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Introduction

It is now nearly 27 years since Deligne, in the summer of 1973, proved the last of the Weil
Conjectures, the Riemann Hypothesis for projective smooth varieties over finite fields. That proof
was the subject of his article [De—Weil 11, often referred to as Weil 1. In the fall of that same year,
Deligne formulated and proved a vast generalization of his Weil I result. This generalization, which
is the subject of Deligne's article [De—Weil 111, is referred to as Weil II. As marvelous an
achievement as Weil I was, it is Weil II which has turned out to be the fundamental tool. For
example, both the "hard Lefschetz theorem" for projective smooth varieties over finite fields, and
Deligne's general equidistribution theorem ("generalized Sato—Tate conjecture in the function field
case") require Weil II.

Deligne's proof of Weil I was based upon combining Grothendieck's /—adic cohomological
theory of L—functions, the monodromy theory of Lefschetz pencils, and Deligne's own stunning
transposition to the function field case of Rankin's method [Ran] of "squaring", developed by
Rankin in 1939 to give the then best known estimates for the size of Ramanujan's 7(n). Deligne's
proof of Weil Il is generally regarded as being much deeper and more difficult that his proof of
Weil L. In the spring of 1984, Laumon found a signifigant simplification [Lau—TF, 4, pp. 203-208]
of Deligne's proof of Weil II, based upon Fourier Transform ideas.

In these lectures, we will present a further simplification of Laumon's simplification of
Deligne's proof of Weil 1. In order to explain the idea behind this simplification, suppose we want
to prove the Riemann Hypothesis for a projective smooth hypersurface of some odd dimension
2n+1 and some degree d = 2 (the case d=1 being trivial!) over a finite field of some characteristic p.
Deligne in Weil I proves the Riemann Hypothesis simultaneously for all projective smooth
hypersurfaces of dimension 2n+1 and degree d over all finite fields of characteristic p, cf. [Ka—
ODP, pp. 288-2971 The key point is that the family of all such hypersurfaces has big monodromy.
In other words, he proves the Riemann Hypothesis for a particular hypersurface by putting it in a
family with big monodromy.

Our underlying idea is to put the particular L—function for which we are trying to prove the
Weil I estimate into a family of L—functions which has big monodromy, then to apply the Rankin
squaring method to this family. So we end up with a proof of Weil II in the style of Weil I. We will
not assume any familiarity with either Weil I or Weil 11, but we will, after briefly recalling them,
make use of the standard facts about /—adic sheaves, their cohomology, and their L—functions. We
will also make use of an elementary instance of the involutivity [Lau—TF, 1.2.2.11 of the Fourier
Transform (in Step 1 of Lecture 4). Caveat emptor.

This paper is a fairly faithful written version of four lectures I gave in March, 2000 at the
Arizona Winter School 2000. It is a pleasure to thank both the organizers and the students of the
School.

Review of f-adic sheaves and /—adic cohomology
Recall that for any connected scheme X, and for any geometric point (:= point of X with
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values in an algebraically closed field) x of X, we have the profinite fundamental group 7 (X, x),

which classifies finite etale coverings of X. Just as in usual topology, if we change the base point x
in X, say to another geometric point x' in X, then the choice of a "path" from x to x' gives a well—
defined isomorphism from 7 (X, x) to (X, x'). If we vary the path, then this isomorphism will

vary by an inner automorphism (of either source or target). If we have a second connected scheme
Y and a morphism f: X — Y, we get an induced homomorphism

fx (X, x) = m(Y, (%))
We will often suppress the base point, and write simply 71(X). Then "the" induced
homomorphism

i 1 1 (X) = m1(Y)
is only well—defined up to an inner automorphism of the target.

In what follows, we will only need to speak of 771(X) for X a normal connected scheme.

