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Introduction

That p-adic L-functions for totally real fields could be constructed using
Shintani’s explicit formulas [9] was realized independently by Barsky [1] and by
Cassou-Nogués [3]. Although neither of them expresses either his construction or
his results in terms of p-adic measures on profinite ray-class groups, Ribet has
explained in his Luminy report how their results may be so reformulated.

This paper contains no new results, only a direct conceptual passage from the
functions occurring in Shintani’s formulas to p-adic measures, by means of “big”
Cartier duality, and a trick of Cassou-Nogués. The key point is that the
exponentials of linear forms occurring in Shintani’s formulas are the analytic
expression of algebraic characters of certain algebraic tori attached, albeit not very
profoundly, to the number field in question.

From this point of view, we can interpret Shintani’s formulas as saying that the
values, at the identity, of higher derivatives of certain elementary rational
functions on these algebraic tori are equal to the values at negative integers of
L-functions attached to the totally real number field in question (a sort of multi-
dimensional compatibility between Abel summation and Dirichlet summation).
The “trick” of Cassou-Nogués is to pick just the “right” rational function; then
“big” Cartier duality interprets this rational function as being the required
measure! In the case K=Q@, this method is none other than the “Eulerian”
approach to p-adic L-function for @ that is explained in [5].

0025-5831/81/0255/0033/$02.20
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I. p-Adic Measures and Trivial Tori (Compare [5], [6])

Fix a free, finitely generated abelian group &/, a prime number p and an integer

N =1. In this section we will recall the relation between p-adic measures on the

space lim o//Np"s/ and functions on a suitable completion of the algebraic torus
r

over Z defined by
T(o/)=Hom(«,G,,).
For any ring R, the group of R-valued points of T(«) is given by
T(«/)(R)=Hom(s/, R*).
Each element ae.o/ defines a character T*e Hom(T(%),G,,), by
TH&)=¢&ow) for &eT()(R)=Hom(s,R*).

The coordinate ring A(T(2/)) of T(o#) is the free Z-module on the T* Each
“numerical polynomial” on .o/

P:. -7
defines an invariant differential operator D, on A(T(&/)) by

Dp(T*)=P(o) T".

For each integer N =1, we denote by T,(</) the sub-groupscheme of points of
order N in T(s&/). Thus we have

{ Ty(/) =Hom(s |uy)
Ty(#) (R) = Hom(s/,luy(R)) .

The formal completion of T(s/) along T,(Z), denoted Ty(#), is the sub-group-
functor of T(«/) defined by

’f’N(ﬂ) (R)=XKernel of the composite map

T(#) (R)~ T(#) (R™%) 1 T(f) (R™)

=inverse image of Ty(=/)(R™?) under the canonical map
T () (R)>T () (R™).

When the prime numer p is nilpotent in R,then we have the simpler description
Ty(#)(R)=Hom (o, |y, (R))= Hom,_,;, <1£n o INp' o, Rx) .

In the second description, R* is given the discrete topology.
If we “extend” the functor T(«/) to the category of adic rings, by defining

Tu() (R)= lim T(#) (R/J"R),

J an ideal of definition of R, then it is represented by the adic ring
A(Ta) = lim A(T(2))/I(N)",

where I(N) is the ideal in A(T(%/)) defining To(2/).
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For a fixed adic ring R,, with ideal of definition J,, we may restrict this
“extended” funtor to the category of continuous adic Rj-algebras (i.e. adic R,-
algebras R such that JR lies in an ideal of definition of R). There it is represented
by the adic ring

A(T)@R, = lim AT() @ Ro/Jo, IN))'-
If p is topologically nilpotent in R,, then it is topologically nilpotent in any
continuous adic R,-algebra R. On such rings we have a simple description of the
extended functor:

Ty(s#) (R) = lim Ty(s#) (R/J"R)
= 1}:_11 Hom(sZ ity ,(R/J"R))
= ljngx Hom,,_,, (1(1_'@ o INp oA, (R/J"R)x)

=Hom,,_,, (1(@ A|Np' s, Rx) .

In this last description, R* is topologized by the system of neighborhoods 1+ J" of
L.

