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1. INTRODUCTION, AND STATEMENT OF THE MAIN RESULT
Let k be a finite field, p its characteristic, and
¥ (k,+) — Z[¢p])* ¢ C*

a nontrivial additive character of k. We are given a polynomial f in n > 1 variables
over k of degree d > 1 which is a “Deligne polynomial”, i.e. its degree d is prime to p
and its highest degree term, say fy4, is a homogeneous form of degree d in n variables
which is nonzero, and whose vanishing, if n > 2, defines a smooth hypersurface in
the projective space P"~'. For a Deligne polynomial f as above, one has Deligne’s
fundamental estimate [2, 8.4]

D U(f@)| < ([d=1)"(#K)"2.

xzekm

Suppose now that g is an arbitrary polynomial over k£ in n variables, of degree e < d.
Then for every ¢t € k™, the polynomial
1
tf(z) +g(z) + 7

is still a Deligne polynomial of degree d in n variables over k. Browning and Heath-Brown
[1] asked when one had cancellation in the sum

N w <tf(ar) +g(x) + 1) :
tekx zekn
whose absolute value is, in view of Deligne’s result, trivially bounded by
(d = 1)"(#(k)) " T2/,
In their application [1], d = 3, and ¢ is linear, and so the following theorem applies.

Theorem 1.1. Letd > 3 be prime to p, f a Deligne polynomial of degree d in n variables
over k, and g an arbitrary polynomial over k in n variables. Suppose that p is odd, and
that g is of degree e < d/2. Then we have the estimate

> X ot e+ )

tekx xzckn

< 2(d — 1) (#(k)) D2,
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It will be useful, for certain inductive arguments, to say that a polynomial f in
n = 0 variables over k, i.e. a constant in k, is a “Deligne polynomial”, of any prime
to p degree one likes, if that constant is nonzero. With this interpretation, the theorem
above remains valid when n = 0; it becomes the usual estimate for classical Kloosterman
sums, proven by Weil [14] and foreseen by Hasse [7] as a consequence of the Riemann
hypothesis for curves over finite fields.

Our methods are cohomological, and allow us to treat some other sums “with the
same shape”, as well as “twists” by multiplicative characters y, for example, sums of

the form
1
D IRCIICIORV R
tekx z€kn
cf. Section 8. We also give estimates for certain sums of the form

Y wltf (@) + g(a)),
tekx x€kn
cf. Section 5.

2. COHOMOLOGICAL REFORMULATION OF THE MAIN RESULT

In this section, we continue to work over the finite field k. We fix d > 2 prime to p, f a
Deligne polynomial of degree d in n > 0 variables over k, and g an arbitrary polynomial
over k in n variables of degree e < d. We also choose a prime number ¢ # p, and a group
isomorphism f1,,(C) 2 11,,(Qy), by means of which we view our chosen additive character

of k as now having values in Q,,

¥ (k,+) = Z[G)* C Q.

Henceforth, we work entirely with Q,-sheaves.
On A'/k we have the Artin-Schreier sheaf £,, and on the product space

A" x Gy /k,

with coordinates (z,t), we have the pulled back Artin—Schreier sheaf

Lopes@)+g(x)+1/6)-
The fundamental object of interest to us is the sheaf F on G,,,/k we obtain by projecting
A" X G, /k onto the second factor and taking compact cohomology of this Artin-Schreier
sheaf along the fibres. More precisely, we take

F = R"(pra) Lo (tf(z)+g(x)+1/t)-
When n > 1,

E (@) +g(@) + 7

is a one-parameter family of Deligne polynomials over G,,/k, so we know [13, 3.5.11]
that F is lisse on Gy, /k of rank (d —1)", and pure of weight n. Moreover, we know that
for i # n, the sheaves Ri(prg)gﬁw(tf(ng(z)H/t) all vanish.

In the case n = 0, f is a nonzero constant, g is an arbitrary constant, the projection
pro above is the identity, and the sheaf F on G, /k, lisse of rank one and pure of weight

2€10, 18 Lo(tf+g+1/t)-
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The trace function of F is given as follows. For a finite extension field E/k, denote by
Yp the additive character of E obtained by composition with the trace map Traceg .-
For any such E/k, and for any point t € E* = G,,(E), we have

Trace(Frobg  |F) = (=1)" Z YE (tf(l") +g(x) + 1) .

t
zeE™

By the Lefschetz trace formula applied to F, we have, for any finite extension E/k,
the identity

S 1" X e (16) +ate) + )

teEx zeEn

= Trace(Frobg |H?(G,, @ k, F)) — Trace(Frobg |H}(G,, @y k, F)).

By Deligne’s main theorem [4, 3.3.1], the fact that F is lisse and pure of weight n
assures us that the cohomology group H}(G,, ®4 k, F) is mixed of weight < n + 1, i.e.
each eigenvalue a of Frobg is an algebraic number which is pure of some integer weight
w = w(a) < n+1 (all of its complex absolute values are Card(E)*/?). On the other
hand, one knows that H2(G,, ®y k, F) is pure of weight n + 2.

Thus Theorem 1.1 follows from the following results on the cohomology of F.

Theorem 2.1. Ifp is odd and deg(g) := e < d/2, then we have the following two results:
(i) HZ(Gy @1 k, F) = 0.
(ii) dim H) (G, @ k, F) < 2(d — 1)™.

Remark 2.2. Indeed, assertion (i) of the above theorem is equivalent to the statement
that there exists a constant C' such that for every finite extension F/k, we have the

estimate
> 1 3 v () + o)+ 1)

teEX rzelBm

< C(#(E)) ™2,

That assertion (i) implies such an estimate, with C' taken to be the dimension of
HY(G,, @1k, F), is obvious from the known weights of the compact cohomology groups
of F. Conversely, if such an estimate holds, then certainly the lim supy of the ratios

S0 Y e (tf(w)+g(w)+1> / (#(B)) )2

te EX rzebmn

vanishes. But in view of the fact that H2(G,, ®y k, F) is pure of weight n + 2, while the
H?' is mixed of lower weight, this lim sup, is precisely the dimension of H2(G,, @4k, F),
of. [8,2.2.2.1].

3. FURTHER REDUCTIONS, VIA DWORK-REGULARITY

The theorem of the last section is geometric, i.e. it concerns what happens after we
extend scalars from & to k. This allows us to pass from & to a finite extension E/k and
work instead with the sheaf F on G,,/E. The advantage of doing this is that we can
make a linear change of coordinates in A™ in which our Deligne polynomial f, and more
precisely its leading form fy, is particularly easy to work with.
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Let us say that a homogeneous form F inn > 1 variables X1, ..., X, over F is Dwork-
regular with respect to the coordinates X7, ..., X, if the subscheme of P"~! defined by
the vanishing of F' and of all the X;0F/0X; is empty, ¢f. [5, Introduction and last 2
pages|, where this notion plays an important role. When F' has degree d prime to p,
it is the same to say that the X;0F/0X; define the empty subscheme of P"~!  since
we have the Euler relation dFF = ), X;0F/0X;. It is essentially tautologous that F' is
Dwork-regular if and only if the following conditions hold: for every nonempty subset
S C {1,...,n}, the homogeneous form Fg obtained from F by setting to zero the
variables X; with ¢ € S is a Deligne polynomial in the variables X, s € S; i.e. Fg is
nonzero, and, if #S > 2, its vanishing defines a smooth hypersurface in P#5~1,

Let us recall from [5, last 2 pages] the following lemma, whose elementary proof we
include for the convenience of the reader.

