APPROXIMATING CLIQUE-WIDTH AND BRANCH-WIDTH
SANG-IL OUM AND PAUL SEYMOUR

ABSTRACT. We construct a polynomial-time algorithm to approximate the branch-width of
certain symmetric submodular functions, and give two applications.

The first is to graph “clique-width”. Clique-width is a measure of the difficulty of decom-
posing a graph in a kind of tree-structure, and if a graph has clique-width at most k then the
corresponding decomposition of the graph is called a “k-expression”. We find (for fixed k) an
O(n? log n)-time algorithm that, with input an n-vertex graph, outputs either a (23%+2 — 1)-
expression for the graph, or a true statement that the graph has clique-width at least k& 4 1.
(The best earlier algorithm algorithm, by Johansson [13], constructed a k log n-expression for
graphs of clique-width at most k.) It was already known that several graph problems, NP-
hard on general graphs, are solvable in polynomial time if the input graph comes equipped
with a k-expression (for fixed k). As a consequence of our algorithm, the same conclusion
follows under the weaker hypothesis that the input graph has clique-width at most &k (thus,
we no longer need to be provided with an explicit k-expression).

Another application is to the area of matroid branch-width. For fixed k, we find an O(n*)-
time algorithm that, with input an m-element matroid in terms of its rank oracle, either
outputs a branch-decomposition of width at most 3k — 1 or a true statement that the ma-
troid has branch-width at least k + 1. The previous algorithm by Hlinény [11] was only for
representable matroids.

1. INTRODUCTION

Some algorithmic problems, NP-hard on general graphs, are known to be solvable in poly-
nomial time when the input graph admits a decomposition into trivial pieces by means of a
tree-structure of cutsets of bounded order. However, it makes a difference whether the input
graph is presented together with the corresponding tree-structure of cutsets or not. We have
in mind two kinds of decompositions, “tree-width” and “clique-width” decompositions. These
are similar graph invariants, and while the results of this paper concern clique-width, we begin
with tree-width for purposes of comparison.

Having bounded clique-width is more general than having bounded tree-width, in the fol-
lowing sense. Every graph G of tree-width at most k has clique-width at most O(2%) [5, 7],
and for such graphs (for k fixed) the clique-width of G can be determined in linear time [9)].
No bound in the reverse direction holds, for there are graphs of arbitrary large tree-width
with clique-width at most k. (But, for fixed ¢, if G does not contain K;; as a subgraph, then
the tree-width is at most 3k(t — 1) — 1 [10].)

The algorithmic situation with tree-width is as follows:

e Numerous problems have been shown to be solvable in polynomial time when the input
graph is presented together with a decomposition of bounded tree-width. Indeed, every
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graph property expressible in monadic second order logic with quantifications over
vertices, vertex sets, edges, and edge sets (MSOs-logic) can be solved in polynomial
time (see [6]).

e For fixed k there is a polynomial time algorithm [18] that either decides that an input
graph has tree-width at least k£ + 1, or outputs a decomposition of tree-width at most
4k.

e Consequently, by combining these algorithms, it follows that the same class of problems
mentioned above can be solved on inputs of bounded tree-width; the input does not
need to come equipped with the corresponding decomposition.

e In particular, one of these problems is the problem of deciding whether a graph has
tree-width at most k. Consequently, for fixed k there is a polynomial (indeed, linear)
time algorithm [1] to test whether an input graph has tree-width at most k, and if so
to output the corresponding decomposition.

For inputs of bounded clique-width, less progress has so far been made. (We will define
clique-width properly later.)

e Some problems have been shown to be solvable in polynomial time when the input
graph is presented together with a decomposition of bounded clique-width. This class
of problems is smaller than the corresponding set for tree-width, but still of interest.
For instance, deciding whether the graph is Hamiltonian [22], finding the chromatic
number [14], and various partition problems [8] are solvable in polynomial time; and so
is any problem that can be expressed in monadic second order logic with quantifications
over vertices and vertex sets (MSO;-logic; see [3, 6]).

e For fixed (general) k there was so far no known polynomial time algorithm that either
decides that an input graph has clique-width at least k+ 1, or outputs a decomposition
of clique-width bounded by any function of k. The best hitherto was an algorithm of
Johansson [13], that with input an n-vertex graph G, either decides that G has clique-
width at least k + 1 or outputs a decomposition of clique-width at most klogn. Our
main result fills this gap.

e Consequently, it follows that the same class of problems mentioned above can be solved
on inputs of bounded clique-width; the input does not need to come equipped with
the corresponding decomposition.

e However, the problem of deciding whether a graph has clique-width at most k is not
known to belong to this class. There is still no polynomial time algorithm to test
whether G has clique-width at most k, for fixed general k.

