basically the same
we used in [KI-Ni|. The difference from the previous one is the presence of
different weight factors as well as the presence of additional derivatives.

2.1.2 The last slice canonical foliation

Definition 2.4 A foliation on a null incoming hypersurface C,, given by
the level sets of a function u,'' is said to be canonical if the functions u and
Q satisfy the following system of equations:

du
75 = )7 wlonmy = M
1 1 — 1 .
AlogQ = §d/iVQ + 3 <K -K+ Z(trxtr& - trxtrx)> (2.5)
d

1 _ 1
—-log Q= oo — (&))" 'p 5 10g29|c.nx, = 5 log(1+ D).z,

The proof of the existence of the canonical foliation follows precisely the
same argument as that used in Chapter 7 of [KI-Ni] and will be omitted, see
also [Ni].

2.2 The Q norms

With the help of the same vector fields S, K and JO defined as in [KI-Ni]
and a slightly modified vector field Ty we define: 2

A(\v) = NPQLnR)(K, K. K, 1)

/C(A)mV(A,u)
+ NQUEOR) (K. K. Ty, e4)
CONVA\w)
Ao(\v) = / NP Q(LolnR)(K, K, K, e1)
ANV (M)
/ NP QULLR) (K, K, Ty, 1) (2.6)
ﬂV A\v)

Lo NTQUESERR) KK K )
ANV (M)

"T¢t is the scalar function u, of [KI-Ni].
If ¢ — 2 < 2 the Qg)(\, v) and Q(q)()\7 v) terms are absent.

11



Qp(A\v) Z {/ NV ) A VQ(ﬁTOEOR)( K, K, ey)
+/ NV MN'Q(Lo Lo’ R)(K, K, Ty, es) (2.7)

+/ ’A|27Q(Z"52TOZ‘:ZO_1R)(K7K7K764)}
CMNV(A\p)

Q0 = sup [+ [ WP QUELR)(K, K, K. e3)
V(A)NZo C)NV(A\w)

Lo T QUEOR)E, K T co)

QQ(AJ/) = /( oW |U|27Q(£O£TO )( KK,G:),)
Lo, [HFQUGR)E. K. To.co) 2.3
Lo [HFQUESERR) (KKK )
Q(q)()"y) = Z{/ - Juf? WQ(ﬁTﬁoR)( VK K e3)
2 I/

z 1 _
+ WP QLY R)(E, K, Ty, es) (2.9)
cINV(A\w)

+ WP Q(Eskn Lo 1R><z‘c,f<,fc,eg>} .
CONNV ()

We define also the global norm

Q= swp O(\v) (2.10)
V(\v)CM
where!3
O\ v) = Gi(\w)+ QoA v) + 9, (A1) + O,(\,v)
Qg (A, v) +Q(q)(AaV)] : (2.11)
Remarks:

BY (A, v) is defined as V(A v) = J~(S(\,v)).

12



1) Observe that the factor |u|?Y is constant along the C'(A\) null hypersur-
faces, while it varies along the C'(v) hypersurfaces.

2) The vector field T" appearing in LR, LoLrR, LsLrR in the Q norms
introduced in [Ch-KI] and in [KI-Ni], is substituted by the vector field

Ty = Q(€3 + 64) =2QT (212)

where 2 is defined in equation 1.3. The reason of the choice 3.8 will be made
clear in the discussion on the error estimates in section 3.1
We are now ready to state the improved version of the main result of [KI-Ni].

Theorem 2.1 Assume the initial data set {Xo,g,k} “strongly asymptoti-

cally flat of order v” and jéq)(Eo,g, k) <oo.
Choosing ey sufficiently small, there exists a compact region K containing

the origin, such that jl(g)(Eo,g, k) < % with € < eg and the initial data set
has a unique development (M, g), defined outside the domain of influence
of K, with the following properties:

i) M= Mty ./YINV* where M consists of the part ova which is in the
future of Yo\ K, M~ the one to the past.

i) (M™,g) can be foliated by a canonical double null foliation {C(X\), C(v)}

whose outgoing leaves C(\) are complete 5 for all |\| > |Xo|. The boundary

of K can be chosen to be the intersection of C'(Ag) N Xp.
i) The norms O, D and R are bounded by a constant < ce. ¢

iv) The null Riemann components have the following asymptotic behaviour:
supr[A"]a] < ez, supr| ATl < ce
K K
Supr%|)\|”|ﬁ\ <ce, Supr2|)\|%+7|ﬁ| < ce (2.13)
K K -

1

Slépr?’lp\ <ece, s%pr:”!%!ﬁ”\(p—ﬁ o)| < ce

14Observe that, multiplying them by 29, we could have modified also the vector fields
K and T in the entries (K, K,T,es) of 2.6 and 1.2, but this is not needed as it will be
clear during the proof of Theorem 2.2.

15By this we mean that the null geodesics generating C(A) can be indefinitely extended
toward the future.

1D are norms for the various components of the deformation tensor of the rotation
vector fields. They are defined in [KI-Ni] Chapter 3.

13



The definition of double null foliation and of canonical double null foliation
are given in [KI-Ni], Chapter 3. The possibility of endowing the spacetime
(.Mv ,&) with a canonical double null foliation is crucial to obtain the result.
The proof of Theorem 2.1 follows precisely the same steps as the proof of the
“Main Theorem” (Theorem 3.7.1) in [KI-Ni]. The result proved in [KI-Ni]
corresponds to the v = 0 case.!” As in that case the main body of the work
can be separated into three different steps:

Theorem 2.2 Assume that in (MV, g) the following inequalities hold:
R<e, O<e. (2.14)

Then choosing €q sufficiently small there exists a constant ¢ > 0 such that,
for any arbitrary region K = V (A, v) C M, the following inequality holds

Ok < Qs (2.15)

Here égomg denotes an integral norm analogous to the one defined in 2.11,
but relative to Yo N K.

The proof of this theorem is in Section 3.

Theorem 2.3 Assume that O < €, then the following inequality holds

R < cQ (2.16)

bt Sl

with ¢ a positive constant.

The proof of this theorem is obtained repeating the proof of the correspond-
ing theorem in Chapter 5 of [KI-Ni] using the R, O and Qx norms introduced
here. A sketch of its proof is in Section 4.

Theorem 2.4 Let the “strongly asymptotically flat of order v” initial data
be such that j[(g)(Eo,g, k)<e?, assume that

~ ~ . 1
QIC < CQZQQK ) R < CQ]QC )
then the following inequality holds
O<ce . (2.17)

A sketch of its proof is in Section 5.
The previous three theorems combined with a bootstrap argument, as de-
scribed in full detail in Chapter 3 of [KI-Ni] allows to prove Theorem 2.1.

"n this case also 4" = 0, see equation 2.3.

14



3 The O integral norms, proof of Theorem 2.2.

Theorem 2.4 below provides the crucial step in the proof of Theorem 2.1.

Theorem 2.4:
Assume that in (M, g) the following inequalities hold:

7§,§60, @géo.

Then choosing €y sufficiently small there exists a constant ¢ > 0 such that,
for any arbitrary region K = V(A\,v) C M, the following inequality holds

Ok < Ok (3.1)

Here égomc denotes an integral norm analogous to the one defined in 2.11,
but relative to Yo N K.

Proof: The proof of Theorem 2.4 requires the main new technical ingre-
dient of the paper. The idea is to introduce a factor |[A\|*? in the “energy
density” of our main quantity Q. We shall illustrate below how this can be
done in the simple case of the wave equation in Minkowski spacetime, M4.
The crucial fact is that the weight factor |A\|*” leads, in the exterior of the
“light cone” C(X\g) = {p € M*u(p) < Ao < 0}, to an energy inequality with
a favorable sign. We then apply the same idea to the integral norms Q.

The new problem which confronts us is to control the error terms which
are generated by this procedure. They differ from the ones treated in [KI-Ni],
Chapter 6, (mainly) by the presence of the weight factor |A|*Y. Most of these
error terms are easy to treat, but we have to pay special attention to those
involving p and those connection coefficients, such as try, try which are non-
trivial in the particular case of the Schwarszchild metric and, consequently,
cannot decay any better relative to powers of |A|. We prove that, never-
theless, these terms come up only in combination with other curvature and
connection coefficients terms for which we have improved decay. Compared
to [KI-Ni] this argument also requires a modification of the vector field T’
and of the canonical foliation on the last slice.

3.1 Main energy identities
3.1.1 Wave Equation in flat space

Let us consider first the simpler case of the linear scalar wave equation
1
O® = 0. Its L? energy norm ( [p. [[00®|?(,t) + |[V®|*(-,¢)] )2 is conserved

15



as can be immediately seen with the help of the energy-momentum tensor
Quv(®) =20,20,P — g (977 0,20, P)
and the local conservation laws 9°Q.5(®) = 20,® J® = 0 . Thus, in M*,

0 = 0oQoo — 9;Qui (3.2)

where Qoo(®) = (8®)* + (V®)? 5 Qui(®) = 20090, . (3.3)
Consider the optical functions u =t — r , u = t + r, using the formulae 3
Boful” = —2yfu 7 Biful*” = 2

it follows

00l Qoo)  3i(1uf' Qo) =~ Qoo + Qo

= —2y|ut ((80<I>)2 + (V)% + 2”;}60@@@)

= 29[ ((90®)? + (0,2)° + 20020, D + (V)?)

= —29[u7" (0P + 0,®) + (V®)?) (3.4)

where 0, is the radial derivative and ¥ denotes the derivatives tangential to
S(r) = {p € E¢|r(p) = r}. Therefore, in the region where u(p) < 0, we have

A (|ul*Qoo) — 9 (Jul*"Qo:) <0 . (3.5)

Let us consider the standard null pair {e3, e4}, where

0 0 0 0
63_a—§, 64—§+E, (36)
and the unit time like vector field
1
To = *(63 + 64) = (37)

2 ot
Denoting X an arbitrary timelike Killing vector field and defining the quan-
tity Qg(X) = QapX“ it follows:

°Qp(X) = 0%QusX® = (0°Qup) X + Qupd’ X4 =0 . (3.8)

18Valid in the exterior of C(0).
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We define also the spacetime region V(\,v) C {p € M*u(p) < 0},
V()‘al/) ={p€M4‘y(p) S [V(),V],’LL(Z?) € [)‘17)‘]} (39)

where A\ = u]Q(,,)mZO =V, = M’C(/\)mzo and vg < v. The boundary of
V(A,v) consists of a portion of the incoming null cone C(v), a portion of
the outgoing null cone C'(A) and a portion of the initial hypersurface:

IV (A, v) = C(v; [A1, A]) UC(X; [vo, v]) U Eo([vo, 1)) where

C(v;[A1,A]) = {p € C(v)[u(p) € [A1,A])}
C(A;[vo,v]) = {p € C(N)|u(p) € [v,])} (3.10)
So([vo, v1]) = {p € M*|r(p) € [vo, ]} .

