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ABSTRACT
The main result of this series serves to reduce several problems about general graphs
to problems about graphs which can “almost” be drawn in surfaces of bounded genus.
In applications of the theorem we usually need to encode such a nearly—embedded
graph as a hypergraph which can be drawn completely in the surface. The purpose
of this paper is to show how to “tidy up” near—embeddings to facilitate the encoding
procedure.

1. INTRODUCTION

In [2] we gave a theorem about the structure of graphs with no minor iso-
morphic to a fixed graph. (Graphs in this paper are finite, and may have loops or
multiple edges. A graph H is a minor of a graph G if H can be obtained from a
subgraph of G by contracting edges.) That theorem said that for every graph H,
every graph with no minor isomorphic to H can be expressed as a tree—structure of
“pieces”, where each piece is a graph which can be drawn in a surface in which H
cannot be drawn, except for a bounded number of vertices and a bounded number
of “local areas of non—planarity” (or vortices, as we call them). (The bounds here
depend on H, but not on the graph being decomposed.) In applications each piece
is usually then encoded as a hypergraph which can be drawn completely on the sur-
face, with edges labelled from an appropriate quasi-order, and in which every edge
has two or three ends. To carry out the encoding procedure, however, we need to
arrange that the near-embeddings of the pieces have nice connectivity properties.
The object of this paper is to show that any graph which can be near-embedded in
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some surface can also be “nicely” near-embedded in some surface, homeomorphic
to or simpler than the first, after removing a bounded number of vertices. (Readers
are warned that, unless they understand theorem (3.1) of [2], further reading of the
present paper is a waste of time.) Most of the paper is concerned with, given a
near—embedding, finding a better one, and analyzing its structure when there is no
better one. In section 13 we connect this with excluding a minor.

The main result of this paper is therefore rather humdrum; it will not cause
the reader any great excitement, and its proof is unfortunately quite lengthy. To
stimulate the reader’s interest, let us mention that finding the result was not hum-
drum at all. We really needed this to be true, for all the applications of this series
of papers, and for a long time the proof eluded us. (The crucial idea was that of
“warp”, defined in section 3. This may seem unnatural, but nothing simpler works

as far as we can see.)

Since for some applications it is needed, we work with near-embeddings of
hypergraphs rather than of graphs. Near-embeddings of hypergraphs arise when a
minor is excluded from the “1-skeleton” of the hypergraph, a situation which occurs
in applications. This is discussed in section 12 and 14. So a second objective of
the paper is to convert near-embeddings of 1-skeletons of hypergraphs to near—
embeddings of the hypergraphs themselves. This is straightforward, however, and
is nowhere near as delicate or difficult as the first objective.

A surface is a compact 2-manifold with (possibly empty) boundary. We
denote the boundary of a surface ¥ by bd(X). Each component of bd(X) is home-
omorphic to a circle, and we call these components the cuffs of . We denote by
Y(a, b, c) a surface obtained from a sphere by adding a handles and b crosscaps and
deleting the interiors of ¢ mutually disjoint closed discs. Thus ¥(0,0,1) is a closed
disc (which we shall usually just call a disc; when we mean an open disc we shall
say so), 3(0,0,2) is a cylinder, 3(1,0,0) is a torus, etc. Surfaces in this paper will
usually be connected. It is known that

(1.1) (i) For every non—null connected surface ¥ there are integers a,b,c such that

¥ ~ ¥(a,b,c).
(il) Xd,b', ¢ if and only if c =c',a+2b=a’ + 2V, and both or neither of b, b’
are zero.

[~ denotes homeomorphism.]

Let X, ¥ be connected surfaces, where ¥ ~ Y(a, b, c), ¥ ~ Xd’, V', ’. We say
that X is simpler than X' if the following conditions are satisfied:
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(i) if o =0, then b =10
(ii)) 2a +b< 2a" + 0
(iii) 4a+2b+c < 4ad' + 2V + (.
JFrom (1.1), this definition does not depend on the choice of a,b,c,a’, b, c.
Equivalently, ¥ is simpler than ¥’ if there exist a,b,c,a’, b, ¢ with ¥ ~ ¥(a, b, c),
YWe~Xdb,d,a<ad,b<b and 4a +2b+c < 4a’ +2b + (.
An O-arc in a surface ¥ is a subset homeomorphic to a circle, and a [0, 1]-arc

is homeomorphic to [0,1]. The ends of a [0, 1]-arc are defined in the natural way.
An [-arc is a [0, 1]-arc with both ends in bd(X) and with no other point in bd(X).

We shall need to cut along certain O— and I-arcs. Let ¥ be a connected
surface. If F' is an [—-arc with ends in different cuffs, then we may cut along F' and
obtain a new surface with one cuff fewer. If F' is an I-arc with its ends in the same
cuff we may cut along F' and obtain either

(i) a connected surface simpler than ¥, or
(ii) a surface with two components, both simpler than ¥, or

(iii) a surface with two components, one a disc and the other homeomorphic to
3.

Lastly, if F C X is an O-arc with F Nbd(X) = (), we may cut along F and obtain
either

(i) a connected surface simpler than ¥, or
(ii) a surface with two components, both simpler than ¥, or

(iii) a surface with two components, one a cylinder and the other homeomorphic
to X, or

(iv) a surface with two components, one a disc.

If X C %, we denote the closure of X by X, and we denote X —S by X. A painting
[ in a surface X is a pair (U, N), where U C ¥ is closed and N C U is finite, such
that

(i) U — N has only finitely many arc-wise connected components (which we
call cells of T)

(ii) for each cell ¢, its closure ¢ is a disc and ¢ is a subset of the boundary of
this disc, and |¢] < 3

(i) bd(Z)CU

(iv) for each cell ¢, if cNbd(X) # 0 then |¢| = 2 and €N bd(X) is a [0, 1]-arc with
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ends the two members of ¢.

(Thus, a painting is something like a drawing, except that we use discs instead of
line segments, and cells can have up to three “ends” instead of two.) We define
U(I') =U and N(I') = N. The members of N(I') are called the nodes of I'. The
set of cells of T" is denoted by C(I'). A region of I is a component of ¥ — U. Thus,
each region is a connected open set disjoint from bd(X). A node n is a border node
if n € bd(X), and otherwise it is internal. Similarly, a cell ¢ is a border cell if
cNbd(X) # 0 and otherwise it is internal. (The reader should note that ¢ may
contain border nodes even if ¢ is an internal cell.) The members of ¢ are the ends
of c. A node n and cell ¢ are said to border a cuff © if n € © and cN O # (. A
subset X C ¥ is '-normal if X NU(T") C N(T).

2. HYPERGRAPHS AND THEIR PORTRAYAL

A hypergraph G consists of a finite set V(G) of vertices, a finite set F(G) of
edges, and an incidence relation between them. The vertices incident with an edge
e are called the ends of e. Thus G is a graph if and only if every edge has one or two
ends. We say a hypergraph H is a subhypergraph of G if V(H) C V(G), E(H) C
E(G), and every e € E(H) has the same ends in H and in G; and we denote this
by H C G. A separation of a hypergraph G is a pair (A, B) of subhypergraphs with
AUB =G and E(ANB) = 0 (defining AU B, AN B in the natural way) and its
order is |V (A N B)].

Let G be a hypergraph. A portrayal 7 = (X,T, «, 3,7) of G consists of
(i) a non-null connected surface 3
(ii

(iii

)
) a painting I in 3

) a function a which assigns to each cell ¢ of I' a subhypergraph a(c) of G
(iv) a function 8 which assigns to each border node n of T' a subset 8(n) of V(G)
(v) an injection v from a subset dom(vy) of N(T") into V (G)

satisfying the axioms below. For any X C N(I') we denote {(n) : n € XN dom(v)}
by v(X): for each ¢y € C(I") we denote U(a(c) : ¢ € C(T") — {co}) by a(—cp): and
for each border node n we define 5(n+) = (n) if ¢ dom(y), and B(n+) U {y(n)}
if n € dom(v). The axioms are as follows:

(P1) G =U(alc) : ce C(T)), and E(a(c) Na(cd)) = 0 for distinct cells ¢,
(P2) ~(¢) € V(a(c)) for each cell ¢

(P3) ~(n) ¢ B(n) for each n € dom(y) Nbd(X), and B(n) C V(a(c)) for each
border cell ¢ and each n € ¢
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(P4) if ny,no are nodes bordering different cuffs, then 3(ni) N B(n2) = 0, and if
nq is a node bordering a cuff © and ny € dom(y) does not border ©, then
v(n2) ¢ B(na)

(P5) if ¢ is an internal cell then V(a(c) Na(—c)) C v(¢)

(P6) if cis a border cell with ends ny,n,, then
V(a(e) Na(=c)) € B(ni+) U B(na+)

(P7) if ny,no,ns3,ng are nodes bordering the same cuff of ¥ and in order, then
B(ni+) N B(nsz+) € B(ne+) UB(nat).

(“In order”, here and later in the paper, refers to the order of occurrence around

the cuff. We see that the conclusion of (P7) holds trivially unless ny,no, ns, n4 are

all distinct.) For readers having trouble digesting this definition, it may help at

this point to jump forward to (13.1) in order to better grasp what portrayals are.

Some remarks:

(1) Permitting dom(y) # N(T') is a helpful but artificial device to assist in
removing vertices. We shall eventually be able to restrict ourselves to por-
trayals with dom(y) = N(T').

(2) Unfortunately, we need to permit y(ny) € [(n2) for distinct nodes nq,n9
bordering the same cuff. Eventually this will be eliminated, but for the
moment the reader is warned that it can happen.

(3) (P6) and (PT) tell us, in spirit, that for each cuff © the a(c)’s for ¢ border-
ing © are arranged in a circle, each overlapping the next in 3(n+) (where
n is the common end). However, there is a possible degeneracy to be-
ware of. If ¢y, co border O, with ends nq,ny and ng,ns, it is possible that
B(n1+) N B(ng+) € B(nz+); but any vertex in S(ni+) N B(ns+) — Bna+)
lies in 3(n4+) for every ny # ny bordering ©. Eventually this degeneracy
too will be eliminated.

The reason for interest in portrayals is that they provide a means of “encod-
ing” the hypergraph G by the painting I", labelling the cells of " appropriately;
and the product of the main theorem of [2] can be converted into a portrayal. The
reason we are interested in portrayals of hypergraphs and not just of graphs is that,
by applying [2] to the “l-skeleton” of a hypergraph, we obtain a portrayal of the
hypergraph, as we shall see, and this will be important in proving Nash—Williams’

“immersions” conjecture.

First, let us observe the following.



6 NEIL ROBERTSON AND P. D. SEYMOUR

(2.1)  Given a portrayal 7 = (2, T,a, 3,7) of G, let (I1,I5) be a partition of
C(T). Fori = 1,2, let A; = U(a(e) : ¢ € I;). Then E(A; N Ay) = 0, and
V(A1 N Ag) = UJ(y(é)N y(é2) : e1 € I1,e0 € L) U (B(n): there exist border cells
c1 €11 and cg € I with n € ¢ N ¢3).

Proof. E(A1 N Ay) =0 from (P1). Fori=1,2,1let X; = J(¢: ¢ € I;) and let
Y, = U(E :c € I; 1is aborder cell).
We must show that

V(41N Ay) =y(X1nX) U J(B(n) :n € ViNYy) .
(1) V(X1 NXy) CV(A NA).

Subproof. Let n € X1 N Xo N dom(y), and choose ¢; € I1,co € I with n € ¢ N és.
By (P2), v(n) € V(a(er)) NV (a(Cs2)) C V(Ay N Az), as required.

(2) JBn) :nevinyy) CV(ANAy).

Subproof. Let n € Y1 NY5,, and choose border cells ¢; € I1,cy € Iy, with n € ¢ Nés.
Then from (P3), 8(n) C V(a(er)) NV (a(ez)) C V(AL N Ay) as required.

(3) V(41N Ay) Cy(X1nX) U J(Bn) ineYinYs) .

Subproof. Let v € V(A1 NAz). Choose ¢; € I1,co € I, withv € V(a(e1)), V(a(c)),
and choose them, moreover, such that as many of ¢y, co as possible are border cells.
Now if v € y(¢é1)N~y(é2) then since v is an injection it follows that v = y(n) for some
n € ¢ Néa N dom(y) € X1 N XoN dom(y) as required. Thus, from the symmetry,
we may assume that v ¢ y(é;). But

v e V(a(er) Nalez)) € Via(er) Na(—ci))

and so from (P5), ¢; is a border cell, and by (P6), there exists n; € ¢ with
v € B(n1). Let ¢; border a cuff ©. Suppose first that ¢ does not border ©. Then

since

v € Via(ez) Na(—e2)) N B(ny)

it follows from (P5), (P6) and (P7) that v = y(n) for some n € ¢ N dom(y). By
(P4), n borders © and so ¢ is internal; let ¢ be a cell bordering ©® with n € ¢.
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¢From our initial choice of ¢y, ¢y it follows that ¢ ¢ I, and so ¢ € I;. But then
n € ¢Ucé C X1 N Xy as required. We may assume then that co does border
0. 66666 v € V(a(c2) Na(—cz)), it follows from (P6) that v € B3(no+) for some
Ny € C. Since ¢; € I1 and ¢y € I5, there exist nodes ng,n4 bordering © such that
c1,Mm3,C2,ny4 are in order and n3 and n4 are both in Y7 NY5. Since ny,ng, no, nyg are
in order and v € B(ny) N B(na+), it follows from (P6) that v € B(nz+) U B(ns+).
JFrom the symmetry we assume that v € 3(n3+). But ng € Y1 NY5, and so either

v € Bng) € J(Bn) :n €Y1 NY)
or ng € dom(vy) and
v="(n3) € {y(n):n € X1 NXyN dom(v)} .

This proves (3). From (1-3) the result follows. W
3. WARP OF A PORTRAYAL

If V is a finite set, Ky denotes the complete graph with vertex set V; that
is, the edges of Ky are the 2—element subsets of V, with the natural incidence
relation. If G is a hypergraph, its 1-skeleton is the subgraph of Ky () in which
distinct u,v € V(G) are adjacent if there is an edge of G incident with both u and
v. We denote the 1-skeleton of G by G*.

A linkage in a hypergraph G is a set {P,... , P,} of mutually vertex-disjoint
paths of G*. (Paths have no “repeated” vertices, and we recognize the one-vertex
path; each path has an initial vertex and a terminal vertex.) If {P;,... ,P,} is a
linkage and for 1 < i < p, P; has initial vertex s; and terminal vertex t;, we say
{Py,..., Py} is from {s1,... ,sp} to {t1,... ,t,} and it pairs s; with ¢;(1 < i < p).

Let m = (X,T, 0, 3,7) be a portrayal of G, and let ¢ € C'(T') border a cuff ©,
with ends ny,nq. For p > 0 we say that ¢ has warp < p (in 7) if
(i) [8(n1)],[B(n2)| < p, and
(ii) if |B(n1+)| = |B(n2+)| = p + 1, then every linkage in a(c)* from ((ni+)
to B(na+) pairs y(ny) with v(ns).
The warp of ¢ is the minimum p > 0 such that ¢ has warp < p; and 7 has warp p

at O if p is the maximum warp of all the cells bordering ©. The warp of 7 is the
maximum of the warp of 7 at ©, over all cuffs © (or 1 if bd(X2) = 0).

