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1. Introduction

For an odd integer n > 3, and a prime power ¢ > 2, the irreducible representations

(over C) of lowest degree after the trivial representation of the group SU,(¢) are a sym-
q"+1 _q"—q
&1 L=
When ¢ is odd, exactly one of these ¢ representations is orthogonal, otherwise

plectic representation of dimension and g representations of dimension

q"+1
q+1
none is. The direct sum of these ¢ + 1 representations is called the (big, or reducible)

Weil representation of SU,(q), and the ¢ 4+ 1 individual representations are referred to
as (irreducible) Weil representations, see e.g. [14, Theorem 4.1] and [15, §4].

In the paper [7], we wrote down ¢ + 1 rigid local systems on the affine line A!/F,
whose geometric monodromy groups we conjectured to be the images of SU,(¢) in these
q + 1 representations. We were able to prove this only in the case when n = 3 and
ged(n, ¢+ 1) = 1. In the sequel [9], we used a completely different method, which starts
with results of Gross [4] and relies on [8], to prove these conjectures for any odd n > 3
and for any odd prime power gq.

In the course of thinking about these questions, we stumbled upon a striking

representation-theoretic fact about the ¢ Weil representations of SU,(q) (n > 3 odd)
q’7l+1
q+1
of invariants in the nth tensor power of the representation in question) is exactly one.
For the irreducible representation of dimension % — 1, the nth moment vanishes. At
present we do not have a conceptual explanation for this phenomenon.

of dimension . For each of them, their nth moment (i.e. the dimension of the space

Theorem 1. Let q be a prime power, n > 3 any odd integer, and let G = SU,,(q). Suppose
in addition that (n,q) # (3,2). Let V' be one of the g+1 complex irreducible Weil modules
of G, of dimension (¢"+1)/(q+1) or (¢"—q)/(g+1). Then the subspace of G-invariants
on V™ has dimension 1 if dim(V) = (¢"+1)/(¢+1), and 0 if dim(V') = (¢"—q)/(g+1).

As stated in Theorem 1, each of the Weil modules of SU,,(¢q) of dimension (¢"+1)/(q+
1) has a unique (up to scalar) polynomial invariant of degree n. It would be interesting
to know what is the geometric significance of this polynomial invariant, and to find an
explicit construction of it.

Given this result about nth moments for SU,,(¢) when n is odd, it is natural to wonder
about the situation for nth moments when n is even. [For n even and ¢ > 3 a prime power,

the irreducible representations (over C) of lowest degree after the trivial representation

q" =1 _ q"+q
PRSI 1= q+1>7

.| Already for n = 4, the result is not so nice,

of the group SU,(¢) are an orthogonal representation of dimension

" =1
q+1

and ¢ representations of dimension
cf. Theorem 4.1.

For the Weil representations of finite special linear groups SL,(¢) and symplectic
groups Sp,,, (¢), the latter with ¢ odd, one also does not expect any nice regularity about
the nth moments. We record however a curious fact about the 4th moments of Weil
representations of Sp,,, (3), see Proposition 4.2.
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2. Preliminaries

Let ¢ = p/ be any prime power and n > 2. It is well known, see e.g. [15, §4], that the
function

n dim Ker(g—1
Cn,q = Cn g (—1) (_q) F.2 (9—1w)
defines a complex character, called the (reducible) Weil character, of the general unitary

group GUy(q) = GU(W), where W = FZ is a non-degenerate Hermitian space with
Hermitian product o. Note that the Fy-bilinear form

(ulv) = Trace , /r, (fu o u)

on W, for a fixed 6 € quz with §9=! = —1, is non-degenerate symplectic. This leads to
an embedding

G = GU,(q) = Spa,(q).

Moreover, if ¢ is odd then the restriction of any of the two big Weil characters (of degree
q", and denoted Weily o in [8]) of Sp,, (q) to GU,(q) is exactly the big Weil character ¢,
multiplied by the unique linear character of order 2 of G, cf. [15, §4]. We will also denote
by ¢, the restriction of this character to the special unitary group G := SU,(q).

Fix a generator o of ]quz and set p := 097 1. We also fix a primitive (¢> — 1)th root of
unity o € C* and let p = 097 !. Then

decomposes as the sum of ¢ + 1 characters of G, where

3

(-1)
q+1

q
Zpil(_q)dim Ker(g—pl'lw); (2.0.2)
=0

see [15, Lemma 4.1]. In particular, ¢; ,, has degree (¢" — (—=1)")/(q + 1) if i > 0 and
(¢"+(=1)"q)/(g+1) if i = 0.