Integrating over V' (A, v) the analogous of 3.8, with Q3(X) substituted by
[u[*7Qp(X), and using 3.4 we obtain immediately

[ Qe+ [ QU e) < [ WP QUET) (341)
C;[h1,A]) C(Xilvo,v]) %o

which, in view of the positivity of Q(X,Y") for X,Y timelike or null vector
fields, implies the boundedness of the “flux quantities” 5,1\, \)) [ul>"Q(K, e3)

and fQ()\;[VO,yD ‘U‘QWQ<K7 64)-

3.1.2 Energy inequality for Q

The same argument can be adapted to the vacuum FEinstein curved space-
time with the help of the Bel-Robinson tensor. Denoting

Py = ([ul’Q)apye XY Z° (3.12)
with o > 0, it follows '?
DivP = Div(|ul°Q)p,s XY Z° (3.13)

1
+ Sl QY (Orap¥ Zs + VnapZ, X5 + PrapX,Ys)

Moreover

Div(|u|gQ)ﬁv5 = geaDe|u|UQa,875 = |U|G(Din)ﬁ'y§ + (geaDe|u|U)Qaﬁ'y§
|ul”(Div@Q) gys — olul” " (g Det)) Qaprs
|u|” (DivQ) gys + olul” " L Qapys (3.14)

= [u|7(DivQ)pys + olul "~ (22) " e§ Qaprs

9The function u(p), whose level hypersurfaces {p € M|u(p) = A} are the null hyper-
surfaces C'()), is the analogous of the quantity ¢ — r in Minkowski spacetime.
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where we have used the relation L = (20Q) ey, see 1.2. Applying Stokes
theorem in the V' (u,u) region, we obtain:

{ / WQUNXY Zieg)+ [ QU)X Y, Z ey
C(w)NV (u,u) )NV (u,u)

- / |U|JQ(W)(X,Y, ZaT)} (315)
BoNV (u,u)
. 1 «
- / lu|” {DwQ(W) 56 XPY 20 4 5Q Ao (Ww) (<X>7raﬁyvzd
(uu)

+ napZ, Xs + &) 705X, Y;) } —0 / 29 u|"'QW)(X,Y, Z, e4) .

(u,u)

Due to the fact that the last integral in the right hand side is positive we
conclude

/ WP QUV)(X.Y. Z,e0) + | Ul QW)(X.Y, Z.e4)
Cw)NV (u,u) C(w)NV (u,u)
<[ WPQUV(XY,ZT) = [ Jul” | DinQ(W)psX?Y720 (3.16)
3oNV (u,u) Viww)
1
+5Q W) (Omap¥s Zs + mapZ, X5+ WaﬁXvY(S” '
The flux integrals
/ " QW)(X,Y, Z, e3) and / WP QW)(X, Y, Z, e4)
C(uw)NV (u,u) NV (u,u)

are bounded provided that we can control the following quantity we call
“Error term”,

EW)X,Y,Z) = — / yu|U[DwQ(W)WX5WZ§ (3.17)

(u,u)

1 (0%
+ 5@ B () ((X)WOCBY,YZ(; +) TaBZ~Xs +(@) WaﬁX’yY(S) }

where (X )ﬁag is the deformation tensor relative to the vector field X, see
[KI-Ni] subsection (3.4.2).

Applying exactly the same argument to @()\Ly) defined in equations 2.11,
one shows that Q1(\,v), Qa(\,v), Q;(\,v), Qy(A\,v), [Q( (A, V)—i—Q ) (A, )]

are bounded if we can control the following error term 51 + 52 + 5( ) Where

& = E(LpR)(K,K,K)+ELoR)(K,K,T)

18



& = E(LR)(K,K,T)+E(LnloR)(K, K, K) (3.18)

3.2 Preliminary steps concerning the estimate of the Error
terms

The strategy to estimate the “Error terms” is essentially the one used in
[KI-Ni]. Nevertheless there are some differences which we shall describe
below. For simplicity we consider only & + &. The remaining error terms
do not present additional difficulties.

We start examining the general structure of & + &. Apart from the new
weights, they are exactly the same as in [KI-Ni], Chapter 6. Symbolically
we can write:

E+&5=Y /V » IA277%72 (DOR) - (D°R) - (D°I) (3.19)

where oo+ 3+ 0 = 2 and the factor Tﬁnﬁ represents, with appropriate a and
b, the same weights which were already present in the analogous terms in
[KI-Ni]. The factor |[A\|?7 is the extra weight factor which we have to cope
with.

At first glance we might expect that each of the terms D®R, DPR, D°II
appearing on the right hand side of 3.19, 2 can absorb a factor |A|7. This will
more than compensate for the presence of the weight |A\|?7 appearing in our
formula. Unfortunately this is not quite true, indeed the symbolic expression
DR - DPR - DII hides the presence of terms such as p(R) or try, try, w,
w which cannot absorb any additional weight factors. Nevertheless, mzﬁ{ing
a small modification of the vector field 7" and of the canonical foliation,?!
we can arrange that these terms only appear linearly, that is multiplied by
terms which have better behaviour.

20 D3I denotes the covariant derivative of an arbitrary deformation tensor.
21Together with some inspired modifications of the quantities which are estimated by
integration along null geodesics.
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3.2.1 The approximate Killing vector fields and their deforma-
tion tensors.

One of the important features of the result in [KI-Ni], see Chapter 8, is that
all connection coefficients which are identically zero in the Schwarzschild
spacetime allow an additional factor 2= (1 +u2)Y/* in the corresponding
O norms. This is due to the fact that the evolution equations used to
estimate them do not depend on the p component??
An analogous argument can be used now to infer, using the assumption
R < €, that the corresponding connection coefficients gain an extra decay
factor [A|7.22 As a consequence we deduce that the components of the
deformation tensors, corresponding to those vector fields which are precisely
Killing or conformal Killing in Schwarzschild gain also the decay factor |A|”.

As explained earlier we need to modify the vector field 7" = %(63 + e4)
which was used in [KI-Ni|. Indeed that choice turns out to be unacceptable,
in view of the remarks above, since it does not coincide with the precise
timelike Killing vector field of the Schwarzschild metric. To see this observe
that in the Schwarzschild spacetime the null pair {es,e4}, corresponding to
our definition (see [Ni-In]) is given by

of the curvature tensor.

o 9 o 9
_ -1/ — 1Y e
a=0 (gt ) =0 5+ o
o 0 o 0

_ —1 ~ — —17_ -
3= g5~ 5= 5 %%

where?* @ = \/(1—24). Thus the choice T = J(e3 + e4) = @‘16% does
not correspond to the correct Killing vector field of Schwarzschild spacetime
which is 8%‘ The correct choice?® which we shall use below is,

Ty = Q(eg + 64) (320)
With this choice of Ty we calculate the null components of the traceless part
of its deformation tensor (To)r, see [KI-Ni] Chapter 3, subsection 3.4.2,

(To)iab =20 ()A(ab + Xab + 5ab(w + g))

22Recall that p, the only Riemann component different from zero in Schwarzschild space-
time, carries the information about the ADM mass and therefore, does not allow any
improved decay in |A|.

ZTo derive this improvement one needs also to take advantage of new definition of the
canonical foliation.

24Observe that ® corresponds precisely to 20, see definition 1.3.

ZThere is no point in trying to change the definitions of S and Ko; there are in fact no
analogous conformal Killing vectorfields in Schwarzschild spacetime.
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(1) = Q(try + try) + 4Q(w + w) (3.21)

Tm, = -40¢, , ®m, = 40¢,
(To)p =0, Tp=0.

Observe that, although each of the components of the pair (w,w), respec-
tively (try,try), are nontrivial in Schwarzschild 26 and, therefore, cannot
have better decay in factors in |A|, the combination w + w, respectively
trx + try, do in fact cancel out their nontrivial Schwarzschild parts and
behave better. These facts are included in the following proposition:

Proposition 3.1 Assume®” that jf(g)(Eo,g, k)<e? and
7% < €0 , (5 < €0 .
Then the following inequalities hold

P2 A (o), T0)) | < ceq
P2 (To0m, T)m) o < ceg (3.22)

Proof: We prove the first line of 3.22. The second line is an immediate
consequence of the assumption O < ¢y and the definition of the O norms.
The estimates are proved in a finite region V' (Ao, v«) as in the proof of the
Main Theorem in [KI-Ni].?8
1) Estimate of try + try:

From the structure equations, see [KI-Ni|, equations (3.1.46),..., (3.1.48),
we have

1
Dgtrxz—itrxtrx—(Dg log Q)trx + 2p + [—X X+ 2 +2(Alog Q + (MVC)}

Dytry = (irx)” + (Ds log Dty + [|<P] (3.23)
and from them
Ds(trx +try) = —%trz(trx + try) +(D3log Q) (try + trx) + 2 (p— (D3 log Q)try)
+ R X 2P og Q + dive) + [%17] (3.24)

26Obviously trx and try are different from zero also in Minkowski spacetime, but in
Schwarzschild they depend on the ADM mass.

2"We shall also make use of the canonical nature of our double null foliation.

28Then, proceeding in the construction of M as in [KI-Ni], one proves that this region
coincides with the whole spacetime.
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From assumptions 2.14 of Theorem 2.2 it follows that the term in square
brackets behaves as O(r‘3|)\|7(%+7)), therefore it is a good term from the
point of view of the presence of the new decay factor |A|7. Hereafter we de-
note with [Good] all the terms which have, at least, the following asymptotic
behaviour: 29

[Good] = 0(73‘1)\‘7) + O(W) . (3.25)

In view of this notation equation 3.24 can be rewritten as

Qtr

O\
+2 (p— (D3 log Q)try) + [Good]

The only term we have to take care of is 2(p—tryDslog ). Its estimate is
provided by the following lemma.

Lemma 3.1 Under the assumptions R < ¢y , O < €y, assuming that the
last slice C(vy) is endowed by a canonical foliation such that on it

D3log 2 = (%) 7 . (3.27)

then in the whole region V (Ao, vs) the quantity (p—trxyDslog Q) satisfy the
estimate: 30

sup [r®|A|"(p—trxDslog Q)| < ce - (3.28)
V(Ao,vx)

Using the result of Lemma 3.1 we obtain immediately with a simple appli-
cation of the Gronwall’s lemma, the following estimate for (try + try):

_2 _2
[P AP (b + 810 s (A, v) < e AT (brx + 120 gy, + cco - (3:29)

and using the stronger assumptions on the initial data on ¥y we obtain the
result, for p € [2,4],

‘r2_%|)\|7(trx + trx)|p,s(A v) < ceo . (3.30)

Tn fact the terms which appear in [Good] behave better due to an extra |)\|% factor.
Definition 3.24 is nevertheless, sufficient.

