ON A QUESTION OF ZANNIER

NICHOLAS M. KATZ

ABSTRACT. We formulate and answer a question of Zannier about
elliptic curves over varying prime fields. We then give some exper-
imental findings. In a final section, we formulate some analogous
questions for curves of higher genus.
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1. ZANNIER’S QUESTION

We fix an integer N > 1 and an elliptic curve E over Z[1/6N], given

by an equation
y* = f(z)

with f(z) a cubic in Z[1/6N][z] whose discriminant is invertible in
Z[1/6N]. On E we have the differential of the first kind w = dz/y
and the differential of the second kind n = xdx/y. For each prime p
not dividing 6V, we look at this data mod p, and apply the Cartier
operator C,. We get quantities «,, 8, € IF,, defined by

Cp(w) = apw, Cp(n) = Byw.

Zannier asked what one can say about («,, 5,) as p varies.
One knows that a,, is the reduction mod p of the trace of Frobenius,
or equivalently that cy, is the Hasse invariant of £ mod p. Is there an

interpretation of 3,7
1
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It is straightforward that one has the following “formulas” for o, and
Bp-

a, = the coef. of 2P~ in f(x)?V/2 mod p,
B, = the coef. of 2 in f(z)PD/2 mod p.

To draw information from these formulas, we will assume our curve
is given in Weierstrass form

y* =42’ — gx — gs,
coefficients go, g3 € Z[1/6N] with g5 — 27g2 invertible in Z[1/6N].
Recall that over an Z[1/6]-algebra R, a pair (E,w) consisting of an

elliptic curve over R together with a basis w of H°(E,Qj p can be
written uniquely as a Weierstrass equation
y? = 4a° — gow — g3,

now with go, g3 € R and with g3 — 27¢2 invertible in R. Conversely,
given go, g3 € R with g5 —27¢2 invertible in R, the Weierstrass equation
together with w := dz/y is such an (F,w). Viewed as functions of the
input data (F,w), g2 = go(F,w) is a modular form over Z[1/6] of
weight 4, and g3 = g3(F,w) is a modular form over Z[1/6] of weight 6.
One knows that for any Z[1/6]-algebra R, the graded ring of modular
forms over R is the ring R[gs, g3][1/(g5 — 2743)]. The subring R[gs, g3]
is the graded ring of those modular forms over R whose g-expansion
(value on the Tate curve with its canonical differential) is holomorphic,
cf. the next section for a “baby” proof of this last fact.

If we attribute weight 2 to x, then f(z) = 423 — gox — g3 is isobaric
of weight 6. Thus f(x)®~Y/2 is isobaric of weight 3(p — 1). Thus a,
(respectively 3,) is an F,, polynomial in go, g3 which is isobaric of weight
p — 1 (respectively isobaric of weight p + 1). In other words, «, is a
mod p modular form of weight p — 1, and 3, is a mod p modular form
of weight p + 1. There is an obvious guess, perhaps naive, as to what
these forms must be, which turns out to be correct. In order to state
it unambiguously, we must fix some notation, which we do in the next
section.

2. REVIEW OF EISENSTEIN SERIES

Over any Q-algebra R, given an (E,w) = (y* = 42% — gox — g3, dx /y),
there is a unique formal parameter z along the zero section in terms of
which w = dz. The Weierstrass p-function is the formal expansion of
x in the parameter z, which we write as

r=p(E,w) =1/ + 22ngz2k_2/(2k —2)\.

k>2
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For each k, the coefficient GGy is a modular form over Q of weigh 2k,
whose g-expansion is

Gop = —boy /4k + Z q" Z 4,

n>1 din

with by the Bernoulli number. One knows (Kummer congruences) that
bay is p-integral except for those p such that p—1 divides 2k. If p—1|2k,
then pbyy, is p-integral and is 1 mod p; in particular, ord,(1/by) = 1.
One also knows that if if p — 1 does not divide 2k, then by /2k mod p
depends only on the congruence class of 2k mod p — 1.

