FORMATION OF TRAPPED SURFACES II

SERGIU KLAINERMAN, JONATHAN LUK, AND IGOR RODNIANSKI

1. INTRODUCTION
2. GEOMETRY OF A NULL HYPERSURFACE

As in [?] we consider a region D = D(u.,u,) of a vacuum spacetime (M, g) spanned by a double
null foliation generated by the optical functions (u, ) increasing towards the future, 0 < u < u, and
0 <u <wu,. Wedenote by H, the outgoing null hypersurfaces generated by the level surfaces of u and

by H,, the incoming null hypersurfaces generated level hypersurfaces of u. We write Sy, = H,NH,
and denote by Hf#l’b), and H (2“1’“2) the regions of these null hypersurfaces defined by uv; < u < u,

and respectively u; < u < uy. Let L = —gaﬁﬁauaﬂ, L= —gaﬁﬁagaﬂ, L be the geodesic vectorfields
associated to the two foliations and define,

g(L,L) = —2Q7? = ¢’ 9, udsu (1)

Observe that the flat value' of € is 1. As well known, our space-time slab D(us,u,) is completely
determined (for small values of u,,u,) by data along the null, characteristic, hypersurfaces Hy, H,
corresponding to u = 0, respectively u = 0. Following [?] we assume that our data is trivial along
H,, i.e. assume that Hy extends for u < 0 and the spacetime (M, g) is Minkowskian for u < 0 and
all values of u > 0. Moreover we can construct our double null foliation such that {2 = 1 along H,,
ie.,

QOu)=1, 0<u<u,. (2)

We denote by r = r(u, u) the radius of the 2-surfaces S = S(u,u), i.e. |S(u,u)| = 47r?. We denote
by 7o the value of r for S(0,0), i.e. ro =r(0,0). For simplicity we assume ry = 1.

Throughout this paper we work with the normalized null pair (e, e4),

€3 = QL7 €4 = QL? 9(63764) = —2.

1991 Mathematics Subject Classification. 35J10

!Note that our normalization for Q differ from that of [?]
1
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Given a 2-surfaces S(u,u) and (eq)q=12 an arbitrary frame tangent to it we define the Ricci coeffi-
cients,

Fovwe) = 9(exy, D e), A pv=1,2,3,4 (3)
These coefficients are completely determined by the following components,

Xab = g(Da€4, eb)7 Xab = g(Dae?n eb)?

N = —%Q(D:sem €s), 1,= —%Q(Dﬂfm €3)
w = —ig(Dz;es, es), w= _%lg(DS&b es), W
Ca= %Q(Da% €3)
where D, = D, . We also introduce the null curvature components,
b = R(eq; €4, €, €4), Q. = R(eaq, €3, e, €3),
Ba = %R(6a7647 €3, €4), @a = %R<€aa €3, €3, €4), (5)
p= ZR(L&“ es, €4,€3), O = i*R(ez;, es, €4, €3)

Here *R denotes the Hodge dual of R. We denote by V the induced covariant derivative operator on
S(u,u) and by V3, V4 the projections to S(u,u) of the covariant derivatives D3, Dy. Observe that,

1 1
W = —§V4(10g Q), w = —§V3(10g ),
e = Ca+ Va(logQ), 1 =—( + Va(logQ)

(6)

We recall the integral formulas? for a scalar function f in D,

d B ﬁ )
;o= /S(%u) (dg + QtrXf) /S(u,u) 9(64(f) 4 trXf)

@ S(u,u)
d df
— f = / — + Qtry f :/ Qes(f) + trxf (7)
du Js(u,u) S (uu) G xf) S (uu) (e x/)
In particular,
dr_ 1 Qtry, dr_ 1 Qtry (8)

d_g - 8_7T S(u,u) @ B 8_7T S(u,u)

We also recall the following commutation formulas: We record below commutation formulae between
V and V4, V3s:

25ce for example Lemma 3.1.3 in [?]
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Lemma 2.1. For a scalar function f:
1

