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Introduction 

T h i s  w o r k  g r e w  o u t  o f  a n o t h e r  (cf.  [ K a - 1 ,  K a - 2 ] )  a t t e m p t  to  d e a l  w i t h  t h e  f o l l o w i n g  

q u e s t i o n :  

i f  o n e  is exp l i c i t l y  g i v e n  a n  n ' t h  o r d e r  d i f f e r e n t i a l  

e q u a t i o n ,  h o w  c a n  o n e  " t e l l  a t  a g l a n c e "  w h a t  i ts  

d i f f e r e n t i a l  g a l o i s  g r o u p  Gga~ i s?  
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At one extreme, one wants to recognize when Ggal is a finite group, i.e., when the 
D.E.  in question has a full set of  algebraic solutions. This problem was solved by 
Schwarz ("Schwarz's  list") in 1872 for the classical hypergeometric equation, but 
since then there has been remarkably little progress. (Even if one were able to prove 
Grothendieck'sp-curvature conjecture (cf. [Ka-1]), it is not clear whether it would 
really allow one to "tell at a glance" when Ggal is finite.) 

This paper is concerned with the opposite extreme, the problem of recognizing 
when Gga~, a priori a Zariski closed subgroup of  ffSe(n), is "large",  in the sense that 
either it is caught between 5~Z,e(n) and f~L#(n) or (ifn is even), between 5:/~(n) and 
~r162 

Our main result (4.1.4) and its elaborations (4.1.7-8) give an easily checkable 
sufficient condition for Ggal to be "large" in the above sense. 

This allows us to exhibit large classes of  differential equations whose Ggal is 
large. Fix integers n > 2 and m > 1 which are relatively prime. Then 

(A) if P, (x) and Q,, (x) are polynomials in C [x] of degrees n and m respectively, 
Gg,l is large for 

(B) if P. and Q,~ as above also satisfy 

all roots of  P. are rational numbers with denominator  prime to n. 

Q~ (0) = O. 

then Ggal is large for 

\dx] + Q" (x). 

Once we know that G,,~ is large, it is usually but not  always a simple matter to 
determine its exact value. For  example, suppose that the coefficient of  x"-1 in P, 
vanishes. Then 

5:&C(n) if n is odd. 

Gg"l = [5:fi(n) or 5 : ~ ( n )  if n is even. 

In the case n even, Gg.~ is 5:fi(n) if  and only if the n x n first-order system attached to 
the operator in question is isomorphic to its dual. By a result of  0. Gabber  (1.5.3), a 
self-adjoint operator gives rise to a self-dual n x n system, so we have the 
implication 

n even, P, (x) = P. ( -  x) ~ Gg~ = 5:#(n). 

In case (A), we expect that the converse implication holds as well, but we can prove 
this only for m = 1. In case (B), the converse implication is false, and only for m = 1 
do we know how to recognize when G~l = 5:#(n) (the condition is that the roots of  
P,(x) agree modulo Z with those of  P.(-x)). 

The problem of  recognizing the possible autoduality o f  the n x n system 
attached to an n ' th order operator  is a special case of  recognizing when two 
different n ' th order operators (e.g., the operator  and its adjoint) give rise to 
isomorphic n x n systems, i.e., of  studying the map 

n' th order operators ~ isomorphism classes of  n x n systems. 
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That this study may be non-trivial is shown by the following example: If, 2 ~ - 1 
the 2 • 2 systems attached to the operators 

- x 2 - 2 - 2  

are isomorphic (see 4.3). 

We now turn to a more detailed discussion of the contents of this work. 
Our approach to differential galois group is via the general theory of Tannakian  

categories; this point of  view is much better suited to our purposes than the classical 
one of looking at differential fields. There are three main ingredients in our 
approach: 

1. a simple global criterion (1.2.5) for Gg,1 to be connected, due to Ofer Gabber. 
2. t heTannak ian  category translation ofLevelt 's  fundamenta lwork [Le- l ]on  

the structure theory of D. E.'s over C ((x)) into group and representation-theoretic 
information about  the corresponding "local differential galois group". 

3. the classification of "cyclically minuscule" representations of semi-simple 
Lie groups (this part may be of independent interest). 

In working out the second point above, we were very strongly guided by the 
well-known analogy between D.E. 's  on curves over C and lisse/-adic sheaves, or 
/-adic representations, on curves over algebraically closed fields of characteristic 
p >> 0, p 4:/. This analogy is detailed in the Appendix. The interested reader might 
wish to compare Chapter II of  this paper with Chap. I of both [Ka-3] and [Ka-5]. 

Here is one concrete instance of the above D.E.-lisse sheaf analogy. Let ~ be a 
multiplicative character of a finite field Fq whose exact order is denoted N. Given 
n >  1 and integers a l , . . . , a , ,  the Kloosterman sheaf (cf. [Ka-4], Chap. 4) 
Klv, (Za' , . . . ,  Z a.) on G,, over Fq is in many ways analogous (cf. [Dw-1, Sp-1 ]) to the 
D.E. on Gm over C 

( I X dx N j  - ~ x ,  
i=1 

for ~ C  • any non-zero constant. Suppose now that N is prime to n, so that this 
D.E. has large explicit Ggal (see (4.5.4)). It then seems reasonable to hope that the 
group Gg,o m for the corresponding Kloosterman sheaf is equal to Gga ~ at least in 
characteristicsp >> 0. That  it is so for N = 1 is one of the main results of [Ka-3]. We 
hope to return to this question in the future. 

To conclude this introduction, we would like to point out a curious problem. In 
[Ka-2], we gave a conjectural description of the Lie algebra of Ggal in terms of the 
p-curvatures of almost all the reductions modp  of the D.E. in question, and we 
showed that our description was in fact correct for any D. E. on either A ~ or Gm. In 
this paper, we exhibit extensive classes of D.E. 's  on A 1 and on G m whose Gg,z is 
large. Can one see directly that G ~  is large in these cases by using the p-curvature 
description of its Lie algebra? 
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I .  T h e  g loba l  theory :  a m i s c e l l a n y  

1.1. Generalities 

(1.1.1) Let k be a field of characteristic zero, and X/k a smooth, geometrically 
connected k-scheme which is separated and of finite type over k, and with X(k) non- 
empty. We denote by D. E. (X/k) the category of  all algebraic differential equations 
on X/k in the sense of [Ka-2]. An object ofD. E. (X/k) is a pair (M, [7) consisting of a 
locally free d~x-module of finite rank M, together with an integrable connection V on 
M relative to k; a morphism from (M1, V 1) to (M2, [72) is a horizonal r map 
from Mj to M2. With the obvious notions of  tensor product and internal hom, 
D. E. (X/k) is a "neutral Tannakian category over k";  any rational point x ~X(k) 
defines a k-valued fibre functor (though not every k-valued fibre functor is of this 
form). 

(1.1.2) Let co be any k-valued fibre functor on D.E. (X/k). In order to emphasize 
the analogy with the case of  local systems, we denote by 

(1.1.2.1) ~zdliff(X/k, 09), 

- read "the differential fundamental group of X/k, with base point ~o" - the affine 
k-groupscheme d u g  | (~o). By the main theorem on neutral Tannakian categories, 
([De-Mi], 2.11) the functor co defines an equivalence of tensor categories 

" (fin. dim. k-reps.~. 
(1.I.2.2) D.E. (X/k) ~ \ o f  lr~i~(X/k, co) ) '  

i.e., a D.E. on X/k "is" a finite dimensional k-representation of  the pro-algebraic 
affine k-groupscheme zr~fr(X/k, ~o). 

(1.1.3) I fk  is algebraically closed, any two k-valued fibre functors ~ol and o) 2 are 
(non-canonically) isomorphic. In general, any two k-valued fibre functors become 
isomorphic over/~. Thus the k-groups n~ifr(X/k, o9i), i = 1,2, become isomorphic 
over/~, by an isomorphism which is canonical up to composition with an inner 
automorphism (by a ~-valued point) of  either source or target; this is a general fact 
about "neutral Tannakian categories over k". 

(1.1.4) Let Vbe an object of D.E. (X/k), i.e., Vis an (M, V) on X, and denote by 
(IT) the full subcategory of D. E. (X/k) whose objects are all the sub-quotients of all 
finite direct sums of  the objects V | | (V v)| all n, m > 0. Then (V)  is itself a 
neutral Tannakian category over k; the restriction to (V) of any k-valued fibre 
functor ~o on D.E. (X/k) provides a k-valued fibre functor for (V).  We denote by 

(1.1.4.1) Gga,(V , co) = fgL~v (co(V)), 

- read "the differential galois group of  V, with base point to" - the Zariski closed 
subgroup of ffLP(co(V)) which is ~ / |  Again by ([De-Mi], 2.11), co 
defines an equivalence of tensor categories 

/'fin. dim. k-reps~ 
(1.1.4.2) (V)  ~ ,  \ ofag,,(V, co) ] '  
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Dual to the inclusion of (V)  in D.E.(X/k), we have a homomorphism of 
k-groupschemes 

7zdiff ( X / k ,  co) ~ G g~l(V, oO , 

which by ([De-Mi], 2.21) is faithfully flat. The composite 

7cdiff(X/k, (o) ~ Ggal(V , co) ~ ~...~ ((D(V)) 

is the representation Pv of rt~(X/k, co) which "is" V. In particular, for any 
"construction of linear algebra" in the sense of [Ka-2], the Gg~l(V,~o)-stable 
subspaces of Constr(og(V)) are precisely the og-fibres of the sub-equations of 
Constr(V). By Chevalley's theorem [Chev], Ggal(V, co) is the stablizer in f ~  (co (V)) 
of all such co-fibres in all such constructions; this was the definition of Gg,j given in 
[Ka-2]. 

(1.1.5) Therefore we may view Gg,l(V,~o ) as the image in fgAa(co(V)) of 
zt~ff(X/k, co) under Pv, and we may interpret (V)  as equivalent, via co, to the full 
subcategory of ~epk (z~ifr(X/k, 09)) consisting of those representations which factor 
through Ggal(V , co), viewed as a quotient of zt~ ifr. 

In particular, given an object W of (V),  corresponding to a representation 2 w of 
Ggaj(V, co), we have 

(1.1.5.1) ( W )  = (V) inside D.E. (X/k) 

~:~ 2w: Gg,l(V, o9)~ ffA~ is faithful (i.e., a closed immersion). 

This equivalence will be used later (2.5.9.1) to bound from below the dimensions of 
faithful representations of Ggal(V, co). 

1.2. A criterion for connectedness 

(1.2.1) In this section, we suppose k = C. We denote by X"" the complex manifold 
"X(C) in its classical topology", and by nl ( Xa", x) the classical fundamental group 
of X an with base point xeX, , .  Given x ~ X  an, the functor cox = "fibre at x " '  
"germs of horizontal sections at x" defines an equivalence of tensor categories 

~ (fin. dim. C-reps.'] 
(1.2.1.1) D.E. (X an ) 

~ '  \ of~t(Xan, x) /]' 

The corresponding affine pro-algebraic C-group ~r | (COx) is thus the inverse limit 
of the Zariski closures of the images of nl (XaL x) in all its finite-dimensional 
c-representations. 

(1.2.2) For  an object V of D. E. (Xan), we denote by (V)  the full subcategory of 
D. E. (X a") defined just as in the algebraic case. We denote by 

(1.2.2.1) G . . . .  (V, x) c~ ~Lt' (V(x)) 

- read "the algebraic monodromy group of V with base point x", - the group 
~r | (o9~ [(V)). Concretely, G . . . .  (V, x) is the Zariski closure in f~s (V(x)) of the 
image of zt t (X", x) by the monodromy representation of V. 
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(1.2.3) 

(1.2.3.1) 

There is a natural  functor 

D. E. (X/C) ~ D. E. (X an) 

V ~ V an, 

N. Katz 

which for any object V in D.E.  (X/C) maps ( / ~  to (Van). The dual map  of  C- 
algebraic groups 

(1.2.3.2) G . . . .  (V an, x) ~ Ggal(V , cox) 

is a dosed  immersion (by [De-Mi], 2.21), or cf. ([Ka-2], 5.2)). 

(1.2.4) I fp  is a representation ofGg~l (V, cox), corresponding to an object Win (V>, 
then the restriction o f p  to G . . . .  (V a., x) corresponds to the object W an in (Van), and 
we have a commutative diagram of homomorphisms of  C-groups 

G . . . .  (Va",x) ~ GgMV, CO~) 

(1.2.4.1) lp,%o. ~ 10 

G . . . .  (Wa", x) ~ G~MW, COD. 

(1.2.5) Proposition. (O. Gabber).  Notations as above, the natural inclusion 
G . . . .  (V a", x) c~ Ggal(V ' cox) of C-groups defines a surjeetion on groups of connected 
components: 

(1.2.5.1) G . . . .  /(G . . . .  )o _~ Gg~j(Gga,)o. 

In particular, we have the implication 

(1.2.5.2) G . . . .  connected ~ Gga ~ connected. 

Proof Pick a faithful representation ~ of  the finite group GgaJ(Gg,O ~ and interpret it 
successively as a representation p of  Gg~, then as an object W of  (V) .  By 
construction, G~(W, cox) is finite, and we have a commutative diagram 

G . . . .  (Vanx) C_~ Ggal(V, cox). 

I /P ~"~Gga'/( Gga')~ 

So it suffices to prove the proposi t ion in the case when V = Whas  Gga~ finite. But we 
have the implications (cf. [Ka-2]) 

(1.2.5.4) G,,I finite ~ regular singular points ~ Gmo.o = Gg~I. Q.E.D.  

1.3. Dependence on the ground field 

(1.3.1) Suppose we begin with X/k as in (1.1.1) above, and fix a rat ional  point 
x ~X(k). Given an extension field L of  k, there is an obvious "extension of  scalars" 
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functor 

(1.3.1.1) 

v ~  VL=V| 
k 

For a given object V in D. E. (X/k), this functor maps (11") to (VL). In terms of the 
explicit description of Gga~ given in [Ka-2], in terms of all sub-equations of 
"constructions of linear algebra", we see that we have a closed immersion of 
algebraic groups over L 

(1.3.1.2) Ggal(VL,o)L) C~, Ggal(V,(Dx ) | L 
k 

L denotes the L-valued fibre functor "fibre at xeX(k)~XL(L)" on where co x 

(1.3.2) Proposition. (O. Gabber). The closed immersion (1.3.1.2) is an isomor- 
phism, i.e., formation of Gg,l commutes with extension of the ground field. 

Proof. In view of (1.3.1.2), the proposition only becomes "harder" as L grows, so 
passing to an algebraically closed over field of L, we may reduce to the case when L 
is an algebraically closed extension of k. Because k has characteristic zero, the fixed 
field of dug  (L/k) is k itself; this is the key point. 

By definition, Gg,i (VL, co~) is defined inside ~&~ (cox (V)) | L as the stabilizer of 
k 

all (fibres at x of all) sub-equations W of all M(~) L, for M any "construction of 

linear algebra" applied to V. But the natural semi-linear action (or ~ id | ~) of 
slug (L/k) on M (~) L permutes (W ~ W(~)) its sub-equations, whence Gg~ (VL, CO~), 

viewed inside ( ~ ( c o x ( V ) ) |  is invariant under the semi-linear action 
k 

(or ~ 1 @ a) of dug (L/k) on (r  (cox (V)) |  L. Therefore Ggal (VL, coL) is "defined 
k 

over k", i.e., it is of the form G |  for a unique Zariski-closed subgroup 

In view of (1.3.1.2), it suffices to show that this k-group G contains G~ 1 (V, co~). 
By Chevalley's theorem, G is defined inside ff~(co~(V)) as the stabilizer of one 
k-subspace W~ of a "construction of linear algebra" applied to co~ (V), i.e., as the 
stabilizer ofa k-subspace W~ ofco~ (M) for M the "same" construction applied to V 
itself. 

