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A SIMPLE ALGORITHM FOR CYCLIC VECTORS

By NicHorAs M. Karz

Statement of Results. Let R be a commutative ring with unit,
0:R — R aderivation of R to itself, and ¢ € R an element with () = 1. We
denote by R? = Ker(9d) the subring of “‘constants.” For any constant a €
R, the element ¢ + a of R also satisfies d(t + a) = 1.

Fix an integer n = 1, and a triple (V, D, €) consisting of a free
R-module V of rank n, an additive mapping D:V — V satisfying

D(fv) = o(f)v + fD(v)

forall feR, v eV, and an R-basis ¢ = (eg, . . . , e,—) of V.
An element v € V is said to be a cyclic vector for (V, D) if v, Dv, . . .,
D"~ (v) is an R-basis of V; a basis of this form is called a cyclic basis.
Suppose now that (r — 1)! is invertible in R. For each constanta € R?,
we define an element ¢(¢, ¢t — a) in V by the formula

n—1 — i /
c(e,t —a)= u)— )5 (— 1)k <;(> D¥(ej—).

=0 J! k=0

THEOREM 1. Suppose that R is a local Z[1/(n — 1)!]-algebra whose
maximal ideal contains t — a. Then c¢(€,t — a) is a cyclic vector.

THEOREM 2. Let R be a ring in which (n — 1)) is invertible, and let k
be a sub-field of R?. Suppose that #(k) > n(n — 1), and let ay, a, . . .,
-1y be 1 + n(n — 1) distinct elements of k. Then Zariski locally on
Spec(R), one of the vectors c(é,t — a;), 0 < i < n(n — 1), is a cyclic
vector.
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Proofs. We first compute the derivatives of c(¢, ¢t — a). For this, we
introduce the elements

ci,Nev, indexed by £, j integers = 0,

defined inductively as follows:

Z (-1 (;{) DXe)  if j=n—1
c(0, j) =

0 it j=n
ci + 1,j) = D(c(, ) + cli,j + 1).
By definition of ¢c(¢, t — a), we have

n—1 — i
(*) (e, t—a)= L E—,L)c(o,_,’).
i=0 !

J=

Successively applying D, we easily verify by induction on i that fori = 0 we
have

n—1 (t — a)j

(**) Dic(¢,t —a) = ’.—,C(l',j).

i=0

A straightforward induction on i + j shows thatfori +j <n — 1, we
have

7 .
i, j) = L (—1) <’> D eisj—1),
k=0 k
and so in particular we have

(k) ci,0)=e for i=0,1,...,n— 1.
Therefore (**) yields the congruence

Dc(e,t —a) = e;mod (t — a)V, for 0<i<n—1,
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from which Theorem 1 follows, by Nakayama’s lemma.
To prove Theorem 2, we argue as follows. For0 < i < n — 1, and
variable X € R, we define elements c;(¢, X) in V by

n—I1 X!
ci(€é,X)= X —c(,).
i=0 !

In A*(V), we visibly have
C()(?,X) N /\C,,_l(z,X) = P(X)e()/\ ...Ne,—y,

with P(X) the value at X of a polynomial P(T) € R[T] of degree
< n(n — 1). By (**%%), we have c;(¢, 0) = e;, so

P0) = 1.
At X = t — a with a constant, (*¥*) gives
ci(é¢,t —a) = Dic(¢,t — a).

Therefore c(¢, ¢t — a) is a cyclic vector if and only if P(¢t — a) lies in R*.
We must show that the ideal I in R generated by the 1 + n(n — 1)
values P(t — a;) is the unit ideal. Let us write explicitly

n(n—1)
P(X)= L rXi.

J=0 !
Then
nn — 1)

P(t —a) = 420 ri(t — a)’.