Lemma 3.1. Let F' be a nonzero homogeneous form in n > 1 variables Xy,..., X,
of some degree d > 1, over an algebraically closed field E. If n > 2, assume that the
vanishing of F defines a smooth hypersurface in P"~1. Then there exist new coordinates

}/17 e 7)/7“ i.e.
X, = Zai)jYﬁ (Cbi,j) S GL(n, E),
J

such that F, written as a homogeneous form in the Y;, is Dwork-reqular with respect to
Yi,... Y.

Proof. If n = 1, F is already Dwork-regular. If n > 2, we argue as follows. The key
fact is that given a finite list of smooth connected closed subschemes Z, C P"~!, there
exists an E-rational hyperplane, say H C P"~!, which is transverse to each Z,, i.e. if
dim(Z,) =0, then Z, N H = §; if dim(Z,) > 1, then Z, N H is smooth of dimension one
less; and if Z, is empty, there is no condition. We apply this first to find a hyperplane
H; Cc P*~! transverse to each member of our first list, which we define to be P! and
Var(F) (which is the hypersurface in P"~! defined by the vanishing of F). We then
apply it to find a hyperplane Hy C P"~! which is transverse to each member of our
second list, which we define to consist of the first list together with the intersections
of Hy with each member of the first list. At the (i + 1)-st stage, we find a hyperplane
H; 11 C P! which is transverse to each member of our (i + 1)-st list, which we define
to consist of the i-th list together with the intersections of H; with each member of the
i-th list.

In this way, we obtain a transverse system of hyperplanes Hy, ..., H, in P"~!. Taking
Y; to be a linear form whose vanishing defines H;, we obtain the required coordinate
system Y7,...,Y,. O

Now let us return to the situation of the theorem. Thus f is a Deligne polynomial of
degree d prime to p in n > 1 variables over the finite field k. After possibly extending
scalars from k to a finite extension, we use the above lemma to reduce to the case
where the leading form f; in f is Dwork-regular with respect to the given coordinates
Xi,...,X,,. Let us say that the polynomial f itself is affine-Dwork-regular if the form
F of degree d in n + 1 variables X, ..., X, obtained from f by homogenization,

X, X, )

F(Xo,...,Xn) ::ng<X0,...,X0
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is Dwork-regular with respect to Xo,...,X,. Of course, if a Deligne polynomial of
degree d prime to p in n variables is affine-Dwork-regular, then its leading form f; is
Dwork-regular, simply because fg is F|x,—o-

Lemma 3.2. Let f be a Deligne polynomial of degree d prime to p in n > 1 variables
over the finite field k, whose leading form fq in f is Dwork-regqular with respect to the
given coordinates X1, ..., X,. Then for all but at most d" elements a € k, the polynomial
f(z) + a is affine-Dwork-regular.

Proof. By hypothesis, f; is Dwork-regular with respect to X1,..., X,. Asdis prime to p,
this means simply that in P"~!  the n forms of degree d, X;0f;/0X; for i = 1,...,n,
define the empty subscheme. As fg is F|x,—0, and the formation of X;0F/0X,; for
i = 1,...,n commutes with putting Xy to zero, the subscheme J C P" defined by
the vanishing of the n forms of degree d, X;0f4/0X;, has empty intersection with the
hyperplane Xy = 0. Therefore by Bertini this subscheme must be finite over k. As it is
defined by the vanishing of n forms, each of degree d, it has at most d" k-valued points,
and each of these points has X invertible. Now consider the function

o OF d
¢ = (XOaXO) /XO

on J. We claim that so long as a € k is not of the form —¢(5)/d for any j € J(k), then
f + a is affine-Dwork-regular, i.e. the form F + aX¢ is Dwork-regular with respect to

Xo,...,X,. Because d is prime to p, this amounts to showing that the subscheme K of
P™ defined by the vanishing of the n + 1 forms
I(F + aXy)
Xi——— ) =Y.,
9X, 0 n
is empty, so long as a € k is not of the form —a(5)/d for some j € J (k). These forms
are oF
Xomo +daX{
0 9X, + daX

for i =0, and X;0F/0X; for i = 1,...,n. Thus a point of K is a point of J (from the
vanishing of these last n forms) at which

OF
I 4 dax{d
ax, Mo

also vanishes. But as Xy is invertible at every point of 7, it is the same to say that a
point of (k) is a point j € J(k) at which ¢(j) + da = 0. For the allowed values of a,
the function ¢+ da is invertible on 7, and hence the scheme K is empty, as required. [

Remark 3.3. The reader should be cautioned that if a Deligne polynomial f has its
leading form f; Dwork-regular, f itself need not be affine-Dwork-regular, even if the
affine hypersurface f = 0 is smooth. The simplest example is

m‘f + a1+ Z xf,
i=2
for any degree d > 2 prime to p, and any n > 1. Indeed, f cannot be affine-Dwork-regular
unless its constant term f(0) # 0; if f(0) = 0 then the homogenization F(Xg, X1,..., X,)
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will vanish when we set X; to 0 for ¢ = 1,...,n, rather than being a Deligne polynomial
in the remaining variable Xj.

Lemma 3.4. Let f be a Deligne polynomial of degree d prime to p in n = 1 variables
over the finite field k, which is affine-Dwork-reqular. Then for any integer v > 1 prime
to p, the polynomial f(X") := f(X7,...,X]) is a Deligne polynomial of degree dr prime
to p in n variables over the finite field k, which is affine-Dwork-reqular. Equivalently,
if F(Xo,...,Xy) is a homogeneous form of degree d prime to p in n + 1 variables over
the finite field k which is Dwork-regular, then for any integer r > 1 prime to p, the form
F(X") = F(X{,..., X)) is a form of degree dr prime to p in n+ 1 variables over the
finite field k, which is Dwork-reqular.

Proof. We will prove the assertion in its homogeneous version. Let us put

OF . oG
X G:=F(X"), Gi._XiaXi.

Fi = Xz

Then we have the identities
Gi(X) =rFi(X").
As 7 is prime to p, if z € P"(k) is a common zero of the G;, then 2" is a common zero of

the F;. But the F; have no common zero in P"(k). Thus the G; have no common zero

in P (k). O

In the case when f is a Deligne polynomial of degree d prime to p in n variables
over the finite field k, which is affine-Dwork-regular, we have the following more precise
“purity theorem” concerning the cohomology of the sheaf F.