We will let (;, denote the restriction of @n to G = SU,(q), for 0 < ¢ < ¢. If
n > 3, then these g + 1 characters are all irreducible and distinct. If n = 2, then (;
is irreducible, unless ¢ is odd and i = (¢ + 1)/2, in which case it is a sum of two
irreducible characters of degree (¢ — 1)/2, see [15, Lemma 4.7]. Formula (2.0.2) implies
that Weil characters (;, enjoy the following branching rule while restricting to the
natural subgroup H := Stabg(w) = SU,,_1(¢) (w € W any anisotropic vector):
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q
Cinla = Z Gn—1- (2.0.3)

=0, j#i

Furthermore, the complex conjugation fixes Q:Om and sends Ej,n to §q+17]’,n when 1 < j <
q. Asn > 3 is odd, it is also known that {y , is of symplectic type; let g : G — Sp(V) be
a complex representation affording this character. If 2 { ¢, then g:(qﬂ) /2,n is of orthogonal
type; let Wi, 1)/2: G — O(V) be a complex representation affording this character. In
the remaining cases, let ¥; : G — GL(V) be a complex representation affording the
character én

3. Odd-dimensional unitary groups

In this section, we will consider special unitary groups G := SU,,(q) = SU(W) where
q is any prime power and n > 3 is odd. In fact, up until Theorem 3.11 we will assume
that n = 2k +1 > 5, and fix a basis (e1,...,eg, f1,--., [k, w) of the Hermitian space
W =Fz, in which the Hermitian form o takes values

ejoej=fiofj=eow=fiow=0, eof;=0, wow=1. (3.0.1)
We also fix the notation

Py = Stabg(<€1>]Fq2) =Q1Ly, Pp:= StabG(<€1, ceey ek>1gq2) = Qi Ly,

where Q1 = O,(Py), Qr = O,(Py), L, = GLg(¢?). The action of any X € Ly = GLg(q?)
in the indicated basis of W is given by diag(X,*X ~9 det(X)?1), see [13, §5.1].

As shown in [5, Lemmas 12.5, 12.6], the Levi subgroup L has a unique orbit O on
Irt(Z(Qr)) ~ {1z(q,)} of smallest length (¢** —1)/(q + 1), which then occurs in the re-
striction of any Weil character (; ,,. Moreover, any A € O can only lie under an irreducible
character of degree g of Q. In particular, this shows that

Lemma 3.1. Suppose n = 2k +1 > 5. Then (o, 15 irreducible over Py. If 1 <1i < g, then
Cinlp, = Vi + 0;, where 0; € Irr(Py) affords the orbit O, and v; is a linear character of
Py, trivial at Z(Qy,).

Lemma 3.2. In the notation of Lemma 3.1, assume that 1 <i < q. Then Ker(v;) > Q,

and if X € Ly, has determinant o' as an element in GLy(¢?) with t € Z, then v;(X) =
(g—1)it
o .

Proof. As noted in Lemma 3.1, v; is trivial at Z(Qy), and it is Py-invariant. But Ly acts
transitively on the ¢2* — 1 nontrivial linear characters of Q/Z(Q%), so Ker(v;) > Q.
Next, [Ly, Ly] = SLx(q?) is perfect, so v; is trivial at [Lg, Lg]. Thus there is some
0 < s < ¢? — 2 such that v;(X) = o' for the listed X € L. To find s, it suffices to
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evaluate v;(X) for some Xy that generates Ly modulo [Lg, Li]. Let v be a generator of
]Fqék such that 7(‘1%_1)/(‘12_1) = 0, and choose X, € Lj, conjugate to

2k—2

. 2
diag(y,7*,...,77 )

over Fq, so that det(Xo) = 0. Since no eigenvalue of X belongs to F,2, X cannot fix
any A € O, see formula (20) of [13]), and so 0;(Xy) = 0 and v;(Xo) = (,n(Xo). The
absence of eigenvalues in 2 and the equality det(X()9~! = p imply by (2.0.2) that
Gin(Xo) =p' =@ Vi je s=(qg—1)iasstated. O

Proposition 3.3. Suppose n = 2k +1 > 5. Then (¢,)" ! contains (., with multiplicity
one if i > 0, and zero if i = 0.

Proof. Note that ((,)? is just the permutation character of G acting on the point set
of W. Hence ((,)" ! is the permutation character of G acting on the set  of ordered
k-tuples w = (v1,...,v;), v; € W. Let m, = Indgw(lgw) denote the permutation char-
acter of G acting on the G-orbit of w = (vy,...,vg), where G, = Stabg(w), and suppose
that (; , is an irreducible constituent of 7. Then

0< [7Tw7Ci,n]G = [1Gw7<—i,n|G’w]Gw; (331)

in particular, 1, is an irreducible constituent of (; »|q,, -

(i) First we consider the case where X := (vi,...,v)F, is contained in a non-
degenerate subspace Y of W of codimension > 2. Without loss we may assume that
e1, f1 € Y. Then G, contains a natural subgroup M := SU((ey, f1>IFq2) = SUs(q) (that
acts trivially on Y'). The branching rule (2.0.3) then shows that ¢; ,|ar is a sum of Weil
characters (2 of M. As mentioned above, an irreducible constituent X of (;2 can have
degree 1 only when (g, j) = (2,# 0) or (q,7) = (3,(¢+1)/2). In the former case, one can
check that A is actually the sign character of M = SU3(2) & Symg. In the latter case,
A(z) # 1 for some element z of M = SUj3(3) of order 3. Thus A can never be equal to
1as, contradicting (3.3.1).

In particular, we have shown that X cannot be non-degenerate.

