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A CONJECTURE IN THE ARITHMETIC THEORY
OF DIFFERENTIAL EQUATIONS

BY

NicrHoLas M. KATZ (*)

ABSTRACT. — This article discusses a conjectural description of the Lie algebra of the
differential Galois group attached to a linear differential equation as being the smallest algebraic
Lie algebra whose reduction mod p contains, for almost all p, the p-curvature of the reduction
mod p of the differential equation in question.

RESUME. — On discute une description conjecturale de I’algébre de Lie du groupe de Galois
différentiel d’une équation différentielle linéaire comme étant la plus petite algébre de Lie
algébrique dont la réduction modulo p contient, pour presque tout p, la p-courbure de la
réduction modulo p de I'équation différentielle dont il s’agit.
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204 N. M. KATZ

Introduction

Consider a first order nxn system of homogeneous linear differential
equations in one variable T

AN
: +A - ) =0,
1 I

in which the matrix A4 is an n x n matrix

of rational functions of T, say with complex coefficients. Denote by S the
finite subset of C constisting of the points se C at which any of the functions
a;; has a pole, and denote by g(T) € C[T] the polynomial

9(T)=]Lies(T—5).

4
a1

Then each of the coefficient functions a;; lies in the ring C[T][1/g(T)] of all
rational functions holomorphic on the open Riemann surface C—S.

For each point te C— S, we denote by Soln(t) the space of germs at ¢ of
solutions of the differential equation; this is a C-vector space of dimension
n. Analytic continuation of solutions yields for each teC-S an
n-dimensional complex representation of the fundamental group rn, (C—S; t)
on the space Soln(t), the ‘“‘monodromy representation”. For variable
teC—S, these representations are all conjugate to each
other. (Equivalently, the spaces Soln(t), te C—S, form a local system on
C—S of n-dimensional complex vector spaces.) The image of ‘‘the”
monodromy representation is called ‘‘the” monodromy group of the
equation; up to conjugation, it is a well-defined subgroup of GL (n. C).

Question. — Can one ‘‘calculate” the monodromy group of the equation
““algebraically” in terms of the matrix (a;;) ? Can one give ‘‘algebraic” criteria
that the monodromy group be finite?
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ARITHMETIC THEORY OF DIFFERENTIAL EQUATIONS 205

Let us define the ‘‘algebraic monodromy group” G, of the equation to be
the Zariski closure, in GL (n, C), of the monodromy group. Thus G, is the
smallest algebraic subgroup of GL(n, C) which contains the monodromy
group. Then we get an apparently more algebraic version of the first
question by replacing ‘‘monodromy group” by ‘‘algebraic monodromy
group” throughout. (Notice, however, that the monodromy group will be
finite if and only if its Zariski closure is finite, so that this aspect of the question
remains unchanged.)

Because G, is by definition an algebraic subgroup of GL (n, C), we may
speak of its Lie algebra Lie (G,,,,), Which is an algebraic Lie sub-algebra of
M(n, C). Wemay ask for an ‘‘algebraic” description of Lie (G,,), and for
‘‘algebraic” criteria that it vanish. (Notice that Lie(G,,,) =0 if and only if
G pon, 18 finite if and only if the monodromy group is finite, so again this aspect

of the question remains unchanged.)

There is yet another algebraic group attached to our differential equation,
the “‘differential galois group” G,,,. (In the case when our n x n system is the
system version of a single n'th order equation, this group G, is precisely the
differential galois group of the n-th order equation, whence the
terminology.) The definition of Gy, is purely algebraic, but none the less,
one does not ‘‘really” know how to calculate either G, or its Lie algebra
Lie G,y).

The relation of G, to G, is this. One always has an inclusion

Gmono < Gpl = GL (nr C)a
and one has equality

G

‘mono — Gnh

whenever the differential equation involved has regular singular points (but
not conversely; one can have G = GL (n, C) but irregular singularities).

mono

In this paper, we will put forth a conjectural description of the Lie algebra
of G, (or more precisely of a certain “‘“form” G, ¢, of G, defined not over C
but over the field C(T) of rational functions on € —S)in terms of certain
invariants, the ‘*p-curvatures”, of the ‘‘reductions mod p” of our differential
equation, which are the obstructions to the reduction mod p’s having a full set
of solutions.
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206 N. M. KATZ

Let us recall briefly the notion of ‘‘reduction mod p” we have in
mind. The n? rational functions a, ;all lie in the ring C[T][1/g(T))], so each
a;; may be written

o Piy(T)
=bJi 7
a;(T) g(Ty" "’

where P, ; lies in C[T], and where n; ;>0 is an integer. Let R denote the
subring of C generated over Z generated over Z by the finitely many
coeflicients of the polynomials P; ;(T) and of g(T).

Then all the functions a;; lie in R[T][1/g(T)], and R is a subring of C which
is finitely generated as a Z-algebra. For any such ring R, the natural map

R-]],R/pR,

is injective, so long as the product extends over any infinite set of prime
numbers p. In principle, then, we lose no information if, instead of studying
the operator '

d

— +4

ar t4
operating, say, on n-triples of elements of R[T][1/g(T)], we simultaneously
consider its reductions mod p, operating on n-triples of elements of
(R/pR)[T][1/g(T))},for all but some finite set of primes. The *‘p-curvature”
Y, of this mod p operator is simply its p-th iterate

14
"’P=<d_df +A> , taken mod p,

which turns out (oh miracle!) to be a linear operator rather than a differential
one. In absolutely down-to-earth terms, if we define a sequence A4 (k), k=1,
of n x n matrices over R[T][1(g(T)] by the inductive formulas

A(l)=A4,

A(k+1)=%(A(k))+A.A(k), .
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ARITHMETIC THEORY OF DIFFERENTIAL EQUATIONS 207

then we have .
VY,=A(p), taken mod p.

Roughly speaking, our conjecture is that the algebra Lie(Gy,,c(n) is the
smallest algebraic Lie sub-algebra of M (n, C(T)) with the property that its
“‘reduction mod p” contains , for all but finitely many p. As a special case,
this conjecture contains a conjecture of Grothendieck’s, according to which
the vanishing of Y, for all but finitely many primes p should be equivalent to
the existence of a full set of algebraic solutions for our original differential
equation, a condition equivalent to the finiteness of G, 1. €. to the vanishing
of Lie(G,,).

It turns out that the two conjectures are equivalent (the universal truth of
Grothendieck’s conjecture would imply ours).

In the text we work on an arbitrary connected smooth complex algebraic
variety, rather than on C — S, but this generality should not disguise the fact
that C — S is the crucial case; the universal truth of our conjecture on all C —S
would imply its universal truth in the general case.

In an Appendix, we give a fundamental formula for p-curvature due to O.
Gabber.

I. The algebraic picture (cf. [6] and [8], pp. 307-321)

Let X be a smooth connected algebraic variety over C. By an algebraic
differential equation on X /C, we mean a pair (M, V) consisting of a locally
free coherent sheaf M on X, together with an integrable connection

V: M- MQ(),,XQ},C.
This means that V is a C-linear mapping which satisfies the connection-rule
V(fm)=fV(m)+m® df

(for f alocal section of @y, and m a local section of M) and which is integrable
in the following sense: for any local section D of Detc (O, 0y), define the
additive endomorphism V(D) of M as the composite

v

M MQ®Q!