We must show that W~ is stable by Gg~(V, co~), i.e., we must show that Wx is of 
L - GgaI(VL, cox) the form cox(W) for W some sub-equation of M. Because G (~ - L 

leaves Wx (~ L stable, we know that there exists a sub-equation 

W ~ M |  
k 

with co~ (W)= W~(~)L inside coxZ (M)(~  L. For any tr~ slug(L/k), W(~) must be 

equal to W (inside M(~)L), because both have the same fibre W~| L inside 
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cox(M)(o~L=og~(M~)k L ) . T h e r e f o r e W i s d e f i n e d o v e r k ,  i . e . , o f t h e f o r m W ( ~ L  

for a unique sub-equation W of M, and necessarily W~=co~(W), as 
required. Q.E.D. 

1.4. Effect o f  a covering 

(1.4.1) Consider a situation 

Y 

(1.4.1.1) x 

1 
Spec(k) 

where Xand  Yare k-schemes as in (1.1.1), G is a finite group, and 7t is a finite etale 
k-morphism which is galois with group G. We denote by D.E . (Y /X /k )  the full 
subcategory of D. E. (X/k) consisting of those objects V for which ~* (V) is trivial. 
The natural functor "global horizontal sections on Y" 

(1.4.1.2) D.E. (Y/X/k)  ~ (fin. dim. k-reps.'~ 
of G j 

V ~ H ~  v 

is easily seen to be an equivalence of tensor categories. 

(1.4.3) We have natural functors 

(1.4.3.1) D.E . (Y / k )  , "" D .E . (X /k )  ' ind. D . E . ( Y / X / k ) .  

If  we fix a k-valued fibre functor co on D. E. (Y/k)  and denote by co 1 and co 2 the fibre 
functors on D. E. (X/k)  and on D. E. (Y/X/k)  obtained by composition with ~* and 
with 7t* o incl. respectively, we have dual homomorphisms of  k-groupschemes 

(1.4.3.2) n ~ ( y / k ,  co ) A , ~ l (X/k ,  col) s , G. 

By ([De-Mi], 2.21) the homomorphism A is a closed immersion, (any V in 
D. E. (Y/k)  is a direct factor of u* ~ ,  V-~ ~)g (V)), while the homomorphism B is 
faithfully flat. Clearly the composite Bo A is the trivial homomorphism. 

(1.4.4) Proposition. The sequence o f  k-groupsehemes 

(1.4.4.1) 1 ~ lt~iff(y/k, og) A , n~i~(X/k, col) s .~ G , 1 

is fp .q .c ,  exact (e.g., on If-valued points). 

This proposition is the inverse limit of the following more "finite" variant. For  a 
given object V in D.E. (X/k),  consider the functors 

(1.4.4.2) ( n ' V )  .- "" (II ' ;  , mr ( V ) c ~ D . E . ( Y / X / k ) ,  
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and denote by G v the quotient of G whose k-representations "are" 
<V> c~D.E.(Y/X/k). 

(1.4.5) Proposition. The sequence 

(1.4.5.1) 1 ~ Gg~l(rc.V, o9 ) A , Ggal(V, col) B ~ Gv ~ 1 

is fp.q.c, exact. 

Proof. The only non-obvious point is that Ker (B)=  Gg~(~* V, o9). 
By definition, V ~ Gsa~(lt* V, co) lies in Ker (B) if and only if it lies in the kernel of 

all the k-representations Pw of Gg~l(V, o9,) defined by objects W in (V)  which 
become trivial on Y, i.e., by objects Win  (V)  such that pwiS trivial on Gg,l(Tt* V, o9). 
Thus Ker(B) is the intersection of the kernels of all those finite dimensional 
k-representations of G~aI(V , o91) which are trivial on the subgroup Ggal(n* V, o9). 

To prove that Ker(B)=Gga~(n*V, coL we use a group-analogue of the Lie 
algebra argument in ([Ka-2], 4.3). Because k has characteristic zero, it suffices to 
prove this inclusion for field-valued points. 

In the notations of ([Ka-2], 4.3), we claim that any field-valued point 7 of 
Gsal (V, COO permutes the lines co (L1) . . . . .  co (L,) among themselves. If we grant this, 
the corresponding permutation representation of Gg~ (V, o9~) is certainly trivial on 
GgaL(=* V, col so any element of Ker(B) maps each og(L~) to itself, as required. 

To prove that a given field-valued point 7 in Ggal (V , o91) permutes the og(L~), it 
suffices to prove that for some integer n > 1,7 permutes the lines o9 (L~) | = o9 (L~") 
in o9 (Symm" (~* W)). 

For  any fixed n > r - 1, the direct sum 

S ( n ) =  0~) (Li) | 

is a G-stable sub-object of  Symm" (n* (W)) (by ([Ka-2], 4.4)), so of the form =* (IV,). 
Consider Symm 2 (S (n)) = ~* (Symm 2 (IV,)); as objects of D. E. (Y/k), we have 

Symm 2 (S(n)) = ~)  (L~) | | (Lj) | 
l <t~_j~_r 

The sub-module 

S(n; 2) = ~ )  (Li) | ~ Symm 2 (S(n)) 
l<i_~r 

is G-stable, so of the form =*(W..2). 
We will exploit the fact that Gga~(V, col) stabilizes the subspace co(S(n,2)) of 

co(Symm z (S(n))). For  each 1 _< i-< r, pick a non-zero vector ~i r Then 

(~",  . . . .  ~ "  is a k-basis of co(S(n)) 

{/~" f| is a k-basis of co(Symm 2 (S(n))) j Jl~_i~_j~_r 

ffl ~2n, . . . .  ~r ~2n is a k-basis of co(S(n, 2)). 

For ? a k'-valued point of G~(V, Ogx), k' an overfield of k, its action on 
co (S(n)) is 

? ( ~ " ) = V A - . / . ~ " ~  ~j J Aisek' .  
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Squaring, we find 

~' (d?  2,) = ~ (Aij)2 (dfl| 2, + 2 ~ A,j A,k dff" d~". 
j<k 

But m (S(n, 2)) is a G #  (V, co a)-stable subspace of  co (Symm 2 (S(n))), so we must have 
A o AiR = 0 i f j  < k. Consequently, (Ao) has the shape o f  a permutation matrix, as 
required. Q.E.D.  

(1.4.5.1) Corollary. I f  G~t(V, o31) is geometrically connected, then 
Gg,~(zr* V, oo) ~ , Gg~,(V, co~). 

(1.4.6) Proposition. Hypotheses and notations as in (1.4.1)-(1.4.3) above, let W be a 
non-zero object ofD. E. (Y/k), and V = n.  W its direct image in D. E. (X/k). Then the 
representation Pv o f  gain(X/k, e;1) which "is" V is simply the induction of  the 
representation Pw of  ndifr ( Y/k, m) which "is" IV, via the inclusion (1.4.4.1) o f  ~ iff 'S. 

Proof. This is just the representation-theoretic translation of  the fact that n .  is right 
adjoint to n*. Q.E.D.  

(1.4.7) - Note added in proof. If  X and Y are k-schemes as in (1.1.1), and if ~: Y--+ X is any finite etale 
k-morphism, then (1.4.4), applied to the "galois closure" of  Y- ,X ,  shows that n~'ff(Y/k, o9) is a closed 
subgroup of  finite index in n~'fr(X/k, o91), and the p roof  of(1.4.6) shows that n ,  on D. E.'s corresponds to 
induction of  representations. 

1.5. Duality and formal adjoint: a compatibility 

(1.5.1) Let R be a commutative ring with unit, ~: R ~ R a derivation. By a 
0-module over R we mean a pair (M, D) consisting of  a free R-module M of finite 
rank n > 1, and an additive mapping D: M --+ M which satisfies 

(1,5.1.1) D (fro) = ~ ( f )  m + fD(m)  

for f ~ R  and meM.  The dual (MY,D)  of (M,D) is the 0-module with 
M v = HomR(M ' R) and D: M v ~ M v defined so that, denoting by 

(1.5.1.2) ( , ): M ~ x M - ~ R  

the canonical pairing, we have 

(1.5,1.3) t3 ((m v, m)) = (Dm v, m) + (m ~, Dm),  

for m ~M and m v ~M v. 

(1.5.2) We say that (M, D) is cyclic i f M  admits an R-basis (e o . . . . .  e,_ 1) for which 
De i = ei+ 1 for i = 0 ,  1 . . . .  , n -  2; in this case we say that (e 0 . . . .  , e , _ l )  is a cyclic 
basis and e o a cyclic vector for M. Given a cyclic basis (e0 . . . .  , e,_ 1) for M, the 
expression of  - D e  n_ ~ in this basis gives unique elements ao , . . . ,  a ,_ ~ in R such that 

(1.5.2.1) " + ~ ai D~ e o = 0 .  
i = 0  

(1.5.3) Lemma. (O. Gabber). Suppose that (M, D) is cyclic of  rank n > I with cyclic 
basis (e o . . . . .  e,_ 1) and defining relation 

"+ ~, a~D i e o = 0 .  
i = 0  
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Le t  (e~ . . . . .  e , \  t) denote  the dual  basis o f  M v. Then ( M  v, D)  is cyclic with cyclic 
vector e j_  1, and  e j_  1 is annihi lated by the f o r m a l  adjoint: 

- D ) " +  ( - D ) ~ a i  e, \x  = O. 
i = 0  

Proof.  From the defining formulas 

( D e ( ,  ej) + (e~ , Dej)  = O (e(  , ej) = 0 ( 6,j) = O, 

we readily calculate 

( _ D + a , _ l ) e , \  1 _- e,_2v 
v v ( - D )  eV_2 + an_ 2 e._ 1 = en-3 

( - - D ) e ~  + a i e j _  1 =eiV_l 1 < i < n - - 2  

v - - 0 ,  ( - D ) e g  + ao e._ 1 - 

These relations show that e , \  ~ is a cyclic vector for (M v, D). Writing D* in place of 
- D ,  we rewrite these relations as: 

(D* +a._a)e.~_t =-- enV_2 

( D * ( D *  + a n _ l )  + a n _ z )  enV_l _-- en_3v 

( D * ( D * ( D *  + a , - O + a . - 2 ) + a . - 3 ) e j - 1  = e L ,  

(D* ( " " (D* (D* (D* + a . _  O + a ._  z) + a ,_  3) + " . " ) + ao) e j_  1 = O . 

This last relation, multiplied out, is the asserted relation 

( ( D * ) " + ( D * ) " - ~ a , _ x + ( D * ) " - 2 a , _ 2 +  "" + a 0 ) e , \ l = O .  Q.E.D.  

II. The local theory: applications of a result of levelt 

2.1. The set t ing 

(2.1.1) Let k be a field of characteristic zero, R a k-algebra which is a complete 
discrete valuation ring with residue field k, m the maximal ideal of  R, K the fraction 
field of R. K" an algebraic closure of K, and/~ the algebraic closure of k in h'. Given 
an integer N >  1, a finite extension L / K  (inside K) is said to be N-standard if its 
ramification index is N and if its residue field k '  (inside/?) is a galois extension of k 
which contains the N ' th  roots of unity. In terms o fa  uniformizing parameter t in R, 
we have k [[t]] ~ ~ R,  k ( ( t ) )  ~ ~ K, and the unique N-standard extension with 
residue field k '  as above is k '  ((t l/u)). Any finite extension of Kinside Kis  contained 
in an N-standard extension for some N > 1. 

(2.1.2) We denote by ~ the ring of all t-adically continuous k-linear differential 
operators of K to itself. If 0 is any non-zero derivation in 9 ,  its powers 1, 0, 02, . . .  
form a K-basis of ~ as left K-module. 
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(2.1.3) We denote by D.E. (K/k) the category of those left g-modules V whose 
underlying K-vector space is finite-dimensional. In terms of a chosen 0, an object V 
of  D. E. (K/k) is a pair (M, 17 (0)) consisting of a finite-dimensional K-vector space M 
together with a k-linear map 17(0): M--* M satisfying 

(2.1.3.1) V (O) (fm) = O(f) m + f V  (0) (m) 

for a l l feK,  m eM. In this second description, one sees natural notions of  internal 
horn and tensor product which make D. E. (K/k) into a rigid abelian tensor category 
(cf. [De-Mi], 1.7) with E n d ( 1 ) = k  which has a fibre functor with values in K 
(namely, the functor "underlying K-vector space"). We will see later (2.4.12) that 
D. E. (K/k) is in fact a neutral Tannakian category over k, by using the fundamental 
work of Levelt to construct a k-valued fibre functor. 

2.2. Slopes (Compare [Ince], pp. 424-428, IRa], pp. 7-12 and [Rob], 1.6). 

(2.2.1) Let N > 1 be an integer, and L/K an N-standard finite extension field, with 
residue field k'. We denote by ~L the ring of  all t-adically continuous k-linear 
differential operators of L to itself. Any operator in @z is automatically k'-linear, 
and every operator D in ~ has a unique extension to an element D L of ~L which on 
K coincides with D. [For example, in terms of  uniformizing parameter t of  K, and 

d 1 d 
the parameter s=tVN of L=k'((s)),  the unique extension of t ~  is ~S~ss.]  

Formation of  this unique extension defines an injective ring homomorphism 
c_, ~z ,  which gives rise to a canonical isomorphism of right ~-modules 

(2.2.1.1) L ( ~  ~ ' ~L.  

There is a natural "extension of scalars" functor 

(2.2.1.2) D.E. (K/k ) ~ D. E. (L/k') 

v~ VL=~L| V. 

In terms of the (M,V(O))-description of an object V of D.E.(K/k), V L is 

(2.2.1.3) V ( O r ) ( f ~ m  ) = O L ( f ) ~ m + f ~ 1 7 ( O ) ( m  ) 

for f ~ L  and mEM. 

(2.2.2) According to a fundamental result of  Levelt [Le-1], given any non-zero 
object Vin D. E. (K/k), there exists an integer N > 1 and an N-standard extension L 
of K such that V z is a successive extension of one-dimensional objects of  
D. E. (L/k'). 

(2.2.3) If we fix a non-zero derivation 0 in 9 ,  then any one-dimensional object in 
D.E. (L/k') is of the form 

(2.2.3.1) ~L / ~L (OL -- f )  
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for some f e L ,  and the group of isomorphism classes of such objects is the group 

(2.2.3.2) 
(the additive group of L)/the subgroup of elements OL(g)/g, for geL  x, 

via the map which to Nr/~L(OL -- f )  attaches the image of f i n  the above quotient 
group. 

(2.2.4) If  we write 0 in the form 

d 
(2.2.4.1) O= (unit in k [[t]])x t~x td~ 

then for any g e L  • we have 

(2.2.4.2) ord, (0 (g)/g) > a for all g eL • . 

Therefore the non-negative rational number 

(2.2.4.3) max (0, a - ord~ (f)) = a - rain(a, ordt (f)) 

is a well-defined invariant of  the isomorphism class of @L/~L (0L - - f ) ,  independent 
of the auxiliary choice of 0, called its slope (with respect to ord~). 

(2.2.5) Returning to an arbitrary object V in D.E. (K/k) of dimension n > 1, its 
slopes 21, ... , 2, are the n non-negative rational numbers defined as follows. Pick an 
integer N >  1 and an N-standard extension L/K such that V L is a successive 
extension of one-dimensional objects, and take for 21 . . . . .  2, the slopes, as defined 
above, of the one-dimensional objects (with respect to ord,). By Jordan-Holder 
theory, the isomorphism classes of the one-dimensional subquotients of VL which 
occur are an intrinsic invariant of V~., so the slopes 2 ~ , . . . , 2 ,  are an intrinsic 
invariant of VL. Because any two standard extensions (i.e., N-standard for some N) 
are contained in a third, one sees that the slopes 21 . . . .  ,2 ,  are independent of the 
auxiliary choice of L as well. 