We shall prove the following.

Theorem 1.1. For fized k, there is an algorithm that with input an n-vertex graph G, either
decides that G has clique-width at least k+1, or outputs a decomposition of G with clique-width
at most 232 — 1. Its running time is O(n"logn).

The main tool for this algorithm is branch-width, which is closely related to tree-width,
and was introduced in [19]. We develop a general algorithm to approximate the branch-width
of certain symmetric submodular functions. Then we define the “rank-width” of a graph to
be the branch-width of a symmetric submodular function determined by a graph; and since
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our algorithm applies to this submodular function, we can approximate the rank-width of a
graph in polynomial time. But we also prove that if clique-width is bounded, then rank-width
is bounded, and vice versa; and consequently we can approximate clique-width in polynomial
time.

We also apply this algorithm to matroids, and obtain an algorithm to approximate the
branch-width of matroids, which was known before only for representable matroids by Hlinény [11].
We prove:

Theorem 1.2. For fixed k there is an algorithm which, with input an n-element matroid M
in terms of its rank oracle, either decides that M has branch-width at least k+1, or outputs a
branch-decomposition for M of width at most 3k — 1. Its running time and number of oracle
calls is at most O(n*).

2. BRANCH-WIDTH
Let V be a finite set and f : 2" — Z be a function. If
fX)+f(Y) > f(XNY)+ f(XUY)

for all X,Y C V| then f is said to be submodular. If f satisfies f(X) = f(V \ X) for all
X CV, then f is said to be symmetric.

A subcubic tree is a tree with at least two vertices such that every vertex is incident with at
most three edges. A leaf of a tree is a vertex incident with exactly one edge. We call (T, L)
a partial branch-decomposition of a symmetric submodular function f if T" is a subcubic tree
and L : V — {v : v is a leaf of T} is a surjective function. (If |V| < 1 then f admits no partial
branch-decomposition.) If in addition L is bijective, we call (T, L) a branch-decomposition of
f. If L(v) = t, then we say t is labeled by v and v is a label of t.

For an edge e of T, the connected components of 7"\ e induce a partition (X,Y") of the set
of leaves of T'. The width of an edge e of a partial branch-decomposition (7, L) is f(L™}(X)).
The width of (T, L) is the maximum width of all edges of T'. The branch-width bw(f) of f is
the minimum width of a branch-decomposition of f. (If |[V| < 1, we define bw(f) = f(().)

For the application to matroids, we assume that the reader is familiar with the basic notions
of matroid theory (see [16]). Let us review matroid theory briefly for the purpose of this paper.

A matroid M = (E,r) is a pair formed by a finite set E of elements and a rank function
r: 28 — 7Z satisfying the following axioms:

1) 0 <r(X)<|X|foral X CE.

i) If X CY CFE, then r(X) < r(Y).

iii) r is submodular.
We write E(M) = E. For Y C E(M), M\ Y is the matroid (E(M) \ Y, ') where r'(X) =
r(X). For X C E(M), M/Y is the matroid (E(M)\Y,r’) where (X)) =r(XUY) —r(Y).
If Y = {e}, we denote M \ e = M\ {e} and M/e = M/{e}. It is routine to prove that
M\Y and M/Y are matroids.

For X C E, M(X) = r(X) + r(E(M) \ X) — r(M) + 1 is the connectivity function of
M. A branch-decomposition and the branch-width of a matroid M are defined as a branch-
decomposition and the branch-width of A.
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3. CLIQUE-WIDTH

The notion of clique-width was first introduced by Courcelle and Olariu [7]. Let k be a
positive integer. We call (G,lab) a k-graph if G is a graph and lab is a mapping from its
vertex set to {1,2,...,k}. (In this paper, all graphs are finite and have no loops or parallel
edges.) We call lab(v) the label of a vertex v.

We need the following definitions and operations on k-graphs.