V(D)

M;
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208 N. M. KATZ

the requirement of integrability is that for any two local sections D,, D, of
Der, we have

[V(D,), V(D,)]=V([D,, D;)).
When X is one-dimensional, any connection is automatically
integrable. [h the introduction, we consider X =A'—S, M =(0,)",and V
the map
- - —
f—=df+Af,
the operator V(d/dT) on M is the map
- d - 4 =
f —’HU)"' f]-

Because C is a field of characteristic zero, and X is smooth over C, any
coherent sheaf on X with integrable connection is automatically locally
free. It follows from this that, with the obvious notion of horizontal
morphism (@ -linear maps compatible with V's), the categorie D. E.(X /C) of
all algebraic differential equations on X is a C-linear abelian category.
Given two algebraic differential equations (M,, V,) and (M,, V,) on X, one
can form their “internal hom” (Hom (M,, M,), V, ;) and their tensor
product (M, X, M2, V; ® 1+1®V,) in the expected way. Thus the
category D.E.(X /C)is a tanakian category in the sense of Saavedra. Given
an algebraic differential equation (M, V), with M locally free of rank n, we
may apply to (M, V) any ‘‘construction of linear algebra” obtained by finitely
iterating the basic constructions ®°, A/, Symm*, @. [Strictly speaking,
such a ‘‘construction” is nothing other than a polynomial representation of
the algebraic group GL (n) over Z in a free Z-module, but we will make do
with the above more naive point of view.]

Let UcX be a non-empty Zariski open set. There is a natural
“‘restriction to U” functor

D.E(X/C)-D.E.(U/C),

which is exact, fully faithful, and compatible with all constructions of linear
algebra. Moreover, given an (M, V) on X, every sub-equation (N’, V') of
(M, V)| U extends uniquely to a sub-equation (N, V) of (M, V). (Proof :if

TOME 110 — 1982 — N°2



ARITHMETIC THEORY OF DIFFERENTIAL EQUATIONS 209

j : U— X is the inclusion, then (j * N')n M is a coherent subsheaf of M
stable by V.)

Passing to the limit, we obtain an exact fully faithful functor compatible
with the constructions of linear algebra

D.E.(S/C)—D.E.(C(X)/C),

with target the category of finite-dimensional vector-spaces over the function
field C(X) of X endowed with integrable connections relative to
C(X)/C. Given(M, V)in X, the underlying C (X )-vector space of its image
is simply the generic fibre M (X), C(X) of the underlying M. Just as above,
any V-stable subspace of M ® C(X) is the generic fibre of a unique sub-
equation of (M, V).

For any non-empty X-scheme

f: Y-X,
the ““functor” inverse image by f"’ is an exact faithful functor
.D.E(X/C)— Loc Free(Y),

to the category of all locally free sheaves of finite rank on Y, which is
compatible with all constructions of linear algebra. For example, if
f:Y—> X is the inclusion of a C-valued point ye X, the corresponding
functor

D.E.(X/C)— Fin. Dim. C-vector spaces,

is just the functor ‘‘fibre of M at y”
(M, V)= M(y).

The faithfulness of this functor amounts to the fact, applied to the internal
hom differential equation, that a global horizontal section of an (M, V) is
uniquely determined by its ‘value in any fibre M(y) of M. Similarly,
if f: Y= X is the inclusion of the generic point Spec(C(X)) of X, then the
corresponding functor

D.E.(X/C) — Fin. Dim. C (X )-vector spaces,
is just the functor ‘“‘generic fibre of M’

(M, V)M ® C(X).

BULLETIN DFE LA SOCIETE MATHEMATIQUE DE FRANCE



210 N. M. KATZ

II. The analytic picture

Let us denote by X" the connected complex manifold underlying the
algebraic variety X. In complete analogy with the algebraic case, we have
the category D. E.(X“°"), whose objects are the pairs (M, V) consisting of a
locally free coherent sheaf M on X“" together with an integrable connection
V, with morphisms the horizontal ones. Just as in the algebraic case, the
" category D. E.(X*") is a C-linear abelian category in which one can perform
all the constructions of linear algebra.

Unlike the algebraic case, however, we have in principle a complete
understanding of this category in terms of the fundamental group of X*". In
the analytic category, the functor ‘‘sheaf of germs of horizontal sections”
defines an equivalence of categories

D.E.(X°") = Loc. System (X*"),

with the category of all local systems of finite-dimensional C-vector speces on
X, If we fix a base point ye X*", the functor “fibre at y” defines an
equivalence of categories

Loc. System (X°") = Rep(rn, (X", )),

with the category of finite-dimensional complex representations of the
fundamental group =, (X", y). Both of these functors are compatible with
the constructions of linear algebra.

There is a natural G.A.G.A. functor
D.E.(X/C) = D.E.(X*"),

which is exact, faithful (but not in general fully faithful, unless X is complete)
and compatible with the construction of linear algebra. Let us denote by

D.ERS.P.(X/C)=D.E.(X/C),

the full subcategory of D.E.(X /C) consisting of those algebraic (M, V) on X
which have regular singular points in the sense of Deligne.  This subcategory
is stable by sub-object and quotient, as well as by the constructions of linear
algebra. DELIGNE [2] has shown that the composite functor

D.E.RS.P.(X/C)

D.E. (X/C)———> D.E. (X*"),
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ARITHMETIC THEORY OF DIFFERENTIAL EQUATIONS 211

in an equivalence of categories. All in all, we may summarize the situation
by the following diagram, in which all functors occuring are exact, faithful,
and compatible with the constructions of linear algebra:

D.ERS.P. (X/C)

DE. (X/C) — = > DE. (X

sheaf of germs of
horizontal sections

Loc. System. (X°")

Fiber at ¥ S Fiber at y

. Rep(n, (X*%, y))

5 forget x,

Fin. Dim. C-vector spaces

II1. Interlude: Review of algebraic groups

Let k a field, and V a finite-dimensional k-vector space. Given any
construction of linear algebra, we denote by Constr (V) the finite-dimensional
k-vector space obtained by applying the constructionto V. By functoriality,
the algebraic group GL(V) operates on Constr(V), as. does its
Lie algebra End(V). [For example, geGK(V) acts on
v, ®v,eV® by v, ®v, >g(v;)®9g(v,), while yeEnd(V) acts by
v @0, > ¥ (v) @ v +0; ® Y(v,))

Given a family Constr; of constructions of linear algebra, and a collection
of subspaces of the Constr;(V)

{ W, j=Constr;(V)}},
we may attach the following algebraic subgroup G of GL (V):
G={geGLMVIY, ;, g(W, )= W, ;}.

The Lie algebra Lie(G) of this G is the algebraic Lie sub-algebra of End (V)
defined by

Lie(G)= {yeEnd(M)IY, ;, Y(W, =W, ;}.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



212 N. M. KATZ

The key to understanding algebraic subgroups of GL (V) is provided by the
following fundamental theorem of CHEVALLEY [1].

THEOREM. — Every algebraic subgroup of GL(V) (respectively, every
algebraic Lie sub-algebra of End(V)) may be defined by the above
procedure. Infact, it can be defined as the stabilizer of a single line in a single
construction. '

One striking consequencee of the theorem is that an algebraic subgroup G
of GL (V)(resp. an algebraic Lie sub-algebra Lie (G) of End (V) is determined
by the hst of «ll G-Stable subspace in all possible Constr(1')'s: namely
G (resp. Lie (G)) is precisely the stabilizer of all these subspaces.

Another consequence is this. Given an “‘abstract” subgroup H of GL(V),
its Zariski closure in GL (V) is the algebraic subgroup defined as the stabilizer
_ of all H-stable subspaces in all Constr(V)'s.

