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Abstract

We determine the exact shape of the G, equidistribution law for the one parameter family of
exponential sums over [,

72(x) exp(2m’(x7 + 1x)/p).
xmod p, x#0

Here ,(x) denotes the quadratic character (x/p), ¢ in F, is the parameter, and p is any prime
other than 2 or 7. This answers a question raised in Keating et al. (J. Phys. A Math. Gen. 36
(2003) 2943, footnote 3) and in Serre (pers. commun., March 7, 2002). We also analyze the
analogous families when 7 is replaced by any odd integer n>3.
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0. Introduction

The present work grew out of independent email exchanges with Rudnick and
with Serre about the exact shape of the G, equidistribution law for the sums in the
abstract, and for their natural generalization to finite extensions of F,. One knew
that in any characteristic p > 15, after dividing these sums by a suitable normalizing
factor, they were distributed like the traces of random elements of the compact form
UG of the exceptional group G. The initial problem was to determine precisely this
normalizing factor. We carry out this determination (in Sections 1 and 2) using a
method which goes back to Davenport and Hasse [Dav-Has], and which ultimately
comes down to exploiting the exact shape of the relations between elementary
symmetric functions and Newton symmetric functions. The same method works to
determine the correct normalizing factor for the analogous sums, when 7 is replaced
by any odd integer.

For a fixed odd n, the “geometric monodromy group” Ggeom attached to this
family of sums is the same in all large characteristics p: this “stable value” is G, for
n =", and SO(n) for other odd n, see Sections 3 and 4. In Section 4, we analyze the
n =7 case in all characteristics p where the sums ‘“‘make sense”, i.e., for any p other
than 2 or 7. We show that Ggom is G» except in characteristics 3 and 13, where we
show it is a finite group, and determine which finite group it is.

In Section 5, we give the G, equidistribution consequences of our results in the
n =7 case. In Section 6, we give the SO(n) equidistribution consequences of our
results in the n#7 case. In the final Section 7, we take the “large n limit” of the
results of Section 6, and give applications to the Katz—Sarnak measures v(—, ¢).

It is a pleasure to thank Rudnick and Serre for stimulating the work reported on
here. It is also a pleasure to thank Chris Hall for computer computations over the
fields of 3'° and 3'® elements which play an essential role in the analysis of the n = 7
case in characteristic 3.

1. Determinant calculations

(1.1). We work over a finite field k = F, of odd characteristic p. We fix a prime
number 7 #p, an algebraic closure Q, of Q,, and a field embedding : of Q, into C.
We denote by y a nontrivial additive character y of k, and by y, the quadratic
character of k*, both with values in @}. For any finite extension field E/k, we
denote by Y (resp. xg) the additive (resp. multiplicative) character of k (resp. £*)
defined by composition with the trace (resp. norm) of E/k.

(1.2). For any « in k™, we denote by v, the additive character y(ox). We define the
Gauss sum

G, 1) = Y 1l (x). (1.2.1)

x in kx
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We have the well-known identities

G(lpaaXZ) = /CZ(OC)G(‘//a)Q)? (122)
G, 12)" = 12(—1)(#k). (1.2.3)

For E/k a finite extension, the Gauss sums for E and k are related by
—GWE 12E) = (=G, 1)) =P (1.2.4)

(1.3). For each odd integer n = 2d + 1 prime to p, there is on A!/k a geometrically
irreducible lisse Q,-sheaf of rank n which is pure of weight one,

F, = NFTlp(gZz(x)@gl/,(xu)), (1.3.1)

cf. [Ka-ESDE, 7.8.2.1], whose trace function is given as follows. For E/k a finite
extension, and for ¢ in E = A!'(E), we have

Trace(Frobg, | 7,) = — Y 1 p(X¥e(x" + 1x). (1.3.2)

xin E
In fact, the stalk at ¢z in E = A'(E) of %, is the cohomology group
H (G ® £k, £ 1,00 ® L (i)
Let us define the sign ¢(n) = +1 in k by
e(n) = (1) (1.3.3)
Denote by 4, the /-adic unit in @, defined by
An = =G o 12) (1.3.4)
and form the constant twist ¢, of &, defined by
Gy =T, @ (A,) (1.3.5)

This is a lisse, rank 7, Q,-sheaf on A'/k which is now pure of weight zero. Its trace

function is given as follows. For E/k a finite extension, and for ¢ in E = A'(E), we
have

Trace(Frobg, | 9,) = ( Z Xz,E(x)‘pE(Xn + tx)) /G(We(n)nﬁE7 Xz,E)- (1.3.6)
x in EX

We see easily (by x+— — x) that the trace function of ¥4, on Frobenii is R-valued
(via 1). As %, is pure of weight 0, its Q,-dual % as lisse sheaf on A'!/k has the
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complex conjugate trace function on Frobenii. Therefore %, is self-dual, because it is
absolutely irreducible, and has the same trace function (on Frobenii, and hence on
all elements of 7; (A'/k)) as its dual. As %, has odd rank #, the autoduality must be
orthogonal. So the n-dimensional representation

p, : T (A k) - GL(n, Q) (1.3.7)
corresponding to the lisse sheaf %, factors through the orthogonal group O(n, Q,):

p, (Al Vk)—0O(n, Q). (1.3.8)
(1.4) Theorem. The representation p,, lands in SO(n,Q,), i.e., for every finite extension
Elk and for every t in E = A'(E), we have

det(Frobg, | %,) = 1.

(1.5). This theorem is a special case of the following more general result.
Denote by 2,44 0dd the space of monic polynomials of degree n which are odd.
Thus for any k-algebra R, a point f in £, ,4q(R) is a polynomial /(X)) in R[X] of the
form

SX)=X"+ > ay X
i=1 to d

Thus 2,044 is a d-dimensional affine space A?. with coordinates the coefficients

a;_1. The lisse sheaf Z,, is the restriction, to the A' in Py.0dd of polynomials of the
form x" + tx, of a lisse sheaf F, 044 0N P, 0dd/k, Whose trace function is given as
follows. For E/k a finite extension, and for f in 2, ,q4(E), we have

Trace(Frobs, | Fuoaa) = — 3. 12p(xWe(f(x)). (15.1)

x in EX

In fact, the stalk at f in 2, o4q(E) of F 044 is the cohomology group
H; (G ® £k, L 1,10 ® L (s )
(1.6). We form the constant twist %, o4q of %, 044 defined by
Godd = F nodd ® (A,) L. (1.6.1)

This is a lisse, rank n, Q,-sheaf on Pn.odd/k which is now pure of weight zero. Its
trace function is given as follows. For E/k a finite extension, and for f in 2, 544 (E),
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we have
Trace(FIObE,f | gn,odd) = ( Z XZ,E(x>wE(f(x))>/G(‘//e(n)n,Ev}fZ‘E)' (162)
x in EX

Exactly as above, %, ,4q has real trace function on Frobenii, so is orthogonally self-
dual. The corresponding representation p,, ,q4q lands in O(n, Q,):

Puodd : Tt (Pnoda/k) = O(n, Q). (1.6.3)
(1.7) Theorem. The representation p, ,qq lands in SO(n, Qy), ie., for every finite
extension Elk and for every fin P, o44(E), we have

dCt(FI‘ObEyf | gn,odd) =1.

2. Proof of Theorem 1.7

(2.1). We first observe that det(p, ,qq) is geometrically trivial, i.e., its restriction to
1 geom(2, 0aa/k) = 11 (A? ® 1K) is trivial. Indeed, this restriction is a homorphism
from 7;(A?® k) to {+1} = u,, i.e., an element of H'(A?® .k, u,), and this last
group vanishes, because char(k) is odd. Therefore det(p,, oqq) is @ homomorphism

det(p, 0qa) : 1 (Pnoda/k) = { £ 1} (2.1.1)

which is geometrically constant, so necessarily of the form B¢ for some choice of B
in {+1}. For this B, we have

det(Frobg ;| %y eaa) = (B)*2E/H), (2.1.2)

(2.2). We must show that B = 1. For this, it suffices to compute at a single k-valued
point f. We take the point f == x".
We have

det(l — A, T FI‘Oka' ‘ gjﬂnﬁodd) = det(l — T Froby ‘ I‘ILl (Gm @klg, 312(,\') ®$1//(x”))
=L(G,,/k, g;(z(x)®$1//(x")a T), (2.2.1)

the abelian L-function on G, /k with coefficients in %, ) ® £ (). The additive
expression of this L-function as a sum over all effective divisors of G, /k, i.e. over all
monic polynomials 4(X) in k[X] with 4(0)#£0, is

1+ Z ol

r>=1
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where ¢, 1s the sum

¢ = 11 Ot)lﬁ( > oc”). (2.2.1)

monic /i of degree r with h(0)#0 & <r00ts o of I roots « of h
But this L-function is a polynomial of degree n. Comparing coefficients of 7, we find
det(—A,Froby, | 9y0dd)
= det(—Froby | H: (G ® ik, £ 1,0 ® Ly(s))
= ¢y, (2.2.2)
which we rewrite in the equivalent form

det(FrObk,f | gn,odd) - Cn/(_An)n~ (223)

(2.3). We now compute ¢, as an n-variable character sum. Write a monic / of degree
n as

h(X)=X"+ > (=1)sx". (2.3.1)

i=1 to n

Then

o= Sy, (2.3.2)

roots o of &

o = N,, (2.3.3)

roots o of h

where the N, is the nth Newton symmetric function. We know that &, is an isobaric
polynomial of weight n in sy, ..., s;:

Ny = No(S1y o0y 8n).
So the coefficient ¢, is given by the n-variable character sum

= > 2SO (N (81, -0y 80))- (2.3.4)

It remains only to establish the identity
cn = (—4,)", (2.3.5)
i.e.,

Cn = G(l//e(n)mXZ)n- (236)
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Recall that G(¥, (), 72)* = 7(=1)g, and n = 2d + 1, so we have

G(l//e(n)n’ XZ)n = (G(‘//e(n)nv X2)2>dG(lpe(n)n> XZ)
= Xz((—l)d)qu(We(n)m %)

:qu(lpnaXZ)a (237)
the last identity because &(n) is (—1)¢. Thus we must show that

1)WY (Nu(s1, -80) = ¢ Gy 22)- (23.8)
Sly.eeySy In ks, #0

The proof of this depends on the following lemma.

(2.4) Lemma. For n = 2d + 1=3, we have the identity

Nyu(s1y ..oy Sn)
= (=1)""ns, + (=1)"n Z SiSn—i + Ru(S15 -0y Sn),
i=1 to d
where every monomial in R,(s1, ..., s,) is isobaric of weight n and has usual degree = 3.