(ii) Suppose now that 0 # X N X+ has dimension j < k — 1. By Witt’s lemma, we
may then assume that X = (eq,...,e;,w,... ,wk_j>]Fq2, where (wy, ... ,wk_j>]pq2 is a
non-degenerate subspace of

<€j+17 e 7ekafj+17 s 7fk>]Fq2'
But then X is contained in the non-degenerate subspace

Y= <ela"'aej,fla"'7fj7wl7"'7wk—j>Fq2

of codimension n — (k + j) > 2, contradicting (i).
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(iii) We have shown that dim(X N X*) = k, i.e. X is totally singular of dimension
k. There is only one G-orbit of such w, and we may assume that w = (ey,...,ex). The
description of Py given in [13, §5.1] shows that G, = Q. Now Lemmas 3.1, 3.2, and
(3.3.1) show that [m,(inlag =1 — do4, as stated. O

Next we define the following linear characters \; of the parabolic subgroup P, =
Stabg(<€1>]p‘q2) for 1 < i < qif g € P, sends e; to of for 0 < t < ¢® — 2, then
Xi(g) = o=@V and set

A :=Ind§, (\).

Proposition 3.4. Suppose n =2k +1>5, (n,q) # (5,2), and 1 <1i < q. Then A; enters
the character (¢,)?%, and [((in)?, Ai] > 1.

Proof. (i) As discussed in [5, §11], P| := Stabg(e1) = @1 x L}, where L} = Stabg(e;) N
Stabg(f1) = SU,_2(q). Note that A; enters the character IDdﬁ}(lP{), which in turn
enters the character (¢, )%. Furthermore, Ly acts transitively on the ¢— 1 nontrivial linear
characters of Z(@)1) (which has order ¢), and for each such character « there is a unique
irreducible character of Q; of degree ¢"~2, which then extends to a unique character M,
of P{. We fix some nontrivial o € Irr(Z(Q1)) and let K := Stabp, (a) = P - Cyy1. By its
uniqueness, M, extends to K. Note that

Gin(1) = (¢" +1)/(a+1) <2¢" (g = 1) = 2(g — )Ma(1).
It follows by Clifford’s theorem that
Gimlp, = Bi + Indj} (M), (3.4.1)

for some extension to K of M, which we also denote by M,, and for some character j;
of Py of degree (¢""2+1)/(q+1), with Z(Q1) < Ker(3;). Next, M|z, = (u—2. Applying
(2.0.3) to the standard subgroup L} and using (3.4.1), we get

q
Biley = Cinley = (@=Dén2=" Y Co2jr—(@=1) D Co2jr = (a2
J#4, 31 3'=0

In particular, §; € Irr(Py).

(ii) As usual, x denotes the complex conjugate of any character y. Note that
Stabp, (@) = K. Hence, (3.4.1) implies that

Zi,n|P1 = Bi + Ind}P;l (Ma)- (342)

Observe that M, affords the Z(Q;)-character ¢"~2a and is irreducible over Pj. By the
aforementioned uniqueness, M, agrees with M on Pj, where M is the K-character
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of the a-isotypic component in ; n|p,. As K/P; = Cg41, these two characters differ
from each other by a linear character of K/P;, which extends to a linear character ¢ of
P, /P] = Cjp2_;. We have shown that

Ind? (M,) = Ind¥? (Mg - 6| k) = Ind 2} (M) - 6, (3.4.3)
and
Cimlp, = Bi +Ind ! (M) (3.4.4)

(iii) We aim to show that one can take § = \; in (3.4.3). Let 7 be an element of Fqﬁk,z

of order ¢*=1 4 1 chosen such that 7(¢"* " +1)/(¢+1) — , Then we can find an element
h € K such that h(e;) = pe; and h is conjugate to

diag(p, p, 772,720,772 r2C0T

over F2. Since k > 2 and (k,q) # (2,2), by [16] there is a prime divisor ¢ of ¢**=2 — 1
that does not divide H?i}g
¢-part of | Py is equal to the ¢-part of 5;(1), whence f; is an irreducible character of Py
of (-defect zero. On the other hand, for any 1 < ¢ < ¢, £ divides |h?|, whence B3;(t) = 0,

and so we obtain by using (2.0.2), (3.4.2), (3.4.4) that

(¢7 —1). In particular, ¢ divides (¢>*~! +1), and moreover the

Ind}} (Ms)(h') = Cin(h') = —(q — 1)p",
Indjl (Mo)(h') =, ,(h') = (g —1)p~ ™.

It now follows from (3.4.3) that
(') = p~t = pla D X (h)

whence 6(g) = \i(g) for all g € K, since the choice of h ensures that h generates K
modulo Pj. Together with (3.4.3), we have shown that

(Indz (Ma) - 8)(g) = (Indi (Mg) - Xi)(9) (3.4.5)

for all g € K. If g € Py ~ K then Ind%! (M3)(g) = 0 since K <1 Py, and so (3.4.5) holds
for g as well. Consequently,

Indf (M) = Ind%} (M) - ;.