4. TANGLES
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If & > 1 is an integer, a tangle of order 6 in a hypergraph G is a set 7 of
separations of G each of order < 6, such that
(i) for every separation (A, B) of G of order < 0, T contains one of (A, B), (B, A)
(i) if (A;,B;) € T(i=1,2,3) then A;NA,UA3 #G
(iii) if (A,B) € T, then V(A4) # V(G).
For elementary properties of tangles, see [1]. We define ord(T) = 6.

We say that A C G is small (relative to T) if (A, B) € T for some B C G. If
A is a subhypergraph of G, an attachment of A in G is a vertex of A incident with
an edge of G not in E(A). It is easy to see (compare [1, theorems (2.2) and (2.9)])
that
(4.1) (i) If A C G is small then (A,B) € T for every B C G such that (A, B) is a
separation of G of order < ord(T).
(ii) If Ay, A2 C G are small and a C Ay U Az has < ord(T) attachments in G
then A is small.
If G is a hypergraph and Z C V(G), we denote by G/Z the hypergraph with
vertex set V(G) — Z and edge set E(G), in which e € E(G) is incident in G/Z with
v € V(G) — Z if and only if e is incident in G with v.

If Z CV(G) and T is a tangle in G of order # > |Z|, we denote by T /Z
the set of all separations (A’, B’) of G/Z of order < 6 — |Z| such that there exists
(A,B) € T with Z C V(AN B),A/Z = A' and B/Z = B'. Tt is shown in L,
theorem (6.2)] that

(4.2) If T is a tangle in a hypergraph G, and Z C V(G) with |Z| < ord(T), then
T/Z is a tangle in G/Z of order ord(T) — |Z|.

If 7 is a tangle in a hypergraph G, and 7 = (X,T, o, 3,7) is a portrayal of
G, is said to be T—central if a(c) is small relative to T for every ¢ € C(T"). We
shall need the following lemma.

(4.3) Let ™= (X,T,«, 8,7) be a T—central portrayal of a hypergraph G, with warp
< p, and let T have order 8. There is no small subhypergraph A C G with < 0—2p
attachments, such that v(n) € V(A) for all n € dom(vy).

Proof. Suppose that there exists such A C G, and choose A maximal.
(1) For each internal cell ¢, a(c) C A.

Subproof. Since every attachment of AU «(c) is an attachment of A, it follows from
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(4.1) that A U a(c) is small, and so a(c) C A from the maximality of A.

Now since A # @, there is some cell ¢; with a(c;) € A. By (1), ¢; borders
a cuff ©. Let the cells and nodes bordering © be ny,c1,n2,¢2, ... , Nk, Ck, (N1) in
order. For 0 < j <k, let X; =AUa(e)U---Ua(g).

(2) For 1l < j <k, every attachment of X; which is not an attachment of A is in
B(n1) U B(njq1). In particular X; has fewer than 6 attachments.

Subproof. The second claim follows from the first, since |3(ng) U B(n,)| < 2p, and
A has < 6 — 2p attachments. For the first claim, let v be an attachment of X
which is not an attachment of A. Then v ¢ V(A), and v € V(a(c;)) for some ¢
with 1 < < j, and there is an edge e of G, incident with v, with e ¢ F(X,). Let ¢
be a cell of I' with e € E(a(c)). Then v € V(a(c;) Na(c)). If ¢ does not border O,
then by (P5), (P6) and (P7) it follows that v = y(n) for some n € © N dom(vy),
and hence v € V(A), a contradiction. Thus ¢ borders ©, and ¢ = ¢, say, where
j < j < k. Since v € V(a(c;) Na(—¢;)) and v ¢ (&), it follows that v € 5(np,)
where h = i or i + 1; and similarly v € B(ny/) where b’ = j' or 5/ + 1. Now

N1, M, Nj41, Ny are in order, and so

v € B(np) N B(nar) € B(n1) U B(nj41) -
s proves (2).
(3) Forl1<j<k,X,issmall

Subproof. Xy is small; and for 1 < j < k if X;_; is small then so is X, from (4.1),
because X; = X;_; Ua(c;) and X; has < @ attachments and a(c;) is small. The
result follows by induction on j.

In particular, X}, is small. But every attachment of X is an attachment of
A, as is easily seen, and so X has < 6 — 2p attachments. Since a(c;) C Xj and
a(er) ¢ A it follows that Xy # A; but this contradicts the maximality of A, as
required. W

5. SIMPLIFYING A PORTRAYAL

The main aim of this paper is to show that any 7 —central portrayal of a
hypergraph can be converted to one with nice connectivity properties (possibly by
removing a few vertices) if 7 has large enough order. In this section we begin the
process. Here we are concerned with 7—central portrayals such that there is no
simpler T—central portrayal of the same hypergraph.
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We define “simpler” as follows. Let 7 = (X,T', «, 3,7) be a portrayal of a
hypergraph G, and let 7’ = (X', I",a/,3',7") be a portrayal of a hypergraph G'.
We say that 7 is simpler than 7 if either

(i) X is simpler than ¥’ and the warp of 7 is at most that of ', or

(ii) there is a homeomorphism ¢ : ¥ — ¥’ such that for every cuff © of ¥, the
warp of 7 at © is at most the warp of 7’ at 1(0©), with strict inequality for
some cuff ©.

We say that 7 resembles ©' if there is a homeomorphism ¢ : ¥ — ¥’ such
that for every cuff © of X, the warp of m at © equals the warp of 7 at ¥ (0).

Now let 7 be a tangle in a hypergraph G. A T—central portrayal m of G is
0-redundant (relative to T) if there is no 7—central portrayal of G simpler than 7.
In this section we shall develop some consequences of 0-redundancy.

(5.1) Ifm=(X,T,«,8,7) is a 0—redundant T —central portrayal of a hypergraph
G, then for each cuff © of X, 7 has warp > 1 at O.

Proof. If 7 has warp 0 at ©, then 3(n) = ) for each n € © N N(T'). Let ¥’ be
the surface obtained by pasting a disc on ©, and let 3 be the restriction of 3 to
bd(X'). Then 7’ = (X', T, e, f',7) is a T—central portrayal of G, simpler than 7, a
contradiction. W

JFrom (5.1), every 0-redundant 7 —central portrayal has warp > 1.

Let I" be a painting in a surface X, let ¢ € C(I') be internal, and let n € ¢.
Choose a disc A C ¢ withn ¢ A and é — {n} C A, and define

" = (U(T) — ¢) UA,N(T)).

Then I" is a painting in X, with C(I'") = (C(T') — {c})U {A — (¢ — {n})}. We say
that I is obtained from I' by shrinking c¢ from n, and its cell A — (¢ — {n}) is the
shrunken c.

If f: A— B is a function and C is a set, we denote the restriction of f to
ANC by f|C.

(5.2) Letw=(%,T,«,8,7) be a hypergraph G. Let ¢ € C(T') be internal, and let
n € ¢ —dom(y). Let I be obtained by shrinking c¢ from n; and let o' be defined
by o'(c) = a(c), where ¢’ is the shrunken c, and otherwise o' = «. Then ©' =
(3,T7,a, B,7) is a portrayal of G.

The proof is clear.
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Given a portrayal (3,T, a, 3,7), if ¥ C ¥ we denote | (a(c) : ¢ € C(T'),c C
¥ by a(X').

(5.3) Letw = (X,T,a,8,7) be a 0-redundant T'—central portrayal of a hypergraph
G. Let F be a T'-normal I-arc with ends ny,ns such that 3(ni) = B(ng) =
F N dom(y) = 0. Then there is a disc A C X with F C bd(A) C F U bd(X) such
that a(A) is small.

Proof. By (5.2) we may assume that F N N(T') = {nq,na} and é¢N{ny,na} = 0 for
every internal cell ¢ of I'. Let A be a “neighbourhood” of F; that is, A C ¥ is a
disc, F C A, and

FNbd(A) = ANbd(E) = ANU(T) = {n1,ns} .

Let ¥ be the surface obtained from ¥ by cutting along F. Let A’, A” be the two
discs into which A is divided by this cutting, and let n; € A’ n!! € A" correspond
ton; (i =1,2). Let ¢ = A" —{n,nb}, ' = A" — {n},n}. Let

U() = (U(F) - {nl,ng}) U AI U A”
NO = (N(F) - {nlﬂnQ}) U {nllan,%nlllang

and let I'y = (Uy, Ng). Then I'y is a painting in Xy, and ¢/, ¢’ are cells of it.

Suppose first that ¥ is connected, whence it is simpler than . We define a
portrayal my = (3¢, 'y, g, Bo,7y) of G as follows:

'), ap(c") are both null

c) = ale) (ce C(Ty) —{,'})

ny) = Bo(ny) = Bo(ny) = Bo(ny) =0

n) = B(n) (n € No N bd(Xo) — {ny,ny,ny,n5}) .

It is easy to verify that mp is a portrayal of G; it is T—central; and yet it is simpler
than 7, a contradiction to the O-redundancy of .

Thus Y, is not connected. It therefore has exactly two components ', X/,
with A" C ¥/ A” C ¥”. ;From the symmetry we may assume that (a(X"),
a(X)) € T, for by (2.1) this is a separation of G of order 0.

Let IV = (Uy N X', Ny NY'); then I is a painting in X', and ¢ is a cell of it.
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We define a portrayal

) = a(X")

) = a(c) (c € O(I) —={c'})
B'(ny) = B'(n )=

)

o (!
/

c

B'(n) = B(n) (n € N(I') N bd(X) — {nf, ny})
v = IN(F)

Again, it is easy to verify that «’ is a portrayal of G, and is T—central, and its
warp is at most that of . Since it is not simpler than 7 (since 7 is O-redundant)
it follows that X' ~ ¥ and X" is a disc. This disc satisfies the theorem. W

We shall need a second, similar result, the following.

(5.4) Let = (3,1, 3,7) be a 0-redundant T —central portrayal of a hypergraph
G. Let F C X be a T'-normal O-arc with F N dom(y) = 0. Then there is a disc
A C X with bd(A) = F such that a(A) is small.

Proof. By (5.2) we may assume that F' N N(I') C bd(X) and for every internal cell
cof IyéNF = (. Since F is I'~normal, it follows that F Nbd(X) C N(T), and by
“diverting” F around each member of FNbd(X), we may assume that FNbd(X) = 0)
(for if the result holds for the new O-arc then it also holds for the original). Thus
FNU() =0.

Let 3y be the surface obtained from X by cutting along F', and let flo be
obtained from 20 by pasting discs on the resulting (one or two) new cuffs in .
Suppose that EO is connected. Then (20, T, a,3,7) is a T—central portrayal of G,
simpler than 7 (because S is simpler than X)), a contradiction.

Thus X, has exactly two components ¥/, ¥, and from the symmetry we may
assume that (a(X”), a(X')) € T, since by (2.1) this separation has order 0. Let
5 be the component of 3 corresponding to 3. Let I" = UC)n, NT)NX');
then I is a painting in 3/, Let ¢ € C(I") (this exists, since a(3") # G from one
of the tangle axioms). Define 7’ = (fl’, I, o, 3',v") as follows:

) = a(d)Ua(x")
o c) =a(c) (ce O(T") = {c'})
) = B(n) (n € N(I') N bd(Z"))
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Then it is easy to see that 7’ is a portrayal of G; and it is 7—central since o/(c’) is
small by (4.1). Its warp is at most that of 7, but it is not simpler, and so ¥’ is not
simpler than . Thus ¥” is a disc, satisfying the theorem. W

6. REDUNDANCY

Now we make a somewhat stronger hypothesis; we study portrayals such that

there is no simpler portrayal even if we remove a few vertices.

Let T be a tangle in a hypergraph G, and let m be a 7 —central portrayal of
G. We say that 7w is z—redundant, if z < ord (T), and for every Z C V(G) with
|Z| < z there is no T /Z—central portrayal of G/Z simpler than 7. In this section
we develop some consequences of z—redundancy.

We shall need the following lemma, a relative of [1, theorem (6.3)].

(6.1) Let T be a tangle of order 6 in a hypergraph G, and let Z C V(G) with
|Z] < 6. Let A C G such that A/Z' has fewer than 6 — |Z| attachments in G/Z,
where Z' = Z NV (A). Then A is small relative to T if and only if AJ/Z" is small
relative to T | Z.

Proof. Let C C @G, where V(C) = V(A) U Z and E(C) = E(A), and choose
D C @G such that Z C V(C N D) and (C, D) is a separation of G of order < 6.
(This exists, from our hypothesis about the attachments of A/Z in G/Z.) Then
A/Z' = C/Z. Suppose first that (C,D) € T. Then (D,A) ¢ T by the second
tangle axiom, since C U D = @, and so (A,D) € T (for (A, D) is a separation of
order < ) and so A is small relative to 7. Moreover, (C/Z,D/Z) € T/Z, and so
C/Z = A/Z' is small relative to 7 /Z. We may assume therefore that (C,D) ¢ T,
and so (D,C) € T. Consequently A is not small with respect to T, for AUD = G}
and since (D/Z,C/Z) € T/Z, it follows similarly that A/Z' is not small with
respect to T /Z, as required. W

(6.2) Let T be a tangle in a hypergraph G and let m = (3,1, o, 3,7) be a T—central
portrayal of G with warp < p. Let Z C V(Q), with |Z| < ord (T) — 2p — 2. Define

o'(c) = a(e)/(Z NV (a(e)) (c € C(T))
B'(n) = p(n) - Z (n € N(I') Nbd(X))
Y =v{n:n €dom(y),y(n) & Z} .

Then n' = (E,T,d,5,7") is a T |Z—central portrayal of G/Z, resembling or sim-

pler than .
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Proof. 1t is easy to verify (P1)—(P7), and so 7’ is a portrayal of G/Z; and clearly
the warp in 7’ of every border cell of " is at most its warp in w. Moreover, 7’ is
T /Z—central; for if c € C(T'), d/(c) has at most 2p +2 < ord(T) — |Z| attachments
in G/Z, and so o/(c) is small by (6.1). H

(6.3) Let m = (X,T, o, B,7) be a z—redundant T—central portrayal of G, with warp
<p. Let ord(T) > 24+ 2p+2, and let F C X be a T-normal I-arc with ends ny,no
and with |F N dom(v)| < z —2p. Then there is a disc A C X with F C bd(A) C
F U bd(X) such that a(A) is small.

Proof. Let Z = (3(n1) U B(n2) U{y(n) : n € F N dom(v)}. Then |Z| < z. Define

= (X, T, ¢, 5,9') as in (6.2). Then 7’ is not simpler than 7, and so 7’ resembles
7. Moreover, " is 0-redundant, since 7 is z—redundant, and so by (5.3) there is a
disc A C ¥ with F C bd(A) C F Ubd(Y) such that o/(A) is small relative to 7 /Z.
Hence, by (6.1), a(A) is small relative to 7, as required. W

(6.4) Let m = (X,T, o, B,7) be a z—redundant T—central portrayal of G, with warp
< p. Let ord(T) > 2+ 2p+ 2, and let F C X be a I'-normal O—arc with |F N
dom(7)| < z. Then there is a disc A C X with bd(A) = F such that a(A) is small.