IV. The differential Galois group G, (compare (5], [8])

Let us fix an algebraic differenual equation (M. Vion Y. i.e.. (M. Viisan
objectof D.E.(X/L). For any construction of linear algebra, we may form
the corresponding object Constr(M, V) of D.E.(X/C). In each such
construction, we next list all of its algebraic sub-equations, i. e. all of its sub-
objects in the category D.E.(X/C). In this way we obtain the (rather long)
list

(W,;, V)= Constr;(M, V),

J?
of all algebraic sub-equations of all constructions.

Now let ye X (C) be any closed point of X. We will apply the preceding
discussion of algebraic groups to the vector space V=M (y) over the field
k=C. The list of subspaces of all the Constr;(M (y))’s,

W;(y)=Constr; (M (y))=(Constr; (M)) (),

provided by the fibres at y of all algebraic sub-equations of the
Constr;(M, V)’s defines an algebraic group over C,

the ‘‘differential galois group” of (M, V), with base point y.
Instead of a closed point ye X(C), we could carry out the same
construction with the generic point of X, i.e., we consider the vector space
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ARITHMETIC THEORY OF DIFFERENTIAL EQUATIONS 213

V=M ® C(X) over the field k=C(X), and the list of subspaces of all
constructions. .
W;;® C(X)=Constr;(M ® C(X)),

provided by the generic fibres of all algebraic sub-equations of all the
Constr;(M, V)’s. The associated algebraic group over the function field
C(X),

G,,(M.V:C(X)eGLM @ C(X)).
is the differential galois group of (M, V), with base point the generic point
of X.

What is the relation among the G,'s of a fixed (M, V) based at different
points ? It follows from the general theory of Tanakien categories that the
groups attached to any two ‘‘fibre functors™ are ‘‘inner forms™ of each
other. However, in the concrete situation at hand, we can see this explicitly.

Prorosimion 4.1. — Let ye X (C) be a closed point of X, @x, , the complete
localring of X at y,and K the fraction field of (ﬁx‘ - Then we have a canonical
isomorphism, for any (M. V) in D.E.(X/C)

MM KM, CX)NX- K.

which is compatible with all constructions of linear algebra, and which induces a
canonical isomorphism of algebraic groups over K

G.,(M.V: )& K=Gy(M.V:C(X): v, K.

Proof. — Let us denote by (M Xy, 0y.,)" the space of formal horizontal
sections at y. By the formal version of the Frobenius integrability theorem,
this is an n=rank (M)-dimensional C-vector space, which by reduction
modulo Max, is isomorphic to the fibre M (y) of M at y:

M®Cy )' SM@).
Moreover, the natural map
(M @x@x‘ ,\~)V®c (D‘X‘y -M ®cxéx, V.

is an isomorphism of @x, y,-modules. Combining these two isomorphisms,
we find a canonical isomorphism of 0y ,-modules

M(y)®c(§x_y=M®ax(ﬁx_y.

RUITETIN DI 1A SOCIFTF MATHI MATIQUE DI FRANCE



214 N. M. KATZ

Extending scalars from @x‘, to its fraction field K yields the required
isomorphism

M () Qc K=(M Ry, C(X)) Qe K.

which, in view of its construction, is visibly compatible with the constructions
of linear algebra. In particular, for any construction of linear algebra, and
for any algebraic, sub-equation

(W, V)< Constr (M, V),

these isomorphisms give a canonical identification
W ()R K =(W Ky, C (X)) Qe K.
inside
Constr (M (y))X)c K~(M ® C(X)) Qcx) K-

These canonical identifications (of the subspaces to be stabilized) give a
canonical isomorphism of algebraic groups over K

GuM, V; )X K=~G,y (M, V; C(X)) Qe K-
Q.E.D.

ProposITiON 4.2. — The group G, (M, V; C(X)) is a birational invariant of
(M, V), in the sense that it depends only on the restriction of (M, V) to the
Junction field C(X).

Proof. — This group is defined by the list of all V-stable C (X )-subspaces of
all Constr(M ® C(X)'s, for these are precisely the generic fibres of the
algebraic sub-equations, defined on all of X, of the Constr(M, V)’s.

QED.

ProrosiTION 4. 3. — Given afinite etale covering of X by a smooth connected
complex variety Y.

11,
b e

we have a natural injective homomorphism of differential galois groups:

Geu(f*(M, V), C(Y)) = G (M, V, C(X)) Rcx) C(Y),

TOME 110 — 1982 — N°2



ARITHMETIC THEORY OF DIFFERENTIAL EQUATIONS 215

which induces an isomorphism between their Lie algebras:
Lie(Gg (f*(M, V), C(Y))=Lie(Gg (M, V, C(X))) Q) C(Y).

Proof. — We have an injective homomorphism simply because the list of
V-stable C(Y)-subspaces of Constr((M ®0x C(Y)))'s includes those
obtained, by extending scalars from C(X) to C(Y), from the V-stable
C(X)-subspaces of Constr(M ®0x C(X))s. To see that this injective
homomorphism is bijective on Lie algebras, we must show that
vyeEnd(M ® C(X)) which stabilizes all V-stable C(X)-subspaces of
Constr(M ® C(X))’s necessarily stabilizes all V-stable C (Y) subspaces of the
Constr(M ® C(Y))=~(Constr(M ® C(X)))Xcx,C(Y). Thus let W be a
V-stable C(Y)-subspace of some Constr(M ® C(Y)). To show that y
stabilizes W, it suffices to show that y stabilizes the C(Y)-line A %™ ¥(W) in
A 9= ¥(Constr (M ® C(Y)). Thus we may assume that W is itself a V-stable
line L in some Constr (M ® C(Y)). Replacing(M, V) by Constr (M, V), we
see that it suffices to treat (universally) the case of a V-stable line L in
M ® C(Y). Replacing Y by a finite etale covering of itself, we see that it
suffices to prove the theorem under the additional hypothesis that Yis a finite
etale galois covering of X, say with galois group X:

Y

S/ z

I
!
X

For each ceX=Gal(Y/X), the conjugate line o (L) is another V-stable
linein M®C(Y). Among all the conjugates (L), ceX,letL,, ..., L be
the distinct lines which occur. We must show thaty stabilizes
each L;. For every integer n>1, the subspaces:

Y L®" = Symm"(MQC(Y)),
Y L#*"<Symm? (Symm"(M®C(Y)),

will be y-stable, because they are V-stable and are ‘‘defined over C(X)”
(because X-stable).

Letl;€ L; be anon-zero vector. Suppose we knew that for some n>1, the
vectors /®" are linearly independent in Symm”.  Then the vectors { /" /$" },
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216 N. M. KATZ
i<j, are of course linearly independent in Symm?(Symm"). By the

v-stability of £ L¥". we can write:

YIP) =34 515
whence:

Y(l?zn)=2l?"7(l?")=221'4i.jl? ’3-"'-

As the products I®" [®" are linearly independent in Symm? (Symm®), this last
equation is incompatible with the y-stability of £ L®>" unless we have 4,;=0
for i#j. Then we obtain:

Y(l?")=A|" ll?n, in Symm".
On the other hand we have:
y(I®)=nl®"Yy(l), in Symm";

because the symmetric algebra Symm. is an integral domain over a field C(Y')
of characteristic zero. and I;#0. we may divide by n/®"~" to infer that:

Ai. i
v(l)=—=1.
To conclude the proof, we need the following lemma.