(2.2.6) Similarly, if 

(2.2.6.1) 0 ~ V1 --* V ~  V z --*0 

is a short exact sequence of objects in D.E. (K/k), one has 

(2.2.6.2) (slopes of V ) =  (slopes of I/1)w(slopes of V2). 

(2.2.7) In terms of Levelt's characteristic polynomial c(X) of V (cf. [Le-l]; the 
characteristic polynomial, unlike the slopes, depends upon the choice of 
uniformizing parameter t) the slopes may be recovered as follows: if we factor 

(2,2,7.1) c(X) = 1~ ( X -  fl,), fl, eK', 
i=!  

then the slopes of V are the numbers 

(2.2.7.) max (0, - ord, (/~i)) �9 

Because the characteristic polynomial has coefficients in K, it follows that the slopes 
have the following integrality property: 
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(2.2.7.3) each slope 2i of  V occurs with a multiplicity which is a multiple of its 
exact denominator.  

This simple fact, which we view as the differential analogue of the integrality of 
Swan conductors, i.e., of  the Hasse-Arf theorem, immediately yields the following. 

(2.2.8) Irreducibility eriterion. Let V be an n-dimensional object o fD.  E. (K/k) with 
n > 1, whose slopes satisfy 

a rational number  with'~ 
21 = 22 . . . . .  2, = exact denominator n /"  

Then V is a simple object in the category D. E. (K/k). 

Proof I f  W is a non-zero sub-object of V of dimension r, then its slopes, after 
renumbering, are 21 , . . . ,  2,, whence by (2.2.7.3) r is a multiple of n. Q.E.D.  

(2.2.9) In order to make this criterion useful, we need to be able to calculate the 
slopes when V is given explicitly. Fortunately there is a simple algorithm for doing 
this when V is presented as a cyclic N-module (in fact one knows (cf. [Ka-4]) that 
any V is cyclic), and the algorithm itself makes evident the fundamental  integrality 
property (2.2.7.3) of the slopes, independently of the above "characteristic 
polynomial" argument. 

(2.2.10) Algorithm. Let F(x )eK[x]  be a monic polynomial of  degree n > 1, say 

F(x)  = ~ ai xi aieK, a, = 1. 
i = 0  

Factor it over K: 

F(x)  = l~ (x - fli). 

For 0 a non-zero derivation in N, we define 

F(O)= ~ a iO i i n ~ .  
i = o  

I f  0 is o f  the form 
d 

0 = (unit in k [[t]]) x t a • t - -  
tit' 

then the slopes o f  V = N / ~  F(O) are the numbers 

max (0, a - o r d  t (fli)), i -- 1 . . . . .  n. 

Proof  Extending scalars to a suitable standard extension L of K, we reduce to the 
case when V L is a successive extension of one-dimensional objects ofD.  E. (L/k'). As 
explained in ([Rob], w this means we have a factorization in N 

F(O) = (0 - ~1)'" .(0 - ~,) 

with ~tieL, and V L is a successive extension of the ~ / N ( 0 - c t i ) ' s .  Therefore the 
slopes of  V are the numbers 

max (0, a - ord, (~i)), i = 1 . . . . .  n. 
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That these numbers agree with the 

max (0, a - ordt (fli)), i = 1 . . . . .  n 

when F ( x ) =  H (x - f l~ )  is proven in ([Rob], 1.6). Q.E.D.  

(2.2.11) Here are some elementary properties of the slopes, all of  which are easily 
checked by reduction to the one-dimensional case, where they are obvious. 

(2.2.11.1) If tr is any continuous automorphism of Kwhich maps k to k, it induces 
an automorphism, still denoted tr, of  9 ,  by the rule 

a (D) (a (f)) = a (D (f))  

d d 
for D ~ , f ~ K .  [Concretely, a maps ~ to ~ . ]  Given an object Vin D. E. (K/k), 
we define V ~ to be 

~_| V. 

Then V ~ has the same slopes as V. [Indeed for V = ~ / ~ ( O - f ) ,  V ~ is 
~/~  (r ( o )  - ~ ( D ) . ]  

(2.2.11.2) If  V has slopes 21 , . . . ,2n ,  then for any N >  1, and any N-standard 
extension L/K, V L considered as an object of D. E. (L/k')  has slopes N21 . . . . .  N2, .  

(2.2.11.3) The dual V v of V has the same slopes as V. [Indeed the dual of 
N/N (0 - f )  is N / ~  (0 +/ ) .1  

(2.2.11.4) If  V and W are objects of D.E. (K/k) of dimensions n > 1 and m > 1 
respectively, with slopes 21 , . . . ,  2, and Px . . . .  , p,, respectively, then the nm slopes 
vi, j of V(~) W may be indexed by (i,j) in [1, n] x [1, m] in such a way that 

K 

0 < vi,j < max (2i,/~j) 

vi,j=max(J.i,,ttj) if 2i # / t j .  

[Indeed, the tensor product of  ~ / ~  ( 0 - f )  and ~ / ~ ( 0 -  g) is ~ / ~ ( 0 - f - g ) . ]  

(2.2.11.5) Fix an isomorphism K'-~ k ((t)) and an integer N > 1, and denote by E 
the sub-field k ((tN)). Because of the identity 

d 1 d 
tN d(t u) - N t dt '  

for any n-dimensional D.E. V on K/k, the underlying E-space of V is an Nn- 
dimensional D. E. on E/k, denoted [N].  (V). If  Vhas slopes 21 . . . . .  2,, then [N].  (V) 
has slopes (21/N repeated N t imes , . . . , 2 , /N  repeated N times). [Indeed after 
extending scalars so that k contains the N ' th  roots of unity, K/E is an N-standard 
extension which is galois with group p,, and ( [ N ] . ( V ) ) ( ~ K  ~ , ( ~  V("), 
so the assertion on slopes follows from (2.2.11.2).] E ~  
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2.3. Irregularity, slope decomposition, and obstructions to descent 

(2.3.1) Given an object Vin D. E. (K/k) of dimension n > 1, with slopes 21 . . . .  ,2,, 
we define its irregularity to be the sum of its slopes: 

(2.3.1.1) Irr(V) = ~ 2i. 
i = l  

For the zero-object, we put I r r (V)= 0. In view of the fundamental integrality 
property (1.2.7.3) of the slopes, Irr(V) is a non-negative integer, which vanishes if 
and only if all slopes of V are zero, i.e., if and only if V has a "regular singular 
point", cf. ([De-l], II, 6.20). 

In view of the algorithm (2.2.10) for the slopes, we have the following simple 
algorithm for the irregularity: 

(2.3.2) Algorithm. Let F(x)~K[x] be monic of  degree n > 1; 

F(x) = ~ aix i, ai~K, a, = 1. 
i = O  

t 
Let 0 be a derivation of  the form (unit in k [[t]]) • t ~ .  Then the irregularity of 
V = ~ / ~  F(O) is given by 

Irr(V)=max(0,\  0_<i_~,-lmax ( -ord , (a / ) ) ) .  

(2.3.3) Given an object Vin D. E. (K/k), and a rational number y > 0, we say that 
V is "purely of slope y" if (either V = {0} or if) all the slopes of V are equal to y. 

(2.3.4) Proposition. (Compare [Ka-3], 1.1). Any object V in D.E.(K/k) has a 
unique "slope decomposition" as a direct sum 

V= • V(y), 
y>O 

indexed by rational numbers y > O, in which V (y) is purely of  slope y. 

Proof. By galois descent, it suffices to prove the existence and uniqueness of  such a 
decomposition after extension of  scalars from K to some standard extension L/K, 
for by (2.2.11.1) such a decomposition will necessarily be stable by Gal (L/K). This 
reduces us to considering the case when V is a successive extension of one- 
dimensional objects. An induction on dim (V) reduces us to showing that if Vand W 
are one-dimensional objects in D.E.(K/k) which have different slopes, then 
Hom~(V, W)= 0, and any extension of V by W splits uniquely. [Once we know 
Hom~ (V, W) = 0, the splitting is automatically unique if it exists.] Because Vand W 
have different slopes, they are non-isomorphic, so the required result is a special 
case of  the following lemma. 

(2.3.5) Lemma. I f  V and W are non-isomorphic one-dimensional objects in 
D. E. (K/k), then 

(2.3.5.1) Homu (V, W) = 0 = Ext~ (V, W), 
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while for V =  9 / 9  (0 - f )  itself we have 

(2.3.5.2) Home(V, V) = k. 

(2.3.5.3) Ext~ (V, V) 

is a one-dimensional k-space [with basis the class of 9 / 9  (0 _f )2] .  

Proof  Twisting by V v we reduce to the case when Vis trivial, i.e., V - 9 / 9  0. Then 
9 • 0 , 9  is a 9-free resolution of V as left 9-module ,  so we have 

ker0: W ~ W  i = 0  

E x t , ( @ / 9  0, W) = W/O(W) i= 1 

0 i > 2 .  

I f  W has slope a > l , then W is of  the form g / 9 ( t ~ - f ) where ordt ( f )  = - a. 

d 
Rewriting W as 9 / 9  (0 - 1) with 0 = Off) t ~/, the derivation 0 is topologically 

nilpotent on K. Identifying W with K via the basis "1" of W =  9 / 9  ( 0 -  1), the 
action of 0 on Wbecomes the action of 1 + 0 on  K. As 0 is topologically nilpotent on 
K, the map 1 + 0 is bijective on K, i.e., 0 is bijective on W. 

If W has slope zero, then W is of the form 9 / 9  t ~ - where ord t (f) > 0. 

d 
Modi fy ingfby  adding a logarithmic derivative t ~ (g)/g with g a principal unit  in 

K, we may assume tha t f i s  constant, say f =  a e k. Then the kernel and cokernel of 0 
d d 

on W become, for 0 = t ~ ,  the kernel and cokernel of t ~ + a on K. If  W is non-  

d 
trivial, then a~Z ,  and t ~ + a  is bijective on K. 

If Wis trivial, then we may take f =  0, and the ker and coker of t ~ are each k 
itself, viewed as the constant of K =  k ((t)). Q.E.D. a t  

(2.3.6) Remark. (Compare [Ka-3], 1.6 and 1.9). In terms of the slope 
decomposition V ~ - O) V(y), we have 

(2.3.6. I) Irr (V) = ~ y dim (V(y)),  
jr 

and each summand yd im(V(y ) )  is an integer. 

(2.3.7) Fix a uniformizing parameter t. For  each a ~k  • denote by a ,  the k-linear 
continuous automorphism of K given by t ~ at. 

(2.3.8) Proposition. (Compare [Ka-3], 4.1.6). Let a ~k  • and V an object o f  
D. E. (K/k). Suppose there exists an isomorphism V("o) ~ V. Then 

(2.3.8.1) I f  a ~ k  • is not a root o f  unity, then I r r ( V ) = 0 .  
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(2.3.8.2) I f  a ~ k  • is a root o f  unity of  exact order N, then 

Irr(V) = 0 mod N. 

Proof  (1). After an extension of scalars from k ((t)) to a suitable L = k '  ((tl/u)), V L 
becomes a successive extension of one-dimensional objects. I f  we enlarge k '  so that 
it contains a~m, the automorphism a~ of k((t)) extends to a U-linear continuous 
automorphism a,~/N of k' ((t I/N)), given by t tIN ~ al/N t 1IN. This automorphism ao,/~ 
necessarily permutes the finitely many distinct isomorphism classes of one-dimen- 
sional sub-quotients of V L, so replacing a ~/N by a power of itself, we are reduced to 
proving (1) universally in the case when Visa one-dimensional object in D. E. (K/k). 

Writing V a s ~ / ~ ( t d - f ) ,  the isomorphism class of Vis the image o f f i n  

(2.3.8.3) K / t ~ l o g ( K •  ~ k[ t -1] /Z ,  

on which a ,  operates by t ~ at. Thus if 

f ( t ) =  ~ b,t  i b iek  
i ~. - - c o  

then V -  ~ V(-~ if and only if f (t) = f ( a t )  mod tk [[t]]. Because a" 4= 1 for all n ~ 0, 
f ( t )  = f ( a t )  rood tk [[t]] if and only i f f ~ k  [[t]], i.e., if  and only if Irr ( V ) =  0. 

To prove (2), we may, by extending scalars, assume k to be algebraically closed. 
Replacing V by its semi-simplication, we may assume V is semi-simple. By 
decomposing the set of isotypical components of V into orbits under or, we may 
assume that a,  cyclically permutes the isotypical components of  V. If V has precisely 
d > 1 isotypical components,  then N = dNa, each isotypical component is stable by 
ab with b = d ,  and by (2.2.11.1) all isotypical components have the same 
irregularity. Therefore (replacing V by any of its isotypical components, a by a d and 
N by Na) we are reduced to the case when V is isotypical, say V ~ - (V~) k with Vt 
irreducible. By Jordan-Holder theory, V (~.) ~ ~ V implies (V1)(~.) ~ ~ V~, so we 
may reduce to the case when V is irreducible. 

To prove (2) when Vis irreducible and k is algebraically dosed we will show that 
V descends to an object V o in D.E.(Ko/k),  where K o is the subfield k((tN)) of 
K =  k((t)). For by (2.2.11.2), we will have 

Irr (V) = NI r r  (Vo). 

To  perform this descent, view a, as a generator of the cyclic galois group of K/Ko, 
and  view the given isomorphism q~: V('.) - V as a a,-linear automorphism of V. If 
~o N = id, then we can descend. In general, ~0 N is a (k-linear) automorphism of V. Let 
us  admit temporarily that End~(V) = k. Then (p~ is in k ~, say ~0 N = ~. Replacing ~0 
by ~-llU, we have ~o u = 1. 

To see that End ~ (V) = k, we notice that as V is irreducible, End ~ (V) is certainly 
a division algebra over k. Because k is algebraically closed, any finite-dimensional 
division algebra over k is necessarily k itself, so it suffices to show that End~ (V) is 
finite-dimensional over k. But this is a general fact: 

(2.3.9) Lemma. For any two objects V, W in D.E.(K/k) ,  

dimk(Hom~ (V, W)) < dimx (V) dim x (W). 
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Proof Using the internal hom, we have 

Hom~(V, W)= Hom~ (K, VV (~ W), 

so we are reduced to the case V trivial. If  H o m a  (K, W) is 4: 0, then W contains a 
one-dimensional sub-object isomorphic to K, so by induction on dim W we reduce 
to the case W =  K. But Homu (K, K) = k, because k is the "field of constants" in 
K. Q.E.D.  

2.4. Canonical extension: construction of a fibre functor (Compare [Ka-5]) 

(2.4.1) In this section, we must  fix a uniformizing parameter t in R, by means of  
which we identify k((t)) ~- K. We denote by G,, | k the multiplicative group over k 
with coordinate "x":  

(2.4.1.1) G,, | k = Spec(k [x, x -  1 ]). 

By means of  the k-linear embedding 

(2.4.1.2) k[x,x-'] ~ k((t)) 
x - l  ~--~ g 

we view K as the completion at ~ of the function field of G m | k. Thus we have a 
natural inverse image functor 

(2.4.1.3) D.E.(Gm| ) ~ D.E.(K/k) 
V ~ V ~ .  

d 
(2.4.2) We will interpret D . E . ( G , , Q k / k )  as the category of X~x-modules  

over k [x, x -  1], cf. (1.5.1). The rank-one objects L which are regular singular at zero 
are those of the form 

(2.4.2.1) k [x,x-1], D= X ~x + 

where ~ ae x e ek [x], and the group of isomorphism classes of such L is the additive 
group 

(2.4.2.2) k [x]/Z, 

via the map L ~ ~ ai x ~ mod Z. In view of (2.2.3.2) and  (2.3.8.3), we see that the 
inverse image functor 

(2.4.2.3) D.E. (G,, | k/k)Rsat o ~ D.E. (K/k) 

induces an equivalence between the full subcategories of rank-one objects. 

