ON A QUESTION OF BOMBIERI AND BOURGAIN

NICHOLAS M. KATZ

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let k be a finite field, p its characteristic, and
b1 (k,+) = ZIG)* € C

a nontrivial additive character of k. We are given an integer n > 1.
We wish to consider certain character sums over k x k™ = k"', with
coordinates (y,z) = (y, (x1,....,z,)). We are given the following initial
data:

(1) an n+ 1-tuple (p, x1, ...., Xn) of nontrivial C*-valued multiplica-
tive characters of k™, each extended to k by the requirement
that it vanish at 0 € k.

(2) ann+1-tuple (g, f1, ..., fn) of nonzero one-variable k-polynomials,
which are adapted to the character list above in the following
sense. Whenever a € k is a zero of g (respectively of some f;),

Tda (fL) )

then p°rd=(9) (respectively x; is nontrivial. We define

m; := number of distinct zeroes of f; in k,

mg := number of distinct zeroes of ¢ in k,

(3) an n+1-tuple (G, Fi, ...., F,,) of one-variable k-polynomials (some
possibly 0), each of which is either 0 or of degree > 1 and prime
to p. We assume these polynomials are adapted to the data
above in the following sense. If g (respectively some f;) is a
nonzero constant, i.e., if mq (resp. some m;) = 0, then G (re-
spectively F;) has degree > 1. We define

d; := Maz(1,deg(F;)),

do = Max(1,deg(G)).

We then form the sum

> plaWe(GW) TG fie))e(Fia)) (ys).

(y,x)ekntl (
1
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And for each n + 1-tuple (b,a) € k"™, we form the sum

> g (Gy) +by) [[Oa(file))b(Fiz:) + ) (yzs)).

(y,x)ekntl i

In recent work [B-B] of Bombieri and Bourgain on derandomization,
the question arose of specifying conditions on the above initial data
under which all of these sums have uniform square root cancellation.

For 7 =1,...,n, we define

T :mz—i—dl—l

Notice that under our assumptions on the initial data, each r; > 1. We
define the constant

C=C(n,m,d) = (my—1+ Z 1/ri + Maz(dy,2)) Hri.
i=1 i
Theorem 1.1. Suppose that any of the following three conditions holds.

(1) We have dy > 3.
(2) We have mg > n + 1.
(3) We have mg > 1, and for each i = 1,...,n, either d; > 1 or
deg(fi) ;o 4oin
X is trivial.
Then for each n + 1-tuple (b,a) € k"*1, the sum
Sta) =Y plaw)e(G)+by) [ [0u(file))e(Fiw)+aim)i(yr)

(y,z)ekntl i
satisfies the bound
[S(a,b)| < C(k) "2,

This result is not quite optimal in the sense that sometimes the
constant C' can be slightly improved.

Theorem 1.2. Under the hypotheses of Theorem 1.1, suppose in ad-
dition that d; = 1 for i =1,..,n. Define the constant

n

C1 = Ci(n,m,d) := (mg— 1 +Zl/mi—|—do)Hmi.

i=1 i=1

Then for each n + 1-tuple (b,a) € k™1, the sum
S(a,b) = > plg)e(Gy)+by) [T O (fil@a)w(Fia) +ai:)v(ya;))

(y,z)€kntt i
satisfies the bound
[S(a,0)] < Cr(gth)" D2,
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Here is a specific instance of Theorem 1.2, where each Xdeg(fl) is

trivial, and where dy =d; = ... =d,, = 1.

Corollary 1.3. Consider the case when mg > 1, p # 2, G = 0, all
F;, =0, and p and all the x; are the quadratic character X quad- Suppose
that deg(f;) is even for each i =1,...,n. Define the constant

n

Cy = Cy(n,m,d) := m0+21/m@H m;.

i=1
Then for each n + 1-tuple (b a) € k"t the sum
S(CL, b) = Z Xquad ¢(by) H(Xquad(fi ('CEz))w(azxz)w(yxz))
(y,x)€kntt i
satisfies the bound
[S(a, b)| < Cal3tk) )7

2. PROOF OF THE THEOREMS

As customary in such questions, we choose a prime number £ # p
and choose an embedding of Q((,, (4x—1) into Qy, so that we can view
all our characters, both additive and multiplicative, as having values

in @ZX , and so that we can apply f-adic cohomology.
In the general sum we are to treat,

> plg)e(Gy) + by) [ [Oufilwa)) o (Fila) + asmi)ib (ya:)),
(y,@)eknt! i
we first sum over (z, ..., :cn) Then our sum becomes
> olg(y)e(G(y) + by) H H,(y + a;)
yek
where the factors H; are the functions on k
= Wy xi(filw:))(Fi(x:)).
z€k
To translate this into sheaf-theoretic language, we invoke the sheaves
G = LyGw)+by) @ Log(y))

and
Fi = LyF ) @ Lyi(fi@)

whose traces of Frobenius at k-points of A} are given by the expected
formulas

Gu(y, k) := Trace(Frob, |G) = ¥(G(y) + by)p(g(y)),
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Fi(x, k) == Trace(Frob, | F;) = ¥(Fi(x))x:(fi(x)),

cf. [De-ST].