LEMMA 4.4. — Let k be a field of characteristic zero, V a finite dimensional
vector space over k, and v,, ..., v, a set of non-zero vectors in V which span

distinct lines. Then for any integer n>r—1, the vector v", ..., v® are
linearly independent in Symm" (V).
Proof. — Extending scalars if necessary we may suppose that k is

algebraically closed. If dim(V)=1, then r=1 and there is nothing to
prove. Suppose dim(V)>2. We first reduce to the case
dim ¥=2. Given any finite set of non-zero vectors in ¥, we can find a
hyperplane in ¥ which contains none of them. Let A be a linear form on V
whose kernel is such a hyperplane, so that A(v;)#0 for
i=1, ..., r. Multiplying the v;’s by non-zero scalars, we may assume that:

A(v)=1 for i=1,...,r.

Because the v; span distinct lines, the differences v;—v;, i<j, are all non-
zero. So we may find a linear form p on V such that:

H(v;—v;)#0 if i<j.
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ARITHMETIC THEORY OF DIFFERENTIAL EQUATIONS 217

The pair (A, p) defines a map of ¥ onto a 2-dimensional quotient space k2,
under which the images of v,, ..., v, are r vectors of the form:

(1, 4)=(A (@), n(v)),

in which the r scalars 4,, .. ., 4, are distinct. Because Symm" (k?) will be a
quotient of Symm"(V), it suffices to prove our theorem for ¥'=k?, and
r vectors v;=(1, A4;), 1 <i<r, with distinct 4;’s. In this case the vectors v¥"
in Symm" (k?) have coordinates relative to the standard basis given by:

U?"'\‘(l, nAi’ (n> A129 LI ({’)A{’ MR Ar)'
2 J

That these vectors are linear independent, for n>r — 1, results from the non-
vanishing of the van der Monde determinant on 4,, ..., Ar'

Q.ED.

The following proposition will be proven further on. We state it here for
the sake of continuity of exposition.

ProrosiTiON 4.5. — T he following conditions are equivalent:
(1) (M, V) becomes trivial on a finite etale covering Y of X;
(2) the group Gy, attached to (M, V) is finite;

(3) the Lie algebra Lie(G,,) vanishes.

There is a last functoriality concerning the G, which is worth pointing out
explicitly. If we begin with an (M, V) on X and perform a **construction of
linear algebra” that very construction defines a homomorphism of algebraic
groups (with x =any chosen base point):

G..(M. V., %)= G, (Constr (M, V). %).

Similarly, if (W, V) is an algebraic sub-equation of a Constr (M, V), we have a
natural “restriction to (W, V) homomorphism of algebraic groups:

G, (Constr (M, V), x) = G, (W, V, x).

Their composition is the homomorphism
G (M, V, %)= Gy (W, V, x)cGL(W(%)),

by which G, (M, V, ) acts on the subspace W (x)<=Constr(M (x)).

BULTLTIN DE 1A SOCHTT MATHEMATIQUE DE FRANCE



218 N. M. KATZ

V. The algebraic monodromy group G,

We continue to work with a fixed algebraic differential equation (M, V)
on X. We denote by (M, V)" the corresponding analytic differential
equation on X*". For each construction of linear algebra, we form the
corresponding object Constr(M, V)*")~(Constr(M, V))*" in the analytic
category D.E.(X°"). In each such construction, we list all of its analytic
sub-equations, i. ., all of its sub-objects in the category D.E.(X “"). In this
way, we obtain the list:

i

Jj°

V)<= Constr (M, V)°".

of all analytic sub-equations of all constructions.

For any point ye X *"= X (C), we apply the discussion of algebraic groups
to the vector space ¥'=M (y) over the field k= C, and the list of sub-spaces of
all Constr (M (y))’s provided by the fibres at y of all analytic sub-equations of
the Constr (M, V)*™’s. The corresponding algebraic group

Grono (M, V, y)=GL(M (),

is called the algebraic monodromy group of (M, V), based at y.

PropOSITION 5.1. — Let p: n, (X", y) = GL(M (y)) be the monodromy
representation attached to the analytic differential equation (M, V)"
on X°". The algebraic group

Grono (M, V, y)=GL(M (y)),

is the Zariski closure in GL (M (y)) of the image p (%, (X ", y))in GL(M (y)) of
7, (X, y),i.e. Gpono (M, V, y) is the Zariski closure of the monodromy group
of (M, V)",

Proof. — Under the equivalence of categories
D.E.(X°") 3 Rep(mn, (X", y)),

induced by the functor *‘fibre at y”, the list of all analytic sub-equations of all
Constr (M, V)*™s becomes the list of all rr, (X ", y)-stable subspaces of all
Constr(M (y))’s where =,(X“",y) acts on M(y) by the monodromy
representations of (M, V)°". As we have already noted, the algebraic group
defined by this list is none other that the Zariski closure in GL (M (y)) of the
‘“‘abstract” subgroup p(m, (X *", y)).

QED.
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ProrosiTiON 5.2. — For any (M, V) on X, and any point y € X (C), we have
an inclusion of algebraic groups (both inside GL(M (y))

Gmono(M’ Va y)CGpI(M9 V9 .V)~
If (M, V) has regular singular points, then we have an equality
Gmono(M’ Va y)=GggI(Ma V9 y)

Proof. — We have an inclusion because the list of analytic subequations of
Constr (M, V)*™s includes the list of “‘analytifications” of all algebraic
subequations of Constr(M, V)’s. If (M, V) has regular singular points, it
follows from Deligne’s equivalence of categories

D.E.R.S.P.(X/C)>D.E.(X™),

that these two lists actually coincide. QED

Caution. — It may very well happen that we have the equality G, =G,
for an (M, V) which does not have regular singular points, e. g., this will
happen for any (M, V), regular or not, whose monodromy group is Zariski
dense in GL.

ProposiTION 5.3. — Suppose that (M, V) on X has regular singular
points. Then the following conditions are equivalent:

(1) (M, V) becomes trivial on a finite etale covering of X;

(2) the algebraic monodromy group G, attached to (M, V) is finite;

(2bis) the differential galois group Gy, is finite;

(3) the Lie algebra Lie(G,,,,,) vanishes;

(3bis) the Lie algebra Lie (G,) vanishes.

Proof. — The equivalences (2) (3), (2bis)=>(3 bis) are obvious. The
equivalence (2)<>(2bis) is clear from the equality G, =G Clearly

(1)=>(2), while (2) implies that (M, V)" becomes trivial on a finite etale
covering Y°" of X°". Such a covering is the analyticification of a unique

finite etale covering Y A X, on which f*(M, V)" has trivial
monodromy. Asf*(M, V)has regular singular points on Y, it follows from
Deligne’s equivalence on Y
D.E.R.S.P.(Y(C))SD.E.(Y*),
that f*(M, V) on Y is trivial.
- Q.E.D.
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The unproven Proposition 4.5, stated at the end of the previous section, is
an immediate consequence of this Proposition 5.3 taken together with the
following one, whose proof will be given further on!

ProPOSITION 5.4. — Let (M, V) be an algebraic differential equation on
X. If the Lie algebra Lie(Gy,) vanishes, then (M, V) has regular singular
points.

VI. Spreading out

Let X be a connected smooth C-scheme of finite type. It is standard that
we can find a sub-ring R = C which is finitely generated as a Z-algebra, and a
connected smooth R-scheme X/R of finite type, with geometrically connected
fibres, from which we recover X /C by making the extension of scalars RS C.

If in addition we are given an algebraic differential equation (M, V)
on X /C, we can choose X/R in such a way that there exists on X/R a locally
free coherent sheaf M. together with an integrable (relative to X/R)
connection V on M, such that we recover (M, V) on X/R from (M, V)
on X /R by muking the extension of scalars R C.