(2.4.3) An object of  D.E.(G,,| (resp. of D.E.(K/k)) is called "R.S. 
unipotent" if it is isomorphic to a successive extension of the trivial object 

(k[x,x-1], D= x d )  (resp. (K,D)= t d )  by itself. We denote by (Nilp End/k) 
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the category of pairs (V, N) consisting of a finite-dimensional k-vector space V 
together with a k-linear nilpotent endomorphism Nof  V, with maps the k [N]-linear 
maps. The natural functors 

(R.S.  unip. objects 
(Nilp End/k) ~ ki n D. E. (Gin | k/k)] 

(2.4.3.1) 
(V,N) ~ (k[x ,x-a](~V,D=x d N) U x | 1 7 4  , 

(Nilp End/k) ~ (R.inS. D.uniP'E. (K/k)~ 

(2.4.3.2) 
(V,N) ~ K ~ V , D = t ~ t t | 1 7 4  , 

are both equivalences, with inverses given by 

( 43 Ker o",, 

Therefore the inverse image functor 

(2.4.3.4) D.E. (G,, @ k/k) ~ D.E. (K/k) 

induces an equivalence on the full subcategories of R.S. unipotent objects. 

(2.4.4) An object ofD. E. (G,, | k/k) is called very special if it is a finite direct sum 
of objects of the form L | U where 

L is of  rank-one, regular singular at zero 
(2.4.4.1) 

U is R.S. unipotent. 

(2.4.5) An object of D. E. (K/k) is called very special if it is a successive extension 
of  one-dimensional objects. 

(2.4.6) Theorem. (LeveR). The inverse image funetor 

D.E.( G~ | k/k) ~ D.E.(K/k) 

induces an equivalence between the full subcategories of very special objects. 

Proof. This is immediate from (2.4.2.3) and the preceding discussion. Q.E.D. 

(2.4.7) Given an integer N >  1 and a finite galois extension k' of k (inside /?) 
which contains the N'th roots of unity, an object of D.E. (G~ | k/k) is called 
(N, k')-special if its inverse image in D. E. (G,, | k'/k') by the composite map 

(2.4.7.1) Gm| tUl , Gm|  , G , , |  
(x ~ x~r | id | (exm. of scalars) 

is very special. An object V of  D. E. (K/k) is called (N, k')-special if for the unique 
N-special extension L/K with residue field k', V L in D.E. (L/k') is a successive 
extension of one-dimensional objects. 
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By combining the previous theorem (2.4.6) with the descent argument of 
([Ka-5], 1.4.1), we obtain 

(2.4.8) Theorem. For any (N, k') as above, the inverse image functor 

D.E.(G,, | k) ~ D.E.(K/k)  

induces an equivalence between the full subcategories o f  ( N, k')-special objects. 

(2.4.9) Let us say that an object of D.E. (Gm|  (resp. of D.E.(K/k)) is 
special if it is (N, k')-special for some (N, k') as above. By Levelt's fundamental 
result ([Le-1]), every object of D.E. (K/k) is special. So, passing to the limit over 
(N, k'), we obtain 

(2.4.10) Theorem. The inverse image functor 

D. E. (Gin @ k/k) ~ D. E. (K/k), 

when restricted to the full subcategory S .D.E. (G, , |  o f  D .E . (G , , |  
consisting o f  the special objects, induces an equivalence o f  tensor categories 

S .D.E. (GmQk/k)  ~ , D.E.(K/k) .  

(2.4.11) "The" quasi-inverse functor 

D.E.(K/k)  , S .D.E. (GmQk/k)  

denoted 
V ~ V can, 

is called the "canonical extension", 

(2.4.12) Corollary. For any point a~k  x = (Gin| (k), the composite 

D.E.(K/k)  .... , S .D.E. (G, , |  

1 
\ 

\ 

\ 
\ \  

x D.E. (Gin | k /k)  \ 

1 \ \ f ibre  a t  a 
\ 

\ 

"',(fin. dim. k-vect.~spaces / 

is a k-valued fibre functor on D.E. (K/k). 

(2.4.13) For any object Vin D.E.(K/k),  and any fibre functor ~o on D.E.(K/k),  
the "local differential galois group" Gloc(V, co ) of V as object of D.E.(K/k)  is 
defined by 

Gloc(V, o9 ) d2 ~r174 (c01(V)). 

(2.4.14) Corollary. For any object V in D.E.(K/k),  and any fibre functor co on 
D.E.(K/k)  o f  the form coo can for some a~k  • (i.e., ca(V) =fibre at a o f  V~) ,  we 
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have 

G~oo(V, co) = G ~ ( V " ,  oJ~) 
inside ~.s (co, (V ca.)). 

Proof It is obvious from the definition of  "special" that any sub-object in 
D. E. (G,, | k/k) of  a special object is itself special. Therefore the category ( V r is 
the same whether we view V ~. as lying in S.D.E. or in D.E. Therefore the functors 

D.E.(K/k)  , S . D . E . ( G m |  

induce equivalences 

(V) , (V ~. in S.D.E.) , (V ~" in D.E. ) .  Q.E.D. 

(2.4.15) Corollary. (O. Gabber). For L/k any extension fi'eld of  k, KL = L((t)), V 
any object ofD. E. (K/k), V z its inverse image in D. E. (KL/ L ), and any a ~k • we have 

GI~ (VL, o,)L, o can) = GIo~(V, o), o can)@ L 
k 

inside f ~  (c% (V~n)) ~ L. 

Proof Since (VL)C"~--(Vc"n)L, this follows by combining (2.4.14) with 
(1.3.2). Q.E.D. 

(2.4.16) Corollary (O. Gabber). Let Vbe a D. E. on Gm| k/k,  and L/k  an extension 
field of  k. Then V is special on G,, | k/k  i f  and only i f  V a is special on G m | L/L. 

Proof The "only i f"  direction is trivial. Denoting by . . . . .  passage to the formal 
completion at o~, we have 

V L special ~ VL , ((VL)^) "n, 

while for any V on G,, | k/k  we have 

( (v  ^)cao), ~ ((vL) ^)~ 

Therefore if V z is special, we have an L-isomorphism 

VL ~-- ( (V ^ ) " ) L .  

In view of  (4.1.2) (proven later, but with no circularity l), the existence of the above 
L-isomorphism implies the existence of a k-isomorphism V , (V ^)~., whence 
V is special if V z is. Q.E.D. 

2.5. The local differential galois group; upper numbering 

(2.5.1) Fix a k-valued fibre functor co on D.E.(K/k).  We denote by 

(2.5.1.1) I ~  Mug | (co), 
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read - the local differential galois group, - the pro-algebraic affine algebraic group 
over k whose finite-dimensional k-representations "are" the objects of D. E. (K/k). 
We think of I as being the differential analogue of the local galois group of a local 
field of finite residue characteristic. [Though our notation, " I"  for "inertia" is only 
reasonable when k is algebraically closed.] 

(2.5.2) Pursuing this analogy, we next define the "upper numbering filtration" on 
L For every real number  x > 0, we denote by 

(2.5.2.1) D.E.(~-x~(K/k) 

the full subcategory of D. E. (K/k) of objects all of whose slopes are < x. Similarly, 
for real x > 0, we denote by D.E.I<x)(K/k) the full subcategory of D.E. (K/k) of 
objects all of  whose slopes are < x. As is obvious from (2.2.11.3-4) and (2.2.6.2) 
both D. E.(~-x) and D.E.(<x) are stable by internal horn, tensor product, and sub- 
quotients. 

(2.5.3) Dual  to the inclusions 

D. E. ~< x) (K/k) = D. E. (K/k) 
(2.5.3.1) 

D.E.~x)(K/k) = D.E. (K/k) 

we have homomorphisms of  the corresponding groups 

I ~ dug  | (~oID.E.~<x)(K]k)) 
(2.5.3.2) 

I ~ dug| (eaID.E.(~-x)(K/k)), 

both of which are faithfully flat (by [De-Mi], 2.21). Their kernels are closed normal 
subgroups of I, denoted I I~) and I Ix+) respectively (defined for x > 0 and for x _-> 0 
respectively). Concretely, if for each object V in D.E.(K/k)  we denote by Pv: 
I - ~  (~s the corresponding representation of I, we have 

(2.5.3.3) I I~) = (~ Ker(Pv) 
V~D.E.( <X)(K[k) 

(2.5.3.4) / ix+)= ('] Ker(pv). 
V~D.E.f<x)(K/k) 

By Tannakian  duality, we have, for a given object V in D.E. (K/k), the following 
equivalences: 

(2.5.3.5) For  x > 0, V has all slopes < x o  I ~) = Ker(Pv). 

(2.5.3.6) For  x > 0, V has all slopes < xr IIX+)= Ker(pv). 

(2.5.4) For  0 < x < y ,  we have 

(2.5.4.1) I ~ I ~~ +) ~ i~) ~ i ~  +) ~ icy), 

which we view as the differential analogue of the "upper numbering filtration" (cf. 
[Se-1], pp. 80-82). 

(2.5.5) Given an object V in D.E. (K/k), its slope decomposition 

(2.5.5.1) V= (~  V(y) 
y~o 
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is characterized in terms of  the representation p v of  I on co (V) as follows: its image 
under co is the un ique / - s tab le  decomposit ion of  co(V) in which 

I t~ +) operates trivially on co(V(0)), 
(2.5.5.2) for y > 0, I ~y+) acts trivially on co (V(y)), but I ~y) 

has no non-zero invariants in co (V(y)). 

(2.5.6) Given a non-zero object V o f D .  E. (K/k), we denote by Pv: I ~  ffZ, e(co(V)) 
the corresponding representation o f / ,  and by 

(2.5.6.1) G~oc(V, 09) ~ pv(I) ~ fr162 (co (V)) 

the image of  this representation. Equivalently (just as in (1.1.5)), we have (cf. 
(2.4.13)) 

(2.5.6.2) G~or , co) = ~r | (col(V)).  

(2.5.7) The largest slope of  Vmay be described in terms of  the representation p v as 

(2.5.7.1) = g.l.b. {real x > 0 such that I C~+) c Ker(pv) } . 

It  is thus an intrinsic invariant of  the subgroup Ker(pv). 

(2.5.8) In view of  (2.5.2), the largest slope of Vis equal to the sup, over all objects 
W in (V>, of the largest slope of  W. 

(2.5.9) Proposition. Let V be a non-zero object o f  D.E.(K/k), with largest slope 
written a/N in lowest terms (i.e., a > 0 in Z, N > 1 in Z, and (a, N) = 1). 

(2.5.9.1) The ~-algebraic group G,~(V, co) ~ [~ has no faithful ~-representation of 
dimension < N. 

(2.5.9.2) I f  N = d i m ( V ) ,  the given inclusion of  Gloc(V, co ) in ff&e(co(V)) is an 
absolutely irreducible representotion of  Gloc(V, o2). 

(2.5.9.3) I f  N =  dim(V),  the given inclusion of  Glo~(V , co) in ~ (o2 (V)), viewed as a 
representation of  G,oc(V, co), is not isomorphic to a tensor product of  two strictly 
lower-dimensional representations of  Gloc(V, co). 

Proof. Since any two k-valued fibre functors are/~-isomorphic, we may suppose ~o is 
the fibre functor constructed by picking a uniformizing parameter  t and taking the 
fibre at  a point of  Gm (k) of  the corresponding canonical extension. If  we extend 
scalars from k ((t)) = K to/~((t)),  the slopes of  V do not  change, while G,or (V, 09) is 
replaced by Gloc(V, co)~).[r (cf. 2.4.15). So it certainly suffices to prove the 

proposi t ion in the case k =/?.  
(1) I f  A is a faithful k-representation of  GI~(V, co), corresponding to an object 

W of (V) ,  then W has the same largest slope, a/N, as V (because pw= A, Pv has 
Ker(pw) = Ker (pv); alternately, because (IV> = < V), cf. (2.5.8)). By the fundamen- 
tal integrality property of slopes (2.2.7.3), the multiplicity of  a/N as slope of  W is 
multiple of  N, so >__ N. 

(2) I f  N =  dim V, then a/Nis the unique slope of  V -  there is room for no others 
by (2.2.7.3) - and so V is irreducible by (2.2.8). 
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(3) If V =  V 1 | V 2 with I/1 and V z in (V) ,  and with N i ~ dim (V~) < N = dim (V) 
for i = 1,2, we obtain a contradiction as follows. Let ~-i denote the largest slope of V~. 
Then 2 i < a/N (because V i ~(V) ,  cf. (2.5.8)). But 2i has exact denominator < Ni, so 
its exact denominator is certainly < N, while by hypotheses a/N has exact 
denominator  N. Therefore 2~ =~ a/N, so we must have 2i < a/N. But the largest slope 
of  V =  V t | V z is < sup(21, 22) (cf. (2.2.11.4)), contradiction. Q.E.D. 

2.6. Upper numbering and change o f  field; structure theorems 

(2.6.1) Let N >  1, and suppose k contains the N' th  roots of unity. Denote by K N 
the extension k((tlm)) of K, and by D.E.(KN/K/k ) the full subcategory of 
D. E. (K/k) consisting of the objects which become trivial over K N. The diagram of 
functors 

(2.6.1.1) D.E.(KN/k ) , ~ D.E.(K/k)  , incl. D.E.(KN/K/k) 

gives rise to an exact sequence of local differential galois groups (with respect to 
compatible fibre functors) 

(2.6.1.2) 1 ~ I(KN/k) ~ I(K/k) ~ ps --, 1, 

cf. (1.4.4). 

(2.6.2) Proposition. For any real numbers x > O, y > O, the above inclusion o f  
I ( KN / k ) in l ( K/ k ) induces isomorphisms of  "upper numbering" subgroups 

(2.6.2.1) I(KN/k) (Nx+) ~ , I (K/k)  (x+) 

(2.6.2.2) I (Ks/k)  (Nr) , I(K/k) (r). 

Proof The diagram of functors 

| 
(2.6.2.3) D.E.(KN/k)(<=Nx) , K D. E. (K/k)(<=:') < ind. D.E. (KN/K/k) 

gives, by (2.2.11.5) and the same argument as in (1.4.3-4), an exact sequence 

(2.6.2.4) 1 --, I(KN/k)/I(KN/k) (Nx +)~ I(K/k)/l(K/k)~X+)~ IJN ~ 1 

which is the quotient of the exact sequence (2.6.1.2) above, so the snake lemma gives 
the assertion for (x+) .  Similarly for (y). Q.E.D.  

(2.6.3) Proposition. Suppose k is algebraically closed. Then for every integer N > 1, 
I(KN/k ) is the unique closed subgroup of  index N in L 

Proof Let F c I be a closed subgroup of index N, and consider the permutation 
representation of I in I/F. Take the associated N-dimensional k-linear repre- 
sentation of  I; the corresponding object W in D.E. (K/k) has GIo~(W , 09) a finite 
group. Pick a parameter t of  K, i.e., a k-isomorphism K-~ k ((t)), and consider the 
associated canonical extension W =" on G,, | k. By construction of the canonical 
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extension, we have 

G~o~(W, co) ~ ) Ggal(WCan, o~). 

Therefore W r on G,, | k has its Ggal finite, so it becomes trivial on a finite etale 
covering of G,, |  necessarily of the form [M]: G m |  Gin| x ~  x M, for 
some M > 1. Returning to Witself, we see that Wbecomes trivial on some extension 
field KM, i.e., I(KM/k ) acts trivially on I/F. Therefore we have inclusions 

I(KM/k ) = F = I. 