Proof. Let Z = {y(n) : n € F N dom(y)}. Then |Z] < z Define 7’ =
(3,T,a/,3,7") as in (6.2); then ' resembles 7, and is 0-redundant. The result
follows from (5.4) and (6.1). W

(6.5) Let m = (X,T,,3,7) be a z—redundant T—central portrayal of a hypergraph
G with warp < q, let (A, B) € T have order < z, let © be a cuff of X, and let w have
warp p at ©. Let ord(T) > z+ 2q + 2. Then there exists either
(i) a node n bordering © with |3(n)| =p and S(n) NV (A) =0, or
(ii) a cell ¢ bordering © with ends ny,ny € dom(y), such that y(n1),v(na) ¢
V(A), there is no path of (AN a(c))* between B(n1) and B(ng), and

B(n1) =V (A)| = [B(n2) =V(A)| =p-1>1.

Proof. Let Z = V(AN B);then |Z| < z. Choose ¢ € C(I'), and define a portrayal
= (3,T,d, 6,7 of G/Z as follows:

o/ (c) = () /(Z NV () N (B/Z)) U(A/Z)
o/(c) = (a(e)/(ZNV(a(e)) N (B/Z) (c € C(T),c # )
B'(n) = B(n) —V(A) (n € N(I') Nbd (X))

v =ql{n:n e dom(v),y(n) ¢ V(A)}.
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We can view this as obtained by, first, applying (6.2) to obtain a (7/Z)-
central portrayal of G/Z; second, restricting it to obtain a portrayal of B/Z; and
third, adding A/Z back into «(c’) for one cell ¢, to obtain a (7 /Z)—central portrayal
of G/Z. This third step is possible since (A/Z, B/Z) is a separation G/Z of order 0,
and is in 7 /Z. We hope these remarks make it evident that 7’ is a (7 /Z)—central
portrayal of G/Z. Its warp at each cuff is at most that of 7, but it is not simpler
than 7 since 7 is z-redundant, and so its warp at every cuff, in particular at O,

equals that of 7.

We may assume that 3'(n)| < p—1 for each node n bordering ©, for otherwise
the theorem holds (since |3(n)| < p). (From the definition of warp, there is a cell
¢ bordering © with ends n1,ny such that |5'(n1+)| = |5 (n2+)| = p and there is a
linkage {Py,...,P,} in &/(c) from 3'(ni1+) to 5'(n2+) which does not pair v'(nq)
with 7'(nz). In particular, p > 2, and ny,ny € dom(y'), and so ny,ny € dom(y)
and y(n1),v(n2) ¢ V(A). Moreover,

p=16"(m+)] =1+[8(n1) — V(4)]

and so

B(n1) = V(A)| = B(n2) —V(A)=p—1.
We claim that for 1 < i < p, P; is a path of (B/Z)*. For it is certainly a path
of (G/Z)*, and it meets V(B/Z) since it meets ('(n1+) = B(n1+) — V(A); but
(A/Z,B/Z) is a separation of G/Z of order 0 and P; is connected, and so P; C
(B/Z)* as claimed.

Suppose that there is a path P,y of (a(c) N A)* between (3(nq) and B(ns).
Then {P,...,P,41} is a linkage in a(c) from B(ni+) to B(ne+) violating the warp
condition, a contradiction. Thus there is no such P,41, and the result follows. W

(6.6) Letm = (X,T,,5,7) be a z—redundant T—central portrayal of G with warp
< pandord(T) > z+2p+ 2, and let © be a cuff. There is no X C V(G) with
| X| < 2/3 such that X N B(n+) # 0 for every node n bordering ©.

Proof. Let m have warp ¢ > 1 at ©, and fix an orientation of ©. From (P7) we
have immediately:

(1) For each x € X there is at most one n € N(I') N © such that x € B(n+) and
x & B(n'+) where n' is the node of N(I') bordering © immediately following n.

We call n as in (1) the terminal of x. For each x € X, if there is a terminal
n of X with n € dom(y), let y(z) = v(n). (This is unique, by (1).) Otherwise, let
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y(x) = x. For each z € X, if x = y(n) for some n € dom(y) with |3(n)| = q, let
z(z) € B(n). Otherwise, let z(z) = z. Let

W =XU{y(z),z2(z): x € X}.

(2) For each n € N(T')N O, if |B(n)| = q then W N B(n) # 0.

Subproof. Let z € B(n+)NX. We may assume that = ¢ 3(n), and son € dom(7)
and = = y(n). Consequently either |3(n)| < ¢ or z(z) C 3(n), as required.

(3) For each cell ¢ bordering © with ends ni,ns € dom(y), if v(n1),v(n2) ¢ W
and [3(n1) = W| = [B(n2) = W| =q—1 then W N B(n1) N B(nz) # 0.

Subproof. We assume that ny follows ny. Let x € X N B(n1+). Since y(ny) ¢ W
it follows that = # v(n1) and so z € 5(ny). Since y(nq) ¢ W it also follows that
v(n1) # y(x), and so ny is not the terminal of z. Consequently = € 3(ny+). Since
x # y(ny) it follows that x € B(nsy), and so x € W N 3(n1) N B(ns2) as required.

Let A be the subhypergraph of G with V(A) = W and E(A) = 0. Then
(A,G) € T since |V (A)| < 3k < ord(T), and so A is small. But (2), (3) contradict
(6.5).

(6.7) Letm = (3,T,a, 3,7) be a redundant T—central portrayal of G with warp < p.
Let ord(T) > 2+ 2p+2, and let F be a ¥-normal I-arc with ends ny,ns and with
|F N dom(y)| < 2—2p—1. Let A be as in (6.3). Then B(ni+)N B(na+) C B(n+)
for allm € N(I') N ANbd(X).

Proof. Let © be the cuff with ni,n, € ©, and let m have warp g at ©. Suppose
that n’ € N(T')NANbd(E) and v € B(n1+) N B(ne+) — B(n'+). Let F' = ANO,
and let F”' be the other closed line segment in © with ends ny,n.. From (P7),
v € B(n+) for alln € N(I') N F".

If there exists n € N(I')NO such that v(n) = v and 3(n) # 0, choose u € 5(n),
and otherwise let u = v. Let A C G be the hypergraph with F(A) = E(a(A)),
V(A) = (a(A)) U{u}. Now «(A) has at most |F N dom(v)|+ 2p < z attachments,
and so A has at most z attachments. Since a(A) is small it follows from (4.1) (ii)
that A is small. Since ord(T) > z + 2p + 2, (6.5) implies that there exists either

(i) anoden e N(I')N © with |3(n)| = q and B(n) NV (A4) =0, or
(ii) a cell ¢ bordering © with ends my, mo € dom(), such that v(my),vy(mz) ¢
V(A) and V(A) N B(my1) N B(me) = 0.
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If (i) occurs, then since

[B(n) NV(A)] =0 <q=|3(n)

by (5.1), it follows that n ¢ F’, and so n € F". Consequently, v € 3(n+). Since
B(n)NV(A) =0 and v € V(A), it follows that v = y(n), and so u € 8(n) since
B(n) # 0 (since v is an injection). Hence u € V(A) N B(n) = ), a contradiction.

If (ii) occurs, then y(my) ¢ V(A) it follows that cN® C F" and so my, my €
F". Consequently v € 3(mi+4) N B(ma+), and since v € V(A) and v(my),y(m2) ¢
V(A) it follows that v # y(my),y(ms2), and so v € B(mq) N B(ms). But this
contradicts the truth of (ii).

Since in both cases we have obtained a contradiction, it follows that there is
no such v, n’, as required. W

7. SOME CONSTRUCTIONS

Now we give three ways of making new portrayals from old ones, which will
be of use later.

(7.1) Let # = (,T,a,8,7) be a T-central portrayal of a hypergraph G. Let
A C X be a disc with bd(A) I'-normal and |bd(A) N N(I')| < 1, such that a(A) is
small. Let ¢’ € O(T') with ¢/ C ¥ — A, chosen with & N bd(A) # 0 if possible. If
dNbdA) # 0, letT! = (UTC)NE—A, NO)NIS —A). If & N bd(A) = 0, let
I'=(U()—-A, N(T') — A). Define

() = ald) Ua(A)
o(c) = a(c) (c € O(I') = {c'})
Y =N

Then © = (5,T7,¢/, 3,7") is a T —central portrayal of G resembling .
The proof is clear.

(7.2) Letm = (X,T,«,B,7) be a T —central portrayal of a hypergraph G. Let A C X
be a disc, with bd(A) I'-normal and |bd(A) N N(I')| < 3, such that a(A) is small.
Define TV = (U(T)UA,N(T)N X — A); thus ¢ = A—(bd(A)N N(T)) is a cell of T".
Let A C G be minimal such that a(A) C A and v(N(T') Nbd(A)) CV(A). Define

I
:)> —~

o (c
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Then © = (5,T7,d/, 3,7") is a T —central portrayal of G resembling .
Again, the proof is clear.

We shall need a third construction, and to prove that it works we need the

following lemma.

(7.3) Letm = (3,T,a, 3,7) be a portrayal of a hypergraph G. Let ny,ny be distinct
nodes bordering a cuff ©, and let F C % be a '-normal I-arc with ends ny,no and
with FNAN(T) = {ny,na}. Let A C X be a disc with F C bd(A) C FU®, and for
each n € N(T') N bd(A) let S(n1+) N B(ne+) C B(n+). Let m have warp < p at O,
and let |B(n1+)| = |B(na+)| = p+ 1. Then every linkage in a(A) from B(n1+) to
B(na+) pairs y(ni) with v(ng).

Proof. Let {P,,...,P,} be a linkage in a(A) from ((n;+) to B(ng+). Since
|B(n1+)| = B(na+)| = p+ 1 and |B(n1)], |B(n2)| < p, it follows that equality holds
and ny,ne € dom(y), and every vertex in 3(ni+) is the initial vertex of one of
Py,...,P,. Let v(ny) be the initial vertex of P, say. We must show that y(ns) is
the terminal vertex of P.

Let M be the graph Py U...U P,. For each internal cell ¢ with ¢ C A, at
most one of P,..., P, has an edge in «(c)* since |V (a(c) N a(—c))| < 3, and so
the graph M N a(c)* may be drawn in the disc ¢ in the natural way. Let H be the
union of these drawings (taken over all internal cells ¢ C A). Then H is a drawing
in A of a subgraph of M denoted by M N A. Every component of H is a path with
both ends in I, where I = O N bd(A).

Now H is a drawing in A; let R be the region of H in A whose closure includes
F. Let the members of N(I') N I in the closure of R be my, mo,... ,mg, in order
in I. Hence m; = n; and mj = ns.

Choose 7 with 1 < ¢ < k maximum so that m; € dom(y) and v(m;) € V(Fp),
and suppose for a contradiction that ¢ < k. Let S be the closed line segment with
S C bd(R) and with ends m;, m;;1, such that SN F = (). Then no internal point
of S belongs to N(I') N I by the definition of my,... ,my. But every s € S either
belongs to the drawing H or belongs to bd(A), since S C bd(R), and it follows that
either S C I or S is part of H. The latter is impossible since y(m;4+1) ¢ V(P), and
so S C I. Since no internal point of S is in N(I') N I, it follows that SN N(I') =
{m;, m;+1}, and there is a border cell ¢ with S =¢N T and ¢ = {m;, m;+1}.

Let I; be the part of I between n; and m;, and let I, be that between m;4q
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and ny. (Thus I; and I, are either closed line segments or singleton sets.) Let
By =()(B(n+) :n€L,n N(I)) (h=1,2).

Let 0 < j < p. Certainly P; has initial vertex in B; and terminal vertex in By,
and so there is a minimal subpath @, of P; with initial vertex s; (say) in By and
terminal vertex t; in By. Consequently no internal vertex of (); is in B; U By. We
claim that Q; is a path of a(c)* from B(m;+) to B(m,+1+).

To show this, suppose first that s; = ;. Then s; € 3(n+) N B(n'+) where
n € I; NN(I') and n’ € I, N N(I'). Suppose that s; ¢ 3(m;+). Since ny,n, m;,n'
are in order it follows that

sj € B(n+) N B(n'+) C Blni+) U Blmi+)
and so s; € 3(ni+); and similarly s; € (n2+). Hence
sj € B(n1+) N B(na+) C Blmi+)

a contradiction. Thus s; € §(m;+) and similarly s; € 3(m;y1+), and Q; is a
subpath of a(c)* from B(m;+) to B(m;41+) as required.

We may therefore assume that s; # ¢;. ;From the minimality of Q);, no vertex
of @Q; is in B; N By. Now Q; € M, since every component of M has intersection
with By U By either included in By or in Bj. Since no internal vertex of (); is in
B, U By it follows that no edge of (); is in M. Hence for every edge e of ); there is
a boundary cell ¢ C A with e € E(a(c’)*). Since no internal vertex of @); belongs
to

V(a(d)Ua(=c)) € By UB;

for any boundary cell ¢/, we deduce that some boundary cell ¢ C A, @, is a path
of a(c')*. But V(Q;) meets B; — By and By — By, and so V(«a(c) Na(—c')) is not
a subset of By or By. Consequently ¢/ = ¢ and our claim holds.

It follows that {Qo,... ,Q,} is a linkage in a(c) from B(m;+) to B(m;y1+).
Hence |3(m;+1+)| = p+1 and so m;4+1 € dom(7y); and from the warp condition for
¢, the linkage pairs v(m;) with v(m;y1). But y(m;) is the initial vertex of @, and
so y(m;41) is its terminal vertex, and in particular, v(m;41) € V(P,) contrary to
the maximality of 7.

Hence ¢ = k, and the result holds. W
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(74) Let # = (X,T,,8,7) be a (2p + 3)-redundant T —central portrayal of a
hypergraph G, with warp < p, and let ord(T) > 4p+ 5. Let F C X be a I'-normal
I-arc with |[FAN(T')| =2. Let A C X be a disc with F C bd(A) C FUbA(X), such
that «(A) is small. Define I’ = (U(T)UA,N([)NY — A) and let ¢ be the cell
A —(FNN()). Define

o (c) = a(A)

o(c) = alc) (c€ O(I") — {'})
B = BI(N(I') Nbd(X))
Y =N

Then © = (X, T7d!, 3',4") is a T —central portrayal of G resembling .

Proof. (P1)-(P5) and (PT7) are easily verified, and we omit them. Let the ends
of F be ny,nsy. For (P6), it suffices to show that

V(' (d)na'(=c)) C B(ni+) U B(na+) .

But this follows from (2.1), setting Iy = {c € C(I') : ¢c C A}, I, =C(T") — L.

Thus 7' is a portrayal of G. Now «(A) is small, and so 7’ is T—central.
Moreover, the warp in 7" of each cell of C(I'') — {¢'} is the same as in 7. To
complete the proof we must show that ¢’ has warp in 7’ at most the warp (¢ say) of
m at ©, where © is the cuff of ¥ containing ny,no. (For then it will follow that 7’
resembles or is simpler than 7; and it cannot be simpler, since 7 is 0-redundant.)
By (5.1), ¢ > 1.