30This estimate can be improved by a factor \)\|%
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Exactly the same argument can be redone for the first tangential derivatives
obtaining, for p € [2,4],

_2
PRI W (trx + tr)

(A v) <ce . (3.31)

Using inequalities 3.30 and 3.31 together with the Sobolev inequality for the
sphere, see Lemma 4.1.3 of [KI-Ni], we obtain

sup |r?| A7 (try + trx)| < ceo - (3.32)

A\v)

Proof of Lemma 3.1: It is in order to estimate (p—tryDslog ) that we
are obliged to introduce a new canonical foliation on the last slice satisfying

D3log 2 = (trx) ', (3.33)

see equation 2.1.31 We estimate (p—tryDslog Q) by deriving its evolution
equation along C'()\) using the structure equations, see [KI-Ni] equations
(3.1.46),...,(3.1.48) of [KI-Ni] and the null Bianchi equations. We obtain

d
a(p—trng log 2) = QDyp—[Q2(D3log Q)Dytry+QtrxyD4Dslog Q] . (3.34)

where % = (ODy. Recalling the explicit expression of the Bianchi equations,
see [KI-Ni], equations (3.2.8) we have

ODyp = Qi+ [dvB— (— 5% a4 2m-0)

= —;Qtrxp + [Good| (3.35)

The second term in the right hand side of 3.34 can be written, using the
transport equation for try, as:

— [Q2(D3log Q)Dytry+QtrxyD4D3 log ]

= —Qtry (—p — (D3log ?)(Dylog ) + [77 - —2¢%—2¢-Vlog QD

1
—QD3log ) (—2trx2 + trx(Dyglog ) + ]X!2>
1
= —5 2ty (—tr\Dlog 2) + Qtryp + m-n—2¢ =2 Viog 2+ [¢]

1
= —§Qtrx(—trxD3 log 2) + Qtryp + [Good) (3.36)

3n [KI-Ni] we were able to obtain 3.33 only asymptotically as v — oco. In order to
control the quantity (p—tryDslog Q) in the whole spacetime we are forced to make the
choice 3.33 on the last slice.
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Collecting 3.35 and 3.36, evolution equation 3.34 can be written as

0 1
E(p—trxD;; log Q) = —iQtrx(p — tryD3log Q) + [Good] (3.37)

where, in this case it is easy to see from th? explicit expressions 3.35, 3.36,
that [Good)] decays at least as O(r~*|A|~0'*2)). Applying Gronwall’s lemma
we obtain

1A (p—trxDslog ) s (A v) Selr® 7 AP (p—trxDy log ) lps (A, ) +ceo - (3.38)
In view of the canonicity of our double null foliation and observing that

(p—tryD3logQ) = —try(DslogQ—D3slogQ)—(try—try)Dslog
+(p—try D3log) (3.39)
= 2(p—trx D3logQ) + [Good]

we conclude that, for p € [2,4],
755 A (p—trxDs log Q)5 (A, ) < ceq (3.40)

Repeating exactly the same argument for the first tangential derivative YV (p—
trxD3log 2) one obtains the analogous estimate

5 AV (p—tryDs log Q) ],.s(\, 1) < ceq (3.41)

and using both 3.40 and 3.41 together with Lemma 4.1.3 of [KI-Ni] one
obtains the estimate for the sup norm,

sup [r*|A["(p—tryDslog Q)| < ceg (3.42)

Av)
proving the lemma.
2) Estimate of w + w:

The result of Lemma 3.1 implies immediately the following relation:

w=—2try) 'p+0 <742|1)\|7> (3.43)

Using this relation we can estimate w-+w from the estimate of (w—(2try) ~'p).
In fact

wHw= (w — (2trx)*1p) +0 <T2’1}"7> (3.44)
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To estimate of (w— (2trx)*1p) we write the evolution equation for this

quantity along C(v). We observe that, from equation (4.3.58) in [KI-Ni],

Dyw = —7D3D4logQ———QD3§2D4logQ+ (DglogQ)D4logQ

1 1
= —(DslogQ)w + 3P~ EF = —(D3log Q)w — trxw + [Good|

—(D3log Q)w + tryw — (trx + try)w + [Good]
= —(D3log Q)w + trxyw + [Good] (3.45)

where F' = 2Q(¢ - VlogQ + Qn-n—2¢%).

From the structure equations and Bianchi equations, see [KI-Ni], Chapter 3,

_ 1
D; (—(2trx)"'p) = 5ﬁmgtm ——Dsp

2try

1 1 1 3
= <—w + 0(7”2|>\|7)> —XDgtrX ~ Sy (—2trxp + [Good])

1 3 1 1
— o Dyt 3 Datry + —— [Good
wt 3rx+2t 2rxp+[0( 2|)\|V)t 3t X+2 [Goo ]]
1 1
= —g@ (—Qtrxtrx — (D3 log Q)try +2p — [X X — 2div¢ — 2Alog Q) — 2|77|2D

1 3 1 1 1
+m§t1@p+ [O( 2’)\“) —Dg3t x+[G00d]}

1 1 1 3
= 5‘5ng + (D3log Q)w — w——2p + —— =trxp + [Good]

try 2try 2
= %trxg + (D3log Q)w — %(Dg log 2)4w — gtrxg + [Good] (3.46)
Therefore
D; (—(2trx)‘1p> = %trxg — (D3log Q)w — gtng + [Good] (3.47)

= —trxyw — (D3log Q)(—(Qtrx)_lp) + [Good]
which finally implies, together with 3.45,
D; (w — (2trx)_1p) = —(Dgslog Q)(w - (2trx)_1p) + [Good]  (3.48)

Repeating the same calculation for the first tangential derivatives, applying
again Gronwall’s lemma and using the initial data assumptions we conclude
that

sup
V()

r2\)\]7<w - (2trx)_1p>’ < ceg (3.49)
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so that, together with 3.44, we obtain

sup
V(A\v)

P2\ (w + g)‘ < cep . (3.50)
Estimates 3.32 and 3.50 prove Proposition 3.1.

3.3 Error estimates

As we discussed in the previous section the terms which we have to take care
of in the error terms are those depending on p(R). Therefore we look at the
various terms appearing in Chapter 6 of [KI-Ni], but focusing our attention
to the parts which depend on p(R).

3.3.1 Estimate of fv(u " 72 DivQ (L7, R) s (K, K7, K?)
This requires to estimate the following four integrals:3?

Bl E/V T2’YT_?_D(T0,R)444 s Bg E/V TEWTET_?_D(T(),R)344
( (

w,u) u,u)

Bg = /V T27T4T3D(T0,R)334 s B4 = /V TEPVTED(T(),R)ggg
( (uw,u)

u,u)

As discussed in [KI-Ni] the more delicate term is the first one, B;. To
estimate it we have to control the integrals:

/

Estimate of the B; integrals
From the decomposition J(Tp; R) = J*(To; R) + J%(To; R) + J3(Tp; R), see
[KI-Ni] Chapter 6, equation (6.1.6), it follows

O(Ty, R) = 0 (Ty, R) + 03 (T, R) + 08 (T, R)

2(Ty, R) = EW(Ty, R) + 23 (Ty, R) + (T, R)

28 a(LnR) - O(Ty,R) /V 2778 8(L1,R) - 2(Tp, R) (3.51)
(

u,u) uw)

We write the two integrals in 3.51 as sums of three terms:

/ 28 o(Lg,R) - O(Th, R Z / 28 a(Lg,R) - 09 (Ty, R)
v v

u,u) u,u)

/v 278 B(Lr,R) - E(To, R Z / 278 B(Lr,R) -E(To, R)
(

u,u) Viw,w)

32We use here as extra weight factor 727 which is equivalent to [A|*7.
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Let us consider the first integral in the first line. Using the coarea formulas

[ r=faf
V(uﬂﬂ) uo C’(u’)ﬂV(u,g)

/ F:/’dg’/ F, (3.52)
V(u,u) Ugy Cw)NV (u,u)

Cauchy-Schwartz inequality and Theorem 2.3 we have

‘ / 7’277:?04 ETOR) . @(Tg, R)(l)
(u,u)

1
(A R 2
§c/ du’ </ ]u|’27u’6]a(£TOR)\2>
uo C(u,;[H()?yJ)
1
2
([ 00 00 R
C(w;ug,ul)

1
2
< Q3 / du’ (/ |u’|27u’6|@(1)(T0,R)|2> (3.53)
’Lt u()7ﬂ])

We are left to prove that the remaining integral is bounded. The difference
from the corresponding situation in [KI-Ni] is the presence of the factor
[W/|27. Recall that ©()(Ty, R) is quadratic, bilinear in the null Riemann
components and in structure coefficients which can be expressed in terms of
connection coefficients:

o(Ty,R) = Qr[™m: Ya| +Qr [®n;: as| +Qr ") o)
+ Qe[ 78] + Qr [P 4] + Qr [ 1]
Qe [P W(p.0)] +Qr [P (ps,0w)] + Q[ Wns (ps,09)]
+ otry (Qr [(To)n a] +Qr[T0m ﬁ] +Qr [( o)y, (To)3) ; (p, )}
+ Qr[TOm;QDthrX(Qr[ )j; Oé}Jer{ ?5}
+ +Qr[™n; (p,0)]) +Loit. .

From the definition of R and the assumption R < ¢ it follows that all the
bounded norms of the null Riemann coefficients have an extra |u/|” with the
exception of the norm relative to p. Therefore, for the terms in @) (T, W)
which do not contain p, analogous estimates to those of Chapter 6 of [KI-Ni]
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hold, without even considering that the most of the connection coefficients
satisfy better decay estimates. Looking at the integral

w 2
/ du’ (/ u/2fyul6’®(1) (To,R)|2>
uo C(u';[ug,u])

and the expression of ©)(T,R) we observe that p(R) appears only in

1
u 2
| (/ of 270 ()2 (T, )2 (R >|) (350
up C(uw';5[ug,ul)

Both terms (T0)i and (T0)j satisfy, as proved in Proposition 3.1, the estimate
3.22,
[P AP (T2, T0)5) oo < ceg

from which it follows
/C( ) [ [2728 (1) 2| (TO)4, T0)3) 2| p(R) |2 (3.55)
uw';[ug,u
2y 48 1
< C/du|u/| T T787“4|u’|27 < /du < ﬁ

and, therefore,

1
2
1
A e TS R P
C(u'5[ug,u) ‘u" 2

which is integrable in '
Remark: [t is important to recognize that the term Qr [(To)n; (p, a)} of

@(1)(TO7 W) is absent as (To)n = 0. Indeed had we used the previous vector
field T, used in [KI-Ni/, we would have to deal with a contribution of the

form
S ([ P DR >\>
‘/UO ( C(“’%[ﬂo@])

which would have been impossible to control.3?