This identity, together with (3.4.2) and (3.4.4), implies by Frobenius’ reciprocity that
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[(Ci,n)Qa Az]G = [Ci,nKini,n]G = Kzn 'Indg1 (Xi)’zi’"]G
= [IndIGgl (Cinlp, 'Xz‘)vzi,n]G = [GinlP, 'Xivzi,n]l:ﬁ
> [Indf} (Ms) - X, Ind? (M) p, =1,

as stated. O
Proposition 3.5. Suppose n =2k +1>5 and 0 <i < q. Then [(A;)*,(;,] = 1.
Proof. Recall G acts transitively on the set E of isotropic 1-spaces in W = Fp, with

Py = Stabg(m1), where we set m; := (e;)r , for 1 < j < k. Hence the character A; is
afforded by a CG-module

V= Indgl(Vm) = DypeG/P, Vy(m)s

where V;, = (v, )c is a one-dimensional Pj-module with character A;, and G permutes
the summands via h(Vj(r,)) = Vig(r,)- It follows that (A;)¥ is afforded by the G-module

VO = (v | £ € B)c,
where ve = vg, ® Ve, ® ... @ vg, for & = (&1, &2, ..., &).

Consider the G-orbit II of the k-tuple 7 := (m,72,...,m) € ZF. Then the G-
submodule

V) := (ve | § € M)c
of V& affords the character Ind%(u), where R := ﬁ?zlstabg((ej)]gq2), and
p(h) = o=@ DXt
if h(ej) =0c' for 0<t; <¢*—2and 1 <j<k.
Note that Qr < R < P, and Qj < Ker(u). Furthermore, if h € Ly belongs to R and
k
h(e;) = o', then det(h) (as an element in GL(¢?) is oXi=1%  and so

7i(h) = o~ VIR = ()

for the character v; considered in Lemma 3.2, i.e. 7;|g = p. By Lemma 3.1, we have
therefore shown that

0 < [1.Cinlrlr = [MAF (1), G ula < [(A)*, ;e

On the other hand, (A;)* enters the character (¢,,)"~! by Proposition 3.4, whence the
upper bound [(A:)*,¢; ] <1 follows from Proposition 3.3. O
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Next we will study some see-saw dual pairs (cf. [10]) to determine various branching
rules. Our consideration is based on the following well-known formula [11, Lemma 5.5]:

Lemma 3.6. Let w be a character of the direct product S x G of finite groups S and G.
Then

w = Z Da®0(,

a€clrr(S)

where

1 _
D,:9— 5] ;;ga(x)w(xg)

is either zero, or a character of G.

We will work with a finite group I' that contains two dual pairs S7; x G; and S5 X G,
where G1 Z Gg and SQ Z 51.

Lemma 3.7. Let w be a character of ', and decompose

woixs, = Y, Da®a, wloxs,= Y, VY®E,
a€lrr(S1) veIrr(Ga)

as in Lemma 3.0. Then, for any o € Irr(S1) and any v € Irr(Ga) we have that

[Da|G27’7]G2 = [a’ E’Y|S1}Sl’

and hence

Da‘Gz = Z [E'y|S170451 e
vyeIrr(G2)

Proof. Write aq = [Dala,,7]G,, so that

DO&|G2 = Z GQay7-
veIrr(G2)

Then

w Ga xSy = Z aa,77®a
a€lrr(S1), velrr(G2)

Z Y& Z Qq Q.

veIrr(G2) a€lrr(St)

Thus E,|s, = Zaelrr(sl) Gq 0, and the statements follow. O
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First we consider the dual pair
GQ X S2 (371)

inside I" := GUy,(q), where Sy = GUs(q) and G5 = SU,(q), and w = (on, = (2p,q- More
precisely, we view S as GU(U), where U = (v1,v2)F , is endowed with the Hermitian
form o, with an orthonormal basis (v1,v2). Next, G2 = SU,(q) is SU(W), where W = F,
is endowed with the Hermitian form o defined in (3.0.1). Now we consider V = U ®QF., W
with the Hermitian form o defined via

(u@w)o (v ®w') = (uou)(wouw)
for u € U and w € W. The action of G3 X S5 on V induces a homomorphism G5 x S —

I:=GU(V).
Now V is the orthogonal sum V; & Vs, where V; := v; ® W. This gives us a subgroup

Gy :=SU(V1) x SU(Va) 2 SU,.(q) x SU,(q)

of I' that contains (the image of) Gs. In fact, G5 embeds diagonally in G1: g — diag(g, g).
Next,

Sy := GU((v1)r,,) x GU((v2)r ,) = GU1(q) x GUi(g)

is just the non-split diagonal torus of Ss.
In the above basis (v1,v2) of U and for 0 <4, j < ¢, we consider the character
Ai,j + diag(p®, p*) — ptI°

of S1. Then, as explained in [15, §4], ¢; , corresponds to the p’-eigenspace of the generator
p- 1w of Z(GU,(q)), so that

D)\i]. - Ci,n ® C],n (372)

for the dual pair G; x S7.
We use the notation of [1] for the irreducible characters of Sy = GUjy(q) (with the
parameter g + 1 in the superscripts of characters changed to 0). For instance