(1) For i € {1,...,k}, let -; denote an isolated vertex labeled by i.
2) Fori,j € {1,2,...,k} with ¢ # j, we define a unary operator 7; ; such that
7-]
n:;(G,lab) = (G',lab)

where V(G') = V(G), and E(G') = E(G) U {vw : v,w € V,lab(v) = i,lab(w) = j}. This
adds edges between vertices of label 7 and vertices of label j.
(3) We let p;_.; be the unary operator such that

pi—j(G,lab) = (G, lab’)

o (v) = { j if lab(v) = i,

lab(v) otherwise.

where

This mapping relabels every vertex labeled by 7 into j.
(4) Finally, @ is a binary operation that makes the disjoint union. Note that G & G # G.

A well-formed expression t in these symbols is called a k-expression. The k-graph produced
by performing these operations in order therefore has vertex set the set of occurrences of
the constant symbols in ¢; and this k-graph (and any k-graph isomorphic to it) is called the
value val(t) of t. If a k-expression t has value (G, lab), we say that t is a k-expression of G.
The clique-width of a graph G, denoted by cwd(G), is the minimum k& such that there is a
k-expression of G.

For instance, K, (the complete graph with four vertices) can be constructed by

p2—1(M2(pa—1(M2(p2—1(m2(-1 ® 2)) B -2)) ® 2)).

Therefore, K4 has a 2-expression, and cwd(K4) < 2. It is easy to see that cwd(K,) > 1, and
therefore cwd(K,) = 2.

Some other examples: cographs, which are graphs with no induced path of length 3, are
exactly the graphs of clique-width at most 2; the complete graph K,, (n > 1) has clique-width
2; and trees have clique-width at most 3 [7].

For some classes of graphs, it is known that clique-width is bounded and algorithms to
construct a k-expression have been found. For example, cographs [4], graphs of clique-width
at most 3 [2], and Pj-sparse graphs (every five vertices have at most one induced subgraph
isomorphic to a path of length 3) [3] have such algorithms.

4. EXTENSION OF A SUBMODULAR FUNCTION

In this section, we define an “interpolation” of an integer-valued submodular function. Later
we will use it to prove the main theorem.
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For a finite set V', we define (with a slight abuse of terminology) 3" to be {(X,Y) : X, Y C
V. XNY =0}.

Definition 4.1. Let f : 2V — Z be an integer-valued submodular function such that f(() <
f(X) for all X C V. We call f*:3"Y — Z an interpolation of f if
D) XV X) = f(X) forall X CV,
i) (uniform) if CND =0, ACC, and B
iii) (submodular) f*(A,B) + f*(C,D) >
(A, B),(C,D) e 3".
iv) f*(0,0) = ().

Assuming that ) is a minimizer of f is not a serious restriction, because first of all it is true
for all symmetric submodular functions, and secondly if we let

g(X):{f(X) if X 0

miny f(Z) otherwise,

D, then f*(A, B)
(

< f*(C. D),
NC,BUD)+ f

C
1 *(AUCBHD) for all

then g is also submodular.

Proposition 4.1. Let f : 2V — Z be a submodular function such that f(0) < f(X) for all

X CV, and let f*: 3V — Z be an interpolation of f. Then:

(1) fOT all (X, Y) S 3V —, f*(X, Y) < minxgzgv\y f(Z)

(2) f*(0,Y) = f(0) forallY CV.

(3) If f({v}) — f(0) <1 for everyv € V, then for every fited B CV, f*(X, B) — f(0) is the
rank function of a matroid on V '\ B.

Proof.
() X CZCV\Y,then f(X,Y) < f*(Z,V\Z) = f(Z).
(2) f(0) = f(0,0) < f(0,Y) < f*(0,V) = f(0).
(3) Let (X)) = f*(X, B) — f(0). It is trivial that r is submodular and nondecreasing. More-
over,
0<r(X)=/f"(X,B) - f(0) < f(X) = f(0) < |X],
and therefore r is the rank function of a matroid on V' \ B. O

We define fiin(X,Y) = min f(Z), the minimum being taken over all Z satisfying X C Z C
V\Y.

Proposition 4.2. Let f : 2V — Z be a submodular function such that f(0) < f(X) for all
X CV. Then fun s an interpolation of f.

Proof. The first, second, and last conditions are trivial. Let us prove submodularity. Let X,
Y be subsets of V' such that A C X CV\B, CCY CV\D, fun(A,B) = f(X), and
fwin(C, D) = f(Y). Then
fX)+ f(Y)> f(XNY)+ f(XUY)
> fuin(ANC,BUD) + fun(AUC, BN D).

