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1. Introduction In this note, we introduce the notion of Hooley
parameters for certain families of exponential sums over finite
fields, namely those obtained by Fourier Transform from suitable
inputs. These parameters constitute a generalization of the notion of
"A-number"” found in [Ka-PES] and [Fou-Ka]. We explain the
diophantine significance of these Hooley parameters, and we prove
some basic "independence of p" results about them.

2. Shape parameters
(2.1) We fix an integer n > 1 and a prime number ¢ invertible in k.

We work in A™ over k. Suppose that K in Dy“(A", 68) is a perverse

sheaf on A which is geometrically irreducible. Then there is a

geometrically irreducible reduced closed subscheme i : X C A, a
dense open set j: U C X, which is both affine and smooth over k, and
a geometrically irreducible lisse Qp-sheaf ¥ on U, such that K is the

extension by zero 1y from X of the middle extension jiy to X of the

perverse sheaf F[dimU] on U:
(2.1.1) K = i i (FldimUD.

Intrinsically, X is the support of K, 1.e.,, X is the smallest closed set
outside of which K vanishes, and U in X is any dense open set which
1s both affine and lisse over k, on which K has lisse cohomology
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sheaves.

(2.2) The pair of integers

(2.2.1) (dim¥X, rank¥)

in Z,qo x Zyg we will call the shape parameters of the

geometrically irreducible perverse sheaf K on A,

(1.3) Here is a way to "calculate” the shape parameters of a
geometrically irreducible perverse sheaf K on A", in terms of
stratifications. Suppose we are given a smooth stratification Y of A,

i.e., a set-theoretic decomposition of Al into finitely many reduced,
locally closed subschemes Y;, with each Y; smooth over k, and

equidimensional of some dimension d; > 0. Suppose further that the
perverse sheaf K is "adapted to the stratification Y", in the sense
that for each strat Y;, and for each ordinary cohomology sheaf HI(K)
of K, the restriction

HIK) | Yy

is a lisse sheaf on Y;. We do not assume the Y; to be connected, so

the rank of ®J(K) | Y; is a locally constant function y = r; J-(y) on Yj.

By the perversity of K, and the fact that it is supported on X, we
know that

(2.3.1) HJ(K) = 0 unless 0 < j < dimX,
(2.3.2) 1K) | Y; = O implies j = dj := dimY;.

Look among all those Y; such that HI(K) | Y; is nonzero for some j.
Among these Y, there is a unique one of largest dimension, namely

the unique strat which contains the generic point of X. Call this the
"essential” strat, Y qq. We have

(2.3.3) dimX = dimY gqq.

The restriction #~dIMX(K) | Yoss is a lisse sheaf on Y which

vanishes outside the connected component of Y o4 containing the

ess?

generic point of X, and whose rank on that connected component is
rank¥. [Moreover, H™J(K) | Yoss = 0 for j # dimX.] From the fact

that K is a middle extension from U, we know that for 0 < j < dimX,
we have

(2.3.4) dimSupp(®~JI(K)) < j-1.
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Thus we have
(2.3.5) HIK) | Y; = 0 and j < dimX implies j-1 > d; := dimY;.

(2.4) From this description, we see that another characterization of
the shape parameters is this. On each strat Y;, the Euler

characteristic

y = X(y) = 25 (-1)IrankRI(K);,
1s a locally constant Z-valued function. Among all those strats on
which this function does not vanish identically, there is a unique

one of largest dimension, namely Y whose dimension is r. We

ess’
recover A as the the maximum value on Yess of the function

y = DI X(y),
or equivalently as the maximum value on Y44 of the function

y = Xyl
The set of points of Y ,qq where this function attains its maximum a

single connected component of Y outside of which the function

ess
vanishes.

(2.5) We now introduce weights into the story.

Lemma 2.6 Suppose in addition that our geometrically irreducible

perverse sheaf K on A is pure of weight zero. Then
1) the lisse sheaf ¥~ dIMX(K) | Yoss is pure of weight -dimX,

it has rank rank% on one connected component of Y and it

ess’
vanishes on all other connected components of Y qq.

2) for j = dimX, H7J(K) | Yoes = O.

3) For any Y; = Y and any cohomology sheaf X7 J(K), we have

ess»
the lisse sheaf ®X~J(K) | Y; is mixed of weight < -1 - d;.

proof Assertion 1) holds because a middle extension of the shape
ixJix(FIdimU]), with F lisse on U, is pure of weight zero if and only if
7F is pure of weight -r = -dimU. Assertion 2) has already been noted
above. For assertion 3), we argue as follows. If HIK) | Y; is nonzero
and Y; = Y then d; < dimX, and so j-1 2 d;, 1.e,, -j £ -1 - d;. Since

ess’ i1

H™J(K) is mixed of weight < -j, the assertion follows. QED
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Theorem 2.7 Let N be a perverse sheaf on A over the finite field k.
suppose N 1s mixed of weight < 0, and that its weight zero quotient,

K := ngO(N) is geometrically irreducible. Denote by
(r, A) := the shape parameters for K := ngO(N).
Pick a smooth stratification Y on A" to which both N and K are
adapted (or equivalently to which the object KGN is adapted). Then
the strat Y,qq for K := ngO(N) is the unique strat Y; for which it is
not true that
for every |, HI(N) | Y; is mixed of weight < -1 - dj.