For any M > 1, I/I(KM/k ) is cyclic of order M, canonically isomorphic to 
Gal (KM/k). Therefore N[M, and F/I(KM/k ) is the unique subgroup of index N in 
I/I(KM/k); whence F = l (Ku/k ) by unicity. Q.E.D.  

(2.6.4) Proposition. Suppose that k is algebraically closed. I f  

p: I--* Mug(M) 

is any finite-dimensional k-representation of I, then (2.6.4.1) the restriction of p to 
I (~ +) is diagonalizable. 

(2.6.4.2) For any real numbers x > 0 and y > O, the images p (I (x +)) and p (I (y)) in 
~r (M) are connected tori. 

Proof. In virtue of (2.6.2), we may replace p by its restriction to any subgroup 
I(KN/k ) = I, for any integer N > 1. In virtue of  (2.2.2), there exists an integer N > 1 
such that for the object V in D. E. (K/k) corresponding to p, V(~)K u has a direct 
sum decomposition k 

V (~) K~,c ~- ~ Li | U, 

where the L~ are one-dimensional objects of D.E.(KN/k), and where the U~, 
successive extensions of the trivial object, have all their slopes equal to zero. 
Therefore as representation of I(KN/k), we have 

( arep.  o f I (K , /k )  ) 
M'-~ ~ )  (a char. of  I(K,/k)) | \ t r ivial  on I(KN/k) (~ +) " 

This proves (1), and shows that the restriction of p to i(o+) is of  the form 

(o 1-.. 5 
where the )~i are characters of I (~ +) which extend to characters of I(KN/k) for some 
N > I .  

To prove that for any real numbers x > 0 and y > 0, the images p(I  (x+)) and 
p(I  (y)) are connected tori, we must show that for any integers a l , . . . , a , ,  the 
character Z = (X 1) . . . . .  (X,)", 

when restricted to either I (x§ or to I (y), is either trivial or is not of finite order. 
Interpreting such a character ;( as arising from a one-dimensional object L of  

D.E. (KN/k), recall (2.5.3.5-6) that 2 is trivial on I (x+) (resp. on  I (y)) if and only 
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the slope of L, as object of  D. E. (KN/k), is =< Nx (resp. < Ny). But for any integer 

k ~ O , L |  i fL i s  KN, t ~ +  wi th feKN,  thenL  | 

i s (KN,  t d + k . f ) l .  Th i smeansexac t l y tha t i f  )~isof f ini teorderonei therI(X+) 

or on I (y), then Z is already trivial on that group. Q.E.D. 

(2.6.5) Corollary. Suppose that k is algebraically closed, and denote by K~ 
= U KN the algebraic closure of  K, and by (9 o = [,9 e)K~ the ring of  integers in K~. 

N~_1 
Then, in terms o f  a uniformizing parameter t o f  K, we have 

(2.6.5A) i(o+) is the pro-torus over k whose character group is 

K~/O~ = U K,/OKN 

(2.6.5.2) I (x+ ), for any real x >= O, is the pro-torus over k whose character group is 

Ko~/{f~k~ with ord t (f) > - x } .  

(2.6.5.3) I(Y), for  any real y > O, is the pro-torus over k whose character group is 

K ~ / { f ~ K ~  with ord t (f) > - y } .  

In this identification, an object L in some D. E. (KN/k) of the form KN, t ~ + 

w i t h f s K  N gives rise to the character named by the image of f i n  the named quotient 
of K w. 

Proof. Because the groups I (~ § I (x § ~, l(r) are all closed subgroups of L they are the 
inverse limits o f  their images in "all" the finite dimensional representations of L 
Therefore each is a pro-torus. The preceding proof shows that any character X 
of one of these groups which occurs in a finite-dimensional representation of I 
extends to a character of I (KN/k  ) for some N >  1. This, together with (2.3.8.3) and 
(2.5.3.3-4), gives the asserted formulas for the character groups. Q.E.D.  

(2.6.6) Theorem. Suppose k is algebraically closed, and 

p: I---~ ~ g g ( M )  

is an irreducible finite-dimensional k-representation of  L of  dimension n > 1. Then 

(2.6.6.1) the restriction o f  p to l ( K J k )  is the direct sum o f  n distinct characters 
Za . . . .  ,Z. of  I (K, /k) .  

(2.6.6.2) The conjugation-induced action of  !*. = I / l (K. /k)  on I(K./k)  by outer 
automorphism is transitive on the characters X I , . . . ,  X,. 

(2.6.6.3) I f  n ~ 2, the restrictions to I (~ of  the characters Z1 . . . .  , Z. are all non- 
trivial and are all distinct. 

(2.6.6.4) I f  n >= 2 and i f  the unique (by (2.3.4)) slope o f  p is r /n with ( r, n) = 1, then the 
restrictions to I (~/") of  the characters ~ ~ , .. . , X. are all non-trivial and all distinct, and 
p (I ('/")) is a connected torus of  dimension q~ (n) = deg (Q (~,)/Q). 
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Proof We first prove (1) and (2). 
By Levelt, any representation of  I is, on some I(KN/k), a successive extension of  

characters. Because p is irreducible o n / ,  it remains semi-simple on any of  the 
normal subgroups I(KN/k ). Therefore, for some N > 1, p I I(Ku/k) is the direct sum 
of  characters. Pick such an N, and consider the l(KN/k)-isotypical decomposition 
o f  M: 

(2.6.6.5) M = ( ~  M~. 

Because M is/- irreducible,  I acts transitively on the set o f  these R isotypical 
components. Consequently, d =  dim(M,)  is independent of  c~, and 

(2.6.6.6) n = dr, r = ~ R. 

Let S, ~ I be the stabilizer of  M,.  Then l(Ku/k) c S,, and I/S~ ~ , R, so by 
uniqueness we have S, = I(Kr/k), independent of~. Therefore as representation o f /  
we have 

(2.6.6.7) M = Ind~(x~/k)(M~) for any c~eR. 

Because M is irreducible o n / ,  M,  is certainly irreducible on I(Kflk). We must 
show dim(M,)  = 1. [For then n = r = :~R by (2.6.6.6), the characters Z~ of I(K,/k) 
on M,  are distinct because they are distinct on the subgroup I(KN/k) of I(K,/k), and 
lu, = I/I(K,/k) acts transitively on the Z~'s, because M is/-irreducible.]  

Renaming M,, l(K,/k) as M, L we are reduced to the situation: 
M is an irreducible representation of  I of  dimension n ~ I, but for some N >  1, 
I(KN/k) acts on M by scalar matrices, i.e., there exists a character X of  I(Ku/k ) such 
that 

p(7)(m)=z(7)rn for 7eI(KN/k ). 

The character ;~ is invariant by/ -conjugat ion  (because it is equal to (l/n) trace 
(p)). Because I/I(KN/k ) is cyclic, and k is algebraically closed, X extends to a 
character ~ of  L 

Twisting M by the inverse of~,  we reduce to the case where M is an irreducible 
representation o f  I which is trivial on I(KN/k). As the quotient I/I(Ku/k ) is cyclic, 
and K is algebraically closed, we find dim (M) = 1, as required. This concludes the 
proof  o f  (1) and (2). 

We next prove (3). Fix an n ' th root t 1/" of t, and write 

s= l/t 1/". 

Then K, is k ((l/s)),/~, acts by s ~ ffs, and the characters X~ of I(K,/k) which occur in 
p correspond to one-dimensional objects L i in D. E. (K,/k) which are transivitely 
permuted among themselves by the action s ~ ~s o f  p.. Fixing one such L~, say 

with 
e(s)~k[s], 
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all the Li which occur are precisely the n objects 

To prove (3), we must show that if (1 4:(2 are two distinct n ' th  roots of unity, 
then the corresponding ratio of characters is non-trivial on I ~~247 i.e., that 
L~ | (L~) v has slope > 0, i.e., that 

deg (P((1 s) - P(~2 s)) > 0. 

We have already proven that the corresponding ratio of characters is non-trivial on 
I(Kn/k), so certainly we have 

P( ( ,  s) - P((2 s) 4: 0. 

But this can only happen if P(~ls)-  P((2s) actually has degree > 0, because its 
constant term is zero. 

We now prove (4). The hypothesis of (4) is 

deg (P(s)) = r, (r, n) = 1. 

Therefore for (~pn,  

e(~s) = ~P(s) mod (deg < r in s). 

To show that the ~ remain distinct on I t*/n~, we must show that for (1 4= (2 
distinct elements of p~, we have 

de g (P (~1 s) - P ((2 s)) = r, 

which is the case because 

P ((1 s) - P (~a s) = ((~ - ~ )  P (s) + lower terms, 

and (r, n) = 1. 
Similarly, a monomial  in the Lr 

is trivial as character of I ~/~1 if and only if 

degree ( ~  a~P((s))< r. 

But this holds if and only if 

~ a ~ = 0  in k. 

Therefore the character group of p (F/~) is, via L~, the Z-submodule of k spanned 
by the r ( runs over ~ .  Because (r, n) = 1, this is precisely the ring Z [(~] of 
cyclotomic integers in Q ((~). Q.E.D.  

(2.6.7) Corollary. With the hypotheses and notations of part (4) of the Theorem 
(2.6.6), suppose further that n is odd. Then 
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(2.6.7.1) there ex&ts no non-zero I('/"Linvariant k-bilinear form M x M--* k. 

(2.6.7.2) Every slope of M >@M as I-representation is r/n. 

Proof Clearly ( 2 ) ~  (1). To prove (2), we must show that, in the notations of 
the proof of (2.6.6.3) above, L i | L i has slope r (with respect to K,), for every 
0 < i, j =< n - 1. But Lj | Lj is, for { a suitable primitive n ' th  root of unity, 

(K, ,  t d+ p(~ i s )+ P(~Js ) ) ,  

and 
P({is) + P(~,Js) - (~i, + (J')P(s) mod (deg < r). 

Because ffi, and ~J' are each n' th roots of unity with n odd, we have 
~ i '+  (J' ~ 0. Q.E.D.  

(2.6.8) Remark. Under  the hypotheses of part (4) of the Theorem (2.6.6), if n is 
even then the above argument shows that of the n z slopes of M ( ~ M  as 
/-representation, k 

there are n z -- n slopes = r/n 
(2.6.8.1) 

there are n slopes < r/n. 

2.7. Local groups as subgroups of global ones 

(2.7.1) Let k be an algebraically dosed field of characteristic zero, C/k a proper 
smooth connected curve, D = C a finite set of closed points, and U = C -  D. For 
each "point  at oo" x eD, we denote by K~ the completion of the function field k (C) 
at the discrete valuation which "is" x. 

(2.7.2) Given an object V in D.E.(U/k), we denote by V~ its inverse image in 
D. E. (Kx/k). If  we chose a k-valued fibre functor co on D. E. (Kx/k), then V ~ co (Vx) 
is a k-valued fibre functor, say eS, on D. E. (U/k). Given an object V in D. E. (U/k), 
the inverse image functor maps 

(2.7.2.1) (V)  + (Vx). 

By ([De-Mi], 2.21), the dual homomorphism of k-algebraic groups 

(2.7.2.2) Gloc(Vx, co) --. Ggal(V, fro) 

is a closed immersion. 

(2.7.3) Because k is algebraically closed, any two k-valued fibre functors on 
D. E. (U/k) (resp. on D. E. (Kx/k)) are isomorphic. Therefore for any k-valued fibre 
functors o9' and co on D.E.(U]k) and on D.E.(Kx/k ) respectively, and  any 
isomorphism ~t from co o (inverse image) to co', we have a closed subgroup 

(2.7.3.1) Glo~(Vx, to ) c_, G~a(V, co,), 

the "inertia group at x" to speak figuratively, whose conjugacy class in G ~  (V, to') is 
independent of the chice of (to, ct), and compatible with change of co'. 
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III. Interlude: cyclically minuscule representations 

3.1. The Lie algebra setting 

(3.1.1) Throughout this chapter, we fix an algebraically dosed field k of 
characteristic zero. A "Lie algebra" will mean a finite-dimensional Lie algebra 
over k. 

(3.1.2) Let 15 be a semi-simple Lie algebra over k, .~ = 15 a Cartan subalgebra, and 
W the Weyl group of the root system of (15, .~). If V is any finite-dimensional k- 
representation of 15, the restriction of V to .~ is a direct sum of characters (i.e., one- 
dimensional representations) of.~. The characters 2 of.~ which occur in Vare called 
the weights of V; for each weight 2 of V, the dimension of V ~ is called the multiplicity 
of 2 in V. The Weyl group Wacts on the set of  weights of V; for 2 a weight of V, and 
w e W, 2 and w (2) have the same multiplicity in V. If V is a faithful representation of 
15, then the set of  weights of Visa faithful permutation representation of W(simply 
because for V faithful, the Q-span of  its weights in .~* is equal to the Q-span of  the 
roots). If  V is an irreducible representation of 15, then at least one of its weights has 
multiplicity one (e.g., its "highest weight" in any ordering of the Q-span of the 
roots). 

(3.1.3) A finite-dimensional k-representation V of a semi-simple 15 is called 
cyclically minuscule (CM) if it satisfies the following three conditions: 

(3.1.3.1) Vis irreducible. 

(3.1.3.2) Vis faithful. 

(3.1.3.3) There exists an element w ~ W which cyclically permutes the weights of V, 
i.e., the cyclic subgroup F ~ W generated by w acts transitively on the set of  weights 
of V. 

(3.1.4) Under  these conditions, we say that V is CM of type w. 

(3.1.5) Lemma. Suppose V is CM of type w, and F c W is the cyclic subgroup 
generated by w. Then: 

(3.1.5.1) every weight of  V has multiplicity one 

(3.1.5.2) the order of w is dim(V), i.e., ~ ( F ) = d i m ( V )  

(3.1.5.3) F acts simply transitively on the set of weights of  V. 

Proof. Because V is irreducible, it has some weight of multiplicity one; because V is 
CM, every weight of Vis a W-transform of this one, so it also has multiplicity one. 
Because Vis faithful, Wis a faithfully represented as a permutation group on the set 
of  the dim (V) weights of V, so w generates a cyclic subgroup which acts transitively 
if and only if w is itself a cyclic permutation of the dim (V) weights. Q.E.D.  

(3.1.6) Lemma. Suppose 15=151 x152 is the product of  two semi-simple Lie 
algebras. Let V be a faithful irreducible k-representation of  15, V = V 1 | V 2 its unique 
expression as the tensor product of  faithful irreducible k-representations V i o f  15i, 
for i = 1,2. 
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The following conditions are equivalent: 

(3.1.6.1) V is a CM-representation 0f15. 

(3.1.6.2) V x and V 2 are CM-representations 0f15 1 and 152 respectively, and their 
dimensions are relatively prime: (dim V1, dim V2) = 1. 

Proof  Choose Cartan subalgebras .~ c 15i for i = 1,2, and take .~ = ~1 x -~2- Any 
character of.~ is uniquely of  the form (21,)-2): (ha, h2) ~ 21 (hi) + 22 (h2), where 2~ 
is a character ofSg. The Weyl group Wof15 is canonically the product W 1 x WE of 
the Weyl groups of 15 a and 15 2 respectively. The set S of  weights of V is the product 
set S a x $2, S i = {weights of  V~}, on which W =  W a x W 2 operates by the product 
action 

(wa, w2): (21,22) ~ (w121, w2 22). 

Counting weights, we see that V has all its weights of multiplicity one if and only if 
both V1 and V 2 have their weights of multiplicity one. In  view of (3.1.5.1), to prove 
(1) ~ ,  (2) we need only consider the case when II, I/1, V 2 each have all their weights of 
multiplicity one. We henceforth suppose this to be the case. 

