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1. INTRODUCTION

For an odd integer n > 3, and a prime power ¢ > 3, the irreducible representations
(over C) of lowest degree after the trivial representation of the group SU,(q) are a

symplectic representation of dimension ‘1q+—+11 -1 = ﬁ, and ¢ representations of
. . n . . .
dimension qq+—+11. When ¢ is odd, exactly one of these ¢ representations is orthogonal,

otherwise none is. The direct sum of these ¢+ 1 representations is called the big Weil
representation of SU,(q).

In the paper [KT1], we wrote down g+ 1 rigid local systems on the affine line A /]PTP
whose geometric monodromy groups we conjectured to be the images of SU,(q) in
these ¢ + 1 representations. We were able to prove this only in the case when n = 3
and ged(n,q + 1) = 1 (the condition that SU,(q) = PSU,(q)), where we made use
of the results of Dick Gross [Gross]. In this paper, we use a completely different
method, which starts' with results of Gross, to prove these conjectures for any odd
n > 3 and for any odd prime power ¢, see Theorem 3.4.

The second author gratefully acknowledges the support of the NSF (grants DMS-1201374 and
DMS-1665014). The paper is partially based upon work supported by the NSF under grant DMS-
1440140 while the second author was in residence at the Mathematical Sciences Research Institute
in Berkeley, California, during the Spring 2018 semester. It is a pleasure to thank the Institute for
support, hospitality, and stimulating environments.

IThe results here use the results of [KT2], which in turn uses the resuts of [KT1] for SLo, and
those use [Gross| in an essential way.
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The method used here, which requires that ¢ be odd, is based on a striking group-
theoretic relation between the Weil representations of SU,(¢) and Sp,,(¢), and on
the determination of those subgroups of Sp,,(¢) to which the Weil representation
restricts “as though” it were the Weil representation of SU,(q), cf. Theorem 2.3. We
are able to apply this result to our local systems, in Section 3, by invoking results of
[KT2], which was devoted to questions around Sp,, (¢). Furthermore, our Theorem
3.3 also improves the main results Theorems 1.1 and 4.8 of [KT2] in the case 2 { n,
by removing the condition that p { n - log,(g) for the prime p|q.

In the course of thinking about these questions, we stumbled upon a very striking
representation-theoretic fact about the ¢ irreducible representations of SU,(¢) (n > 3

odd, g odd) of dimension 4L For each of them, their n® moment (i.e. the dimension

q+1
of the space of invariants in the n*® tensor power of the representation in question) is

one, cf. Theorem 4.11. For the irreducible repesentation of dimension % — 1, the
h

moment vanishes. At present we do not have a conceptual explanation for this.

Given this result about n'" moments for SU,(¢q) when n is odd, it is natural to
wonder about the situation for n*® moments when n is even. [For n even and ¢ > 3 a
prime power, the irreducible representations (over C) of lowest degree after the trivial
representation of the group SU,(¢q) are an orthogonal representation of dimension
q"—1

n_1 n . . .
qu +1= quJrlq, and ¢ representations of dimension q+—1.] Already for n = 4, the

result is not so nice, cf. Theorem 5.1.

nt

2. UNITARY-TYPE SUBGROUPS OF FINITE SYMPLECTIC GROUPS

Let ¢ = p/ be any prime power and n > 2. It is well known, see e.g. [TZ2, §4],
that the function

n dimp , Ker(g—1w)
Cn,q - Cn - g — (_1) <_Q) qu I

defines a complex character, called the (reducible) Weil character, of the general
unitary group GU,(q) = GU(W), where W = FJ, is a non-degenerate Hermitian
space with Hermitian product o. Note that the F,-bilinear form

(ulv) = Tracer ,/r,(Bu o u)

on W, for a fixed 0 € IFqXQ with §9=! = —1, is non-degenerate symplectic. This leads
to an embedding

G == GU,(q) = Spa,(q).

Moreover, if ¢ is odd then the restriction of any of the two big Weil characters (of
degree ¢", and denoted Weil; 5 in [KT2]) of Sp,,,(¢) to GU,(q) is exactly the big Weil
character (,, cf. [TZ2, §4]. We will also denote by ¢, the restriction of this character
to the special unitary group G := SU,(q).
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Fix a generator o of IF; and set p := 077!, We also fix a primitive (¢ — 1)*® root
of unity o € C* and let p = 6% *. Then

(2.0.1) (Weil)lg =Co=>_ Gim
1=0

decomposes as the sum of ¢ + 1 characters of G, where

n 4
(2.0.2) Cinlg) = ey > pil(—q)timKerlo=ettw),
¢+13

see [TZ2, Lemma 4.1]. In particular, ¢;,, has degree (¢" — (=1)")/(¢+1) if i > 0 and
(¢"+(=1D"q)/(¢+1)if i = 0. B

We will let ¢;,, denote the restriction of ¢;,, to G = SU,(q), for 0 < ¢ < ¢. If
n > 3, then these ¢ + 1 characters are all irreducible and distinct. If n = 2, then
(i 1s irreducible, unless ¢ is odd and i = (¢ + 1)/2, in which case it is a sum of two
irreducible characters of degree (¢ — 1)/2, see [TZ2, Lemma 4.7]. Formula (2.0.2)
implies that Weil characters (;,, enjoy the following branching rule while restricting
to the natural subgroup H := Stabg(w) = SU,,_1(¢) (w € W any anisotropic vector):

q
(2.0.3) Gl = Y Gt
=0, j#i

Furthermore, the complex conjugation fixes 507,1 and sends fj,n to fqﬂ_m when 1 <
j < q. Asn > 3is odd, it is also known that 50771 is of symplectic type; let ¥y :
G — Sp(V) be a complex representation affording this character. If 2 4 ¢, then
é(qﬂ)/zn is of orthogonal type; let W(,41)/2 : G — O(V) be a complex representation
affording this character. In the remaining cases, let W, : G — GL(V) be a complex
representation affording the character fm

Lemma 2.1. Assume n > 3 is odd and (n,q) # (3,2).
(i) ¥o(GU,(q)) = PGU,(q) is contained in Sp(V') and contains ¥o(SU,(q)) with
index d := ged(n,q+ 1).
(i) If 1 < i < q, then Ker(V;) is a central subgroup of order ged(i,q + 1), and
Ker(V;lsu,(q)) s a central subgroup of order ged(i,n,q + 1).
(iii) If 2 1 q, then Wigi1y2(GUy(q)) NSO(V) contains W (411y/2(SUn(q)) with index

(g+1)/2.
(iv) If1 <i<qandi# (qg+1)/2, then V;(GU,(q)) NSL(V) contains ¥;(SU,(q))
with index ged(i,q + 1).

Proof. According to [TZ2, §4], one can label ¥, in such a way that
Ui(2) =p' - 1y
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for the generator z = p - 1y of Z(G) = Cyyq. In particular, z € Ker(Vy), and (i)
follows.

Now we can assume 1 < i < ¢q. Then 2/ € Ker(¥;) if and only if j is divisible
by (q+ 1)/ ged(i,q + 1). Furthermore, 2z9(@*/? € Ker(V;|gu, (p) if and only if j is
divisible by d/ged(i,d) = d/ged(i,n,q + 1) for d := ged(n,q + 1), equivalently, if
j(q+1)/d is divisible by (¢ + 1)/ ged(i,n, g + 1). Hence (ii) follows.

Consider the element g := diag(p,1,1,...,1) € G; note that G = (G,g). Then
(2.0.2) implies that

n—1 n—1
* q — (-1 n—1 i
Gunlg?) =~ TS

when 1 < k < ¢. It follows that ¥,(g) has eigenvalues p’, 1 < j < ¢, with multiplicity
("' =1)/(q+1)ifk#iand 1+ (¢" ' —1)/(qg+ 1) if k =1, and so

det(W;(g)) = p'.
Since SU,(q) is perfect, (ii) and (iii) follow. O

We will now show that, when n > 3 is odd and ¢ is odd, the splitting (2.0.1) of a
big Weil character Weil; of Sp,,(¢q) on its restriction to SU,(¢) into a sum of ¢ + 1
irreducible constituents of prescribed degrees characterizes SU,(q) uniquely (up to
conjugacy).