Of course the choice of such an R, and of such data X/R,(M, V)on X/R,is
highly non-unique. One can say only that given any two such data

R;, X;/R;,(M;, V;) on X,/R,,
for i=1, 2, there exists a third

Ry, X3/R3, (M3, V3) on X;/R,,
such that
R, cR,, R,<R,,

and there exist isomorphisms, for i=1, 2:

(X, (M;, V)R, Rs=(X3, (M3, V3)).

The following lemma, applied to both the rings R; and the coordinate rings
of affine open sets of the X;, provided the technical justification of our non-
concern with this plethora of choice.

LEMMA 6.1. — Let R, and R, be two integral domains with fraction fields of
characteristic zero, which are both finitely generated as Z-algebras. Suppose
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that R, GR;. Then for all but finitely many primes p, the induced map
between their reductions mod p is injective:

R,/pR,SR,/pR, for almost all p.

Proof. — We may first reduce to the case when R, is flat over R, (Because
for somef#0in R,, R, [1/f] will be flat over R,, and if the theorem is true for
R; =R, [1/f], it is certainly true for R, =R, with at worst the same set of
exceptional primes). If R, is flat over R,, then by Chevalley’s
‘‘constructible image” theorem, there exists an element g #0 in R, such that
R,[1/g] is faithfully flat over R,}1/g]). Therefore R,[1/g] = R,[1/g] is
universally injective, in particular injective mod p for all p. Therefore we
are reduced to treating the case R, =R, [1/g]. Now the map of reductions
mod p '

R,Q:-F,— (R, [1/g)®F,=(R,®F,)[1/g]=lim ,R,QF,,

is injective if (and only if) the endomorphism “‘multiplication by g is injective
on R, ®F,.
Consider the short exact sequence

0—R,ZR,-R,/gR, —0.

The quotient R, /gR, is a finitely generated Z-algebra, and therefore if we
invert some integer N>1 the algebra (R,/¢R,)[1/N] will be flat over
Z[1/N). For such an N, we have a short exact sequence

0— R, [1/N]= R, [1/N]—(R,/gR,)[1/N] =0,

whose last term is Z[1/N]-flat. Therefore our sequence remains exact if we
tensor over Z[1/N] with any Z[1/N]-module, in particular with F, for p a
prime not dividing N. Thus for p not dividing N, we have an exact sense:

0—R,®F,~ R,®F, - (R,/gR,)®F, 0,

and in particular the required injectivity of **multiplication by g” on R, ®F .

Q.E.D.
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The point of spreading out an (M, V) on X/C to an (M, V) on X/R is that
the spread-out object is susceptible to reduction mod p, i. e. we can form, for
each p, the locally free coherent sheaf with integrable connection
(M, V)Qi (RQ); F,) on the smooth R®F ,-scheme XX)s (R®F,). It then
makes sense to ask what can be inferred about the original (M, V) on X/C
from mod p knowledge about sufficient many reductions mod p of such a
‘‘spreading-out”.

VII. The p-curvature (cf. [6])

In this section, we consider an F -algebra R, a smooth R-scheme X, and a
pair (M, V) consisting of a locally free coherent sheaf M on X together with
an integrable connection

V: M- M@Q

The associated construction D — V (D), viewed as an Oy-linear map

Der z (Ox, Ox) — End 1 (M),

need not be compatible with the operation ‘‘p-power”” (remember that by the
Liebnitz rule, the p-power of a derivation in characteristic p is again a
derivation), i.e., it need not be the case that V(D?)=(V(D))?. The
p-curvature Y, (D) is the obvious measure of this failure: '

dfn
Vv, (D) = (V(D))?—V(D®).

One verifies easily that (D) is an Oy-linear endomorphism of M, and
somewhat less easily that the assignment. D — (D) s p-linear, i. . we have:

V,(fi D1 +£2D2)=f5V,(D,)+f5V,(D,).

for f,, f local sections of 0y, and D,, D, local sections of Der 5 (O, Oy). It
follows easily from this that the various ¥ ,(D)’s mutually commute, and that
each of them is a horizontal endomorphism of M. Under the constructions
of linear algebra, V(D) behaves in a *‘Lie-like” manner, e.g. if we take a
tensor product

(M1®M2’ V,®1+1®V,),
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its p-curvature is given by the formula:
\|lp; M,®M, (D) =‘J’p; M, (D)®1 + 1®W,_ M, (D)'

Because Y, is a differential invariant, it is compatible with etale
localization. To be precise, let f: Y— X be an etale morphism, D a
derivation on X, f*(D) the pulled-back derivation on Y. For any (M, V)
on X /R, the p-curvature of f*(M, V) on Y/R is given by:

\l’p,f-(u, V)(f‘D)=f* (‘l’p, ™, V)(D)) in End@y(f‘ (M)).

The importance of p-curvature is that it is the obstruction to the Zariski-
local existence of enough horizontal sections, a fundamental fact discovered
by Cartier.

THEOREM 7.1 (Cartier). — Hypotheses as above, let MY =M denote the
kernel of V: M - M®Q?, i.e. M" is the sheaf of germs of horizontal sections
of M. Then M is spanned over Oy by M" if and only if all V,(D)’s vanish.

VIII. Influence of p-curvature

We return to the situation of an algebraic differential equation (M, V)on a
smooth connected algebraic variety X over C. We will say that (M, V) has
‘‘quasi-unipotent (resp. finite) local monodromy at infinity™ if for every
smooth connected complete complex curve C, every finite subset S of C, and
every morphism:

fi C-S-X,

the pulled-back equation f * (M, V) on C — S has quasi-unipotent (resp. finite)
local monodromy around every point s€ S. (Along the same lines, we
should recall that (M, V) on X has regular singular points if and only if all of
its pull-backs to curves as above have regular singular points in the classical
sense.) ’

Now consider a ‘‘spreading out” (M, V) on X/R of our (M, V) on
X/C. We have the following theorem.

THeoreM 8.1 (cf. [6], [7]).

(1) If, for an infinite set of primes p, the p-curvatures V(D) of (M, V)®F,
are all nilpotent (in the sense that V,(D) is a nilpotent endomorphism
of M®F ), then (M, V) on X has regular singular points.
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(2) If the v ’s are nilpotent for a set of primes p of (Dirichlet) density one, in
particular if the , are nilpotent for almost all p, then (M, V) has quasi-
unipotent local monodromy at infinity.

(3) If the Vs vanish for a set of primes of density one, then(M, V) has finite
local monodromy at infinity.

(4) If (M, V) becomes trivial on a finite etale covering of X, then y,=0 for
almost all primes p.

(5) If v, vanishes for almost all p,and if (M, V) is a *‘suitable direct factor” of
a Picard-Fuchs equation on X, (the relative de Rham cohomology, with its
Gauss-Manin connection, of a proper smooth X-scheme minus a relative
““divisor with normal crossings”) then (M, V) becomes trivial on a finite etale
covering of X.

IX. A conjectural description of Lie (G,

We consider an algebraic differential equation (M, V) on our smooth
connected X over C. Let
4% cEnd(MQC(X)),

be an algebraic Lie sub-algebra of the C(X)-Lie - algebra
End (M®C(X)). We will say that 4 “‘contains the p-curvatures y, for
almost all p” if the following criterion is satisfied:

CriTerION 9.1. — Pick a finite collection of subspaces of constructions:

W < Constr;(M®C(X)),

which defines 4. Pick a non-void Zariski open set U< X such that the
named C(X )-subspaces W are the generic fibres of locally free sheaves W, ,
on U which themselves are locally direct factors, over U, of the
corresponding constructs:

W, y<=Constr;(M)|U with locally free quotieht.
Now “‘spread out™ this data on U/C to:

U/R, (M,V) on U/R,
locally free sheaves W, on U,

W; = Constr;(M) with locally free quotient.
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Then for almost all primes p, the p-curvatures Y, (D) attached to (M, V)®F,
on U®F, over R®F, are required to stabilize the sub-sheaves
W;®F ,=Constr;(M)®F , = Constr;(M®F ).