Let F' = bd(A) N ©; then F’ is a [0,1]-arc with ends ni,ne. Let F' C ©
be the other [0,1]-arc with ends ny,ny. (From (6.7) we deduce that for every
n € N(I') N F', B(n1+) N B(n2+) C B(n+). jFrom (7.3), ¢ has warp < ¢ in 7'.
This completes the proof. W

8. THE PAINTING OF A TRUE PORTRAYAL

Now we begin to use the results of the last two sections to show that, if G
has a T —central portrayal with reasonable redundancy, then it has a resembling
T —central portrayal with even more desirable properties.

Let m = (X,T, , 8, 7y) be a portrayal of G. Its truth is the sequence (11, ... ,7s)
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where
7, =|{c € C(T') : cis internal and |¢| =4 —d}|(i =1,... ,4)
75 = |[N(I') — bd(%)]
6 = |N(T) Nbd(X)] .
We order truths lexicographically; thus, if 7’ is another portrayal with truth (7{,... , 74),

we say that 7 is truer than 7’ if for some k£ (1 < k£ <6), 7, =7/ for 1 <i <k and
T, < T},

Let 7 be a tangle in a hypergraph G. A 0-redundant T—central portrayal
7 is true (relative to 7)) if there is no truer 7—central portrayal resembling .
(Certainly there is none simpler than 7, since 7 is 0-redundant.) In this section
we shall study properties of paintings in true portrayals. Throughout this section,
7= (%, a,f8,7) is a true, (2p+3)-redundant, 7—central portrayal of a hypergraph
G with warp < p, and ord(T) > 4p + 5.

(8.1) Ewery region of T is an open disc.

Proof. Otherwise, there is an O—arc F' C ¥ with FNU(T') = @ such that there is no
disc A C ¥ with bd(A) = F and ANU(T) = (). But then (7.1), applied to the disc
provided by (6.4), yields a truer 7—central portrayal resembling 7, a contradiction.
|

(8.2) The boundary of every region is an O—arc, and in particular, |¢| = 2 for every
cell c.

Proof. The second claim follows from the first. If the first is false then there is a
I'—normal O-arc F with |[FF N N(T')| = 1, such that there is no disc A C F with
bd(A) = F and ANU(I") C F. Hence (7.1) and (6.4) yield a truer portrayal, a
contradiction. W

(8.3) For every I'-normal I-arc F with |FNN(T')| = 2, there is a disc A C 3 with
F Cbd(A) C FUbA(X) such that ANN(L) C F and A includes exactly one cell
of I.

Proof. By (6.3), there is a disc A C ¥ with F' C bd(A) C F Ubd(X) such that a(A)
is small. But (7.4) applied to A does not yield a truer portrayal, and so the result
holds. W

(8.4) dom(vy) = N(TI).

Proof. Suppose that n € N(I') — dom(~). If n € ¢ and ¢ is internal then shrinking
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¢ from n yields a truer portrayal, a contradiction. Thus, n € ¢ for only two cells c,
both border cells. But this contradicts (8.3). W

(8.5) For every I'-normal O—arc F C ¥ with |[FNN(T)| < 3, there is a disc A C X
with F = bd(A) such that o(A) is small, and either

(i) ANN(T) C F and A includes at most one cell of T, or
(ii) |[FNAN()| =3, and |¢| = 2 for every cell ¢ C A.

Proof. By (6.4), there is a disc A C ¥ with F' = bd(A) such that a(A) is small.
We may assume that A includes some cell, for otherwise (i) holds, by (8.2). We
may therefore assume that there is a cell ¢ C A with |¢| > |FNN(T)|, for otherwise
(ii) holds, by (8.2). But (7.2) applied to A does not yield a truer portrayal, and so
(i) holds, as required. W

(8.6) If c is an internal cell, then [eNbd(X)| < 2, and if equality holds then |¢| = 3

and the two members of ¢ N bd(X) are consecutive.

Proof. ;From (8.3), any two members of ¢ N bd(X) lie on the same cuff, and are
consecutive nodes in that cuff. It follows that |[¢ N bd(X)| < 2 (unless cNbd(X) =
N(T') and |C(T")| < 4, which is easily seen to be impossible). If [¢ N bd(X)| = 2,
then again there is an I-arc violating (8.3) unless |¢| > 3, as required. W

We define C*(T") to be the set of all ¢ € C(T") such that there is no ¢’ € C(T")
with ¢/ 2cand ¢ C .

(8.7) For every node n there are at least two cells ¢ € C*(T') with n € ¢, and if
there are only two and |¢| = 2 for one of them, then c is a border cell.

Proof. 1f there is at most one such ¢, then n is internal and (8.5) is violated. If
there are only two, and |¢| = 2 for one of them, then (8.5) is violated, unless ¢ is a
border cell. W

(8.8) If c1,co are distinct cells with ¢, C éa, then ¢y is a border cell, and |é2] = 3

Proof. If ¢y is a border cell the claim follows from (8.6). Suppose then that c;
is internal. If ¢y is a border cell, then ¢; = é; and (8.6) is violated. Thus cs is
internal. Define IV = (U(T") — ¢4, N(I')); this is a painting. Define

o' (e2) = aler) U aler)

(c) (ce C(I) —ca) .

Then (X,I, &/, 8,7) is a truer portrayal, a contradiction. B
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9. CELL CONNECTIVITY IN A TRUE PORTRAYAL

Again, throughout this section 7 = (3, ', o, 3,7) is a true, (2p+3)-redundant,
T—central portrayal of a hypergraph G, with warp < p, and ord(7) > 4p + 5. Now
we study connectivity properties of the a(c)’s for individual cells c.

(9.1) Let co be an internal cell, and let v1,vy € y(ég). Then there is a path in a(co)*
from vy to ve with no other vertex in y(¢p).

Proof. Otherwise there is a separation (Aq, A3) of a(c) with v; € V(4;) (i = 1,2)
and V(A1 NAz) C v(é)—{v1,v2}. Hence |[V(A1NAs)| < 1. Choose discs Ay, Ay C
Co such that

Al N Ag = {’I’L S EO . y(n) S V(A1 mAg)}
A, D{necy:v(n)eV(4)} (t=1,2).
Let ¢; = A; — N(T') (i = 1,2), and let IV = ((U(T') — ¢p) UA; U Ay, N(T')). Then
I'" is a painting in ¥ with C(I'") = (C(T") — {co}) U {c1,c2}. Define
0[’(01) = Al,O/(CQ) = A2
a'(c) = alc) (c € C(I") — {e1,c2}) -

Then (3,I7,d/,3,7) is a T—central portrayal of G resembling 7w but truer, a con-
tradiction. W

(9.2) Let ¢y be an internal cell with |éo| = 3, and éy = {n1,n2,n3}. Then there do
not exist subhypergraphs Ay, As, A3 C a(cy) and v € V(a(eg)) such that ~v(n;)
V(A;) (i =1,2,3), A UA UAg = afcg), and for 1 <i < j <3, E(AiNA;) =
and V(A; N Aj) = {v}.

€
0

Proof. Suppose that such A, Ay, A3 exist. By (9.1), v # vy(n1),v(n2),v(ns).
Choose ng € c¢p, and discs A; C ¢ with n;, € A; (1 = 1,2,3) such that for
1<i<j<3,A,NnA;={ng}. Let ¢; =A; —{ng,n;} (¢ =1,2,3), and let

I' = (UT) — co) UAL UAy UA3, N(T) U {no}) .

Define o/(¢;) = A; (1 = 1,2,3) and &'(¢) = alc) (¢ € C(I') — {c1,¢2,c3}). Define
v (ng) = v, v (n) =~v(n) (n € N(I'') — {no}). Then (X,I",¢/,3,7') is a T—central
portrayal of G resembling 7 but truer, a contradiction. W

(9.3) Let ¢y be a cell bordering a cuff © with ¢o = {nq,n2}, and let © have warp
q at ©. Suppose that there is no internal cell ¢ with ¢g C ¢. Then there are ¢ + 1



24 NEIL ROBERTSON AND P. D. SEYMOUR

mutually vertex—disjoint paths of a(co) from B(ni+) to B(ne+), and in particular
B(ni)| = q (i =1,2).

Proof. Otherwise, there is a separation (Aq, As) of a(cg) of order < ¢ with 3(n;+) C
V(Ay) and B(na+) C V(Az). Let r be the region of T' with 7 N¢g # (). Then
7N bd(X) = {n1,n2}, for otherwise there would be an I-arc violating (8.3). Since
there is no internal cell ¢ with ¢y C ¢, it follows that there is an internal node nyg
incident with r. Let Ay C r U {no} U¢ be a disc with {no} N¢ C Ay. Then
ng,ni,na € bd(Ap); let Fy C bd(Ap) be the line segment between ng and n; not
containing ny, and define Fy similarly. For i = 1,2, let A; C r U {ng,n;} be a disc
with Ag N A; = Fy. Let ¥/ = X — (Ag — (Fy U F)), let

I/ = (U(T) - co) UA; U Ay, N(T)) .

Then I'' is a painting in ¥, and ¢; = A; — {ng,n;} isa cell of it (i = 1,2). For ¢ =
1,2, let A} be the hypergraph with E(A}) = E(A;) and V(A]) = V(4;) U {y(no)}.
Define

It is straightforward to verify that ' = (¥/,T", &/, 3, ) is a portrayal of G. More-
over, it has warp < g at ©, for |V (A; N A3)| < ¢, and there is no linkage in o/(¢y)
between ((ni+) and S(no+) of cardinality ¢ + 1 since y(ng) is an isolated vertex of
o/(c1) and is not in 3(n1+) (and similarly for o/(c2)). Since A; is small and hence
Al is small (i = 1,2) by (4.1)(ii), it follows that «’ is T -central. But it is truer
than m, a contradiction. H

(9.4) Let m have warp q at a cuff O; then |3(n)| = q for alln € N(I')N©O.

Proof. Let ny € N(I') N O, and suppose that |3(n1)| < ¢g. Let ¢y be a border
cell with ny € é&y. Since |3(n1)| < ¢ there are not ¢ + 1 mutually vertex—disjoint
paths as in (9.3), and so by (9.3) there is an internal cell ¢3 with ¢y C é3. By (8.8)
|és| = 3 and by (8.6) the third node of ¢5 is internal. Let é3 = {ny,nq,n3} where

¢o = {n1,n2} and ng is internal.

Let F; C ¢3 U{n;,n3} be a closed line segment with ends n;,ng and F; N
bd(¢3) = {mi,n3} (i = 1,2), chosen so that F; N Fy = {nz}. Let A C ¥ be the disc
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bounded by Fi UF,U (cgNO) and let ¥/ = X — (A— (F}UF5)). Let F| be the closed
line segment in bd(¢3) between n3 and n; not containing ny, and define Fj similarly.
For i = 1,2, let A; be the disc bounded by F; U F/, and let ¢; = A; — {n;,n3}. Let

I'=(U) - (A= (1 UR)), N(I));

then I'' is a painting in ¥’ and ¢, ¢y are cells of it. By (8.3) , C(I'") = (C(T") —
{co,c3}) U{ecr,ea}. Define

a(e1) = aleg) U ales)
V(d/(c2)) = B(n1) U{v(n1),7(n3)}, E(a'(c2)) =10
a'(c) = a(c) (e € C(T) — {co,c3})
B'(n3) = B(ni+)
B'(n) = B(n) (n € N(I') Ubd(X)) .

Let 7/ = (X,T,d, 8',7); we claim that 7' is a portrayal of G. (P1)-(P6) are
obvious; let us verify (P7). Let ©' be the cuff of X/ corresponding to ©, and let
my, ma, mz,mg € N(I'') border ©" in order. We must show that

Blma+) N B(ms+) C Bma+) U Blmat) .

We may assume that mq, msy, m3, my are all distinct, and that one of them is ns;
indeed, we may assume that mq = n3 or mo = ngz. If my = ng, then ny, mo, ms3, my

are in order around © (although they are not necessarily distinct), and so
B(ni+) N B(ms+) € B(ma+) U Blma+) .

Since B(n1+) N B(ms+) = B'(m1+) N B(m3z+) since y(n3) ¢ B(ms+), the claim
follows. If my = ng it follows similarly, since now my,nq, ms, m4 are in order around

O.

Thus, 7’ is a portrayal, and by (4.1)(ii) it is 7-central. It remains to check
its warp, and it suffices to check the warp of ¢; and ¢y in 7’. Since |3'(n1+)| < ¢,
it follows that ¢; has warp < ¢. Let {Py,...,P,} be a linkage in o/(c2) from
B'(na+) = B(n2+) to F'(ng+) = B(n1+) U {y(n3z)}. Then 7(n3) is the terminal
vertex of one of these paths, say Py; and we must show that P, has initial vertex
v(n2). But y(n1),v(n2) are not internal vertices of Py, since each of them is an end
of one of Py, ... ,P,. But y(n3) ¢ a(cp), and so the edge of P incident with y(n3)
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is an edge of a(c3)*. Since no internal vertex of P, is in 7(c3) it follows that Py is
a path of v(c3), and hence its initial vertex is in

Bna+) NV (ales)) = {v(n2)} U ({y(n1)} N B(n2)) -

But 7(n1) is the terminal vertex of one of P,... , P, and so is not the initial vertex
of Py; and so 7(n2) is the initial vertex of Py as required.

We conclude that 7’ is a T—central portrayal of G, resembling or simpler than
m. But it is truer, a contradiction. W

We shall need the following standard lemma from network flow theory. If H
is a graph and X C V(H), we denote by H\X the graph obtained by deleting X.

(9.5) Let H be a graph, let A, B C V(H), and let X C A and Y C B with
|X| = |Y| = q. Suppose that there is a linkage in H\(A — X) from X to a q—subset
of B, and there is a linkage in H\(B —Y) from a q—subset of A to Y. Then either
there is a linkage in H\((A—X)U(B—=Y)) from X toY, or there are ¢+1 mutually
vertex—disjoint paths in H from A to B.

(9.5) is used to prove the following.

(9.6) Let ¢ be a cell bordering a cuff © with ég = {ny,n2}, and let ™ have a warp
q at ©. Then there are q mutually vertex—disjoint paths of a(co)* from (B(ny) to
B(ns), each containing neither y(ny) nor y(ns).

Proof. We claim first that there is a linkage in a(co)*\{v(n1)} from 5(n;) to a
subset of 3(ny+) of cardinality q. For suppose not; then by Menger’s theorem, there
is a separation (Aq, As) of a(cy) of order ¢ with 3(n;+) C V(A4;) and SB(no+) U
{7(n1)} C V(As). Let ¢; be the border cell with ¢; # ¢y and ny € ¢;. Define

o' (co) = A
o' (e1) = Ay Ualer)
a'(c) = alc) (c e C(T) — {co,c1})
B'(n1) = V(A1 N A2) —{v(n1)}
B'(n) = B(n) (n € N(I') Nbd(Z) — {n1}) .