V4, VIf = 5(77 +n)Dsf —x-Vf 9)
Vs, VIf = 501+ mDsf —x- V7, (10)
For a 1-form tangent to S:
Vi, VaUy = —XaeVeUpt €ac "BUe + %(Ua + 1) DU,
— XaeN,Uc+Xan- U
Vs, Vo]Uy = —x, VUt €qc #B,Ue + %(Ua +1,)DsU,
— X WUt x,nU
In particular,
V4, div U = —%trxdz”UU—)%-VU—ﬂ-U—i-%(n—i-Q)-V4U—Q-§<~U
Vs, div U = —%tm_(dz’vU—X -VU+§-U—|—%(77+Q)-V3U—77-X U

2.2. Christodoulou’s heuristic argument. We recall here the assumptions needed in Christodoulou’s
heuristic argument for the formation of a trapped surface as described in [?]. As mentioned above we
assume that our data is trivial along H, i.e. assume that H, extends for u < 0 and the spacetime
(M, g) is Minkowskian for u < 0 and all values of u > 0. We introduce a small parameter 6 > 0 and
restrict the values of u to 0 < u <9, i.e. u, =94.

Main Assumptions. We assume that throughout D = D(u., u,) we have the following estimates:
MA1. For small 9, € is comparable with its standard value in flat space, i.e.

Q=1+0("?).
MAZ2. The Ricci coefficients x,w, n, x,w verify

2
Kol = 0673, Jmenl =0(1), X, trx+ =, wl = O(Y2),
MAZ3. Also for some ¢ > 0,
V| = O(671/2%).
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Note that in view of (8) we also have,

dr B 1/2 B
To = L+ O(ré/7), dQ—O(r) (11)

Thus, for § sufficiently small, we infer that r is decreasing along the incoming null hypersurfaces and
remains bounded, 0 <r <rg+1=2,in D.

dr

Christodoulou’s argument for the formation of trapped surfaces in [?] rests on the equations,

~

1 1
Vatry + 5 (trx)” = —[¢* = 5(trx)” — 2wty

VX + %t@( = V&n+ 2wy — %uxg + n@n
In view of our Ricci coefficients assumptions we can rewrite,
Vitry = —[x[*+0(67?)
Vi + %HX}% — 0512t
Multiplying the second equation by x,
ValxI* + trxx[* = 0(67*)

Using also our assumptions for u, u, {2 we deduce,

d
—try = —|x| 612 12
L = I8P +06E (12)
d o .12 —1
- t = §yite 1
S IXI” + trx|x| 0(6™™) (13)
Integrating (12) we obtain,
2 u
try(u,u) = ) —/0 X (u, ) ?du’ + O(6Y/?) (14)

In view of our assumptions for try and j—;

d v d, . dr . ) o -
eI = PR 20 S = = €7+ O] + 20— 14 O] 4P
= r20(5 o).
Therefore,
11 ) = 720, wIRI(0, 1) +120(5 )

As in [| we freely prescribe y along the initial hypersurface H(()O’5), ie.

X(0,u) = Xo(u) = O(5~"/?) (15)
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for some traceless 2 tensor xo. We deduce, (need 0 < ¢ < %),

P = SO )+ o)

r?(u, u)

or, since |u| < 4§ and r(u,u) =19+ u —u+ O(6°),

2
X[ (u,u) =

_ "o
r2(u, 0)

[Xol*(w) +O(67*°)

Thus, returning to (14),
2

r(u,0)  r2(u,0
2

2 u
— . U L e, ) .
) r2(u,0)/0 [Xol*(u)du’ + O(6)

tryx(u,d) =

) / o) e + O(5°)

We have thus proved the following.