Thus ~(S/ )=dim(Vi)  for i =  1,2, and W i c A u t ( S  0 is a subgroup. But an 
element (wl, w2)~ W a x W 2 cyclically permutes Sa • $2, if and only if all the 
following conditions hold: (~Sa, ~ $ 2 ) =  1, and for both i =  1,2, wi cyclically 
permutes S i. [The .~  direction is obvious. For  o ,  suppose (w a, w2) cyclically 
permutes all ofS a • S 2 . Then each component w~ must cyclically permute its Si. But 
then wi has order = ~S~, so (w 1, w2) has order l.c.m. (~Sa, ~$2) in W a • W 2. But 
(wl, w2) cyclically permutes S a x Sz, so has order (~$1) (~;Sz). Comparing, we see 
~S  1 and ~$2 must ve relatively prime.] Q.E.D.  

3.2. The group setting 

(3.2.1) Now let G be a connected semi-simple algebraic group over k, 15 its Lie 
algebra, Ta  maximal torus in G, ~ = Lie (T), N (T) the normalizer of T in  G. Then .~ 
is a Cartan subalgebra of t5, and N ( T ) / T  is the Weyl group W. 

(3.2.2) Let 
p: G ~ ~ -~  (V) 

be a finite dimensional k-representation of G. We say that p is a CM-representation 
of  G if Lie(p) is a CM-representation of 15. Concretely, then, p is a CM- 
representation of G if and only if all of the following conditions are satisfied. 

(3.2.2.1) p is irreducible 

(3.2.2.2) Ker(p) is finite 

(3.2.2.3) the restriction of  p to T is the direct sum of  dim (V) distinct characters 
of  T 

(3.2.2.4) there exists an element w ~ N ( T )  which, acting by conjugation on T, 
cyclically permutes the above characters. 
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(3.2.3) Let 15 ---~ 1~ 1 X ~ 2  be a product of two semi-simple Lie algebras over k. Let 
G, G1, G2 be the connected, simply connected semi-simple groups over k with Lie 
algebras 15,151,152 respectively. Thus G = G 1 x G2. Suppose we are given a CM- 
representation V of 15. Then we can write it as V 1 | V2, where V 1 and V 2 are CM- 
representations of 151 and 152 respectively, and where (dim V1, dim Vz)= 1. The 
representations V, V1, V 20f15,151,152 "integrate" to representations p, Pl ,  P2 of G, 
G1, G2 on V, V1, V2, and we have p = Pl | P2 on (7 = (~a | G2. 

(3.2.4_) Lemma. Hypotheses as above, Ker(p) = Ker(p l )  x Ker(pe) (in 
G = G 1 | G2). 

Proof Let Z i denote the center of Gi, for i = 1,2. Then Z = Z 1 x Z z is the center of 
(~. Because Lie(p), Lie(p1), Lie(pz) are faithful, the kernels of p, Pl ,  P2, lie in Z, 
Z1, Z 2 respectively. Now pi is an irreducible representation of Gi on V~, and (as 
G i is connected and semi-simple) p ( G / ) = b ~  so by irreducibility 
pi(Zi)~Z(~9~ In other words, the restriction of Pi to Zi is a 
character ;~i of  order dividing dim (Vi). Thus p = Pl | Pz on Z =  Z 1 | Z2 is the 
character (zl, Zz) ~ Z1 (zl)x2 (z2)- But dim V 1 and dim V 2 are relatively prime, so 
Z l ( z l ) z 2 ( z 2 ) = l  i f a n d o n l y i f z l ( z O = z 2 ( Z z ) = l .  Q.E.D. 

(3.2.5) Corollary. Let G be a connected semi-simple group over k, (5 = Lie (G), p: 
G ~ f~S~(V) a faithful CM-representation of  G. Let 15 = 151 • 151 be a product 
of  semi-simple Lie algebras. Then we have a canonical product decomposition 
G = G 1 • G2, p = Px | P2 on V =  V1 | V2, where Pi is a faithful CM-representation 
of  G i, Lie (Gi) = 15i, and (dim I/1, dim V2) = 1. 

Proof In the notations of the preceding proof, we have G=G/Ker(p) ,  
G~= GJKer(pi)  for i =  1,2. Q.E.D.  

(3.2.6) Corollary. Let G be a non-trivial connected semi-simple group over k, p: 
G ~ ffZP (V) a faithful CM-representation o f  G. 

(3.2.6.1) I f  p is not isomorphic to a tensor product Px | Pz of  two strictly lower- 
dimensional representations of  G whose dimensions are relatively prime, then G is 
simple (i.e., Lie(G) is simple). 

(3.2.6.2) I f  (5 = Lie(G) is not simple, then G = H G i and p ~-|  where G~ is 
simple (i. e., Lie (Gi) is simple) and where Pi is a faithful CM-representation o f  Gi. The 
dimensions dim(pi) are pairwise relatively prime. 

(3.2.7) Classification theorem. Let V be an n-dimensional CM-representation of  a 
simple Lie algebra 15 over k. Then (15, V) is one o f  

15 = ~ (n), std. rep. or its eontragredient 

15 = ~t~(n), std. rep. i f  n is even. 

Proof It is clear that the named candidates are CM-representations. To show that 
there are no others, we must use classification. Because V is CM, it is certainly 
minuscule, (i.e., the entire Weyl group acts transitively on the weights of  V). By 
Bourbaki, Lie VIII, w 7.4, Prop. 8, we have the following list of all pairs (15, V) with 
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15 simple and V minuscule: 

A : , : > I ;  

8:,:>=3; 
C : , : > 2 ;  

D e, : > 4 ;  

E 6 ;  

ET; 

So what we must check is 

f D I ,  . . . , f.O: 

COt 

COl 

(-01, (D~._I~ (Dr 

COl, ('06 

09 7 

that none of 

A:, : > 3; 0)2, co3,.. . ,  (-0:-i 

N.  Ka tz  

B:, : > 3; to t 

D:, :>4; (01, co:_ I, co: 

E 6 ;  (-01, (-0-0 6 

E7 ; coy 

is CM. 
We first eliminate the cases 

B:,:>__3 
D e, : >  5 

E6 
E7 

co: (dim = 2:) 

coe-1 and co: (dim = 2 :-5) 

o91 and o96 (dim = 27) 

co7 (dim = 56) 

by showing that in these cases, the Weyl group contains no element whose order is 
equal to the dimension of  the representation in question. For  15 of rank : ,  the action 
of  its Weyl group W o n  the free Z-module of  rank : spanned by the roots gives an 
injective homomorphism 

W c-. fCAe(:,Z). 

Any element w ~ fCLa (: ,  Z) of finite order N has a monic characteristic polynomial 
P (T) in Z IT] of degree : ,  all of whose roots are N ' th  roots o f  unity. Therefore P (T) 
is some product of cyclotomic polynomials, say 

P ( T ) =  f i  ~a,(T), all dilN. 

I f  we define 
d = 1.c.m. (the d~) 

then w a has all eigenvalues 1, so (being of finite order), w d = 1, i.e., 

the order of  w = 1.c.m. (dl . . . . .  d,). 

If w has order a power of a prime, say pe, then all the d~ divide pe, and  at least one 
d~ =pe, since Pe is their 1.c.m. Therefore 

deg (P) = : = ~ ~o (d,) > ~o (pe). 
i=1  
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In particular,  if  the Weyl group W contains  an element o f  order  pe, then 

t->_ ~o (pe). 

Taking pe = 2 r rules out  the spin representat ion 0)t of  Be, ~ > 3. 
Taking pe = 2 e_ 1 rules ou t  the spin representat ions 0)t- 1, We of  De, f > 5. 
Taking pe = 33 = 27 rules out  the representat ions o91, 0) 6 of  E 6 .  

Similarly, if w has  order  p" qb with p, q two distinct primes, either p" qb divides 
some di, o r p  a divides some di and  qb divides another .  So if Wconta ins  an  element of  
order  pa qb, then 

either ~ > r ( p a  qb) or C ~ r (pa) _~_ ~0 (qb). 

Taking p" qb = 23 7 = 56 rules out  the representat ion o97 of  ET. 
It remains  to eliminate the cases 

A r  0)i for 2 < i < ~ -  1 

D4 0)3 and  0)4 

De, f > 4  o91 

For  (De, 0)1), i.e., the s tandard  representat ion of  ~ 0 ( 2 E ) ,  the 2E weights are 
+ el ,  . . . ,  +__ ee. An  element w ~ W permutes  the e~, . . . ,  ee and  then changes an  even 
number  of  their signs. I f  w e W is to cyclically permute  all the + e{s, its "under ly ing  
pe rmuta t ion"  of { 1 . . . .  , ~} mus t  itself be cyclic, so renumber ing  el . . . .  , ee, the effect 
of  w is 

~31 ~ a 1 ~3 2 a 1 = + 1 

/;2 ~ a2t;3 a2 = + l 

s t ~ a[ e 1 at  = + 1, 

with  the auxiliary condi t ion a l  a2" '"  at  = 1. But  a t . . .  a e = 1 insures tha t  w e fixes each 
el, so we= id, and  so w canno t  cyclically permute  the 2~ weights {+ ~i}i=L....e. 

For  D4, the Weyl group contains  no element of  order  8 [indeed the preceding 
permuta t ion  a rgument  shows that  if  ~ is a power of  two, then the Weyl group o f D  e 
contains  no  element of  order  2f] .  

For  the A e case, we put  n = ( + 1. We must  eliminate the A i (std. rep.) of  ~ 1 (n) 
for n > 4 ,  2 < i < n - 2 .  By duality of  A ~ with A "-~, the weights of  A ~ are just  
the negatives of  those in A ~- ~, so it suffices to t reat  the case i > 2, 2i  < n. A n  element 
w ~ W  is jus t  a pe rmuta t ion  of  e l , . . . , e  ..  The weights of  A i are the (7) sums 
e~o ) + . . .  + e~ 0 where 1 < n(1) < n(2) < ' - -  < n. Wri te  w as a product  of  disjoint 
cycles (including cycles o f  length one!) a r ranged in decreasing length;  after 
re-numbering,  w becomes 

(1,2 . . . . .  dl)  ( d l +  1 . . . .  , d, + d2).-" (d, + . - .  + d ,_ ,  + 1 . . . . .  d x + . . .  + d,), 

wi th  d t => d 2 => .-. > d ,  and  dl + ""  + d , = n .  I f  w is not  a single cycle, i.e. if  
r > 2, then 2 (d 1 + ' "  + d,_ t )  > n, so dl + " "  + dr_ 1 >= i. Therefore in A ~, the orbi t  
of  s t + 5  2 + " ' + ~ i  under  w contains only weights which involve none of  
the last dr variables. Finally, if w is a single cycle, i.e. if r = 1, then w" = 1, bu t  
d im (A i) = (~) > n for 2 < i < n - 2 ( "b inomia l  coefficients increase toward  the 
middle") .  Q .E .D.  
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(3.2.8) Corollary. Let G be a non-trivial connected semi-simple group over k, p: 
G --* ff~ct~(V) a CM-representation o f  G. Then G = FIGi, V =  | Vii, p = | Pi where 
each (G~, Pi) is one o f  the following: 

5f&f (ni), Pi = std. or its contragredient 

5r (ni) , Pi = std. i f  n i even 

and where the ni are pairwise relatively prime and ~ 2. In particular, i f  p is not 
isomorphic to the tensor product o f  two strictly lower-dimensional representations o f  
G, then (G, p) is one o f  

Sf :Lf (n), p = std. or its contragredient 

5e~ (n), p = std. i f  n even. 

(3.2.9) CM Criterion. Let k be an algebraically closed f ield of  characteristic zero, V 
a k-vector space offinite dimension n > 2, G c 5f~. ~ (V) a Zariski closed subgroup o f  
the special linear group, H c G a Zariski closed subgroup o f  G, and H+ c H a Zariski 
closed normal subgroup of  H. 

A.  Suppose that 
(1) G is connected 
(2) H+ is a connected torus 
(3) as representation of  H+,  V is the direct sum of  n distinct characters o f  H+. 
(4) there exists an element h e H  whose action on H+ by conjugation cyclically 

permutes the n characters o f  H+ acting on V. 

Then G is semi-simple, G acts irreducibly on V, and V is a faithful CM- 
representation of  G. 

B. I f  in addition we suppose that 
(5) as representation o f  H, V is not isomorphic to the tensor product o f  two strictly 

lower-dimensional representations o f  H whose dimensions are relatively prime, 

then G is simple (i. e., Lie (G) is simple). 

Proof  Conditions (3) and (4) guarantee that H acts irreducibly on V. Therefore G 
acts irreducibly on V, so by (1) G is a connected irreducible subgroup of 5gL, e (V), 
whence G is semi-simple (cf. [Ka-3], 11.5.3.2). Now consider the decomposition of 
V as the direct sum of the n one-dimensional eigenspaces V~ for the n distinct 
characters Z1,.. . ,  X, of H+ which occur in V: 

V = ~ V~; H+ acts on V~ by Zi. 

Because Z1,. . . ,  Z, are distinct characters of H+, the centralizer Z o ( H  +) of H+ in G 
maps each V~ to itself, and any element in the normalizer No(H+) of H+ in G 
permutes the V~, i.e., in terms of any basis v l , . . . ,  v, of V with v~V~, we have 

Zo(H+ ) ~ G c~ (diagonal matrices) 

N o (H +) ~ G c~ (permutation-shape matrices). 

Now let T c G be a maximal torus of G which contains the torus H+. Because T 
centralizes H+,  we have T =  ZG(H+) , whence T c  G c~ (diagonal matrices). By 
maximality, we must have 

T = (G c~ (diagonal matrices)) ~ . 
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This explicit description of T makes it clear that 

G c~ (permutation-shape matrices) c N c (T). 

The torus T acts on the V~ by n distinct characters (because H§ c T, and these 
characters are already distinct on T). Therefore replacing H+ by T, we find 

N o (T) ~ G c~ (permutation-shape matrices), 

whence we have 

H c N~ (H+) ~ G c~ (permutation-shape matrices) = N a (T). 

Therefore ifh e H cyclically permutes the n characters )~ of H+ in V, the matrix 
of h is (after suitably ordering the ~)  of the shape 

0 0 " "  0 * 

�9 0 0 0 
0 * 

0 
0 

O 0  * 0  

Therefore this same h cyclically permutes the n distinct characters of T which occur 
in V. This proves A. Part B follows from A and part (1) of  (3.2.6). Q.E.D.  

(3.2.10) Corollary. I f  hypotheses (1), (2), (3), (4), (5) o f  3.2.9 all hold, then either 

G = ~ ( V )  
o r  

V is even-dimensional, and there exists a non-degenerate alternating form 
< ,  > :  V• V--* k on V with respect to which G =  b~ < , >) .  

3.3. Remarks and questions on CM-representations 

(3.3.1) Let 15 be a simple Lie algebra, and Va faithful irreducible representation of 
15. In view of our explicit determination of which V's are CM, a glance at the tables 
shows that 

(3.3.1.1) Vis CM ~ dim (V) = h, the Coxeter number  of 15. (And when Vis CM, it 
is CM of type e where c ~ Wis any Coxeter element). Can this equivalence be proven 
a priori? 

(3.3.2) If  we make use of the classification (cf. [Ka-3], 11.6) of V's which are 
irreducible when restricted to the "principal ~ ( 2 ) "  of 15, we obtain the 
equivalence 

V is CM ,~- ~ V is minuscule and (3.3.2.1) 
V is irreducible for the principal ~ 1 (2) in 15. 

Can this equivalence be proven a priori? 
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IV. Application to global differential galois groups 

4.1. The main theorem 

(4.1.1) Let k be a field of characteristic zero. X/k a proper smooth geometrically 
connected curve over k, S ~ Xa  finite set of closed points of)(, U = X -  S, K = k (X) 
the function field of  X. We suppose that U(k) is non-empty. 