Theorem 3.5 (Purity theorem). Suppose that f is a Deligne polynomial of degree d
prime to p inn > 1 variables over the finite field k, which is affine-Dwork-reqular, and g
is an arbitrary polynomial. If p is odd and deg(g) := e < d/2, then we have the following
three results:
(i) HX(G, ®k k, F) = 0.
(i) dim H}(G,, @k k, F) = 2(d — 1)".
(iii) HY(G,, @y k, F) is pure of weight n + 1.

Once again, this theorem remains valid for n = 0 with the convention that a polyno-
mial f in n = 0 variables over k, i.e. a constant in k, is a Deligne polynomial which is
affine-Dwork-regular, of any prime to p degree one likes, if that constant is nonzero. It is
simply the (cohomological underpinning of the) usual estimate for classical Kloosterman
sums.

4. THE PURITY THEOREM IMPLIES THEOREM 2.1

Let us put ourselves in the situation of Theorem 2.1. Thus f is a Deligne polynomial of
degree d prime to p in n variables over the finite field k, g is an arbitrary polynomial of
deg(g) := e < d/2, and p is odd. We denote by F the lisse sheaf

F = RN (pro) Ly (tf(2)+g(x)+1/%)
attached to this data.
At the expense of extending scalars from k to a finite extension, we may further
assume that fy is Dwork-regular, and that there exists an element a € k such that
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the polynomial f 4 a is affine-Dwork-regular. The lisse sheaf F, attached to the data
(f +a,9),
Fa = RUPr2)1Lou(s@)+a)+g(a)+1/1)
is related to the original sheaf F by
]:a = f®£¢(at)7

as is immediate from the projection formula.
Thus Fy = F ® Ly(qr) is a lisse sheaf on G, /k, pure of weight n, whose H! is pure
of weight n + 1. We now apply the following lemma.

Lemma 4.1. Let k be a finite field, a € k, and F a lisse sheaf on G, /k which is pure
of weight n. Suppose that H}(G,, @ k, F @ Loy(aty) 8 pure of weight n + 1. Then we
have the following results:

(i) Viewing F as a representation of m1(G,y,), its restriction to the inertia group I1(0)
at 0 € A' has no nonzero invariants or coinvariants, i.e. F'(0) = Fro) =0.
(i) H2(Gy, @y k, F) = 0.

Proof. Denote by j : G,, C P! the inclusion, and write F, := F ® Ly(ary- We have a
short exact excision sequence of sheaves on P!,
0= jiFa = jaFa = (Fa@)pet at 0 ® (F4 ) )pet at o0 — 0.
The long exact cohomology sequence gives an exact sequence
0— H (G @ k, Fa) = FLO & FI) — HY Gy @1 k, Fa).

By assumption the last term is pure of weight n + 1. But as F, is pure of weight n, we

know by [4, 1.8.1] that both F2© and F1© are mixed of weight at most n. So the last
arrow must be the zero map, and so we find an isomorphism

HO(G, @ F, Fo) = FIO @ Fl10),
But each of the two restriction maps
HY(Gyp @1k, Fo) — FLO . HYG,, @ k, Fy) — FL)
is injective. Thus we have
dim FX©  dim F) = dim H® < dim FL(>)]

and hence .7-}{(0) = 0. [Similarly, we find Fi(oo) = 0, but we will not use that fact here.]

The sheaf Ly (q¢) is lisse on Al, so trivial as a representation of 7(0), and hence F and
Fa = FRLy(ar) are isomorphic as representations of 1(0). So we have FH0) =~ .7:;(0) =0.
For any /-adic representation V of I(0), here F, one knows that dim V/(9) = dim Vi(0)-
This proves (i).

Once we have proven (i), (ii) follows. Indeed, the H? is the Tate-twisted group of
coinvariants under 7" (G,,),

H2 (G, @ ki, F)) 22 Fraeomg, y(—1).
But this last group is a quotient of F)(—1), hence vanishes. O
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To conclude the deduction of Theorem 2.1 from the Purity theorem, we argue as
follows. We know that for all but a set S of at most d” possible values of a € k, f + a
is affine-Dwork-regular. So we look at the sheaf on G,, x A!, with coordinates (,a),
which is F ® Ly (4+), and we take its H! along the fibres of the second projection. Thus
we consider the constructible sheaf G on Al given by

G := R (pra)i(F @ Lop(at))-

Its stalk at a point a € k is the group H}(G,, @ k, F ® Ly (at))- By the Purity theorem,
this stalk has dimension 2(d — 1)", for all but at most d" values of a. Thus the generic
rank of G is 2(d — 1)™. The sheaf G on A has no nonzero punctual sections, because it
is a sheaf of perverse origin, ¢f. [12]. In particular, its stalk at any point has dimension
at most the generic rank of G. As the stalk at 0 is H}(G,, ® k, F), we find the required
inequality

dim HY(G,, @1 k, F) < 2(d —1)™.

5. A GENERALIZATION: THE (4, B) PURITY THEOREM

For later application, we first formulate a mild generalization of the Purity theorem.
Here f is a Deligne polynomial of degree d prime to p in n variables over the finite
field k, and g is an arbitrary polynomial of degree deg(g) := e < d. We are also given
two integers A > 1, B > 1, and a one-variable polynomial Pg(t) over k of degree
deg(Pp) < B. We consider the one-parameter family of Deligne polynomials

ts tAf(x) + g(x) + Pg C)

over Gy,. On A" x G, we have the lisse sheaf Ly 44 f(2)4g(2)+Ps(1/1)), and we form the
sheaf

F = R pra) Lo f@)+g(a)+Ps1/)
on G,,. Again, F is lisse of rank (d — 1)™, and pure of weight n.

Theorem 5.1 ((A, B) purity theorem). In the above situation, suppose in addition that
f is affine-Dwork-regular, that p is prime to AB(A+ B), that deg(Pg) is exactly B, and
that deg(g) := e < (B/(A+ B))d. Then we have the following three results:
(i) H2(Gy @k k, F) = 0.
(i) dim H} (G, @ k, F) = (A+ B)(d — 1)™.
(iil) HY(G,, ®x k, F) is pure of weight n + 1.

In the case (A,B) = (1,1), this theorem gives back the Purity Theorem 3.5. It
perhaps clarifies the significance of the hypothesis that p be odd in that theorem.