Recall [Zs] that if @ > 2 and n > 2 are any integers with (a,n) # (2,6), (28 —1,2),
then a™ — 1 has a primitive prime divisor, that is, a prime divisor ¢ that does not
divide T[]/ (e — 1); write £ = ppd(a,n) in this case. Furthermore, if in addition
a,n > 3 and (a,n) # (3,4), (3,6), (5,6), then a™ — 1 admits a large primitive prime
divisor, i.e. a primitive prime divisor ¢ where either £ > m + 1 (whence ¢ > 2m + 1),
or £2|(a™ — 1), see [F2].

We will need the following recognition theorem [KT2, Theorem 2.6], which was
obtained relying on [GPPS].

Theorem 2.2. Let ¢ = p/ be a power of an odd prime p and let d > 2. Ifd = 2,
suppose that p¥ — 1 admits a primitive prime divisor { > 5. If d > 3, suppose in
addition that (p,df) # (3,4), (3,6), (5,6), so that p¥ — 1 admits a large primitive
prime divisor £, in which case we choose such an ¢ to mazimize the (-part of p¥ — 1.
Let W = Ffll and let G be a subgroup of GL(W') = GL4(q) of order divisible by the
(-part Q := (¢ — 1), of ¢* — 1. Then either L := OE/(G) 15 a cyclic £-group of order
Q, or there is a divisor j < d of d such that one of the following statements holds.
(i) L = SL(W;) = SLy/;(¢?), d/j > 3, and W; is W viewed as a d/j-dimensional
vector space over ;.
(ii) 2j|d, W; is W wiewed as a d/j-dimensional vector space over F,; endowed with
a non-degenerate symplectic form, and L = Sp(W;) = Spy,;(¢?).
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(iii) 2[5 f, 21 d/j, W; is W viewed as a d/j-dimensional vector space over Fy en-
dowed with a non-degenerate Hermitian form, and L = SU(W;) = SUd/j(qj/Z).

(iv) 2jld, d/j > 4, W; is W viewed as a d/j-dimensional vector space over F
endowed with a non-degenerate quadratic form of type —, and L = Q(W;) =
Q(;/j(qj)'

(v) (p,df,L)Z(L)) = (3,18, PSLy(37)), (17,6, PSLy(13)).

The main result of this section is the following theorem:

Theorem 2.3. Let ¢ = p/ be a power of an odd prime p and let n > 3 be an odd
integer. Let W = ]Fg” be a non-degenerate symplectic space, and H := Sp(W) =
SPon(q), and let ® be a complex Weil representation Weil; of H of degree q" as in
[KT2, §1]. Suppose that G < H is a subgroup such that ®|¢ = ©f_, is a sum of ¢+ 1
irreducible summands, ®o of degree (¢" —q)/(q¢+1) and ®; of degree (¢"+1)/(¢+1)
for 1 < 5 < q. Then W can be viewed as an n-dimensional vector space over F

endowed with a G-invariant non-degenerate Hermitian form such that
SU,(¢) ZSUW) <G < GUW) = GU,(q).

Proof. (a) First we assume that (n,q) # (3,3) and (3,5); in particular, so that
p?™/ — 1 admits a large primitive prime divisor £, in which case we choose such an ¢
to maximize the f-part of p**/ — 1. Note the assumptions imply that |G| is divisible
by both (¢" — q)/(¢+ 1) and (¢" +1)/(¢ + 1). In particular, G < GL(W) has order
divisible by

(2.3.1) qQ = q(*™ —1),.

Let L := O (G) and d(L) denote the smallest degree of nontrivial complex irreducible
characters of L. Note that

(2.3.2) dL) < (@"+1)/(¢g+1) <(¢"+1)/4

(Otherwise L < Ker(®,), whence ®; could be viewed as an irreducible representation
of G/L and so would have been of ¢-degree.) Furthermore, if L is cyclic of order @,
then by Ito’s theorem, the degree of any irreducible character of G divides |G/L|, an
integer coprime to ¢, and so again GG cannot be irreducible on ®;. Now we can apply
Theorem 2.2 to arrive at one of the following cases.

(i) L = SLQn/j(qj) for some divisor 1 < j < n of 2n. In this case, if 7 < 2n/3 then
by [TZ1, Theorem 3.1] we have

d(L) > qj(Qn/j)—l _ q2n—2n/j > qn’
contradicting (2.3.2). If j = n, then ¢/ = ¢" > 27 and so

d(L) = (¢" = 1)/2> (¢" + 1)/4,
again contradicting (2.3.2).
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(ii) L = Spy,, ;(¢?) for some divisor 1 < j < n/2 of n. Then by [TZ1, Theorem 1.1]
we have
d(L) > (¢" = 1)/2 > (¢" +1)/4,
contradicting (2.3.2).

(iii) There is some even divisor j = 2k of 2n with k|n and 2 t n/k > 1, such
that W can be viewed as a 2n/j-dimensional vector space over [F,; endowed with a
non-degenerate Hermitian form and L = SU(W) = SU,,(¢*). Suppose first that
k > 1, and let ¢ be an irreducible constituent of the L-character afforded by &, so
that ¥ (1) < (¢" + 1)/4. By [TZ1, Theorem 4.1],

1 1 .
U( )6{ Jrany qk+1}
The proof of (2.3.2) rules out the possibility ¥(1) = 1. Next,
$(1)] dim g = (¢" —¢) /(¢ + 1)
by Clifford’s theorem, implying (1) # (¢" — ¢*)/(¢" +1). The remaining possibility

(1) = (¢"+1)/(¢"+1) is also ruled out since £ { dim ®;. We have shown that k = 1,
ie. L =SU(W)=SU,(¢). This implies that

L <G < Ngyary(L) = GUW) x (o) 2 GU,(g) x Cs.

Here, o is an involutive automorphism of GU(W) that acts as inversion on

(2.3.3) (z) = Z(GU(W)) = Cyy1.
Recall the decomposition
(2.3.4) Qlaumwy = iV,

with W of degree (¢" —q)/(¢+1) and ¥; of degree (¢"+1)/(¢+1) for 1 < i < g, see
the discussion preceding Lemma 2.1. In fact, one can find a primitive (¢ + 1)*® root
of unity & € C* such that ¥;(z) is the multiplication by £°. In particular, o fuses ¥y
and V,. The assumption on ®|; now implies that G < GU(W), as stated.

(iv) L = QQ_n/j(qj) for some divisor 1 < j < n/2 of the odd integer n. If j < n/5,

then by [TZ1, Theorem 1.1] we have
d(L) >q" + 1,
contradicting (2.3.2). If j = n/3, then L is a quasisimple quotient of PSU4(¢"™/3) with

q"/3 > 5, and so by [TZ1, Theorem 1.1] we have
an/3 __ 1

q
d(L) = —+———>q"/2
again contradicting (2.3.2).

(v) (p,nf,L/Z(L)) = (3,9,PSLy(37)). Note that the smallest dimension of a
nontrivial irreducible representation of L over 3 is 18 (see e.g. [TZ1, Table 1), so
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(g,n) = (3,9) and L = SLy(37) acts absolutely irreducibly on W = Fi®. This in turn
implies that

Cspw)(L) = Z(L) = Cs,

and so L G < Nsp(w)(L) < L - C5. But in this case, G cannot have an irreducible
complex representation of degree

dim®, = (¢" +1)/(g+ 1) = (37 + 1) /4.

(vi) (p,nf,LJZ(L)) = (17,6,PSLy(13)). In this case (¢,n) = (17,3) and L =
SLy(13) acts absolutely irreducibly on W = F¢.. As in (v), this implies that

Cspaw) (L) = Z(L) = Oy,

and L <G < Ngyw)(L) < L - Cy, whence G cannot have an irreducible complex
representation of degree

dim®, = (¢" +1)/(g+1) = (17° + 1) /18.