N|=

(T)

33In fact in this case, see again Chapter 3 of [KI-Ni], “*/n = —4w, and w cannot acquire

a factor |A|” as its evolution equation depends on p as proved in Chapter 4 of [KI-Ni].
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Let us now examine the integrals

/ 28 a(Lg,R) - 00 (Ty, W)
v

u,u)

for i € {2,3}. To control the integral with i = 2 we recall that

O (T, W) = Qr [™hps; a] +Qr [™)p; 8| +Qr ™y (p,0)] -

As the only terms to control are those with p(R), we are led to estimate the
integral

Lo O PR G [
C(w';[ug,ul) C(w;[ug,ul)

where (To)p4 has the following expression, see [KI-Ni|] Chapter 6, equations
(6.1.24),...,(6.1.26):

1 1
(TO)p4 — d/iv (To)m_ §D4(T0)j+(2n + i + C).(TO)m _ X (To)i_ 5tr&(tr(T0)i _|_(T0)j)

As already discussed, all the traceless deformation tensor components of
To do not depend on p(R) and therefore when estimated in terms of the
connection coefficients have the extra decay factor |[A\|7? which compen-
sates the factor 727 in the integral. Therefore the final estimate is exactly
the same as in [KI-Ni]. The same holds for the part containing p(R) of
Jyy o2 a(L, R)-01) (T, W):

Lo e ) (3.57)
C(u's[ug,u])

as follows immediately looking at the explicit expression of ©((T0)g). We
have, therefore, proved that the error term

/V TEAYDZ'UQ(ETOR)/@M;(K[},K’Y,K(s)
(

u,u)

is under control.

3.3.2 Estimate of fv(u Y T21Q(LryR) aprs (TP KV K?)

The argument is, in this case, very simple. Recall, as mentioned above, that
the null components of ®)7®? must contain terms which depend on p(R.).
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This implies that, in our case not all the components of (50)7# have the decay
factor |A\|77.

This is not a problem here as Q(flTO R)ag4s is quadratic in the components
of the Riemann tensor ﬁTOR. Indeed the Lie derivative 2T0 cancels the
dependance on the ADM mass M .3* This implies that Q('Z"TQR)&B'WS comes
with a factor |A| 727 which compensates the 727 factor in the integral.

To see it in a more formal way we look at the relation between p(ﬁToR) and
D7, p(R). From Chapter 5 of [KI-Ni] we have

. 1 1
pLnR) = Drp(R) - ctrlp(®) - 2 (7R, +70Q, ) B(W).

1
+ 5 ((To)pa + (TO)Qa) BW)q (3.58)
The term tr(To)rp(R) has a factor |A|~7 due to tr®r. The term D7, p(R)
has also the right behaviour as, in view of the null Bianchi equations,

D7,p(R) = Q(D3p(R) + Dyp(R)) = —g(trx +trx)p(R) + ... (3.59)

and we have already proved in Proposition 3.1 that (try+try) has the decay
factor |A|77. The remaining terms have the same decay factor which allows
us to conclude that the error term fV(u ” Q(Lr,R)apys (P KVKS) can

be bounded by ceyQ as required. The next error terms to examine are

/V 72 DivQ(LoW ) s (KA RITY)
(u,u)

/V T2QLOW )agys(Fno K1T7)
(

w,u)

/V TQO(zOW)aﬂvé((TO)WQBK7K6)
(

u,u)

The argument to prove that these error terms behave correctly is similar to
the previous one. For the first integral one has to convince oneself that the
components (O)ﬂ'aﬂ have the right behaviour. This follows easily recalling
that in the Schwarzschild case the rotation vector fields are Killing. For
the second and the third integral it suffices to observe that p(ﬁoR) does
not depend on M (the part depending on the ADM mass is spherically

34Indeed M is time independent.
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symmetric in the Schwarzschild case). Finally the remaining error terms

/V TEWDiUQ(ﬁ?)R)gvg(KﬂKVTg)
(

u,u)

/V 72 DivQ(LoLy,R) (K KTRY)
(u,u)

/V 27D’LUQ ﬁgﬁToR)g,yg(KﬁKWK&)
(

u,u)

/V QULOR)aps(Fr I KOTY)
/ EOR) by 6((TO) aﬁKWKd)
Viw,w)

/ TQ(LoLry R)ags(F)n0 KTKD)
.

/V 7', Q(ﬁSzTOR)aﬁ,y(;((R')Traﬁk’yké)
(

u,u)

can be estimated in the same manner as there is always or a term Zﬁy;oR or
LoR. The ﬁna}v conclusion is that the error term is bounded by cep©Q and,
therefore, the Q integral norms are bounded and Theorem 2.2 is proved.
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4 Proof of Theorem 2.3

We sketch in this section the proof of Theorem 2.3 which we restate here.

Theorem 2.3: Assume that O < e, then the following inequality holds

R < cQ (4.1)

Pt i

with ¢ a positive constant.

We write explicitely some inequalities implicit in 4.1, which are used in
Section 6.

~1 ~1
supr2|A|a] < cQF . supr|A|F7]a] < cOF
K K
~1 ~1
supr 2|\ 8| < cQZ | suprQ)\%J”ﬂ < cQ? 4.2
K K
K K -
3 ~1 3 1 ~1
supr”ip| < eQf , supr A2 (p—p,0)| < cQF

3-2 )\Z’Y < ~% 4-2 l-&-’y < N%
[r P ATV Blp,s < eQ, [ (A2 (p, 0)ps < Qi

[CPYind

~1
l2.,co)nvw < cQf (4.3)

~1
P ALY (p, o)l2.connviny < cQf -

1

~1 ~1
[P A ela.connviw < eQF , I Blacoynvow) < cOF

~1
1A Bll2.coynviw < cQf

Proof: The proof follows exactly the argument used in the proof of the
corresponding result in [KI-Ni], see Chapter 5. The only terms where one
has to pay special attention are, again, those involving p(R). They appear
for example through the formula, see [KI-Ni] Chapter 5 page 211,

Lop(W) = plLoW) + St @rp(I) + L OP - 5(W) (4.4)

The term tr(O%p(W) decays, however, in the proper fashion relative to pow-

ers of |A|. Indeed, in view of the O estimates, the (O factor can absorb the
|A|7 factor as

P At < g, [P AV O] < eeq . (4.5)
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A similar argument can be done for the term (9)Pp(W) which appear in the
formula, see [KI-Ni] Proposition 5.1.1,

£0BW)a = BEoW)a + OCuB W)y — T OPp(W) + § €a OP,o(W)  (46)

Again, in view of the O estimates, the ()P, factor can absorb the |A| factor
as the following estimates hold

AT OP] < cep , [P AVOP| < cep (4.7)
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5 Proof of Theorem 2.4

We discuss in this section Theorem 2.4 which we recall.

Theorem 2.4: Let the initial data be such that j}g)(Eg,g, k) <e?, assume
that

~ ~ ~ 1
Ok < cQsynk ;3 R <cQp

Then the following inequality holds
O<ece (5.1)

We write explicitely some of the inequalities implicit in 5.1, relative to those
connection coefficients norms which will be used in the next section.

IA[ZF7r2 2P (try — Trx) s (A, v) < ce
IAZH722P5 ) oA ) < ce , |IA 2P 2PYR ), s(A, v) < ce
P22 A2 ), s\ ) < ce , [P XPIAE gl s (A v) <ce (5.2)

2 2P ATl s (A v) < cs PPN EEY, 5 () < ez

with p € [2,00] for the non derived coefficients, and p € [2,4] for the re-
maining ones. Moreover the following quantities, which can be expressed in
terms of the null connection coefficients, see [KI-Ni] Chapter 3 and Chapter
6, satisfy the inequalities

P2 AV Qx| < ce , [P2APVOP| < ce . (5.3)
Proof: The proof of this theorem follows precisely the same steps as the
corresponding one proved in Chapter 4 of [KI-Ni], without any additional
complications.

To illustrate how the connection coefficients (except those different from
zero in Schwarzschild spacetime) get the additional decay factor |A\|~7 we
write schematically the main strategy of deriving the estimates for the first
derivatives of the connection coefficients used in [KI-Ni] Chapter 4.

1.) We denote by M, M quantities, such as

U = Q YVtry + trx(), U=Q 'Viry + trx¢

o= fcl/lvn+%(X'X*m)*(P*ﬁ)

—Ol/wng%(xx—W)—(p—ﬁ)

=2
I



which satisfy transport equations of the type,

M

aay +trxM = H - M + R+ [error] (5.4)
M

%)\ +trxM = H - M + R+ [error]

2.) We denote by H and H those connection coefficients, such as x,n, X,n
which are estimated through elliptic Hodge systems of the type

DH = R+ M + [error] (5.5)
DH = R+ M + [error]

and which are shown to be integrable, in the uniform norm.

3.)  We denote by R any null curvature component.

4.)  We denote by [error] all other terms, quadratic or highr order, which
appear in the precise equations.

To see that both the quantities M, M and connection coefficients acquire
the decay factors |\|77 we may assume, based on the previously established
estimates, that both the source terms R and the initial conditions on ¥
have these decay factors. Then, solving the coupled system 5.4, 5.5, it is
very easy to check, by a standard bootstrap argument, that M and H have
the desired behaviour in the whole spacetime, provided that this holds true
for the last slice.

The only part which remains to check is, therefore, that the data on the
last slice C, for M and H have the right decay factor. This argument goes
exactly as the corresponding one in [KI-Ni] where it was proved that the
“last slice data” have a factor 7./% if the foliation of C, is the canonical one.
The rigorous proof of it is in Chapter 7 of [KI-Ni], see also [Ni]. The same
happens here with the new last slice canonical foliation.

We illustrate the above discussion by showing how to derive the estimates

for YVtryx and Yx.