Thus, fumin is an interpolation. O
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In general f;, is not the only interpolation of a function f, and sometimes it is better for
us to work with other interpolations that can be evaluated more quickly.

We remark that if f* : 3V — Z is a uniform submodular function satisfying f*(0,0) =
f*(0,V), then there is a submodular function f : 2V — Z such that f(0) < f(X) for all
X CV and f* is an interpolation of f.

5. BRANCH-WIDTH AND WELL-LINKEDNESS

Definition 5.1. Let V be a finite set and let f : 2V — Z be a symmetric submodular function
satisfying f(0) = 0. We say that W C V is well-linked with respect to f if for every partition
(X,Y) of W and every Z with X C Z C V' \ 'Y, we have

f(Z) Zz min(| X[, [Y]).
This notion is analogous to the notion of well-linkedness [17] related to tree-width of graphs.

Theorem 5.1. Let V be a finite set with |V| > 2, and let f : 2V — Z be a symmetric
submodular function such that f(0) = 0. If with respect to f there is a well-linked set of size
k, then bw(f) > k/3.

Proof. Let W be a well-linked set of size k, and suppose that (7', L) is a branch decomposition
of f. We will show that (7', L) has width at least k/3. We may assume that 7" does not have a
vertex of degree 2, by suppressing any such vertices. For each edge e = uv of T', let A, be the
set of elements of V' that are mapped by L into the connected component of 7"\ e containing
u, and let B, = V' \ Ayyp.

We may assume that W # (J; choose w € W. Since W is well-linked with respect to f,
f({w}) > 1, and therefore the width of (7', L) is at least 1. Consequently we may assume that
assume k > 3.

Suppose first that min(|A,, N W/, |Bw NW|) < k/3 for every edge uv of T'. Direct every
edge uv from u to v if |A,, N W| < k/3 and |B,, N W| > k/3. By the assumption, each edge
is given a unique direction. Since the number of vertices is more than the number of edges in
T, there is a vertex t € V(T') such that every edge incident with ¢ has head t.

If t is a leaf of T', let s be the neighbour of ¢. Since ts has head ¢, it follows that |B; N W| >
k/3. But |Bgy| = 1 < k/3, a contradiction.

So, t has three neighbours z, y, z in T such that |A,, " W| < k/3, |[A,, N W| < k/3, and
A N W| < k/3. But [W|=|AuNW|+ A NW|+ A, NW| < k= |W|, a contradiction.

We deduce that there exists uv € E(T) such that |A,, " W| > k/3 and |B,, N W| > k/3.
Hence f(Ay,) > min(|Ay, NW|, By N W) > k/3, and the width of (T, L) is at least k/3.

0

Theorem 5.2. Let V be a finite set, let f : 2V — Z be a symmetric submodular function such
that f({v}) <1 for allv eV and f(0) =0, and let k > 0 be an integer. If with respect to f,
there is no well-linked set of size k, then bw(f) < k.

Proof. We may assume that bw(f) > 0, and so |[V| > 2. We may assume that k£ > 0. For two
partial branch-decompositions (7', L) and (1", L’) of f, we say that (T, L) extends (7', L) if
T" is obtained by contracting some edges of T" and for every v € V| L'(v) is the vertex of T”
that corresponds to L(v) under the contraction.
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We will prove that, if there is no well-linked set of size k£ with respect to f, then for
every partial branch-decomposition (7§, Ly) of f with width at most k, there is a branch-
decomposition of f of width at most k extending (7%, Ly). Since k > 1 and f trivially admits
a partial branch-decomposition of width 1 (using the two-vertex tree with vertices u, v, and
mapping all vertices of V' except one to u, and the last to v), this implies the statement of
the theorem.

Pick a partial branch-decomposition (7', L) of f extending (7§, L) such that the width of
(T, L) is at most k and the number of leaves of T" is maximum.

We claim that (7', L) is a branch-decomposition of f, that is, L is a bijection. Suppose
therefore that there is a leaf ¢ of T' such that B = L~'({t}) has more than one element.

(1) f(B) = k.