Once we have identified Y then we recover r as dimY

ess’
and we recover A as the maximum, on any connected component of

ess?

Y oss, of the rank of gryy T(H T(N)|[Yoss), or, what is the same, as the
rank of ng_r(@J }[’,"J(N)IYQSS).

proof We have a tautological sur jection of perverse sheaves
N —> K = gryyd(N),

so a short exact sequence of perverse sheaves

0 = Ker = N — K - 0,
with Ker mixed of weight < -1. From the long cohomology sequence
of ordinary cohomology sheaves

- HITIN) 5 ®ITLK) 5 RIKer) - HIN) > HIK) >

we see that Ker is also adapted to the smooth stratification Y. Since
Ker is mixed of weight < -1 and is perverse, if

H-J(Ker) | Y =0

then j > dj, 1.e,, -j-1 < -1 -d;. Because Ker is mixed of weight < -1,

H~J(Ker) is mixed of welght < -1 - j, so for every 1 and every J we
have

H-J(Ker) | Y; is mixed of weight < -1 - d;.
Now rewrite the same cohomology sequence as

= HITLK) > HI(Ker) - HIN) - HIK) > HI*L(Ker) -
Recall that

the lisse sheaf H™T(K) | Y o is pure of weight -r

and of rank A on one connected component of Y and vanishes on

ess?

all other connected components of Y and

ess?
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for j = dimX, HJ(K) | Yaqes = O.
For any Y; = Y44, and any cohomology sheaf }E_J(K), we have
the lisse sheaf H~J(K) | Y; is mixed of weight < -1 - dj.
On any strat Y;, we have, for every j,
H-J(Ker) | Y; is mixed of weight < -1 - dj.
So if Yy = Y we see from the long cohomology sequence that for
every |J,
the lisse sheaf H~J(N) | Y; is mixed of weight < -1 - d;.

ess?

What happens on Y, 7 By the perversity of N, we know that if #~
J(N) | Y oss is nonzero, then r > j. As N is mixed of weight < 0, the
only possibly nonzero HI(N) | Y ogs are all mixed of weight < - j < -r,
and of these only H™I'(N) | Y4 fails to be mixed of weight < -1 -r. As

all the nonzero ¥~ J(Ker) | Yoss are mixed of weight < 1 - r, the
cohomology sequence gives a four term exact sequence of lisse

sheaves on Y qq,

0 — (mixed of weight < -1-r) = H™I(N) | Yogq
- HT(K) | Yosq = (mixed of weight < -1 -r) — 0.

Passing to gry '

gryw TCHTTN) |Y

, we get

ess) = grw TOHTHK) | Yogs)-
Since the nonzero H™J(N) | Yoss With j = r are mixed of weight < -1
-r, we also have

erw (@ HTIN) | Yoss) = grw TOHTTN) | Yegs).
As already noted in our discussion of the pure and geometrically
irreducible case, we recover A as the maximum rank of

WK | Yogs = grw T HT(K) | Yogq QED

Definition 2.8 Given a perverse sheaf N on A"' which is mixed of
weight < 0, and whose weight zero quotient, K := ngO(N) is

assumed to be geometrically irreducible, we define the shape
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parameters (r, A) of N to be the shape parameters of its weight zero

quotient, K := ngO(N).

3. Hooley parameters
(3.1) We continue to work in A over k. We fix a nontrivial @ex—
valued additive character ¢ of k, and a choice of Sqrt(q) in 68' This

allows us to define Tate twists by half-integers. Using them, we next
define the Fourier Transform

(3.1.1) FT, : DpS(AR, @) = DpS(AR, Q).
In terms of the two projections
(3.1.2) prq and pro : A" x ATl > AN
and the standard inner product
(3.1.3) <, >t AN x AN — ALl
<xpiy (yip> = 24 vy,
we define FTqJ as follows:
(3.1.4) FTqJ(K) = R(pr2)!(f)kp(<_’ 5)®prq*(K)[nln/2)).
(3.2) One knows that FTqJ preserves perversity (and more generally

commutes with the formation of perverse cohomology sheaves), and
1s an exact autoequivalence on the abelian category of perverse
sheaves. In particular, it preserves the property of being
geometrically irreducbible. It is stable on the full subcategory of
mixed perverse sheaves, and on that full subcategory it preserves
the filtration by the weight, and so in particular preserves the
property of being pure of given weight.

(3.3) Now suppose we are given once again a perverse sheaf N on A
which is mixed of weight < 0, whose weight zero quotient, K :=

ngO(N) is assumed to be geometrically irreducible. Then FTLP(N) is a

perverse sheaf on A" which is mixed of weight < 0, whose weight
zero quotient, ngO(FTqJ(N)) = FTqJ(ngO(N)) = FTqJ(K), is

geometrically irreducible. Thus it makes sense to speak of the shape
parameters of FTqJ(N), which are by definition the shape parameters

of FTLP(K)'
Definition 3.3.1 The Hooley parameters (r, A) of N are the shape
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parameters of FTLP(N)'

(3.4) In view of the above results on shape parameters, the following
result on Hooley parameters is a tautology.