5.1 Estimate of YVtry and Yy

First we define the quantity
VU= 'VWtry + Q trxy¢ = U + Q Ltrx¢ (5.6)

which, as discussed in [KI-Ni] Chapter 4, satisfies the evolution equation
d 3 ~ ~12 o
Vo T 3, = QXU = VIRI" —texB + F, (5.7)
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where

F=-nx?+trx x-n (5.8)

Integrating along C(v), more precisely applying to 5.7 the Evolution Lemma
(Lemma 4.1.5) of [KI-Ni], we obtain

() < eI sl ) (5:9)

U, 372 R U, 372 12 U, 372 ~
[0 s+ [P+ [0 s )
u u u

We then apply elliptic LP estimates to the the Codazzi equation (3.1.47) of
[KI-Ni], expressed relative to the tensor [/,

. L1
vy +¢ X =W -5 (5.10)
and derive, using the bootstrap assumptions,
YRl < ¢ (175 Plps + NG Hk) (5.11)

Therefore equation 5.9 can be rewritten, using 5.11 as

_2
() < e 172 sl
1 U 1 3_2 1 Ly g2~
+’)\’§+7/u ﬁ(‘T P{/fp,s—i-CeO)—}— ’)\’é-i-’y/u ‘7” PF’p7s>

<l hstew) + —r [ (W s+ =) ) (512)

A2+ Ju 7

2 ~ ~
neglecting the integral [+ 7"3_5}‘7 |p,s which contain the non linear term F.
Finally we apply the Gronwall inequality to 5.12 and obtain

3-2/p <
PP Y5 (u,w) < |r™ P Ulp,s(u, u,) + ce—
|/\‘2+’Y

From the assumption that the inequalities @ < ce are satisfied on the last
slice C(vy) the inequality

I 0] s(u,w,) < ce (5.13)

36



follows. This estimate, together with the previous elliptic LP estimate ap-
plied to 5.10, implies, for p € [2,4],

1 _ ~
A2 7372/, s (u, ) < ce
I 272P5 ] () < e

completing the proof for x. Using again the definition of {/ one obtains also
the estimate

IAZE32PW s (u,u) < ce (5.14)
We are left to proving estimate 5.13. To estimate on C(vy)
U= "Wtry + Q 'try¢

we have to estimate first the asymptotic behaviour of (. The equation (
satisfies on C, is

D3¢ +2x - ( —D3YlogQ = —f3
In [KI-Ni] we had that, on C,, ¢ satisfies the inequality
1
P2 2Pr2 ¢, < ce

We have now better estimates for 3 following from better R norms, in fact

3
B = O(T_QTE+7). D3V log Q2 also has a better behaviour in view of the fact
that on C, D3 log ) satisfies the elliptic equation

A(QDg log Q) = d/iVFl + G — Gil (515)

~ ~ 3 1
where F1 =QF+F , F = (2977-)24— 4Qntrx>

1 o 1 . 1 PN =~
Gi=H+ 70D3(X - X) = 5(Qtrx)(p = p) + () (X - X =X X) -

and it follows immediately that
2-2 34
PP A2 YD, log Qs < ce (5.16)

(once that we have proved the behaviour for x and X). Then once we have
proved 5.16 we have also proved the estimate for ¢

1
r22/pr2 ¢ p.s. < ce. (5.17)
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An analogous estimate for ¥try can be easily obtained from its evolution
equation along C,, see [KI-Ni] chapter 7, equation 7.4.19. The estimate
for ¢, together with the analogous estimate for Ytry, allows to prove the
following inequality for [/,

INEFP 5 W s (M ) < ce . (5.18)

which satisifies our request.
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6 Proof of the peeling properties

Using the results of Theorems 2.4 and 2.3 we give a detailed proof of the
peeling results discussed in the introduction. This result is a consequence
of the initial data assumptions needed to prove Theorems 2.4 and 2.3. We
formulate it in a slightly more general version:

Theorem 6.1 (Strong peeling properties)
Assume initial data sets {Xo, g,k} satisfying the following conditions

2M (3
gij = 0ij = = =0 + Ogn (12

iy = Og(r~(547) (6.1)
with'y:%—i—e, e>0 and

J9 (0,9, k) <2 . (6.2)

Under these assumptions we prove that, depending on the choice of q in
j[(?)(Eo,g, k), the following holds:

a) Along the outgoing null hypersurfaces C(\) the following limits hold

q=>3 C(Al)l,inaoo ra = A()‘v w) ) C()\l)l’fjn_)()o TQQ = B()V w)
=3 C(Al)i;gloo o= Phw) C()\l)i;{/naoo r'e =Q(\w)

> 5 li 13 = B(\ 6.3
q> coum T 54 (A w) (6.3)

with A(\,w), B(\,w), P(A\,w), Q(\,w), B(\,w) satisfying:

A <e@+)7E 5 BOW)| < oL+ A TE
(P =P)(\w)| <cl+A)"EM 5 1(Q-Q)(\w)| < el +|A)"EH
B\ w)| < el + A~z 6.4

b) The Riemann components o and (3 satisfy the following estimates,
with € < € and Cy a positive constant depending on the initial data: 3

2 / _2 ’
q=3 sup|r’ P [N alps < Co, p=2 ;5 sup|r' ARl < Co, pe2,4]
M M

35Hereafter we always assume € < €, wherever these two quantities appear.

39



2 ’ ’
g=4 sup Ir° 7| Al alps < Co, pe€[2,4] ; sup [ A 8] < Co (6.5)

M M
g=>5 sup ]r5|)\|6/0¢| < (Cp ; sup ‘T4‘)\’1+6/|B’ < Cy
M M

Theorem 6.2 (Weak peeling properties) Assume initial data sets {Xo, g, k}
satisfying the following conditions

2M (3
9ij = 0ij = = =0 + Oga (1”2
kij = Og(r~(5¥7) (6.6)
with’y:%—é, d€ [0,%) and
T (5, g, k)< . (6.7)

Under these assumptions we prove that, depending on the choice of q in

J9 (S0, g, k), the following holds:
a) Along the outgoing null hypersurfaces C(\) the following limits hold

3

o€ [07 5) ;q>3 C()\l)l,run—>oo ra = A()‘a w) ) C()\l)l,inaoo TQ/B = B()‘v w)
3

5EM§%q23 mﬁﬁmﬁp:PQw), aﬁﬁmﬁa:QQw)

§€10,1); ¢>5 lim 3= B(\w) (6.8)

with A(A\,w), B(A\,w), P(\,w), Q(\,w), B(\ w) satisfying:

AN ) <c(1+ M)~ 5 B w)| < e(l+[A) 0
(P =P) )| < c(l+ A 5 Q- QYA w)l < e(1+A)~ )
[BOLw)| < el + A~ (6.9)

b) The Riemann components « and 3 satisfy the following estimates, with
€ > 0:

Case 1: (¢ =3)

r®(log |A])°

6=0 ; sup (log 1)1 «

M

|8

< Cp ; sup
p=2,5 M

S CO , PE [274]
p,S

40



de(0,1);  sup

M
6=1 ; sup
M

3
de (1, 5) : sup
M

Case 2: (¢=4)

6=0 ; sup
M

6€(0,1); sup

M
6=1 ; sup
M
de (1, g) : sup
M

0=0 ; sup
M

0€(0,1); sup

M
6=1 ; sup
M

3
de (1, 5) : sup
M

=9 (log |A])*

<y ; sup 7“4)\1_55 <Cy, pel2,4 6.10
(log )1 +e . 0 o Al s 0 [2,4] ( )
r(log [A])¢ r(log|A])
Tog gty < ot o Bmbs] <opelad
r&=%) (log |A))° 159 log ]\
e <Cp;sup|—r———B <Co, pe[2,4
(ogrzre |, _ps =@ | g e P| S C0n pERA
5 1 €
T(légi)'ﬁ)e <Co pe[2,4] ; sup 7“‘llklﬁ' <Cy
’ M
r=9) (log | A|)¢ _
(IO;T)%LD < < Co p€ [2,4] ; sup N8| < Cy (6.11)
b, M
r(log [A])° r(log [A])°
1 < 2,4] ; — 2 [ <
(logr)tte “l, 5~ Co pel24); S/%tP (logr)l+e Bl = Co
572 (log |A))° (579 (log | A])¢
r og r og
_ 2 7 <C 2.4\ ; — 03| < C
T, < O 7= ol s [ B <
5 1 e
7‘(og||)a’ < Cy ; sup r4|/\|ﬂ‘ <
(logr)ite I
(5—9) 1 ANE
r 0 3
M@ < Co; sgp A8 < Co (6.12)
r(log [A])° 7 (log [A])
-~ =2 7 < Ch : _NVTe C
(log r)1+¢ O" S0 S/%(P (log )1+ ﬁ‘ 0
69 (1og |A|)° r(5=9) (log | A|)¢
T og og
—————a| < (p; — 27 B <(Cy
(ogryra | =0 W g pyire ‘

Proof of Theorem 6.1 (Strong peeling properties): We prove the
theorem assuming the lowest regularity for the metric we are able to handle,
that is ¢ = 3. This is, in fact the more complicated case, the cases with
higher values of ¢ follow immediately.

From the Bianchi equations, see (3.2.8) of [KI-Ni, it follows that g satisfies,
along the incoming null hypersurface C(v), the evolution equation

D+ trxf = Vp + (26 +Fo + 28 S +30mp+"n0)]  (613)
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which can be rewritten as

88/6)? + QtrXﬂa = 29&,6@ + Q [Wap + *Wa()' + 2()2 . Q)a + 3(77p + *770-)(1:| (614)

where3® 3, = 3(e,) and, on scalar functions, an, = %. From this equation,
see Chapter 4 of [KI-Ni], we obtain the following inequality, whose derivation
is in the appendix,

d, (2-2) oo (2-2)
T P Bs = 129 = (1= 1/p)(Qtrx — Qtrx)[olr™ 7 Blp,s (6.15)

_2 _2 2y~
+ 920loe (Ir® 2 Wplys + 3Ir > nplys + [r) Pl 5)
where F(-) = 2¢ - 8+ (*Vo + 30).%" Integrating along C(v) we obtain

_2 _2
P85\ v) < P08

p,S(Al)

A
#1120 = (1= 1/p) @erx — D)ool O Blps (V)
A1 - -

A 2 A 2 1 /A 2\ ~
2-2 2—2 2-2
+||Q||oo</ A I Y e Y p>F\p,s>
A1l A1 A1

where A\ = U|Q(u)mzo- In M we have at least the following behaviour 38

19wl = (LAY and [Qry — TEx oo = OGN 2 .