Proposition 2.3. Under the assumptions MA1- MA3 we have, for sufficiently small § > 0 and
fized ¢ > 0,

2
= ¢ 1
) = w2 - s [P + 0 (16)
Since r(u,u) =ro —u~+u+ O(6°) formula (16) can also be written in the form,
2 C
tn,0) = s s [P + 0 (17)
Corollary 2.4. The necessary condition to have try(u,u =¢6) <0
2r(u,0 o .
w0 < [l +00) as)
0

for sufficiently small 6 > 0. Since r(u,0) = ro —u+ O(6°), condition (18) can also be written in the
form,

Aot < [l + o) (19)

3. CHANGE OF FOLIATION

3.1. Main transformation formula. To improve on (18) we plan to change the u foliation along
u = § and compute the corresponding incoming expansion try’. More precisely, given the foliation
induced by u, we look for a new foliation v = v(u,w) defined by the equations

Vo =el, vlg, = uls, =0

(20)
Vuf = Oa f Sk — fO
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with fy a function on Sy = S(0,0) to be carefully chosen later.

NOTE CHANGE: BEFORE WE HAD V3v = ¢/ WHICH LEADS TO THE UNDESIRED TERM
e” fVlogQ IN THE EQUATION FOR G.
We introduce the new null frame adapted to the v-foliation,

ey = es, el = e, — e Qeq(v)es, e} = ey — 27 Qey(v)eq + e Q2 Vul?es (21)

Indeed since V,, = QV3 we have, ¢, (v) = e,(v) — e T Qe,(v)e3(v) = eq,(v) — e Tea(v)V, (v) = 0. Also,
ince e3 is orthogonal to any vector tangent to H we easily check that

gleq: €h) = gleas ) = dar,  gley, €;) = g(€l €)) =0, gles, €)) = 2.
We prove the following.
Lemma 3.2. The new incoming expansion try’ verifies the transformation formula,
trx’ = try — 2e/ div (e T F) — trx|F|” — 4X 4 F'FC = 2(n + () - F (22)

where F, = e TQV v and try, ¢, trx, X ,w are connection coefficients for the given double null foliation
(u,w).

Proof. We have,
X(egep) = g(Dyeley) = g(Daclyy ) — e ' Q7 e (v)g(Dsel, )
Now, writing €, = e, — 2F + |F|*e3 with F' = F.e. and €, = e, — Fyes,
9(Dsey,ey) = g(Dales — 2F +|F[e3) , ey — Fyes)
= x(eq,e5) — 2Fy(y — 2V Fy + 2Fyg(D, F, e3) + | F|*g(Dqaes, ey — Fyes)
= Xab — 20y — 2V Fy — 2F, X (Fea) + |FIPx,
= Xab — 2CaFy — 2V F, —2F, Fo x  + |F|2Xab

Also,
g(Dséel,ep) = g(D3(e4 —2F + |F|%e3) , ey — Fbeg)
= g(Dsey, ) — Fyg(Dsey, e3) — 2V3Fy
= 2 + 4w — 2V3Fy,
Hence,

Xop = Xab— 20 F, = 2VoFy = 2F, X(Fr ) + |[F[*x, — Fu(2m + 4Fyw — 2V3F)
= Xab — 2VaFy + 2F,V3F, — 20, F0 — 2Fumy + ([FPPx,, — 2FhFex, ) — 4wFuFy
By symmetry in a,b we deduce the formula,

X:zb = Xab — (Van + vaa) + V3<Fan) - (Cb + nb)Fa + (Ca + na)Fb (23)
+ (IFI’x, — FoFex,, — FuFux,,) — 4wF.F,
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and, taking the trace,
try’ = trx —2div F + V3|F]? = 2(n+ () - F + (|F|*try — Q&CF”FC) — 4w|F|?
= try —2div F + V3| F|? = 2(n+ () - F — 2% 5" F° — dw|F|?
We next calculate V3|F|? using (20) and the commutation formula
V3, V]h = (V1ogQ)V3sh — x - VI
or,

[V, VIh = —Qx-Vh

Since V,f = 0 and F = Q'e/ Vv we deduce,

V.F, = VU(Qe’va) = Qe 'V, Vo + V,Qe Vo
= Qe /VV,u— Qe’fo- Vo + V, Qe Vo
= QVf - QQe_fX Vo + V., Qe Vo
= QVf-Qx-F - O 'WV.OF

or,
VsF = VF—x-F-Q'VQF
— VF—x-F+2F
ie.,
VgF-’*%tI‘XF:Vf_X - F +2wF (24)
from which,
Vs|F|? = —trx|F|?+2F - Vf — 2X 4 F'F + dw|F|?
Therefore,
try’ = try —2div F —2(n+ () - F — 2% 4 F'F° — dw|F|?