Suppose that f(B) < k. Let v € B. Construct a subcubic tree 7" by adding two ver-
tices t; and ty and edges t1t, tof to T. Let L'(v) = t; and L'(w) =ty for all w € B\ {v} and
L'(x) = L(x) for all z € V' \ B. Then (7",L’) is a partial branch-decomposition extending
(T, L). Moreover f({v}) <1 <kand f(B\{v}) < f(B)+ f({v}) <k, and so the width of
(T",L') is at most k. But the number of leaves of 7" is greater than that of T, a contradic-
tion. U

Let f* be an interpolation of f. By Proposition 4.1, f*(X, B) is the rank function of a
matroid on V' \ B. Let X be a base of this matroid. Then |X| = f*(V'\ B, B) = f(B) = k.
Since X is not well-linked, there exists Z C V such that

f(Z) <min(|Zn X|,|[(V\Z)NX]).
Since f(Z\ B) = f*(Z\B,BU(V\Z%2)) > f"(ZnX,B) =|ZnNnX| > f(Z), it follows that
ZNB#(. Similarly B\ Z = (V\ Z)N B # .
Construct a subcubic tree 7" by adding two vertices t; and ¢, and edges ¢, tof to T'. Let
L'(z)=tiifze BNZ, L'(x) =ty ifx € B\ Z and L'(z) = L(x) otherwise.
By submodularity,
(VN Z)NX|+ f(B) > f(Z)+ f(B) > f(ZUB) + f(Z N B)
= f(VNZ2)\B)+ f(ZNB)
> ff((V\Z)NX,B)+ f(ZNB)
=|(VANZ)n X[+ f(Zn B),
and so f(ZNB) < f(B) < k and similarly f(B\ Z) < f(B) < k. Therefore (77,L') is a

partial branch-decomposition extending (7', L) of width at most k. But the number of leaves
of T is greater than that of T', a contradiction. O

Corollary 5.3. For all k > 0, there is a polynomial-time algorithm that, with input a set V
with |V]| > 2 and a symmetric submodular function f : 2V — Z with f({v}) <1 for allv €V
and f(0) =0, outputs either a well-linked set of size k or a branch-decomposition of width at
most k.
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The proof of Theorem 5.2 shows an algorithm that either finds a well-linked set of size k, or
constructs a branch-decomposition of f of width at most k. By combining with Theorem 5.1,
we get an algorithm that either concludes that bw(f) > & or finds a branch-decomposition of
width at most 3k + 1.

Let us analyze the running time of the algorithm of Theorem 5.2. To do so, we must be
more precise about how the input function f and f* are accessed. We consider two different
situations, as follows:

e In the first case, we assume that only f is given as input, and in the sense that we can
compute f(X) for a set X; and we need to compute values of f* from this input.

e In the second case, we assume that an interpolation f* of f is given as input (in
the same sense, that for any pair (X,Y’) we can compute f*(X,Y)), and we need to
compute f from f*.

For the first analysis, let v be the time to compute f(X) for any set X. In this case
we shall use f* = fm. To calculate fuin, we use the submodular function minimization
algorithm [12], whose running time is O(n°ylog M) where M is the maximum value of f and
n = |V|. Thus, we can calculate fui, in O(n°ylogn) time. Finding a base X can be done by
calculating f* at most O(n) times, and therefore takes time O(n®ylogn). To check whether
X is well-linked, we try all partitions of X; 287! tries (a constant). And finding the set Z for
a given partition of X can be done in time O(n°ylogn) by submodular function minimization
algorithms. Since the process is cycled through at most O(n) times (because if (7, L) is a
partital branch-decomposition then |V(7)] < 2n — 2), it follows that in this case the time
complexity is O(n"ylogn).

For the second analysis, let § be the time to compute f*(X) for any set X. Finding a base
X can be done in time O(nd). Finding Z to show that X is not well-linked can be done in
time O(n°§logn). Thus, the time complexity in this case is O(n®dlogn).

In summary, then, we have shown the following two statements.

Corollary 5.4. For given k, there is an algorithm as follows. It takes as input a finite set V
with |V| > 2 and a symmetric submodular function f : 2V — 7Z, such that f({v}) <1 for all
v eV and f(0) = 0. It either concludes that bw(f) > k or outputs a branch-decomposition
of f of width at most 3k + 1; and its running time (excluding evaluating f) and number of
evaluations of f are both O(|V|"1log |V]).

Corollary 5.5. For given k, there is an algorithm as follows. It takes as input a finite set
V with |V| > 2 and a function f* which is an interpolation of some symmetric submodular
function f : 2V — 7, such that f({v}) <1 for allv € V and f(0) = 0. It either concludes that
bw(f) > k or outputs a branch-decomposition of f of width at most 3k + 1; and its running
time is O(|V|%dlog |V]), where § is the time for each evaluation of f*.