Then 7" = (X,T,a/,3',7) is a I'—central portrayal resembling or simpler than .
(Both ¢; and ¢z have warp < ¢ in 7’ because |3 (n1)| < g.) Hence 7’ resembles T,
and (since I is unchanged) 7’ is true; but |3'(n1)| < ¢, contrary to (9.4).
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Thus there is a linkage in a(co)\{y(n1)} from 3(ny) to a g—subset of B(na+),
and similarly there is a linkage in a(cy)\y(n2) from 3(ny) to a g—subset of 3(ni+).
(From (9.5) we deduce that either there is a linkage in a(c)\{v(n1),v(n2)} from
B(n1) to B(ny) (and hence the theorem holds) or there is a linkage {F, ..., P,} of
cardinality ¢ + 1 from (n1+) to S(n2+). We may therefore assume the latter. By
the warp condition it pairs v(n1) with y(ny), and so we may assume P, has initial
vertex y(n;) and terminal vertex y(nz); but then P,... , P, satisfies the theorem.
|

(9.7) For every border node n,3(n) Ny(N(T')) = (.

Proof. Let n border a cuff ©, and suppose that y(n’) € ((n) for some n’ €
dom(y) = N(I'). By (P4), n’ borders ©. Let c¢;,co be the border cells with
n' € é1,¢2 and let ¢; = {n',n;} (i =1,2). Then n,ni,n’,ny are in order, and so

v(n') € B(n+) N B(n'+) € B(n1+) U B(na+)

and we may assume that y(n') € B(n;+). Since n’ # ny and so y(n') # y(n1), it
follows that y(n') € B(n1). But by (9.6) there is a linkage from 3(n’) to 3(n1) not
passing through (n'), a contradiction. W

We summarize (9.3), (9.4), (9.6), (9.7) in the following.

(9.8) Let ¢y be a border cell with co = {n1,n2}. Then

(i) 18(m)] = [8(n=)| =q and fn1) N A(N(D)), B(nz) N A(N(T)) =0

(ii) there is a linkage {P,. .., Py} in a(co)\{v(n1),v(n2)} from B(ny) to B(ns)
such that either there is a path Py such that {Py,Py,..., Py} is a linkage
in a(cy) from B(ni+) to B(ne+), or there is an internal cell ¢ with |¢| = 3
and ¢o C ¢.

10. CIRCUMNAVIGATING A VORTEX

Throughout this section, 7 = (X,T,«r, 3,7) is a true, T-central portrayal
of a hypergraph G, with warp p, and it is z—redundant where z > 2p 4+ 3, and
ord(T) > z+2p+ 2.

Assign arbitrarily an orientation to each cuff of ¥, called clockwise. Then
for each cell ¢ bordering a cuff ©, we may call one member of ¢ the tail of ¢ and
the other its head, so that the head of each cell is the tail of the next as the cuff
is traversed clockwise. Let ¢ be a border cell with tail n; and head ns, and let ¢
have warp ¢ in m. By (9.8) we may choose a linkage {Q1,... ,Q,} of a(c) from
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B(n1) to B(nz2) such that y(nq1),v(n2) ¢ V(Q1),...,V(Q,), and either there is a
linkage {Qo,Q1,-..,Qq} of a(c) from ((n1+) to B(nz+), or there is an internal
cell ¢ with ¢ C ¢’. Choose such a linkage {Q1,...,Q,} arbitrarily; we call it the

standard linkage in a(c).

Let © be a cuff, let 7 have warp ¢ at ©, let ng be a node bordering O, and let

v € B(ng). Let the nodes and cells bordering © be ng,ci,n1,¢2,... ,Ck, Nk = N,
in clockwise order. Let vy = v, and inductively, having defined vg,... ,v;,_1; and
Py,... P;_; for some 1 < i <k, let P; be the path of the standard linkage in «(c;)

from (3(n;—1) to B(n;) with initial vertex v;_1, and let v; be its terminal vertex.
From this inductive definition we see that v; € B(n;) (0 < i < k). We define
L(U,’I’Lo) to be P1UUPk

(10.1) With notation as before, if vy, # v then L(v,ng) is a path, and if vy = v
then L(v,ng) is a circuit; and for distinct v,v' € B(ng), L(v,ng) and L(v',ng) are
edge—disjoint, and if some vertex u belongs to both of them then both are paths and
u 48 an initial vertex of one and a terminal vertex of the other.

The proof (using (6.6) with |X| = 1 and (P6) and (P7)) is clear but lengthy,
and we omit it.

(10.2) There is no (A,B) € T of order < z with V(L(v,ng)) C V(A).

Proof. Suppose that such an (A, B) exists, and choose it with B minimal. By [1,
theorem (2.8)], L(v,ng) C A. Define P,... , Py as before, and then we see that for
1 <i<k,P; is a path of (AN a(e))* from B(n;—1) to B(n;). But this contradicts
(6.5). m

(10.3) For each cuff ©, there is no (A, B) € T of order < z with y(N(I')NO) C
V(A).

Proof. Suppose that there is such an (A, B), and choose it with A maximal and
B minimal. By [1, theorem (2.8)] applied to a separation (Bj,Bs) of B with
Bi N By = AN B, we deduce that G/V(A) is connected. By (4.3), since A has
< z < ord(T) — 2p attachments, there exists ng € N(I') with y(no) ¢ V(A). By
(5.1) and (10.2), there exists ¢y € C(T') bordering © with V(a(cy)) € V(A). Since
G/V (A) is connected there is a path P of (G/V (A))* with one end 7(ng) and the
other in V(a(co)). But by (2.1), (A1, A2) is a separation of G where

Ay =U(a(c) : ¢ € C(I') borders O)
Ay = U(a(c) : ¢ € C(I') does not border ©)
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and V(A; N Ay) C y(N(T') N O). Since P has one end in V(A;) and the other
in V(A4y) (for y(ng) € V(Az) by (8.7)) it follows that V(P N Ay N Ay) # 0. But
V(P) € V(G) —V(4), and

V(A1 NAz) Cy(N(I)NO) CV(A),
a contradiction. W

11. SURFACE SEPARATIONS IN A TRUE PORTRAYAL

This section is devoted to analyzing separations (A, B) € T with a(cy) C A
of order < |V(a(cy) Na(—cp))|, for cells ¢q in a true portrayal. Throughout this
section 7 = (X,T', 0, 3,7) is a true, (2p + 4)-redundant, 7—central portrayal of a
hypergraph G, with warp < p, and ord(7) > 6p + 8. For I C C(T') we define
v(I) = U(y(€) : ¢ € I). We begin with the following.

(11.1) Let I, J be a partition of C(I") with v(I),v(J) # N(I') and |y(I)N~v(J)| < 3.
Then |y(I) Ny(J)| = 3 and there is a disc A C X such that:

(i) {ce C(I"):cC A} is one of I,J
(il) «(A) is small, and
(iii) either bd(A) is a I'-normal O-arc in ¥ and N(I') Nbd(A) = v(I) N ~(J),
or F Cbd(A) CFUb(X) and N(T')NF =~(I)N~y(J) for some I'-normal
I-arc F.

Proof. Let S be a surface with bd(f]) = (), obtained from ¥ by pasting a disc onto
each cuff of ¥. We may regard I' as a painting in S. For each region 7 of I' in f], r
is an open disc and 7 — r is an O-arc by (8.1) and (8.2). Choose a representative
point from each region of I' in f], and let H be the simple bipartite graph with
vertex set the union of N(I') and the set of all these representative points, in which
the point representing a region r is adjacent to n € N(T') if n € 7. Take a drawing
of H in ¥ in the natural way, and for each circuit C' of H let U(C) be the O-arc
in S corresponding to C' in the drawing.

(1) For every circuit C of H of length < 6, either
(i) U(C) is a T'-normal O-arc in ¥, or
(ii) U(C)NX is a T-normal I-arc in X, or
(iii) U(C)NN(T) = {n1,n2,n3} C O for some cuff © of X, and U(C)NE = FLU
Fy where Fy, Fy are I'-normal I-arcs with F; N N(I') = {n;,n3} (i = 1,2)
and Fy N Fy = {ns}.
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Subproof. Since |E(C)| < 6 it follows that |[U(C) N N(I")| < 3 and so U(C) meets
at most one component of & — ¥. If U(C) C ¥ then (i) holds, and so we assume
that for some component r of S - 3., the point v representing r belongs to C. Its
neighbours in C are both nodes ny,ny € N(I') bordering the corresponding cuff ©.
If no other point of U(C) N ¥ belongs to bd(X) then (ii) holds; and if some point
ng € U(C) N X belongs to bd(X), then ng € N(T') and n3 € © by (6.3), and so (iii)
holds. This proves (1).

JFrom (1), (6.3) and (6.4) it follows that for every circuit C' of H of length
< 6, there is a disc ins(C) € S bounded by U(C) such that a(ins(C)) is small.
JFrom (1), (8.3) and (8.4), we deduce that:

(2) For every circuit C of H with |E(H)| =4, ins(C) is the closure of a region of

Now every region of H includes a unique cell of I, and every cell of I is in a
unique region. Let §(I) be the subgraph of H consisting of all edges e of H (and
their ends) such that one of the regions of H incident with e includes a cell in I,
and the other includes a cell in C'(T") — I. We see that

(3) E(6(1)) # 0, and every vertez of 6(I) has even valency in 6(I), and every edge
of 6(I) has an end in V(6(I)) N N(T); and

V(6(I)) N N(T) S ~(I) Ny (J)
and consequently |V (§(1)) N N(T)| < |y(I) nv(J)| < 3.
We claim
(4) 6(I) is a circuit of length 6.

Subproof. We prove (4) by induction on |E(d(I))|. We suppose, for a contradiction,
that (4) is false, and hence §(I) has a circuit, C say, of length 4, by (3). By (2),
ins(C) includes a unique cell ¢y of ', and u, v € U(C) where ¢y = {u,v}. If ¢g € I let
I'=T—{co},and ifcg ¢ I'let I' = TU{cp}. Let J' = C(I')—1I'. Then ~(I") C ~(I)
and v(J') C y(J), since u,v € y(I) U~v(J). Consequently, v(I'),v(J") # N(I'), and
|v(I"YN~y(J")| < 3. Moreover, E(§(I")) = E(6(I))— E(C), and so from the inductive
hypothesis, §(I’) is a circuit of length 6. By (3), V(6(I)) N N(I') C V(§(I")), and
so there is a 2—edge path joining u and v in §(I’). Consequently there are three
2—edge paths joining v and v in H, contrary to (2). This proves (4).

Let (1) = D. Now U(D) partitions C'(I') into two sets, those cells within
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ins(D) and the remainder, and by definition of §(I), one of these sets is I and the
other is J. By applying (1) to D we see there are three cases.

Case 1: U(D) is a T-normal O-arc in X.
Let A =ins(D); then the theorem holds.
Case 2: U(D)NY = F is a ''normal /-arc in 3.
Let A be the disc provided by (6.3); then the theorem holds.

Case 3: U(D)NN(T') = {ny,n2,n3} C O for some cuff ©, and U(C)NE = F, U F,
where F'y, F are I—normal [-arcs with F;NAN (") = {ny,n3} (i = 1,2) and F1NF, =
{ns}.

By applying (8.3) to Fy and to Fy, we see that ins(D) N N(T') = {nq,n2,n3}
and so one of y(I),v(J) = N(I'), a contradiction.

This completes the proof. W

(11.2) Let (A, B) € T have order < ord(T) —4p —3, let ¢y € C(T') with a(cy) C A,
let I,.J be a partition of C(T') so that y(I) C V(A) and v(J) C V(B) and let

H{n € N(I') : y(n) e V(AN B)}| < | -

Then equality holds, and either
(i) {n e N(T') : v(n) e V(A)} = ¢ and v(n) € V(B) for alln € N(T'), or
(ii) |éo| = 3, and there is a T'-normal I-arc F and a disc A C ¥ with a(A)
small and with F C bd(A) C FUbd(Y), such that I = {c € C(T") : ¢ C A}
and for allmn € N(I'), v(n) € V(A) if and only if n € A, and y(n) € V(B)
if and only if n € ¥ — A.
Proof. Let X ={n € N(I') : v(n) e V(4)}, and Y = {n € N(I') : v(n) € V(B)}.
Then X UY = N(T'), é C X, [XNY| < |é&|and ¢ C X or ¢ CY for every cell c.
Moreover, y(I) C X and v(J) C Y, and so

Iy (D) NN < X NY] < el <3

Since A is small and has < ord(7T) — 2p attachments, it follows from (4.3) that
v(n) ¢ V(A) for some n € N(T'), and consequently X # N(I') and so v(I) # N(TI).
Suppose first that v(J) # N(I'). Then by (11.1), |v(I) N y(J)| = 3 and there is a
disc A as in (11.1). Since

() N () S [XNY]< el <3
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it follows that equality holds throughout, and in particular v(I) N y(J) = X NY,
and | X NY] = |e] = 3. Moreover, X = y(I) and ¥ = 7(J). Since A has
< ord(T) —4p — 3 attachments and «(A) has < 2p + 3 attachments, it follows that
AU a(A) has < ord(T) — 2p attachments; and since A and a(A) are small, we
deduce from (4.1)(ii) that AU «(A) is small. By (4.3) there exists n € N(I') with
v(n) ¢ V(AU «(A)). Hence n ¢ A, and n ¢ X, and so every cell ¢ with n € ¢
belongs to J. Since there is such a cell, it follows that {c € C(T') : ¢ C A} # J, and
so{c€ C(T):cC A} =1I. We deduce that X C ANN() andY C X — ANN(T)
(because X = v(I) and Y = ~v(J)).

Let us investigate the two cases of (11.1)(iii). Suppose, first, that bd(A) is a
I'“normal O-arc in ¥. Since ¢y € I and hence ¢y C A, it follows from (8.5) that
ANN(T) Cbd(A), and so Y = N(I') contrary to our assumption. Thus bd(A) is
not a I"normal O-arc in ¥, and by (11.1)(iii) there is a ['normal [-arc F' with
F Cbd(A) CFUME) and NT)NF =~(I)N~(J). Then NT)NF =XnNY,
and (11.2)(iii) holds. We conclude that the theorem is true if v(.J) # N(T).

Now let us assume that v(J) = N(I'), and consequently ¥ = N(I'). Since
|X NY| < |é| we deduce that |X| < |é|; and since ¢y C X it follows that X = ¢.
But then (11.2)(i) holds, as required. W

(11.3) Let F C % be a I'-normal I-arc with F NN (I') = {n1,n9,n3}, where F' has
ends ny,ns, and let A C X be the disc with a(A) small and F C bd(A) C FUbd(X).
Suppose that there is a cell co C A with |¢o| = 3. Then either

(i) éo =ANN() or

(i) there is no separation (A1, A2) of a(A) with V(A N Ag) = {v(n1),v(n2)},

v(ns) € VI(A1), and B(ny) U B(nz) € V(A4z).