— tr)|FPP +2F - Vf — 280 FPF¢ + 4w|F|?

= try — 2div F 4+ 2F - Vf — trx|F|* — 43 4 FFC = 2(n +¢) - F

= try —2¢/div (e TF) +2F - Vf — trx|F|” — 40 o F'F = 2(n+ () - F
as desired.

O

Remark. Note that we can eliminate ¢ from the formula (22) by writing the term 2(n + () - F =
dn- F —2Q7'VQ - F Thus,

try’ = trx — 2¢/Qdiv (U 'e  F) — try|F|* — 4X 4 F'F¢ — 4 - F (25)
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To understand how try’ differs from try it only remains to derive a transport equation for div G
with G = e /F.
3.3. Transport equation for div G. In view of (24) and e3(f) = 0 we have for G ;= e/ F.

1
V3G + itrxG =e/Vf - X -G+ 2wG (26)

To derive a transport equation for div G we make us of the following

Lemma 3.4. Assume that the S-tangent vectorfield V' wverifies an equation of the form,
VgV%—%tm_sz—X V4+W
Then,
Vs(div V) + %tr)_(div Vo= dioW+W- -V(ogQ)—2x -VV = Viry-V
+ (trx¢—2x¢—2x - V(logQ)) -V
Proof.
Vs(div V) + %mxdiv V = div(—-x -V+W)- %Vtrx -V +[Vs,div |V
We make use of the commutation formula, see lemma 2.1,
Vs, div]V = —%trxdiv V—X -VV+(B-n-%) V+V(logQ)- VsV

Therefore,

1
Vs(div V) + trxdiv V div (= x - V+W)—x -VV + (§—§Vtrx—n-z) -V
+ V(logQ) V3V

1
= divW—QX~VV+(—divX+g—§VtrX—n-X)-v

1
+ V(log?Q) - (—étrxV—X V4 W)
= div W+ W - V(logQ)) — 2¢ - VV

—_

1
+ (—divy - §Vtrx+ﬁ—n~x — —trxV(logQ) — ¥ - V(logQ)) - V

\V)
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Using the Codazzi equation, div x = %Vtrx +B8+¢- (X — %trx) as well as n = ( + V(log2) we
derive,

1 1
—div x — EVtrx%—é —n-X — strxV(log Q) — x - V(logQ))

2
= —Vtry — ¢~ (X — %trz —n-X - %trxV(log Q) — X - V(log )
= —Vtry — X - (( +n+ V(logQ)) + %trz({ + V(log Q))
= —Vtry — 2x (¢ + V(log Q)) + trxn
Hence,
Vi(div V) +trxdiv V. = div W+ W - V(logQ) —2x - VV — Viry -V
+ (trxn—2x¢—2x - V(logQ)) -V
as desired.
O
Applying the lemma to equation (26) we derive,
Vi(div G) +trxdiv G = div W+ W -V(logQ) —2x - VG — Vitry - G
+ (trxn —2x¢—2x - V(logQ)) - G
with W = e /V f 4+ 2wG. Thus,
div W+ W -V(ogQ) = div (e ?Vf) +eV(ogQ) - Vf+2div (wG) + 2V (log QwG
We deduce the following transport equation for div G,
Vs(div G) + trydiv G = div (e /V[) + 2wdiv G + Erry (27)

with error term,
Erry = e/V(ogQ)-Vf—2x VG—Viry-G
+ (trxn —2X¢ —2x - V(logQ) 4+ 2Vw + 2wV log Q) - G

In the same manner we deduce a transport equation for the principal term div (e=/V f) on the right
hand side of (27). Indeed, since V3f = 0 we derive,

V3(Vf)+ %trXVf = —xV/f
Therefore, using lemma 3.4,
Vsdiv (e 7V f) + trxdiv (e /Vf) = —2% V(e /Vf)—Viry-e /Vf
+ (trxn—2¢¢ —2x - V(logQ)) - e 'V /.
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We summarize the results of this subsection in the following proposition. We summarize the results
of this subsection in the following proposition.