The following Theorem is just a restatement of Cartier duality for toroidal
groups (cf. [6]).
Theorem 1. Let R be an adic ring in which p is topologically nilpotent, and N 21 an
integer. There is a natural isomorphism of continuous adic R-algebras between
A(T(#))®R and the convolution algebra Meas (l}_rp A INp' A, R) of all R-valued

measures on the space lj_rg A /Np'of. Formation of this isomorphism, which we
r

denote f<su,, commutes with arbitrary continuous extensions of scalars R—>R’ of
adic rings in which p is topologically nilpotent. This isomorphism is uniquely
characterized by the following integration formulas

(1) for any continuous adic R-algebra R’, and any R'-valued point

Ee Ty() (R')=Homcon,in<ly w/pr,(R'r)

we have

[ &oduda)=1()
‘l_i_r_qd/Np".le

3

(2) For any numerical polynomial P : o/ -7, extended by continuity to a Z ,-valued
Sunction on l(iLn HZ|Np' o, if we denote by Dp the corresponding invariant differential

operator (which extends to an invariant differential operator on A(’TN(&()) ), we have,
for any point & as above

§ P@)&()dp (o)=(Dpf) (&)
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(3) For &, P as above, and any continuous function G on lim o/ /Np"of, we have

§ G(o) P(o) &) (o) = | G(ot) dpapt)
with

F(x)=(Dpf) (X?)

II. Functions on Tori Arising from Shintani Decompositions (cf. Shintani [9])

Let K be a totally real number field of finite degree g over Q. We denote by X the
set Hom(K,IR) of real embeddings of K, and by IR, CIR the strictly positive reals.
We denote by (K®IR), the subset of K@R=R?* which is (R, ). For any subset
ACK CK®R, we denote by A4, C A4 the set of its totally positive elements

A, =AnK®R), insidle KQ®R.

We denote by E the group O(K)* of units of K.

By a Shintani decomposition & of K, we mean a finite collection & of finite
subsets VCK , such that

(1) each V consists of elements of K, which are linearly independent over Q.

(2) if, for each V, we define Cone(V)C(K®R), to be the R, -span of the
elements ve V, then we have a disjoint union

(K@R), = | |) eCone(V)

ecEy Ve&

According to a fundamental Theorem of Shintani, such decompositions exist for
any totally real field K. Notice that if ¥ = {V'} is one Shintani decomposition, then
for any e K, the collection {AV} is another; in particular, given any non-zero
integral ideal &/ of K, there exist Shintani decompositions & with all VC.«/,.

Given a non-zero integral ideal o/, and any Shintani decomposition &, we
have a disjoint union decomposition

.= ) | e(s#/nCone(V)).

ecEy Ve¥

In particular, the set

F-rep(4) " | ) o/ nCone(V)
Ve¥

provides a set of representations for the quotient space
& ,/mult. by E .
The construction
a€of , —the ideal (o) !
provides a bijection

~ [integral ideals in the strict
4 /mult. by E.— {idea] class of o/~ 1.
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Thus an integral ideal in the strict ideal class of o/~ ! may be written uniquely as
(o) /™! with ae L -rep(H).

Consider henceforth a non-zero integral ideal o, and a Shintani decomposi-
tion & with all VC.o/. We will define a rational function f(«/,%) on the torus
T(/) as follows.

For each Ve ¥, let R(V, o/) be the subset of &/, defined by

R(V, &/)=d+m{ Y x,veCone(V)lall x,eQ,,0<x, < 1}.

veV

Then each element of the set .o/ nCone(V) can be written uniquely in the form
r+ ) npo
veV

for some re R(V, «/) and integers n,=0.

The set R(V,.o) being finite, we may define a rational function f(&/,%) on
T(</) by the formula

T
N, %)= _
ng rsR(Zv,m H 1-T7
veV

Given any ring R and any point &e T(o/)(R)=Hom(s/, R*), we denote by

f(o#, & ;&) the function obtained by translating f(of, %) by &:

&nNT
L, L 8= .
Y 9 ng reRV,a0) || (1= &) T)

veV
Because &/ is an integral ideal, the norm mapping of K/@Q defines a Z-valued

polynomial function
N:o/>Z,

and the corresponding invariant differential operator D on the torus T(<).

Theorem 2. (compare Shintani [9], Prop. 1). Let e T(of) (C) = Hom(Z, €>) satisfy
VVe &, and Vve V, we have E(v) =+ 1, |E(v)| £ 1.
Then the Dirichlet series @(s) defined as

pis)=Y 3 Y Er+Znp) Nr+Znp)~

Ve¥ reR(V, ) {n,}20

convergent for Re(s)> 0, extends to an entire function of s, whose values at negative
integers —n, for n=0, 1, 2, ..., are given by the formula

(=n)=(Dy)"(f(, ;&) (1).
or
o(—=m)=(Dy)" (f(,L)(E).