Proof. Applying (7d/dT)-log to the identity

I[I a-x1)=1+ > (-1)sT, (2.4.1)

i=1 to n i=1 to n
we find
=Y NI = ( > (—1)"is,~Tf>/<1 + > (—1)fsin>. (2.4.2)
n=1 i=1 ton i=1 to n

Cross-multiply and equate coefficients of like powers of T to obtain the identity, for
each i =1 to n,

(_l)Hll.S" =Ni+ Z (_l)aSaNifw (243)

a=1 to i—1

Because N; is isobaric of weight i, N; involves only sy, ...,s;, and the involvement of
s; is of the form

N = (=) is; + Pi(s1, ..., si-1), (2.4.4)



228 N.M. Katz | Finite Fields and Their Applications 10 (2004) 221-269

where every monomial in P;(s1, ..., s;—1) is isobaric of weight i and has usual degree
>2. [Indeed, P;(si, ...,s;—1) is given explicitly as
Pi(si,osi) == Y (=1)"saNiq, (2.4.5)

a=1 to i-1

but we will not use this more explicit information.] Take the formula (2.4.3) above
for i =n,

()" sy =No+ > (=1)"saNpa, (2.4.6)

a=1 to n—1
and substitute for N; = (—I)Mis,- + Pi(s1, ..., si—1). We obtain

Ny=(=)""nsy = Y (=1)'saNoa

a=1 to n—1

_ (_l)n+lnsn _ Z (_1)asa(_l)n7a+l(n o a)sn,a

a=1 to n—1
— Y (=D %saPud(st, o Sas)- (2.4.7)
a=1 to n—1
The final term will be our R,(sy, ...,s,). In the sum
- Z (_l)asa(_l)n_a+l (n— a)sn—a,
a=1 to n—1

every term s;s,-; with 1 <i<d occurs twice, first with coefficient (—1)"(n — i), and
then again with coefficient (—1)"(i). O

(2.5) Corollary. For n=2d+ 1=3, if we write Ny(s1,...,8,) as a polynomial in
Sdt1y -+ S, With coefficients in Z]sy, ..., s4], we have

Nu(sty ooeySy) = (—1)"+1nsn

+ (*1)”1’1 Z Sn,,'(Si + Qi(Sl, ...,Si71)) JrPn(Sl, ...,Sd),

i=1 to d

where each Q;(si, ..., si—1) is isobaric of weight i, and every monomial in it has usual
degree at least two, and where P, (s1, ..., ;) is isobaric of weight n, and every monomial
in it has usual degree at least three.

Proof. From the isobaricity of R,, we see that each of s,,s,_1,...,54+1, occurs at
most linearly. If one of these, say s,_;, i <d, occurs, its coefficient Q; in R, is isobaric
of weight i, and every monomial in Q; has usual degree at least two, so only involves
those variables s, with index 1<a<i— 1. Those monomials in R, which involve
none of s,,8,_1, ...,84+1 comprise P,. [
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(2.6). With this corollary established, it is a simple matter to compute ¢,. We have

Cn = Z X2(Sn)¢(Nn(Slﬂ "'75?1))

SlyeeeSy 0k, 5,70

SpyeeesSpy 0Kk, 5, #0

x;{z(sn)lp((fl)"ﬂnsn + (=1)"n Z Sui(8i + Qi(81,5 ooey8i1)) + Pu(s1, vy 8q))

i=1 to d
—< Z Xz(Sﬂ)lﬁ((—l)ulnsn)) Z V(Pu(st, ... 8q))
sy, in kX SlyeeesSy in k
xw<en% Zj%i@+gmhmwun) (2.6.1)
i=1 to d

Remember that n = 2d + 1 is odd, so the first sum is just G(¥,, x»). We claim the
second sum is ¢?. Write it as

51,0050 in k
X Z lﬁ_”< Z Su—i(si + Qi(s1, ...,sil))>. (2.6.2)
Sdiye St in K i=1 o d
The inner sum is of the form
Z ¥(a linear form in s,_1, ..., S4+1), (2.6.3)
Sdt1yeSe1 ik

so it vanishes unless all the coefficients of the linear form vanish, in which case it is
q“. But the coefficients are

51,80+ 0a(s1), oy 8i+ Qils1, -y 8im1), -y Sa + Qa(s1, ooy 8a-1). (2.6.4)
If they all vanish, then we see successively that s; = 0,5, =0, ..., s, = 0. So the inner
sum is nonzero precisely once, for s; = --- = s; = 0, in which case it is ¢¢. Thus the

second sum is ¢" (P, (0, ...,0)). Now P, has no constant term, every monomial in it
being of usual degree at least three, so P,(0, ...,0) =0, and so

¢ Y(PA(0, ..., 0)) = ¢W(0) = ¢". (2.6.5)

This concludes the proof of Theorem (1.7), and with it, Theorem (1.4). [
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3. Monodromy of %, for general odd n

(3.1). In [Ka-ESDE, 7.1.1], we defined, for each integer 5> 1, nonzero integers N1 (b)
and N,(b), and showed that if a prime p does not divide 2N, (h)N2(b), then the
relations in F, of the form

ao—pf=y—90

among elements o, f, y, & of u,(F,) U{0} are, in a precise sense, “the same” as in
characteristic zero.

(3.2) Theorem. Fix an odd integer n=3, n#7. For any prime p such that
p>2n+1,
and
p does not divide 2nNy(n — 1)N2(n — 1),

for any finite field k of characteristic p, for any prime {+#p, and for any choice of
nontrivial additive character \ of k, the group Ggeom for the lisse Q,-sheaf 4, (or
equivalently for the lisse sheaf 7 ,) on A'/k is SO(n).

Proof. The description of %, as a Fourier Transform, together with Laumon’s
Stationary Phase, [Lau-TF] or [Ka-ESDE, 7.4.1, 7.5], shows that the I(c0)-
representation attached to &, is the direct sum

Z,,® (a totally wild representation of dimn — 1, all breaks n/(n —1)).

Because p>2n + 1, and 7, is lisse of rank n and geometrically irreducible on A, it is
Lie-irreducible [Ka-MG, Proposition 5]. We now apply [Ka-ESDE, 7.2.7], with a/b
there taken to be n/(n — 1). Since we have an a priori inclusion of Ggeom in SO(n), the

only possibility among the choices offered there for (Ggeom)" " is SO(n) itself. [

(3.3). For any given odd n>3, we do not know the exact list of the exceptional
primes, those p prime to 2n for which Ggeom for 7, is smaller than SO(n). However,
there is a general principle that it quite useful in thinking about such questions.

(3.4) Lemma. Fix an odd integer n=3, a characteristic p prime to 2n, and a prime
¢ #p. The group Geeom for F, is independent of the auxiliary choice of (k,\) used to
define F .

Proof. Given two data (k,y) to (k1,y,), denote by Z,(k, ) and 7 ,(ki,¥,) the
versions of %, they give rise to. To compare them, we pass to a common finite
extension E of both k and k;. There the two nontrivial additive characters ¥ and
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Y,  are E*-proportional: there exists o in E* such that for x in £ we have
wl,E(x) = g(ox).

Passing to a further finite extension if necessary, we may assume that o = > for
some f§ in E*. Then we see that for any finite extension E| of E, and any ¢ in E|, we
have

Trace(Frobg, , | Z u(ki,¥1))

Z 1o, (W g, (B (X" + 1x))

X in EY

Z 12k, ( '//El (ﬁ ((ﬁ_zx)n + lﬁ_zx))
x in EY

Z Yo, (X)W (X +tﬁ2”’2x))
X in EY

= Trace(Froby, o2 | F,(k, ).

This means that after pullback to A'/E, the sheaves

Fulkr, ) and [t B2 F (k)

have the same trace function. As both are geometrically and hence arithmetically
irreducible, by Chebotarev, they are isomorphic:

Fulkr ) =[te> 2" F (k) on A/E.
In particular, they are geometrically isomorphic. Now
[t B2 F (k)

is the pullback of #,(k, ) by an automorphism, so has the same Ggeom as 7, (k, ).
Thus 7, (ki,y,) and F,(k, ) have the same Ggeom.

(3.5) Lemma. Suppose k is a finite field of characteristic p, C/k a smooth,
geometrically connected affine curve, ¢ a prime invertible in k, and F a lisse Q-
sheaf on C which is geometrically irreducible, and whose rank n is a prime number.
Then either F is Lie-irreducible, or & has finite Ggeom. If in addition C is Al and p>n,
then either 7 is Lie-irreducible or Gyeom is a finite primitive irreducible subgroup of

GL(n, @/)

Proof. If & is not Lie-irreducible, then [Ka-MG, Proposition 1] geometrically it is
either induced, i.e. of the form 7, # for some finite etale covering n:Z—C /IE of
degree d > 1, d|n, and some lisse # on Z of rank n/d, or it is a tensor product .o/ ® %
with # Lie-irreducible of rank r a proper divisor r of n, and with ./ of rank n/r
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having finite Ggeom. Since n is prime, in the induced case # is n..Z for some £ of
rank one, and in the tensor product case # is .o/ ® ¥ with £ of rank one and .o/
having finite Ggeom. In either case, the pullback of # to a finite etale connected galois
covering of C/k is the direct sum of n lisse sheaves, each of rank one. Therefore
(Ggeom)0 for # lies in a torus, so is a torus. But by Grothendieck’s theorem [De-
Weilll, 1.3.9], (Ggeom)o for # is semisimple. Therefore (Ggeom)o for Z is trivial, i.e.
Gyeom for 7 is finite. If C is A! and p>n, the induced case is impossible, because
Al /k has no connected finite etale coverings of degree <p. [

(3.6). We now return to the sheaves % ,. When n is prime, we have the following
result.

(3.7) Theorem. Fix an odd integer n>=3, n#7, and suppose that n is prime. Then for
any prime p=2n+ 1, for any finite field k of characteristic p, for any prime { #p, and
Jor any choice of nontrivial additive character \y of k, the group Ggeom for the lisse Q,-
sheaf 4, (or equivalently for the lisse sheaf F,) on A'/k is SO(n).

Proof. We first treat the case p>2n+1. Because p>2n+1, and det(#,) is
geometrically trivial, &, is Lie-irreducible, and Ggeom is connected [Ka-MG,
Proposition 5]. Thus Ggeom is an irreducible connected subgroup of SO(n). Because n
is an odd prime other than 7, it results from Gabber’s theorem on prime-dimensional
representations [Ka-ESDE, 1.6] that Ggeom is either SO(n) or the faithful image
PSL(2) of SL(2) in Sym" '(std,). If n = 3, these two cases coincide. If n>5, the
second case cannot occur. Indeed, &, has an oco-break n/(n — 1), so by [Ka-GKM,
1.9], every faithful representation of its Geeom has dimension >n — 1, compare [Ka-
ESDE, proof of 9.1.1]. But PSL(2)~SO(3) has a faithful three-dimensional
representation.

It remains to treat the case p = 2n + 1. If &, is Lie-irreducible, then the argument
above applies.

Since n is prime, if %, is not Lie-irreducible, then by Lemma (3.5) above, it has
finite Ggeom. We must show that Geeom for &, is not finite, if p = 2n + 1. The key
point is not the exact value of p, but rather that we have the congruence

p = 1mod 2n.

If Ggeom is finite, then a power of every Frobg,|Z#, is scalar, cf. [Ka-ESDE,
8.14.3.1]. In particular, a power of Froby | #, is scalar, and hence in particular has
equal eigenvalues.