Proof. Suppose that (ii) is false, and let (A;, A2) be a separation as in (ii). Let
Fy = bd(A) Nbd(X) and let Fy, F; C A be closed line segments, both with ends

n1,ny and with

FiNEy = (F1 U Fg) N bd(A) = {nl,ng} R

where F} is a subset of the disc in A bounded by F; U Fy. Let Ay C A be the disc
bounded by Fy U F, and let A; C A be the disc bounded by (bd(A) — Fy) U Fy. Let

F, == ((U(F) - A) U Al U Ag, (N(F) - A) U {’I’Ll,’I’LQ,’I’Lg}) .

Then I' is a painting in ¥ and ¢; = Ay —{ny,n9,n3}, ca = Ay — {ny,ns} are cells
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of it, and C(I') = {¢1,c2} U{c € C(T') : ¢ € A}. Define

a'(e1) = Ay
o (c2) = Ay

d'(c) = ale) (ce C(I) — {c1,c2})
B'(n) = B(n) (n € N(I') N bd(%))
¥ (n) =v(n) (n € N(I"))

Then it is easy to check that 7' = (X,1V, ¢/, 5’,+') is a portrayal of G. Since «(A)
is small it follows that A; and A, are small, and so 7’ is T—central. Let us check its
warp. It suffices to check the warp condition for c3. Now 3(n1+)N3(n2+) C B(n+)
for every n € N(I') N Fy, by (6.7) with z = 2p+4, since 7 is (2p+4)-redundant and
ord(T) > 4p + 6. By applying (7.3) to the “restriction” of 7 to Ay we deduce that

/

the warp condition holds for ¢3. Consequently, ' is a 7 —central portrayal of G,

resembling 7. Since it is not truer, and yet A includes a cell ¢p of T with |&y| = 3,
it follows that (i) holds. W

We denote by S the union, over all border cells ¢, of the vertex set of the
standard linkage in «(c). For any separation (A, B) of G we define

D(A,B) = {c € C*(T) : 4(¢) ¢ V(A) and v(¢) ¢ V(B)}

(We remind the reader that C*(I') was defined immediately before (8.7).)
(11.4) For any separation (A, B) of G, if d € D(A, B) then

VANB)N (V(a(d) — (SUV(a(—d)))) #0 .
Proof. There exists u; € y(d) — V(A) and uy € v(d) — V(B) since ~(d SZ V(A
and ~(d) ¢ V(B). There is a path P of a(d)* from u; to uy with no internal vertex
in SUV(a(—d)); for if d is internal then this follows from (9.1) since

V(a(d)) N (SUV(a(=d))) = v(d)

while if d is a border cell then since d € C*(I'), P exists by definition of the standard
linkage. Since u; € V(B)—V(A) and uy € V(A)—V (B), there is an internal vertex
vof Pin V(AN B). But then

veV(ANB)NV(a(d)) — (SUV(a(—d)))
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as required. W
(11.5) For any separation (A, B) of G,
|D(A, B)| < [V(ANB) = (SU~y(N(I)))] -
Proof. For each d € D(A, B), there exists
vi € V(AN B)N (V(a(d)) = (SUV(a(=d))))

by (11.4). Since vy € V(a(d)) — V(a(—d)), it follows that the vertices vq (d €
D(A, B)) are all distinct. Moreover, each vg belongs to V(A N B), and not to
SU~(N(T)), since y(N(I')) C V(a(—d)). Hence

[D(A,B)| = {va : d € D(A, B)}| < [V(ANB) — (SU~(N(D)))|
as required. W

Throughout the remainder of this section, ¢ € C(T") and (A, B) € T with
a(cyg) C A, satisfying

V(AN B)| < [V(a(eo) Na(—co))l -

(11.6) |V(ANB)— S| < |él|, and if equality holds then

V(AN B)NS| = |V(alc) Na(—co)) N S|
Proof. Since |V(AN B)| < |V(a(cp) N a(—cp))|, it follows that
[V(ANB)NS|+|V(ANB) =S| < |V (a(co) Ne(—co)) NS+ |V (ee(co) Na(—co)) = S| .
Since |V (a(co) Na(—cp)) — S| = |éol, it suffices to show that

V(AN B) (S| > V(aleo) Na(—c0) N 8]

If ¢y is internal then V(a(cp)) NS = B and the result is trivial. Let ¢o border
a cuff ©® with head n; and tail ny. Then
V(a(co) Na(—=co)) NS = B(n1) U B(n2) .

Let 7 have warp ¢ at O, and let B(n1) = {u1,... ,uq}. For 1 < i < ¢ let v; be
the terminal vertex of L(u;,n1). Thus {vy,... ,v,} = {u1,... ,us}. Let 1 <i <gq.
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By (10.2) there is a first vertex of L(u;,n1) which is not in V(A), and it is not wu;
and so the previous vertex a; of L(u;,n1) is in V(AN B). Similarly there is a last

vertex of L(u;,n1) which is not in V(A), and it is not v;; and the next vertex b; is
in V(AN B).

By (10.1), the paths L(u;, n1)\v; are mutually vertex—disjoint, and so aq, ... ,aq4
are all distinct, since a; # v; (1 <7 < ¢). Similarly, by, ... ,b, are all distinct. Let
1 < 4,5 < q and suppose that a; = b;. We claim that a; = u; = v; = b;. For
a; # b; unless L(u;,m1) is a circuit and a; = u; = v; = b; as required. Hence we
may assume that ¢ # j. But L(u;,nq) and L(u;,nq) are disjoint, except for u; (if
u; = v;) or u; (if u; = v;). Thus either a; = b; = u; = vj or a; = b; = u; = v;.

Since a; # v; the second is impossible, and the first is our claim.

Now if v; = b;, the vertex of L(uj,n;) before v; is not in V(A) and so the
corresponding path of the standard linkage in a(cy) has no edges. Hence v; € B(n2).
We have shown then that if a; = b; then v; € 3(ng2). It follows that

{ar,. - agh 0 {br, ... bg}| < |B(n1) N B(n2)]
and so [{a1,...,aq,} U{b1,... by} = |B(n1) U B(n2)|. The result follows, since
a1,...,0q, bl,...bq € V(AﬂB)ﬂS |
(11.7) V(AN B)| = |[V(a(co) Na(=co))|-

Proof. For each d € D(A, B), since |y(d| < 3, it follows that there exists ng € d
such that y(d) C V(A) U{y(ng)} or v(d) € V(B) U {y(ng)}. Let A’ be the graph
with vertex set
V(A) U{y(na) : d € D(A, B)}

and edge set E(A), and define B’ similarly. Then (A’, B’) is a separation of G of
order at most |D(A, B)| more than that of (A, B). Since (A, B) has order < 2p + 2
and by (11.5),

ID(A, B)| < V(AN B) — (SUANT))| < V(AN B) = | < 6] <3
it follows that (A’, B') has order < 2p+5 < ord(T ), and so (A', B") € T by (4.1)(ii).
Moreover,
{neN():v(n)eV(ANB)} ={ne N({T):vy(n) e V(ANB)}U{n, : d € D(A, B)}
and so
[{n e N(T) :y(n) e V(AN BN} < {n € N(IT') : y(n) € V(AN B)} +|D(A, B)|

< [VANB)Ny(N D)+ V(AN B) = (SU~(N(D)))]

= [V(ANB) =S| <l



36 NEIL ROBERTSON AND P. D. SEYMOUR

by (11.5), (11.6) and since y(N(T')) NS = (. Furthermore, for every ¢ € C(I),
either v(¢) C V(A') or v(¢) C V(B'); for this is true if ¢ € C*(I") — D(A, B) since
either v(¢) CV(A) CV(A’) or y(¢) CV(B) C V(B'), and it is true if c € D(A, B)
by choice of n., and it is true if ¢ ¢ C*(I') because there exists ¢ € C*(I") with

¢ C & (and we have seen it is true for ¢’). Hence we may apply (11.2), because
(A", B’) has order < 2p + 5 < ord(T) — 4p — 3. We deduce that

{n € N(I') : v(n) € V(A'N B} = |&]
and if |ég| = 2 then {n € N(I') : v(n) € V(A")} = &. Since
léo] = {n € N(I') : y(n) € V(A" N B)}| < V(AN B) = 5] < |0

we deduce that |V(A N B) — S| =|¢]|. The result follows from (11.6). H

12. FILLING OUT A PORTRAYAL OF THE 1-SKELETON

Because of a certain excluded minor theorem for graphs that we shall discuss
later, we sometimes are provided with a portrayal of the 1-skeleton of a hypergraph
G, and what we really want is a portrayal of G itself. In this section we discuss
how to convert one to the other.

We proceed with a series of lemmas. A clique in a hypergraph G is (for our
purposes) a subset of V(G) the members of which are mutually adjacent in G*.

(12.1) Let T be a tangle of order > 4p+9 in a hypergraph G, let 1 = (X, T, o, 3,7)
be a true, (2p + 7)-redundant, T —central portrayal of G with warp < p, and let ©
be a cuff of X2. For every clique K of G with

K C U(V(a(c)) :c € C(T) bordering ©)

there is a cell ¢ bordering © with K C V(a(c)).
Proof. We proceed by induction on |K|.
(1) If |K| < 2 the result is true.

Subproof. If |K| < 1 it is clear, and so let |K| =2, K = (x1, 22} say. Let e € E(G)
incident with 21, 5 and choose ¢ € C(I") with e € E(a(c)). If ¢ borders © the result
holds, and so we assume it does not. For i = 1,2 there exists ¢; € ¢(T") bordering ©
with z; € V(a(c;)), and since z; € V(a(c)) € V(a(—c¢;)) there exists n; € ¢; with
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x; € B(n;+). Moreover, x1,25 € V(a(c) Na(—c)). If ¢ is a border cell, bordering
a cuff © # O say, then by (P6), {z1,22} C 8(n}+)U B(nS)+) for some two nodes
n/,n), bordering ©'. It follows from (P4) that =1 ¢ (3(n1), and so x1 = 7y(ny) since
x1 € B(ny1+); but since ny # n', n, it follows that z; € B(n}) U B(n)) contrary to
(P4). Hence c is an internal cell, and so by (P5), {z1,22} C v(¢) Cv(V(I")). By
(9.8)(i), z; ¢ B(n;), and so z; = y(n;) (i = 1,2). Since z; € v(¢) it follows that
n; € ¢ since 7 is an injection (¢ = 1,2). Hence there is a ['normal O-arc F' with
FNN() = {ni,n2}; and so by (8.3), there is a border cell ¢ with ny,ny € &.
Then K C V(a(c')) as required. This proves (1).

Thus we may assume that |K| > 3. Choose z1,z2, 25 € K, distinct. ;From
our inductive hypothesis there are cells ¢y, c2, c3 bordering © with

K- {xl} - V(O((CZ)) (Z = 1’2a3) )

and we may suppose (for a contradiction) that z; ¢ V' («a(c;)) (1,2,3) for otherwise
the theorem holds. Hence cq, c2, c3 are all distinct.

(2) {z1,z2,23} N B(n+) #0 for alln € N(T')NO.

Subproof. We may assume that ci,n,co,c3 are in order. For i = 1,2, since x3 €
V(a(e;) Na(—c¢;)) there is an end n; of ¢; so that z3 € B(n;+)by (P6). Let n3 be
an end of ¢3. By (P7)

r3 € B(ni+) N B(na+) C B(ns+) N B(n+) .
But z3 ¢ B(n3+) since z3 ¢ V(a(cs)), and so z3 € B(n+). This proves (2).
But (2) contradicts (6.6) (taking z = 9). The result follows. W

(12.2) Let T be a tangle of order > 4p + 9 in a hypergraph G, and let T =
(3,0, a, 8,7) be a true, (2p + 7)-redundant, T —central portrayal of G, with warp
< p. Then for every clique K of G, either:

(i) there is a disc A C X such that a(A) is small, K C V(a(A)), and bd(A)
is a I'-normal O-arc with [bd(A) N N(I')| < 3, or
(i) K CV(a(c)) for some c € C(T).
Proof. By an arc of I' we mean a component of bd(¢) — ¢ for some cell ¢. Each arc
is homeomorphic to the open interval (0,1), and the arcs of I" together with N(I")
yield a drawing of a graph in X, which we denote by H.

(1) If for each x € K there is a node n with x = y(n) then the theorem holds.
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Subproof. Let M = {n € N(T') : v(n) € K}. Then every two members of M are
adjacent in H. If |[K| < 2 the result is clear, and we may assume therefore that
|M| > 3. By (8.5), for every circuit C' of H of length 3, there is a disc A(C) C ¥
with boundary the drawing of C, such that a(A(C)) is small. Choose a circuit
C of H of length 3 with V(C) C M such that A(C) is maximal. We claim that
M C A(C). For suppose that mg € M — A(C). Let V(C) = {my, ma, ms}. Let ¢;
be an edge of H joining mg and m; (i = 1,2,3). Let C; be the circuit of H with
vertex set {mo}U({my, ma, mg} —{m,}), with one edge in common with C' and the
other two from {ej, e, e3} appropriately. From our choice of C, none of the discs
A(C1),A(Cy), A(C3) includes A(C); but then A(C) UA(Cy) U A(Cs) U A(Cs) is
a sphere, and hence equals ¥, which is easily seen to be impossible since a(A(C))
and each o(A(C;)) are small. We deduce that M C A(C'), and hence the theorem
is satisfied. This proves (1).

Next, we claim

(2) If there ezists x € K and a cell ¢ with x € V(a(c)) —V (a(—c)) then the theorem
holds.

Subproof. If y € K, there is a cell ¢’ with z,y € V(«a(c')), and hence ¢’ = ¢, since
x € V(a(—c)). Thus K C V(a(c)). This proves (2).

JFrom (1), we may assume that there exists x € K such that vy(n) # z for
n € N(I'). We may choose a cell d with x € V(a(d)); and by (2), we may assume
that z € V(a(d) N a(—d)). Since & ¢ ~(d) it follows that d is a border cell and
x € [B(n) for some end n of d. Let d border a cuff ©. For every y € K there is a

cell ¢ with z,y € V(«(c)); and hence ¢ borders ©. We deduce that
K C U(V(a(c)) :ceC(I') bordering ©O)
and the theorem follows from (12.1). H

If G is a hypergraph and X C F(G), we denote the subhypergraph
(V(G), E(G) — X) by G\X. If T’ is a tangle in a subhypergraph G’ of G, let T be
the set of all separations (A, B) of G of order less then the order of 7”, such that
(ANG',BNG') € T'. Then T is clearly a tangle in G; we call it the tangle induced
by 7.

(12.3) Let e be an edge of a hypergraph G, and let K be the set of ends of e. Let K
be a clique of G\e. Let T be a tangle in G\e of order > 2p + 8, inducing a tangle
T"in G. Let m = (X,T, v, 8,7) be a 6-redundant, T —central portrayal of G\e with
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warp < p. Let cg € C(T') with K C V(a(eg)). Define o' by

o/ (co) = (V(a(co)), E(a(c)) U{e})
(c) = a(c) (c € C(T') — {co}) -

Then ©' = (3,1, ¢, 8,7) is a T'—central portrayal of G, resembling 7.