6. APPLICATION TO CLIQUE-WIDTH

Definition 6.1. Let G be a graph and let A, B C V(@) be disjoint. Let M%(G) be the matrix
(mi; =1 € A, j € B) over the 2-element field GF(2), where m,;; = 1if ¢, j are adjacent in G, and
m;; = 0 otherwise. We define cutrkf, (A, B) = rk(M¥(G)) where rk is the matrix rank function;
and we define the cut-rank function cutrkg of G by cutrkg(X) = cutrki(X, V(G) \ X) for
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X C V(G). We will show that cutrks is symmetric submodular and cutrky, is an interpolation
of cutrke.

Proposition 6.1. Let M = (m;; : i € C,j € R) be a matriz over a field F. For X C R and
Y CC, let M[X,Y] denote the submatriz (m;;;1 € X,5 € Y). Then for all X1, X2 € R and
Y1,Ys C C, we have

rk(M[X,, Yi]) + tk(M[ X, Ya]) > tk(M[X; U Xa, Y3 N Ya]) + tk(M[X; N X, Vi U Ya]).
Proof. See [15, Proposition 2.1.9], [21, Lemma 2.3.11], or [20]. O
Corollary 6.2. Let G be a graph. If (X1,Y7), (Xy,Ys) € 3V then
cutrky, (X1, Y1) + cutrky (Xo, Ya) > cutrks (X, N Xo, V) UYs) 4 cutrk (X; U Xo, Y1 N Y3).
Moreover, if X1, Xo C V(G), then
cutrke(X7) + cutrke(Xz) > cutrke(Xy N Xs) + cutrke(X; U Xo).

Proof. Let M be the V(G) x V(G) adjacency matrix of G over GF(2). The first statement
follows from 6.1 applied to M. The second follows from the first by setting Y; = V(G)\ X; (i =
1,2). O

A rank-decomposition of G is a branch-decomposition of cutrke, and the rank-width rwd(G)
of GG is the branch-width of cutrkg.

The following proposition shows a relation between clique-width and rank-width.
Proposition 6.3. For any graph G, rwd(G) < cwd(G) < 2WdE+ 1,

Proof. We may assume that |[V(G)| > 2, because if |[V(G)| < 1, then rwd(G) = 0 and
cwd(G) < 1.

A rooted binary tree is a subcubic tree with a specified vertex, called the root, such that
every non-root vertex has one, two or three incident edges and the root has at most two
incident edges. A vertex u of a rooted binary tree is called a descendant of a vertex v if v
belongs to the path from the root to u; and u is called a child of v if u, v are adjacent in T'
and u is a descendant of v.

First we show that rwd(G) < cwd(G). Let kK = cwd(G). Let t be a k-expression with value
(G, lab) for some choice of lab. We recall that a k-expression is a well-formed expression with
four types of symbols; the constants, two unary operators, and the binary operator forming
disjoint union. The parentheses of the expression form a tree structure. Thus there is a
rooted binary tree T', each vertex v of which corresponds to a k-expression say N(v); and
letting V4, V1, Vo denote the sets of vertices in T" with zero, one and two children respectively,
we have for each vertex v € V(T):

e if v € 1 then N(v) is a 1-term expression consisting just of a constant term

e if v € V) with child u, then N(v) is obtained from N(u) by applying one of the two
unary operators

e if v € V; with children wy, ug, then N(v) is obtained from N (uy), N(uz) by applying &

e if v is the root then N(v) = (G, lab).
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In particular, each vertex v € Vj gives rise to a unique vertex of G; let us call this L(v).
Then L is a bijection between V(G) and the set of leaves of T. Consequently (7, L) is a
branch-decomposition of cutrkg. Let us study its width. Let u,v € V(T'), where u is a child
of v, and let T, T, be the components of T'\ e, where e is the edge uv and u € V(T}). Let
X; = {L(t) : t € VonV(T})} for i = 1,2. Thus (X7, X5) is a partition of V(G), and we
need to investigate cutrkg(Xi). Let N(u) = (G1,laby). Thus V(G;) = X;. If x,y € X3, and
laby(x) = laby(y), then x,y are adjacent in G to the same members of X5, from the properties
of the iterative construction of (G,lab); and since the function lab; has at most k different
values, it follows that X; can be partitioned into k subsets so that the members of each subset
have the same neighbours in Xs. Consequently cutrkq(X;) < k. Since this applies for every
edge of T', we deduce that (7, L) is a branch-decomposition of cutrks with width at most k.
Hence rwd(G) < k = cwd(G).