Xls, = A

The decomposition

WSy xGy = Z a® Oy (3.7.3)
a€lrr(Sz)
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Table I

Degrees of C2 for Go = SU,(q).
a a(l) ca(1) ko
X 1 @ = ()@ + (D) (a+ D@ —1) 1
X7t #0 1 (@" = (=D)™")(@" "+ (=1D")/(q +1)(¢* = 1) 0
X q (@" 4+ (-D)"9)(¢" — (-=1)"¢*) /(g + 1)(¢* — 1) 1
XM t#£0 q (@" = (=1)™)(@" + (-D"q) /(¢ + 1)(¢® — 1) 0
XY w0 a—1 ("= (-1)")(¢" " = (-1)"q)/(q+1)? 0
X tu£0 g-1 (@" = (=1)")(¢" "'+ (=D™)/(a+1)* 0
Xgh g+l (@ = (=DM (=D - 1) 0

was described in [11, Proposition 6.3]. In particular, the Ga-characters
Cy:=Cq —kqo-lg,, (3.7.4)

where a € Irr(Ss), are irreducible and pairwise distinct, and k, € {0,1} is listed in
Table I.
This implies

Corollary 3.8. For the decomposition

W|Gz><52 = Z ’Y®E’Y7

YyEIrr(G2)
we have that
a, v =C% for some a € Irr(Ss),
Ey=qx\"+x”, v =1a,
0, otherwise.

Proposition 3.9. Suppose n = 2k +1 > 5 and (n,q) # (5,2). For 0 < i < q, and in the
notation of (3.7.3)—(3.7.4) we have

A; = CXY:) + CX((Zi).
Among these two irreducible constituents, only Cx“) enters (Cin)?.
1

Proof. (i) First, an application of Mackey’s formula reveals that A; is the sum of two
distinct irreducible characters of Go = SU,,(q). Clearly, [A;, 1¢,] = 0. By Proposition 3.5,
A; enters ((,)? = wlg,, so

A= G5, + G,

for some 31 # P2 € Irr(S2). Next,
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Ai(1) = (¢" = (=1)")(¢" " + (-1)")/(¢® = 1),

so b1, B2 # X((fll, see Table 1.
By Proposition 3.4, at least one of v; := C Ej, j =1,2, is an irreducible constituent of

(Ci,n)Q = D>\'i,i |G27
see (3.7.2). As ; # lg,, by Lemma 3.6 and Corollary 3.8 we have

GQ?’Yj]GQ = [)\i,i7E’Y_7‘|Sl]Sl = [)\i,ivﬂj|sl]sl'

We have shown that CEJ_, is an irreducible constituent of (Q,n)Q precisely when A; ; is an
irreducible constituent of j3;|g, .

(i) As in the proof of Proposition 3.4, let 7 be an element of F 3, , of order e |

chosen such that 7(¢°"'+1/(¢+1) = 5 Then we fix an element g € L1 such that g(e;) =
oe1, g(f1) = 07 9f1, and g is conjugate to
)2k—2

—q

)

over IF 2. By [16] there is a prime divisor £ of ¢** =2 —1 that does not divide Hji?j(qj —1).

In particular, ¢ divides |7|. It follows that o and o~7 are the only eigenvalues of g that

_ _ 2
diag(o, 04 7,779,719 yee, 1

belong to Fye.
Assume in addition that ¢ > 2; in particular, o # o~ %. Then, (e1)r , and (f1)r , are
the only two g-invariant isotropic 1-spaces in W, and so

Ai(g) =2p" (3.9.1)

Next, for any = € So = GUsy(q), w(gz) = 1, unless = has, at least one, and therefore
both, of ! and o7 as its eigenvalues. In this exceptional case, x belongs to class C’ifl)
in the notation of [1], and w(gz) = ¢*. It follows from Lemma 3.6 that

p~t, a=x{" 0<t<yq,

2, o= Xﬁo),

Cg) =% pt, a=x, 0<t<q

0
. oa=x,

, a:Xffﬂ), 0<tu<gq.

o O

Together with (3.9.1), this readily implies that {81, B2} = {X(li), Xéi)}. Note that XY‘) ls, =
. (@) n O\
Aiyi, but xq’|s, does not contain J\; ;, so we are done.
(iii) Now we consider the case ¢ = 2. As shown in (i), we may assume that fi|s,

contains A; ;. It follows that §; € {xgi),x(%’o

a—1 )}. However degree consideration using
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(2:,0)
g—1
now see that G, = Xff) for some ¢ € {1,2}. Furthermore, g fixes exactly three isotropic
l-spaces in W (namely, the ones spanned by e, fi, and e; + f1), so A;i(g) = 3p~%.
Arguing as in (ii), we see that

Table T rules out x and shows that 8, = Xgi). Again by degree consideration we

pt, a=x{", 0<t<q

0

o (g) = 2, a=x\",
: 207, a=x{, 0<t<q,

0, a:xgo).