Such a scheme X has a function field, say K. If we fix an algebraic closure K of K, and denote by
KSCP/K the separable closure of K inside K, then 771(X) [with base point given by the chosen K1
has an apparently simple description in terms of Galois theory. Namely, 7r1(X) is that quotient of
Gal(KS€P/K) which classifies those finite separable extensions L/K inside KSP with the property

that the normalization of X in L is finite etale over X. [In fact in the pre—Grothendieck days, this is
how people defined the fundamental group.] In particular, when X is the spectrum of a field k, then

m1(Spec(k)) is just Gal(kS®P/k). When k is a finite field, kSP = k, and Gal(k/k) is canonically the
abelian group Z, with canonical generator "geometric Frobenius" Fy, defined as the inverse. of the

#k

"arithmetic Frobenius" automorphism a — @”* of k. Given two finite fields k and E, for any

morphism from Spec(E) to Spec(k) (i.e., for any field inclusion k < E), the induced map from
71(Spec(E)) to 7y (Spec(k)) sends F to (Fy)degEK),

Given a connected scheme X, a field E, and an E—valued point x in X(E), we can view x as
a morphism from Spec(E) to X. So we get a group homomorphism

X% : m1(Spec(E)) = Gal(E/E) — m1(X),

well defined up to inner automorphism. When E is a finite field, the image in 71(X) of the
canonical generator Fg of 71 (Spec(E)) is denoted FrobE’X: it is well-defined as a conjugacy class
in 71(X). For any field automorphism o~ of E, and any x in X(E), we may form the point o7(x) in
X(E); the Frobenius conjugacy classes of x and of o(x) are equal: FrObE,O'(X)= FrobE,X

If we start with a field k, and a k—scheme X/k, then for variable k—schemes S, we are
generally interested not in the set X(S) := Homg hemes(S, X) of all S—valued points of X as an

abstract scheme, but rather in the subset (X/k)(S) := Homg hemes/k(S» X) consisting of the k—

scheme morphisms from S to X.
Now fix a prime number ¢. Denote by Q, the completion of Q for the /-adic valuation, and
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by Q ¢ an algebraic closure of Q. Given a finite extension E; of Q, inside Q ¢» we will denote by
O, its ring of integers, and by [F its residue field. There is the general notion of a constructible
Q f—sheaf on our connected normal X. In most of what follows, we will be concerned with the
more restricted class of lisse Q ¢—sheaves on X. For our purposes, a lisse Q ¢—sheaf Fon X "is" a
finite—dimensional continuous Q ¢-representation

A= Ag: m(X) = GL(r, @().
For any given ¥, there is a finite extension E) of Q, such that Agtakes values in GL(r, Ey), cf.
[Ka—Sar, 9.0.71. In a suitable basis of the representation space, Ag:takes values in GL(r, O)L)- The
degree r of the representation Ag=is called the rank of the lisse sheaf 7.

Suppose that k is a finite field, and that X is a (connected, normal) separated k—scheme of
finite type. Inside a chosen k, k has a unique extension k,/k of each degree n > 1, and the sets

(X/k)(k,,) are all finite. Given a lisse Q )—sheaf ¥ on X, corresponding to a continuous Q —
n { p g !

representation

A= Ag: m(X) > GL(n, Qp),
the L—function attached to # on X/k is defined as a formal power series L(X/k, ¥)(T) in 1 +
TQ,LIT1I by the following recipe. For each integer n > 1, one forms the sum

SaX/k, Fr=2, ., XK, Trace(Ag:(Frobkn,X)).
[One sometimes writes Trace(A¢(Frobkn <)) as Trace(Frobkn < )
T Frob lF):=T Ax(Frob .
race(Fro kX F) race(Ag(Fro kn’x))

Then one defines
L(X/k, F)(T) = exp(ZnZl S, (X/k, FTVn).
There is also an Euler product for the L—function, over the closed points (:= orbits of

Gal(k%€P/k) in (X/k)(k)) of X/k. The degree deg(®) of a closed point P is the cardinality of the
corresponding orbit. For a closed point # of degree n, i.e., an orbit of Gal(k/k) in (X/k)(k;,) of

cardinality n, every point x in that orbit gives rise to the same Frobenius conjugacy class Frobkn <
this class is called Frobg. One has the identity
L(X/k, F)(T) = I1,, 1/det(1 — TIEFPIAL(Frobp)).