Proposition 3.5. Let v, f be defined according to (20), F = Q e /Vv and G = e~/ F. The trace
of the null second fundamental form X', relative to the new frame (21), is given by the formula (22),
1.€.,

trx’ = trx — 2/ div G — try|F|* — 4X 4 F'F¢ = 2(n+ () - F (28)
F wverifies the transport equation
V3F+%tm_(F = Vf—X F+2wF (29)
and div G verifies,
Vs(div G) + trxdiv G = div (e 'V f)+ Ern (30)
where,
Err, = e /V(ogQ)-Vf—2¢ VG
— Viry -G+ (trx¢ — QX_C —2x - V(log Q) + 2Vw + 2wV log Q) - G
Also,
Vsf = 0 (31)
Vi(VI) + 5t Vi = ~xVf (32)
Ve div (e IV f)] + try[e! div (e IV f)] = Err (33)
with error term,
Erry = =2% - (V?f =VfV[f)=Viry-Vf+ (trxn —2x¢—2x - V(ogQ)) - Vf

3.6. Additional assumptions. To proceed we need to make stronger assumptions than those of
section 2.2. More precisely, we need, in addition M A1 -MA3 the following,

MA2-8. The Ricci coefficients 7,7, V log {2 verify the stronger assumptions,

Inl, |n| = O(6°)

MA3-S For a fixed ¢ > 0,
V|, [Vl = 05~ /2%),  |Vx|, I8l = O(6°)
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As a corollary of proposition 3.5 and these assumptions we deduce first,
try’ = try —2¢e/div (G) + %\F|2 + |FPO(5°) (34)
From the equation (32) V5(Vf) + strxVf = —x Vf we deduce,
Vu(r[V ) = 0(@"*) 7|V |
Therefore,

r|Vf| = rolV fo| (1 + O(6"/2)) (35)

We can also deduce in the same manner an estimate for r?|V2f|. Indeed, differentiating (32) and
commuting V with V3, according to lemma 2.1 we deduce,

Vi(V2f) 4 trxV2f = —X Vf + O(57)(1+ )|V ]

Note that the % term is due to the contribution of the term tryn-V f which appear in the commutation
lemma. Hence, since r < ry < r we deduce using (35),

1
ViVl = 0@ VA + O0(F)(1+ )|V f|
= 0(61/2)7‘2|V2f| + O(T5C)T0|Vf0|
and we infer that,
V2L S C(rgIV2 fol + Ol V fol) (36)

Proceeding in the same manner with (33) we derive, for H = e/div (e /Vf)

Vil +irxH = () (V] + [VfF) + 0@°)(1+ DIV

We deduce,
Vu(r2H) = 0820V ]| + O(5°)r|V f
= 0(6°) [r5IV2 fol + 70|V fol]
Hence,
r2H = 12Hy + O(8°) [r2|V2 fo| + 70|V fol]
or,

rPdiv eV = —rgA(e™) + 00) [rg| V2 fol + 1ol V folJe™ (37)
Now, from equation (38),
1
Vsl F| + trx|F| = [Vf]+ O(5Y*F

we deduce,
Vu(r[F|) = O@Y2)r|F| + [V f| = O"?)r[F| + 10|V fol (1 + O(6°))
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and therefore, since Fy = e /°|Vu| = 0,
| F| = uro|V fol (1 4+ O(69)) (38)
with C' > 0 independent of § or f.