Hence 8 = X,(f), and we are done since X((;) |s, does not contain A; ;. O

We will now work with three new dual pairs. First, we consider the dual pair G3 x S
inside I" := GUag,(q), where S3 = GUg(q) and G3 = SU,(q), and w = Cank = Conk.g-
More precisely, we view S3 as GU(U), where U = (vy, ... ,v2k>]Fq2 is endowed with the
Hermitian form o, with an orthonormal basis (v1, ..., vax). Next, Gg = SU,,(q) is SU(W),
where W = F% is endowed with the Hermitian form o defined in (3.0.1). Now we consider
V=U ®F,» W with the Hermitian form - defined via

(u@w)o (v @w') = (uou)(wouw)
for u € U and w € W. The action of G3 x S3 on V induces a homomorphism G3 x S3 —
I:=GU(V).
Now V is the orthogonal sum ®2*,V;, where V; := v; ® W. This gives us a subgroup

G1:=SU(V1) x SU(Va) X ... x SU(Vaz) = SU,(q)*

of T' that contains (the image of) Gj3. In fact, G3 embeds diagonally in Gi: g —
diag(g,g,...,9). Next,

Sy = GU(<'U1>]qu) X GU(<U2>Fq2) X ... X GU(<U2k>]Fq2) = GUl(q)Qk

is just the non-split diagonal torus of S3. In the above basis (vi,vs,...,v) of U and
for 1 <1 < g, we consider the character

i = diag(p®, p%, ..., p2*) s p 51 09) (3.92)

of Sl~
Next, for each 1 < j < k we embed one copy of SU(W) in

SU((vaj—1,v25)F,, @ W)
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(by letting it act only on W). This gives an embedding of G5 := SU, (¢)* in G; via

diag(glag27 .. 79[@) — diag(glvglvg27927 cee aglwgk)-

At the same times, G3 embeds diagonally in G5 via g — diag(g,g,...,g). The action of
G is centralized by

Sy = GU(<’U1,U2>F(12) X GU(<U3,’U4>]Fq2) X ... X GU(<U2k_1,UQk>Fq2) = GUQ(q)k.
Recall the characters C,, of SU,(q) introduced in (3.7.3).

Proposition 3.10. Suppose n = 2k +1 > 5, (n,q) # (5,2), and 0 < ¢ < q. Then both
(C’X(n)k and ((;n)" "t contain ¢, ,,.
¢ :

Proof. (i) First we decompose

W‘G3><S3 = Z 7 E’Y
y€Irr(G3)

for the dual pair Gs x S3. By Proposition 3.3, w|g, = (¢,)""! contains (;,, with
multiplicity one. It follows that the G5-character Er  has degree 1, so there is some

0 <m =m; < g such that

E-

¢ (X)= P

whenever X € GUg;(q) has determinant equal to p’.

(ii) Next we decompose

Wisyxa = Y, B®Fp

Belrr(S2)

for the dual pair Sy x Ga. Note by (3.7.3) that if

B=51®P®... &bk,

then
F3=0Cp8 003, ®...0Cs,. (3.10.1)

By Lemma 3.7,

[Fsla: Cimlaa = 18, Bz, |sa]s.-
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Since EEi B has degree 1, we see that Zm is an irreducible constituent of Fp|q, precisely
when 8 = Eg |s,, that is when

B(Xl,X27...7Xk) — p"lZ?:1 tj

whenever X; € GUy(q) has determinant equal to p% for 1 < j < k. In the notation of
[1] we then have

B=x"exiMe.. oxi". (3.10.2)

k

(iii) Recall by Proposition 3.4 that A; enters (¢,)%. It follows that AP* =
Ai®A ®...®A; enters w|g,. Next, by Proposition 3.5, Zln is an irreducible con-

k
stituent of (A;)F = A?k|g3. Furthermore, by Proposition 3.9, A; = OX(i) + Cx“)' Hence,
1 q

using (3.10.1) we see that

k
A= 2. Cs,®Cp, ®...® Cp,
1<5<k, Biefxt” x{"}
- Z F51®52®...®5k.

1<5<k, Be{x{” x{"}

Applying the result (3.10.2) of (i), we conclude that m = i and (;,, is an irreducible
constituent of

k
Fxﬁm)®x§m)®...®x§m)|G3 - (CX@) ’
(iv) The same argument as in (ii), but applied to the decomposition

W|Sl><G1 = Z a®DOé
a€lrr(Sy)

for the dual pair S; x G implies that Zm is an irreducible constituent of D, |, precisely
when a = Bz |s,, that is when a = fi,, as introduced in (3.9.2). As m was shown to

be equal to 7 in (iii), we now have that Z”L is an irreducible constituent of

Da‘Gs = D#i Gs — (gi,n)nil' t

We can now prove Theorem 1, which we restate:

Theorem 3.11. Let g be a prime power and let G = SU,,(q) with n = 2k+1 > 3. Suppose
in addition that (n,q) # (3,2). Then ((in)" contains 1g with multiplicity exactly one if
1<i<gq and zero if i = 0.
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Proof. For n = 3, the statement was checked by A. Schaeffer Fry using the package
Chevie [3]. Likewise, the case (n,q) = (5,2) was checked using the package GAP [2]. So
we may assume that n > 5 and (n,q) # (5,2). Now for i = 0 the statement follows from
Proposition 3.3. For 1 < i < ¢ we have