From the differential equation

(dp/dz)* = 4¢° — g2 — g3

for
p=1/2"+2)  Guz™?/(2k - 2),
k>2
one sees that Gy is an isobaric Q-polynomial in go and g3 of weight
2k. For example, one has

2
1
en 92 G = 393 Gy = 395 G — 089293

To0 0T T 100 11
756¢3  16200g2 ) 174636g%  1166400¢292
o — G = 1296 Gie =
12 65 + g1 @ tm 9293, G116 35 + 17 )
9471168¢3g;  256608000g3 25147584¢5  678844800¢2¢?
Gig = + , Gao = + ;
19 133 2% 11
1067172019225 . 1032963840004
2 23 23 ’
7358183078498  1410877440000g3g2  1554736550400094
G = 65 13 + 91 ’

We will use the notation Ey; for the modular form
Eoy := (—4k /o) G,

whose g-expansion is

EQk =1- (4k/b2k) Z qn Z d2k_1.

n>1  dn

By the g-expansion principle, Gy is a modular form over the ring
Zlbax/4k], and Eyy is a modular form over the ring Z[4k/by]. In par-
ticular, for any prime p > 5, E,_; is a modular form over Z,, as are
both G,41 (whose constant term is conguent to —1/24 mod p) and
Epi.
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In particular, we have
g2 = Ey/12, g3 = —FEs/216, A := g5 — 27g3 = (E; — E3)/1728.

So over any Z[1/6]-algebra R, the graded ring of modular forms is
the polynomial ring R[E,, Fs][1/(E3 — EZ)]. To show that the subring
R[E},, Eg) consists precisely of those modular forms whose g-expansion
is holomorphic, it suffices to show that an isobaric element of R[Ey, Fg|
whose g-expansion has vanishing constant term is divisible by Ej — E2.
Since both F; and Eg have g-expansions with constant term 1, the
constant term of the g-expansion of an element g = Z” a; jELEY is
Ei,j a; j. If this element is isobaric of weight w = 2k, then 2i 4+ 35 =k
for each monomial which occurs. Thus j has the same parity as k = w/2
for each such monomial. Suppose first & = w/2 is even. Then j
is even, and EiFEJ is congruent to E. /? = EY/* modulo the ideal
(E} — E§). Thus g is congruent to ), aiijiU/Zl modulo this ideal. So
if 37, ai; =0, then g is divisible by Ef — E§. If k = w/2 is odd, then
our element g is of the form ggFjs, and we apply the previous argument

to q0-
Although not modular forms, it will be convenient to introduce the

g-series
Gy=—by/A+ Y "> d=-1/24+> ¢") d

n>1 d|n n>1 dn

and
Ey,=1-24 Z q" Z d = Ramanujan’s P.

n>1  dn
3. RELATION OF «, AND 3, TO E, 1 AND E,

Fix a prime p > 5. Define ay,, 5, € F,[g2, g3] to be

2

a, = the coef. of 277" in (42® — gow — g3)P~ Y2 mod p,

B, = the coef. of 272 in (42° — gox — g3)P~ Y2 mod p.

Theorem 3.1. For any prime p > 5, «, is the reduction mod p of
E, 1, and B, is the reduction mod p of E,11/12. Moreover, o, and 3,
have mo common zero.

Proof. The first assertion is a congruence due to Deligne, cf [Ka-PPMF,
2.1]. One knows that «,, the Hasse invariant in characteristic p, has ¢-
expansion identically 1, as does the reduction mod p, for any p > 5, of
E, ;1 (because, by the Kummer congruence, ord,(4(p — 1)/b,_1) = 1).
So the first assertion results from the g-expansion principle.
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For the second assertion, we argue as follows. We know that 3, —
E,11/12 is a modular form over F, of weight p 4+ 1. To show that it
vanishes identically, it suffices to show that

(5]9 - Ep+1/12)6
(g5 — 27g3)P+1/2’

which is an F, polynomial in j = 1728¢3 /(g5 —27g3) of degree (p+1)/2,
vanishes identically. The number of supersingular j values in the alge-
braic closure F, is (p—1)/12, 14+ (p—5)/12, 1+(p—7)/12,2+(p—11) /12
when p is respectively congruent mod 12 to 1,5,7,11. After checking
low p by hand, one sees that for any p > 5, there are strictly more than
(p+1)/2 ordinary (i.e., not supersingular) j-values in F,,. So it suffices
to show that (3, agrees with E,.,/12 at every pair (E/F,,w) with E/F,
ordinary. Since we already know that o, is £,_1 mod p, it suffices to
show that (,/a, agrees with the reduction mod p of E,.;/12E, 1 at
every pair (E/F,,w) with E/F, ordinary.

To see this, we must recall some facts about H},z(F/F,) and the ac-
tion of F'rob, on it, for any E/F,, not necessarily ordinary, cf [Ka-PPMF,
A1.2.3]. First, the inclusion of the complex

Op = Qg
into the complex
I7H0) = Qpyp, © T7%(0)
induces isomorphisms
Hpp(E/Fy) = H(E,171(0) = Qpe, ® I7%(0))
= HY(E, Qpp, ® [7(0)) = Fyda/y © Fprdz/y.