We next calculate VF'. Using the commutation lemma 2.1 we deduce,
V3| VE| + trx|[VF| < |[V2f|+ O("?)|VF|+ O(69)|F|
Thus, according to (36)

V.| VE|) < 7|V + O(3Y*)r?|VE| + O(5°)r®|F|
< OV E|+ C(r3| V2 fol + O(8°)r0|V fol) + O(6°)rro|V fo
We deduce,
rAIVE| < C(rgV2 fol + O(5%) 70|V fo) (39)
Since G = e~/ F we also deduce,
VG| < C(TS\VQfO\ + O((Sc)ro\VfoDe’fO (40)

Next we calculate div G from (30) which we write in the form,
Vi(div G) + trydiv G = div (e 7V f) + O(8) e
Iy == (r§IV?fol + O(8%)ro|V fol).
Hence, making use of (37)
V. (ridiv G) = r2div (e IV f) + O(6%)r? e /o
= —1pA(e ) + 0(8) 1o + O(8°)r* Ipe ™
Therefore,
ridiv G = —uriA(e ™) + 0(6%)1, (41)
Finally, going back to (34), and formula (38) for |F,

2
try’ = try —2e/div (G) + ;|F|2 + | F[2O(6°)
= try + 2ur ZrieP A(e™) + O(r=26%) 1y + %u2r§|Vf0|2(1 +0(59)
2
= trx 4+ 2ur (= Afo + [V fol?) + TEUQTSIVfOIQ(l +0(8%)) + O(r—2691,

2ur?
= trxy +

( — Afo+ [1 +u/r (1 + O((SC)] ]Vfoﬂ) + O(r—26%1,

r2

We summarize the result in the following proposition.
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Proposition 3.7. Assume that MA1-MA3 and MA2-S, MA3-S are verified in the space-time
region D(us,0) and f,v defined according to (20) The the expansion trx’ of the v foliation verifies,
for all 0 <u <wu, and 0 < u <6, with Iy = (r§|V2fo| + O(6°)r0|V fol) verifies,

2 2
try’ :tw+»gb(—Aﬁ+ﬂ+uﬁ@ﬂ%%ﬁﬂVﬁﬂ)+O&4¥M) (42)
In particular, if 6 > 0 is sufficiently small,
/ 2urg u 2 —2¢c
try’ < try+—3 [—Afo+(1+;)} IV fol2 + O(r—26) 1, (43)

3.8. Main equation. We now combine the results of propositions 2.3 and 3.7. For simplicity we
shall also assume that rq = 1. According to proposition 2.3 we have,

2 1 ’ S 20,7 / c
i) = s = o [P +0()
Thus, inserting in (42)

try'(u,0) < % + i—g ( —Afo+ [T+ u/r (1+0(59)] |Vf0|2]> — riZMO + O(r=2591,

where r = r(u, d) and

)
My — / %o ()
0

Now, along a level surface® S; := {v = 1} N H, we can express both u and r as functions along
S which we denote by U = U(fy) and R = R(fy). In fact, since v = ue/0 we deduce U = e~ /.

Moreover since according to (11) £ = —1 + O(6"%r) = —1 4+ O(6'/?) we can write,

R=1-U+0("*)U
To have try’ non-positive along S,, we need,
2 W
R R?
We deduce the following.

(-Aﬁ+h+wR@+owﬂwﬁﬂ)s%@%—m&m)

Corollary 3.9. A necessary condition for Sy to be a trapped surface, is that,
R 1
—Afo+ [1+U/R(1+ 0] IV fol*] + 7S ﬁ(MO — 0(61) (44)
where,
U = el R=1—efo40(5?) el

3with v the deformation function defined by (20)
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Note that the inequality is only meaningful in the domain D, i.e. for U = e 1o < w,, or for §
sufficiently small,

R>1—u, (45)