Once again, this theorem remains valid for n = 0 with the convention that a polyno-
mial f in n = 0 variables over k, i.e. a constant in k, is a Deligne polynomial which is
affine-Dwork-regular, of any prime to p degree one likes, if that constant is nonzero. Now
it becomes the (cohomological underpinning of the) usual estimate for additive character
sums with one-variable Laurent polynomials. Exactly as in the previous section, we can
do a specialization argument to get information about what happens in either of two
mild degenerations.
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Corollary 5.2. If in the (A, B) Purity Theorem 5.1 we drop only the hypothesis that
the Deligne polynomial f be affine-Dwork-reqular, or we drop only the hypothesis that
deg(Pg) be exactly B, then we have the following results:

(i) In the first case, the inertial invariants of F at zero vanish, i.e. F'(©) =0. In

the second case, the inertial invariants of F at co vanish, i.e. F1(*) =0.

(i) H2(G,, @ k,F) = 0.

(iii) dim HY(G,, ®i k,F) < (A+ B)(d —1)".

(iv) We have the estimate

< (A+ B)(d — 1) (#(k) "2,

N w (tAf(ar) +g(x) + Pp (1))

tekx xek™

Proof. Suppose first that we drop only the hypothesis that f be affine-Dwork-regular.
The question being geometric, we may make a finite extension of scalars and find a
coordinate system in which f; is Dwork-regular. Then for most a € k, f + a is affine-
Dwork-regular, and we apply the (A, B) purity theorem to the sheaf F, := F ® Ly (414)-
Exactly as in Lemma 4.1 above, the purity implies the vanishing of .7-"; ), Again we
have F2® 2 FI1) 5o we get the vanishing of H%(G,, ® k,F) = 0. Assertion (iii)
follows by the “sheaf of perverse origin” argument. Assertion (iv) simply spells out the
diophantine consequence of parts (ii) and (iii).

Suppose now that we drop only the hypothesis that deg(Pg) be exactly B. Then for
most b € k, the polynomial Pg -+ bt? has exact degree B, and we apply the (A, B) purity
theorem to the sheaf F, := F® Ly ;/¢5). Now we exploit the fact that the purity implies

the vanishing of flf(oo). We have Fbl(oo) =~ FI(>) "and we conclude as above. O

Let us make explicit two special cases of this corollary, when we drop only the hy-
pothesis that Pg has exact degree B, and where we take A = 1.

Corollary 5.3. Suppose that f is an affine-Dwork-regular polynomial of degree d prime
to p in n variables over the finite field k, and g is an arbitrary polynomial of lower degree,
i.e. deg(g) := e < d. Suppose that p is odd. Denote by § the least strictly positive integer
such that both e < (§/(1 + 6))d and such that p does not divide 6(1 + §) — thus § can
always be taken to be d, unless p | d+ 1, in which case 6 can be taken to be d+ 2. Then
we have the following estimates:

(i) We have the estimate

> % (@ o+ 1)

tekx zek™
(ii) We have the estimate

S ST w(tf(2) + g(a))

tek*x xekn

(iii) We have the estimate

S 3 witfa)

tekx xekn

< (L+0)(d = 1)" (#(k) " HD/2,

< (14 0)(d — 1)"(#(k)) D72,

< 2(d — 1) (#(k)) D72,
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Proof. The first two assertions are instances of the case (A, B) = (1,6) of the above
corollary, with Pp taken successively to be ¢t and 0. The third assertion is the special
case (A, B) = (1,1), with g and Pp both taken to be 0. O

Remark 5.4. Let us see how sharp the third estimate of this corollary is. Denote by
V¢ C A" the affine hypersurface defined by f = 0. If we add to the sum in question the
terms with ¢t = 0, we get, writing g := #k, ¢#Vs(k). Thus we have

SN wtf(@) = a#Vi(k) - ¢

tekX xek™

So the third assertion of the corollary amounts to the estimate
#Vi(k) = ¢" ' < 2(d = 1)"q" V2

Denote by F = F(Xy, ..., X,) the homogenization of f. Then V; is the complement of
the projective hypersurface Z;, C P"~! defined by fq = 0 in the projective hypersurface
Zp C P" defined by F' = 0. Thus

#Vi(k) = #Zp(k) = #Z 1, (k).

Because f is affine-Dwork-regular, both Zp and Z¢, are smooth. From the excision
sequence and the known cohomological structure of smooth projective hypersurfaces,
one sees that the compact cohomology groups H: (V¢ ®k,Q,) vanish except for i =n—1
and for i = 2n — 2, and that for n > 2 we have

dim B2V (V; 0 %, Q) = (d— 1),
and

HZ"2(Vy @k, Q) = Qp(—(n - 1)).
By Deligne’s fundamental estimate [4, 3.3.1], the group H?~! is mixed of weight < n—1,
so for n > 2 we find

#Vi(k) = ¢" 7| < (d = 1)"g" V2,
For n = 1, this is trivially true as well. Thus the estimate in part (iii) of the above
corollary is overly conservative, by a factor of 2.

Remark 5.5. It may also be worth pointing out that the second and third estimates
both become false if we allow f to be a Deligne polynomial whose leading form f; is
Dwork-regular, but such that f is not affine-Dwork-regular. To clarify the situation,
consider once again the lisse of rank (d — 1)", pure of weight n sheaf F on G,, attached
to the one parameter family of Deligne polynomials over G,,,

t—tf(z) + g(x).

The second and third estimates fail precisely when H2(G,, @ k, F) # 0.

To quantify this failure, recall that two finite-dimensional Q,-representations of
Gal(k/k), say V and W, have isomorphic semisimplifications (as representations), writ-
ten V** = W* if and only if det(1 — Tv|V) = det(l — T|W) for every element
v € Gal(k/k). As Gal(k/k) is pro-cyclic, generated by the geometric Frobenius element
Froby, we have

Ve 2 W <= det(1 — T Froby, |V) = det(1 — T Froby, |W).
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Consider first the third estimate. If we take f = fq, then V} is the affine cone over
the projective smooth hypersurface Xy C P"~! defined by f = f4. Thus, again writing

q =k,
#Vi(k) =1+ (¢ — )#X (k)
=1+ (¢ — D)(#P"%(k) + (—1)" "2 Trace(Froby, | Prim"?(X})))
=¢"' + (=1)""%(g — 1) Trace(Froby, | Prim™2(X})).
Here Prim”fz(Xf), the primitive part of H"2(X; ® k,Qy), is pure of weight n — 2 and
of strictly positive dimension
d—1 n— n—
(-t = -y,
So the “error term” #V;(k) — "' is O((#(k))™/?), but it is not O((#(k))~1/2).
Indeed, this identity, applied over all finite extensions of &k (combined with the fact that
H2(G,, @k, F) is pure of weight n+2, while H}(G,, ®; k, F) is mixed of weight < n+1,
which allows us to ”separate terms”), shows that
H%(G,, @ k, F)*™ = Prim" (X ;) (-2)
and
H} (G, @k k, F)** = Prim™?(X;)**(-1).