Remark. We can also write ¢(s) as

ols)= 3 Y N

Ve&¥ acf nCone(V)

Y )N

ae¥ —rep(H)
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III. Construction of a Measure (following Cassou-Nogués [3])
Fix a prime ideal % of K of residue degree one; thus
OK)/¥>7Z)Z,

where ! is the residue characteristic of #. Given a non-zero integral ideal .« of K,
the quotient «//% .o/ is a one-dimensional vector space over O(K)/.¥ ~Z/IZ, and in
particular &//# ./ is a cyclic group of order I. Each of the I characters y of the
group o// % o/ with values in the subgroup g, of I-th roots of unity inside Z[(,]
defines a point, still denoted v, of the torus T(./) with values in Z[{,], namely the
composite homomorphism

Aol | L A lp~ @[,
viewed as an element

dfn

ve T()(Z[{,]) = Hom(«/, (Z[{,])") -

Following [3], we use the | — 1 nontrivial characters of o//% .o to define a rational
function f(«/, % ;%) on the algebraic torus T(=/) by the formula

NS 8)== Y f(A,F;y)
_ W) T

Ve¥% reR(V, ) non trivy Z (1 — lp(l)) Tb) ’
veV

Suppose now that .# is so chosen that for all Ve &, all ve V, we have v¢ .o/ #. Then
for each of the non-trivial y above, we’ll have

yp(v)=a primitive I-th root of unity.

It is then plain from the explicit formula for f(o/, % ; £) thatif N =1 is any integer
prime to [, and R is any adic ring in which [ is invertible, then f(«, & ; £) is a well
defined element of A(?’N(.szf))@R. Interpreting this element as a measure, we obtain
from Theorems 1 and 2 the following

Theorem 3. Let o/ be an integral ideal of K, & a Shintani decomposition of K with

each Ve & contained in o/, and & a prime ideal of K of residue degree one such that

for all Ve &, and all veV, v¢ oA . Then for any integer N 21 prime to I, and any

prime number p %1, there exists a Z ,-valued measure p; .y 4. 4, 0N lim o/ /Np"s/, such

that if r
g:limo//Np' o/ > 2

is any locally constant function, and if k 20 is any non-negative integer, then we have
the integration formula

| 9)N@*du,y 4.4y = the value at s= —k of the

l(ilnd/Np".ﬂl . . .
G analytic continuation of the

Dirichlet series
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> g<a>(~ ) w(a)) N~

ae¥ —rep(H) ¥ non-triv

(equality in Z[1/1]).

NB:
{1 if a¢gAL

= X WO=V i sewe

Ynon-triv

IV. Measures on Ray-Class Monoids; the Main Theorem

For any integral ideal .4 of K, we define the ray-class monoid M(.A4") of ideals
mod .4 to be the quotient

M(A")= {non-zero integral ideals of K}/A7

where ¥ is the equivalence relation
A =B if AB '=(@) with acK,, oaecl+ N/ B .

Multiplication of ideals passes over to define a multiplication on M(A"), with the
trivial ideal (1) as the unit element.

We denote by
G(A)CM(A)
the group of invertible elements of M(.4"). Thus

G(A") = {prime-to-4" integral ideals}/.4 =
{fractional ideals prime to A4 }/{(a)lae K ,,a=1mod™ A"}

is the usual “ray-class group mod 4. Notice that
M((1))= G((1))=the strict ideal class group.

Let {o7;} be a set of integral ideals of K whose inverses give a set of representatives
for the strict ideal class group. Then any integral ideal 4% can be written, for some
unique i, in the form

B=(b)7 ' with be(),,

and b is unique up to multiplication by E ,. Two integral ideals 4, € are A ifand
only if they are in the same strict ideal class, say that of &', and if we have

B=b) A, E=()A "

with be(of),, ce(<),, and b=cmod o, N .
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Given a function
g:M(N)-Q,
the associated L-series L(s,g) is, by definition, the Dirichlet series

L(s,g9)= Y g(oA)Nog ™5,

& integral

In terms of any set of integral ideals .o/, whose inverses give representations for
the strict ideal class group, and any Shmtam decomposition & with all V¢ ﬂ A

we may rewrite L(s,g) as a finite sum

Lsg=3% ¥  g@o HYN@ ")

oA xS —rep(f)

YN Y (@t )N

ae¥ —rep(H,;)

By Shintani’s Theorems each of the individual Dirichlet series

Y g() YN~

acS —rep(,)

has a meromorphic continuation to the entire s-plane, which assumes rational
values at negative integers s=0, —1, —2, ....
For any #e M(4"), we denote by

9o :M(N)->Q
the function defined by
9o(A)=g(LE).
Given a prime number p and an integer N > 1, we define
w)dfn 1. '
M(Np*)= lg_nM((NP ),
G(Np~)= Lir_m G((NP").
Then G(Np®) is the group of units in the profinite monoid M(Np®). The norm
function extends to a continuous function
N:M(Np*)-1Z,.