Suppose now and henceforth that X/k is separated of finite type, smooth and geometrically
connected of dimension n over the finite field k. We have a short exact sequence
degree

0 — 11 (X® k) — m1(X) — 7m1(Spec(k)) = Gal(k/k) = Z -0,
in which the degree map has the following effect on Frobenii:

FrObkn,X = (Fk)n
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The first group 711 (X®k) is called 1;8°°M(X/k), the geometric fundamental group of X/k, and the
middle group 711 (X) is called nlarith(X/k), the arithmetic fundamental group of X/k:

0 — 71 8OM(X/k) — 7, Aithx/K) 5 7 — 0.
The inverse image in ﬂlarith(X/k) of the subgroup Z of z consisting of integer powers of Fj is
called W(X/k), the Weil group of X/k:

0 — 71 8°OM(X/k) - W(X/k) - Z — 0.

We next define generalized Tate twists. Given an /—adic unit @ in Q /X (i.e., a lies in some
0,7, the group homomorphism
Z - Q/*=GL(1,Qp)

des ad
extends uniquely to a continuous homomorphism

7 - Q o~
We then view Z as a quotient of nlaﬁth()ﬂk). The composite character
- 1arith(X/k) N @/x
¥ odegree(y)
is called @9€€. The characters of ﬂlarith(X/k) which are trivial on 7718®°™(X/k) are precisely these
@9€8 characters. Given a lisse Q ¢—sheaf F on X, corresponding to a finite—dimensional
representation Ag we denote by F®a4eg the lisse sheaf of the same rank defined to A¢®"adeg".

For an integer r, and for @ := (#k)™T, we write #(r) for FRqdeg
Suppose further that the prime number / is invertible in k. For each integer i > 0, and for
any constructible Q ¢—sheaf F on X, we have both ordinary and compact cohomology groups

Hi(X®,k, F) and HI (X®k, F)
of X®, k with coefficients in . These are finite—dimensional Q j—vector spaces on which Gal(k/k)
acts continuously, and which vanish for i > 2n (recall n := dim(X)). If X/k is proper, then HiC =
H. In general, there is a natural "forget supports" map

HI(X®K, F) — HI(X®K, F),

which need not be an isomorphism. The group Han(X®kk_, ¥) is a birational invariant, in the
sense that for any dense open set U in X,

H2M (U®K, F) = H2D (X®y K, F).

For ¥ a lisse Qp—sheaf on X/k (which we have assumed separated of finite type, smooth

and geometrically connected of dimension n) its ordinary and compact cohomology are related by
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Poincare duality. The group Hznc(X®kE, Qp) is Q(-n), the one—dimensional Q —vector space on
which Fy acts as (#k)™. For FV the linear dual (contragredient representation), the cup—product
pairing
HI (X® k, FIXHZ-(X® k, F¥) — H2D (X®k, Q) = Q/(-n)
is a Gal(k/k)—equivariant pairing, which identifies each pairee with the Q /(—n)—dual of the other.
For F lisse, the group HO(X®kl€ %) has a simple description: it is the space of

m18°°M(X/Kk)—invariants in the corresponding representation:

eom
HO(X®k, F) = (?)ﬂlg (X/k),

with the induced action of ﬂarith/ﬂlgeom = Gal(k/k).
By Poincare duality, the group Han(X®kl€, F) is the space of Tate—twisted 1 8°°™M(X/k)—

coinvariants (largest quotient on which 778°°™(X/k) acts trivially) of the corresponding
representation:
H20(X®K, 7) = (P, geomx ) (-1).
If X is affine, then for any constructible ¥ we have

Hi(X®\k, ) = 0 for i > n.
Thus for ¥ lisse we have the dual vanishing,

HI (X®k, 7) =0 fori <n.
Thus for X/k an affine curve, and ¥ lisse, the only possibly nonvanishing HiC are ch and H2C,

and of these two groups we know H2C: it is the Tate—twisted coinvariants.