Now we show the second statement of the theorem, that cwd(G) < 2WdE+ — 1. Let
k =rwd(G) and (T, L) be a rank-decomposition of G of width k. By subdividng one edge of
T, and suppressing all other vertices of T" with degree 2, we may assume that 7" is a rooted
binary tree; its root has degree 2, and all other vertices have degree 1 or 3.

For v € V(T), let D, = {z € V(G) : L(x) is a descendant of v in T'}, and let G, denote
the subgraph of G induced on D,. We claim that for every v € V(T'), there is a map lab, and
a (281 — 1)-expression t, with value (G, lab,), such that

(i) if lab,(x) = 1 then z € D, is nonadjacent to every vertex of G \ D,,
(ii) if z,y € D, and there exists z € V(G) \ D, such that x is adjacent to z but y is not,
then lab,(x) # lab,(y),
(iii) for each x € D,, lab,(z) € {1,2,...,2*}.
We prove this by induction on the number of vertices of T" that are descendants of v. If v is
a leaf, let t, = 1. Then t, satisfies the above conditions. Thus we may assume that v has
exactly two children vy, vs.

By the inductive hypothesis, there are (281 — 1)-expressions t,t, with values (G,,, lab,,)
for i = 1,2, satisfying the statements above. Let F' be the set of pairs (i,7) with i, €
{1,2,...,2%} such that there is an edge zy of G, with = € D,,, lab,, () = i, y € D,, and
lab,,(y) = j. It follows from the second condition above that if (i,7) € F then every vertex
x € D,, with lab,, (z) = i is adjacent in G to every vertex y € D,, with lab,,(y) = j. Let

* ok

Then t* is a (281 — 1)-expression with value (G,,lab*) say, and it satisfies the first two
displayed conditions above. However, it need not yet satisfy the third. Let us choose a
(281 — 1)-expression t, with value (G,,lab,) say, satisfying the first two conditions above,
and satisfying the following:

o {lab,(x) : x € D,} is minimal

e subject to this condition, max(lab,(x) : € D,) (= r say) is as small as possible.
(We call these the “first and second optimizations”.) For i = 1,...,r let X; = {z € D, :
lab,(x) = i}. The definition of r implies that X, # (). If there exists ¢ with 2 < i < r such
that X; = (), then applying the function p,_,; to t, produces a k-expression contradicting the
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second optimization. Thus, X, ..., X, are all nonempty. For 1 < i < r let Y; be the set of
vertices of V(G) \ D, with a neighbour in X;. From the first condition above, Y7 = . From
the second condition above, every vertex in X; is adjacent to every member of Y; for all ¢ with
1 <@ <r. If there exist ¢,7 with 1 <7 < j <7 such that Y; =Y}, then applying p,_; to ¢,
produces a k-expression contradicting the first optimization. Thus Y7, ... Y, are all distinct.

Let M be the matrix (m;; : i € D, j € V(G)\ D,), where m;; = 1 if i, j are adjacent and 0
otherwise. Then M has r — 1 distinct nonzero rows. Since (7, L) has width k, it follows that
M has rank at most k, and therefore M has at most 2¥ — 1 distinct nonzero rows (this is an
easy fact about any matrix over GF(2)). We deduce that r < 2*, and therefore t, satisfies the
third condition above.

This completes the proof that the k-expressions t, exist as described above. In particular,
if v is the root of T then G, = G, and so t, is a 2¥*1 — l-expression of G. We deduce that
cwd(G) < 2k — 1.

O

The above proof gives an algorithm that converts a rank-decomposition of order £ into a
(281 — 1)-expression. Let n = |V(G)|, and let (T, L) be the input rank-decomposition. At
each non-leaf vertex v of T, we first construct F, in O((2%)?) = O(1) time. Then merging
sets with the same neighbours outside D, will take time O (2%*n) = O(n). The number of
non-leaf vertices v of T is O(n). Therefore, the time complexity is O(n?). Note that we may
assume that checking the adjacency of two vertices can be done in constant time, because we
preprocess the input to construct an adjacency matrix in time O(n?).

Corollary 6.4. For given k, there is an algorithm that, with input an n-vertex graph G,
either concludes that rwd(G) > k or outputs a rank-decomposition of width at most 3k + 1.
Its running time is O(n®logn).