In general cf. [Ka-NCMT, 7.1.2, 7.2, 7.3.6], one has a short exact
sequence

0 — H'(E, Hpp(E/Fy)) = Hpp(E/Fy) — H(E, Hpp(E/F,)) — 0.

The first term is H'(E, O%), which is precisely the image Frob,(H}(E/F,)),
and the sequence can be rewritten, via the Cartier operator, as

0= Froby(Hbp(E/F,)) = Hhp(E/F,) S HO(E, Q) ) — 0.

In terms of the basis (dz/y, zdx/y) of H},p(E/F,), and the basis dz/y
of H'(FE, Q}E/Fp), the map

Cp: HJIJR(E/FIJ) - HO(EyQ};/]Fp)

sends dz/y to a,dx/y and sends xdz/y to Bydr/y. Because this map
is surjective, at least one of a, or 8, must be nonzero, and the image
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Frob,(Hp,r(E/F,)) is the subspace Ker(C,), spanned by S,dz/y —
apxdr/y.

When FE/F, is ordinary, the image Frob,(H},5(F/F,)) is precisely
the “unit root subspace U”, spanned by

xdx [y — (By/cp)dz [ y.

Its“direction”, in the coordinates (dz/y, xdz/y), is B,/a,. 1t is proven
in [Ka-PPMF, A2.4] that this direction is the reduction mod p of the
p-adic modular form of weight 2 given by P/12. By the Kummer
congruences, P and E, ,/E,_ have g-expansions which are p-integral
and congruent mod p. By the g-expansion principle [Ka-PPMF, 2.7.1],
the reduction mod p of P is the reduction mod p of E,,/E, i, the
latter viewed as a p-adic modular form. Thus the direction of the unit
root subspace, (,/a,, is the reduction mod p of E,,1/12E,_; at each
ordinary (E/F,,w). O

4. EXPERIMENTAL FINDINGS: THE CM CASE

Suppose we start with an elliptic curve E/Z[1/6N] which has CM by
an order O = Z + fOk in a quadratic imaginary field K, given by an
equation y? = f(x) with f(z) a cubic in Z[1/6N] whose discriminant
is invertible in Z[1/6N]. Then

H = Hby(E/Z[1/6N))

is the free Z[1/6N] of rank 2 with basis dz/y and zdx/y. For each prime
p not dividing 6N, H/pH = H},,(E®F,/F,). If we extend scalars from
Z[1/6N] to Og[1/6N], the CM is defined on F ®zp /6n) Ok [1/6N], and
so acts on H ®zp /68 Ok[1/6N]. An element v € O maps dz/y to
udx/y; as u has eigenvalues u and @, the matrix of w in the basis
dx/y, xdz/y must be of the form

(5 %)

Lemma 4.1. Suppose the discriminant of the order O s invertible in
Z[1/6N]. Then there exists a Z[1/6N]-basis of H of the form dx |y, xdx /y—
Adzx/y, A € Z[1/6N], which diagonalizes the action of O. In other
words, we have a Z|1/6N|-splitting H = H"Y@H"" which over Ok [1/N]
diagonalizes the CM, and in which H'C is the Z[1/6N]-span of dx/y.

Proof. Take a Z-basis 1,u of O. It suffices to find an A € Z[1/6N] such
that the basis dx/y, zdx/y — Adz/y of H diagonalizes the action of u

for some a € Ok[1/6N].
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on H ®z1 /68 Ok [1/6N]. This amounts to the requirement that
[u]"(zdz [y — Adx/y) = u(zdz [y — Adz/y),
i.e., that
uxdz/y + adx/y — Audz )y = u(xdz/y — Adz/y),

i.e., that

Thus we get

The denominator v — w is purely imaginary. Its norm down to Q is
the discriminant of O, which is invertible in Z[1/6N]. Hence u — @ is
invertible in Ok[1/6N]. Thus A lies in Ok[1/6N]. To show that A
lies in Z[1/6N], it suffices to show that the quantity a is itself purely
imaginary. For this, we argue as follows.