We now re-express (44) with respect to R = R(fy). We have,

VR = %(fo)vfo

AR = g(fo)ﬁf(ﬂrZl;—];(fo)|vfo|2
On the other hand,

T = G = Vet

TR R) = Vit Ve

In view of formula (7) and the equation,

1
Vitry + 5(’51@)2 = —2wtry — X |2

we deduce,
1 1
Vu(rVur) = —V, Qtry = — Q(es(Qtry) + Qtrytry)
8 Swa) ST Jsuw o o
1 1
= — Q*ry? — — QX |2 =1+ 70(5"?)
167 Jsway = 8T Jswwy T
Hence,

rVir+ (V,r)? = Q2 +r0(6'%) = 14 0(6'/?)
from which we deduce,

rV2ir = 0(5'/2). (46)

Hence,
VR = |Vfo|?e 20 |V, = |V fo]?e ™20 (14 0(6"?))
AR = —Afoe PV, r+ (Vir-e 0+ Ve )|V fo]?
e PAf(1+0(82) + (=14 0(6"2)e ™|V fol”
+ R7'e |V £ [PO(6Y%)
= e P (Afo— Vo) + O ) (Afy + (1 + RV o)
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Thus,
IVfol? = eX°|VR|?+ O(5Y?)|V fo|?
Afy = ePAR+|Vfl> + 02 (Afo+ (1+ RV Lol*)
= ePAR+ e 2P|VRP? + 08" (Afo + (1 + R7H|Vfol?)
Note that,

The left hand side of (44) becomes,

R

L = =Afo+[1+U/R(1+0N]IVfol*] + 7
= —ePAR — e\ VR]? + (14 e P R™1)e*P|VR|* + Rel
+ O(8)R7' el |VR|? + O(5"2) (e AR + ¢* |V R|?)

Hence,
L = | —AR+ R'VRP(1+0(5%) + R+ O0(0Y?) (AR + l°|VR]?)
The inequality (44) becomes,

—~AR+ RYVRP(1+0(59) + R+ O(6"*) (AR + e|VR[* < %(M0 — 0(6%1)
or,
—AR+ R'VRP(1+0(6) +R < 27'My+0(6J
where J is a fixed smooth function depending only on V2R and VR. We deduce the following.

Proposition 3.10. A necessary condition such that Sy is a trapped surface is that, for o > sufficiently
small there exists a smooth function R on o verifying R > 1 — u, and the differential inequality,

—AR+ (14 O(8°) R VR + R < 27'My + O(5°)J (47)

To proceed we need to make the assumption R > §~%2. Hence, it suffices to prove the inequality:
~AR+ R YVRP+ R <27 "My + O(5%%)J
or, for ¢ sufficiently small,
~AR+ R YVR]* + R < 27' M. (48)

In order that the initial surface, corresponding to R = 1, is not trapped we need 27 M, < 1. We
also note, by the maximum principle that,

max R < 27! max M,
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Thus,
1= u, < 27" max Mo. (49)
0

is a necessary condition for the formation of a trapped surface. Recall that u, is the maximum of u
for which our assumptions are satisfied in D(u, ). Is it sufficient ?

Performing the transformation R = e~® we derive,

Ap+1 < 27 Mye?

4. SOLUTIONS TO THE DEFORMATION EQUATION ON A FIXED SPHERE (.S,7).

In this section we provide examples of solutions to our main deformation equation,
Ap+1< Me? (50)

on a smooth, compact, 2—dimensional Riemnannian manifold S, diffeomorphic to the standard
sphere, with strictly positive Gaussian curvature K. We define r = r(S) such that |S| = 47r? and
define,

ko = msin r’K, ky = mgerK

We consider geodesic balls B(p,e) = B(p,€) for sufficiently small ¢ > 0. We start by proving the
following lemma.