Consider now the second estimate. Suppose n > 4. Given d > 3 prime to p, take
n—2
f=fa=2t_, —xi—l—fo, g =1Tp_1— Tp.
i=1

Denote by Xy C P"~! the projective smooth hypersurface defined by f = 0, and by
H C P" ! the hyperplane defined by ¢ = 0. Because g is a nontrivial linear form,

> zern Y(g(x)) =0, so we have
S S pf @) +9@) =S S et @) @) =a S vle@)).
tekx zekn tek zekn weVy (k)

Now for each point € X¢(k), choose a representative X € Vy(k) lying over it. Then
the points, other than the origin, in Vy(k) are precisely the k*-multiples of the chosen
points X, so our sum is

g1+ >0 D eg(X) | =q [ 1-#XR)+ D D v(Ag(X))

xzeXy(k) A€kX zeX (k) N€k
= q(1 = #X (k) + g (X 0 H)(F)).

But the intersection XN H is the hypersurface in P72, with homogeneous coordinates

(z1,...,Zn—1), defined by the equation Z?‘:_lz x¢ = 0, an equation which does not involve
the last variable x,_1. So if we denote by Z C P2, with homogeneous coordinates
(z1,...,Zn_1), the smooth hypersurface defined by this same equation, then we have

#(Xp N H) (k) =1+ q#Z(k).
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So our sum is

q(1 = #X (k) + q(L+ q#Z (k) = a(1 + q) — a# X5 (k) + @ #Z (k).
But
#X (k) = #P"2(k) + (—1)""2 Trace(Froby, | Prim™ 2 (X))
and
#7Z(k) = #P"4(k) + (—1)"* Trace(Froby, | Prim"~*(Z2)),
and so our sum is (—1)" times

q> Trace(Froby, | Prim™~*(Z)) — ¢ Trace(Froby, | F’rim"_Q(Xf))7

which, because of the first term, is O((#(k))™+2)/2) but is not O((#(k))™*+1/2). Once
again, we have the more precise result that

H*(G,, @ k, F)** = Prim"~*(2)**(-3)

and

HXG,, @ k, F)* = Prim”_Q(Xf)ss(—l).
Remark 5.6. As Browning and Heath-Brown [1] have noticed, there is something that
can be salvaged of the last corollary if we allow f to be “merely” a Deligne polynomial,

but now impose some transversality conditions on the interaction of g and f. To state
the result, let us define, given n, d, e strictly positive integers, the Bombieri constant

C(n,1,d,e) := (4max{d + 1,e} +5)"
¢f. [11, page 877 and Theorem 4].
Theorem 5.7. Given integersn >1,d > 1, e > 1, define
B(n,d,e) :=C(n+1,1,1,e) + C(n,1,d,e).

Suppose that f is a polynomial of degree d prime to p in n variables over the finite
field k, with leading form fq, and that g is a polynomial of degree e prime to p, with
leading form g.. Denote by Xy, and X, the projective hypersurfaces in P"~! defined by
the vanishing of fq and of g. respectively. We make the following assumptions:

(a) Xy, C P"~1! is a smooth hypersurface, i.e. f is a Deligne polynomial.

(b) X4, C P"~! is a hypersurface which is either smooth, or has at worst isolated

singularities, i.e. dim Sing(X,,) < 0.

(c) The scheme-theoretic intersection Xy,NX, C P! is smooth of codimension 2.

Then we have the following estimates:

(i) We have

D> w(tf(@) + g(@)| < Bln,d,e)(#(k)) " D72,
tekx zekn
(ii) Ife < d and p is odd, we can replace B(n,d,e) by the constant (1 + §)(d — 1),
where § 1is the least strictly positive integer such that both e < (6/(1 4 6))d and
such that p does not divide §(1 + 6).
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(i) If g is a Deligne polynomial and e is arbitrary, we can replace B(n,d,e) by the
constant
d(1+L)"
(14+dL)(1+eL)|

Proof. Denote by F' = Fy(Xo,...,X,) the degree d homogenization of f, by G =
G.(Xo,...,X,) the degree e homogenization of g. Denote by Xr C P™ the hypersurface
defined by F = 0, by H C P" the hypersurface defined by G = 0, and by L C P" the
hyperplane defined by Xy. And denote by V; C A™ the affine hypersurface defined by
f=0.

We first show that the sum in question is O((#(k))"+1/2). To do this, we first
“complete” the sum by adding the ¢ = 0 terms:

S ST Gt (@) +g(0) = = 3 wlg@) + 30 3 b(tf (@) + 9(@))

(e —1)" + |coeff of L™ in

tekX zekn ek tek xekm
== W(g(x) + (#k) Y v(g(x)).
zEk™ z€Vy (k)

The first term is (minus) the sum over P"[1/Xy](k) of ¥(G/X§). Here P" N L is of
course smooth, being P"~!, and P" N L N H is the hypersurface X, in that P"~!. By
assumption, X, has at worst isolated singularities, so [11, Theorem 4], with e = —1 and
§ <0, shows that the absolute value of this sum is < C(n 4 1,1, 1,e)(#(k))"+1/2,

The second term is (#k times) the sum over Xp[1/Xo](k) of ¥(G/X§). Here XpNL
is of smooth, being X¢,, and Xp N LN G is smooth, being Xy, N X, C P"~!. So once
again [11, Theorem 4], with ¢ = —1 and § = —1, shows that the absolute value of this
sum is < C(n,1,d,e)(F#(k))+1/2,

It remains to get the asserted constants either if both e < d and p is odd, or if g
is a Deligne polynomial. Suppose first that e < d and p is odd. The question being
geometric, we may make a finite extension of scalars, and find new coordinates in which
fa is Dwork-regular. Then for all but at most d” values of a € k, f + a is affine-Dwork-
regular. On the product space G,, x A!, with coordinates (¢,a), we have the lisse sheaf
(priF) & Ly(at)- So the sheaf

G = Rpra)((priF) @ Lop(ar))

on A'! is a sheaf of perverse origin, and hence its stalk Gy at a = 0, which is the group
HY(G,, ® k,F), has rank at most equal to the generic rank of G. This generic rank
is attained at all but finitely many points, so certainly at some point a where f + a is
affine-Dwork-regular. Now apply Corollary 5.2(iii) to f + a and to g, with A = 1 and
B =4.

Now suppose that g is a Deligne polynomial of arbritary degree e. Then the coho-
mology groups H:(A" @k, Ly,)) vanish for i # n, and H? (A" ®k, Ly4)) has dimension
(e —1)". What about the groups H:(Vy @k, L(4))? A close reading of the proof of [11,
Theorem 4] shows that, under our hypotheses, these groups vanish for ¢ > n. Because V;
is a hypersurface, and so certainly locally a complete intersection, the lisse sheaf Ly,
placed in degree 1 —n, i.e. Ly(g)[n — 1], is a perverse sheaf on V. Since V; is affine, its
compact cohomology groups with perverse coefficients vanish in strictly negative degree.
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Thus we have
H.(V; @k, Lygyln—1]) = HI 7"V @k, Lyg) =0, i<0.