The matrix of w is
u a
0 uw /-
The matrix of u 4+ @ is then
u+u a+ta
0 ut+u )

But u + @ lies in Z, say v +u = n, and n acts on H by multiplication
by n. Therefore a +a@ = 0, i.e., a is purely imaginary. U

For our CM curve E/Z[1/6N], if we take a good prime p which is
ordinary for E, the unit root subspace in Hj,,(E ® F,/F,) = H/pH is
the reduction mod p of H®!. In other words, for each good ordinary
prime, we have 3,/a, = A mod p.

We did computer experiments with convenient Z[1/6N]-forms of el-
liptic curves over Q with each of the thirteen CM j-values in Q, chosen
using the table in Silverman’s book [Si-ATEC, Appendix A&3|. Ex-
perimentally, the quantity A turned out to lie in Z in each case. Here
is the data, giving the discriminant of O, the conductor of the order
O, the equation we used, and the A we found empirically (by comput-
ing f3,/a, for a few thousand ordinary p). [Of course that A = 0 for
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3

y? =23 — 1 and for y? = 2® — z is obvious.]

Discrim. D Cond. f Equation A
-3 1 yr=a2%—1 0
-3 2 y? =23 — 15z + 22 1
-3 3 y? =23 — 30z + 63+ 1/4 2
—4 1 Y=o —x 0
—4 2 y? =23 — 11z + 14 1
-7 1 y? =23 — (3/4)2? — 22 — 1 0
-7 2 y? = 23 — 5952 + 5586 9
-8 1 y? =2 + 4a? + 2z —1
—11 1 v =2 —2*—Tr+10+1/4 1
—-19 1 y? =2 —-382+90+1/4 2
—43 1 y? = 23 — 860z + 9707 + 1/4 12
—67 1 y? = x® — 7370z + 243528 + 1/4 38
—163 1 y? = 23 — 2174420z + 1234136692 + 1/4 724

Each of these curves has good reduction over Z[1/2D], so the hy-
potheses of Lemma 4.1 are satisfied.

There is, of course, a transcendental way of computing the constant
Ain the CM case. Suppose first that our elliptic curve E is given over C
by a Weierstrass equation y? = 423 —gyx— g3, with dz/y = w, zdz/y :=
n. Integrating over a positively oriented basis of H!(E*, C), we denote
the periods of w by wy, ws, with I'm(ws/wy) > 0. The periods of n over
this basis are denoted 7, 72. The Legendre relation is

W1Me — Wahy = 2.

We first solve for constants u,v € C such that un — vw = w. Then we
have A = v/u.
Concretely, we must solve the vector equation

u(n1,n2) — v(wi, we) = (Wr, (W2).

Written as the matrix equation

() (=)

the solution is gotten using Legendre’s relation to invert the period
matrix, so we get

U N[ —w2 Wi w1 N [ —Wiwa + wilug
=(1/2 ] =(1/2 - _
(U> (1/2mi) (—772 771) <w2) (1/2mi) (—w1772 —|—w2?71)
and the formula

W1 — WiMe
wiloy — Wiwy

A=v/u=
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When our curve is given in the form y? = 2® — ax — b, then the
curve (2y)? = 4x3 — 4ax — 4b is its Weierstrass form. The pairs of
differentials (dz/y,xdz/y) and (dx/(2y),zdz/(2y)) are proportional,
so we may calculate A on the Weierstrass model. When our curve £
is given as y*> = (z — ¢)® — a(z — ¢) — b, with the pair of differentials
(dz/y, zdx/y), the differentials on the model By, : y? = X2 —aX —b
are (dX/y = dx/y, XdX/y = (x — ¢)dz/y). So the Ag,,, tells us that

(v = )da/y — Apydafy
is antiholomorphic. Thus on the original E' it is

zdr)y — (Apy., +c)dz/y
which is antiholomorphic. In other words,

Ap = Ap,,.,, + ¢
For numerical calculation in the case of a Weierstrass equation
y* =42’ — gox — gs,
the Mathematica function
2 x WeierstrassHalfPeriods[{ g2, g3 }]

returns {wp,wy} for that curve.The periods 7; and 17, are gotten by
translating the negative of the Weierstrass zeta function, cf. [Ka-PTIRAES,
1.2.4], so given in Mathematica by

n; = WeierstrassZeta[z, {gs, g3}] — WeierstrassZeta[z + w;, {2, g3}]

for i = 1,2, for any fixed z € C not in the period lattice. For example,
one could take z = wy/2..

The transcendental calculations of A, done using Mathematica, for
the thirteen CM curves listed above, agree with the experimentally
found values of A up to many digits.