Lemma 4.1. Given a ball B(p,€) C S, there exists a function w,, smooth outside the point p, such
that

Aw, + K = 470, (51)
where 9, is the Dirac measure at p. Moreover, if A denotes the distance function from p,

we = XelogA+wv (52)
with v € C*7(S), v(p) =0, smooth in S\ {p} and x. a smooth cutoff function,

Xe=1 on B(p,e)
Xe=0 on B(p,2e)

Assuming the lemma true we consider the cut-off function

¢e=0 on B(p,e/2)
ve=1 on Bp)
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and define w! = p.w,. Note that w! verifies the following properties:

wl =0, on B(p,€/2)

w. =loge+ O(1), on S\ B(p,e/2) (53)
Viw! = O(e ?loge) on S\ B(p,e/2)

Aw.+ K =0 on S\ B(p,e€)

Consider now the function w, = Aw’, for a fixed constant A and observe that, on S\ B(p,¢), we
must have, Aw, +1 = —AK + 1 < 0 provided that A > k,;!. Thus, with a fixed choice of A > k!
we have,

we = 0, on B(p,e/2)

we = ANloge+ O(1), on S\ B(p,€/2) (54)
V2w, = O(e % loge) on S\ B(p,€e/2)

Aw.+1<0 on S\ B(p,e)

It remains to check under what conditions for M, the function w, verifies (50). Clearly, on S\ B(p, €),
(50) is trivially verified in view of the fact that M > 0. Now let M, = inf B(p,e) M. Thus, for some
constant C,

Mevs > M.e" > Ceéd M.,
Aw,+1 = O(loge)
Hence, to have (50) verified in B(p, €) we need,
O(e?loge) < M.
This proves the following.

Proposition 4.2. Let M, = ming, o M and let A > (ming K)~'. Assume that, for some universal
constant C' > 0,

M, > Ce > Moge (55)

Then, for sufficiently small € > 0, there exists a function ¢. verifying the inequality (50) and such
that

min¢. > loge+ O(1) (56)

Vo] = O(etloge), |V = O(e*loge). (57)

In remains to prove lemma 4.1. This is a standard argument, see for example chapter 2 in [?], which
we sketch below.

Let A be the geodesic distance function from p. In a neighborhood of p we can write,
da

ds® = d)\* + a*(\, 0)d6?,  a(0) =0, )\

(0) = 1.
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Let h be the geodesic curvature of the level curves of ), i.e. denoting, e = (0, 9p) /29y the unit
tangent vector to these curves,

h=~(V.re) =a 'Oz
h verifies the second variation formula,
O\h=—h*— K
or,
dia+ Ka = 0. (58)
Since a(0) = 0, %(0) = 1 we deduce from (58) that 9}a(0) = 0. Consequently,
aA\) =A+0N),  Oha(\)=1+0(\?), h(N)=X"T1+0())

IS

Now,
Alogh=A"h—A"?2=0(1)
Thus, for 0 < € converging to 0,

/ A(xelog A dv, = =27 + O(5)?
S\B(p,5)
Hence, passing to the limit,

/A(XE log \)dv, = —27
s

Note also that,

[ XAk logN)do, = ~2mx(p) (59)
s
for any smooth test function x supported in B(p,€).

We now solve the equation,
ASU = f (60)

where, f is the bounded function

f=K+2A(xlog\) on S\ {p}
f=0 at p

Note that (60) admits a C™! solution in view of the fact that f € L>(S) and,
/fahJ7 /Kdv7—|—2/ A(xelogN)dvy, = 4m — 41 = 0.

We can also normalized v such v(p) = 0. We now define,

we =2xlogA —v
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and note that,
Aw.+ K = 0, on S\ {p}
Moreover, in view of (59),
Aw, + K = —47wd

as desired.

Remark 4.3. Note that the proof of the proposition only requires the existence of a smooth function
w on S which verifies Aw + 1 < 0 in the complement of a closed domain D for which infp M :
Mp > 0. Indeed if such a function exists we can produce a solution to our inequality simply by
taking ¢ = —logs + w for a sufficiently small constant s > 0. Indeed, with such a choice (50) is
automatically satisfied in the complement of D. In D, A¢ = Aw, e® = s 'e¥ and therefore we need
maxp [e “(Aw + 1)] < s7'Mp. Finally we note that such solutions can easily be constructed for
balls B(p, ) with § < i, the radius of injectivity of S at p.
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