It follows easily from Lemma 6.1 that if this criterion is satisfied for one
collection of choices involved, then it is satisfied for any collection of choices.

Clearly the intersection of any two algebraic Lie-subalgebras of
End(M®C (X)) which “*contain the ¥, for almost all p” is another one"
(simply work with the union of two finite collections of subspaces of
constructions which define the two). Because any descending chain of Lie
subalgebras of a finite-dimensional Lie algebra must stabilize after finitely
many steps, it makes sense to talk about the smallest algebraic Lie-subalgebra
of End(M®C (X)) which “contains the Y, for almost all p”.

CoNJECTURE 9.2. — The Lie algebra Lie (Ggy (M, V, C(X))) is the smallest
algebraic Lie sub-algebra of End(M ®C (X)) which contains the V , for almost
all p.

One inclusion, at least, is easy.

PROPOSITION 9.3. — The Lie algebra Lie (Gg (M, C(X))) contains the
Jor almost all p.

Proof. — The group Gy, is defined by the list of all horizontal subspaces of
all Constr(M®C(X))’s. Because GL is noetherian, G, is defined by some
finite sublist, say { W, < Constr, },, then by @ W, @Constr;, and finally by
the horizontal line L=A"*(@ W,) in the corresponding exterior power of
@Constr;. Thus Gy, is defined by a single horizontal line L in a single
Constr(M®C(X)). As already noted, such an L is the generic fibre of a
unique rank-one sub-equation (Ly, V) on all of X:

(Ly, V)=Constr(M, V)

(the quotient M /L, is automatically free on X, thanks to V). We may
choose a thickening of this situation:

X/R, (M,V) on X/R, (L,V) on X/R,

(L, V)=Constr (M, V) with locally free quotient.

Then for any prime p, L®F, is a V-stable line in Constr (M®F,), and is
therefore stable by .

Q.E.D.
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CoroLLARY 9.4. — If Lie (G, (M, V, C(X))=0, then (M, V) has regular
singular points (and therefore becomes trivial on a finite etale covering of X, cf.
Proposition 5.3).

Proof. — By the preceding proposition 9.3, if Lie(G,,) =0, then we must
have y,=0 for almost all p. And as already noted (8.1, (1)), the vanishing
of Y, for almost all p guarantees regular singular points.

QED.

X. Reduction to a conjecture of Grothendieck, and applications
In 1969, Grothendieck formulated the following conjecture.

Consecture 10.1 (Grothendieck). — If (M, V) has ¥ ,=0 for almost all p,
then (M, V) becomes trivial on a finite etale covering of X.

In view of Corollary 9.4, this amounts to asking that Lie(G,,) vanish if
almost all the Y, vanish. It is therefore the special case *“y,=0 for almost
all p” of our general conjecture. In fact, our general conjecture is a
consequence of Grothendieck’s.

THEOREM 10.2. — Let (M, V) on X be given. Then Conjecture 9.2 is true
Jor (M, V) on X if Grothendieck’s conjecture is true for all equations on X of
the form (W,, V,)®(W,, V,) , where the equations (W, V,) for i=1, 2 are
each subequations of Constr(M, V)’s, and (W,, V,) is of rank one.

Proof. — Let % be the smallest algebraic Lie subalgebra of End (M ®C (X))
which contains the y, for almost allp. We must show that
Lie(G,, (M, V, C(X))) lies in 4.

Because ¢ is algebraic, it is definable by one line L in one construction
Constr(M®C(X)). We must show that this line is stable by Lie(G,,). If
this line L is V-stable, then, by the very definition of G,;, L will be stable by
Lie(G,,). Suppose that L is not V-stable, and let W be the C(X )-space
spanned by some non-zero vector le L and all its various higher derivatives:

(wo(z))o

(where { x;} is some separating transcendence basis of C(X ) over C).
Thus we have:

Lc WcConstr(M®C (X)),
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and W is clearly the smallest V-stable C (X )-subspace of Constr (M ®C (X))
which contains L. Because W is V-stable, it is the generic fibre of some
algebraic sub-equation:

(Wy, V)< Constr(M, V).

We will now show that (W, V) has scalar p-curvature for almost all p.

It we choose a small enough affine open set V<X, the functions
Y,, ..., ¥, will be a ““local coordinate system on V" (i.e. an etale map
V — AQ), the line L will extend to an invertible sheaf L,.on V, the vectorle L
will extend to a basis, still noted [, of L,, and the locally free sheaf W, | V' will
be free on a basis of the form:

. {z, certain nv(ﬁ-)"'(z)}.
0x;

We may further assume that this basis is adapted to the *‘filtration by order of
differential operator” in the sense that for any monomial, ITV (8/0x;)"" the
expression of [TV (9/8x;)™: (1) in terms of our chosen basis involves only those
basis vectors V(0/0x;)"(l) with Zn,;<Z M,.

Now ‘‘spread out” this entire situation, to some U/R, and reduce
mod p>0. We know that L®F, is V,-stable (because we chose
LcConstr(M®C(X)) to define the smallest algebraic Lie sub-algebra of
End (M®C (X)) which contains {, for almost all p). Therefore we have:

V,(D)(l)=a(p, D)l mod p.

Because the endomorphism V(D) of W® F, is horizontal, when we compute
V, (D) of one of the other basis vectors, we find:

8\ o\
¢,(D)<HV(a—xi> )(1)=<ITV (a—x,> )(\V,(D)(l))
o\
=(HV<a—x'_> >(a(p, D)l)

o\
=a(p, D).HV(EX—i) )

+ lower-order derivatives of [.
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Therefore the matrix of y,(D) acting on W ® F, in the basis:

2\
{eme(z) o}

which we have assumed adapted to the “‘filtration by order of differential
operator”, is upper triangular, with a(p, D) along the diagonal:

a(p, D)
o a(p, D)

We will show that for p>rank (W) this matrix is diagonal.

Let r denote the rank of W. Then the p-curvature of det(W, V)® F,,
which in general is the trace of the p-curvature of (W, V) ® F, is given by the
formula:

Y, (D)|det(W, V)® F,=r.a(p, D).

But the p-curvature of any rank one equation (%, V) is a horizontal section of

énd (&, V)~(0, d). Therefore the function r.a(p, D) on U ® F,, is killed
by the operator V(d/dx;). For p> 0, we certainly have p>r=rank (W), and
for such p we may infer:

Jd 1\, .
V(a—)(a(p, D))=0 for all i.

Going back to the earlier calculation of the matrix of y,(D) on W ® [, we
see that it is the scalar matrix a(p, D), as claimed.

Now consider the algebraic differential equation:

(Symm’ (W, V)) ® det(W,, V) .

Because (Wy, V) has scalar p-curvature for almost all p, an immediate
calculation shows that this equation has y,=0 for almost all p.

This equation is of the required form (W,, V,) ® (W,, V,) , with:

(W, V,)=Symm" (W,, V)< Symm"(Constr (M, V)),
(W,, V,)=det(Wy, V)< A’(Constr (M, V)).
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Therefore by the hypothesis of the theorem being proven, we may conclude
that the equation:

Symm' (Wy, V) ® det (W, V),

has its Lie (Gg,)=0. It follows immediately that:

Symm" (Wy, V),

has its Lie (Gg,) contained in the Lie algebra of scalar matrices, whence it
follows that (W, V) itself must have its Lie (G, ) contained in the Lie algebra
of scalar matrices.