For each of these thirteen curves, we also looked what happened at
supersingular primes p. At such a prime, we have o, = 0. We looked at
the variation with supersingular p of 5, /p, viewed as an element of R /Z.
Empirically, it seemed in each case that the sequence {3,/p}supersingular p
was equidistibuted in R/Z for Haar measure of total mass one.

5. EXPERIMENTAL FINDINGS: THE ORDINARY CASE

We took some non-CM curves over QQ, and looked at the distribution,
as p varies over good primes of ordinary reduction, at the two sequences
in R/Z given by {8,/p}ordinary p and {(8p/p)/P}ordinary p- Empirically,
it seemed that both of these sequences were equidistributed in R/Z for
Haar measure of total mass one. [The sequence {a,/p}ordinary p tends
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to 0 in R/Z by the Weil bound, so is“not interesting” from this point
of view.|

We also looked at an equicharacteristic version of this question, again
empirically. We fixed a large prime p, and for each A\ € F, \ {0,1}
computed a, = a,(A\) and 8, = ,(A\) for each of the curves y* =
z(x —1)(x — ). It seemed that both the collections {3,()\)/p}ordinary A
and {(5,(X)/ap(N))/P}ordinary » Were approximately equidistibuted in
R/Z for Haar measure of total mass one.

6. HOow WE COMPUTED «,;, AND f3,

We take a prime p > 5, and a cubic polynomial f(z) € F,[z]
with nonzero discriminant. Recall that «,, is the coefficient of 27~
in f(x)P~Y/2 and S, the coefficient of 2P~2 in f(z)P~Y/2 is also the
coefficient of 27! in 2 f (x)®»~Y/2 The polynomial f(x)®~1/2 has degree
3(p —1)/2 < 2p — 3. Therefore 2P~! is the only term ™ with n = 0
mod p — 1 which can occur in either f(x)®=1/2 or in af(z)P~/2,
For any polynomial g(z) = >, a;a" € Fplx], the sum D ier, 9(t) 1s
— > o1 @d(p—1)- We apply this to the polynomials f(z)?~Y/2 and z f (z)P~1/2,

o, = — Z fyPV2 g — th(t)(p—l)/?
teF, teF,

For xo the quadratic character of Y, extended to all of I, by decreeing
x2(0) = 0, we have xo(f(t)) = f(£)?"Y/2 mod p. So we have
Qp = — ZX2(f(t))7 Bp=— Ztm(f(t))-
teF, teF,

It was these formulas we used for computing in Mathematica.

7. CURVES OF HIGHER GENUS: OPEN QUESTIONS

Take a hyperelliptic curve

C:y® = f(x)
with f(z) € Z[z] monic of degree 2g + 1, ¢ > 2, with discriminant
A(f) # 0. We denote by oo the section at infinity. The arithmetic
version of the fact that removing a single point from a projective,

smooth connected curve over C does not change its H' is that, over
A= Z[1/(2A(f))], we have an isomorphism

Hpp(C/A) = H'(C,Q¢,,) = H'(C, Qg 4log(c0)).
[Recall that Qg, ,log(oc)) is the two term complex
OC — QE/A ® I(OO)_I]
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If we further invert (2g)!, i.e. pass to A := Z[1/((29)!A(f))], then the
inclusion
Qyalog(00) C Q2 xlog(00) @ I(00) 2
(the larger complex being
I(00)*17% = Qgyp @ 1(00) ™)
is a quasi-isomorphism, so we get
Hpp(C/A) = HY(C, Qg 4log(00) @ I(00) ') =
= H(C, Q¢ ® I(00)77%),
the last equality because H'(C, I(00)®'~29) vanishes. The space
H(C,Qgya @ 1(00)7%)

.....

wi = 2'dx/xy, n; = 29w = 29 dx /2y

If we reduce mod a good prime p, we have the Cartier operator,
which now maps the entire H' ® F, onto H%(C, Q) ® F,. In terms

g
Cyla'dr/ay) = 3 Aypi(p)dide/ay,
j=1

with matrix entries
A, (p) := the reduction mod p of the coefficient of x* in f(x)®~1/2,
Just as in the elliptic case, one has [Ka-NCMT, 7.1.2, 7.2, 7.3.6] a

short exact sequence
0 — H'(C/Fy, Hpr(C/F,)) = Hpp(C/F,) — H(C/Fy, Hpp(C/E,)) — 0.
The first term is H'(C'/F,, Og/mp)v which is precisely the image F'rob,(H},(C/F,)),
and the sequence can be rewritten, via the Cartier operator, as
0 — Froby(Hpa(C/F,)) = Hbp(C/Fy) S H(C/Ey, Qbys,) = 0.
The analogue of «, in the elliptic case is the g x g Cartier-Manin
matrix [A-H] (the matrix of C, on H°(C//F,, Qé/Fp)), also the transpose,
under the cup product duality, of the Hasse-Witt matrix (the matrix
of the p’th power operation Frobaiwmp on H'(C/F,, Ocyr,)), namely