[(Ci,n)n_l’Zi,n]G = [((z,n)na ]-G]

is at most 1 by Proposition 3.3 and at least 1 by Proposition 3.10. 0O
4. Moments of Weil representations of SU4(q)

Theorem 1 naturally brings up the question: what are the nth moments of Weil repre-
sentations of SU,,(¢) when 2|n? Preliminary analysis indicates that the even-dimensional
case does not behave as nicely as in the odd-dimensional case (particularly because real-
valued characters usually have large even moments). We restrict ourselves to record the
following result:

Theorem 4.1. Consider the irreducible Weil characters (;n, 0 < i < ¢, of G := SU,(q)
as given in (2.0.2), and suppose n = 4. Then

qg+1, i=0,
q+2, 21q, i=(q¢+1)/2,
q—1, 4(g+1), i=(¢+1)/4, 3(¢g+1)/4,

1, otherwise.

(i) 16] =

Proof. (i) We will use the dual pairs G; x S; = SU,(¢q)? x GUy(¢)? and Ga x Sy =
SU,(q) x GUa(q) as in (3.7.1). By [11, Proposition 6.3],

W‘szszz Z Ca®a: Z ’Y@Efy

a€lrr(Ss) vEIrr(G2)
= Y eatle o +x?),
a€lrr(Ss)

where C3(1) are listed in Table I. The only new feature that arises in the case n = 4 is
that, according to [11, Proposition 6.5],

(a) if o # B, then C; = Cf precisely when {a, 8} = {th),xgq+1_t)} for some t €
{1,2,...,¢} ~ {(¢+1)/2}; and

(b) all C3 are irreducible, except when 2 { ¢ and o = ngﬂ)ﬂ, in which case Cy, is a
sum of two distinct irreducible characters (of degree (¢? + 1)(¢*> — ¢ +1)/2).
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Hence, instead of Corollary 3.8 now we have

Q, if 4 is an irreducible constituent
of C¢ for some a € Irr(GU ,
o (GUa()) .
v (0)+X(0) if v = 1¢
29
0, otherwise.

On the other hand,

w|G1><51 = Z D, ® a,
a€lrr(S1)

where D, is given in (3.7.2) for « = \; ; € Irr(GU;(¢)?). Applying Lemma 3.7 we then
get

(¢ia)?|sUa(q) = D,ilas =

> [Bylaui @2 Milaus o - - (4.12)
yeIrr (G2

Direct computations show for a: € Irr(GU3(gq)) that

52&,1'3 o = th)7
0t,2i5 a= X,(1+)1a
[alqu, (g)2: Misilau, ()2 = § Ottu,2is o= xf; Y, (4.1.3)

5t,i+(q+1)/2a o = Xq ) 2 )f q,
Oa o = th)? 2|Qa

and d;; is defined to be 1 if ¢ = j(modg + 1) and 0 otherwise. Recall that in the

notation for a € Irr(GUz(q)), the superscripts are viewed as elements of Z/(q + 1)Z if
a(1) < g, and as elements of Z/(¢*> — 1)Z if a(1) = q + 1. Moreover, xé 1) = xé”i and

t
X((;+)1 = X¢(1+1 g

(ii) Consider the case 2|q. Then (4.1.1)—(4.1.3) imply that

(CO,4)2 =1lg+ C;go) + E C;<t,—t) + Z C;(s<cl1+1))'

1<t<q/2z T 1<s<(g-2)/2 "
As (p 4 is real-valued, it follows that [((p.4)%, 1¢]le = ¢ + 1.
Likewise, if i # 0, then the irreducible summands of ({; 4)? are C’;(i), C;(t,Zi—t) with t #
1 g—1
i, and C° e with s = 2i(mod ¢+1) (and s Z 0(mod ¢g—1)); all with multiplicity one. It

Xq41 _
follows that the only common irreducible constituent of (¢;.4)? and (¢; 4)* = (Cge1-44)?

is C°, = C°,414, cf. (a) above. Thus [((;.4)* 1g]le = 1. In fact, this argument also
X1 X1
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applies to the case where 2 t ¢ and (¢ + 1) { 4¢, where there is an extra irreducible
summand C° . ,41)/2 (also with multiplicity 1) in ({;.4)%.
Xa

(iii) Assume now that 2t ¢. Then (4.1.1)—(4.1.3) imply that

(Co.a)? *1G+C<0)+ Z C<t,t)+C( +1) T+ Z C;@ﬁﬂ)),

1<t<azt Xa
yielding [(C0.4)*, 1¢]e = q + 1. Likewise,

(C%7 ) = 1(;—|-C (q+1 + Z Co(t 7t) +C° (0) + Z ce ( (q+1))

X1 1<e<azt 1<s< 938

Since a1 4 is real-valued and C° N is the sum of two distinct irreducible summands,
X1

[(CQT“A) Aele =q+2.