Therefore every line in the generic fibre W, ® C (X)=W,in pamcular L,is
stable by Lie (G,,), as required.

CoroLLARY 10.3. — Let (M, V) be an algebraic differential equation on
P! -8, an open set in P*. Suppose that (M, V)*" has abelian monodromy (a
condition which is automatically fulfilled if (S) <2, for in that case
7, (P! —S) is itself abelian). Then the general conjecture holds for (M, V) on
p!-S8.

Proof. — Any sub-equation (W, V) of any Constr (M, V) will also have
abelian monodromy, also any (W,, V,) ® (W,, V,)". So we are reduced to
proving Grothendieck’s conjecture on P!—S for (M, V)'s with abelian
monodromy. Suppose y,=0 for almost all p. Then (M, V) has regular
singular points (8.1), so it suffices to show that (M, V) has finite global
monodromy. As n, (P! —S)is generated by the local monodromies around
the missing points S, it suffices to show that these local monodromy
transformations are of finite order (since we have assumed that they
commute). But the finiteness of local monodromy is also a consequence of
the hypothesis ‘¥, =0 for almost all p” (8.1, (3)).

QED.
Here are some examples to which the corollary applies.

ExampLEs 10.4. — (1) The Airey equation on A!, indeed any equation on
A!, satisfies the general conjecture, because A! is simply connected. The

Airey equation,
d 2
(d—T) f=15,
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written in system form
d (f\_(0 1\/(f
dT \g) \T 0)\g)

to provide us with an (M, V), is known [5] to have G,;=SL(2). Therefore
S1(2) is the smallest algebraic Lie subalgebra of 2 x2 matrices which
contains the Y, for almost all p. Can one see this “‘directly”?

(2) The confluent hypergeometric (Whittaker) equation on G,,:

a? 1k (1/4)-m)
ﬁ(W)+{— 2 + T + T} W=0.

Here again the general conjecture holds, because =, is abelian. Can one
calculate Lie (G,), as a function of the parameters (k, m) ?

(3) Any first order equation on any P!—S necessarily has abelian
monodromy, hence the conjecture holds for it.

THEOREM 10.5. — Suppose that the general conjecture is truefor all(M, V)’s
on all open subsets of P!.  Then the general conjecture is universally true on all
smooth connected algebraic varieties over C.

Proof. — In view of (10.2), it suffices to prove that Grothendieck’s
conjecture holds universally. Because the condition ‘‘y,=0 for almost
all p” implies regular singular points, Grothendieck’s conjecture may be
restated as the conjecture:

(%) if (M, V) has y,=0 for almost all p, then (M, V)™ has finite
monodromy.

Let f: Y — X be a morphism of smooth connected C-schemes, such that
the image f, (r, (Y ")) is a subgroup of finite index in n, (X *"). Because the
condition ‘‘y ,=0 for almost all p” is preserved by arbitrary inverse image, to
prove the universal truth of * for X it suffices to prove the universal truth of %
for Y. But whatever X, we can choose a smooth connected curve Y < X
such that =, (Y °") maps onto =, (X °").

[Proof. — We may replace X by a non-empty quasi-projective open set
UcX, since n,(U*")—»mn,(X°"). Take some projective embedding
UcP® For a general linear-space section W of P" with
codim (W)=dim(U)—1, the curve Y=W A U in U has n, (Y*") = n, (U*")
(¢f- 3], 1.4 0r [4])]
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Thus we are reduced to proving * on smooth connected curves. If X isa
smooth connected curve, we may replace it by any non-void open set U = X
(because =, (U*") - &, (X °*)).

Shrinking X if necessary, we may assume that X is finite etale over some
non-empty open set P! —S of P!. Now replacing this X by a finite etale
covering Y of X (allowable because n, (Y*") c, &, (X **) as a subgroup of finite
index), we may assume that X is finite etale galois over some P! —S§:

X

L ) galois group X.
P!-S

If(M, V) on X has y ,=0 for almost all p, then =, (M, V)has y,=0for almost
allp. By assumption, then, =,(M,V)* has finitt monodromy on
P! —S. Therefore its pull-back to X has finite monodromy on X. But
(M, V) is itself a direct factor of n, n* (M, V) indeed we have:

T, * (M, V) = Pges (M, V).

These (M, V) has finite monodromy on X, as required.
QED.

(10.6). To conclude this section, we will give a direct proof that the general
conjecture holds for any equation on G,, of the form:

VEANNEY ,
T rrd B + - : =0.
. f n A'n f n
where A,, ..., A, are complex constants (although it is a special case of

Corollary 10.3).

This equation visibly has regular singular points, so G, =Gy, The
monodromy representation carries the generator ‘‘turning counterclockwise
once around the origin” of n, (G,,) to the automorphism:

Ay
A=exp |-2mi
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Therefore Gy, = G, is simply the Zariski closure in GL (n) of the abstract
subgroup {A"}reZ. The Lie algebra Lie(G,,) is the smallest algebraic Lie
sub-algebra of M (n) which contains the endomorphism:

2miA,

2xwiA,

In particular, Lie(G,,) is the Lie algebra of an algebraic sub-torus of the
standard diagonal torus. Therefore Lie (G,,) is defined inside all diagonal
matrices:

X,
X,
by the vanishing of all linear forms:
IN;X;=0,

where (N, ..., N,) is any n-triple of integers such that:
ZN;MeQ.

Now let us compute p-curvatures (for the obvious “‘spreading out” over the
subring R=Z[A,, ...;A,] = C). We have:

w(rir) iz -7
=( ( 7)) - ( i)

'al)ﬂ—xl_
< )=
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The smallest algebraic Lie subalgebra of M (n) containing the ¥, for almost
all p is a sub-algebra of Lie (G,,), so it is itself defined inside all diagonal
matrices:

/X,
X,
by certain equations:

zMiX,-=0,

with integers M;. The n-triples (M,, ..., M,) which occur are precisely
those for which we have:

Zi M;(A)P—A;)= modp,

for almost all p. What must be shown is that for any such n-triple
(M,, ..., M,), we have:

IM;\eQ.
But this is clear, because the quantity pye R=Z[A,, ..., A,] defined by:
p=XM;A,
satisfies the congruence:
p=p’mod pR,

for almost all p(cf. [6]).

XI. Equations of low rank

We will first discuss the case of equations of rank one, about which we
know embarrassingly little (¢f. [7]). Thus let (2, V) be a rank one equation
onanarbitrary X. Then Lie(G,,)is either reduced to zero, or it is the entire
one-dimensional Lie algebra Lie (GL(1)).

Let 4 be the smallest algebraic Lie sub-algebra of Lie (GL(1)) which
contains the Y, for almost all p. Thus:

{ 0 if {,=0 for almost all p,
| Lie (_GL(I ) if y, # O for infinitely many p.
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We have the inclusions:
0c ¥clie (Ggu) < Lie (GL(1)).

ProposiTioN 11.1. — If(&, V) on X does not have regular singular points,
or if it does not have finite local monodromy at infinity, then the general
conjecture (9.2) is true for (¥,V) on X, and we have
9 =Lie G,,)=Lie(GL(1)).

Proof. — Thanks to (8.1), we know that neither of the possibilities
envisaged can arise if y , =0 for almost all p. Therefore we must have |/, # 0
for infinitely many p, whence ¥ =Lie (GL(1)).

QED.

Here is an example. Take X=A!, and (&, V)=(0,d+dT), the
differential equation for exp (—T):

d
7 (N+f=0.