(b) It remains to consider the two cases (n,q) = (3,3) and (3,5). Let M be a
maximal subgroup of Sp(WV) that contains G. Then condition (2.3.1) also holds for
|M|; furthermore, the maximal degree of complex irreducible characters of M must
be at least (¢" + 1)/(¢ + 1) = 7, respectively 21, since ®; € Irr(G). First suppose
that ¢ = 5. Then, according to Tables 8.27 and 8.28 of [BHR], one of the following
possibilities occurs.

e M = 2Jy. In this case, since |G| is divisible by 3 -5 -7, see (2.3.1), we see by
inspecting maximal subgroups of J, [Atlas| that G = M. But then G does not admit
any complex irreducible representation of degree dim &y, = 20.

e M = SLy(125) x Cs. In this case, since |G N [M, M]| is divisible by 5 - 7, see
(2.3.1), we see by inspecting maximal subgroups of PSLy(125) [BHR, Table 8.1] that
G > SLy(125). But then d(G) > 62 (see e.g. [TZ1, Table I}), violating (2.3.2).

o M = GU3(5) x Cy. If G > N := SUj3(5), then we can argue as in (iii) above.
Suppose G 2 N. Since L := GN N <G has order divisible by 5-7, see (2.3.1), we see
by inspecting maximal subgroups of PSL3(5) and Alt; [Atlas| that L = 3Alt;, and
Z(L) = (2%) with (z) = Z(GU3(5)) as defined in (2.3.3). Using the decomposition
(2.3.4), we may assume that ®; = (U;)|g for 0 < ¢ < ¢. As mentioned in (iii), the
subgroup Cj fuses ¥y with W5, hence ®; with ®5. Thus G < GUj3(5), and so |G/L|
and |Ngu,s)(L)/L| both divide 6. Note that Nqu,(s)(L) contains the central involu-
tion of GUj3(5) which lies outside of SU3(5). It follows that G induces a subgroup X
of outer automorphisms of L of order dividing 3, whence X = 1 as |Out(Alt7)| = 2
[Atlas]. Now let g € L be of order 7. Then ®y(g) = Wo(g) has trace —1. On the
other hand, as G induces only inner automorphisms on L, we see that (®¢)|, must
be a direct sum of two copies of a single irreducible complex representation ' (of
dimension 10) of L and we arrive at the contradiction that ®’(g) has trace —1/2.
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(c) Finally, we consider the case ¢ = 3. Inspecting the list of maximal subgroups
of PSpg(3) in [Atlas], we arrive at the following possibilities for M. By (2.3.1), G
contains an element g € G of order 7. According to [Atlas|, we may assume that
Oy ® Py = A|g, where A is an irreducible Weil representation of degree 13 of Spg(3)
and contains the central involution ¢ of Spg(3) in its kernel, and that A(g) has trace
—1.

o M = SLy(13). In this case, since |G| is divisible by 3 - 7, see (2.3.1), we see by
inspecting maximal subgroups of PSLy(13) [Atlas] that G = M. Note that ¢ is the
central involution of G. Now the conditions that ¢ € Ker(A) and A(g) has trace —1
imply by [Atlas| that A|g is irreducible, a contradiction.

e M = SL,(27) - 3. In this case, since |G| is divisible by 7, we see by inspecting
maximal subgroups of PSLy(27) [Atlas] that either G > [M, M] = SLy(27) or G N
[M, M] is contained in a dihedral group Dag. It is easy to see that in the former case
d(G) > 13 contradicting (2.3.2), and in the latter case G does not admit any complex
irreducible representation of dimension dim ®; = 7.

o M = GU3(3) x Cy. If G > N := SU;3(3), then we can argue as in (iii) above.
Suppose G # N. Since L := GN N < G has order divisible by 3 -7, see (2.3.1), we
see by inspecting maximal subgroups of SU3(3) and PSLy(7) [Atlas| that either L is
of order 21 or L = PSLy(7). The former case is ruled out since (®;)| is irreducible
of dimension 7. In the latter case, fix an involution s € L. We may assume that

(@)l = (Wi)lr

for the representations VU; defined in (2.3.4), and furthermore W, is self-dual of di-
mension 7. Using [Atlas] we see that W (s) has trace 3 and W, (g) has trace 0, whence
(®1)|r = (V)| is the sum of two irreducible representations of dimensions 1 and 6,
contradicting the irreducibility of ®; on G > L. O

In the next statement, we consider a non-degenerate symplectic space W = ]F;N ,

a (reducible) big Weil representation of degree ¢V of G = Sp(W) = Sp,y(p) with
character w as in [KT2]; in particular,

(2.3.5) lw(g)l = |Cw(g)["?

for any ¢ € GG. Let N = AB and B = bj for some positive integers A, B,b,j. We
may then assume that W is obtained from the symplectic space Wy := Iﬁ‘iﬁ (with a
Witt basis (e1,...,ea, fi,..., fa)) by base change from F,s to [F,. Using this basis
we can consider the transformation

A

A
o Z(xiei +yifi) — Z(xfei +y;i fi)

i=1 =1
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induced by the Galois automorphism x + 2" for r := p?. Then, as in [KT2, §2] we
can consider the standard subgroup

H = Sp(24,p”) % G,
of G, where Cj, = (o).

Theorem 2.4. Each value |w(x)|?, © € H, is a power of r = p’. Furthermore, there
is some h € H such that |w(h)|* =r.

Proof. Note that H embeds in Sp(2Ab,p’), and so the first statement follows by
applying (2.3.5) to a big Weil representation of Sp(24b, p’). To define h, consider the
FF,-linear map

fiFp —=Fp, o—x—2".

Viewed as a vector space over F,, Ker(f) has dimension 1. Hence f cannot be
surjective, and so we can find

Q€ IFpB N Im(f)
Let J denote the Jordan block of size A x A with eigenvalue o~!, and let ¢ € H have

the following matrix
{ad)™t o?J
0 aJ

in the chosen basis (eq,...,e4, f1,..., fa) of Wi. We will show that h = go satisfies
|w(h)|?> = r. According to (2.3.5), it suffices to show that h fixes exactly r vectors in

W1i. To this end, suppose that w = Z:‘:l(xiei +y: f;) is fixed by h, where z;,v; € F,5.
Comparing the coefficient for f4 we have

Ya=Ya
implying y4 € F,.. Next, comparing the coefficient for f4_; we see that
Ya1 +ayy =ya-,
and so aya = f(ya_1). Continuing in the same fashion, we conclude that
nel, p=ys=...=ya

Thus we have shown that v := ZiA:1 yifi = y1f1. Letting u :=w —v = ZiA:1 Tie;, We
have

(o) o(u) + a*Jo(v) = u,
i.e.
o(u) + (ad)a?Jo(v) = (ad)(u).
Comparing the coefficient for ey, we get

r
L1 +Ofy1 = Ty,
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and so ay; = f(x1). Again by the choice of a;, we must have that y; = 0 and z; € F,.
Next, comparing the coefficient for e,, we get

Ty = axy + T3,

and so —ax; = f(xg). By the choice of o, we must have that ; = 0 and x5 € F,.
Continuing in the same fashion, we conclude that

xa€EF, x1=29=...=x4_1.
Thus w = x4e4 with 24 € F,. O

Lemma 2.5. Let g = p/ > 3 be a prime power and let A, B, b, c be positive integers,
and let H = Spy 4 (p®) x Cy as above. Then the following statements hold.
(i) If ¢ > 3, then SU4.(q) cannot embed in H.
(ii) Assume in addition that (p, A, B) # (3,1,1). Then the only quotient groups of
H are H, H/Z(H) = PSpys(p?) x Cy, and quotients of Cy.

Proof. (i) Assume the contrary. Since ¢, q > 3, SU4.(q) is perfect, and so it embeds in
Spaa(p?) < Spyu(F,). In particular, SU4.(¢) has a nontrivial absolutely irreducible
representation in characteristic p of dimension < 2A < Ac — 1. But this contradicts
[KIL, Proposition 5.4.11].

(i) The assumption on (p, A, B) ensures that L := [H, H] = Spy,(p?) is qua-
sisimple, with S = L/Z(H) = PSp,,(p®) being simple. Furthermore, H/Z(H) acts
faithfully on S.

Suppose that N < H. If N > L, then H/N is a quotient of H/L = Cj. In
the remaining case, we have that N N L is a proper normal subgroup of L, and so
contained in Z(H). In particular, [N, L] < N N L centralizes L, i.e. [[N,L], L] = 1.
Since L = [L, L], the Three Subgroups Lemma implies that [V, L] = 1, whence

N < Cy(L) < Cy(S)=Z(H).
Thus either N =1 or N = Z(H). O

3. LocAL SYSTEMS AND WEIL REPRESENTATIONS

In this section, we fix an odd prime p, and a prime ¢ # p, so that we can avail
ourselves of Qs-adic cohomology. We also fix a nontrivial additive character ¢ of IF,,.
We denote by x2 the quadratic character of 7, and we define

A= Ag, == ) (—22)x2(2).

z€Fy
For k/IF, a finite extension, we define

Ay = Adeg(k/Fp)
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We denote by v, the additive character of k given by
Yy := 1) o Tracey, .