Proof. Since K C V(a(cp)),n is a portrayal of G; and from definition of 7, &/(cy)
is small relative to 7’. Thus 7’ is 7'—central. We suppose that 7’ does not resemble
7. Then ¢y borders a cuff ©, and the warp of ¢y in 7’ is greater than ¢, the warp
of m at ©. Let ny,ny be the ends of ¢y. Then |3(n1+)| = |B(n2+)| = ¢+ 1, and
there is a linkage {Pp,...,P,} in o/(co) from B(ni+) to B3(n2+) which does not
pair y(nq) with y(ng). Since the warp of m at © is ¢ it follows that {Fy,... , P}
is not a linkage in a(cp), and so there is an edge f of Py say with f ¢ E(a(cp)*).
Let f have ends vy,vy. Since f € E(a'(cp)*) it follows that vy,vs are ends of e,
and so f € E((G\e)*). Hence there exists ¢ # ¢y such that f € E(a(c)*). Since
v1,v2 € V(a(c)) it follows that

v1,v9 € V(a(ep) Na(—cp)) = B(n1+) U B(na+) .

But since Py, ... , P, are vertex—disjoint it follows that no internal vertex of P is
in B(n1+) U B(n2+); and so Py has ends vy, vs, and v; € 3(n;+) (i = 1,2). Since
{Py,...,P;} does not pair vy(n,) with y(nz) and it pairs v; with ve, we may assume
that vy # y(n1), and so vy € B(n1). Consequently ¢ borders ©.

(1) {vi,v2} N B(n+) # 0 for every n € N(I') N O.

Subproof. Let n € (I') N ©; we may assume that n,ny,ns,c are in order. Since
vy € V(a(c) Na(—c)), there is an end n3 of ¢ such that v; € B(ng+). Then from
(P7)

v1 € B(ni+) N B(ns+) € Bna+) U B(n+) .
But v; ¢ [(n2+), since v; # vy and ve is the only vertex of Py in 3(no+). Thus
v € B(n+), as required.

But (1) contradicts (6.6). The result follows. H

(12.4) Let e be an edge of a hypergraph G, such that the set of ends of e is a clique
of G\e. Let T be a tangle in G\e, of order > 4p + 9, inducing a tangle T in G.
Let 7 be a (2p + 7)-redundant, T —central portrayal of G\e with warp < p. Then

there is a T'—central portrayal of G resembling .
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Proof. There is a (2p + 7)-redundant 7 —central portrayal of G\e resembling m
which is true; and so we may assume that 7 is true. Let K be the set of ends of e,
and let 7 = (X,T, a0, 8,7). By (12.2), either there is a disc A C ¥ such that «(A)
is small, K C V(a(A)), and bd(A) is a I'normal O-arc with |bd(A) N N(I')| < 3,
or K C V(a(e)) for some ¢ € C(I'). In the second case the result follows from
(12.3), and so we assume that the first case applies. Let 7’ be the portrayal of
G\e obtained by applying (7.2) to A. Then 7’ resembles 7, and is T—central. Let
= (X,TV,d,3',7"), and let ¢y be the cell of IV with ég = A. Then K C V(a/(cp)),
and the result follows from (12.3). W

(12.5) Let G be a hypergraph, and let T* be a tangle in G* of order 0. Let T be the
set of all separations (A, B) of G of order < 0 such that A* is small relative to T*.
Then T is a tangle in G of order 0.

Proof. We verify the three tangle axioms. For the first, if (4, B) is a separation
of G of order < 0, there is certainly a separation (A’, B") of G* with V(4) =
V(A),V(B') =V (B) and A’ C A*, B’ C B*. ;From the symmetry we may assume
that (A’, B") € T*; but then A* is small by [1, theorem (2.9)], and so (4,B) € T.
Thus either (A,B) € T or (B, A) € T, and the first tangle axiom is satisfied. But
the second and third axioms are clearly satisfied, as required. W

We call 7 in (12.4) the embodiment of T* in G.

(12.6) Let G be a hypergraph, and let T* be a tangle in G* of order > 4p + 9. Let
T be the embodiment of T* in G. Let 1 = (X,T, 0, 3,7) be a (2p + 7)— redundant,
T*—central portrayal of G* with warp < p. Then there is a T —central portrayal of
G resembling .

Proof. We may assume that G and G* are both subhypergraphs of some hyper-
graph, so that G’ = G U G* is defined. Let 7' be the embodiment of 7* in G'.
If there is a 7'—central portrayal of G’ resembling m, then there is a 7—central
portrayal of G resembling 7. Thus, it suffices to prove the result for G’; that is, we
may assume that G* C G.

Let X = E(G) — E(G*), so that G\X = G*. Then T is the tangle in G
induced by 7*; for if (A, B) € T then A* is small relative to 7*, and so certainly
AN G* is small relative to 7*. Let X = {xy,... ,z,}. For 0 < i < n, let
G; = G\(X — {z1,...,2;}), and let 7; be the embodiment of 7* in G;. Thus
Go = G*, and 79 = T*; and for 1 < i < n,G,_1 = G;\z;, and T; is the tangle
induced in G; by 7;_1; and the set of ends of z; is a clique of G;_;. We claim that
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for 0 < i < n there is a (2p+ 7)-redundant, 7;—central portrayal of G; resembling 7.
For this holds for i = 0. Inductively, suppose that it holds for 7 = j; then by (12.4)
there is a 71 —central portrayal 7’ of G 11 resembling 7. Moreover, 7’ is (2p+7)—
redundant, for if Z C V(G,41) with |Z| < 2p + 7 and there is a (7 /Z)—central
portrayal of G;y1/Z simpler than 7', then by deleting zq,... ,z,41 we obtain a
(T*/Z)—central portrayal of G*/Z simpler than 7, a contradiction. Thus the claim
holds for 2 = 5+ 1, and hence for 0 < ¢ < n. In particular, its truth for i = n yields
the theorem. W

13. EXCLUDING A MINOR

Let G and H be graphs. By an H-minor of G we mean a function n with
domain V(H) U E(H), such that

(i) n(v) is a non-null connected subgraph of G for each v € V(H), and n(u)
and 7n(v) are disjoint for all distinct u,v € V(H)
(ii) n(e) € E(G) for each e € E(H), and n(e) # n(f) for all distinct e, f € E(H)
(iii) if e € F(H) has distinct ends u, v then n(e) has one end in V(n(u)) and the
other in V' (n(v))
(iv) if e € E(H) is a loop with end v, then n(e) has both ends in V(n(v)) and
e ¢ E(n(v)).
If T is a tangle in a graph G and 7 is an H—minor of G, we say T controls 7 if for
each v € V(H) thereisno (A, B) € T of order < |V (H)| such that V' (n(v)) C V(A).

If G is a graph and Z C V(G), we denote by G\Z the graph obtained by
deleting Z. If T is a tangle in G of order > |Z|, then T\Z denotes the set

{(A\Z,B\Z) : (A,B) € T,Z C V(ANB)}.

It is shown in [1, theorem (8.5)] that 7\ Z is a tangle in G\ Z of order ord(T) — |Z]|.

(13.1) For any graph H there are numbers p,q,z and 6 > z, such that for every
hypergraph G and every tangle T in G of order > 0, either
(i) T controls an H-minor of G*, or
(ii) there exists Z C V(G) with |Z| < z and a T \Z—central portrayal
= (3,T,a,0,7) of G\Z with warp < p, such that ¥ has < q cuffs
and H cannot be drawn in X.
Proof. From theorem (3.1) of [2], there are integers py, q, 2,0y such that for every
graph G and every tangle T in G of order > 6, either T controls an H—minor of
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G, or there exists Z C V(G) with |Z] < 2, and a non—null connected surface ¥
with bd(Xy) = 0 in which H cannot be drawn, and a painting Iy in Xy, and an
injection vy : N(I'g) — V(G) — Z, and a function ¢ assigning to each ¢ € C(T'y) a
subgraph §(c) of G, with the following properties:
(a) G\Z is the union of all the subgraphs d(c), and E(d(c) Nd(c’)) =0
for all distinct ¢, ¢’ € C(T'y)
(b) for each cell ¢ and node n,n € ¢ if and only if v(n) € V(d(c))
(c) for distinct cells ¢,c¢’,V(d(c) Nd(c')) ={v(n) :n€éncé’'}
(d) there are at most ¢ cells ¢ with |¢| > 4 (so—called major cells), and
¢ N ¢’ =0 for all distinct major cells ¢, ¢’
(e) for each major cell ¢ there is a function x which assigns to every node n € é
a subgraph x(n) of §(c), such that:

(i) d(c) is the union of all the x(n)’s for n € ¢, and y(n) € V(k(n))
for each n, and E(k(n) Nk(n')) = 0 for all distinct n,n’ € ¢

(ii) for distinct nodes my,ma,n3,n4 € ¢ in order, V(k(ny) N k(ng)) C
V(k(n2) Uk(ng)) (actually, what is proved in [2, theorem (3.1)] is somewhat
stronger, but this corollary is all we need here)

(iii) for distinct nodes n,n’ € ¢, |V (k(n) N k(n'))| < po.
(f) for each cell ¢ € C(T'), there is no (A, B) € T\Z with B C §(c).
Let p = po+1 and 0 = max(y, 2po + z+4); we shall show that p, ¢, z, 6 satisfy

the theorem. For let G,7 in the theorem fail to satisfy condition (13.1)(i); then
from our choice of py, q, 2, 6y, there exists Z, 3¢, 7,0,k as in (a) ,... ,(f) above.

Let X be the surface obtained from X4 by deleting the interior of every major
cell. (By (d), this is indeed a surface.) Then H cannot be drawn in ¥. We shall
show that there is a 7\ Z—central portrayal m =(X,T", o, 3,7) of G\ Z in ¥ with warp
< p. For each cuff © and each component s of © — N(I'y), choose a disc A(s) C X
with 3 C A(s),A(s) Nbd(X) =35, A(s) NU(Ty) =3, and with A(s) NA(s") =sNF
for distinct s , s’. Define

I = ((U(Te) ) U [ J(A(5)), N(Io))

the union being taken over all components s of bd(X) — N(I'g). Then I is a painting
in 3.

To define o and 3 we proceed as follows. For each internal cell ¢ of ' we
define a(c) = §(c). It remains to define «(c) for border cells ¢ and 3(n) for border
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nodes n. Let © be a cuff of ¥. Enumerate the nodes and cells bordering ©, in
order, as ny,cy,n9,C,... ,Ng, Ck,(n1). (Then k > 4.) Let x be as in (e) above, for
the corresponding major cell of ['y.

For 1 < i < k, we define B(n;) = V(k(n;—1) N k(n;)) — {v(n;)}, where ng
means ng. For 1 < i <k we define a(¢;) = k(n;) + v(ni+1), where ng41 means n;.
(In general, if H is a subhypergraph of a hypergraph G, and v € V(G), by H + v
we mean the hypergraph (V(H) U {v}, E(H)).)

This completes our definition of 7. Now we verify that = is a portrayal of
G\Z, by verifying (P1)-(PT7).
(P1) From (a) and (e)(i), G\Z is the union of all the a(c)’s; and by (a) and (e)(i)
again, E(a(c) Na(cd)) = 0 for distinct cells ¢, ¢'.

(P2) Let ce C(T') and n € ¢. If ¢ € C(Ty) then vy(n) € V(d(c)) = V(a(e)) by (b)
above. If ¢ ¢ C(T'y), then ¢ borders some cuff, and n is an end of ¢. Let ¢ = ¢; and
n € {ni,n;4+1}, with numbering as before. Then ~(n;) € V(x(n;)) C V(a((c)) by
(e)(i) and the definition of a(c¢;); and y(n;+1) € V(a(e;)) by definition of a(c;).

(P3) Both these statements are clear from the definitions of o and £3.

(P4) If ny, noy are nodes bordering different cuffs, arising from major cells ¢y, ¢y of
Ty, then B(n;) C V(d(c;)) (i =1,2), and by (c) above,

V(0(e;) Nd(e2)) C{vy(n):n €é Nég}

which is null by (d). If n; is a node bordering a cuff arising from a major cell ¢;
of I'p and ns is a node not bordering this cuff, then v(n2) ¢ V(d(c1)) by (b), and
since B(n1) C V(d(c1)) it follows that y(n2) & B(n1).

(P5) Let ¢; be an internal cell of I' and let v € V(a(cy) Na(—cy)). Let ¢p €
C(T) —{c1} with v € V(a(c2)). Now ¢; € C(T'y), and so if ¢ is an internal cell of
I" then

veV(i(c1)Nd(er)) ={y(n) :n€é&Néx} C{y(n):ne€é}

by (c), as required. If ¢y borders a cuff arising from a major cell ¢y of Ty, then
again v € V(d(c1) Nd(cp)) and so v = y(n) for some n € ¢é; from (c), as required.

(P6) Let ¢ be a cell bordering a cuff O, arising from a major cell ¢y of I'y. Number
the nodes and cells bordering © as nj,cy,n9,c¢2,... ,ng,ck, (n1) as before. Let
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v € V(a(er) Na(—cy1)), and choose d € C(T') — {c;} with v € V(a(d)), bordering ©
if possible. We must show that v € B(n1+)UB(n2+). Suppose first that d does not
border ©. Then «(d) C d(dy) for some cell dy # ¢ of Ty, and v € V(§(co)Nd(dy)) C
{v(n) : n € & Ndy}, by (c). Choose n € & Ndy with v(n) = v. Since n € &,n
borders O, and d can be chosen bordering ©, a contradiction. Thus d borders
©; d = ¢j say where 2 < j < k. We may assume that v # v(n1),y(n2) since
otherwise v € #(n1+) U B(na2+) as required. Since v € V(a(e1)), we deduce that
v € V(k(n1)). Also, since v € V(a(c;)), either v € V(k(n;)) or v € V(k(n;4+1)),
and the first occurs unless v = y(n,41). Since v = y(n;41) implies j # k, we
may assume (replacing j by j + 1 if necessary) that v € V(k(n,;)) where 2 < j < k.
JFrom (e)(ii), v € V(k(n2)Uk(ng)), since either n; = ny or nj = ny or ny, na, nj, ng
are distinct and in order. If v € V(k(ng)) then v € B(na+) (since v # y(n2))
and if v € V(k(ng)) then v € [(ni1+) (since v # 7y(n1)). Thus in either case
v € B(n1+) U B(na+), as required.

(P7) Number the nodes and cells around © as ny,cy,...,ng,ck, (n1) as before.
Let 1 <e< f<g<h<k Letve B(n.+)npB(ng+). We must show that
v € B(ng+) U B(np+). Now v € V(k(ne) Nk(ng)), and so v € V(k(ny) U k(ny))
by (e)(ii). We may assume then that v € V(k(nys)) without loss of generality. We
may also assume that v ¢ B(ny+), and so v ¢ V(k(ns_1)). Hence f —1 # e, and
so e, f —1,¢,h are distinct and in order. Thus

v € V(k(ne) Nk(ng)) CV(k(nj_1)Uk(ng))

and so v € V(k(np)). We may assume that v ¢ G(np+), and so v ¢ V(k(np-1)).
Hence h — 1 # ¢, and so e, f — 1,g,h — 1 are distinct and in order. But v €
V(k(ne) Nk(ng)) and v ¢ V(k(ng—1) Uk(np—1)), a contradiction.