The p-curvature is given by the simple formula:

d d \? d P
o(ir)-v (i ) - (a7 +1) -+

We have already pointed out (10.4, (3)) that on an open set P! —§ of P!,
the general conjecture (9.2) holds for any equation of rank one.

We now turn to the case of equations of rank two. For simplicity of
exposition, we will consider only those rank two equations (M, V), on an
arbitrary X, whose determinant det (M, V) is either trivial, or becomes trivial
on a finite etale covering of X. As before, we denote by 4 the smallest

algebraic Lie subalgebra of End(M ® C(X)) which contains the {, for
almost all p. We have the inclusions:

0= % c Lie(G,y) = S1(2).

THEOREM 11.2. — Let (M, V) be a rank two equation on an arbitrary X,
whose determinant becomes trivial on a finite etale covering of X. Suppose
that 4 # 0, i.e. that (M, V) has non-zero V, for infinitely many p. (This is
automatically the case if (M, V) does not have regular singular points, or if it
does not have finite local monodromy at infinity.) Then the general conjecture
(9.2) holds for (M, V) on X, i.e. we have 9 = Lie(Gg,)
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Proof. — We will suppose successively that ¢ is one of the short list of non-
zero algebraic Lie sub-algebras of $1(2, C (X )),and showthat in each case we
have Lie (G,,) = 4.

Case 1. — 9=G1(2). There is nothing to prove.

Case 2. — ¥ =a non-split Cartan. This means that there is a quadratic
extension C(Y) of C(X), and a pair of conjugate irrational lines L,, L, in
M ®c x)C(Y),such that  is their stabilizer in SI(2). If these lines are both
V-stable, then they are both stabilized by Lie(G,), whence
Lie(G,,) = 9. If, say, L, is not horizontal, then it and its derivatives span
M ®C(Y). Because L, (and L,) are each stable by ¥, for almost all p, it
follows that (M, V) has scalar {, for almost all p (cf. the proof of 10.2),
whence ¢ < (scalars) n €1(2)=0, a contradiction.

Case 3. — %=a split Cartan. There are two distinct lines L,,
L, c M ® C(X) such that ¥ is their stabilizer in SI(2). Same argument as
in case 2.

Case4. — 9=aBorel. Thereisoneline L =« M ® C(X)such that % isits

stabilizer in SI(2). Same argument as in case 2.
QED.

ExampLE 11.3. — Let A be a lattice in C, E=C/A the corresponding
“elliptic curve, and 2 (z)=2(z; A) the associated Weierstrass #-function.
Let a, b be complex constants, and consider the Lamé equation on E — {0}:

d 2
(E) (N)=@2@)+b)f,

which visibly has trivial determinant. This has a regular singular point at
the origin z=0 of E, with exponents the roots of the polynomial
A2—A=a. Thereforeifaisnot of the form a(a— 1) with a € @, the exponents
are irrational, and the local monodromy around z =0 is necessarily of infinite
order. The theorem (11.2)then applies, to show that the general conjecture
(9.2) is true for this Lamé equation, so long as a is not of the form a(ax—1)
withae Q. [Unfortunately it is precisely the case in which a=o(a—1) with
o€ Q that is in many ways the most interesting.]

THEOREM 11.4. — For any rational numbers a, b, c, the hypergeometric
equation on P' —{0, 1, oo} with parameters (a, b, c):

d*f df

+(c—{a+b+1}T)

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



236 N. M. KATZ

satisfies the general conjecture (9.2), i.e. its Lie (Gg,) is the smallest algebraic
Lie sub-algebra of ©1(2) containing the Y, for almost all p.

Proof. — Because a, b, c are rational, the determinant becomes trivial on
the  finite etale covering defined by the function
T~¢(T—1)"°"%"1, Therefore we may conclude by theorem (11.2), except
in the case ¥=0. In the case ¥=0, the required vanishing of Lie (Gga) is
proven in ([7], 6.2) for the hypergeometric equation.

Appendix: A formula of O. Gabber

Let S be an arbitrary F,-scheme, X /S a smooth S-scheme, and (M,V)a
pair consisting of an @,-module M together with an integrable connection
relative to S

V: M>MQ®Qy;.

The p-curvature of (M, V) defines a p-linear map of Oy-modules

Der (0, Ox) — End,, (M),
D~ ¥ ,(D).

By transposition, this map may be viewed as a global section ¥, over X of
the 0x-module ’ ' '

E_n(_iﬂx (M) &x (Q}/S)(p)’
t
where for any 0,-module N, we denote by NP its inverse image by the
absolute Frobenius endomorphism F,,, of X (elevation to the p’th power):
© o d
NP =F3,(N)=N &x.r..,wx-
In local coordinates x,, . . ., x, for X /S, the expression of ¥, as section of

End, (M) x(Qy/s)? is simply:

9}
‘PP=Z‘P, (a) x(dx,.)").
Now consider a second F,-scheme T, a smooth T-scheme Y/T, and a
commutative diagram:
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S
—
4
—_—

U ~—>

N—x~

On Y/T. we dispose of the inverse image (f. g)* (M. V) of (M, V) on X /S.
which 1s the ¢ ,-module f* (M) together with the induced connection. It’s
p-curvature, which we note ¥, ;... v), is 2 global section on Y of the
(' ,-module:

End, , (/* (M) R, @)

It is natural to ask how to compute ¥, (; ;.. v, in terms of the ¥, for
(M, V) itself. There is an obvious ‘‘candidate solution” to this problem,
defined as follows.

First, there is a natural “‘extension of scalars” homomorphism of
( ,-modules:

(A) £* (End,, (M) - End,_ (f* (M)).

Second, the functoriality of Q! yields a natural homomorphism of
0,-modules (pull-back of a one form):

*Ql s - Q.

which in turn may be “‘pulled back™ by absolute Frobenius to yield an
¢ ,-homomorphism: '

(B) r* ((Q)l(/s)m) ~(f* Q;r/s)m - (Q;/r)(')-
The tensor product of (A) and (B) yields an ¢’,-homomorphism:

(A®B) [*(End,, (M)®x, (@ks)”) = End, . (f* M) Rk, (@},

given in local coordinates x,. . ... x, for X/S by the formula:
LA, @dx)P = Zf*(A) @@ (f*(x)".

Given any global section over X:

AeEnd, (M) ® (Q},5)",
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we denote by: _
(f, 9)* (A)eEnd,  (f* (M)) R, (Q,7)'P,
the global section over Y obtained by applying (A ® B) to f* (A).

FormuLa (O. Gabber). — With the notations and hypotheses as above, the
p-curvature VU, 7. oem,v) of (f, 8)* (M, V) on Y/T is obtained from the
p-curvature ¥ , of (M, V) on X /S by the formula:

\Pp, LorMm V= i g)* (¥ p)

(equality inside End,, (f* M) Rp, (Q,7)P.
Proof. — We may factor the given morphism through the fibre product:

T

X

~N-—UWX
Y
U ¢

|

and the assertion is obvious for the right-hand square (use local coordinates).

Therefore it suffices to treat the case when S=7. The question is local
(Zariski) on Y, so we may assume that Y is affine over S, say:

YS AL

Then we may factor the given S-morphism Y — X as:
pr:
YSAx; Y- Y.

Once again (via local coordinates) the assertion is obvious for the right hand
map pr,. Thus we are reduced to the case of a closed immersion of smooth
S-schemes:

Ye o X

%
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Because the question is Zariski-local on X, we may assume that X admits
local coordinates x,, . .., x,(i.e. an etale map X — AY{) and that Y is defined
inside X by the vanishing of x,, ..., x,.- Again in this case, the formula
becomes obvious in local coordinates.

QED.
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