Therefore we can apply the Gronwall’s Lemma obtaining:

2-2 9-2 A, 2
P BsO) < e (I8l O0) + 19 [ 11Tl
1

A 22 1 A 22 ~
+ 3/ I pnpp,s+f/ P25 g (6.16)
)\1 2 )\1

and recalling that, due to Theorem 2.2, see also Chapter 4 of [KI-Ni],
|2]|cc < C, we will inglobe, hereafter, this factor in the constant c. Multi-
plying both sides by 72| A|'T¢, with € > 0, we obtain

_2 ’
psv) < e (I P I Bl s () (6.17)

2
A

36 All the notations used in this paper without an explicit definition are those already
introduced in [KI-Ni].

%"The term *Yo + 3"0 behaves better than the term Y, p + 3n.p and therefore we do
no write them.

38Consistent with the decay properties proved in [KI-Ni]. In fact the estimate for the
second term are better concerning |A|.
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BN Tt [ RN gl [ RN, )
We examine the integral terms in 6.17 and prove that they are bounded
(uniformily in v).

A ,4-2 ¢
a) J5 I P IV Wplp,st
Inequality R < ¢ proved in Theorem 2.3, 3% implies the inequality

_2 1
PPNV (p,0) s < ceo -

Substituting this inequality in the previous integral we obtain “°

/A| 4_2|X’1+6/W s < /)‘ 1 (6.18)
rop s <ce —— < ce .

N Plp 0 NYER 0

where § = € — € > 0, recalling that v = % + e

A 4-2 /
b) J5 Ir T X
In this case the decay of p is not improved by R < ¢y due to its connection

with the ADM mass. On the other side, in view of the estimate O < ce < ceg
proved in Theorem 2.2, n satisfies the following inequality, see 5.2,

S;p+

|r2*2/p])\]%+7n\p75(/\,y) <ce , pE[200]. (6.19)

Using 6.19 it follows immediately

A 4-2 i 14e A 1
Al |T p’)\ ‘ T]p‘p,S < CceQ /)\1 W < CeQ . (620)

A 4-2 ’
o) Jx TP IN[E s

From the expression F(-) = *Vo + 370 + 2% - B and the previous remark
concerning *Yo + 3o, we have only to prove that

A 4—2 )3/ 1+¢
[N 8l < ey (6.21)
A -
This is easy, as, from Theorems 2.3 and 2.4, we have

supr2|A|2*78] < ceq , |INZHP2 PR s < cep -
M

39Hereafter we always assume e small, but larger than ce.
4%Tn this case § > 0 is needed.
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Therefore
A 4—2 / ~
[N s < e (622
Al
Collecting all these estimates for the integrals in 6.17 we infer that

2
RN

_2 ’
psO ) < e (Ir PN Bls () + o) (6.23)
and using the initial data assumptions,
PN Bl (A v) < ceo , pE[2,4] (6.24)

To estimate o we need to estimate the |- |s,—o norm of ¥3. 4! This is the
content of the following lemma:

Lemma 6.1 ~As§ume the initial data are such that j}?’(zo,g, k)<e?, q=3,
and that the R, O norms satisfy

R<e, O<e. (6.25)
Then Y3 satisfies the following inequality:

_2 ’
sup |7”5 Pt VB|p=2,5 < ceo (6.26)
M

Proof: See appendix.

The evolution equation for o on the incoming null hypersurface C(v) is 42

3&@+%“X@=W®ﬁ+M@a—3@p+wpy+@+4m®m (6.27)

which can be rewritten as
oa 1

oy T pfxa = 40wa + Q [VE5 + (=3(Rp + o) + (C + 4n)@B)]  (6.28)

From this evolution equation we obtain, as shown in the appendix, the
inequality:

d ~ 1
axlalzs < 4l9Qlleolwloolalzs + 1Qleo[¥©B2,s + 51 Fl2,s (6.29)

2
41Tt will be clear during the proof that we cannot obtain an estimate for \1"4_504,775,
with p > 2, under the limited regularity assumption q = 3.
*2See equation (3.2.8) of [KI-Ni].
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where |wleo = supgy ) lw| , [|2]cc = sup y [©2] and
F=-3(xp+*0) + (C+4n)@p . (6.30)

Integrating along C'(v) we obtain

A A 1 /A
@250 1) < ala s )+ 4120 | lolales+12ls | 198Blas+5 [ |Flas
1 1 1

4

2
Multiplying by r° » |p=2 = * we obtain

Irtalss(Av) < |rla

A
2.500) + 410 [ felclrtalas
1

A . 1 A
+ 19l [ 1Y EBlast [ I Flas
)\1 2 /\1

IN

A
rala s, () + 4920 [ leleclr'a
1

2,8 (6.31)

A don 3 AL 1A -
1920 [ V@Bl + 51 [ Rpls |+ [ 1 Flas
At 2 A 2 Jn

where F' = *o + (¢ +4n)®43 .

An application of Gronwall’s lemma gives, recalling that, see Theorem 2.4,
wloo = O(r~HAIT),

A
N Ty e
1
3 A - 1 A i
+ */ |r XP!z,er*/ [P Fl2.s (6.32)
2Jxn 2y

This inequality requires to control | /\>‘1 [ YV&B|s2, [ /\>‘1 74 ¢pls2 and the in-

tegral | /\’\1 o s2. Let us examine them separately. The first integral is
bounded using the estimate 6.26 of lemma 6.1. In fact

A - A 1 1
4 /
/}\1 ‘7" W@B‘SQ S (&) /}\1 Wd)\ S Cﬁow (633)

To control the second integral we use the estimate for ¥ which follows from
the estimate O < ¢g, in Theorem 2.4,

1o oo/
A2 T2 2P, s (A ) < e
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obtaining

A 4 A 1 1
r%pla.s < ceo/ —— < cep—— . 6.34
/)\1 ’ Xp’ )\1 ’A/’%""Y ‘)\’l-i-e ( )

The integral 3 [ i‘l r*F |2 is easier to control *3 and we do not report it here.
The conclusion is, therefore that the following inequality holds

sup [ 7 |\ alps < Co, p=2. (6.35)
M

Proof of Theorem 6.2 (Weak peeling properties):
We shall only give the proof in the simplest case ¢ = 5. In this case the
initial data are sufficiently regular to allow us to control the pointwise norms
for the Riemann tensor components up to second order derivatives in the
whole spacetime. The extension to less regular initial data is immediate and
goes on the same lines of the proof of Theorem 6.1.

Recall that if we assume ¢ = 5 the boundedness of the Q norms imply
the following sup norm estimates for the various null components of the
Riemann tensor:

supr3 A"l < Gy , supr|A3™]al < C

M M
supr2|AY[8] < Co , supr2AlETY|8) < Co (6.36)
M M

1

supr?|p| < Co , supr®|A[2*7(p —7,0)| < Co
M M

Moreover they are supplemented with analogous pointwise estimates for the
first and second derivatives of the Riemann tensor obtained by the previous
ones just adding rka in front of each null component with k& € [1,2]. In
particular we obtain the following estimates for Wk p: 4

sup [ A2V p| < G (6.37)
M

*3Only its first term % f;‘l |r4%0|s.2 requires the estimate O < €, the second one can be
estimated using the results in [KI-Ni].
4402 is a constant which bounds the Q norms. We can pose Co = ce.
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Using 8 and « evolution equations along an incoming null hypersur-
face C(v), see 6.13, 6.27, we obtain, proceeding as before, with the help of
Gronwall’s lemma, the following inequalities:

A
728|(A, 1) < elr2Blynz, + € A

1

» 12V p|(N)d N (6.38)

A
ral(h ) < ciralouns, +e [ VAIY)ax (6:39)
1(v

where all the norms are pointwise norms and we neglected all the (non
linear) terms with a better decay factor. Moreover, as done before in the
proof of the “Stronger peeling Theorem”, see the appendix, we have also
the following estimate for YV 3:

b b >\
P VBI(A v) < elr*VBlgw)ns, + CA o [PV pl ()N (6.40)
1(v

The proof of the result is based on a systematic use of equations 6.38, 6.39,
6.40 for the various values of v = % — 9, with § € [0, %)

i) (0 = 0): From 6.37 we have |r*|\|?Vp| < Cp which used in 6.38 implies
2 2 4142 A 1 /
PBI0) < crBlowys, +e(sw AP [T
M M) T |>‘ ’

1 1 1
< 2 Y .
< driBlee)ns, +CCOT()\, i <|AI |M(u)l> (6.41)

1 A
< 2 _
S drBlens, + ol (o |A1<u>\>

and, multiplying by 72|\,

A
PABIY) < el e, +eCol1 - 70 - (642

From it we immediately infer, recalling the initial data assumptions that 43

]r4|/\\ﬁ]()\, v) < cCy ]r5|/\\y76\(/\,u) < cCy . (6.43)

45The second inequality is obtained repeating the same argument starting from 6.40.
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Given these estimates we apply them to the estimate for «, in inequality
6.39 which we multiply on both sides by r*(logr)~(1t¢) obtaining, %6

T5 )\ < T5 A r5 d}\/

’WOC‘( 77/) >~ C’WQ‘Q(V)HEO + C/)\l(y) ‘WVQ‘
< gzl + e(sw b)) [
= (lOg T)1+€a Ql)no ¢ _/1\1;11) " A1 (v) ’)\’|(10g r)1+6
= “logr)T+e C(v)NZo 0 M) IX[(log [N]) e .

r L (log |A|)*
<l Oh = \o8IA)
< C‘ (logr)1+ea|Q(V)ﬂEo +c 0(log|)\|)€ ( (log|)\1|)€>

Multiplying both sides by (log |A|)¢ and observing that (log [A1])¢ > (log|A|)¢
we infer
r®(log |A])¢ r®

al(A\v) <

| (log [A])¢
(logr)lte ~ logr

(log [A1])¢
the last inequality following from the initial data assumptions.
Remark: Observe that from inequality 6.45

a|c)ns, + cCo (1 — ) <cCy, (6.45)

5 € 1+4€ €
5 r>(logr) (logr) ( (log [A]) )
rlal(\v) < cl-——>alcw +cCop~——>~2t— (1 — —2—) , (6.46
el ) = g pape e + 0 gog e ' Tog iy )+ 040
therefore, for any fixed v,
/\hH)\l [roal(\, v) < c|r5a\c(y)mgo < cCpy (6.47)
— A1 -

showing that the values on C(v) approach continuosly the inital values on
Yo.

ii) (6 € (0,1)): In this case the analogous of 6.41 and 6.42 are

1

A
P8\ v) < C\T2ﬁ’C(y)nzo+C(SU~P\T4’)\|2_5WP|)/ a5 N
IV M) TN

c|r?g| 4 cCo—a 1-— A (6.48)
C(v)NZo 0r2|)\|1—5 A ()10 :

IN

and

3 B A[1-9
P18 0) < el N Blgyos, + <Co (1 - ,A'('W) (6.49)

46Observe that (log+4)1+€ is a decreasing function moving along C(v) toward the future.
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From it we infer immediately, recalling the initial data assumptions, that