This completes the verification that m is a portrayal of G\Z. For its warp,
since each ((n) has cardinality < po the warp of 7 is at most py + 1 = p, as
claimed. Finally, we verify that m is 7\Z-central. Let ¢ € C(I'). Then the
separation (a(c),a(—c)) of G\Z has order |¢| < 3 if ¢ is internal, and has order
< 2p from (P6), if ¢ is a border cell. Thus in either case its order is at most
max(3,2p) and hence less than § — z. But from (f), (a(—c), a(c)) ¢ T\Z, and so
(a(c),a(—c)) € T\Z. Thus 7 is T\Z-central. This completes the proof. W

Next we would like to convert the portrayal given by (13.1) to a z—redundant
one where 2z is large, so that the theorems of this paper apply to it; our objective
now is to prove (13.4) below.
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Let p > 0 be an integer. If 7 = (3,T, o, 3,7) is a portrayal of a hypergraph
G, we define h,(r) = (4a + 2b + ¢)®p + r, where ¥ is homeomorphic to X(a, b, ¢)
and r is the sum over all cuffs © of ¥ of the warp of 7 at ©.

(13.2) Letp > 1, and let 7w, be portrayals of G,G' respectively. If = has warp < p,
and 7' is simpler than m, then hy,(n") < h, ().

Proof. Let m = (£,T,a,3,7), and let a,b,c,r be as in the definition of h, (7).
Define ¥/, TV, o/, 3',~",a/, b, ', r" similarly, for G',7’. Now =« is simpler than T,
and so either

(i) ¥’ is simpler than ¥, and 7’ has warp < p, or
(ii) ¥’ is homeomorphic to ¥, and ' < r.

In the first case, 4a’4+2b'+¢" < 4a+2b+-c, and since r’ < ¢'p < (4da+2b+c—1)p,p > 0
and 4a + 2b+ ¢ > 0, it follows that

hy(t') = (4a' + 20 + & )*p+1' < (4a+2b+c—1)°p+ (da+2b+c—1)p
=4a+2b+c—1)(4a+2b+c)p = hy(m) — (da +2b+c)p — r < hy(7)

as required. In the second case, 4a’ + 2b' + ¢’ = 4a + 2b + ¢, and so h,(7') =
hy(m) + 7" —r < hy(7), as required. W

For each connected surface ¥ and all integers p > 1 and z > 0, let o(3,p, z) >
0 be an integer. We call the function o a standard if o(X, p, 2) = o (X', p, 2) whenever
¥, %" are homeomorphic.

(13.3) For any standard o and allp > 1 and h, zg > 0, there exist 0,z with 6 > z >

2o and with the following property. Let T be a tangle of order > 0 in a graph G, let
Zy CV(G) with |Zy| < 20, and let wy be a (T\Zp)—central portrayal of G\Zy with
warp < p and with hy(mg) < h. Then there exist Z C V(G) with Zy C Z such that
|Z] < z, and a (T\Z)-central portrayal m = (,T', o, 3,7) of G\Z, such that « is

simpler than or resembles my, and m is o(X, p,|Z|)-redundant.

Proof. For all ¥, z, define o’ (X, p, z) to be the maximum of o(X', p, z’) taken over

all connected surfaces ¥’ simpler than or homeomorphic to ¥, and over all 2’ < z.

Then o' is also a standard, and if the result holds for ¢’ then it holds for o, since
o(3,p,z) < o'(3,p, z). Consequently, by replacing o by ¢/, we may assume that

(1) For all X', 2', If 3 is simpler then or homeomorphic to X, and 2’ < z, then
o(X,p, ') <o(Z,p,2).
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We prove the theorem by induction on h. We first assume that A = 0. Let
z =z and 0 = 0(X,p, z) + 1 where ¥ is the sphere; we claim that the result holds.
For let 7,G, Zy, m0 = (£0,T0, a0, B0,70) be as in the theorem, with h,(mp) = 0.
Then X is a sphere, and so 7 is z’-redundant for all 2z’ < ord(T). In particular,
it is (X0, p, | Zo|)-redundant by (1), as required.

Now we assume that A > 0, and that the result holds for A — 1 and all z,.
Choose z; so that

20 = 20 + 0(2(a, b, ¢), p, 20)

for all a,b,c > 0 such that p(4a + 2b + ¢)? < h. Since p > 1, there are only finitely
many such a, b, ¢, so such a choice is possible.

Let ¥ = h — 1, and choose 6',2' so that the result holds with h,zg,8, z
replaced by 1/, z{, 0, z. We claim that the theorem holds. For let 7, G, Zy and 7y =
(20,0, g, Bo,v0) be as in the theorem. If 7y is o(Xg, p, 29)-redundant, the result
holds, taking Z = Zy, m = my; for |Zy| < z9 < z, and so o(Xy,p,|Z]) < (X0, p, 20)
by (1). We assume then that 7 is not o(Xg, p, 20)-redundant. Consequently there
exists Z), C V(G) with Zy C Z| and |Z}| < |Zo| + 0(Z0,p,20) < 2z{, such that
there is a T\ Zy/(Z} — Zy))—central portrayal of G\Zy/(Z{ — Zy) which is simpler
than my. But G\Zy/(Z) — Zy) and G\Z; differ only by certain edges with < 1
end. By deleting such edges, we deduce that there is a (7\Z])—central portrayal
my = (20, T%, b, B8),70) of G\Zj which is simpler than my. By (13.2), h,(7() <
hy(my) < h, and so hy,(mg) < h'. Since 7q is simpler than 7, it follows that 7 has
warp < p. ;From the choice of 0, z, there exists Z C V(G) with Z) C Z such that
|Z] < z, and there is a (7\Z)—central portrayal 7 = (£,T', o, 3,7) of G\Z which
is simpler than or resembles 7, such that 7 is o(X, p,|Z|)-redundant. The result

follows, since 7, is simpler than 7. W

By means of (13.3), we obtain a version of (13.1) with high redundancy, as
follows.

(13.4) For any graph H and standard o, there are numbers p,q,z and 0 > z, such
that for every graph G and every tangle T in G of order > 0, either

(i) T controls an H-minor of G, or

(i) there exists Z C V(G) with |Z] < z, and a (T\Z)-central portrayal © =
(3,T, «, B8,7) of G\Z with warp < p, such that ¥ has < q cuffs, H cannot be drawn
in 3, and w is o(X, p, |Z|)-redundant and true.
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Proof. If H is planar, let p,q, 2,0 be as in (13.1); then the theorem is satisfied (for
(13.1)(ii) cannot hold since H is planar). We assume then that H is non-planar.
Choose p, qo, 20, 09 so that (13.1) is satisfied with p, ¢, z, 0 replaced by p, qo, 20, 0o-
Choose a*,b* > 0 with 2¢* +b* maximum so that H cannot be drawn in X(a*, b*,0).
Let ¢ = 4a* + 2b* + qo, and let h = p(¢® + qo). Choose 6, z so that (13.3) holds
(with the given o, p, h, 29,6, 2).

We claim that the theorem holds. For let 7 be a tangle of order > # in a graph
G. We may assume that 7 does not control an H-minor of G. By (13.1) there exists
Zy CV(Q) with | Zy| < 29, and a (T\ Zp)—central portrayal mo = (X9, [, o, Bo,70),
of G\Zy with warp < p, such that Xy has < ¢o cuffs and H cannot be drawn in
Yo. Consequently h,(mp) < h. By (13.2), there exists Z C V(G) with Zy C Z
such that |Z| < z, and a (7 \Z)—central portrayal 7 = (X,T', o, 3,7) of G\Z, such
that 7 is simpler than or resembles 7, and 7 is (X, p,|Z|)-redundant. Choose 7
with maximal truth. We claim that 7 is true. For if #’ is another (7\Z)—central
portrayal of G\ Z resembling 7, then 7’ is o(3, p, | Z|)-redundant, because 7 is, and
consequently 7’ is not truer than w. Since 7 is O-redundant, it follows that it is
true.

Let ¥ be homeomorphic to X(a, b, ¢), and let X be homeomorphic to 3(ag, by, ¢g)-
Then

c<4a+2b+c<4dag+2by+co <4a* +20" +qy=gq .

Moreover, H cannot be drawn in ¥, since H cannot be drawn in ¥y and X is simpler
than or homeomorphic to ¥3. The result follows. H

14. HYPERGRAPH FORM OF THE EXCLUDED MINOR THEO-
REM

If 7 is a tangle in a hypergraph G, and H is a graph, we say that 7 controls
an H-minor of G* if there is an H-minor n of G* such that for all v € V/(H), there
isno (A,B) € T of order < |V (H)| with V(n(v)) C V(A).

Our objective now is to obtain a portrayal of a hypergraph, if some tangle 7
in it fails to control an H—minor of G*. For this we need the following lemma.

(14.1) Let T be a tangle of order 0 in a hypergraph G. Let 0* > 1 with 0* < %9—1— 1,
and let T* be the set of all separations (A’, B") of G* of order < 0* such that there
exists (A, B) € T with V(A) =V (A") and V(B) = V(B’). Then T* is a tangle in
G* of order 6*.
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Proof. We verify the three tangle axioms. For the first, let (A’, B’) be a separation
of G* of order < #*. Then there is a separation (A4, B) of G with V/(A) = V(A’) and
V(B) =V (B’), and one of (A, B), (B, A) € T. Hence one of (A", B’), (B',A") € T*,
as required.

The third axiom clearly holds, and it remains to verify the second. If * =
the result is easy, and we assume 6* > 2, and hence 6 > 2. We use the following
two observations.

(1) If (A1, BY), (A3, By) € T* then B} € Aj.

Subproof. Choose (A;, B;) € T with V(4;) = V(A}), V(B;) = V(B)) (i = 1,2).

If B} C Al then V(By) C V(Az), and so (B3, A2) € T by [1, theorem (2.9)], a
contradiction.

(2) There do not exist subhypergraphs A\, AL, Ay of G*, mutually edge—disjoint,

with A} U AL, U AL = G*, and with (A}, AL U AY), (A, AL U AL, (A5, AL U A)) all
in T*.
Subproof. Suppose that such A}, A),, A exist. Let
V(AL N AL AL
V(AL N AY) — V(4]
V(A N AY) — V(4
V(AL NAY) — V(A4

) =W
) =W
) =Ws
) =W;

Then Wy, Wy, Wy, W3 are mutually disjoint, and
V(AT N (AL U AL)) = WoUWo UW;s
V(AL N (AU AY)) =W U3 UW,
V(AL N (AU AY)) =WoUW  UW, .

Hence |[Wy| + |Wa| + |[W5| < 0* — 1, and summing this and two similar inequalities,
we obtain

3IWol + 2(|W1| + [Wy| + |W3

) <30 —3.
Consequently,

|W0|+|W1|+|W2|+|W3|< (39*—3)<0

N —

Now there exists (A4;, B;) € T with V(4;) = V(A}),V(B;) = V(B}). Since
|[Wol| + [Wi| + |[Wa| + |W3| < 0, it follows by [1, theorem (2.9)] that there exists
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(A;, B;) € T with V(4;) = V(A)UW;,V(B;) = V(B}). Choose such (4;, B;) with
E(A;) maximal. Let e be an edge of G. We claim that e € F(A4; U A2 U A3). For
if some end v of e is not in Wy U Wy U Wy U W3, say

veV(4)) -V(By),

then every other end v’ of e is in V(A)) (since v’ is adjacent to v in G*, and (A}, B})
is a separation of G*); but then e € F(A;) by [1, theorem (2.9)] and the maximality
of F(Ay). On the other hand, if every end of e belongs to Wy U W, U W5 U W3 then
every end of e belongs to V(A;), and again e € F(A;) by [1, theorem (2.9)] and the
maximality of A;. Consequently F(A;UAsUA3) = F(G). Hence A{UAUA3 =G,
contrary to the second axiom. This proves (2).

JFrom (1), (2) and [1,theorem (4.5)], we deduce that 7* satisfies the second
tangle axiom, as required. W

The following is the main result of this section.

(14.2) For any graph H there are numbers p,q,z and 6 > z, such that for every
hypergraph G and every tangle T in G of order > 0, either

(i) T controls an H-minor of G*, or
(ii) there exists Z C V(G) with |Z| < z and a T /Z—central portrayal
= (31,0, 8,7) of G/Z with warp < p, such that ¥ has < q cuffs
and H cannot be drawn in X, and 7 is true and (2p + 7)-redundant.
Proof. Let o be the standard defined by o (X, p, z) = 2p+T7 for all ¥, z. Choose p, q, =
and 0y > z so that (13.4) holds (with @ replaced by 6y). Let 8* = max(|V (H)|, 0o, 4p+
z 4 10) and let 8 = [36*/2].

We claim that the theorem is satisfied. For let T be a tangle in a hypergraph
G of order > 6, not controlling an H-minor of G*. Let 7* be the tangle in G* of
order 6* obtained as in (14.1).

(1) T* controls no H-minor of G*.

Subproof. Let n be an H—minor of G*. Since 7 does not control 7, there exists
v € V(H) and (A,B) € T of order < |V(H)| such that V(a(v)) C V(A). Let
(A’, B") be a separation of G* with V(A") =V (A), V(B') = V(B). Then (4’,B’)
has order < |[V(H)| < 0*, and so (A’,B') € T*. Since V(a(v)) C V(A4'), it follows
that 7* does not control . This proves (1).

By (1) and (13.4), there exist Z C V(G) with |Z] < z and a (7*\Z)-central
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portrayal m = (21,1, a1, 31,71) of G*\Z with warp < p, such that ¥; has < ¢
cuffs, H cannot be drawn in ¥; and 7 is (2p + 7)-redundant.

Now G*\Z = (G/Z)*, and T*\Z is therefore a tangle in (G/Z)*. Let T’ be
the embodiment of 7*\Z in G/Z. By (12.6), there is a 2p+ 7-redundant T'—central
portrayal my = (31,2, a2, 82,72) of G/Z.

(2) 7o is T |Z—central.

Subproof. Let ¢ € C(T'). Since 7o is T'—central it follows that (as(c), as(—c)) € T’
by (4.1)(i), since (az(c), az(—c)) has order < max(2p,3) < *—z < ord(T"). Hence
as(c)* is small relative to 7'\ Z, since 7' is the embodiment of 7*\Z. Consequently
there exists By C aa(—c)* with V(B;) = V(aa(—c)) such that (aa(c)*, By) € T*\Z;
and so there exists (A2, B2) € T* with Z C V(A N By) such that A2\Z = as(c)*
and By\Z = Bj. By definition of T*, there exists (A3, B3) € T with V(A43) =
V(Ay) and V(Bs) = V(Bs). Let Ay = As/Z, By = By/Z; then (A4, By) € T/Z.
But
V(A4) =V(43) = Z =V (A2) = Z = V(az(c))

and so asg(c) is small relative to 7 /Z, by [1, theorem (2.9)]. This proves (2).

Since 3 is a (2p 4+ 7)-redundant, (7 /Z)—central portrayal of G/Z, there is a
true, (2p + 7)-redundant, (7 /Z)—central portrayal = of G/Z which resembles 5.
The result follows. W
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