Theorem 3.5 Let N be a perverse sheaf on A over the finite field k.
suppose N 1s mixed of weight < 0, and that its weight zero quotient,

K := ngO(N) is geometrically irreducible. Denote by
(r, A)

the Hooley parameters of N. Pick a smooth stratification Y on A to
which both FTqJ(N) and FTqJ(K) are adapted (or equivalently to

which the object FTLP(N) > FTqJ(K) is adapted). Then we have the

following results.
1) The strat Y ¢4 for FTLP(K) is the unique strat Y; for which it is not

true that
for every |, }(’,_J(FTqJ(N)) | Y; is mixed of weight < -1 - d;.

Once we have identified Y o, then we recover r as dimY

ess’
and we recover A as the maximum, over all connected components

of Y of the rank of grw_r(}[’,_r(FTqJ(N)NY ), or, what is the

ess? ess

same, as the rank of ng_r(@J }E_J(FTqJ(N)NY

2) On each strat Y, the Euler characteristic
y = X(y) = i (-1)IrankRIFT,(K))y,

1s a locally constant Z-valued function. Among all those strats on

which this function does not vanish identically, there is a unique
one of largest dimension, namely Y whose dimension is r. We

QSS)

ess’
recover A as the the maximum value on Yess of the function

y = Dy,
or equivalently as the maximum value on Y44 of the function

y = X (y)l

4, Relation to A-number

(4.1) When N as above has Hooley parameters (r, A) with r = n,
then the second parameter A > 1 is what is called the A-number of
N in [Ka-PES, 4.6] and in [Ka-Fou, 4.0]. Hooley has emphasized (in
private communications) the importance of understanding the
situation when that A-number vanishes, or what is the same, when
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r < n.
(4.2) The simplest example of such a situation is to take N to be the
(shifted and Tate-twisted) constant sheaf Qy[nl(n/2). Then FTLP(N) is

6p, the constant sheaf at the origin, extended by zero. 5o this N has

Hooley parameters (0, 1).
(4.3) We can make more examples by taking products with this
situation. Indeed, by the compatibility of Fourier Transform with

external direct products on products of affine spaces,

we see that if N on A" has Hooley parameters (r, A), and if M on

A™ has Hooley parameters (s, B), then NKM on AN has Hooley
parameters (r +s, AB). In particular, if we take M to be Q)[ml(m/2),

then N on A and NKM on AN*M have the same Hooley parameters
(r, A), no matter how large m. In section 9, we give less trivial

examples of objects N on A2M \yhich both have Hooley parameters
(2m-1, 1).

5. Calculation of ngO(N)

(5.1) We continue to work in A over a finite field k, with ¢ a
chosen prime number which is invertible in k. In the interesting
applications of the general theory we have developed so far, one is
given the perverse object N which is mixed of weight < 0, and one

somehow knows that its weight zero quotient K := ngO(N) is

geometrically irreducible. For instance, one might know this by
applying [Ka-MMP, 1.8.3, part 3)]. But in general N itself need not be
K, and one is not given K explicitly. To what extent can we describe
K "explicitly” in terms of N7 In the discussion below, we will address,
to some extent, this question.
(5.2) We first give a quite general lemma.
Lemma 5.3 Let X/k be an affine scheme of finite type. Let N be a
perverse sheaf on X, mixed of weight < 0. Let f be a nonzero function
on X.Suppose that N | X[1/f] is geometrically irreducible on X[1/f],
and pure of weight 0. Suppose that N[-1} | Var(f) is semiperverse on
Var(f). Denote by

j: X[1/f] =» X,

i:Var(f) = X
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the inclusions. Then ngO(N) 1s geometrically irreducible on X, and
we have an isomorphism
ngO(N) = Jixd*N

of perverse sheaves on X.
proof Since j*N is geometrically irreducible and pure of weight 0 on
X[1/f] , its middle extension j!*j*N 1s geometrically irreducible and
pure of weight 0 on X. So it suffices to prove the second statement.

Step 1. We first show that i4i*N[-1] is perverse, and that N and

JIi*N have the same ngO.

We have a distinguished triangle

. = 1 i*N[-1] = jij*N - N - .,
in which both N and jij*N are perverse. By hypothesis, i,i*N[-1] is
semiperverse. Since N is mixed of weight < 0, N[-1] is mixed of
weight < -1, and so i,i*N[-1] is mixed of weight < -1. Consider the

long exact cohomology sequence of perverse cohomology sheaves
...... - PHITLN) - PRI, i*NI-1]) - PHIi*N) — PHI(N) - ..