I AT BN v) < eCo s PP IAFTPYBI(N, v) < eCl . (6.50)
We use these inequalities to estimate a multiplying 6.39 by 749 (log r)*(HE),

5—68 ro 0 A e é , ,
——a|(\v) <c¢l—-— A)dA
‘(lOgT)1+6a|( 77/) —C‘ (logr)1+6a|0(l/)ﬂ20+C//\1(V)|(10gr)1+ey7ﬁ|( )

i 51y |16 A 1 /

— AT A d\
< ¢ (logr)lJrEozlg(u)mzo +C<S/l\1;lp [P [AOVBIC ,1/)) /AI(V) STV (log 1)<

o 1 (log [A])

— C 1— < cC 6.51

< gyl + O (1 o) < <0 (021

using in the last inequality the initial data assumptions. Observe that, as
before, the estimates on C(v) are consistent with the inital values on ¥g. In
conclusion,

r>~°(log |A])*

4 1-6
IrH A 0Bl v) < eCo |W

al(\v) < cCy (6.52)

iii) (0 = 1): In this case an estimate analogous to 6.49 would be divergent.
Therefore we multiply 6.38 by 72(log)'*¢ obtaining

T A 1
c ﬂ‘ +c<sup riI )/ ——d\
(Qog ) |pry TSP IV | Tog ]

: beCom (1 - W) (6.53)

.
‘ (logr)tte ’C(u)mzo (log [A])e log [A1])¢

sl g‘4

‘(10gr 1+e
< c

which implies

r*(log W (log IAI

Proceeding in the same way as before, we infer, multiplying 6.39 by r3(log 7')_(

A 4
a + c/ BlaN
C(v)NZ A1 (v) gy (logr)?te vh

5 €
o r)i+e VP

7,4

el <
744

?”4

<c

—
(logr)?+e ’c@mzo

rd

<

(logr)2+e

+c (sup

Wﬂ‘ A\ v) <ceCh (6.54)

2+4-¢€)
)

Cl————=—a + cC (
’(bg r)2te ’0(1/)020 *(log [A])¢

A 1
>/ - dN
A (v) T logr(log |N|)€
(log |A])* )
— . 6.55
(log |\ ))° (6.35)



Therefore

14 (log |A])
(logr 1+e

r*(log | A|)¢
(logr)%te

ﬂ‘)\V_C',

a‘()\, v) < cCy (6.56)

1v) (6 € (1 ,%)) The analogous of 6.42 is obtained multiplying 6.38 by
"(log )~ (+e)

4—7 4—7

Bl(\v)<c

‘ T
(logr)ite

(log 7”)“65‘0(”)020

A 1
4 A 2—5W )/ d)\/ .
+C(S;l~4p rIAT M) TN [P0 (log )t (6:57)

T4—T

1 (log |A])
_cg\ +cc(_),
log M)+ | copmme " (log [A])¢ (log [ M])¢

choosing 7 = § — 1. Therefore this implies

5% (log |\])°
(1Og r)1+6

0% (log |A])
(1Og r)1+6

/6‘()‘51/) < CCO ;

w‘ (Av)<cCyp  (6.58)

Proceeding for « as before, we multiply 6.39 by 74=?(logr)~", obtaining

7”5_0

(logr)7

,r.5—0'

<c a‘ —i—c(sup
(log 7)™ " lo(w)ns, A

7,.5—0' 7,.5—0' ,

A
« +c/ ——VG|d\
(logr)™ ‘C(u)ﬂEo ()|(10gT)TW |
ro— (6-1) 1o /\ €
) (log |A)) 775’ )

(log r 1+e

a‘()\,u) <c

A 1
: aN
/mu) o= 0= (log r)7=(1+e) (log |N'])€
,r5—0'

1 (log |A)
<cl/——a +cCo—— (1 — ) . 6.59
g e, * o iaty (O Gogale) -
choosing 0 = ¢ , 7 =2+ ¢. In conclusion we obtain

570 (log | A|)°
(logr)ite

57 (log | A|)°
(logr)?te

ﬂ\w) <Oy ;

a‘()\, v)<cCp (6.60)
and, as before, the estimates on C(v) are consistent with the inital values

on Y.

Remarks:
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a) Observe that the case § = 1mphes here, an estimate for a and [ of
this kind:

r (log |A])

r (log |\|)°
(logr)ite

(logr)2te

ﬁ‘)\V_C;

a‘(/\, v) < cCy (6.61)

different from the one in [KI-Ni]. The difference is is due to the fact that
there we assumed, as initial conditions, that g and k behave as 0(7'_%) and
0(7"7%) respectively, while, in the present case, v = %—5 = 0 implies that the
metric and second fundamental form on 3¢ behave as O(r_%) and O(r‘g).
With this in mind the case in [KI-Ni] is easily reobtained.

b) Looking at the evolution equation for 5 along the outgoing null hy-
persurface C'(\) it is also easy to realize that, proceeding as in [KI-Ni],
Chapter 8, the sup estimates for « allow to proof the existence of the limit:
lime(n)w—oo r43, for § < 1.
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7 Appendix

7.1 The R norms.

The R norms are straightforword modifications of the R norms introduced
in Chapter 3, subsection 3.5.2 of [KI-Ni].

More precisely all norms defined in subsection 3.5.2 are modified as follows:
If the L? integral norm consists of an integral along a null outgoing hyper-
surface C'(\) we just multiply the norm integrand by the factor |A[*Y. If
the L? integral norm consists of an integral along a null incoming hyper-
surface C(v), the integrand has to be multiplied by the function |u|>?. The
tangential derivatives present in these norms are up to order ¢ — 1.

This recipe has to be applied for all the quantities except when the integrand
contains the Riemann component p without any tangential derivative.

7.2 The O norms.

These are also straightforward modifications of the O norms introduced in
subsection 3.5.3 of [KI-Ni]. More precisely all the norms which are relative
to connection coefficients or their derivatives which are different from zero
in the Schwarzschild case are left unchanged. The remaining quantities are
modified multiplying them by the factor |[A|?. The tangential derivatives
present in these norms are up to order q.

7.3 Proof of inequality 6.15

From the equation

08, R N
e | Qtrxfa = 2000, + 9 [Vop + Voo + 25 D+ 3(ap+ 0] (7.1)
it follows that

o|61” - p—l% - p—2 %

P = plor O = plap2p- O

= p|BIP728 - [(~Qtrx + 20w)3 + Q¥p + Q (*Vo + 2x - B+ 3(np + o) )|
= p(=Qtryx + 20w) B + p|BP Q5 - Vp + 3pQUBIP 28 - np + pQUBIP B - F()

where

F(-)="Vo +2x-B+3%0 (7.2)
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Therefore

18l

oy T PUTX|BP = 2pQw|BI” + plAPTH8 - Wp

+3pQIBIP 2B - np + pQUBIPEB - F(-) . (7.3)

From the equation

d df o A -
dX </Sw)r fan ”) /S(Mr (d)\ (1+5)0uxf ) 2 /su,y)r f(Qtry = Qtrx) |

choosing o = p(2 — %), we obtain

d _2 _2y/0
- / =) BPPdp, =/ e ( Ll +thrx|ﬂ\p)
dX \Js(aw) S(\v)

(2'_ 2) (2—2) —_—
-2 / 1D pp(sry - Diry)
S(/\ V) = =

- / 5 (20081 + pIBI 208 - Vo + 3pQUBI 28 - mp + B2 - F())
-1 / = BIP (Qtry — Oy - (7.4)
S(Ow) = =
Equation 7.4 can be rewritten as

_2 2 _2
|,rl(2 ﬁ|p5'_p|,r( |pS d>\| (2 p)ﬂ|P,S

= (2pQg + (Qtry — Qtrx)) |r(2_%)ﬁ|p
SO\w) = =

_2 _ ~
[ DIBPR (5. Yp+ 3800+ 5 F())
S(A\v)
and applying Holder inequality, 7

d _2 _ — _2
ST Bls < 20w+ p7 (Qrx — Q) ool s (7.5)

_2 _2 _2y ~
+ (19200 (Ir®2 Wplys + 3> nply s + [r®75) Fly 5)

T floo = supgea ) 1f] 5 1flloc = sup g |£]-
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7.4 Proof of Lemma 6.1

Lemma 6.1 Assume the initial data are such that j[(g)(Zo,g, k)<e?, q=3,
and that the R, O norms satisfy

7§,§60,6§60. (76)
Then Y3 satisfies the following inequality:

_2 /
sup [r°» ATV Blp—2,s < ceg (7.7)
M

Proof: We derive the evolution equation for Y3 starting from the one for
0, see 6.13,

Dsys = (D3, V|8 + VD38 = [Ps, V] — trx VB
— (V)8 + Y [Vp+ 2B+ Yo + 2% - B+ 3(np + 0)|

which we rewrite as

DsYB+trx¥VB = [Ps, V]84 2wYB + VVp — (Virx) s + 2(Yw)s
+ v [*WU +2x - B+ 3(np+ *7]0)} (7.8)

From the relation, proved in the appendix to Chapter 4 of [KI-Ni,
s, V16 = —5tix¥0 — K96 —n - x - 0+ x(n - )+ (Vlog )Psfte 5 -5
where |¢| = 1, we obtain
DY+ eV = 275 — 375+ V¥ + V'Fo
+ [~ (Yerx)8 +2(Vw)B — 1 x - B+ x(n- B)]

+V |2 - B+ 3(np+ )| + ¢ B8
+Vlog Q- [~trxB + Vp + (28 + Vo + 2% - B+ 3(np + o)) |

which we rewrite as

Y5 + S trxV6 = (2~ X)V6+ E (79)
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where

F = YYp+ VYo
+ 2078+ 301V + ¥o) + (V1o 2)(Vp + Vo) (7.10)
+ {377n+3(Y710gQ)77}p
+ {[2AVR0B+3(Vn)o + (Vlog Q) (—trx8 + 2wl + 2% - B+ o )]
+ [~V B + 2(Vw)B — n(x - 8) + x(n- B)] + ¢ B8}

We apply to 7.9 Lemma 4.1.5 of [KI-Ni| with p = 2 and obtain:

_2 2 A
7P VB s pa (A, v) < C<!7‘3 1’775!5'4:2()\1)+/A |T2F|S,2d)\/> (7.11)
1

where F is defined in 7.10. Multiplying both sides of this inequality by
2| A|'T¢ we obtain

_2 ’ _2 ’
N Bls g2 (A ) < TR AW Bls () (T12)
>\ !
o [N Elsaax
A1
To prove that the integral in the right hand side is bounded we have to

examine the various terms in which it can be decomposed. They can be
collected in different groups.

a) The integrals with second partial derivatives of the Riemann tensor

A ’ A ’
[ NSO plsadx [NV spay (1.13)
)\1 )\1

b) The integrals with first partial derivatives of the Riemann tensor

)\ / )\ /
[Nk Bls0dX L [N ) V(e ) s2dN (71)
A1 - A1 -
c¢) The integrals with no partial dervatives on the Riemann components.
Between these ones the integrals which depend on p require a specific atten-

tion as p is the only term whose decay cannot be improved in any way, due
to its connection to the ADM mass of Y.