Our hypotheses on initial data insure that G, and all the F;’s are
geometrically irreducible middle extension sheaves, none of which is
geometrically isomorphic to a sheaf of the form Ly (ax) for any a € k.

In general, given a geometrically irreducible middle extension sheaf
F on A} which is not geometrically isomorphic to a sheaf of the form
Ly(azx) for any a € k, its naive Fourier Transform [Ka-GKM, 8.2]
NFTy(F) is a geometrically irreducible middle extension sheaf F on
A} whose trace function at k-points is related to that of the input sheaf
F by (minus) the usual Fourier Transform formula:

Trace(Frob, x| NFTy(F)) = =Y _ ¥(yz)Trace(Frob, x| F).

€k

One knows that if such an F is pure of weight 0 (in the sense that
its restriction to any dense open set where it is lisse is pure of weight
zero) then N F'Ty(F) is is pure of weight 1. By Laumon [Lau-TFCEF,
2.3] one also knows the local monodromies of N FT,,(F) in terms of the
local monodromies of F; this will be important in a moment.

For i =1,...,n we define

Then our sum is

(=" > Gy, k) [ [ Haly + @i, k)

= (=" Gy, k) [[(T5Hi) (. k),
yek 7

where we denote by T, the additive translation x — x + a. The local
monodromies of the middle extension sheaves H,; and their additive
translates T, H; are as follows, cf. [Ka-ESDE, 7.4.5,7.4.6,7.5].

(1) If d; > 1, then H; [and hence also T} H;] is lisse on A" of rank
ri == m; +d; — 1, with all I(co0)-breaks < d,;/(d; — 1) < 2.

(2) If d; = 1, then Fj(z) = ayx + 35, and H; [respectively T, H,] is
lisse on A' — {—a;} [respectively on A! — {—a; — a;}] of rank

r; := m; + d; — 1. Local monodromy at —a; [respectively at
—deg(f:)

'3 I

—a; — a;] is a tame pseudoreflection of determinant x
and all I(oco)-breaks are < 1.

We form the tensor product sheaf on A}

K=K" =G, ® (@;(T; H)).
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This sheaf, which is mixed of weight < n, need not be a middle exten-
sion, but, because it is a tensor product of middle extensions, it has no
nonzero punctual sections, and hence

HY(A; @ k,K) = 0.
By the Lefshcetz Trace formula [Gr-Rat], our sum is thus ((—1)" times)
Z K(y, k) = Trace(Froby|H?(A}@yk, K))—Trace(Froby|H! (A @ik, K)).

y€k

By Deligne [De-Weil 11, 3.3.1], the H! is mixed of weight < n + 1, and
the H? is mixed of weight < n + 2. So to prove the theorems, we must
show that the H? vanishes, and bound from above dimH?!. To show
that H? vanishes, it suffices to show that for some point z € P*(k), the
inertia group /(x) acting on K has no nonzero invariants.

We now show that H? vanishes in each of the three situations of
Theorem 1.1. Suppose first that dy > 3. Then the I(oo)-slope of G, is
do. As the other tensor factors 177 H;) have all their I(oo)-slopes < 2, it
follows that all the I(oo)-slopes of K are dy. In particular, C is totally
wild at 0o, so there are no nonzero I(oo)-invariants.

Suppose next that mg > n+ 1. The individual tensor factors T 'H;)
are each lisse outside of at most one point of Al(k). So their tensor
product is lisse outside at most n points of A'(k). But G, has at least
n + 1 finite singularities, and at each the local monodromy is by a
nontrivial scalar. So there exists a point v € A'(k) at which ®i(Ty H;)
is lisse, but at which G, has local monodromy a nontrivial scalar. At
any such point, I(7) acting on K has no nonzero invariants.