J=

But for i # j, the differences (t — a;) — (t — a;) = a; — a; liein k>, so in
R*; hence the van der Monde determinant

det ((t - ai)({si.js::(u - I))

lies in R*. Therefore the ideal I is equal to the ideal generated by the coef-
ficients Foy « « v s Fuu—1) of P(X) But Yo — P(O) =1. QED
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Remarks. (1) Suppose € = (e, . . . ,e,—)is a cyclic basis to begin
with, i.e., ey is a cyclic vector and e; = Diep for 0 < i < n — 1. Then
c(0, 0) = ey, and c(0, j) = 0 forj > 0. Therefore c(€, t — a) = ey is the
cyclic vector we began with.

(2) Suppose R is a field, and n = 2. If (n — 1)! is not invertible in R,
(V, D) may admit no cyclic vector. For take a prime number p, R = F,(¢),
d=d/dt,V=R",D(f,...,f.)=f,...,0d,) Becaused” = 0, we
have D? = 0, so (V, D) admits no cyclic vector if p <= n — 1.

(3) Suppose R is a field, n = 2, and (n — 1)! invertible in R. For a
suitably chosen basis ¢, c(¢, t) can vanish. Indeed, if e, is a cyclic vector,
and if e;, = Diegfor 0 < i < n — 2, then

o tu*l
cle, 1) = e + — (es—1 — D" ey),

so we can solve for e,_, to force c(¢, t) = 0.

(4) If R is a field in which (r — 1)! is invertible, and which is a finitely
generated extension of an algebraically closed subfield k of R?, then we can
use Theorem 1 to produce cyclic vectors. Notice first that for any finite
subset S of R, there exists a d-stable k-subalgebra R, of R which is finitely
generated as a k-algebra, and which contains S (in terms of generators x,,

., xyof R/k, write each d(x;) and each s € S as a ratio of k-polynomials
in the x;’s whose denominators are nonzero in R; then take for R, the
k-subalgebra of R generated by the x; and by the inverses of the denomina-
tors of both the d(x;) and the s € 5). Given (V, D, ¢€) over R, we apply this
to the set S consisting of ¢ and of the n? coefficients a;; of the connection
matrix, defined by

De; = L aje;.
1

Over the resulting R, we have a canonical descent (Vy, D, €) of the origi-
nal (V, D, ¢) over R. For any k-valued point of X = Spec(R,), we have
ring inclusions Ry C Ox. C R, and by Theorem 1 we know that c¢(¢,t —
t(x)) is a cyclic vector for Vy ®g, Ox.., so a fortiori c(€, ¢t — #(x)) is a cyclic
vector for V = V{, ®g, R itself.

(5) The heuristic which leads to considering c(¢, t) is the following.
Suppose R = C|[¢]], d = d/dt. It hy, . . . , h,—, is a horizontal R-basis of
V, i.e., an R-basis with Dh; = 0for 0 <i < n — 1, then
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is obviously a cyclic vector. Now given any v € V, the #-adically convergent
series (cf. [2], proof of 8.9)

tk
— — 1} k,
kzz:O( D k! D)

is the unique solution of
V= vmod:tV, D) = 0.

Therefore if € = (e, . . . , e,—;) is any R-basis of V, then (&, . . . , &,_,)
is, by Nakayama’s lemma, a horizontal R-basis, and consequently

_'t Uy (—1)"—D"(e,)

j:O_]! T =0 1' k=0

is a cyclic vector. But if v € V is a cyclic vector, then so, by Nakayama’s
lemma, is v + t"v, for any v, € V, simply because, for0 <=/ <n — 1,

Di(v + t"vo) = D'v mod t"~'V.

Therefore in the above double sum, we may neglect all terms with j +
k = n, to conclude that
n—1 t/ n—1—j

r — X (—1)"—D"(e)
i=0 j! k=0

is a cyclic vector. But this last vector is easily seen to be c(¢, ¢).

(6) The proof of Theorem 2 also yields the following variant: If R is a
ring in which (n(n — 1))! is invertible, then Zariski locally on Spec(R), one
of the vectors ¢(€, ¢t — i), 0 < i < n(n — 1), is a cyclic vector.
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