So the groups H:(V; @ k, Ly (g)) vanish for i #n — 1. Thus our sum is given by
S 3 G(tf(2) + g(2)) = —(—1)" Trace(Froby, |H (A" © F, Ly (y)))

tekx x€k™

+ (—=1)" " (#k) Trace(Frob |H? ' (V; @ k, Lyg)))-

It remains to bound the dimension of H?»1(V; ® k, Ly(g)). Again, the question is
geometric, so we may make a finite extension of scalars and find coordinates such that fy
is Dwork-regular. Once again, f+ a is affine-Dwork-regular for all but at most d" values
of a € k. Now we consider the smooth hypersurface V' C A”™ x A!, with coordinates
(7,a), of equation f(x)+a = 0. We have the lisse sheaf pri L4 on V, and the morphism
prg 1 V. — Al which is a complete intersection morphism of relative dimension n — 1.
So the sheaf

G = R"'pro,(priLoyy)
on A' is a sheaf of perverse origin. Its stalk Gy at a = 0, which is the group
Hgil(vf ® k, Ly(g));

has rank at most equal to the generic rank of G. This generic rank is attained at all but
finitely many points, so certainly at some point a where f + a is affine-Dwork-regular.
Pick such a point a. Then G, is the group H?*(Vy44 ®k, Ly(4)). By the “nonsingular”
case [8, 5.1.1, applied to X C P there defined by F +aX¢ = 0 and the function G/X¢§],
we know that this group is pure of weight n — 1, and its dimension is given by

dL(1 + L)+

(14+dL)1+L)(1+eL) =

(_1)n71 dim Hgfl(Vera ® E, ‘Cw(g)) = coeff of L" in

6. PROOF OF THE (A, B) PURITY THEOREM WHEN A+ B =d

Let us recall the situation. We are given

(a) an affine-Dwork-regular Deligne polynomial f of degree d prime to p inn > 1
variables over the finite field k,

(b) a partition d = A+ B with A > 1, B > 1, and both A, B prime to p,

(¢) a polynomial g(z) in n variables over the finite field &, of degree deg(g) :=e€ <
B = (B/(A+ B))d,

(d) a one-variable polynomial Pg(t) over k of degree B without constant term, so
that Pp(0) = 0.

We consider the one-parameter family of Deligne polynomials

t— t2f(z) + g(z) + Pg (1)

over Gy,. On A" x G, we have the lisse sheaf Ly 44 f(2)4g(2)+Ps(1/1)), and we form the
sheaf

F = R"(pro) Loy e4 £ (2)+g()+ P (1/1)
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on G,,. Again, F is lisse of rank (d — 1), and pure of weight n. Because F is the only
one of the R? (prg)!/:w(tAf(ng(IHpB(1/t)) which is nonzero, the Leray spectral sequence
degenerates at E5, and gives isomorphisms

H (G @1 b, F) = HE (A" X Gin) @k, Ly 04 () +g(0) +Po(1/0)))
and

H (G @1k, F) 2 HITH(A™ X Gin) @ K, Lopea () 49(e) 4P (1/))-
What we must prove, then, is that the groups

H((A" X Gi) ® Ky Lyy(44 (@) +-9(x)+Po (1/1)))

vanish for i # n + 1, and that the H?*! is pure of weight n + 1, and has dimension
(A+B)(d—1)" =d(d—1)".

We apply the automorphism ¢ — 1/¢,  — x to our situation. Then we must prove
that the groups

HU((A" X Gr) @k, Lyy(t-4f(2)+g(2)+Ps (1))

vanish for i # n + 1, and that the H?™! is pure of weight n + 1, and has dimension
(A+ B)(d—-1)"=d(d—-1)".

This statement is a special case of a result proven in [8, 5.4.1] and amplified in [13,
4.1.12, but note that here the earlier condition 4.1.3 is assumed to remain in force]. Let
us state that result in the case when the ambient space X there is P"*! (here the case
n = 0 is perfectly fine), with coordinates (T, Xy, X1, ..., X,,), the integer r there is 2, the
integers dy, do there are both 1, and the prime to p integers by, by of [8, 5.4.1], denoted by
e1, ez in [13, 4.1.12], are A, B. We take for Z; and Z, there the transverse hyperplanes
of equation T = 0 and Xy = 0 respectively. We are given a degree d hypersurface of
equation H(T, Xy, X1,...,X,) = 0. We assume the following:

(a) The intersection (H = 0) N (T = 0) is smooth of codimension 2 in P"*+1.
(b) The intersection (H = 0) N (Xo = 0) is smooth of codimension 2 in P"*1,
(¢) The intersection (H = 0) N (Xo = 0) N (T = 0) is smooth of codimension 3
in Pl
On the the open set V := P""1[1/TX,] C P! where both T and X are invertible, we
have the function H/TAX#, and we form the Artin—Schreier sheaf Ly/raxp)- The
0
theorem asserts that:
(i) The groups H:(V ® k, Ly (1/r4xp)) vanish for i # n + 1.
(i) The remaining group H**! is pure of weight n + 1.
(iii) Denote by L the class of a hyperplane, and by ¢(P"*!) = (1 + L)"*2 the total
Chern class of P"T1. The dimension of the group H?*! is given by the formula

(_1)n+1 dim Hn+1 _ X(V ®E,E A E ) _ / C(]P’n-H)
c Y(H/ o) prit (L4+dL)(1+ L)2

_ nr1 .. I+LD)" K (n _ Antl—i
= coeff of L in S —; ; (—d)

— (~d)(1 - d)" = (~1)"d(d - 1)".
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In order to apply this result, let us denote by
Xy X
F(X):=F(Xo,...,X,)=Xdf (=, ..., =2
() = P X) = X3 (e 32
the degree d homogenization of f, by

X Xn
Ge(X) = Ge(XOa"'aXn) = ng ( - )

YO7 ooy 70

the degree e homogenization of g, and by
T

Py(T, Xo) :=TAXE Pp ()

Xo

the degree d homogenization of 4 Pp(t).

We then apply the cited result with
H(T, X0, X1,...,X,) = F(X) +TAXP°G.(X) + Py(T, Xo).
The space P"T1[1/T X,] is just the product A" x G,,, with coordinates z; := X;/X,
i=1,...,n, and t = T/Xo. The function H/T4XE on this space is just the function
=4 f (@) + g(x) + Pp(t)-

The intersection (H = 0) N (T = 0) is the hypersurface F' = 0 in P”, which is smooth
because f is affine-Dwork-regular. The intersection (H = 0) N (X, = 0) is the smooth
hypersurface in the P™ with homogeneous coordinates (X1, ..., X,,T) of equation

fa(X1,..., X,) + (leading coeff of Pp(t))T?% = 0,

which is again smooth because d is prime to p, and because f; defines a smooth hy-
persurface in P"~1. [It is the degree restriction on g which ensures that the term
TAXP~°G.(X) vanishes when we set either T' or X, to 0.] Finally, the intersection
(H =0)N (Xo =0)N (T = 0) is the smooth hypersurface in P*"~! defined by f;. This
concludes the proof of the case A+ B = d of the (A, B) purity theorem.