Because N and jij*N are both perverse, their PHJ vanish for J = 0.
So the only possibly nonvanishing PHI(,.i*N[-1]) have j=0 and j=1.
But as i,i*N[-1] is semiperverse, its only possibly nonvanishing
PHI(.i*N[-1]) have j < 0. Hence PHJI(ii*N[-1]) vanishes for j = 0, so

141*N[-1] is perverse. So the distinguished triangle is a short exact

sequence of perverse sheaves
0 = i i*N[-1] = jij*N - N — 0,

0

with kernel mixed of weight < -1. Since gry " 1s an exact functor,

we find the asserted isomorphism
grw 91 i*N) = gryyO(N).
Step 2. We next show that jij*N and jixj N have the same

ngO. Then we are done, because by Gabber's purity theorem,

JixJ“N is pure of weight 0. In the perverse category, jixj N is a
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quotient of jij*N (being the image of jij*N in Rjxj*N). So we have a
short exact sequence of perverse sheaves

0 = iyi% 1 *NI-1] > jii*N = 5 j*N - 0,
Since jix N is pure of weight 0, it is mixed of weight < 0, hence

1171 *N[-1] is mixed of weight < -1. Applying the exact functor

ngO gives the asserted isomorphism

erw P(1i*N) = grw Q3 *N). QED

(5.4) The utility of Lemma 5.3 is enhanced by the following
elementary lemma.

Lemma 5.5 Suppose that X/k is reduced and irreducible of
dimension d > 0, and that N is a perverse sheav N on X of the form
g[d] for some constructible sheaf 4 on X. Then for any nonzero
function f on X, N[-1] | Var(f) is semiperverse on Var(f).

proof Indeed, the only nonvanishing ordinary cohomology sheaf of

N[-1] | Var(f) = 9ld-1]1| Var(f) is #1-9, whose support lies in Var(f),
which has dimension at most d-1. QED

(5.6) We also have the following well known lemma, which we
include for the reader’'s convenience.

Lemma 5.7 Suppose now that X/k is a local complete intersection
which is equidimensional of dimension d > 0. Then for any lisse sheaf
¥ on X, the object N := F[d] is perverse on X.

proof For Ng := Qyld], this is [Ka-PES II, 2.1]. In general, it is
obvious that N := F[d] is semiperverse. Its dual DN is ¥~ ® DNy,

which is semiperverse, because DNg is semiperverse (being perverse).
QED

(5.8) Putting together the previous three lemmas, we get the
following theorem.

Theorem 5.9 Let X/k be a closed subscheme of A'.which is
geometrically reduced and irreducible, and is a local complete
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intersection over k of dimension d > 0. Let V C X be a dense affine
open set, inclusion denoted jy : V — X. Let f be a nonzero function

on X such that X[1/f] € V and such that X[1/f] is smooth over k.
Denote by j: X[1/f] - X the inclusion. Let ¥ be a lisse Qp-sheaf on V

which is mixed of weight < -d. Suppose that ¥ | X[1/f] is a
geometrically irreducible lisse sheaf on X[1/f] which is pure of weight
-d. Then we have the following results.

1) The object N := (jyy)1F[d] on X is a perverse sheaf on X, mixed of

weight < 0.
2) The object jix(N | X[1/f]) on X is a geometrically irreducible

perverse sheaf on X which is pure of weight O.
3) We have an isomorphism of perverse sheaves on X,

erwV(N) = ji, (N | X[1/£]).

6. Behavior of Hooley parameters in arithmetic families
(6.1) We continue with our previously chosen integer n. We work on

A" over an affine parameter scheme S = Spec(R) of finite type over
Z11/¢], i.e., R is finitely generated as a Z[1/¢]-algebra. We suppose

given a stratification Y of Al'g, i.e., a set-theoretic partition of Allg
as a disjoint union of finitely many locally closed reduced

subschemes Y; in A'q. We also suppose given a function h on Alg,

l.e., an S-morphism h: Ans - Als, l.e., h i1s an n-variable

polynomial over R.

Basic Stratification Theorem 6.2 Given S and Y as above, there
exist

an integer M > 1,

a real constant C,

a stratification W of Agpq /] (ie., a set-theoretic partition of

AnS[l/M] as a disjoint union of finitely many locally closed
subschemes W;). and
an additive map

{Z-valued functions on A'grq /] adapted to Yl1/Ml}
— {Z-valued functions on Ag[q /] adapted to W},
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PP,
with the following properties.
1) For any prime number ¢, for any etale map S; — S[1/M/¢], any

object M in DbC(Ansl, 68) which is adapted to the stratification 'Qsl
of Ansl, for any finite field k, for any k valued point sq of Sq(k), for

any direct factor L of M, in Dp“(AD Qp), for any nontrivial

S1 S1’
additive @ex—valued character § of k, and for any choice of Sqrt(#=k)
in Qp, the object FTLP(L(X)f’qJ(h)) is adapted to ‘lﬂsl, and

I FT(L®E ()l < CIILIL

[For any object L in Dy“(AM Qy), we write |IL| for

Sl’
ILIl := Supy in AN(K) i rank }[’,i(L)X.]
2) Moreover, if L is X -adapted to (lalsl, then FTLP(L(X)f,qJ(h)) is X -

adapted to ‘lﬂsl, and their X -functions X and XFTqJ(L) are related

by

KFT(LOL () = (XL
proof When h = 0, this is [Ka-Lau, 4.1], itself a consequence of [Ka-
Lau, 3.1.2 and 4.3.2]. The general case results from combining the
same ingredients, but now using the recipe of [Fou-Ka, 2.1 and 3.1],

where this theorem is proved (but not stated!) in the special case
when S is Spec(Z). QED

(6.3) In most applications, we want to work over the integers of a
number field F. So suppose that S = Spec(Jf). Then every dense open

set of S contains S[1/M] for some integer M > 1. This allows us to
apply [Ka-PES, 1.4.4], which in general requires replacing S by a
dense open set in S[1/M1] for some integer Mq = 1.