To conclude the proof, we will now show that if p = 1 mod 2n, then no power of
Froby | # , has equal eigenvalues. We argue by contradiction. Since p = 1 mod 2n,
and n is an odd prime, already [, and hence k contains all the 2nth roots of unity.
Enlarging & if necessary, we may assume that Frobyo|Z, itself has all equal
eigenvalues. Denote by {4, ..., 4,} all the multiplicative characters of k* of order
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dividing n. We have

Trace(Frobyy | 7 )

—— Y e

x#0 in k

== > e

x#0 in k

=— Z 1> () (u) (number of nth roots of u in k)
u#0 in k

== >y > A

u#0 in k i=1 to n

= > =G0

i=1 ton

These same identities, but over all finite extensions of k, show that the eigenvalues of
Froby | #, are precisely the ((—1)x) Gauss sums

—G(Y, 12 4i),

for all the characters A; of order dividing . So it suffices to show that these n Gauss
sums are all distinct. The key point is that the characters y,; are all distinct, all
nontrivial, and they all have order dividing p — 1. That they are all distinct results
from the fact that the p — 2 Gauss sums formed with a// the nontrivial characters of
order dividing p — 1 are all distinct. This follows from (the most elementary case of)
Stickelberger’s theorem. These sums all lie in Z[(,,{,_;], and for any p-adic place 2
of Q({,,{,-1), these Gauss sums have all distinct #-adic valuations. If we normalize
ordy by ord»(#k) = 1, the p — 2 sums in question have as ordy’s the p — 2 fractions
a/(p—1),fora=1to p—2,in some order. [

(3.8). For n = 3, this result is sharp.

(3.9) Lemma. In characteristic p =5, 73, or equivalently 43, has finite Ggeom = As,
where As is viewed as lying in SO(3) by one of its two irreducible three-dimensional
representations.

Proof. By Lemma (3.4) above, we may choose k to the prime field Fs, and  to be
(the image under 1 of) the C-valued additive character x> exp(2zmix/5). We know a
priori that Ggeom is a irreducible subgroup of SO(3), so it is either SO(3) itself, or it is
one of Ay, Sy, or As.

We first show that Geeom is not SO(3). We argue by contradiction. Recall that
SO(3) has a unique irreducible representation A, of each odd dimension 2m + 1.
Since %3 has m;(A!/Fs) landing in SO(3), we can form the lisse sheaf A,,,,1(%3) on
A'/Fs. Each sheaf A,,,,1(%3) is pure of weight zero and self-dual. If Ggeom 1s SO(3),
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then each is geometrically irreducible, and so we will have
HX(A'®Fs, (Aa11(%3))®?)
~HA(A'®Fs, End(Ayni1(93))) = Q (-1).
So for any finite extension E/Fs, the Lefschetz trace formula will give

Z (Trace(FrobEJ ‘ Ao (g3)))2

tin E
— #E — Trace(Frobg | H.' (A' ® Fs, (Aams1(%3))®?)).
By Deligne [De-Weilll, 3.3.1], H(,I(A1 ®Fs, (Ayms1 (%3))®2) is mixed of weight <1,

and hence we have the estimate

‘#E — Z (Trace(Frobg; | Aynyt (@3)))2

tin E

<dim B (A' ®Fs, (Aami1 (93)) %) (#E)' .

Dividing through by #E, we rewrite this in the form

1= (1/#E) > (Trace(Frobg, | Ayns1 (%)))2'

tin E

<dim H (A'®Fs, (Azyi1 (%))®2)/(#E)1/2-
We next note that
dim H,'(A'®Fs, (Az1(%3))®H) <1 + 2m> 4 2m.

To show this, we argue as follows. Because Ggeom is SO(3),
dim H2(A' ®Fs, (A1 (%3))%%) =1, so

I — dim H.' (A" ®Fs, (a1 (93))®?)
= 2((A' ®Fs, (A211(%3))®?)
= rank((Aoms1 (%3))®2) — Swan ., (Aami1 (%3))®7)
= (2m+ 1)* — Swan., (Ayny1 (%3))®?).

Now %3 has highest co-slope 3/2, 50 (Azui1 (%3))®?) has highest co-slope <3/2,
and so

Swan, (Aai1 (93)) %) < (3/2)rank( Ao 1 (93))®?)

<(3/2)(2m+ 1)%.
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Thus we have
2m+ 1= 1(A' @ Fs, (Aams1 (%3)) )= (2m +1)* — (3/2)(2m + 1)°.
On the other hand, we have
1 —dim H (A" ®Fs, (Aami1 (93))®%) = 2(A' @Fs, (A1 (93))®2),
so we have
12 7(A' ®Fs, (Aan41(%3))®?).
Thus we have
12 7((A' ®Fs, (A21(%3))%%) = — (1/2)2m + 1)%,
and so
1>1—dim H'(A'®Fs, (Aoms1(%3)) ) = — (1/2)2m + 1),
so finally
dim H,'(A'QFs, (Azi1(%93) 2D <1+ (1/2)2m + 1)*
<1+2m* +2m+1/2.
Since dimensions are integers, we have
dim H,' (A'@Fs, (Azp1(%93))®H) <1 + 2m> + 2m,

as asserted. Thus if Ggeom i SO(3), we have the estimate, for every m>1, and every
finite extension E/Fs,

1 — (1/#5) Z (Trace(FrobE,t | Aoy (93)))2

tin E

<(1+2m* +2m)/(#E)"*.

We now take m = 3. Then a machine calculation over E the field of 5° = 3125
elements gives

(1/#E) Z (Trace(Frobg, | A7 (%3)))* = 1.99872,

tin E
which is not within
(1 +2m + 2m)/(#E)"? = 25/Sqrt(5°) = 0.447214

of 1. Therefore Gyeom for %3 is not SO(3).
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The only other possibilities for Gyeom, 1.€., the only finite irreducible subgroups of
SO(3), are A4, Ss, and As. Denote by Gy the Zariski closure of p(m(Al/k)) in
SO(3), for p the representation corresponding to %;. Then Gy, is finite as well, cf.
[Ka-ESDE, 8.14.3.1], and it contains Ggeom as a normal irreducible subgroup. So
G 18 itself one of A4, Sy, or As. But all the irreducible three-dimensional
representations of A, and S; have trace functions which take values in the set
{3,1,0,—1}. On the other hand, the traces of Gy are all the numbers

Trace(Frobg, | 93) = (—1/G(, 7,)) /") x ( ST e +zx>>

tin E

Taking for E the prime field Fs, and 7 = 1, we get 1.61803... as a trace, and hence
Garith can only be As. Since A5 is simple, and Ggeom is an irreducible normal subgroup
of it, we have Ggeom = 4s5. [

(3.10). For general odd n, we have uniform results not for %, but for its several
parameter version %, o4q-

(3.11) Theorem. Fix p>5. Then for any odd n=3 prime to p, for any finite field k of
characteristic p, for any prime { #p, and for any choice of nontrivial additive character
Y of k, the group Ggeom for the lisse Qs-sheaf Gy oaa (or equivalently for the lisse sheaf
F nodd) OR P odd /K is SO(n).

Proof. For n =3, %344 is just #3, and the theorem is a special case of Theorem
(3.7). We will handle the case n>5 by a degeneration argument, which in fact proves
a stronger result. Inside the space 2, ,4q of monic odd polynomials of degree #, let us
denote by 2, 544, <3 the closed subscheme whose R-valued points are all polynomials
of the form

X'+ bx + ex,

with b, ¢ in R. We denote by %, 044,<3 (respectively 4, o44,<3) the restriction of
F nodd (respectively 9, ,4q) to this closed subspace. We know that Ggeom for %, oqa
lies in SO(n). Since Gyeom for a pullback is a subgroup, it suffices to prove that Ggeom
for F,0dd,<3 1s SO(n). O

(3.12) Theorem. Fix p>5. Then for any odd n=5 prime to p, for any finite field k of
characteristic p, for any prime { #p, and for any choice of nontrivial additive character

W of k, the group Ggeom for the lisse Q,-sheaf Gn.0dd,<3 (or equivalently for the lisse
sheaf F y.0dd,<3) 0n Ppodd/k is SO(n).

Proof. Exactly as in [Ka-LFM, pp. 115-119], we show that the fourth moment M4
of Ggeom for the lisse sheaf 7, oqd <3 15 3. Since Ggeom is a priori a subgroup of SO(n),
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it follows from Larsen’s Alternative [Ka-LFM, p. 113] that Ggeom is either SO(#), or
is finite.

It remains to show that Ggeom fOr %, odd,<3 is not finite. Consider the following
geometric situation. Over A® /k, with coordinates a, b, c consider the product space
G, x A?, with coordinates x, @, b, ¢, endowed with the lisse sheaf

H = g)(z(x) gl//(az“x”+hx3+cx)-
Via the projection

G x A3
lp"z
A:;

b

we form the sheaf
M= R (pry) A

on the base A’/k. As explained in [Ka-SMD], .# is a sheaf of perverse origin on
A3 /k. The restriction of .# to the A! of polynomials x* + ¢x, i.e., the points (0, 1,)
in A is just the sheaf .7 ;. The restriction of .# to the open set A*[1/a] is isomorphic
to a pullback of the sheaf %, 444 <3. [First pull back by the map

A3[1/51] _’gn,odd7<3-

(a,b, ¢) > ¥+ (b/a®)x* + (e/a®)x,
then do the A*[1/a]-automorphism of G,, x A’[1/d]
(x,a,b,c)—(ax,a,b,c).]

So if 7, 0dd,<3 has finite Geeom, then .# |A3[1 /a] has finite Gyeom. This implies, by
[Ka-SMD], that .#| (the A" of (0, 1, 7)) has finite Ggeom- But .#| (the A' of (0,1, 7)) is
F 3, whose Ggeom 1s not finite, being SO(3). Therefore 7, 44 <3 does not have finite
Ggeom~ O

4. Monodromy of %7: the group G, and its finite subgroups

(4.1). Recall that G, is the automorphism group of Cayley’s and Graves’ octonions,
cf. [Spr, 17.4], [Adams, 15.16]. By looking its action on the “purely imaginary”
octonions, we obtain G, as a closed subgroup of SO(7). Let us denote by UG, a
maximal compact subgroup of the complex Lie group G,(C). The following lemma is
well known, we include it for ease of reference.
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(4.2) Lemma. Two elements of UG, are conjugate in UG, if and only if they have the
same characteristic polynomial in the given seven-dimensional representation.

Proof. Use the fact that the two fundamental representations w; and w; of G, are
the given seven-dimensional one std;, and the adjoint representation Lie(G,). We
have

std; ® Lie(G,) = A% (stdy).

Fix an element g in UG,. Given its characteristic polynomial on std7, we know its
characteristic polynomial also on 4°(std;), and so by long division on Lie(G,) as
well. Once we know the characteristic polynomial of g in both fundamental
representations, we know it in all irreducible representations. So we know the trace
of g in all irreducible representations. By Peter—Weyl the conjugacy class of g is
determined by all these traces. [

(4.3). Also standard is the following lemma.
(4.4) Lemma. The normalizer of G, in SO(7) is G.