A / >\ /
NI Tnplsad s [N (Flog Qmplsad (7.15)
1 1
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The remaining ones are easier; we collect them here and do not report their
estimates.

A ’
[N (T + (Flog )0 - Blsad |

1

A , A ’
IO (P 4 (Tlog ) - lsad s [ NS B 2N
1

1

A , A /
| N0 (P log )20 + Verx) - Blsad s [ N[0 (Vi) Bl
A A1

1

)\ /
N

1

)\ !
s2d\' | A PN+ x (1 - 8) ] s2d N (7.16)

1

The two integrals in 7.14 are the more delicate. To be estimated, they
have to be transformed to L?(C,) integrals and then bounded using the Q

HOI‘mS.48
A A 3
2 1
413712772 |12
<//\1 PNV p s,2> <A1 |>\/|1+25>

1
2
c</ |7«4\A'|2W72p|2> < e (7.17)
cw)

IN

>\ /
N 0Tl g
1

IA

The last term in the right hand side is controlled from the assumption R < ¢
of Lemma 6.1. Exactly the same estimate holds for the integral involving
the second tangential derivative of o as at the tangential derivative level p
and o behave in the same way.

Let us now examine the integrals with first derivatives of the null components
of the Riemann tensor. The first one, can be estimated as follows

1

/
S,2|)\|T+5d/\

A A
[Ny < [ ANV
A1 - A1 -
1, 3
< el A2 Xlo sup [r? A2V 52 < e (7.18)
M
where in the last inequality we used the inequalities @ < ¢y and R < eo.

Remark: This term behag/es even better than we need. In fact to control
it we used the estimate |7’2)\(§+'V)Y7g |s2 < ceo following from Theorem 2.3,

481t is important to note that this cannot be done for fo(u)nv(u W |r4|)\'\(1+€/)5\2. In

fact this would require some extra power of r in the é norms which is not allowed as these
norms would not be bounded. Viceversa this can be done for the integrals involving p and
o as the power in r are already the correct ones.
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but we did not use the inequality @ < e to control ]7"2])\]%2\00 as the
estimates in [KI-Ni| are sufficient. The same happens for the other integral
where we use the [KI-Ni] estimates for n and 7.

A !
| N ) P, o)l 520N
1

dN

A 1 3l
< [Nl Y R(.0)
1

1 1
< C|T2|>\|2(77,ﬂ)|005§p A2V (p, 0)]s,2 < ceg (7.19)

1
S,27r|)\,’1+5

In the third group integrals we consider the integral involving p:

)\ /
[N (3 + 3(7 log Dol
1

A , A ,
<c <A |’l“4|)\/|1+e (Wﬁ)ﬂ\szd)\/ +A |T4|)\/|1+e (WlOg Q)np|5,2d/\/>
! 1

To prove that the first integral in the right-hand side is bounded, the [KI-Ni]
estimates for Y7 are not enough and we have to use the estimate O < ¢
and, more specifically, the estimate for ¥ provided by Theorem 2.4. We
have, for the first integral,
A 2,1 1
3-2 1
sadX < [ N (Tl s palr e X
1

A ’
N (T
1

A
< ce / ——d\ < ce
= ©€0 A ‘)\/’1—&-5 = ©€0

For the second integral, viceversa, the [KI-Ni] estimates for the connection
coefficients are sufficient. The remaining terms without derivatives for the
null components of the Riemann tensor are easier to estimate and we do not
report them here.

7.5 Proof of inequality 6.29

From the evolution equation 6.28

0 1 ~ ~
5+ g trxa = 40wa + Q[YB5 + (=3(tp + o) + (¢ +4n)EB)] .
it follows that

OlalP p—10lal p—2  Oa
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1 N
= plalf2a- (—QQtrx—FZng)a—f—QW@ﬂ—{—F(J) (7.20)
1 ~
= p(_ﬁmrXJr‘lQ&)lalp+p|04|p7290¢ (V&) +plafPa- F() .
and, immediately,

O|al|P R
|aoi| + L0trx|af” = 4pQulal” + plal?Qa - (VE8) + pla’a - F() (721)

Recalling that

d JlalP o
_ TUO[pd = / TU( —+ 1+*Qtr O[p>
= (/S el uv> o (o + 1+ )0xal

-z r7|alP (Qtry — Qtry) (7.22)
2 Js(aw) = =

and choosing o = p(1 — %) we obtain

d 1-2) p / p(1—2) (a|a|p p )
TN d = bl IR o ¥ P
dA </S()\,z/) i altdu, S(\v) n oA + 2 rxle]

1-2 Otry
p=y) / PP (Qtry - Qi)
2 S(\v) N B

= [ D (1p0ulal + plal 200 (FB6) + plala - F())
S(A\v)

- <p — 1) / ]r(l_%)odp(QtrX — Qtry) (7.23)
2 S(Av) - -
Choosing p = 2 we obtain

d 2 / 2 o~
— | = 80w« —I-/ 2Qa - (V® +/ a- F(-
d/\| |52 o) o o) (Y&3) o) ()

1 1

d 2 ~ 2

2alsarlalse < 8lelelue [ fal 2@l [ 1al) ([ vEsP)
dA S(A\v) S(A\v) S(Awv)

(o) U 2)
S(A\v) S(Av)

< 8|9l lwloo|ald 2 + 2012 ol t]52| VS

and, therefore,

—~

N

sz2 +lals2|Flsz2 (7.24)

and from it

d _ 1
alals,z < A2 colwloolals2 + Q0o VR B2 + §IF|5,2 :
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8 Open questions and developments.

The problem we would like to discuss is if it is possible to prove that the
spacetime we have produced and which satisfies the peeling properties is in
fact an asimptotically simple spacetime.

Some preliminary remarks have to be done.

First of all we recall that the global spacetime we have built in [KI-Ni]
is not inextendible. In fact is defined outside the region of influence of a
compact set contained in the initial hypersurface ¥y. Therefore in partic-
ular while the null outgoing geodesics are complete this is not true for the
timelike null geodesics. this implies that in the language of the conformal
compactification we cannot reach the iy infinity. Therefore to answer to the
question if our class of spacetimes (with initial conditions satisfying the peel-
ing theorem) we should, preliminary ”extend our spacetime to the internal
region” or more precisely extend the spacetime to its maximal development.

This is therefore the first thing to do. Probably this has to be done
mimicking the procedure for the interior region developed in [Ch-KI] with
the main difference that in this case we have to define, starting from the time
line of the origin two null hypersurfaces foliations, one made by outgoing
null hypersurfaces and the other one made by incoming null hypersurfaces.
Of course we have not only to provide inside a double null foliation, but
we have to prove a global existence for a characteristic problem. Due to
the fact that we have to avoid caustics there is a problem in matching the
null hypersurfaces with initial data on the (extension) of the last slice and
those coming from the time line of the origin. Here we have to mimick the
procedure developed in [Ch-KI].

Assume for the moment that this can be done, with the strongest initial
data on the characteristic cone Cpg, that is those data which are provided
from the initial data on Yy decaying so fast to guarantee the peeling. There
is still the problem of proving that also in this interior region we have the
peeling decay when we move along the outgoing cones. One would reason-
ably expect that this is what happens, but nevertheless the technique used
in the external region has, at least, be modified. The reason in very sim-
ple, when we cross the Cy cone, the one with vertex at the origin inside
it the function wu(p) is no more negative. Therefore the argument which
allowed to add a factor |u|” to the Bel-Robinson term and prove that the
correction to the error term is negative does not work anymore. Neverthe-
less to cure this problem it seems that the norm relative to the incoming
cone C(v; [uc(,)ncy» to]) has to be multiplied by a factor [u — 2¢o|” which is
negative and contribute therefore, as before, to an extra error term which
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can be neglected and to the various Riemann components an extra factor
decay of the type |\ — 2ty|™” which should be fine for the purpose to con-
trol again the integral on the internal part of C(v) that is integral of the
type fg” d\ - -- . Of course here ty can be arbitrarily large. If this can be
achieved the remaining question is which is the asymptotic behaviour along
the timelike geodesics. This is not clear to me. from the initial data one
would expect something as ¢t~ or t~>~¢ | but how this should be provided
is not evident. Once all this has been achieved one could start to try to
answer to the original question of the asymptotic simplicity.

Another approach for the interior could be the following one: Instead of
trying to solve a characteristic problem, just use the fact that we can extend
the solution a little inside C'z and then reach an hyperboloidal hypersurface
tending asymptotically to Cp. The data on the hyperboloidal are assigned
automatically, moreover this hypersurface in spacelike, therefore the local
existence is easier (see Friedrich). Then one has to repeat the argument of
the double null foliation and of the right factor which multiplies the Bel-
Robinson tensor. Again also in this case the existence proof must be of the
bootstrap type: one start with a small portion of hyperboloidal obtains a
local existence and then prove that it is possible to extend. It is possible
that this result can be based on already known results. First one has to
prove, or see if it has already been proved, that it is possible to prove the
existence of a hyperboloidal hypersurface between, let us say Cg and Cpg
with B’ C B, second, if this is possible, to show how to extend on it the
“initial data” and finally if with this setting a global existence proof can be
obtained perhaps using the C' M C foliation.

Another thing to do is prove that the same method used by Christodoulou
for the initial data provides initial data with stronger decay. Check if this
is true, if not how can we proceed?

Another approach to study the internal problem should be the follow-
ing one: one starts from the well known fact thatin the “external” part of
M we have also a foliation in terms of space hypersurfaces which are near to
maximal ones. Therefore one should envisage in the interior a foliation which
has the right boundary properties, which are the two dimensional surfaces
which foliate C'(A\g). The choice of the foliation implies a choice of the gauge
and, therefore we have the Einstein equations on these spacetimes leaves
plus some “gauge equations” which make the leaves fitting correctly with
the outside spacelike hypersurfaces. then one has to put the Einstein equa-
tions in a hyperbolic form and then, probably the approach of Christodoulou
and Klainerman could be followed.
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