Corollary 6.4 to Theorem 6.2 When in addition S = Spec(Of), we
may in addition choose the integer M and the stratification W in
such a way that W is a smooth stratification of AnS[l/M]’ l.e., each

W:

i is smooth and surjective over S[1/M] with all fibres
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equidimensional of some common dimension d;.

proof This is an instance of [Ka-PES, 1.4.4], which in general
requires replacing S[1/M] by a dense open set of S[1/MM4] for some

integer Mq 2 1, but any such set contains S[1/Mj] for some integer
M2 > 1 QED

Uniformity Theorem 6.5 Hypotheses and notations as in Theorem
6.2, suppose in addition that S = Spec(0Of) and that we are given an

integer Mo > 1, and objects N and K in DbC(AnS[l/EMM2]’ 68)’

which satisfy all the following conditions.

1) The objects N and K are each adapted (:= their ordinary
cohomology sheaves are lisse on each strat) and also X -adapted (:=
their X -functions are constant on each strat, a supplementary
condition which is automatic if all strats are connected) to the
stratification Y.

2) The objects N is fibrewise perverse and fibrewise mixed of weight
< O: for every finite field k, and for every point s in S[1/¢MMy](k),

the object Ng on Ay is perverse, and mixed of weight < 0.

3) The object K is fibrewise perverse, fibrewise pure of weight 0, and
fibrewise geometrically irreducible: for every finite field k, and for

every point s in S[1/¢MMyl(k), the object K on Ay is perverse,

pure of weight O, and geometrically irreducible.
4) The object K is fibrewise the weight 0 quotient of N: for every
finite field k, and for every point s in S[1/¢MMysl(k), there exists an

iIsomorphism Kg = ngO(NS) of perverse sheaves on Ay.

Then we have the following two conclusions.

1) There exists a strat W s of W with the following property. For
every finite field k, and every point s in S[1/¢MM>sl(k), denote by

Wy oss the strat of Wy which is "essential” for FTqJ(KS(X)quJ(h)). Then
We,ess = (Woss)s for every finite field k, and every point s in
S[1/eMMol(k).

2) There exists a pair of integers (r, A) with the following property:
For every finite field k, and every point s in S[1/¢MMysl(k), denote by
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(rg, Ag) the Hooley parameters of the object NS®IZ¢(h) on AM,. We

have
(rg, Ag) = (r, A)

for every finite field k, and every point s in S[1/¢MMy](k).

proof Since on A"y, f’qJ(h) is a lisse sheaf of rank one which is pure

of weight zero, Ns®f’q;(h) on Ay is mixed of weight < 0, Ks®f’q;(h)

1s geometrically irreducible and pure of weight zero, we have
Ks®f’q)(h) = ngO(NS®r‘:L|J(h))’

and both Ks®f’q;(h) and Ns®f’q;(h) are adapted and X -adapted to

Ys. The X -function of Ks®f’q;(h) is equal to that of K, hence is

independent of s. The X -function of FTqJ(KS(X)‘E’Lp(h)) is, by the

uniformity theorem, determined entirely by the X -function of
Ks®f’q;(h)- Hence the X -function of FTqJ(Ks@f’qJ(h)) is independent of

s. Assertion 1) now results from the description [ref previous result]

of We,ees as the unique strat of highest dimension among all the

strats on which the X -function of FTqJ(Ks@‘E’qJ(h)) does not
identically vanish. Then r is the relative dimension of W o4 over

S[1/M], and A is the absolute value of the X -function on this strat.
QED

Corollary 6.7 For every finite field k, and every point s in

S[1/¢MMyl(k), the strat Wg,oos is geometrically connected over k.

= (W

connected, since for any finite extension field E/k, we can view s as
an E-valued point, call it sg, of S[1/¢MMsI(E), and we have

(Wess)s®kE = (Wess)

proof Given k and s, It suffices to show that W oss)s 1S

$’eSS

SE'
That Wg,eqg 15 connected results from the fact that the X-function

of FTLP(KS@‘E’LP(h))’ which has the constant value A > 0 on this strat,

1s nonzero precisely on one connected component of this strat, cf.2.4.
QED
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Corollary 6.8 Fix a strat W; of W, of relative dimension d; over Let
k be a finite field, s a point in S[1/¢MMysl(k), and y a k-valued point

of Al'g which lies in the strat (W;)s. Then we have the following

results.