In [KT2, Section 1], we introduced, for each integer n > 2 and each power ¢ = p
of the odd prime p, the local system

W(,n,q)

on A?/F, whose trace function at a point (s,t) € A%(k), k a finite extension of F,, is
the sum

a

(—1/AR) ) (@ 4 s ta?).
z€k
We proved there [KT2, Theorem 1.1, 4.8] that when both n and a := log,(q) are
prime to p, the geometric monodromy group Ggeom of W(1), n, q) was Sp,,,(¢) in one
of its big Weil representations (of degree ¢"), and that after extension of scalars from
A?/F, to A%/F,, its arithmetic monodromy group G, coincided with Gyeon.

Without these “prime to p” hypotheses, we have the following result.
Theorem 3.1. For n > 2 and q = p* a power of the odd prime p, we have the
following results.
(i) There exists a factorization na = AB and a factorization B = bj such that the
group Geom of W(h,n, q) is Spya(p?) xCy in one of its big Weil representations.
(ii) Moreover, p’ is a power of q, say p’ = q" (so that j = ar, B = arb), and hence
we have inclusions of groups
SP2a(p”) % Cp = Spos (") % Cb = SPy.ap(d") = SPoap(4) = SPan(9).

Proof. To prove (i), we argue as follows. From [KT2, Theorems 2.1, 2.2, and the
argument of Proposition 4.6], we see that there exist factorizations na = AB, B = bj
and na = CD, D = dk such that G, is a subgroup of the product group

(szA(pB) x Cp) X (PSPQC(pD) x C)

which maps onto each factor.
We apply Goursat’s lemma. Note that AB = na > 2, so by Lemma 2.5(ii), the
only quotient groups of Spy4(p?) x Cp are

Spy4(p?) 3 Cy, PSpy4(p?) x Cy, and quotients of Cj.
Their commutator subgroups are
Spoa(P?), PSpaa(p”), {1}
respectively. Similarly, the only quotient groups of PSpyo(p”) x Cy are
PSp,c(p”) x Cy4, and quotients of Cy,

and their commutator subgroups are
PSp2C(pD)7 {1}
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respectively.

We first rule out the case when G o, is the graph of an isomorphism between a
quotient of Cj with a quotient of Cy. In this case, G geom Would contain the product
group Spy4(p?) x PSpyo(p”). This group contains elements of trace zero in the
representation at hand, whereas every element of G, and a fortiori every element
of G yeom has nonzero trace, cf. [KT2, Proposition 4.6] and its proof.

The only remaining possibility is that Ggeon, is the graph of an isomorphism between
PSp, 4 (p?) x Cy and PSpy(p?) x Cy. Such an isomorphism induces an isomorphism
of commutator subgroups. Hence (A, B) = (C, D). Comparing cardinalities, we then
infer that b = d. Thus G geom is as asserted.

To prove (ii), we use Theorem 2.4, according to which p’ = p?/? is the lowest value
attained as the square absolute value of the trace of an element of Sp,y,(p?) x Cj
in either big Weil representation. On the other hand, from [KT2, Theorem 3.5],
the group G, s also finite. The quotient Gupitn/Ggeom is then a finite quotient of
Gal(IF_p/IFp). Hence over some Fg/F,, we have Gyeom = Gapitn. From [KT2, Lemma
3.2], exploiting an idea of van der Geer and van der Flugt, we see that for any finite
extension ky/Fg, all square absolute values of traces are powers of ¢, and that for
any point (s,t) € A?(kg), there is a finite extension k;/kq for which the same point,
now viewed in A%(k;) has trace of square absolute value ¢**. In particular, the least
square absolute value attained is some strictly positive power ¢",r > 1 of q. 0

We now introduce a new local system W(),n,q) when n > 3 is odd, which we
get by setting ¢ = 0 in W(¢, n, ¢). Thus the trace function of W(1),n,q) at a point
s € AY(k), k/F, a finite extension, is

(—1/AR)D (a4 sat™h).
€k

On A'/F 2, we can break up this local system as the direct sum of ¢ + 1 local
systems, by making use of the ¢ + 1 multiplicative characters, including the trivial
one, of order dividing ¢ + 1. We have

Ww,nqg= P GWnax.
x with xat+1=1
The trace function of G(¢,n,q, x) at a point s € A'(k), k/F,2 a finite extension, is
41
(—1/Ak) Z%(w T+ sw)xe ().
z€k

Here we write x; for x o Normy JF 20 and adopt the usual convention that for y
nontrivial, we have y;(0) = 0, but 1(0) = 1.

These G(v, n, q, x) are pairwise non-isomorphic, geometrically irreducible local sys-
tems on A'/F 2 (thanks to their descriptions as Fourier Transforms, cf. [KT1, Section
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2]). The ranks of these local systems are

_tl
rank(g<w7n7Q7]1)) - q+ 1 ’
_ i+l
rank(g(d})n)q)X)) - q+ 1 ' X ?é ]l

Recall that for any n, and ¢ any power of the odd prime p, there are inclusions
SU.(q) < GUn(q) = Span(a),

Theorem 3.2. For n > 3 odd, and q = p* a power of the odd prime p, the group
Ggeom for W(i,n, q) is SU,(q) in its big Weil representation (of degree ¢" ).

Proof. Because W(¢,n,q) is the pullback (by (s,t) — (s,0)) of the local system
W(h,n,q), its Gyeom,w is a subgroup of Gyeomw. By Theorem 3.1, we have

Ggeom,W — Sp2n<q) .

Thus Gyeomw 1S a subgroup of Sp,,(¢) under which a big Weil representation of
Spa,(q) breaks up into g+ 1 pieces, one of rank % and ¢ of rank q(;:r_+11' By Theorem
2.3, we have inclusions

SUn(Q) S Ggeom,W S GUn<q)

The group GU,(gq) has a quotient, via the determinant, of order ¢+ 1, which is prime
to p. Because G yeom w is the monodromy group of a local system on A!'/F,, it has no
nontrivial prime to p quotients. Thus we have G geom,w = SU,(q). O

Theorem 3.3. Forn > 3 odd and q an odd prime power, the geometric monodromy
group Ggeomw of W(p,n,q) is Sps,(q) in one of its big Weil representations Weily o
(of degree q™). Moreover, after extension of scalars to A*/F,, we have Gyeom = Garith-

Proof. Recall the inclusion

SUn(Q) = Ggeom,W S Ggeom,W = Sp2A<pB) X Cb

and the relation n = Abr of Theorem 3.1. By Lemma 2.5(i), br < 2, but 2 { n, hence
ar =1 and (4, p?®,b) = (n,q, 1), yielding the first assertion.

Once Gyeomw = SPan(q) = SPa,(p®), Garitnw is contained in Sp,,(p®) X Cy, cf.
[KT2, proof of Lemma 4.7]. Thus the quotient G yitnw/Ggeomw has order dividing a,
so after extension of scalars to A?/F, to A?/F,. = A?/F, we have Gyeom = Gapith. U

Theorem 3.4. For n > 3 odd and q a power of the odd prime p, the geometric

monodromy group of the local system G(¢,n,q,1) is PSU,(q), the image of SU,(q)
in its unique irreducible representation of dimension %, with character Cp,,. The
geometric monodromy group of G(,n,q,x2) (where x2 is the quadratic character)
is the image of SU,(q) in its unique orthogonal representation of dimension q;r—Jrll,

with character ((g1yjon- For the remaining ¢ — 1 local systems G(,n,q, x) with x*
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nontrivial, X7 = 1, their geometric monodromy groups are the images of SU,(q) in

its ¢ — 1 non-selfdual irreducible representations of dimension qu+11‘

Proof. Because Ggeom,w is SU,(q), the geometric monodromy groups in question are
quotients of SU,(¢) in various of its irreducible representations. Recall the fact [TZ1,
Theorem 4.1] that SU,(¢) has, up to equivalence, one irreducible representation of

dimension £=% (with character (y,) and ¢ irreducible representations of dimension

g+l
quﬁl (with character (j,, 1 < j < g), with exactly one of the ¢ latter representations

being self-dual (and necessarily orthogonal, as it has odd dimension). Using this fact
and looking at the dimensions, we get the asserted matching. O

Corollary 3.5. After extension of scalars to Al/qu(q+1>, we have

Ggeom,W = Garith,W
for W(i,n,q). The same is true for each of the ¢+ 1 local systems G(¢,n,q, x).