Proof. Every automorphism of G, is inner, because its Dynkin diagram
has no automorphisms. So if g in SO(7) normalizes G,, there exists 4 in G, such
conjugation by / has the same effect as conjugation by g, i.e., hg~! is an element of
SO(7) which commutes with G,. But G, acts irreducibly in its seven-dimensional

representation, so 4g~! must be a scalar. The only scalar in SO(7) is 1. Hence g = h
lies in G,. O

(4.5). Another useful fact is this.

(4.6) Lemma. Over C, let G be a Zariski closed irreducible subgroup of SO(7). Then G
lies in (some SO(7)-conjugate of) G, inside SO(7) if and only if A*(std;) contains a
nonzero G-invariant vector, in which case the space of G-invariants in A*(std;) has
dimension one.

Proof. As pointed out by [Co-Wa, p. 449], this follows from the classification of
trilinear forms in seven variables [Sch]. For a later treatment, see [Asch, Theorem 5,
parts (2) and (5) on p. 196]. O

(4.7). We now turn our attention to the lisse sheaf 4. Let p be a prime other than 2
or 7. For any finite field k of characteristic p, for any prime /#p, and for any choice

of nontrivial additive character i of k, we have the lisse sheaves % ; and 47 on Al /k.
We denote by

p:mi (Al /k)—SO(7,Q,)
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the representation which “is” %7, and by Gyin the Zariski closure of its image.
Recall that Ggeom is the normal subgroup of Gaim defined as the Zariski closure of

the image by p of n{*"(A!/k).

(4.8) G Inclusion Theorem. Let p be a prime other than 2 or 1. For any finite field k of
characteristic p, for any prime { #p, and for any choice of nontrivial additive character

W of k, the group Gugiw for the lisse Qs-sheaf 97 on Al /k lies in G,.

Proof. We know (1.3) that %7 is geometrically irreducible, i.e., that Ggeom and hence
a fortiori G is an irreducible subgroup of SO(7). So by the previous lemma, it
suffices to show that /13(@7) as a representation of G, has a nonzero space of
invariants. It is proven in [Ka-ESDE, pp. 321-324] that (47)®® has a one-
dimensional space of invariants under Ggeom. We will refine the argument given there

to show that this one-dimensional space lies in /13(%7)7 and that G, acts trivially
on this space. Since we know that Ggeom is semisimple, it is equivalent to show that

the space of Ggeom CO-invariants in A3(g7) is one-dimensional, and that Frob, acts
trivially on it, i.e., we must show

dim H2(A'®k, A*(97)) (1) = 1,
Froby acts as 1 on H*(A'®k, 4°(%97))(—1).
Let us first explain the idea. We already know from [Ka-ESDE, pp. 321-324] that
dim H2(A' @k, (%7)®°) (1) = L.
Therefore since A°(%-) is a direct summand of (%7)®?, we have the inequality
dim H>(A'® 1k, A*(%97))(—1)< 1.
By the Lefschetz trace formula, we have, for every finite extension E/k,
Trace(Frobg | H*(A'® ik, 4°(%97)) (1))
= Trace(Frobg | H (A' ® 1k, 4*(97))(—1))

+ (1/#E) Z Trace(Frobg, | 4°(%7)).

tin E

By Deligne [De-Weilll, 3.3.1], H!(A' ® 1k, 43(%47))(—1) is mixed of weight < — I,
so we have

|Trace(Frobg | H! (A' @ 1k, A4} (%7))(—1))|<dim(H!) /Sqrt(#E).
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Thus for variable finite extensions E/k, we have
Trace(Frobg | H*(A' ® 1k, 4°(%97))(—1))

= (1/#E) Y Trace(Frobg, | A4*(%7)) + O(1/Sqrt(#E)).

tin E

We will show that for variable finite extensions E/k, we have

(1/#E) > Trace(Frobg, | A*(97)) = 1+ O(1/Sqrt(#E)).

tin E
Let us temporarily admit this. Then we have
Trace(Frobg | HX(A'® 1k, 4°(97))(—1)) = 1 + O(1/Sqrt(#E)).

From this we first conclude that H>(A' ® 1k, 4*(%7))(—1) #0. Since it has dimension
at most one, we must have

dim H(A'® 1k, A*(%97))(—1) = 1.

Denote by A4 the scalar by which Froby acts on this one-dimensional space. For
variable integers n>1, we have

A" =1+ O(1/Sqrt(#k)").

Writing 4 as A"*!/A" for large n, we conclude that 4 = 1, as required.
We now turn to proving that

(1/#E) > Trace(Frobg, | A*(%7)) = 1 + O(1/Sqrt(#E)).

t in E

The third standard symmetric function S5 is given in Newton symmetric functions N;
by

683 = (N1)* +2N3 — 3N, N,.
Thus for each ¢ in E we have the identity
6 Trace(Frobg, | A°(%7))
= (Trace(Frobg, | %7))’ + 2 Trace((Frobg,)’ | 4;)
— 3 Trace(Frobg, | %) Trace((Frobg,)* | %7).
If we denote by E,/FE the extension of E of degree n, then

Trace((Frobg,)" | 97) = Trace(Frobg, , | %7).
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So we have the identity
6 Trace(Frobg, | A°(%7))
— (Trace(Frobg, | %7))’ + 2 Trace(Frobg, , | %)

— 3 Trace(Frobg, | 4;7) Trace(Frobg, , | 97).
So it suffices to show the following three statements:

(1) (1/#E)Y, iy 5 (Trace(Frobg, | %7))* = 1+ O(1/Sqrt(#E)),
(2) (1/#E)>", i, g Trace(Frobg, | 97) = 1 + O(1/Sqrt(#E)),
(3) (1/#E)Y", ., g Trace(Frobg, | 97) Trace(Frobg,, | 97) = —1 + O(1/Sqrt(#E)).

With the finite extension E/k fixed, let us write

A= _G(WJ,E, Xz,E)

for the quantity “4;” of 1.3.4, relative to the field E. Then for any ¢ in E, and any
integer n>1, we have

Trace(Frobg, ; 97)

= (I/An)<— Z lPE(Tra(th,,/E(x74‘fx))}{z,E(1\TC)UT1E,,/E(X))>’

x in E,

with the convention that y, (0) = 0.
Thus the sum in (1) is

(/H#E)(=1/4) > > e +37+ 27+ 1(x +y + 2)pop(x92).

tin E x,y,z in E

The sum in (2) is

(1/#E)(—1/4%) Z Z Y p(Traceg, jp(x" + 1x)) 7, p(Normp, /p(x)).

tin E x in E;

The sum in (3) is

(/#E)(=1/A)(=1/4) Y > e+ 1x+ Traceg, (v + 1)) 10,p(x Normp, ().
tin E xin E, y in E

In each of the three sums, we interchange the order of summation. Because the
quantity ¢ runs over the ground field E, and Traceg, /g is E-linear, we can use the
usual orthogonality relations for the nontrivial additive character 5 of E. We find
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that the sum in (1) is

(—1/4)° Z Ye(x' +y" +27) 0 p(xp2).

x,p,z in E, x+y+z=0

The sum in (2) is

(_1/143) Z l//E(TfaceE;/E(357)))(2,15(1\1()HTIE;/E(X))~

X in E;,TraccEz/E(x):O

The sum in (3) is

(=1/4)(=1/4%) > Y (x" + Tracep, £(y")) 12,6 (x Normg, /().

x in E, y in Ep, x+Traceg,g(y)=0

Thus what we must show is that (for (1))

Ve(x" + )" + 2 ) p(xyz) = (—A4)° + OFE),

xy,z in E, x+y+z=0

(for (2))
Z ‘//E(TraceEz/E(x7))XZ,E(NormEs/E<x))
X in Ej ,TraceEB/E(x):O
(for (3))

Vg(x" + Traceg, /z(v)) 12,£(x Normp, /£ (y))
x in E, y in E;, x+TraceEz/E(y):0

= (—A)’ + O(#E).

The common feature of these last sums is that, in each, we have one of the three
finite etale three-dimensional E-algebras B/E, and the sum is

Z tpE(TraceB/E(x7))){LE(NormB/E(x)).
x in B, Tracep/p(x)=0

Indeed, in the first case B is E x E x E, in the second case it is £3, and in the third
case it is E x E,. Denote by B;,—¢ the set of elements in B whose trace to E vanishes.
We must show that

> Yp(Tracesp(x7)) 1o s(Normp p(x)) = (—A4)’ + O(#E).

X in By—g
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Denote by s, 52,53 the polynomial functions on B which are the trace functions
of the exterior powers of the left regular representation of B on itself. Thus for x
in B we have

det(T — Reg(x)|B) = T3 — 51(x)T? + 55(x)T — s3(x).

In particular, we have
s1(x) = Tracep/p(x), s3(x) = Normp/g(x).

(4.9) Key Lemma. Let E be a field, B/E a finite etale E-algebra of dimension three.

(1) For x in B, we have the identity

s1(x7) = 51(0) = =T(s1(x)s2(x) = 3(0)) ((51(3)” = 2(x))? + 31 (x)s53(x))-

(2) For x in B with Traceg/g(x) = 0, we have the identity
Traceg/p(x7) = 7Normp/z(x)s:(x)” = Ts3(x)s2(x)°.
Proof of Key Lemma. Assertion (2) is the special case of (1) when s;(x) =0. To
prove assertion (1), we may extend scalars from FE to its algebraic closure, and so

reduce to the case where Bis E x E x E. For an element (x,y,z) in E x E x E, with
elementary symmetric functions s;, i = 1 to 3, we must show that

X4y — (x4 v+ 2)7 = —T7(s182 — s;,)((sf - sz)2 + 5153).
In terms of the characteristic polynomial
P(T) =T —5;T? + 5T —s3 = (T — x)(T — y)(T — z),
we have
sis2 =83 = P(s1) = (51 = x)(s1 = y)(s1 —2) = W+ 2)(x + 2)(x + ).
So the asserted identity is the following polynomial identity
X4y 2 —(x+y+2)
=T +2)(x+2) X+ )+ + 2 +xy+x2+y2)° + (x +y+2)xp2),
whose unenlightening verification we leave to the reader. [

View B as the E-points of the affine B-scheme %, whose R-valued points, for any
E-algebra R, are given by Z(R) = B® pR. As an E-scheme, 4 is noncanonically A3,
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Denote by By—o<B the E-subspace of elements of trace zero, and %y—o the
corresponding closed subscheme of %: for any E-algebra R,

Bi—0(R) = By—o® R = Ker(Tracepg ,R/R: B ,R—R).
Thus %,,—¢ is noncanonically A2 as an E-scheme.

(4.10) Lemma. Over the algebraic closure E of E, the polynomial function on %y—g
given by s5(x)*s3(x) is homogeneous of degree seven, and not a seventh power.

Proof. Immediate reduction to the case E=FE, when B is E x E x E, with
coordinates (x,y,z). Then By—¢ is the subspace x+ y + z =0, which we endow
with coordinates x and y. Then s3s3 is the function

(xy +x(=y = x) + y(—=x — ) xp(—x — p) = = (x> + 2y + y*) xp(x + »).

This polynomial is visibly not a seventh power in the UFD E[x, y], since it is divisible
just once by the irreducible polynomial x. [

(4.11) Uniformity Lemma. Given integers n=1 and d>=1, there exists a constant
C(n,d) such that for any algebraically closed field k, for any prime ¢ invertible in k,
and for any polynomial f in n variables of degree <d over k, we have diim H*™' ((f =0
in A"), Q)< C(n,d).