%1 w1

Ap = (Ajpfi(p))i,j:1 ..... g - Cp .. = Ap

Wy Wy
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The analogue of (3, is the g x g matrix giving the action of C,, mapping
{x*dx/zy}icgtr,. 24 to {z'dx/2y}izy, . 4 namely

Uit w1
By = (Ajp-i(P))i=1,.gs j=gr1.020 - Cp | -+ | = By
Mg Wy

When A, is invertible, then B,A 1'is the “direction” of the unit root
subspace Ker(C,,); the map

U m w1
=] = BA?

Mg Mg Wy

is an isomorphism of the span of the n; with Ker(C,).

There are any number of equidistribution questions which cry out
to be investigated. In genus two, Sawin [Sawin] has proven that if the
(-adic galois representation on H! has open image in G:Sp(4), then C
is ordinary (meaning that A, is invertible) for a set of primes of density
one. Thanks to Zarhin [Zarhin|, we know that this “open image” con-
dition is satisfied when the quintic polynomial f has galois group either
Ay or S5. Known quintics with galois group S5 include 5! Z?:o xt /i
(Schur, cf. [Coleman] for a nice exposition) and z° — z — 1 (Osada
[Osada, Cor.3]). [Schur’s result is that the trucation of the exponential
series through degree n (for any n > 5) has galois group S,, unless n is
divisible by 4, in which case the galois group is A,,. Osada proves that
2" — x — 1 has galois group S,, for every n > 5. And Zarhin’s result
[Zarhin, Thm. 2.6] is that for any n > 5, if f of degree n has galois
group either S, or A, then for the hyperelliptic curve y? = f(z), the
galois representation on its H' has open image in G'Sp(29).

It is plausible that whatever the genus g > 2, if the galois represen-
tation on H' has open image in GSp(2g), then the curve is ordinary
at a set of primes of density one. In any case, suppose for the rest of
this section that we have a curve C' of genus g > 2 which is ordinary
at a set of primes of density one.

At each ordinary prime p, we form the g X g matrices

(1/p)A, and (1/p)ByA.",
in which we think of the entries as lying in
(1/p)(2/pZ) = (1/p)Z/Z C R/Z.
We also form the quantity
(1/p)det(A,) C R/Z.
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As p varies over ordinary primes, the sequence
{(1/p)BpA;1}Ordinary P

is not equidistributed in (R/Z)?" for Haar measure in general. For
hyperelliptic curves of the form

y? = 2°9™ 4 (polynomial of degree < g),

the the (1, 1) entry is, experimentally, 2g — 1 times the (g, g) entry in

R/Z (and in the mod p matrix B,A~ ! these entries are, experimentally,

related this way in F,). Is this the only obstruction to equidistribution?
For the sequence

{(1/p)Ap}ordinary o3

there is the obvious constraint that its trace is small (Weil bound); is it
true that if we omit any single diagonal entry, this sequence is equidis-
tributed in (R/Z)¢" ! for Haar measure? Numerical experiments with
y? = 2° — x — 1, omitting the bottom diagonal entry, are compatible
with this.

Finally, is it true that the sequence

{(1/]7) det(Ap)}ordinary P

is equidistributed in R/Z for Haar measure? For this last question,
at least, it is easy to do experiments. The EulerFactorModChar(J)
function in Magma, for J the Jacobian of the hyperelliptic curve C,
returns the mod p polynomial

det(1=TC,y|H*(C/Fy, Q) = det(1=T Frobaimp| H' (C/Fy, Ocyr,)),

whose leading coefficient is det(—A,), amazingly quickly. Numerical
experiments with the curves y? = 2" —x — 1 for n = 5,7,9,11,13 are
compatible with this equidistribution. In fact, what seems plausible is
that in genus g > 3, the points in (R/Z)?! given by

(1/p)(the coefficients of (x* x* ...,x%) in det(l—TCp|H0(C/IFp,QE/FP))

are equidistributed in (R/Z)9~! for Haar measure.
Much remains to be done.
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