(Main) Theorem 4. Let % be any element of G(Np®). Then there exists a Z,-valued
measure u, on M(Np®) such that for any locally constant function

g:M(Np®)->Z
and any non-negative integer k=0, we have the formula

9() Nel*dpy = L(— k,g)— N&** 1 L(—k,g,,).
€

M(Np>)

Proof. Let <, be a set of integral ideals of K whose inverses o1 give
representations of the strict ideal class group. Let % be an Shintani decomposmon
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with each V'C () /. Let % be a prime ideal of K of residue degree one such that
i

% is prime to pN
for all Ve %, and for all veV, v¢ 2.

By Chebataroff, the images in G(Np®) of such prime ideals .# are everywhere
dense, and a routine limiting argument shows that it suffices to construct the
measure [, for such &.

Let G:M(Np~)—Z, be a continuous function. For each i, the function on
(o7,), defined by

ae(st), —Gl(x).of ")

extends uniquely to a continuous Z -valued function on lim o/;/Np"./;, which we

still note a—>G((«).o7,” !). We now define the measure p, by decreeing that for any
continuous G, we are to have

j G(A)du, d: Z j. G((a)%i—l)d/‘f(ﬂi,y’;ﬂ’)'

M(Np=) Lim o /Np"sf,

r

When we have
G(ot)=g(A4) NoZ*,

with g(/) locally constant and Z-valued, and k=0, then the required integral
formulas follow immediately from Theorem 3:

| 9N du,=3 [ gl@o YN Nt dpiiy, 5.,

M(Np>) i Liﬂ.d.v/IN prof,
v

=the value at s= —k of

z z gl(o) ;" Y ]N(a)‘stdis*xiy(a)

i ae¥ —rep(H,)
with

if a¢ol, &

1
*.vp/,z(“)={1_1=1_1N$ if eed &

=the value at s= —k of

> §:d 9(of) N/ Y ()
i integralideals
~ali!

with
1 if AF0(L)

*f(”)={1—n\1$ if o=0(%)



42 N. M. Katz

=the value at s= —k of

Y JA)Ng = Y  NZ-g(f) NA)~*

integral ideals & integral &/
divby ¥

= Y gHNg *— Y NZ gAL)NAL)*

integral o/ integral o

=L(—k,g)— NZ*" 1 L(—k,gg). Q.E.D.

V. Comments
Let E, denote the closure of E 4 in l(iy((ﬁ(K)/N p"O(K))". Then the space M(Np®)

is the disjoint union of the compact open sets

M(Np“")&,,ldén fibre of M(Np®)—M((1)) over o7, !

U xaol 1
(l(i_f_n o /N p’ﬂi>/mult. by E, .

The restriction of pug, to M(Np®),,, is the direct image of Ky(ats, 9, Under the
canonical projection

Lif_n oA /Np" o, —> (1@ ﬂi/Np’di>/mult. by E,
U xef 1

M(Np®),,,
N
M(Np*)

There are many possible Shintani decompositions .. Each of them which
“avoids” & gives rise t0 @ measure fi, ;. 4.4 ON lim /;/Np".o/;. The only apparent

link between these measures is that they all project to the same measure on the
quotient by E_; and there is no obvious reason to prefer one to another.
Presumably, to obtain the 2-adic divisibilities given by the Deligne-Ribet ap-
proach will require a better understanding of the various measures pi,, . for
variable &, and their interrelations. How can one bring to bear the “real
Frobenii”? It is even possible that one could exploit the abundance of measures on
lim o/;/Np"s/; with given projection mod E, to obtain new results, but this is idle

speculation.

Another mystery is the relation between the Shintani approach to L-values,
through decompositions of (K®R), into open simplicial cones, and the Deligne-
Ribet approach (cf. [4]) through modular forms on the associated Hilbert-
Blumenthal moduli scheme. One cannot help being struck by the fact that the
natural compactifications of this moduli variety are described in terms of just such
decompositions of (K®IR), into open simplicial cones (cf. [7])!
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