Proof. This is a special case of [Ka-Betti, Theorem 1 on p. 31 and Corollary,
p-34]. O

We can now complete the proof of the theorem. We must show that

> Wp(Tracesp(x7)) 1 x(Normg £(x)) = (—A)’ + O(#E).

X in By—o

In view of the identity above, the sum in question is

Z WE(7S3(X)S2(x)2)X2,E(S3(X))-

X in By—g
If x has 5,(x) nonzero, we can put s,(x) inside the 12., S0 the sum is

Y VE(Ts3(09:(x) ) 1 (83 (x)s2(0)%) + > 72,6 (83(x))

x in By—g x in By—g, $2(x)=0

The second sum is trivially O(#E). Indeed, each summand in it is either 0 or +1,
and there are at most 27#FE summands, one for each element x of B which has
s1(x) = s2(x) = 0. Such elements are solutions in B of an equation x> = « for some «
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(namely s3(x)) in E. Fix o in E. As Bis a product of at most 3 fields, in each of which
x> = o has at most three solutions, the equation x> = o has at most 27 solutions in B.
So we must show that

Y U539 1.e(s3(x)5:2(x)) = (=4) + OHE).

X in Byeo
For this, we argue as follows. Consider the function
f= .93s% By — AL
Then

Y Ve(753(05:() ) 10,53 (x)52(x)%)

X in By—g
= Y V(700 (@#{x in Buo with f(x) = a}.

o in EX

Because f is homogeneous of degree seven, and not a seventh power, for each a0
in E, f=o is a smooth, geometrically irreducible curve. So we have
R*/Q,|G,,~2Q/(-1), and R'/iQ,|G,, becomes constant after pullback by the
seventh power map [7]: G,,— G,,. In particular, leg(@/ | G, is lisse, and tamely
ramified at both 0 and oo, cf. [Ka-ESDE, pp. 322-323]. By the Lefschetz Trace
formula, we have

Y V(70 p(@)#{x in By with f(x) = o}

o in EX

= Y Vp(T2)7p(2)(g — Trace(Frobg, | R'Q,))

o in EX

= qG(lﬁlEv Xz,E)

- Z (7)1 (o) Trace(Frobg, | R'/AQ,)

o in EX

== qe(=D(=0W 75 12£))

- Z Trace(Frobg, | £y, ® £,,, @ R'/iQ,)

o in EX

= —qrp(-1)4
— Trace(Frobg | HX(Gn®pE, £y, ® Z,,, @ R'/D,))

+ Trace(Frobg | H (G @ pE, £y, , @ Z,,, @ R'/1Q/)).

As noted above, R'/4Q, | G, is lisse, and tamely ramified at both 0 and . So the
lisse sheaf $¢7VE®$ME®R1fg©( on G, is totally wild at oo (and tame at 0).
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Therefore we have
HXG,®pE %y ®%, ®RfQ,) =0.

The group H!(G, ®rE, $¢7_E®$ZZ_E®R1ﬁ@/) is mixed of weight <2, and its
dimension is

- Xc(Gm ®EE’ g‘/’lE ® g%z.s ®R1f'®/)
= Swan,, (%y,, ®Z,,, ®R'f1Q,)
= rank(R'£,Q, | G,,) < C(2,7),

for C(2,7) the constant of the Uniformity Lemma above.
Thus we have

S V(T35 1 (53 (¥)52(x)?)

X in er:()

= —qpe(—1)4 + O(#E).

But we have
A= QX2,E(—1)7

cf. 1.2.3. This concludes the proof of the G, Inclusion Theorem. [

(4.12) G; Theorem ([Ka-ESDE, 9.1.1]). Let p be a prime which is either 5, 11, or a
prime p>15. For any finite field k of characteristic p, for any prime { #p, and for any
choice of nontrivial additive character \y of k, the lisse sheaf 7 has

chom = GZ,
and the lisse sheaf 97 has

Ggeom = Gyurith = Go.

Proof. We first note that the two assertions are equivalent. Indeed, since %7 and ¥
have the same Gyeom, the second assertion implies the first. Since Gaurin for 47 lies in
G> by Theorem (4.8), for %; we have inclusions Ggeom © Garith = G2. So the first
assertion implies the second. We will prove the first.

For p> 15, this is proven in [Ka-ESDE, 9.1.1]. In fact, a slight modification of the
argument given there divides into two parts. One first uses the hypothesis p>15 to
insure, via [Ka-MG, Proposition 5], that % is Lie-irreducible. One then shows, via
Gabber’s theorem on prime-dimensional representations [Ka-ESDE, 1.6], that in any
characteristic p#2, p#7 for which 7 is Lie irreducible, Ggeom is either SO(7) or G,

or the image PSL(2) of SL(2) in Sym®(stdy). Since Ggeom lies in G, by the G,
Inclusion Theorem (4.8), either Ggeom is Ga, or G% . is the image PSL(2) of SL(2) in

geom
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Sym(’(stdz), in which case Ggeom lies in the normalizer in G, of this PSL(2). But
PSL(2) is its own normalizer in G,, indeed it is its own normalizer in SO(7) (because
every automorphism of PSL(2) is inner, PSL(2) is an irreducible subgroup of SO(7),
and SO(7) contains no nontrivial scalars). So either Ggeom is G or it is PSL(2). The
PSL(2) case is ruled out just as in the proof of Theorem (3.7).

It remains to show that for p = 5 or 11, % is Lie-irreducible. By Lemma (3.4), we
may take for k the prime field F,. By Lemma (3.5), if %7 is not Lie-irreducible, then
it has finite Ggeom, and a power of every Frobg, | 77 is scalar. Suppose that Ggeom is

finite. Because 97 = 77 @ (—G(_5, 7)) *¢ has trivial determinant, every eigen-
value of Frobg, | #7 will be of the form

(a root of unity)(=G(Y_7 5, %2.))
= (a root of unity)(#E)l/z.

Consequently, for every finite extension E of [F,, and for every ¢ in E,

Trace(Frobg, | #7) is divisible by (#E)'/ ? as an algebraic integer.
But the sum

Trace(Frobe, | #7) = — Y 1p()Yp(x’ + ix)

X in EX

lies in the ring Z[(,], and the field Q@({,) has a unique p-adic valuation 2. If we
normalize the valuation by

ordy g(#E) =1,
then the finiteness of Ggeom for &7 implies that for every (E, ) as above we have
ordy g(Trace(Frobg, | #7))=1/2.
In the case p = 11, one sees by a direct calculation that
ordyy, (Trace(Frobg, i | #7)) = 3/10.
In the case p = 5, one sees by a direct calculation that

ordy r,, (Trace(Frobg,, ;1 | #7)) = 1/4.

In neither case do we have divisibility by (#E)]/ %in Z,[,], much less in the ring of
algebraic integers. Therefore Ggeom is not finite in either case, and hence %7 is Lie-
irreducible in both characteristics 5 and 11, as required.

Let us explain briefly how to do such calculations. In Z,[(,], the quantity 7 :=
{, — 1is a uniformizing parameter, the residue field is F,, ordy f,(7) = 1/(p — 1), and

Zy[5p)/ ) = Zy[Cp)/ (' =") = Fp[m] /(=" 71).
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For ord; = (p — 1)ordsp, (i.e., ordy(n) = 1), we are to show that

ord,(Trace(Frobg, 1 | #7)) =3, for p=11,

ord,(Trace(Froby, ;| #7)) =2, for p=>5.
Now for any element f in Z,[(,], with image mod p

a;n', coefficients a; in F,
i=0 to p—2

in the ring F,[n]/ (7"~ '), we have

ord;(f)=p — 1 if and only if all g; =0,
and, if some a; #0, then

ord;(f) = Minimum i such that a;#0.

So the problem is to calculate the image in Z,[{,]/(n"~") = F,[x]/(n*~") of the sum

Trace(Frobg, | #7) = — Z XZ’E(x)l//E()J + tx).

x in EX

We may assume that y(1) = {, = 1 4+ . Then

Z ()Y p(x" + 1x)

x in EX
Z X2(NE/D:11 (x))w(TraceE/l]:p (X7 + tx))
x in E*
= Y nWgs ()1 + ) (Tracere, (<7+12))
X in EX
= Z XHED2 Z Binom(Traceg s, (x” + tx), i)n’,
x in E* i=0 to p—2

in Z,[C,)/(a"" ") =F,[n]/(x"~"). We have written Binom(x,i) for the ith binomial
coefficient as a function of its ““‘numerator’:

Binom(x,i) =1,i =0,
=x(x—1)...(x=(G—=1))/il, for I<i<p—2.

Thus the coefficients «; in the expansion of —Trace(Frobg, | #7) are the quantities in
F, given by

a; = Z x#E=D/2 Binom(Trace g, (x + 1x), i).

x in EX
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But the power sums over E* are given by

> ¥=-1linF, if k=0mod(#E-1),
x in EX

=0, otherwise.

Thus ap = 0. To compute a; for 1<i<p —2 we first write #E as p?, second we
expand

Tracegr, (x + tx) = Z CLE )
k=0 to d—1

as a polynomial in x with coefficients in [, 7], third we expand Binom(Trace/, (x" +
tx),7) as a polynomial in x with coefficients in F,[#], and finally we sum up the
coefficients of all monomials of the form x*, with k of the form

(#E-1)/2+r(#E 1),

forr=0,1,2,... . We leave to the reader the verification that this calculation leads
to the asserted conclusions

ord,(Trace(Froby,, ;1 | #7)) =3, for p=11,

ord,(Trace(Frobg,,; | #7)) =2, for p=>5. O

(4.13) Theorem. For any finite field k of characteristic 13, for any prime £ # 13, and for
any choice of nontrivial additive character \y of k, consider the lisse sheaf 97 on A /k
and its corresponding representation p:mi(A'/k)—SO(7). Denote by Guin the
Zariski closure in SO(7) of p(ni(A'/k)). Then

Garith = Goeom = the finite subgroup PSL(2,Fi3) of G,

where PSL(2,Fy3) is viewed inside G, by one of its two seven-dimensional irreducible
representations (both of which have image in G, cf. [Co-Wa]).

Proof. We first treat the case when k is the prime field F3, and  is (the image under
1 of) the C-valued additive character x— exp(2nix/13). Because

p = 13>7 =rank(9;),

Lemma (3.5) tells us that either %7 is Lie-irreducible, or its Ggeom is a finite primitive
irreducible subgroup of SO(7), and indeed of G, by the G, Inclusion Theorem (4.8),
As explained in the proof of Theorem (4.12) above, if %7 is Lie-irreducible, then its
Gocom 18 Go. If Gyeom 1S G, then Gy lies in the normalizer of G inside SO(7), and
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this normalizer is just G itself, cf. Lemma (4.4). So if Ggeom is not finite, we have
Ggeom = Gyrith = G2.