Proof. After extension of scalars to A'/F,, we have Gurithw = Sp,,(¢), and hence

Gam’th,W S Sp2n (Q) .

By Theorem 2.3, which we may apply after further extension of scalars to A'/F,
we have
SUn(Q) S Garith,W S GUn(q)

As we have G geomw = SU,(q), we see that the quotient Gpitnw/Ggeomw has order
dividing ¢ + 1. Thus after extension of scalars to Al /qu(q+1), we have Ggeomw =
Garith,w. Each of the irreducible constituents then has Ggeom = Gorien, as well. O

Remark 3.6. Theorem 3.3 is an improvement, in the n odd case, of Theorem 1.1 of
[KT2, Theorem 1.1, 4.8], which required that both n and a := log,(q) be prime to p.
Theorem 3.4 verifies the G yeon conjectures of [KT1, Conjecture 9.2] in the case that
q is odd. Corollary 3.5 establishes a weak version of the G, conjectures of [KT1,
Conjecture 9.2|, again in the case when ¢ is odd. We should also point out that the
normalizing factor A, used here to define the local systems G (v, n, ¢, x) here can differ
by a sign from the normalizing factors S used to define these local systems in [KT1,
Lemma 8.3]. Over [z, each normalizing factor is either ¢ or —g, so over extensions of
F s there is no conflict. But we cannot hope to have the conjectural equality of Ggeom
with G i over Fp2 for both G(1,n, ¢, x) as normalized here and for G(¢, n, q, x) as
normalized in [KT1, Lemma 8.3] in any situation where the normalizing factors do
in fact differ by a sign.

The virtue of the normalizing factors 3 is that with them, when we work over [F,
the group Gy for the renormalized G (v, n, g, x) lands in Sp(‘i—?,@d for y =1, it

lands in SO(q;jll ,Qy) for x = 2 the quadratic character, and it lands in SL(%,@E)

for the y with x? # 1. So with the exception of the y = 1 case, where a sign change of
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normalizing factor won’t alter landing in Sp(%, Q,), any sign change of normalizing

factor in the other cases will destroy landing in SL (simply because q;r—Jrll is odd).
In the case of the quadratic character x», there is no sign change: the 8 over F
is equal to AFq2. Indeed, that S is, cf. [KT1, Lemma 8.3 (3)],
B = — (=12 = (~1)0 Vg = (AR ) = Ag .
P

q

[The normalizing factor 3 for the renormalized G(v,n, q, x) is —(—1)@*V/™q for m
the order of x. This will be equal to AFQQ precisely when (¢ + 1)/2 and (¢ + 1)/m

have the same parity.|
For G(¢,n,q,1), we have

Ggeom = \I]0<SUn<Q))7 Ggeom < Garith S \IJO(GUn<q))

So we see from Lemma 2.1(i) that it suffices to extend scalars from Fp to 2 ged(n,a+1)
(instead of to Fae+1)) to achieve Gyeom = Garitn for G(¥,n, ¢, 1).
For g<w7 n,dq, X2)7 we have

Ggeom - \I[(q—i-l)/?(SUn(q»’ Ggeom S Garith S \Ij(q+1)/2<GUn(Q)> N SO(q“—i—l)/(q—i—l)(@)-

So we see from Lemma 2.1(iii) that for G(¢, n, q, x2), it suffices to extend scalars from
Fg2 to Fget1 (instead of to Foae+1)) to achieve Gyeom = Garitn. Both these statements
are far from the conjectured equality Gyeom = Glaritn Over Fp2 (except, of course, in
the special case when ged(n,q+ 1) = 1).

4. MOMENTS OF WEIL REPRESENTATIONS OF ODD-DIMENSIONAL UNITARY
GROUPS

In this section, we will consider special unitary groups G := SU,(q) = SU(W)
where ¢ is any prime power. The main result is Theorem 4.11 showing that when
n > 3 is odd, the Weil representations of G' have n** moment 1 or 0.

First we assume that n = 2k+1 > 5is odd, and fix a basis (ey, ..., ek, f1,. .., fr, W)
of the Hermitian space W =T 42> in which the Hermitian form o takes values

(4.0.1) eioej=fiofj=eow=fiow=0,eof=0; wow=1.
We also fix the notation
P1 = Stabg(<€1>[@‘q2) = QlLla Pk = Stabg(<€1, ce ,€k>ﬂrq2) = QkLk7

where Q1 = O,(P1), Qr = O,(P:), Ly = GLx(¢*). The action of any X € Lj =
GLx(¢?) in the indicated basis of W is given by diag(X, X7 det(X)41), see [ST,
§5.1].

As shown in [GMST, Lemmas 12.5, 12.6], the Levi subgroup L has a unique orbit
O on Irt(Z(Qy)) ~ {1z(g,) } of smallest length (¢** —1)/(¢+ 1), which then occurs in

the restriction of any Weil character (;,,. Moreover, any A € O can only lie under an
irreducible character of degree ¢ of ;. In particular, this shows that
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Lemma 4.1. Suppose n = 2k+1>5. Then (y,, 15 trreducible over Py. If 1 <1i <g,
then Gnlp, = vi + 6;, where 6, € Irr(Py) affords the orbit O, and v; is a linear
character of Py trivial at Z(Qy).

Lemma 4.2. In the notation of Lemma 4.1, assume that 1 < i < q. Then Ker(v;) >
Qr, and if X € Ly, has determinant ot as an element in GLy(q*) with t € Z, then
vi(X) = gl

Proof. As noted in Lemma 4.1, v; is trivial at Z(Qy), and it is Py-invariant. But Ly
acts transitively on the ¢?* — 1 nontrivial linear characters of Qy/Z(Qy), so Ker(v;) >
Q. Next, [Lg, Li] = SLi(¢?) is perfect, so v; is trivial at [Ly, Li]. Thus there is some
0 < s < ¢* — 2 such that v;(X) = o for the listed X € L. To find s, it suffices to
evaluate v;(X) for some X, that generates Ly modulo [Lg, Lg]. Let v be a generator
of IFqX% such that 7(“’%*1)/((12*1) = o, and choose X, € L; conjugate to

2k—2)

diag(y,77, ..., 7

over F,, so that det(Xy) = 0. Since no eigenvalue of X, belongs to F2, X, cannot
fix any A € O, see formula (20) of [ST]), and so 6;(Xo) = 0 and 1;(Xy) = . (Xo)-
The absence of eigenvalues in F2 and the equality det(X,)?™' = p imply by (2.0.2)
that (i, (Xo) = p' = @ Vi ie. s = (q—1)i as stated. O

Proposition 4.3. Suppose n = 2k +1 > 5. Then (¢,)"! contains (., with multi-
plicity one if i > 0, and zero if i = 0.

Proof. Note that (¢,)? is just the permutation character of G acting on the point set
of W. Hence ((,,)"! is the permutation character of G acting on the set Q of ordered
k-tuples w = (vq,...,vx), v; € W. Let 7, = Indgw(lgw) denote the permutation
character of G acting on the G-orbit of w = (vy, ..., v;), where G, = Stabg(w), and
suppose that (;, is an irreducible constituent of 7,. Then

(4.3.1) 0 < [T, Ginle = [Lous Ginlou]cus

in particular, 1¢, is an irreducible constituent of (; ,|c,, -

(i) First we consider the case where X := (vy,... ,vk>Fq2 is contained in a non-
degenerate subspace Y of W of codimension > 2. Without loss we may assume that
e1, fi € Y. Then G, contains a natural subgroup M := SU({e1, f1)r,,) = SUa(q)
(that acts trivially on Y'). The branching rule (2.0.3) then shows that ;,|ar is a sum
of Weil characters (;o of M. As mentioned above, an irreducible constituent A of (;
can have degree 1 only when (g, j) = (2,# 0) or (¢,5) = (3,(¢+1)/2). In the former
case, one can check that A is actually the sign character of M = SU(2) = Syms. In
the latter case, A\(z) # 1 for some element z of M = SUy(3) of order 3. Thus A can
never be equal to 17, contradicting (4.3.1).