Remark 6.1. The case n = 0 of the underlying result we have cited gives the case
n = 0 of the (A, B) purity theorem.

7. PROOF OF THE (A, B) PURITY THEOREM IN THE GENERAL CASE

We begin by recalling two general principles. Let X and Y be two separated k-schemes
of finite type.

Suppose we are given a morphism 7 : X — Y which is finite and flat of some rank
n > 1. Then for any constructible Q,-sheaf 7 on Y, F is a direct summand of m, m*F,
a retraction being furnished by (1/n)Trr, cf. [16, Exposé XVII, 6.2.3, (Var 4)]. For G
any constructible Q,-sheaf on X, we have

H(X @k, G) = H(Y @k, 1.G).
Taking G := m*F, we get
H(X @k, F) =2 H(Y @ k, 7, 7*F).

Thus H{(Y ® k, F) is a direct summand of H:(X ® k, 7*F).
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Suppose now that G is a finite group of order n prime to p = char(k), and that
m: X — Y is a finite étale G-covering. Then for any constructible Q,-sheaf F on Y, its
compact Euler characteristic

Xe(Y @F, F):=> (~1)"dim H(Y @ k, F)
obeys the Riemann—-Hurwitz formula for this covering:
_ 1 _
Y QK F)=—xc(X®k,7mF),
XV ©F.F) = Zov(X @7 F)
cf. [8, 5.5.2, Corollary 1].

We now are in a position to prove the (A, B) purity theorem. Let us recall the
situation: We are given two integers A > 1, B > 1, such that p is prime to AB(A + B).
We are also given an integer d > 1 prime to p and an affine-Dwork-regular Deligne
polynomial f of degree d in n > 1 variables over the finite field k, and an arbitrary
polynomial g of degree deg(g) := e < (B/(A+ B))d. Finally, we are given a one-variable
polynomial Pg(t) over k of degree B. We consider the one-parameter family of Deligne
polynomials

t—t"f(z)+g(z) + Pp (1)

over Gp,. On A" X Gy, we have the lisse sheaf L4 f(2)1g(2)+Ps(1/1)), and we form the
sheaf

F = R (pra)Loea fa)+g(a)+Ps(1/0)
on G,,. Again, F is lisse of rank (d — 1)", and pure of weight n. Inverting ¢, what we
must prove is that the groups
H (A" X Gin) @K, Lp(e=4 () +g(0)+Pa ()
vanish for i # n + 1, and that the H?*! is pure of weight n + 1, and has dimension
(A4 B)(d—1)™.
We first consider the finite flat morphism
T A" X Gy, — A" X Gy (21,00, T, t) (xf"'B,...,xf}JrB,td),
of rank d(A + B)™. Visibly, we have

T Lop(i=A f(a) o)+ P (1) = Ly-04 f(@A+8) 1g(a4+B) 4 Ps (14))-
But the data
(Ad, Bd, (A+ B)d, f(z"+7), g(+"*F), Py(t"))
is input for the case Ad + Bd = (A + B)d of the theorem proven in the last section. So
we know that the the groups
Hé((An X Gm) ® E, Ew(t—dAf(IA+B)+g(:EA+B)+PB(td)))
vanish for i # n+1, and that the group H?*! is pure of weight n+ 1, and has dimension
(Ad + Bd)(d(A+ B) — 1)™. Therefore the “downstairs” groups
H (A" X G) @ F, Lp(t=4 f(a)+9(2)+ Pa ()

which are subgroups of these “upstairs” groups, themselves vanish for ¢ # n + 1, and
the group H?T! is pure of weight n + 1.
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It remains only to compute the compact Euler characteristic. The question is geo-
metric, so we may assume k contains all the roots of unity of order dividing (A + B)d.
We decompose A" x G, set-theoretically as a finite disjoint union of locally closed
subschemes Zg, indexed by subsets S C {1,...,n}, as follows. We define

Zg :={(x1,...,xn,t) 1 x; #0if i € S, x; = 0 otherwise}.

The merit of this stratification is that under the map 7, we have 7= Zg = Zg for each S,
and 7 makes Zg into a finite étale Galois covering of itself, with Galois group uf, 1B X Md-
Let us also introduce the closed subschemes Wg C A™ x G,,, defined by

Ws :={(z1,...,2n,t) :2; =0if i &€ S}.
Thus Wg = A® x G,,,. Because f is affine-Dwork-regular, if we take the data
(A7B7d7f7g7PB)

and set the variables x; with i € S to zero, we get data on Wg = A% x G,, which is
input for the (A, B) purity theorem. Similarly, if we take the data

(Ad, Bd, (A + B)d, f(z**8), g(z*15), P(t%))

and set the variables x; with i € S to zero, we get data on Wg = A% x G,, which is
input for the (Ad, Bd) purity theorem in the proven case Ad + Bd = (A + B)d.
For ease of notation in the combinatorics to follow, let us define

X(Ws,down) := Xe(Ws @k, Lyt (2) 4 g(a)+ Ps (1)) |[Ws):

):
X(Zs,down) : (Ws @k, Lop-4 f(2)+9(x)+Ps )| Z5),
B

Xe

X(Ws, up) = XC(WS ® E, Ew(t—dAf(zA+B)+g(IA+B)+PB (t4)) |Ws),

X(Zs, up) = Xc(WS ® E, Ew(t—dAf(zA+B)+g(zA+B)+PB(td))|ZS).
What we must show is that x(Ws,down) = (—A — B)(1 — d)®, for S the entire set
{1,...,n}, where we write ¥ as a shorthand for »#°. In fact, we will show it for all S
at once.

For each S, we have a disjoint union decomposition
Ws = || Zr.
TCS

Since compact Euler characteristic is additive, we have

X(Ws,down) = " x(Zp,down) and x(Ws,up) = Y x(Zr,up),

TCS TCS
for every S C {1,...,n}. By Riemann—-Hurwitz, we have
X(ZT7 up)
Zr,d ==l
X( T OWH) (A + B)Td,

for every T C {1,...,n}.
What remains is straightforward combinatorics. For each T'C {1,...,n}, we have
X(Wr,up) = (—d(A + B))(1 - d(A+ B))",

by the case dA+dB = d(A+ B) of the (dA, dB) purity theorem. This allows us to solve
for the numbers x(Zr,up), using Mobius inversion. From these, we get the numbers
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X(Zr,down) by Riemann—Hurwitz. Then we add the x(Zr,down), over all T' C S, to
get x(Wg,down).
Writing
D := (A + B)d,

Mobius inversion upstairs gives

\(Zs,up) = (1) 37 (~1)"x(Wr, up)
TCS

= (1% Y (-)T(=D)(1 - D)T = (-D)(-D)*,

TCS

the last identity being the binomial theorem for (1 + (D — 1))°. Now using Riemann—
Hurwitz, we have
X(Zs,up) _ (=D)(-D)®

x(Zs,down) = G = g pysa = AT BIED”

Summing downstairs, we get the asserted formula:

X(Ws,down) = " x(Zp,down) = > (—A— B)(-d) = (—A— B)(1 — d)*.
TCS TCS

8. TWISTS BY MULTIPLICATIVE CHARACTERS, AND RAMIFICATION OF F

In this section, we consider a slight variant on the set up of the (A, B) purity theorem,
where we introduce a (possibly trivial) multiplicative character

Xikxﬁ@z

and its associated Kummer sheaf £, on G,,/k.