If Ggeom is finite, then Gy, is finite, by [Ka-ESDE, 8.14.3.1], and Ggeom is @ normal
subgroup of Gyitn. Therefore, if Ggeom is finite, then Gy i itself a finite primitive
irreducible subgroup of G,. Every p(Frobg,) then lies in Gy, and, by Chebotarev,
every element of Gy 1s of this form. But

Trace(p(Frobg,)) = Trace(Frobg, | 47)

=(/GW_ 7 12E)) Z Xz,E(x)WE(X7+tx)

x in EX

visibly has values in the field @Q({;3) of 13th roots of unity. We claim that
Trace(p(Frobg,, 1)) does not lie in @. Indeed, using the fact that for x nonzero in
Fi3,x is a square if and only if x® = 1 in F3, we readily compute

Trace(p(Froby,, 1))
= (=1/Sart(13)) Y )W +x)
x in FJ

= (=1/8art(13)) Y~ p)w((x® +1)x)

- x
x in Fj

= (=1/Sart(13)) > ¥(2x)

OEX 2 4 caus
x in F5,x a square

+ (=1/Sqrt(13)) > (=D (0)

in X
x in [F5,x nonsquare

= (=1/8qrt(13))(1/2) > w(2u*) + 6/Sqrt(13)

: x
u in F5

= (—1/28qrt(13)) (—1 + > ¢(2u2)> +12/2Sqrt(13)
u in F3

= (—1/28qrt(13))(—=1 + G(¥5, y»)) + 12/2 Sqrt(13)

= (=1/28qrt(13))(=1 + 12(2)G(¥, 12)) + 12/2 Sqrt(13)

= (—=1/28qrt(13))(—=1 — G(yr, 1)) + 12/2 Sqrt(13)

= (1/2Sqrt(13))(13 + Sqrt(13))

= (1 4 Sqrt(13))/2.
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Thus if Geeom is N0t G2, then Garinn 18 a finite primitive irreducible subgroup of G-, the
character of whose given seven-dimensional representation has values in the field
Q(¢y3), and not all of the character values lie in Q.

On the other hand, the finite primitive irreducible subgroups G of G, have been
classified by Cohen—Wales [Co-Wa]. The list of possibilities, in Atlas notation, is

Ly(13) (ie. PSL(2,F}3))

La(8) (i.e. PSL(2, Fy))

Ly(7).2 (ie., PGL(2,[7))

Us(3) or Uz( ).2 (i.e. Us(3) or G1(2))

Of these, only the first has a seven-dimensional irreducible representation whose
character takes values, some irrational, in the field Q({;3). [In fact, L,(13) has two
seven-dimensional irreducible representations, and both have this property.] Indeed,
all seven-dimensional irreducible representations of the other groups have character
values lying in the following fields:

h

2(8) Q&)
2(7).2 Q
)
)

h

(3) Q)
3)2 Q.

S S

But the intersection of @Q((;3) with any of the fields Q, Q({y), Q({y) is Q itself. So if
Ggeom 18 NOt Gy, then Gy 18 the finite group PSL(2, Fy3). Conveniently, this group is
simple. As Ggeom is an irreducible (and hence nontrivial) normal subgroup of Gasim,
we see that if Guriim is PSL(2, Fi3), then Ggeom = Garith = PSL(2, F13).

To summarize our situation so far: with k = F;3 and  the image under 1 of
xr>exp(2nix/13), Garith and Ggeom for the lisse sheaf ¥; on Al/k are on a very short
list:

either Garith = Ggeom = GZ;
or Garith = Ggeom = PSL(Z, [F13)-

We now explain how to rule out the G, possibility. We do this through a
consideration of fourth moments, cf. [Ka-LFM, 112-113]. For G, in its seven-
dimensional representation std;, we have

M4(G2,Std7) =4
We focus on M, because for PSL(2,F;3), in either of its irreducible seven-
dimensional representations, we have (using the ATLAS [CCNPW-Atlas] character
tables available in GAP [GAP])

M4(PSL(2, [F]g,)7 Std7) =5
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On the other hand, we have
My (Geeom, %7) = dim H2(A' @ ik, (97) %) (~1).
Suppose now that Gyrith = Geeom = G2. Then
HY(A'®k, (%97)®%) (—1)

is four-dimensional, and Frob; acts on it as the identity. Thus for any finite
extension field E/k, we have

Trace(Frobg, H>(A! ® 4k, (%97)®%)(~1)) = 4.

The group H! (A' ®k, (%7)®%) (—1) is mixed of weight < — 1. Using the Euler—
Poincare formula, we see that

dim H} (A @4k, (97)%%) (=1) =4 — 1(A' @k, (97)®%)
=4+ Swan,, ((%7)®*) — rank((%7)®*).
Because %7 has all co-slopes <7/6, we have
Swan, ((%7)®*) < (7/6) rank((%7)®*).
Thus we have
dim H) (A @4k, (97)®*)(—1) < 4+ (1/6) rank((47)®*)
<4476 =4 +2401/6 = 404.166....
Thus we have
dim H! (A @k, (47)®%)(—1) <404

From the Lefschetz Trace formula, we now find that for any finite extension E/k, we
have the estimate

[4— (1/#E) > (Trace(Frobg, | %7))*|

tin E
= |Trace(Frobg | H' (A' @ik, (47)®*)(—1)| <404/Sqrt(#E),

and consequently the upper bound

(1/#E) > (Trace(Frobg, | %7))*|<4 + 404/Sqrt(#E).

tin E
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Since F7 is %7 ® (—G(Y_7, 1,))™, we can rewrite this as

|(1/#E)’ ) (Trace(Frobg, | #7))*|<4 + 404/Sqrt(#E).
tin E

Taking for E the field of cardinality 13°, we have Sqrt(#E) = 609.338..., so for this
field, we find the estimate

|(1/#E)* Y (Trace(Frobg, | #7))*| <4.6631.

tin E
But machine calculation shows that for this field, we have

(1/#E)* )" (Trace(Frobg, | #7))* = 4.9992... .

tin E

This rules out the G, possibility, and so concludes the proof that for
(F13, x+>exp(2mix/13)), any /#13 and any 1 : Q,=C, %7 has

Garith = Ggeom = PSL(27 [F13)~

Once we have treated that case, we argue as follows. For any finite extension k of
Fi3, any /#13 and any nontrivial additive character  of k, 47 has the same Ggeom,
namely PSL(2, F;3), and its Gy, 18 a finite (by [Ka-ESDE, 8.14.3.1]) group inside G,
(by (4.8)) which contains Ggeom as a normal subgroup. Since Ggeom is a finite
primitive irreducible subgroup of G, a fortiori Gy is itself a finite primitive
irreducible subgroup of G,. Every element of Gy has trace in the field Q((;3), and
already Gyeom = PSL(2, Fi3) contains elements whose trace does not lie in Q. So by
the previous classification argument, we conclude that Guin = PSL(2,F3). O

(4.14) Theorem. For k the prime field F3 of characteristic 3, for any prime £ #3, and
for any choice of nontrivial additive character \ of k, consider the lisse sheaf %7 on
Ak and its corresponding representation p : m(A'/k)—SO(7). Denote by Gy the
Zariski closure in SO(7) of p(n;(A'/k)). Then

Gurith = the finite subgroup G>(2) = U3(3).2 of Ga,

Gocom = the finite subgroup Us(3) of G.

Proof. Our first task is to prove that Ggeom is finite. By Lemma (3.5), either Gyeom 1S
G,, or it is a finite irreducible subgroup of G, (thanks to 4.8). We rule out the G,
possibility by a consideration of sixth moments. For G, in its seven-dimensional
representation std;, simpLie [MPR] tells us that

M(Gy, std7) = 35.
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[We focus on Mg because for Us(3) in the unique seven-dimensional representation
std; which lands it in G, we have (using the ATLAS [CCNPW-Atlas] character
tables in GAP [GAP])

M(,(U3(3), Std7) = 41,

and this is the lowest moment that distinguishes Us;(3) from G itself.]
If Ggeom 18 G2, then, exactly as explained in the proof of Theorem (4.13) above, we
have denoting by [x] the integral part (floor) of the real number x,

dim H! (A' @k, (47)®°)(~1)
<[354 (1/6)7°] = [19643.1666...] = 19643,
and hence we have the estimate, for any finite extension E/Fj,

(1/#E) > (Trace(Frobg, | %7))°|<35 + 19643 /Sqrt(#E).

tin E
Taking E to be the field of 3'® elements, the error term is
19643 /Sqrt(#E) = 19643 /3% = 2.9939 ... <3.

So if Ggeom 18 G2, We have

(1/#E) Y (Trace(Frobg, | %7))6| <38,

tin E

for E the field of 3!¢ elements. But machine calculation, for which I am indebted to
Chris Hall, shows that as ¢ varies over this FE, the values assumed by
Trace(Frobg, | 97) and their frequencies are given by the following table:

Value How many times assumed
-2 398763
-1 13899820
0 19474298
| 4782969
2 3586680
3 897080
7 7111.
Thus we find

(1/#E) Y (Trace(Frobg, | %7))° = 1764324500/3'° = 40.98.... .
t in E
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Therefore Ggeom is not G», and hence is a finite irreducible subgroup of G,. Then
Garien 18 also finite, so Gy is itself a finite irreducible subgroup of G,.

We now show that Ggeom is a primitive irreducible subgroup of G (i.e., primitive
as a subgroup of GL(7)). Suppose not. By Cohen—Wales [Co-Wa, p. 448], an
imprimitive irreducible finite subgroup of G is either Ly(7) = L;(2) = GL(3,F:), ora
possibly nonsplit extension of a three-dimensional [F,-space by some subgroup of
L;(2). So we have a group homomorphism

Ggeom - L2(7>7

which is either injective, or whose kernel is a group of order prime to p = 3. This
leads to a contradiction, as follows. The group L,(7) has two irreducible three
dimensional representations, both of which are necessarily faithful (because L,(7) is
a simple group). Pick one, say A, and consider the lisse sheaf %;(A) of rank 3 on
A!/F; corresponding to the composite homomorphism

migeom(A!/F3) % Gyeom = GL(3).

By [Ka-ESDE, 7.2.4], %7(A) has the same highest co-slope as %7, namely 7/6. But
any oo-slope occurs with multiplicity some multiple of its denominator, so an oo-
slope 7/6 cannot occur in any lisse sheaf on A!/F; of rank less than six. Therefore
Gyeom 1S primitive.

Since Gyeom 1s primitive, a fortiori Gy 1s primitive. Already over the field of 34
elements, direct calculation shows that both 42 occur as traces of Frobenius
elements. Of the primitive irreducible subgroups of G, [Co-Wa, Theorem p. 449],
namely L,(13),Ly(8),L2(7).2, Us(3) and U;(3).2, only the last two contain both
elements of trace 2 and elements of trace —2 in a seven-dimensional representation
which lands them in G,. Therefore Gy, is either Us(3) or Us(3).2. Now Us(3) is a
simple group, and it is the only nontrivial proper normal subgroup of Us;(3).2. So we
have either

Gocom = Garith = U3(3).2,
or
Gaeom = Garith = U3(3),
or
Goeom = U3(3),  Garicn = U3(3).2.