In particular, we have shown that X cannot be non-degenerate.
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(ii) Suppose now that 0 # X N X+ has dimension j < k — 1. By Witt’s lemma, we
may then assume that X = (eq,..., e, wq,... ,wk_j)]FqQ, where (wy, . .. ,wk_j)FQQ is a
non-degenerate subspace of

<€j+1a N ) fj+17 CII) fk)]Fq2‘
But then X is contained in the non-degenerate subspace
Y = <€1, . 7€j7f17 e ,fj,wl, . 7wkfj>]Fq2
of codimension n — (k + j) > 2, contradicting (i).
(iii) We have shown that dim(X N X*) = k, i.e. X is totally singular of dimension

k. There is only one G-orbit of such w, and we may assume that w = (eq,...,ex).
The description of Py given in [ST, §5.1] shows that G, = Q. Now Lemmas 4.1, 4.2,
and (4.3.1) show that |7, (in]a =1 — 6o, as stated. O

Next we define the following linear characters \; of the parabolic subgroup P, =
Stabg(<€1>[pq2) for 1 < i < q if g € P, sends e; to of for 0 < t < ¢* — 2, then

Ai(g) = o@D and set

A; = Ind§ (N).
Proposition 4.4. Suppose n =2k+1>5, (n,q) # (5,2), and 1 <1 < q. Then A;
enters the character (¢,)?, and [((;n)* A > 1.
Proof. (i) As discussed in [GMST, §11], P| := Stabg(e1) = @1 x L}, where L] =
Stabg(e1) N Stabg(f1) = SU,_2(q). Note that A; enters the character Ind%(lp{),

which in turn enters the character ((n)Q. Furthermore, L, acts transitively on the
g — 1 nontrivial linear characters of Z(@)) (which has order ¢), and for each such
character o there is a unique irreducible character of @; of degree ¢"~2, which then
extends to a unique character M, of P]. We fix some nontrivial o € Irr(Z(Q,)) and
let K := Stabp, (a) = P; - Cy+1. By its uniqueness, M, extends to K. Note that

Gin(1) = (¢"+1)/(a+1) <2¢" (g — 1) = 2(q — )Ma(1).
It follows by Clifford’s theorem that
(4.4.1) Gimlpy = Bi+ Indit (M),

for some extension to K of M, which we also denote by M,, and for some character
Bi of Py of degree (¢"% +1)/(¢q + 1), with Z(Q1) < Ker(f;). Next, My|r, = (oo
Applying (2.0.3) to the standard subgroup L} and using (4.4.1), we get

q
5i|L'1 = Ci,n|L’1 —(q— 1)z = Z G2y — (g —1) Z Cn-2, = Cn—2,i-
J#t §'#] §'=0

In particular, g; € Irr(P).
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(ii) As usual, y denotes the complex conjugate of any character y. Note that
Stabp, (@) = K. Hence, (4.4.1) implies that

(4.4.2) Cinlp = By + Indid (M),

Observe that M, affords the Z(Q,)-character ¢"~2a and is irreducible over P;. By the

aforementioned uniqueness, M, agrees with My on P|, where M; is the K-character
of the a-isotypic component in ¢ ,|p,. As K/P, = Cy41, these two characters differ
from each other by a linear character of K/P|, which extends to a linear character ¢

of P1/P{ = Cp_;. We have shown that

(4.4.3) Idy) (M,) = Ind} (My - 6| x) = Ind} (My) - 6.
and
(4.4.4) Cinlp, = B + Indjd (My),

(iii) We aim to show that we one can take § = ); in (4.4.3). Let 7 be an element
of F;k,g of order ¢*=1 4+ 1 chosen such that 7@~ '+1/(¢+) = , Then we can find

an element h € K such that h(e;) = pe; and h is conjugate to
diag(p7 0, 7-—27 7_2(1’ 7.—2(127 o 77__2(_(1)21%2)

over Fo. Since k > 2 and (k, q) # (2,2), by [Zs] there is a prime divisor £ of ¢**=2 —1

that does not divide H?Zg(qj —1). In particular, ¢ divides (¢**~! + 1), and moreover

the (-part of |P| is equal to the ¢-part of 5;(1), whence f; is an irreducible character
of Py of (-defect zero. On the other hand, for any 1 < ¢ < ¢, ¢ divides |h'|, whence
Bi(t) = 0, and so we obtain by using (2.0.2), (4.4.2), (4.4.4) that

Ind2 (M) (h) = Gin(h) = = (g = 1)p",
d2 () () = Con(h) = —(q — Dp™
It now follows from (4.4.3) that
3(h) = = = pl D = K1),

whence 6(g) = \i(g) for all g € K, since the choice of h ensures that h generates K
modulo P]. Together with (4.4.3), we have shown that

(4.4.5) (Indg (Ma) - 6)(g) = (Indi (Ms) - Xi)(9)

for all g € K. If g € P, ~ K then Indg!(M,)(g) = 0 since K < Py, and so (4.4.5)
holds for g as well. Consequently,

Ind}} (M) = Indi! (Ma) - \i.
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This identity, together with (4.4.2) and (4.4.4), implies by Frobenius’ reciprocity that
[(Gin)?, Al = [Ginhi, Cinla = [Gin - IndE, (M), Gl
= [Ind, (Ginlp - X)), Ginle = [Ginlp - Xy Cinl
> [Indj} (Ms) - A, Ind i (Mo)]p, = 1,
as stated. O
Proposition 4.5. Suppose n =2k +1>5 and 0 <i < gq. Then [(A)*, (] = 1.

Proof. Recall G acts transitively on the set = of isotropic 1-spaces in W = ]FZQ, with
Py = Stabg (), where we set 7; := (¢;)r , for 1 < j < k. Hence the character A; is
afforded by a CG-module

V = Ind]Ggl(Vm) = Dgreq/P Vy(m)

where V., = (v, )c is a one-dimensional P;-module with character \;, and G permutes
the summands via h(Vy(r)) = Vigm)- It follows that (A;)* is afforded by the G-
module

VEF = (v | € € B¢,

where vg = vg, @ Vg, @ ... @ vg, for £ = (&, &, ..., &).
Consider the G-orbit II of the k-tuple 7 := (7, 7,...,m) € =F. Then the G-
submodule

V() = (ve | € € e
of V& affords the character Ind%(p), where R := ﬂ?zlstabg(<ej>1gq2), and

p(h) = o (Vi 1

if h(ej) =0 for 0<t; <¢*—2and 1< j <k
Note that Qr < R < Py and Qy < Ker(u). Furthermore, if h € Ly belongs to R
and h(e;) = o', then det(h) (as an element in GLj(¢?) is oZ5=1% and so

7i(h) = o~ VI < p(h)

for the character v; considered in Lemma 4.2, i.e. 7;|g = . By Lemma 4.1, we have
therefore shown that

0 < [, Ginlrlr = [MdR(n), G e < (M), Gl
On the other hand, (l\z)k enters the character (¢,)""! by Proposition 4.4, whence the
upper bound [(A;)*,¢;,,] <1 follows from Proposition 4.3. O

Next we will study some see-saw dual pairs (cf. [Ku]) to determine various branch-
ing rules. Our consideration is based on the following well-known formula [LBST,
Lemma 5.5]:
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Lemma 4.6. Let w be a character of the direct product S x G of finite groups S and

G. Then
o= Y Dise
a€lrr(S)
where
1 -
D, :g— Sl Za(w)w(xg)

is either zero, or a character of G.

We will work with a finite group I' that contains two dual pairs S; x G and Sy X G,
where G > G5 and Sy > S.