1) If Wy = W then each of the cohomology groups

ess’
H.J(AD ®) k, NINI® Ly (h(x) + <y,x))(1/2)
is mixed of weight < -1 - d;, and the sum of their ranks is bounded
by CIINIl. The L-function of A’ with coefficients in
NINI® L (h(x) + <y,x>)(n/2)

has total degree at most C|IN||, and all its reciprocal zeroes and poles
have weight < -1 - d;j.

2) 1) If Wi = W,
HCJ(AHS(@kE, N[n]®f’¢(h(x) + <y,x>))(n/2)’ j = -r

is mixed of weight < -1-r. The group
HC_F(AHS®RE, N®°CL|J(}’1(X) + <y’X>))(1’1/2)

1s mixed of weight < -r, and its weight -r quotient has rank A. The

sum of the ranks of all these HCJ is bounded by C|IN||. The L-function

each of the cohomology groups

of Ans with coefficients in

NInI® L y(h(x) + <y,x>)(n/2)

has total degree at most C|IN||. If r is odd [resp even] it has precisely
A reciprocal zeroes [resp. A reciprocal poles] of weight -r, and all its
other reciprocal zeroes and poles have weight < -1 - r.

proof The assertion about weights of cohomology groups is just a
rewsriting of Theorem 2.7 on each fibre, given the fundamental fact

that for each k and s, the strat (Wg),ss is the fibre over S of the

strat Wggs. The assertion about sum of ranks is just the final

assertion of the Basic Stratification Theorem 6.2. The assertion about
L-functions is just the translation of these results on weights and
ranks through the Lefschetz trace formula [Gro-FL]. QED

Remark 6.9 Theorem 2.7 gives a characterization, for each finite

field and each point s in S[1/¢MMysl(k), of the strat W o5 among all
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the strats of Wy, purely in terms of the weights which occur at
various points in FTLP(NS(X)JZLP(h)). It is not clear a priori from this
characterization alone that Ws,ess is always the s-fibre of a single
strat Wggs.

7. Calculation of ngO(N) in arithmetic families

(7.1) In this section, we explain how to create input for the

Uniformity Theorem 6.5 above. We work in A over an affine
parameter scheme S = Spec(R) of finite type over Z[1/2]. We assume
further that S is reduced and irreducible, i.e., we assume that R is

an integral domain. We suppose given a closed subscheme X C Allg,

an integer d > 0, and a polynomial function f on X, about which we
make the following two assumptions 7.1.1 and 7.1.2.

(7.1.1) Every geometric fibres of X/S is reduced and irreducible,
and is a local complete intersection of dimension d.

(7.1.2) X[1/f]/S is smooth and surjective.

Lemma 7.2 In the above situation 7.1, there exists an integer
M 2 1, a dense open set U C S[1/M], and a finite sequence of open
sets in Xy,

Xy=Vpg2VLDVyD ..Vp-= Xu[l/f]
such that the following hold:
1) For each i = 1 to b, the complement Y; :=(Vj_q - Vi)red is smooth

and sur jective over U, with fibres equidimensional of some common
dimension d;.

2) For any i = 1 to b, denote by

Ji 1 Vi = Vig
the inclusion. For any object M; in Dy“(Vj, 68) which is adapted to
the stratification Y; := {Vy, Yy, Yp-1, -, Yj} of Vi, the object
R(jj)xMj on V;_q is adapted to the stratification Y; := {Vy, Yy, Yp-1,
ey Yi—i} of Vi_1, and its formation is compatible with arbitrary

change of base on U.
proof This is proven (but not stated!) in [Ka-PES, 1.8.3]. QED

Lemma 7.3 In the above situation 7.1, suppose that we are given a
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lisse @g—sheaf F on X[1/f]. Form the object My := F[dlIX{l1/f] on V,
which is fibrewise perverse over U. For i = b to 1, consider the
objects M;_1 on V;_4q defined successively as

Mi_q1 = TYi< —diR(Ji)*Mi'
For each 1 = 0 to b-1, the object M; on V; is adapted to the
stratification Y;, and its formation commutes with arbitrary change

of base on U. It is fibrewise perverse over U, and fibre by fibre it is
the middle extension of the perverse sheaf My,.

proof Immediate from the previous lemma and the explicit
description [BBD,.2.1.11] of middle extension. QED

Lemma 7.4 In Lemma 7.3, suppose that the lisse sheaf ¥ on Xj[1/1]

i1s pure of weight -d, and is geometrically irreducible on each
geometric fibre of X{j[1/f] over U. Then the object Mg on Xyj is, fibre

by fibre, a geometrically irreducible perverse sheaf which is pure of
weight zero.