As before, we are given two integers A > 1, B > 1, such that p is prime to AB(A+ B).
We are also given an integer d > 1 prime to p and an affine-Dwork-regular Deligne
polynomial f of degree d in n > 1 variables over the finite field k, and an arbitrary
polynomial g of degree deg(g) := e < (B/(A+ B))d. Finally, we are given a one-variable
polynomial Pg(t) over k of degree B. We consider the one-parameter family of Deligne
polynomials

t tAf(x) + g(x) + Pg C)

over G,,,. As before, we form the sheaf F on G, given by

F = R (pra)iLoya f () +9(x)+Pr (1/))5

which is lisse of rank (d — 1)™, and pure of weight n.
This time, we are interested in the y-twisted sums

> 3 w00 () 4o +Pe (7))

tekx x€k™
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It is the lisse sheaf ' ® L, which governs these sums. Indeed, the Lefschetz trace formula
tells us that

1
PIPRCHCIERFEEAH)
tekx zek™
= Trace(Frobg |H2(G,, @ k, F @ Ly)) — Trace(Frobg |HX (G, @ k, F @ L,)).

Theorem 8.1 ((A, B, x) purity theorem). In the above situation, we have the following
three results:
(i) H (Gn@p b, FO L) =0
(i) dim HY (G, @ ky F @ L) = (A + B)(d — 1)™.
(iil) HYX (G, @k k, F @ L) is pure of weight n + 1.
Proof. Denote by r the prime to p integer which is the order of the character y, and by
[r] : Gy — Gy,
the r-th power map. Then under pullback we have
" @ L) = [ F.
Hence H{(G,, ® k, F ® L,) is a direct summand of H(G,, ®j k, [r]*F). Now the
sheaf [r]*F is precisely the sheaf attached to the data (Ar, Br,d, f, g, Pp(t")). So by the
(Ar, Br) purity theorem, the groups H:(G,,, @k, [r]*F) vanish for i # 1, while the group

H' is pure of weight n+1, and has dimension (rA+7rB)(d—1)". This gives the vanishing
and purity assertions. The dimension formula then results from Riemann—-Hurwitz:

_ 1 _ 1 -
Xe(Gm Qp ki, F® Ly) = ;xc(Gm ®r k, [T (F® Ly)) = ;xc(Gm @y k, [r]*F)
=Xe(Gp, @ k, F) = —(A+ B)(d—1)". O

Corollary 8.2. If in the (A, B,x) purity theorem we drop only the hypothesis that
the Deligne polynomial f be affine-Dwork-reqular, or we drop only the hypothesis that
deg(Pg) be exactly B, then we have the following results:
(1) In the first case, the inertial invariants of F ® L, at zero vanish; in other words,
(F® L)1 = 0. In the second case, the inertial invariants of F @ L, at oo
vanish; in other words, (F @ L,)1(>) = 0.
(i) H3(Gm @k k, F® L) =0
(iii) dim HY(G,, @k k, F @ Ly) < (A+ B)(d —1)".
(iv) We have the estimate

= £ o (o (1)

tekx xekm™

< (A+ B)(d—1)"(# (k) "TH/2,

Proof. The proof is identical to the proof of Corollary 5.2, everywhere replacing the
sheaf F there by the sheaf F ® L,. O

Corollary 8.3. If in the (A, B) purity theorem we drop only the hypothesis that the
Deligne polynomial f be affine-Dwork-regular, i.e. if we allow f to be “only” a Deligne
polynomial, then the sheaf F is totally wildly ramified at zero, i.e. under the wild inertia
group P(0) C 1(0), F has no nonzero invariants, i.e. F¥®) =0.
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Proof. If not, then after some finite extension of the ground field, there will be a multi-
plicative character x for which (F® L, )!(®) # 0, cf. [3, paragraph 7.12]. By the previous
corollary, no such x exists. O

Corollary 8.4. If in the (A, B) purity theorem we drop only the hypothesis that the
Deligne polynomial f be affine-Dwork-regular, i.e. if we allow f to be “only” a Deligne
polynomial, then the sheaf F has all its co-slopes < A, and all its 0-slopes < B. More-
over, if f is affine-Dwork-reqular, then all co-slopes of F are equal to A, and all 0-slopes
of F are equal to B.

Proof. The statement is geometric, so we may assume that f; is Dwork-regular. Then
for all but finitely many a € k, f + a is affine-Dwork-regular. And for all but a single
b € k, Pg(t) + bt? still has degree B. So by the (A, B) purity theorem, applied to the
situation (A, B, d, f + a, g, Pg + bt?), we conclude that we have

Xe(Gm @k by F @ Lyaray ® Lypimy) = —(A+ B)(d —1)" = —(A + B) rank(F)
for all but a finite number of pairs (a,b) € 5. The effect of
F = F @ Ly(ara) @ Lyo/ie)
on 0-slopes and on co-slopes is known, ¢f. [9, 1.3 and 8.5.4-5]. For all but finitely many
pairs (a,b) € EQ, this operation “promotes” all co-slopes of F which are < A to A, and
leaves unchanged all co-slopes of F which are > A. Similarly, it “promotes” all O-slopes
of F which are < B to B, and leaves unchanged all 0-slopes of F which are > B. So
the Euler—Poincaré formula for the lisse sheaf F ® Ly (q44) ® Ly /48y on Gy, shows that
(A + B) rank(]—') == _Xc(Gm Rk E, F & Ew(atA) ® ,Cw(b/tB))
= Swano(]-' X ‘Cw(atA) X ‘Cw(b/tB)) + Swang, (]: ® ‘C't/)(atA) X [_:w(b/tB))
= Z max{B,\;} + Z smax{A,v;},
the rank(F) 0-slopes \; of F the rank(F) oo-slopes v; of F

and so we get the asserted inequalities on the slopes of F at both 0 and oo: all
max{B, A\;} = B, and all max{A,v;} = A. In the case when f is affine-Dwork-regular,
we know that

(A + B)rank(F) = —xo(G,, @1 k, F)

- Z )\i + Z Vi,

the rank(F) O-slopes A; of F the rank(F) oco-slopes v; of F
so the equalities are forced: all \; = B, and all v; = A. O
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