Lemma 4.7. Let w be a character of I, and decompose
wlexs, = Z Do ®a, wlgyxs, = Z 7 ® E,
a€clrr(S) ~v€lrr(G2)
as in Lemma 4.6. Then, for any a € Irr(Sy) and any v € Irr(G2) we have that
[Da|G277]G2 = [Oz, E’Y|51]S17

and hence

Da|G2 - Z [E’Y|517a]51 -

~velrr(Ga)

Proof. Write aq := [Dalcy, Ve, so that

Da’ng Z Aoy -

velrr(G2)
Then
w GQXSl - Z aa,w'V ® o
a€lrr(S1), v€lrr(Ga)
Sy e Y ma
~velrr(G2) a€lrr(Sy)
Thus E,[s, = > enn(s,) dan@, and the statements follow. O

First we consider the dual pair
(4.7.1) Gy x Sy

inside I' := GUa,(q), where Sy = GUsy(q) and Go = SU,(q), and w = (o, = Cong-
More precisely, we view Sy as GU(U), where U = (vi,v2)r, is endowed with the
Hermitian form o, with an orthonormal basis (v1,v9). Next, Gy = SU,(q) is SU(W),



RIGID LOCAL SYSTEMS, MOMENTS, AND FINITE UNITARY GROUPS 21

where W = i, is endowed with the Hermitian form o defined in (4.0.1). Now we
consider V' = U ®g , W with the Hermitian form o defined via

(u@w)o (v @w) = (uou)(wow)

for u € U and w € W. The action of Gy x Sy on V induces a homomorphism
Gy X Sy — T':=GU(V).
Now V is the orthogonal sum V; & Vs, where V; := v; @ W. This gives us a subgroup

Gy = SU(V;) x SU(Va) 2 SU,(q) x SU,.(q)

of T that contains (the image of) G3. In fact, G5 embeds diagonally in G;: g —
diag(g, g). Next,

Sy = GU(<U1>1Fq2) X GU(<U2>Fq2) = GUi(q) x GUi(q)

is just the non-split diagonal torus of Ss.
In the above basis (v1,v,) of U and for 0 <4, < g, we consider the character

Xij : diag(p®, p’) = p"* 7

of S;. Then, as explained in [TZ2, §4], ¢;, corresponds to the p‘-eigenspace of the
generator p - 1y of Z(GU,(q)), so that

(4.7.2) Dx; = Gin ® G
for the dual pair G; x 5.
We use the notation of [E| for the irreducible characters of Sy, = GUs(g) (with the
parameter ¢ + 1 in the superscripts of characters changed to 0). For instance
th)|sl = it
The decomposition
(4.7.3) Wsxa, = Y, a®Cq
a€lrr(Ss2)
was described in [LBST, Proposition 6.3]. In particular, the G-characters
(4.7.4) Co:=0Ch—ky-1g,,

where « € Trr(S,), are irreducible and pairwise distinct, and k, € {0,1} is listed in

Table 1.
This implies
Corollary 4.8. For the decomposition

w|G2><52 - Z ’7®E7’

velrr(G2)
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TABLE 1. Degrees of C? for Gy = SU,(q)

| et | a(1) [C3(1) | ko |
X 1 [ (@ = ()" + (-)"¢®) /(g + (@ -1) | 1
Xﬁt),t#() 1 ("= (=" (" + (-1)")/(a+ D@ —1) |0
X ¢ |[(@"+(ED))@"—(=D"?)/(@+D(@—-1) |1
XWot#0 | g [(@ =D+ (-D"9/(q+ D@ -1 |0
X w0 [g—1](¢" = (=)")(¢"" = (=1)"q)/(q + 1)? 0
X tu#0]g—1](¢" = (=)™ + (=1)")/(g + 1)’ 0
X g+1](¢"— ()" +(=D")/(* 1) 0
we have that
a, v = Cg for some a € Irr(Ss),
Ey =8 x4+ x, v =1,
0, otherwise.

Proposition 4.9. Suppose n =2k +1 > 5 and (n,q) # (5,2). For 0 <i < g, and
in the notation of (4.7.3)~(4.7.4) we have

A= CXY) + CXS;').
Among these two irreducible constituents, only CX@) enters (Cin)?.
1

Proof. (i) First, an application of Mackey’s formula reveals that A; is the sum of two
distinct irreducible characters of Go = SU,,(¢). Clearly, [A;, 1¢,] = 0. By Proposition
4.5, A; enters ((,)? = w|a,, s0

A =Cg + Oy,
for some (3 # By € Irr(Ss). Next,
Ai(1) = (¢" = (=1)")(@" " + (=1)")/(¢* = 1),

s0 A1, Bs # X\, see Table 1.
By Proposition 4.4, at least one of 7; := ng, 7 = 1,2, is an irreducible constituent

of
(Ci,n)Q = DA“ G2
see (4.7.2). As v; # 1g,, by Lemma 4.6 and Corollary 4.8 we have

[D)\i,i G277j]G2 = [)\Z',hE"/j‘Sl]Sl = [)‘l}i?ﬁj’Sl]S&

We have shown that C’gj, is an irreducible constituent of (Cm)2 precisely when A;; is
an irreducible constituent of f;g,.
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(ii) As in the proof of Proposition 4.4, let 7 be an element of IF;4,€,2 of order
¢**~1 + 1 chosen such that 7@ "+1/(e+1) = 5 Then we fix an element g € L; such
that g(e1) = oey, g(f1) = 07 9f1, and g is conjugate to

. _ _ 2 _\2k—2
diag(o, 0%, 7,7 q,Tq,...,T( 7) )

over F 2. By [Zs] there is a prime divisor ¢ of ¢**~2—1 that does not divide H4k Ygf—
1). In particular, ¢ divides |7|. It follows that o and ¢~? are the only elgenvalues of
g that belong to F

Assume in addition that ¢ > 2; in particular, o # ¢~9. Then, <€1>Fq2 and ( f1>1Fq2
are the only two g-invariant isotropic 1-spaces in W, and so

(4.9.1) Ni(g) =2p"

Next, for any x € Sy = GUs(q), w(gx) = 1, unless z has, at least one, and therefore
both, of 07! and o7 as its eigenvalues. In this exceptional case, x belongs to class
¢ in the notation of [E], and w(gz) = ¢*. Tt follows from Lemma 4.6 that

(p', a=x" 0<t<q,
2, a=x"
Cog) =% p', a=x, 0<t<q,
0 o (0)
9 _XQ7
0, oczxgl,0<tu<q.

\

Together with (4.9.1), this readily implies that {5, 2} = {X1 ,Xq } Note that
s, = Ais, but x4 |s, does not contain A, so we are done.
(iii) Now we consider the case ¢ = 2 As shown in (i), we may assume that ]g,

contains A;;. It follows that 5, € {X1 7X (@, 0)} However degree consideration using

(2
q 1

now see that gy = Xq ) for some ¢ € {1,2}. Furthermore, g fixes exactly three isotropic
1-spaces in W (namely, the ones spanned by ey, fi, and e; + f1), so A;j(g) = 3p~"
Arguing as in (ii), we see that

Table I rules out yx ) and shows that b = X1 Again by degree consideration we

. 2,  a=x\",
Ca (g) = 95—t o %t)
p , = Xq ) 0 <t S q,
0, o= X((IO).
Hence 3y = Xq), and we are done since Xq \ s, does not contain A, ;. 0

We will now work with three new dual pairs. First, we consider the dual pair G5 x S5
inside I' := GUgy(q), where S3 = GUa(q) and G3 = SU,(q), and w = Conk = Conk.q-
More precisely, we view S3 as GU(U), where U = (v1,...,va)r,, is endowed with
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the Hermitian form o, with an orthonormal basis (vy,...,ve). Next, G3 = SU,(q)
is SU(W), where W = F7; is endowed with the Hermitian form o defined in (4.0.1).
Now we consider V' = U &g , W with the Hermitian form - defined via

(v @w) o (u'®@uw') = (uou')(wow)

for u € U and w € W. The action of G3 x S3 on V induces a homomorphism
Gg X 83 =1 = GU(V)
Now V is the orthogonal sum @?*,V;, where V; := v; @ W. This gives us a subgroup

Gy = SU(V’l) X SU(VQ) X ... X SU(VQ]g) = SUn(Q)%
of I' that contains (the image of) Gs. In fact, G5 embeds diagonally in G;: g —
diag(g, g,...,9). Next,
S, = GU(<U1>]Fq2) X GU(<v2>Fq2) X ... X GU(<U2k>Fq2) >~ QU (¢q)*

is just the non-split diagonal torus of S3. In the above basis (vy, v, ..., ve) of U and
for 1 <1i < ¢, we consider the character

(4.9.2) i - diag(p®, p®2, ..., p*%*) — pi(ziil a;)

of Sl.

Next, for each 1 < j < k we embed one copy of SU(W) in
SU((v2j-1,v25)F,, ® W)
(by letting it act only on W). This gives an embedding of G5 := SU,(¢)* in G, via

diag(gh g2, ... 7gk) = dia‘g(gla 91,92,92, - - -, Gk, gk)

At the same times, G3 embeds diagonally in G, via g — diag(g, g, ..., g). The action
of G5 is centralized by

SQ = GU((Ul,U2>Fq2) X GU(<’03,U4>]Fq2) X ... X GU(<v2k_1,U2k>Fq2) = GUg(q)k
Recall the characters C,, of SU,(¢q) introduced in (4.7.3).
Proposition 4.10. Suppose n = 2k +1 > 5, (n,q) # (5,2), and 0 < i < q. Then
both (Ox(i))k and ((;)" " contain (.
( :

Proof. (i) First we decompose

W‘G3><S3 = Z 7®E’Y
~v€Elrr(G3)

for the dual pair G5 x S3. By Proposition 4.3, w|a, = ((,)""! contains (;,, with
multiplicity one. It follows that the G3-character Ez has degree 1, so there is some
0 < m = m; < ¢ such that
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whenever X € GUsgx(q) has determinant equal to p'.