We first show that Ggeom cannot be Us(3).2. Indeed, we have (using the ATLAS
[CCNPW-Atlas] character tables available in GAP [GAP]) My (Us(3).2, std;) = 36,
and the calculation over the field of 3'¢ elements which ruled out G, also rules out
this possibility. Thus if Ggeom is primitive, it is Us(3). Supposing this to be the case,
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we next show Garith # Geeom- For if not, then we would have
Ggeom = Gurith = Us (3)
In this case, we would have, for any finite extension E/Fs, the estimate

|Mo(Us(3),std7) — (1/#E) > (Trace(Frobg, | %7))°|
tin E

<[41 4 (1/6)7°]/Sqrt(#E) = 19649 /Sqrt(#E).
Taking for E the field of 3!° elements, the error term is
19649/37° = 5.187....<6,

and hence for this field we would have

(1/#E) Y (Trace(Frobg, | %7))°>35.
tin E

But machine calculation, for which I am indebted to Chris Hall, shows that as ¢
varies over this E, the values assumed by Trace(Frobg, | %7) and their frequencies
are given by the following table:

Value How many times assumed
-1 5380840
0 4782969
1 3587227
3 597871
Thus we find

(1/#E) > (Trace(Frobg, | %7))° = 444816026/3'> = 30.999.... .

tin E
Therefore we conclude that
chom = U3(3)7 Garith - U3(3)2 ]
(4.15) Corollary. Let k be a finite field of characteristic 3, ¢ any prime {#3, and \ a

nontrivial additive character  of k. Consider the lisse sheaf 97 = 97(k, W) on A' k.
Then its Ggeom and Gyt are given by the following recipe.

(1) If deg(k/[F3) is odd, then
Gurith = U3(3).2,

Goeom = U3(3).
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(2) If deg(k/[F3) is even, then
Ggeom = Garith = U3(3)

Proof. First consider the case when y is obtained by composition with the trace
from a nontrivial additive character of the prime field F3. Then %;(k,y) on A'/k is
the pullback of the lisse sheaf %7 on Al/[Fg considered in the previous theorem, for
which Ggeom is Us(3), of index two in Gyrisn = U3(3).2. So the assertion is obvious in
this case.

In the general case, the nontrivial additive character is of the form /,, with ¥ as in
the case above, and o some element of k*. Consider first the case in which o is a

seventh power in k%, i.e., o = 7 for some f in k*. We claim that there exists an
isomorphism of lisse sheave on A!/k,

g7(l//[}7a k) = [Z'_)ﬁ6t]*'(q7(lp7 k)

To show this, it suffices to show that both sides have the same trace function, since
this by Chebotarev implies that they have isomorphic semisimplifications as

m1 (Al /k)-representations, and both are m(A'/k)-irreducible. For E/k a finite
extension, and ¢ in E, we readily calculate

Trace(Frobg, | 97(¥ 5, k))

= (I/G(lﬁq/;ﬁEsz,E)) Z xp(ﬁ7TraceE/k(x7 + 1)) 12 £(X)

x in E

= Xz,E(ﬁ7) (1/G(W—7,E> Xz,E))
xS (Tracegu((Bx) + Bo1(Bx))) 1 6()

x in E

= XZ‘,E(B) (I/G(W—7,E7 Xz,E))
X Z lp(TraceE/k(x7 +ﬁ6tx))X2¢E(ﬁilx)

x in E

= (1/G(¢—7757X2,E)) ZEW(TTaceE/k(X7 + ﬁﬁtx))lz,E(x)
x in
= Trace(Froby g, | 97(, k))
= Trace(Frobg, | [t %] %7 (y, k)).
Therefore there exists an isomorphism of lisse sheave on A!/k,

G1(p k)= [t 1) G (P, k).

Now %, (Y, k) and [t— [36 11"%7 (), k) have the same Gy, as each other, and the same
Ggeom as each other. So the corollary holds for g7(¢ﬁ77k).



258 N.M. Katz | Finite Fields and Their Applications 10 (2004) 221-269

To treat the general case, we reduce to the previous case, as follows. By Lemma
(3.4), we know that Ggeom is Us3(3). We also know that Gam is a finite subgroup of
G, which contains Ggeom, and hence Gy, is either Us(3) or is Us(3).2. Thus Gy is
either equal to Ggeom, OF Garith contains Ggeom With index two. To determine which
case we are in, we may pass from k to any finite extension of odd degree, and
look there. But any o in £* becomes a seventh power in an odd degree extension
of k. [If k contains no nontrivial seventh roots of unity, every element o of k™ is
a seventh power. If k contains the seventh roots of unity, then either « is already a
seventh power, or the polynomial X’ — « is irreducible over k, in which case «
becomes a seventh power in an extension of odd degree seven.] So we are reduced to
the previous case. [

(4.16) Remark. One cannot fail to be struck by the fact that in the two characteristics
p =3 and p = 13 for which %7 has a finite Ggeom, that finite group is the F, points
of a Chevalley group, i.e., U3(3) = PSU(3,F;3) in characteristic 3, and L,(13) =
PSL(2,F;3) in characteristic 13. This raises two obvious questions.

(1) Can one give conceptual, rather than computational, proofs of the results for
characteristics 3 and 13?

(2) Can one find a “diophantinely meaningful” lisse sheaf of rank seven on A /[Fg
with Ggeom = L2(8)? On A'/F; with Ggeom = L2(7).27

5. Application to explicit G, equidistribution

(5.1). Given a finite field & of characteristic p =5, p = 11, or p>15, a nontrivial
C-valued additive character of k, and an element 7 in k, we define a conjugacy
class

Ik, 1)

in UG, as follows. Pick any prime ¢ #p, and any field embedding i : Q, — C. Then 1
induces an isomorphism g,(Q/)=pu,(C), so there is a unique Q/-valued additive
character Y of k which, after 1, becomes the chosen . Using this i, we construct the
lisse Q/-sheaf %7 on A!/k, with its corresponding representation

p:m(Ak) - Gy (Qy). (5.1.1)

For ¢ in k = A'(k), the element p(Froby,) in G,(Qy) is in fact semisimple [because
HN G ® ik, L0 @ L)) 1 a direct factor of H'(C®ik,Q,), for C the
complete nonsingular model of the curve in A* defined by y> = x, 29 — z = x7 + 1x].
The element 1p(Froby,) in G»(C) has its eigenvalues on the unit circle, so, being
semisimple lies in a compact subgroup of G»(C), and hence is conjugate to an
element of the chosen maximal compact subgroup UG;. There is a general argument
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of Deligne, given in [Ka-GKM, 3.3], which assures us that the resulting element of
UG:; is itself unique up to UG;-conjugacy. The resulting conjugacy class we define to
be 3(k, s, t). In the case at hand, we can use Lemma (4.2) to give a more down to
earth description of this conjugacy class. It is the unique conjugacy class whose
characteristic polynomial is given by

det(1 — T9(k, 1))

= 1L(Gu/k, () ® Lywrs1)s T/ (= G(P-7,72)))

— exp <Z<S<m, ko, 0/ (=G (s, x2>>'“>T'“/m>> , (5.1.2)

m=1

where we write k,,/k for the extension of degree m, and where we write S(m, k,, )
for the complex number

S(m, k1) = Z L2k, (W, (x7 + tx). (5.1.3)

X in ky, x#0

(5.2). Applying Deligne’s general equidistribution theorem, in the form [Ka-GKM,
3.6], to this situation, and remembering that %; has highest oo-break 7/6 at co, we
get the following theorem.

(5.3) Theorem. In any sequence of data (k;,\;), with
k; a finite field of characteristic p =15, p=11, or p>15,
W, a nontrivial C-valued additive character of ki,

in which #tk; — co , the #k; conjugacy classes {3(ki, 1)}, 1, 1, become equidistributed

for normalized (total mass one) Haar measure in the space UGf of conjugacy classes
of UG,. For any continuous central function

h:UG,—C,

we have the integration formula

h(A)dA = lim (1/#k) > h(S(ki, ;1))

UG, e tin k;

More precisely, for k a finite field of characteristic p =5, p=11, or p>15, y a
nontrivial C-valued additive character of k, and A a nontrivial unitary representation of
UG, we have the estimate

|(1/#k) Y Trace(A(3(k, ¥, 1)))|<dim(4)/6 Sqrt(#k)

tin k
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(5.4) Remark. We get the constant in this last estimate as follows. The representation
A extends to a representation of G,, so we can form the lisse sheaf A(%7). It has
H(A'®k, A(%97)) =0 fori#l, and

> Trace(A(3(k, . 1))

tin k

= zz ) Trace(Froby | H (A'®k, A(%7)))
= —1 Trace(Froby | H (A'® ik, A(%7))). (5.4.1)
By Deligne [De-Weilll, 3.3.1], we have
|1 Trace(Froby | H (A' @k, A(%7)))]
<h (A' @ik, A(%7)) Sart(#k)
= —1(A' @1k, A(%7)) Sqrt(#k). (54.2)
By the Euler Poincare formula, we have
1A' @k, A(%7)) = rank(A(%7)) — Swan, (A(%7)), (5.4.3)
i.e., we have
h(A'® ik, A(%7)) = Swan., (A(%7)) — rank(A(%7)). (5.4.4)
Because ¢7 has highest co-break 7/6 at oo, we have
Swan ., (A(%7)) <(7/6) dim(A1). (5.4.5)
So we have
(A" @k, A(%7))<(7/6)dim(A) — dim(A) = dim(A)/6. (5.4.6)
(5.5). We now take the ““direct image” of this result by the trace (in the seven-
dimensional representation)
Trace : UG, —[-7,7].

As I learned from Serre [Se], the traces of elements of UG, all lie in the closed
interval [-2,7]. Indeed, from the known shape of a maximal torus in G, namely all
matrices of the form Diag(l,a,1/a,b,1/b,ab,1/ab), these traces are precisely the
image of the map

[0,27] x [0,27] > R,

(x,y)—14+2Cos(x) +2Cos(y) + 2 Cos(x + y).
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It is then a calculus exercise to see that the maximum, 7, occurs at (0,0), and that the
minimum, —2, occurs at (2n/3,2x7/3) and at (4n/3,47n/3).

(5.6). Denote by
Gy, trace = Trace,(normalized Haar measure on UG) (5.6.1)

the direct image probability measure on [—2, 7]. Thus for 4(x) a continuous C-valued
function on [-2,7],

/ h(x) dug, tace ::/ h(Trace(A4)) dA. (5.6.2)
[-2,7] - UG,

(5.7) Corollary. In any sequence of data (ki,\;) as in Theorem (4.8) above, the #k;
real numbers

{_S(Lkia lpiv t)/(_G(w—% XZ))}tin ki»

become equidistributed in [—2,7] for the measure [ig, yqe.-

(5.8). For each prime p =5, p =11, or p>15, take for y the additive character of
F, given by

V(x) = exp(2mix/p). (5.8.1)

Then for ¢ in F,, we have

- S(17 [FP’ l//7 l)/(_G(lpfﬁ XZ))

=(1/GW 7 1) D, w0+ w). (5.8.2)
xinF,, x#0
On the other hand,
G _7, 12) = 22(=T)G(¥, 12)- (5.8.3)

In the classical notation, and using quadratic reciprocity, we have
10(=7) = (=7/p) = (p/7). (5.8.4)
By Gauss, we have
G(y, o) =Sqrt(p), if p=1mod4,

=iSqrt(p), if p=3mod4. (5.8.5)
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Thus for p = 1 mod 4, we have
= S(LFpdp, 1)/ (=G _7, 12))
= (p/Tp™"* Y (x/p) Cos(2n(x" + 1x)/p). (5.8.6)

xin B
For p = 3 mod 4, we have
- S(17 [FIN lpv l)/(_G(lp—% X2))
= (p/Tp'* > (x/p) Sin@2n(x + 1x)/p). (5.8.7)

3 X
xin F;

(5.9) Corollary. As p— oo, the p real numbers

{(p/Tp™" " (x/p) Cos2n(x" + 1x)/p)} moa o if P = 1 mod 4,

xin F;
(/D™ 3 (e/p) SnCR( + 1)/)} oy i = 3mod 4,
xinF)
become equidistributed in [-2,7] for the measure Ug, 4., on the closed interval [—2,7].