Lemma 7.5 In Lemma 7.4, suppose we are given in addition an
affine open set W C X with X[1/f] ¢ W C X, and a lisse sheaf F on
W, which is mixed of weight < -d, whose restriction to XU[l/f] 1s

pure of weight -d and geometrically irreducible on each geometric
fibre of X{j[1/f] over U. Denote by jyw : W — X the inclusion, and

form the object
N = (jy) Fld]
on X. Then N is fibrewise perverse on Xj/U, and fibre by fibre its

ngO i1s M. The objects N and M on X{j are adapted to any

stratification Xyj of X{j which refines both the stratifications
Yo = {Yo, Y1, Yo, Xu[l/f]}
and
{XU - Vu, Vu}
of Xyj. If we take a common refinement X{; which has connected

strats, then both N and Mg are both adapted and X -adapted to Xyj.
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proof That N is fibrewise perverse is just [ref earlier lemmal,

0

applied fibre by fibre. That fibre by fibre its gry" is Mg is just [ref

earlier thml], applied fibre by fibre. The other assertions are obvious,
and asserted for ease of later reference QED

8. An instance of the general theory: character sums
(8.1) Let F be a number field, v > 1 an integer, and suppose that F
contains the v'th roots of unity. FFor each character

X y(F) = @y,
we have the Kummer sheaf f,x on G/0fpl1/ve].

(8.2) We work in A over S = Spec(Ug[1/Ngvé]), for some chosen
integer N > 1. We suppose given the following data:

(8.2.1) a closed subscheme X C Alg,

(8.2.2) an integer d > 0.
(8.2.3) polynomial functions f and h on X,
(8.2.4) a finite list of pairs (g;, Xj) with g; a polynomial function on

X, and X; a character of j,,(F).

(8.3) We suppose this data satisfies the following conditions 8.3.1-3.
(8.3.1) Every fibre of X/S is geometrically reduced and irreducible
and is a local complete intersection of dimension d.

(8.3.2) X[1/1]/S is smooth and sur jective.

(8.3.3) We have inclusions X[1/f] C X[l/(ﬂj gj)] Cc X

Theorem 8.4 Given the above data
(S; X; d; f’ h’ the (gJ’ XJ));

there exists an integer M 2 1, a smooth stratification W ={Wj}; of

A1 /M1 with Wi/S[1/M] smooth and surjective with fibres
equidimensional of dimension d;, a real constant C, a pair of integers
(r, A) with r > 0 and A = 1, and a distinguished strat W of 1,

with the following properties.
1) The fibres of W_../S[1/M] are geometrically connected and

smooth of dimension r.
2) For any finite field k, any nontrivial additive character ¢ of k,

ess
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any point s in S[1/M](k), and any point y in (Wgs)s(k), the
cohomology groups

HoI(Xo[1/8]®k, (@5 Ly (g i) O Lyn(x) + <yx0)) 1= din-
r,
1s mixed of weight < d+n-r-1, while the cohomology group

H.d-r(x [1/g]®Kk, (®; f’XJ(gJ(X)))(X’f’qJ(h(X) + <y ,x0)
1s mixed of weight < d+n-r, and has precisely A eigenvalues of

weight d+n-r.
3) For any strat W; = W, any finite field k, any nontrivial

additive character { of k, any point s in S[1/M](k), and any point y
in (W;)s(k), the cohomology groups

HO (X [1/g18 K, (@) £y (g ()@ Ly(h(x) + <y,x))
all have weight < d+n-d;-1.

4) In both situations 3) and 4), the sum of the ranks of the HCi is
bounded by C.

Corollary 8.5 Hypotheses and notations as in Theorem 8.4, we have
the following estimates for exponential sums.
1) For any finite field k, any nontrivial additive character ¢ of k,

any point s in S[1/MI(k), and any point y in (Wos)s(k), we have the

estimate
%% in X J1/g](k) (TTj % j(g Ge(h(x) + <y,x>)|
< A(=)(A+N-1)/2 4 (copA)(zk)(d+n-T-1)/2
2) For any strat W; = W ., any finite field k, any nontrivial

additive character { of k, any point s in S[1/Ml(k), and any point y
in (W;)s(k), we have the estimate

2y in X [1/g10k) (TTj % (8GN + <y,
< C(zk)(d+n-d; -1)/2

proof of Corollary 8.5 The corollary is immediate from the
theorem, via the Lefschetz trace formula [Gro-FL]. QED

proof of Theorem 8.4 Put g = WJ- g Begin with the lisse sheaf
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T =(®; clleJ.(gJ.(X)))(d/2)

on the open set X[1/gl, and restrict it to X[1/f]. Then apply Lemma
7.3 to the inclusion of X[1/f] into X. This produces an integer Mq = 1,
an open dense set U in S[1/M4], and a particularly nice finite
sequence of open sets in Xyj,

Xy =Vg2VyDVyD ..V = XylL/fl
Since any dense open set U in S[1/M4] contains one of the form
Sl1/Mol, we may and will assume that U is S[1/Ms]. Form the object
My = FldlIXyl1/f] = FIdIIX[1/Mof] on V. Then form the object My
on Xy = X[1/Mpol, which is adapted to the stratification Y of Lemma

7.3.
Denote by
jg : X[1/gMo] = X[1/Mo]

the inclusion. Take for N the object (jg)!?[d] on X[1/M]. Pick a
stratification X[1/M] of X[1/M] as in Lemma 7.5 with connected
strats. Append to it the open set AnS[l/MQ] - X[1/Mp»] to obtain a

stratification, still denoted Y, of AnS[l/l\/l2]- Then both My and N are
adapted and X -adapted to this stratification. Now apply the Basic
Stratification Theorem 6.2 to this stratification, to produce an

integer Mz > 1 and a stratification W of AnS[l/M2M3]- We take the
integer M to be the product MoyM=z. Now apply the Uniformity

Theorem 6.5 to this situation, with W and N as above, and with K
takeni to be our My.