(ii) Next we decompose
Wsiwa, = Y BOFy
Belrr(Sa)
for the dual pair Sy x Gs. Note by (4.7.3) that if
B=5QRBa&... &P,
then
(4.10.1) Fp=0Cp 003 ®...0Cs,.
By Lemma 4.7,
[Fslas: Cimlas = (8. Bz, |su]s.-

Since Er has degree 1, we see that Zm is an irreducible constituent of Fj|g, precisely

i,m

when = E@n| 55, that is when

k .
B(X1, Xy, X)) = ph2i=1ly

whenever X; € GUs(¢) has determinant equal to p for 1 < j < k. In the notation
of [E] we then have

(4.10.2) B=x"exMe. . .exi".

k

11) Recall by Proposition 4.4 that A; enters ((,)“. It follows that A" = A, Q Ay ® ...
iii) Recall by Proposition 4.4 that A Ga)?. Tt follows that AF* = A; ® A

® A,

%
enters w|e,. Next, by Proposition 4.5, (;,, is an irreducible constituent of (A;)* =
AZ@’“|G3. Furthermore, by Proposition 4.9, A; = Cx(” + C’Xm. Hence, using (4.10.1)

1 q
we see that

k
Az® — Z Cgl®cﬁg®-“®cﬁk
1<j<k, Brex\” x{}
— Z Fp,060..08-

1<i<k, Be0a” X"}
Applying the result (4.10.2) of (ii), we conclude that m =i and (;,, is an irreducible
constituent of

(N
Fmgxme aximles = (C o)

(iv) The same argument as in (ii), but applied to the decomposition

w|S1><G1 - Z Oé®Da

a€lrr(Sh)
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for the dual pair S; x G; implies that Zm is an irreducible constituent of D,|q,
precisely when o = I |g,, that is when a = p,, as introduced in (4.9.2). As m was

shown to be equal to ¢ in (iii), we now have that Em is an irreducible constituent of

Da|G3 = DIM|G3 = (Ci,n)n_l'

We can now prove the main result of this section:

Theorem 4.11. Let q be a prime power and let G = SU,(q) with n = 2k + 1 > 3.
Suppose in addition that (n,q) # (3,2). Then ((;n)" contains 1 with multiplicity
exactly one if 1 <1 < q and zero if i = 0.

Proof. For n = 3, the statement was checked by A. Schaeffer Fry using the package
Chevie. Likewise, the case (n,q) = (5,2) was checked using the package GAP. So we
may assume that n > 5 and (n,q) # (5,2). Now for i = 0 the statement follows from
Proposition 4.3. For 1 < i < ¢q we have

[(Gin)" ™ Cimle = [(Gin)", 1]
is at most 1 by Proposition 4.3 and at least 1 by Proposition 4.10. U

Theorem 4.11 means that the Weil representation of SU,,(¢) affording the character
Gin with 1 <@ < ¢ has a unique (up to scalar) polynomial invariant of degree n. It
would be interesting to know what is the geometric significance of this polynomial
invariant, and to find an explicit construction of it.

5. MOMENTS OF WEIL REPRESENTATIONS OF SUy,(q)

Theorem 4.11 naturally brings up the question: what are the n-moments of Weil
representations of SU,(¢) when 2|n? Preliminary analysis indicates that the even-
dimensional case does not behave as nicely as in the odd-dimensional case (particu-
larly because real-valued characters usually have large even moments). We restrict
ourselves to record the following result:

Theorem 5.1. Consider the irreducible Weil characters ¢, 0 < ¢ < q, of G :=
SU,(q) as given in (2.0.2), and suppose n = 4. Then

g+1, 1=0,
i) le q—1, 4(g+1), i=(¢+1)/4, 3(¢+1)/4,

1, otherwise.
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Proof. (i) We will use the dual pairs G; x S; = SU,(¢q)? x GU;(¢)? and G x Sy =
SU,(q) x GUy(q) as in (4.7.1). By [LBST, Proposition 6.3],

W|Gg><52: Z Co®@a= Z 7® E,

a€lrr(S2) ~veIrr(G2)
Yo oeeatle e +x")
a€lrr(Ss2)

where C3(1) are listed in Table I. The only new feature that arises in the case n =4
is that, according to [LBST, Proposition 6.5],

(a) If a # B, then C5 = Cf precisely when {a, 3} = {X1 ,qu“_t)} for some
te{l,2,....,q} ~{(¢+1)/2}; and

(b) All C¥ are irreducible, except when 2 1 ¢ and o = ng“)/ ?_in which case C2 is
a sum of two distinct irreducible characters (of degree (¢ + 1)(¢®> — q + 1)/2).
Hence, instead of Corollary 4.8 now we have

aQ, if v is an irreducible constituent
of C2 for some a € Irr(GUs(q)),
(5.1.1) Ev=90 40,0 .1
Xl + X 1 ’7 — 1Ga»y
0, otherwise.

On the other hand,
(,LJ|G1><51 = Z D ® a,

a€lrr(Sh)
where D,, is given in (4.7.2) for a = \;; € Irr(GUy(q)?). Applying Lemma 4.7 we
then get

(5.1.2) (Gia)?[sua(@) = Da.,

=Y, [Blavi@ Mieuig? -7

~vEIrr(Ga

Direct computations show for a € Irr(GUjy(q)) that

( Otis o= th)a
51:,22', a = X(i)m
(5.1.3) [oleu, @2 Aidaui@? = § Orruzis @ =X,
Otit(g1)/2, O = th)a 214,
[ 0, a=xy, 2q,

and ¢, ; is defined to be 1 if ¢ = j(mod g + 1) and 0 otherwise. Recall that in the
notation for a € Irr(GUx(q)), the superscripts are viewed as elements of Z/(q + 1)Z
if a(1) < ¢, and as elements of Z/(q> — 1)Z if a(1) = ¢ + 1. Moreover, Xé 1) = X<u )

t t
and X, =y
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(ii) Consider the case 2|g. Then (5.1.1)—(5.1.3) imply that
(Coa)? =1¢ + C;gn + Z C;u,—t) + Z Co<s<q+1>>-

1<i<q2 ! 1<s<(q—2)/
As (o4 is real-valued, it follows that [((o4)?, 1g]e = g+ 1.
Likewise, if i # 0, then the irreducible summands of (¢;4)? are C°u, C° a0y
X1 Xg—1
with ¢t # 4, and C’OH with s = 2i(modgq + 1) (and s # 0(modgq — 1)); all with

Xq+1
multiplicity one. It follows that the only common irreducible constituent of (;4)?

and ((;4)% = (Cpr1-ia)? is C;(i) = C’;(Hl,i), cf. (a) above. Thus [(G4)* 1gle = 1. In
1 1

fact, this argument also applies to the case where 2 1 ¢ and (q + 1) 1 44, where there
is an extra irreducible summand C°; .1, (also with multiplicity 1) in (¢ 4)2
Xgq

(iii) Assume now that 21 ¢. Then (5.1.1)—(5.1.3) imply that
(Coa)® = lo +Clo + > Co(t - +Oo(q+1 + Z Oo<s<q+1>>:

1<t<ast 1<s<9=3

vielding [(¢o4)* 16]a = ¢ + 1. Likewise,
(@I Di=lg+Ce L + Z Co(t 0 +C° MO Z O stasi-

Xg+1
1<t<et 1<s< 458

Since (q+1 4 is real-valued and C° (1) is the sum of two distinct irreducible summands,
27 2

[(Cez14)" 1ale = g + 2.

Finally, the irreducible summands of (Cﬂ,f are C’O(i g1, C’O(q+1 , Oo<t7m,t) with
q—1

t # +(qg+1)/4, and C° (2g+1)(q+1)/2; all with multlphclty one. As mentioned in (a),
C° +1, — Cof(q+1

(4 )’
X1 4 1 4

irreducible summands between ((g:1 )2 and (¢ P} 2)° = (Caen ). Tt follows that
B ’ 1 s
[(C%74)47 lgle=q—1. 0

Thus all of these characters, except for the first one, are common
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