(4.1.2) Lemma. Let V and W be objects in D. E. (U/k), and let L/k be an over-field 
ofk. 

(1) There exists an isomorphism V~-W in D.E.(U/k) if and only if there 

exists an isomorphism V ~ L " ~ W ~ L  in D . E . ( U ~ L / L ) .  

(2) HomD.E.(V/k,(V, W ) ~ L  ~ , H o I o . E . ( V ~ L  , W ~ L ) .  

Proof. Interpreting HOmD.E.(V/k)(V , W) as H~ V V |  W), we see that 
formation of  the Horn commutes with arbitrary extension of scalars k ~ L. We may 
suppose V and W have the same non-zero rank n, otherwise there is nothing to 
prove. For  any point x ~ U(k), we have an injective k-linear map 

HOmoA~.(u/k)(V , W) c~ HOmk(V(x), W(x)), 

q, ~ ~o(x) ,  

and q~ is an isomorphism if and only if~o (x) is. Pick bases e 1 . . . . .  e, of V(x),fl . . . . .  f ,  
of  W(x), so we can speak of  the determinant of  an element of Hom~k ) (V(x), W(x)). 
Then ~o ~ det (~o (x)) is a polynomial function on the finite-dimensional k-vector 
space Z=HOmD.E.(V/k)(V , [4 0.  Because k is infinite, this polynomial function 
vanishes identically (and so at every point of Z (~) L) if and only if vanishes at every 
point  of Z itself. Q.E.D.  k 

(4.1.3) We say that Vis self-dual if it admits an isomorphism with its dual. By the 
above Lemma 4.1.2, this not ion is invariant under  field extension. 

(4.1.4) Main theorem. Let V be an object ofD. E. (U/k) o f  rank n > 2. Suppose that 
(1) det (V) is trivial 
(2) there exists a rational point s eS(k )  such that the slopes of  V|  K s are all 

equal to r/n for some integer r > 1 prime to n 
(3) there exists an embedding kC-~ C for which the geometric monodromy group 

G . . . .  of(Vc)a" on (Uc)a" is connected. 
Then 

(1) I f  n is odd, V is not self-dual. 
(2) I f  n is even, and if V is self-dual, the space HOmD.E.~v/k)(V,V v) is one- 

dimensional over k, and every non-zero element, viewed as a bilinear form on V, is non- 
degenerate and alternating. 

(3) For any k-valued fibre-functor co on D. E. (U/k), the differential galois group 

G ~ =  Gg~(V, co)c ffLa(co(V)) = cg.~e (n) is given by 

)" 5a/~ (n) n even and V self-dual 
Gg,l 

[SaL~(n) if not. 
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Proof  We first reduce to the case when k = C and the embedding k c~ C is the 
identity. Suppose the theorem true over C. Then by Lemma (4.1.2), parts (1) and (2) 
hold over the subfield k c~ C. Therefore, over k we have fi priori inclusions 
Gg,a~5aZ, a(n) if V is not self-dual, GgalC-~ 5aft(n) if V is self-dual. That these 
inclusions of k-groups be equalities may be checked after extending scalars from k 
to /~, so the question is independent of the choice of k-valued fibre-functor co. 
Threfore we may take for co "fibre at x ~ U(k)".  By (1.3), Gg,l doesn't  change when 
we extend scalars, i.e., we have Ggal(Vc, X c ) =  Gg~(V, x ) ~ ) C ,  so we may reduce 
to k = C .  k 

Suppose now k = C. Because det (V) is trivial, Gga~ lies in 5 a ~  (n). Because G . . . .  
is connected, Ggal is connected (1.2.5.2). We apply (3.2.9) to G = Ggal , H = GIo c - the 
image in Gga~ of the inertia group I~ at s, H+ = the image ofI~ ~ § Because V | ks has 
slopes of exact denominator n, it follows from (2.6.6) that conditions (2), (3), (4), 
and (5) of (3.2.9) are satisfied [as is condition (1), the connectedness of G, c.f. 
above]. Therefore by (3.2.10), Ggal is 5 a ~  (n) for n odd, and is 5aZ~a (n) or 5a# (n) for n 
even. Conclusions (1) and (2) are immediate consequences of this list of  possible 
Ggal'S. Q.E.D. 

(4.1.5) We now give some "concrete" examples to which the Main  Theorem 
applies. All our examples occur on U = X -  S with X- -  p1, because it is only on 
p1 _ S that we know any "checkable" conditions which guarantee the connectness 
of G . . . . .  the Zariski closure of the monodromy group. 

(4.1.6) Theorem. Let k be afield o f  characteristic zero, T ~  Al(k)  = k a finite set 
o f  rational points o f  A~ , U =  A~ - T =  p1 _ { c~, T}. Let  V in D. E. (U/k) have rank n 
> 2, and suppose 

(1) det(V) is trivial 
(2) at ~ ,  all the slopes o f  V | K~ are r/n, with (r, n) = 1 
(3) at every point t ~ T, V is regular singular (i. e., all its slopes = O) and its 

exponents (cf  [Ka-6], 12.0) all lie in Z. 
Then 

5aft (n) i f  n is even and V is self-dual 
Ggal 

( s a ~ ( n )  i f  not. 

Proof  By the invariance property (1.3.2) of G ~  under field extension, we may first 
replace k by an absolutely finitely generated subfield k o over which everything is 
defined, then embed k 0 c_. C to reduce to the case k = C. The point then is that 
condition (3) means precisely that the local monodromy around each point t e T is 
unipotent. Because nx (C - T, x) is generated by these local monodromies and all 
their conjugates, its image in f#~(n)  is generated by their unipotent  images, and 
therefore the Zariski closure of this image, G . . . . .  is connected. Now apply the Main 
Theorem (4.1.4). Q.E.D. 

Here are two minor but  useful variations on the preceding theorem. 

(4.1.7) Theorem Let k be a field o f  characteristic zero, T ~  A 1 ( k ) =  k a finite set 
o f  rational points o f  A~, U=Alk -- T = P ~  - { ~ , T } .  Let V in D.E . (U/k )  have 
rank n __> 2, and suppose 

(1) det V is trivial 
(2) at oo, all the slopes o f  V | k| are r/n with (r, n) = 1. 
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(3) at every point t ~ T, V is regular singular 
(4) at all but at most one point ofT,  all the exponents (cf. [Ka-6], 12.0) o f  V lie in 

Z, and there exists an integer N >= 1 with (n, N) = 1 such that at every point o f  T the 
exponents of  V lie in (1/N) Z. 
Then 

~ 5#/~(n) i f  n is even and V is self-dual 
Gg~= ( 6:.~(n) if not. 

Proof. As in the proof of (4.1.6) above, we reduce easily to the case k -- C. We need 
only treat the case when there is an exceptional point to �9 T. Consider the finite etale 

/IN-covering Us ~ ~ U defined by (x - t0)l/N; via (x--  to) lm as coordinate, we 
have U N = A 1 - ~-1 (T). The inverse image ~* Vof  Von UN is easily seen to satisfy 
all the hypotheses of(4.1.6) ( i t  is in checking (2) that we need (n, N) = 1), and hence 

Ggal(Tt* V ) =  ~ s if n is even and ~* V is self-dual 
[ 5:s if not. 

In view of the obvious inclusions 

Ggal(Tr V) c Ggal(V ) c ~ ~  (n), 

the asserted theorem is obvious except in the case when n is even and ~* V is self- 
dual; in that case we have 

Ggai (~ * V) = ~ (n) = G,~l (V) = ~ e  (n). 

In this case we use the fact that Ggai (~z* V) is a normal closed subgroup of finite index 
dividing N (1.4.5) in Gg~(V). Then Ggal(V)= G has G~ and G acts on 
GO= 5~/,(n) by conjugation. Because every automorphism of 5fp(n) is inner, and 
the standard representation of ~p(n) is irreducible, we have G c 5g/~(n) �9 (scalars). 
Because G ~ S f ~ ( n ) ,  we have G=St~(n) . l , , .  Because the index of 5P~(n) in G 
divides N a n d  ( n , N ) =  1, we have G=SP/,(n), whence G = ~/~(n). Q.E.D.  

(4.1.8) Theorem. Hypotheses and notations as in the previous theorem ( 4.1.7), let L 
be a rank-one object o f  D. E. (U/k), and denote by 

1" ~ G,, = ~-~(1) 

the Gg~for L itself(concretely, F = G,, unless L | is trivial for some integer N >= 1, 
in which case F = t~s for  the least such N). Then Gg~l(V | L) is given by 

Ggal(V~ L) = Ggal(V ) " F ~ ~..~ (n) 

= ~5~p(n)" F i fn  is even and V is self-dual 

( ~.~(n). r if not. 

Proof. The differential galois group of V | L is a subgroup K of Gg,~ (V) x Gg, I (L) 
which projects onto each factor. We claim that K is equal to this product. Because 
G ~  (V) is either 5 r  (n) or 5f/~(n), G ~  (V) is equal to its own commutator  subgroup, 
while G~(L)  is (trivially) commutative. Therefore the commutator  subgroup 
[K, K] of  K is equal to G ~  (V) x {1 }; because K maps onto G~I(L), we must  have 
K = Gg~l (V) x G,~ (L). 



On the calculation of some differential galois groups 53 

If  we now view V |  L as an object o f ( V @  L),  its Gg,~(V@ L) is the image of  
K = Gg,~ (V@ L) in the corresponding representation p of K, which is the composite 
homomorphism 

K= Gg.I(V@ L) c~ Gg.l(V ) • Gg.x(L ) 

" 1 
x x 

x 

x x 

o - .  a~a~(V) ' a~ . l (L)  

" 0 
e~(n). 

Because K =  G~I(V) x G~(L), we find p(K) = Gg.l(V ).  G~(L), as asserted. 
Q.E.D.  

4.2. Equations of  Airy type on A a 

(4.2.1) 
over k, 

(4.2.1.1) 

and 

(4.2.1.2) ~ = k [x, a] the Weyl algebra. 

Given a polynomial  

(4.2.1.3) P (x) = ~, a~ x ~ e k [x], 

we denote by 

(4.2.1.4) P (~) = ~ a~ ~' 

Let k be a field of  characteristic zero, A~ = Spec(k [x]) the affine line 

d 
a - - ~ x  x , 

the corresponding constant-coefficient differential operator  on A~. 

(4.2.2) Let n > l  and m > l  be strictly positive integers, P.(x) and Q,.(x) 
polynomials in k [x] of degrees n and m respectively. The differential operator  on A~ 
defined by 

(4.2.2.1) P,(~) + Qm(x) e 

will be called an Airy operator  of bidegree (n, m). The corresponding cyclic object 
~ / N  (P, (~) + Q,, (x)) of D. E. (A~/k) will be an Airy D. E. of bidegree (n, m); its rank 
as D.E. is n, and all of its slopes at oo are equal to (n + m)/n. 

(4.2.3) I f  n > 2, the determinant of  the Airy equation corresponding to the Airy 
operator  

(4.2.3.1) P,(O) + Qm(X) = a,~" + a,-  t ~"- ~ + "" + Qm(x) 

is the cyclic D.E. of rank-one corresponding to the constant-coefficient operator  

(4.2.3.2) 0 + (a,_ 1/a,). 



54 

(4.2.4) 
the rank-one D.E. 

(4.2.4.1) 

with the Airy D.E. 

(4.2.4.2) 

is the Airy D.E. 

N.  Katz  

For any ~ ~ k, and any Airy operator P. (~) + Q,, (x), the tensor product of 

L(~) = ~ / ~  (r + cr 

~ / ~  (P, (8) + Q,, (x)) 

i f  a.-1 

i f  an- 1 
i f  a.-1 

fgSg(n) i f  a._ 1 +-0 and V o is not self-duaL 

where fCSP/~(n) = G,, " Sa~(n) denotes the group o f  symplectic similitudes. 

= 0 and V o is self-dual 

0 and V o is self-dual 

= 0 and V o is not self-dual 

(3) i f  n is even, then 

5eJ~(n) 

~5~(n)  
G~  = baZ~,(n) 

(4.2.4.3) ~ / ~  (P. (t3 + cr + Q,. (x)). 

(4.2.5) Finally, recall that on A 1, the group (under | of isomorphism classes of 
rank-one D. E.'s is isomorphic to the additive group underlying k [x], withf~ k [x] 
corresponding to ~ / ~  (~ +f ) .  Because this group is torsion-free, the differential 
galois group of an object ~ / ~ ( 8  + f )  is equal to G,, i f f ~  0, and to {1} if f =  0. 
Because the group of rank-one D. E.'s is uniquely divisible, being a k-vector space, 
we may speak of fractional powers of its elements. Putting all this together, we find 

(4.2.6) Lemma. Let V be an Airy D.E. on A~ ofbidegree (n, m). 
(1) I f  n = 1, then G~I(V ) = Gin. 
(2) I f  n > 2, then V may be written uniquely in the form V ~ - V o | L, where V o 

is an Airy D.E. of  bidegree (n,m) whose determinant is trivial and where 
L = (det (V)) a/". In terms of  the Airy operator 

P . ( 8 ) + Q , . ( x ) = a , O " + a , _ 1 8 " - 1 + ' " + Q , , ( x )  

defining V, V o is defined by the Airy operator 

P. (8 - (1/n) (a._ l/a,)) + Q., (x), 

and L is defined by the first order operator 

8 + (l/n) (a,_ 1/a,). 
(4.2.7) Theorem. Let 

P , ( 8 ) + Q m ( x ) = a . ~ "  + a . _ l ~  "-1 + ". .+Q~,(x) 

be an Airy operator o f  bidegree (n, m) on A 1, V the corresponding Airy D.E., and V o 
the Airy D.E. corresponding to the Airy operator 

P. (8 - (1/n) (a./a._ 1)) + Q,, (x). 

Suppose that n and m are relatively prime. Then the G~I o f  V is given by 

(1) tfn = 1, Gg,l = G., 
)" 5eLa (n) if a._ 1 = 0 

(2) /f n > 3 is odd, Ggal = ~ fgZ, e (n) if a._ 1 4:0 
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Proof. I fn  = 1, the fact that m > 1 insures that V i s a  non-trivial rank-one D.E.  on 
Ak x, so its Gga I is necessarily Gin. 

I fn  > 2, we write V = V o | L as in (4.2.6). Because n and m are relatively prime, 
the slopes of  V 0 at on are all (n + m)/n, of exact denominator  n. So we simply apply 
(4.1.6) to Vo, and then combine this with (4.1.8). Q .E .D.  

In general, we do not know how to decide whether or not V 0 is self-dual when n is 
even. The next corollary gives a sufficient condition. 

(4.2.8) Corollary. Hypotheses and notations as in the Theorem (4.2.7) 
above, suppose in addition that n is even and that the polynomial in a, 
P,(0 - ( I /n)(a ,_  1/a,)), is a polynomial in 0 2 (i.e., it is invariant under 0 ~ - 0 ,  or 
equivalently, it is formally self-adjoint). Then V o is self-dual, and (consequently) the 
Ggal of  V is given by 

Gg,l = ~ 5P~ (n) if a ,_ l  = 0 
ffSe~ (n) if a ,_ 1 4 = 0 .  

Proof  The auto-duality of  V o is immediate from the compatibility (1.5.3) o f  formal 
adjoint and dual. The determination of  Gga~ for V then results from the theorem 
(4.2.7). Q.E.D.  

(4.2.9) Example. Forn>=2, m >  l , 2 ~ k •  theAiry  
D.E.  given by a" + 2x m has Gga~ equal to 5a&a (n) for n odd, and to #~ for n even. 

In the case m = 1, we have a converse to the above Corollary (4.2.8). 