To get the statements about cohomology groups, recall (3.1.4)
the Tate twists and the shifts in the definition of Fourier Transform.
For a finite field k, a prime £ invertible in k, a nontrivial additive
character ¢ of k, a choice of Sqrt(#k), we have

FTy(L) == Rlproh(Ly (¢, »)®prq*(L)nl(n/2))
for any object L in D,©(A", @é)'

For a finite field k, an nontrivial additive character ¢ of k, and
a k-valued point s in S[1/M], the perverse sheaf Ng induced by N on

the fibre A, over s is the object ‘f’x(g(x))[d](d/m X [1/g] on X [1/g],
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extended by zero to all of A . So the stalk of }EJ(FTqJ(NS(X)f)qJ(h))) at
a k-valued point y of Al is
HIFT(N® L (1)
“HIRT (X [1/8]®K,
(®; f’Xj(gj(x)))[d](d/m@f’qJ(h(x) + <y, x>)nln/2)))

= HoJ(X[1/g]® K,
(®; f’Xj(gj(x)))[d](d/m@f’qJ(h(x) + <y, x)nln/2))

= H (X [1/g]®K,
(® ‘E’Xj(gj(x)))@fw(h(x) + <y,x>))(n+d)/2).

S50 the assertion about cohomology groups is just Corollary 6.8 of the
Uniformity Theorem 6.5. QED

9. Three examples
(9.1) First example Pick an integer m > 2. View AZ2M g5 AN x AM
with coordinates (xq, .., Xpy, V1, - V) 1IN AZM over 7, consider the
(split quadric) hypersurface X of equation

Zi XiYi = 0.
Because m = 2, X/Z has all its fibres geometrically reduced and
irreducible. Choose a prime ¢, and take for N the extension by zero

to A2M[1/¢] of the object @e’x[2m—1]((2m—l)/2] on X[1/2]. We leave

to the reader the elementary verification that in every
characteristic p = ¢, the Hooley parameters of N are (2m-1, 1).

Moreover, a stratification W of the dual A2M = AMxAM it
coordinates (al, ey Ay D1, s bm) to which, in every characteristic
p = ¢ both FTqJ(N) and FTLp(ngO(N)) are adapted, is the following

one.
Wq: the open set where 2 ajb; is invertible,

- 1s invertible and

Wl: the set where Zi aibi = 0 but some aj

some bj 1s invertible,
Wy : the set where all a; = 0 but some bj 1s invertible,

Wz, the set where all bJ~ = 0 but some a; is invertible,

1
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Wy @ the origin.
The "essential” strat Woqq 1s W1
(9.2) Second example Take m = 1. In A2M = AMxAM oyer Z with
coordinates (Xl, oy Xy Y1 oo ym), take for X the hypersurface of
equation

Tl—i Xi = WJ y'J'.

Agaln choose a prime ¢, and take for N the extension by zero to
A?M[1/¢] of the object 68 w[2m-11((2m=-1)/2] on X[1/¢]. In every
characteristic p = ¢, the Hooley parameters of N are (2m-1, 1). A
stratification W to which both FTqJ(N) and FTqJ(ngO(N)) are adapted
1s the following:

Wq: the open set where (TT; ai)(ﬁj bj)[(ﬁi aj) - (—1)m(TTJ~ bj)] is
invertible,

Wq: the set where (TT; aj) = (—1)m(WJ~ bj) and (TT; ai)(ﬁj bj) is
invertible,
and, for each pair of subsets (A, B) of {1, 2, ..., m} which are not both

empty, the set
W A B := the points where the x5 for a in A and the yy for b in

B vanish, but all other x; and yjare invertible.

One can show, along the lines of [Ka-PESII, 15.1 and 15.4], that the
‘essential” strat Wogq 1s W

(9.3) Third example Here is a slight generalization of the example
above, where multiplicative characters enter. Pick an integer v > 1,
and a number field ' which contains the v'th roots of unity. Pick an

integer m > 1, and a list of m characters X of 1y(F). In AZM -

AT x AT over Opll/w], with coordinates (xq, .., Xy, Y15 - Y
again take for X the hypersurface of equation

Tl—i Xi = WJ y'J'. B
Take g := (ﬁixi)(ﬁjYJ)- On the open set X[1/g¢] take the lisse Q-

sheaf

F o= (®i f’xi(xi))@)(@J f)&k](y\])),

and take for N the extension by zero to A2M[1/¢] of the object
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F2m-11((2m-1)/2) on X[1/g]l. Once again, in every characteristic p
prime to v¢, the Hooley parameters of N are (2m-1, 1). Again FTqJ(N)

and FTqJ(ngO(N)) are both adapted to the stratification W of the

example 9.2 above, and once again the "essential” strat W44 1s W 1.
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