Suppose finally that my > 1, and that for each ¢ = 1,...,n, either
d; > 1 or x™U) ig trivial. Then the individual tensor factors are
either lisse on A', or at their unique singularity in A'(k), the local
monodromy is unipotent. So at each of the points, if any, of A'(k) at
which ®; (77 'H;) fails to be lisse, its local monodromy is unipotent. On
the other hand, at any of the my finite singularities d; of Gy, its local
monodromy is by a nontrivial scalar; hence at any such point, 1(d;)
acting on X has no nonzero invariants.

We now turn to the problem of bounding dimH!. For this, we will
make use of a "sheaves of perverse origin” argument. We fix the n + 1
middle extension sheaves Gy, Fi, ..., Fn on Al. On A" x A"l with
coordinates (y, 1, ..., Tn; b, a1, ..., a,), we define the sheaf

M = Ed)(by-‘rzi(y-f—ai)xi) & gO(Z/) ® fl<x1) ® fn(xn>

Then M[2n+2] is a perverse sheaf on A" x A"™1. The (sheaf theoretic
incarnation of the) arguments above show that for the projection pry
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onto the second A"*! factor, we have
Riprg,;M =0ifi#n+1.
Moreover, the stalk of
N = R"pryy M
at a point (b, ay, ...,a,) € A" (k) is the cohomology group of interest:
Niasy = HA(AL KC0) = HI(AL G, @ (&1(T2H,)).

By [Ka-SCMD, Introduction and Cor. 5], A is a sheaf of perverse
origin on A7™!. For a sheaf of perverse origin, one knows [Ka-SCMD,
Prop.’s 11, 12] that the stalk at any point has rank at most the generic
rank, and that the open set U where the sheaf is lisse consists precisely
of the points where the stalk has this maximum rank.

We partition the indices ¢ = 1,...,n into two subsets L and NL by
decreeing that ¢ € Lif d; > 1, otherwiset € NL. Thus i € L if and only
if G; is lisse on A!'. Fori € L, all I(oo)-slopes of G; are < d;/(d;—1). For
i € NL, G; has a unique finite singularity —«;, and has all I(c0)-slopes
< 1. For i € NL, the isomorphism class of the I(co)-representation of
T G; is independent of the choice of additive translate a;.

We next describe a dense open set U; of AZ“ as follows. We first
define a dense open set Uy of A} as follows. We require that for the
indices + € NL, the unique finite singularities —a; — a; of T G; be
pairwise distinct, and that none of them be a finite singularity of Gy.
We then define U; to be the dense open set of A} x Uy on which the
Swan conductor at oo of I(*® is maximal. [By Deligne’s semicontinuity
theorem [Lau-SCCS, Thm. 2.1.1], this maximality occurs on a dense
open set.]

To compute the generic rank of N, we may work at a point (b,a) €
UNU,. Then K& is a middle extesion, and has precisely #N L + mq
finite singularities, namely —a; — a; for each ¢ € NL, and the finite
singularities if any, of Gy, say A1, ..., \py,. All these singularities are
tame. At —a; — a;, the stalk has dimension

(ri= D ]]ri=@=1/r) [
J# J

At the \’s, if any, the stalk vanishes. What about Swan.,(K®)? If
L is empty, and all F; have degree < 1,then each T} G; has all I(o0)-
breaks < 1, so (as b is general) all I(oco)-breaks of KX are equal to
dy = Maz(deg(G),1). If dy > 3, then also all I(co)-breaks of K% are
equal to dy. In the general case, we can only assert that all I(oo0)-breaks
of K®%) are at most Maz(dy, 2).
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The Euler-Poincaré formula [Ray] now gives

—dimH} (A} @y k, K)

=(1—=+#NL —my) Hri - Z (1—1/r;) Hm — Swans (Kb).

i JENL

Thus we have the inequality

dimH (AL @y k, K®)

< (mo+#NL—1- % (1—=1/r;) [[ri + Swane(K"?)

JENL i
=(my—1+ Z 1/rj) HTZ' + Swan. (K®).
JENL i
Combining this with the general inequality
Swane(K®*) < Max(dy, 2) [ [ i
we get the inequality

dimH! (A} @ k, K&)

<(mg—1+ Z 1/r; +Max(d0,2))Hr,~.

JENL %

This proves Theorem 1.1, or more precisely the tiny improvement
thereof in which the term .\, 1/r; replaces the term > 7 | 1/7;.

In the case when d; = 1 for ¢« = 1,...,n, then we have the improved
inequality

Swan(K®) < d H T,

and we have r; = m; for i = 1,...,n. So we get
dimH (A} @y, k, K®D)

n

< (mp—1+ Z 1/mj—|—do)Hmi.

JENL i=1

which gives Theorem 1.2.
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