Finally, the irreducible summands of (Cq+1 4)2 are C’O _atys Co(qﬂ), C"(t a1y with
Xs X1

t # +(¢g +1)/4, and C° s @t /2 all with multiplicity one. As mentloned in (a),
+

(O (a1, = CO 1 Thus all of these characters, except for the first one, are com-
4 Xl 4 _
mon irreducible summands between (€1 4% and (¢ at1 2)? = (Cswsny 4)% Tt follows that
; ) =,

[(CQTH,4)4a lgle=q—-1. O

We also record a curious fact about 4th moments of Weil representations of Sp,,,(q),
which holds specifically in the case ¢ = 3.

Proposition 4.2. Let n > 2 and let £,m denote an irreducible Weil character of G =
Sps,(3) of degree (3™ +1)/2 and (3™ — 1)/2, respectively. Then

€Y 16le =1 =[n* 1¢lg

Proof. It was shown in [12, Proposition 5.4] that if x € {€,7} then Sym?(x) and A%(x)
are irreducible, of distinct degrees. Furthermore, Lemma 3.3(ii) and formula (3.5) of [6]
show that

Sym?(€) = Sym®(€), Sym*(n) # Sym*(7)), A? (&) # A*(E), A (n) = A*(7).
Since x? = Sym?(x) + A2(x), the statement follows. O

References

[1] V. Ennola, On the characters of the finite unitary groups, Ann. Acad. Sci. Fenn. A T (323) (1963).
[2] The GAP group, GAP — groups, algorithms, and programming, version 4.4, http://www.gap-
system.org, 2004.


http://refhub.elsevier.com/S0021-8693(19)30146-2/bib45s1
http://www.gap-system.org
http://www.gap-system.org

N.M. Katz, P.H. Tiep / Journal of Algebra 561 (2020) 237-255 255

[3] M. Geck, G. Hiss, F. Liibeck, G. Malle, G. Pfeiffer, CHEVIE — a system for computing and processing
generic character tables for finite groups of Lie type, Weyl groups and Hecke algebras, Appl. Algebra
Engrg. Comm. Comput. 7 (1996) 175-210.

[4] B.H. Gross, Rigid local systems on G,, with finite monodromy, Adv. Math. 224 (2010) 2531-2543.

[5] R.M. Guralnick, K. Magaard, J. Saxl, P.H. Tiep, Cross characteristic representations of symplectic
groups and unitary groups, J. Algebra 257 (2002) 291-347.

[6] R.M. Guralnick, K. Magaard, P.H. Tiep, Symmetric and alternating powers of Weil representations
of finite symplectic groups, Bull. Inst. Math. Acad. Sin. 13 (2018) 443-461.

[7] N. Katz, Rigid local systems on A! with finite monodromy, Mathematika 64 (2018) 785-846, with
an Appendix by P.H. Tiep.

[8] N. Katz, P.H. Tiep, Rigid local systems and finite symplectic groups, submitted for publication.

[9] N. Katz, P.H. Tiep, Local systems and finite unitary and symplectic groups, in preparation.

[10] S. Kudla, Seesaw dual reductive pairs, in: Automorphic Forms of Several Variables, Taniguchi
Symposium, Katata, 1983, Birkhauser, Boston, 1983, pp. 244-268.

[11] M.W. Liebeck, E. O’Brien, A. Shalev, P.H. Tiep, The Ore conjecture, J. Eur. Math. Soc. (JEMS)
12 (2010) 939-1008.

[12] K. Magaard, P.H. Tiep, Irreducible tensor products of representations of quasi-simple finite groups
of Lie type, in: M.J. Collins, B.J. Parshall, L.L. Scott (Eds.), Modular Representation Theory of
Finite Groups, Walter de Gruyter, Berlin, etc., 2001, pp. 239-262.

[13] P. Sin, P.H. Tiep, Rank 3 permutation modules for finite classical groups, J. Algebra 291 (2005)
551-606.

[14] P.H. Tiep, A.E. Zalesskii, Minimal characters of the finite classical groups, Comm. Algebra 24 (1996)
2093-2167.

[15] P.H. Tiep, A.E. Zalesskii, Some characterizations of the Weil representations of the symplectic and
unitary groups, J. Algebra 192 (1997) 130-165.

[16] K. Zsigmondy, Zur Theorie der Potenzreste, Monatsh. Math. Phys. 3 (1892) 265-284.


http://refhub.elsevier.com/S0021-8693(19)30146-2/bib436865766965s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib436865766965s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib436865766965s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib47726F7373s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib474D5354s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib474D5354s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib474D54s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib474D54s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib4B5431s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib4B5431s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib4B75s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib4B75s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib4C425354s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib4C425354s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib4D54s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib4D54s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib4D54s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib5354s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib5354s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib545A31s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib545A31s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib545A32s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib545A32s1
http://refhub.elsevier.com/S0021-8693(19)30146-2/bib5A73s1

	Moments of Weil representations of ﬁnite special unitary groups
	1 Introduction
	2 Preliminaries
	3 Odd-dimensional unitary groups
	4 Moments of Weil representations of SU4(q)
	References