(4.2.10) Coronary. Hypotheses and notations as in the Theorem (4.2.7) 
above, suppose in addition that n is even, m = 1, and the polynomial in 0, 
P, (~3 - (1 In)(a,_ 1/ a,) ) is not invariant under 0 ~ - 0 .  Then V o is not self-dual, and 
(consequently) the Ggal o f  V is given by 

= ~SeL-q'(n) / f a , _  1 = 0  
Gg al [ C~,~ (n) /f an - 1 + O. 

Proof  We know by (1.5.3) that the dual of  V o is the Airy D. E. corresponding to the 

Airy operator P, ( - 0 - (1/n) (a,_ 1/a,)) + Q,~ (x); 

by hypothesis this operator is not a k • of  the Airy operator  

P, (0 - (1/n) (a,_ 1/a,)) + am (x) 

which gives rise to V o itself. The required result is then the special case m = 1 of  part 
(2) of  the following proposition. 

(4.2.11) Proposition. Let A 1 and A z be two Airy operators on A~ , and let V 1 and V z 
be the corresponding Airy D.E. ' s  on A~. Suppose that there exists an isomorphism 
V 1 -~ V 2 o f D .  E.'s on A~. Then 

(1) the operations A x and A 2 have the same bidegree, say (n, m). 
(2) I f  n =  1 or i f  m =  1, then A 1 = 2A2for  some 2 ~k  • (i.e., A 1 = A z i f  both A 1 

and A z are tannic in 0). 

Proof  We recover the bidegree (ni, mi) ofAi)  of  Ai from the isomorphism class of  V i 
by the rules n~ = rank (V~), (n~ + m~)/n~ = the unique slope at on of  V i. This proves 
(1). Assertion (2) is obvious for n = 1 (c.f., the above discussion o f  rank-one D. E.'s 
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on A~), and follows from this case for m = 1 by formal Fourier transform (the 
automorphism (x ~ ~, ~ ~ - x )  of the Weyl algebra), which interchanges Airy 
operators of bidegree (n, m) with those of bidegree (m, n). Q.E.D.  

4.3. An open problem 

I f  we suppose only that n and m are relatively prime, does it remain true that V1 ~- V2 
implies A 1 = 2A z for some 2 e k x ? This can be proven (by brute force) i fn = 2 (and 
so for m = 2 by Fourier  transform), but the general case remains unclear. On the 
other hand, if we drop the requirement that n and m be relatively prime, V1 ~- Vz 
need not imply the k • of  A 1 and A 2. Here is a simple counter- 
example: pick a ~k, a 4: - 1, and consider 

A 1 ~--- ~2  _ x 2  _ a 

A2 =~2-- x 2 -  2 - a .  

Direct calculation shows that if e is a cyclic vector for V1 with e" = (x 2 + a) e 
then xe + e' is another cyclic vector for V1 which satisfies (xe + e')" = (x 2 + 2 + a) 
(xe + e'). Therefore if f is a cyclic vector for V 2 with f "  = (x 2 + 2 + a)f, then 
f ~  xe + e' defines an isomorphism V 2 ~ , V t . 

4.4. Equations o f  Kloosterman type on Gm 

(4.4.1) Let k be a field of characteristic zero, Gm,k=Spec(k[x ,x -1] )  the 
multiplicative group over k, 

d 
(4.4.1.1) D =  X ~x , 

~e/)g = k Ix, x -  1, D] the ring of differential operators on G,,,k. 

Given a polynomial 

(4.4.1.2) e (x) = ~ ai x i ~ k [x], 

we denote by 

(4.4.1.3) P (D) = ~ ai O i 

the corresponding constant-coefficient (w.r.t. D) operator on G,,,k. 

(4.4.2) Let n > 1 and m > 1 be strictly positive integers, P,(x)  ~k[x]  a polynimial 
of degree n, and Q,, (x) e k [x] a polynomial in k [x] of degree m with Qm (0) = 0. The 
differential operator on G,,, k defined by 

(4.4.2.1) P.(D)  + am(x) 

will be called a Kloosterman operator of  bidegree (n, m). The corresponding cyclic 
object ~71e/~ifle (P . (D)+  Q,. (x)) of D. E. (G. , ,Jk)  will be called a Kloosterman 
D. E. of bidegree (n, m); its rank as D. E, is n, all of its slopes at ~ are equal to m/n, it 
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has a regular singular point at x = 0 and (because Q,, (0) = 0) its exponents (cf. [Ka- 
6], 12.0) at x = 0 are the zeroes of the polynomial P,(x). 

(4.4.3) On Gin.k, the group (under |  of  rank-one D.E. 's  is the quotient 
k [x, x -  i ]tZ, with f ~  k [x, x -  1] mod Z corresponding to ~i/fl~/le f (D +f) .  (The 
isomorphism between ~i///~,//(D +f) and ~,///~,/t(D+f+ n) is given by 
"multiplication by x"".) 

(4.4.4) If n > 2, the determinant of the Kloosterman D.E. corresponding to the 
operator 

(4.4.4.1) P . ( D ) + Q , ( x ) = a . D " +  a ._ lD"- l  + . . .+Q, , ( x )  

is the cyclic D.E. of rank-one corresponding to the constant-coefficient operator 

(4.4.4.2) O + (a,_ ~ la.). 

(4.4.5) For  any e ek,  and any Kloosterman operator P,(D) + Qm(x), the tensor 
product of the rank-one D.E. 

(4.4.5.1) K(c 0 = ~i,g, Cl~d/,r (D + a) 

with the Kloosterman D.E. 

(4.4.5.2) ~, / t1~, / f  (P, (D) + Q,,. (x)) 

is the Kloosterman D.E. 

(4.4.5.3) 9,)/// @g// (P, (D + e) + Q,, (x)). 

(4.4.6) Theorem. Let 
e , ( o )  + Q,.(x) 

be a Kloosterman operator on G,,, k, V the corresponding Kloosterman D. E. Suppose 
that 

(a) n and m are relatively prime 
(b) / fn  > 2, all the zeroes of  P.(x) lie in Z. 

Then the differential galois group Ggal of V is given by 
(1) i f n  = 1, Ggal ~-- G m 
(2) / fn  > 3 is odd, Gg,l= 2T~9~ 

5e~ (n) if V is self-dual 
(3) if n is even, G~I= (Se~q~(n) if not. 

Proof I fn  = 1, the fact that m > 1 insures that no strictly positive tensor power of V 
is trivial as D.E. on Gm, k (i.e., a polynomial in x of degree m > 1 is a non-torsion 
element in k [x, x -  t]/Z), so the G ~  of V is necessarily Gin. 

I f n  >_ 2, the hypothesis that P.(x) has all roots in Z insures that a,_ 1/a., being 
+ (the sum of the roots), lie in Z, and hence that det (V) is trivial. It  also insures that 
at x = 0, which is a regular singular point of  V, all the exponents of V lie in Z. 
Because n and m are relatively prime, the slopes of V at oo are all mln, of exact 
denominator  n. So we simply apply (4.2.6), with T =  {0}. Q.E.D.  

(4.4.7) Corollary. Hypotheses and notations as in the Theorem (4.4.6) above, 
suppose that n is even, and that for some integer a ~ Z, 1>. (D + a) is a polynomial in 
D 2. Then V is self-dual, and (consequently) Gga j = S~6(n). 
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Proof Replacing D by D + a amounts  to tensoring with the rank-one object K(a) 
corresponding to D + a, which for a e Z is trivial. Thus we may reduce to the case 
when P,(D) is a polynomial in D 2, in which case the operator P.(D)+ Q,,(x) is 
formally self-adjoint in the sense of  (1.5.3). The autoduality of  V then follows from 
(1.5.3). Q.E.D.  

(4.4.8) Corollary. Let n and m be integers >1, 2 e k  • and consider the 
Kloosterman operator on Gm.k 

D" + 2x m, 

V the corresponding D. E. (We do not assume n and m to be relativelyprime.) Then the 
G~l o f  V is given by / G~ if n = 1 

Ggal= SPZ~(n) i f n > 3 i s o d d  

[ S/~6 (n) if  n is even. 

Proof We easily reduce to the case k = C (compare (4.1.6)). 
I f m  = 1 (indeed i f m  is prime to n), this a special case of  (4.4.6-7). Consider the 

Kloosterman operator  m"D" + 2x 

on Gin, k, and the corresponding D . E . W .  Under  the finite etale pm covering n: 
Gm ~ Gm given by x ~ x m, we have 

~* W =  V, 

so, by (1.4.5), Gg~l(V ) is an open subgroup of  finite index in Gg~l(W ). By the result 
with m = 1, applied to W, we see that Ggal(W) is connected, so Gg,l(V ) = G~I(W) is 
as asserted. Q .E .D.  

4.5. A special class o f  Kloosterman equations on G,, 

(4.5.1) We continue to work over a field k of  characteristic zero. Fix an integer 
n > 1. Given an element 2 ~ k • and elements a l , . . ,  a, in k, consider the Klooster- 
man operator 

(4.5.1.1) I~I ( D -  a~) + 2x,  
i = 1  

and the associated Kloosterman D.E.  on G m k, which we denote 

(4.5.1.2) Kl~(al . . . . .  a.). 

(4.5.2) Proposition. There exists an isomorphism 

Klx(a 1 . . . . .  a.)  -~ Klu (bl . . . . .  b,) 

in D.E.  (Gin, k/k) i f  and only i f  both o f  the following conditions are satisfied: 
(1) 2 =/x  in k • 
(2) after possibly renumbering the b's, we have a i - b  i e Z (inside k) for  

i=  l , . . . , n .  

Proof To prove the " i f "  direction, it suffices to exhibit an isomorphism 

Kl~(a 1 . . . . .  a.) , ~ Kla(a 1 + 1, a 2 . . . . .  a . ) .  



On the calculation o f  some differential galois groups 59 

In terms of the standard cyclic vector e for Kla (a l ,  . . .  , a,), which is annihilated by 

I~I(D - ai) + 2x, 
1 

one verifies easily that (D - a l) e is another cyclic vector for Klz (a 1 . . . .  , a,), and 
that ( D -  a l ) e  is annihilated by 

( D - a 1 - 1 )  I~I ( D - a i ) + 2 x .  
i = 2  

Therefore if we view each KI~ as 9~)z/ /~Jf( the  KI~ operator), then right 
multiplication by D - a 1  defines the required isomorphism. [The inverse 

isomorphism is right multiplication by ( -  I/2x) Iz[ (D - a~).] 
i=2  

Suppose now that we are given an isomorphism 

Klz (al . . . . .  a,) -~ KI~ (bl . . . . .  b,). 

Dropping first to an absolutely finitely generated subfield k 0 of k over which this 
isomorphism is defined, and then embedding k o in C, we may reduce to the case 
k = C. Then the n eigenvalues of"local monodromy around x = 0" of  Kla (al ,  ..., a,) 
are the n numbers e x p ( - 2 n i a ~ ) ,  j =  1 . . . . .  n (cf. [Ka-6], 12.0). Therefore the ai 
mod Z are determined by the isomorphism class of Kla (a~, . . . ,  a,). Consequently, 
if Kla(al . . . .  , a . ) -~Klu(b  1 . . . . .  b.), then after renumbering the b's we have 
a ~ - b i m o d Z .  Using the " i f"  part, we may construct an isomorphism 
Klu (bt . . . .  , b , ) ~ - K l u ( a l , . . . ,  a,). Thus we obtain an isomorphism 

Kla (al . . . . .  an) ~- KI n (al . . . . .  a,). 

We must prove that 2 = p. But in terms of the multiplicative translation 
automorphisms T,: x ~ ~x of G,,,k given by each ~ ~ k • we clearly have 

( Tu/~)* KI~ ( al  . . . . .  an) = Klu ( a 1 . . . . .  an), 

d 
simply because D = X~x x is translation-invariant on G,,. Thus we obtain an 
isomorphism 

(Tu/a)* KI~ (al . . . . .  a,) ~- KI~ (al . . . . .  a,). 

Because V = Kla (a~ . . . . .  a,)  has Irr| (V) = 1, and is irreducible at ~ (because it has 
rank n, and all slopes 1/n at ~ ) ,  the existence of the above isomorphism contradicts 
(2.3.8.2) unless/~/2= 1. Q.E.D.  

(4.5.3) Theorem. Fix  an integer n > 2, an e lement  2 ~ k ~, and  n e lements  aa . . . .  , a ,  
i n k .  

Suppose  that  
(1) there ex is t s  an integer N ~  1 p r i m e  to n such that  

N a ~ Z  f o r  i = l , . . . , n .  

(2) ~ a i lies in Z.  
i=1 
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Then the G #  o f  Kla(a 1 . . . . .  a,) is given by 

Ggal = ~ 6f/~(n) i f  n is even and {a, modZ} = { - a ,  m o d Z }  

[ 6e.LP (n) otherwise. 

Proof. In  v iew o f  (4.5.2) above ,  th is  is j u s t  a n  a p p l i c a t i o n  o f  (4.1.7). Q . E . D .  

(4.5.4) Variant. N o t a t i o n s  as  in the  a b o v e  t h e o r e m ,  s u p p o s e  on ly  t ha t  t he re  exists  
a n  in teger  N >  1 p r i m e  to n w i t h  all Nai e Z  for  i = 1 , . . . ,  n. T h e  ~ a i  lies in ( l /n )  Z .  
Because  N is p r i m e  to n, t he re  exis ts  a n  e l emen t  b e ( 1 / N ) Z ,  u n i q u e  m o d u l o  Z ,  
w h i c h  sat isf ies  

a i - n b  e Z .  

I n  t e r m s  o f  t he  r a n k - o n e  D . E .  

K(b) = ~ / / / ~ / / /  (D - b) ,  

we h a v e  
K l a ( a  1 . . . . .  a , )  " K l x (a  1 - b . . . . .  a, - b) | K(b). 

F o r  Klx(a~ - b , . . . ,  a ,  - b), all the  h y p o t h e s e s  o f  (4.5.3) a re  verified.  F o r  K(b) ,  Gsa 1 
is t he  u n i q u e  s u b g r o u p  "<e2~r ' '  o f  #N o f  o rde r  the  exac t  d e n o m i n a t o r  o f  b m o d  Z .  
So by  (4.1.8) we f ind  t ha t  K l x ( a ~ , . . . ,  a , )  h a s  Gg~l equa l  to 

<e 2~jb> 6Pfl (n) i f  n is even  a n d  

{a, - b m o d  Z} = {b - a, m o d  Z} 

[<e2~ib>.Sa~L~(n) i f  not .  

Appendix: A table of analogies 

Connected smooth curve 
C over C, 
with marked point " ~ "  

D.E. on C - o o  

Ggat 

"Regular singular" at 

Local diff. galois group 1| 
with its upper numbering 
filtration 

The subgroup I~ +) of I~ 

I~ +) is a connected torus; 
every rep'n is a ~ of characters, 
every char. of finite order is 
trivial 

Slopes at oo 

Irregularity at oo 

Deligne's Euler-Poincar6 formula 
([De-/], II, 6.21) 

"Canonical extension" to G,, 
of a D.E. on a punctured formal 
nbd. of oo 

connected smooth curve C over 
an algebraically closed field of 
characteristic p > 0, with 
marked point "co". 

lisse f-adic sheaf on C - oo, 
for ~ 4~p, i.e., an ~-adic 
rep'n, of 7t 1 ( C -  oo). 

Ggeo m dfn Zariski closure of Im (p). 

tamely ramified at ~ .  

inertia group I~, with its 
upper numbering filtration. 

the wild inertia subgroup P| of I~. 

P~ is a p-group; every rep'n of 
dim < p  is ~ of char.'s, 
every character of finite order < p 
is trivial. 

breaks at oo. 

Swan conductor at oo. 

Grothendieck's Euler-Poincar~ 
formula. 

"canonical extension" to Gm 
of a lisse sheaf on a punctured 
formal neighborhood of oo. 
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