(5.10). We do not know an explicit formula for the measure pg, e ON [~2,7].
However, most of its mass is concentrated in the interval [—2,2]. More precisely, we
have the following tail estimate.

(5.11) Tail Estimate. For any real 7 in (0, 7], we have the estimate
LGy, trace([1, 7)) <Min(1/27,4/1%,35/1°,455/1%).
In particular, we have the estimates
1y, ace([2, 7)) < 1/2% <1 /4,
1o, wace([3,71) <4/3* < 1/20,
16, trace ([4,7]) <455/4% <1/144,
16, trace ([5, 7]) <455/5% <1/858,

:uGz, lrace([6a 7])<455/68 < 1/3691
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Proof. The first few even moments My, = My (Ga,std;) of G, in its seven
dimensional representation std; are given (with help from simpLie [MPR]) by

M2:17 M4:47 M6:357 M8:455

By the unitarian trick, we have

Moy, = / (Trace(4))* dA = / X2 A, trace-
UG, [-2,7]

Now for any probability measure u on R, with even moments

oy (1) iz/szk du,

and for any real >0, we have the inequality
moy () = / x* d/i?/ X dpz P p({x with |x|>1}),
R |x| =1

and the consequent Chebychev inequality
p({x with |x|>1}) <mo () /7.

Applying this with u the measure ug, (e, We find the asserted inequality. [
6. Application to explicit SO(n) equidistribution

(6.1). The results are entirely analogous to those in the G, case. We state them
explicitly for ease of later reference.

(6.2). Fix an odd integer n = 2d + 1>=3, n#7. Recall that
e(n) = (—1)". (6.2.1)

A compact form of SO(n) is the real group SO(n, R) for the quadratic form Zi(x,»)z.
Because n is odd, conjugacy classes in SO(n, R) are determined by their characteristic
polynomials.

(6.3). Let us say that a characteristic p is “good for n” if the following condition
6.3.1 holds.

(6.3.1). For any finite field k& of characteristic p, for any prime /#p, and for any
nontrivial @,-valued additive character Y of k, the lisse sheaf %, on A'/k has
Ggeom = SO(n).
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(6.4). We know that, given an odd n> 3, all but finitely many p are good for 7, but in
general we do not know exactly which are not.

(6.5). Given a finite field k& of characteristic p which is good for n, a nontrivial
C-valued additive character of k, and an element ¢ in k, we define a conjugacy
class

3k, 1)

in SO(n, R) just as we did in the G, case. It is the unique conjugacy class whose
characteristic polynomial is given by

det(1 — T9(k, ¥, 1))

= exp( Z(S(Wl,k, Wv t)/(_G(lps(n)m XZ))m)Tm/m> ’ (651)

m=1

where we write k,,/k for the extension of degree m, and where we write S(m, k,, )
for the complex number

Stk )= 3 o, (O, (3" 1), (6.52)

xin ky,, x#0

Applying Deligne’s general equidistribution theorem to this situation in the form
[Ka-GKM, 3.6], and remembering that ¥, has highest co-break n/(n — 1) at co, we
get the following theorem.

(6.6) Theorem. In any sequence of data (k;,\;), with
k; a finite field of characteristic p which is good for n,
Y, a nontrivial C-valued additive character of ki,

in which #tk;— oo, the #k; conjugacy classes {3(ki, \W;, 1)}, i, become equidistributed

for normalized (total mass one) Haar measure in the space SO(n, R)# of conjugacy
classes of SO(n, R). For any continuous central function

h: SO(n,R)—>C,

we have the integration formula

/SO(n, R) h(4)dA = lim (1/3¢k;) Z h(8(ki, r;, 1))

11— 0 "
tink;

More precisely, for k a finite field of characteristic p>2n + 1 not dividing the integer
2nNi(n — 1)Np(n — 1),y a nontrivial C-valued additive character of k, and A a
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nontrivial unitary representation of SO(n) we have the estimate

(1/4#k) Z Trace(A(3(k,, 1))| <dim(A)/((n — 1) Sqrt(#k)).

tink

(6.7). We now take the “direct image” of this result by the trace
Trace : SO(n, R)—>[2 — n,n],
and define

HSO(n), trace = Trace.(normalized Haar measure on SO(n, R)). (6.7.1)

(6.8) Corollary. In any sequence of data (ki, ;) as in Theorem (5.6) above, the #k;
real numbers

{_S(lvki’lpia t)/(_G(l//777%2))}tin ki

become equidistributed in [2 — n,n] for the measure uso ), race-

(6.9). For each prime p which is good for n, take for i the additive character of F,
given by

V(x) = exp(2mix/p). (6.9.1)
Then for ¢ in F,, we have

- S(17 [FPv lﬁ, t)/(_G(l//s(n)m XZ))

= (/GWaum 12)) D 12" + 1), (6.9.2)
xinF,, x#0
On the other hand,
G(W.g(n)m 72) = 12(e(m)n) G, 12)- (6.9.3)
In the classical notation, and using quadratic reciprocity, we have
x2(e(n)n) = (e(n)n/p) = (p/n), (6.9.4)

where (p/n) is the extended Jacobi symbol: for n with prime factorization n =

H[(/i)e(i)a
(w/m) = [/ 00" (6.9.5)
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For p = 1 mod 4, we have
= S(LEp ¥, )/ (=GW o> 12))
= (p/n)p~'/? Z (x/p) Cos(2m(x" + tx)/p). (6.9.6)

— FX
x in [,

For p = 3 mod 4, we have
- S(17 [F,’” lﬁ, t)/(_G(ws(n)nv X2))
= (p/n)p~!/? Z (x/p) Sin(2n(x" 4 tx)/p). (6.9.7)

: x
X in [Fp

6.10. Corollary. As p— oo, the p real numbers

(p/mp~"? > (x/p) Cos2n(x" + 1x)/p) ., if p=1mod4,
X in pr t mod p

{(p/n)pl/2 Z (x/p) Sin(2n(x" + tx)/p) , if p=3mod4,
x in B ¢ mod p

become equidistributed in [2 — n,n] for the measure uso ). irace-

(6.11). We do not know an explicit formula for the measure ugy(n), trace on [—2 —
n,n]. However, most of its mass is concentrated in the interval (—2,2). To formulate
more precise tail estimates, recall that for an positive even integer 2k, we define

QM= J] @k+1-20)=(2k—1)2k —3)...3)(1).
/=1 to k

One knows [Rains, Theorem 3.4] that the even moments of SO(n) in its standard
representation std, are given by

My = M (SO(n),std,) = (2k)!l, for k<n.
[This is proven for O(n) in [Rains, Theorem 3.4]; as n is odd, O(n) is SO(n) x {+1},

so the two groups have the same even moments.] By exactly the same Chebychev
argument as in the proof of 5.11, we find

(6.12) Tail Estimate. For any odd n>3, and any real >0, we have the estimate

5o, wace({x With [¥|> 1)< Min ((26)1/%).
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In particular, for odd n>5 we have the estimates

Hsom), trace({x with |X| >2})<3/24< 1/5,
Hso(n), trace({x with |x‘ 23}) <(3)(5)(7)/38< 1/62a

Hso(n), trace({x with |x| >4'}) < (3)(5)(7)(9)/410 < 1/1 109>

7. Application to the Katz—Sarnak measures v(—, ¢)

(7.1). A second flavor of application of our %, results is to the eigenvalue location
measures v(—, ¢) of [Ka-Sar, 13.1]. Here r>1 is an integer, ¢ (¢(1), ...,¢(r)) in Z" is
an “‘offset vector”, i.e.

0<ce(l)<e(2)< - <c(r). (7.1.1)

For n = 2d + 1 with d > ¢(r), the eigenvalues of an element 4 of SO(n, R) are of the
form

1,eTio) (i) ptield) (7.1.2)
for a unique sequence of angles
0<p()<p2)< - <op(d) <. (7.1.3)

Formation of any given ¢(i) defines a continuous central function on SO(n, R),
A (i) (A). (7.1.4)
We rescale this function, and call it 3(i):
3(i)(A4) = np(i)(A4)/2x. (7.1.5)
Given the offset vector ¢, we define the continuous central function
F.:SO(n,R)-> R,
Fu(A) = (3(c(1))(A), ..., 9(c(1)(4)). (7.1.6)
We then define the probability measure v(c, SO(n, R)) on R" to be

v(¢,SO(n, R)) == (F,),(normalized Haarmeasure on SO(n, R)).  (7.1.7)
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(7.2). Given a finite field k of characteristic p which is good for 7, and a nontrivial C-
valued additive character ¥ of k, we define the probability measure
v(c,k,,SO(n,R)) on R" by averaging over the images, by F,, of the conjugacy
classes 3(k,,¢t), t in k:

v(e, ki, SO(n, R)) = (1/#k) D 0k - (7.2.1)

tin k

As an immediate consequence of the general equi-distribution theorem, we find the
following corollary.

7.3. Corollary. Fix r=1, and ¢ an offset vector in 7". Suppose n = 2d + 1 is an odd
integer with d = c(r). In any sequence of data (k;,\y;) as in the theorem above, the #k;
points  {Fe(3(kis ;1) }inx, i R become equidistributed for the measure
v(¢,SO(n, R)). In other words, the measures v(c, ki, ;, SO(n,R)) tend weak * to the
measure v(c,SO(n, R)) as i— o0.

(7.4). We now take the large » limits, cf. [Ka-Sar, 13.8].

7.5 Theorem. In any sequence of pairs (k;,\;) in which char(k;)— co, we have the
Jfollowing double limit formula for the probability measure v(—,c) on R". For any
bounded continuous C-valued function h on R, we have the integration formula

hdv(—,¢)= lm lim [ hdv(c,ki,;,SO(n,R)).

R" oddn—oo i—»w Jpr

7.6. Remark. We need to have char(k;) tending to co to be sure that for each odd n,
char(k;) is “good for n”” provided that i is sufficiently large. At present, we do not
which, if any, primes p are good for every odd n>3 which is prime to p. We could
avoid these problems by working instead with the sheaves 7, q4a<3 0r % 044, Since,
by Theorems (3.11) and (3.12), every prime p>5 not dividing n is good for them.
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