Proof. cutrky, can be calculated in time O(n?), so the claim follows from 5.5. O

Corollary 6.5. For given k, there is an algorithm that, with input a graph G, either concludes
that cwd(G) > k or outputs a (23¥%2 — 1)-expression of G. Its running time is O(n"logn).

Proof. This is immediate from 6.4 and 6.3. OJ

7. APPLICATION TO THE BRANCH-WIDTH OF A MATROID

In this section, we will show an interpolation of the connectivity function A of a matroid that
can be evaluated faster than \.;,, and a method to apply the matroid intersection theorem
to avoid the general submodular function minimization algorithms. So, approximating the
branch-width of matroids can be done much faster than that of general symmetric submodular
functions.

The following proposition is due to Jim Geelen (private communication).

Proposition 7.1. Let M be a matroid with rank function r. Let \(X) = r(X) + r(E(M) \
X) —r(M) + 1 be the connectivity function of M. Let B be a base of M. Then

Ap(X,Y)=r(XU(B\Y))+r(YU(B\X))—|B\X|—-|B\Y|+1

s an interpolation of .
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Proof. We verify the three conditions of the definition of an interpolation.

1) IfY = E(M)\ X, then
AM(X,Y)=r(X)+rY)—r(BNX)—r(BNY)+1=r(X)+rY)—r(M)+1=AX).

2) Let X; C X, and Y] CY;. Then
r(XoU(B\Y2)) 2 r(X1U(B\Ys) > r(XyU(B\ Y1) — (IB\Yi] —|B\Yal).
Therefore,
H(Xa U (B\Ya)) — |B\ Y3 > r(X, U (B\ Y1) — |B\Yi|.
Similarly,
(Y2 U (B\ X)) — |B\ Xol > r(¥; U (B\ X)) — | B\ Xy|.
By adding both inequalities, we deduce that Ag(Xs, Y2) > A\g(X1,Y)).

3) Let X;NY; =0 and X, NY, = (. Tt is easy to show that
(PNR)UQNS)C(PUR)N(RUS)

for any choice of sets P, (), R, S. Since r is submodular and increasing,

r(X1U(B\ 1)) +r(X2U(B\Y2))

F((X1 U (B\ V1)U (X2 U (B\ Y2))) + (X1 U (B\ V1)) N (X2 U (B\ ¥2))

>
> r(X3UXp)U(B\ (Y1NY2))) +r((XaNXp) U(B\ (Y1 UY2))).

Similarly
r(YiU(B\X1))+7r(YaU(B\ X2)) > r((YIUY2)U(B\(X1N X)) +r((YiNYs)U(B\ (X1 UX5))).
But also
B\ Xi| 4+ |B\ Xo| = [B\ (X1 N Xo)[ + B\ (X1 UX>)l.
Adding, we deduce that
AB(X1, Y1) + Ap(Xo,Y2) > Ap(Xi N Xy, Y1 UY,) + A(X7 U Xy, Y1 NY,).
O

To apply 5.5 to matroid branch-width, we needed a submodular function minimization
algorithm that, given a matroid M and two disjoint subsets X and Y, will output Z C E(M)
such that X C Z C E(M)\ Y and A(Z) is minimum. We would like to show that this can be
done by the matroid intersection algorithm. Let M; = M/X \Y, My = M\ X/Y. Let 1y,
ro be the rank function of My, Mj, respectively. Then by the matroid intersection algorithm,
we can find U C E(M) \ X \ Y minimizing 7 (U) + ro(E(M) \ X \ Y \ U). Using the fact
r(U) =r(UUX)—=r(X), ro(U) =r(UUY)—7r(Y), we get Z, X C Z C E(M)\Y minimizing
A(Z). And this can be done in O(n?) time (in terms of the rank oracle), where n = |E(M)|.

We deduce:
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Corollary 7.2. For given k, there is an algorithm that, with input an n-element matroid M,
given by its rank oracle, either concludes that bw(M) > k or outputs a branch-decomposition
of M of width at most 3k — 1. Its running time and number of oracle calls is at most O(n*).

Proof. Pick a base B of M arbitrarily. We use Ag as an interpolation of A. For a given partition
(A, B), finding a base X can be done in time O(n). Finding Z to prove that X is not well-
linked can be done in O(2%%=2n3). Therefore, the time complexity is O(n + n(n + 23*~2n3)) =
O(8Fnt). O
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