For any constructible 7, its L—function is a rational function, given by its HiC
: _ i+1

L(X/k, F)T) =TTy , 5, det(l = TR HI (X® K, 7D

[This formula is equivalent (take logarithmic derivatives of both sides) to the Lefschetz Trace

Formula [Gro—FL]I: for every finite extension E/k,

%, in ooy Trace(Frobg () = ¥; (-1)Trace(F; | Hi(X®k, 7)).]

In the fundamental case when X is an affine curve and ¥ is lisse, the cohomological
formula for L is simply

L(X/k, F)(T) = det(1 - TR IH! (X®k, F))/det(1 - TR IHZ (X®k, ).

For X an affine curve, and # a constructible Q ¢—sheaf on X, there is always a dense open

set j : U — X on which #is lisse. We have a natural adjunction map ¥ — j*j*f, which is injective



L—functions and monodromy: four lectures on Weil II-7

if and only if HOC(X®kE, %) = 0. [The point is that the kernel of the adjunction map, call it Pctg is
punctual, supported at finitely many closed points. So Pctg= 0 if and only if HOC(X®kk_, Pctg) =
0. Because X is affine, HOC(X®kE, j*j*f) =0, so the inclusion of Pctg_-into F induces an
isomorphism on HOC, cf. [Ka-SE, 4.5.21.11f HOC(X®kE, ¥) = 0, then the largest open set on

which ¥ is lisse is precisely the set of points where its stalk has maximum rank.
For U/k an affine curve, ¥ a lisse Q ¢—sheaf on U, C/k the complete nonsingular model of

U, and j : U — C the inclusion, we may form the constructible Q ¢—sheaf jxF on C. Its
cohomology groups are related to those of ¥ on U as follows:

HO(C®yk, j«7) = HO(U® k,7), and HO (U® Kk, 7) =0,

HL(C®K, j+F) = Image(H! (U® k. 7) — HL(U® k7)),

HZ(C®yk, j+F) = H2 (URK,F), and HX(UR,K,F) = 0.
Weights, and formulation of the target theorem

We now introduce archimedean considerations into our discussion. Denote by | | the usual
complex absolute value on C:

[x+iyl := Sqrt(x2 + y2).
Fix a field embedding ¢ of Q ¢ into C. By means of ¢, we may speak of the complex absolute value
of an element a of Q:
lal, == la)l.
Given a lisse Q ¢—sheaf F on X/k as above (i.e. smooth and geometrically connected, of

dimension n), and a real number w, we say that ¥ is t(—pure of weight w if the following condition
holds. For every finite extension field E/k, for every point x in (X/k)(E), we have

levery eigenvalue of A¢(Fr0bE’X)I , = Sqrt(#E)V.
We say that a finite—dimensional Q ¢—representation V of Gal(k/k) is t—pure of weight w if
levery eigenvalue of Fy on VI, = Sqrt(#k)W.
We say that V is t—mixed of weight < w (resp. = w) if we have the inequality
levery eigenvalue of Fj on VI, < Sqrt(#k)%,
respectively
levery eigenvalue of F on VI, > Sqrt(#k)%,

In questions concerning (—weights, we may, whenever convenient, extend scalars from the
ground field k over which we started to any finite extension field.

The interpretation of HO (resp. of H2nC) in terms of 711 8°°M(X/k)—invariants (resp. Tate—
twisted coinvariants) shows that if a lisse ¥ is t—pure of weight w, then HO(X®kE, ) (and so also

its subspace HOC(X®kE, %)) is t-—pure of weight w, and H2nC(X®kE, ¥) is t—pure of weight w +
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2n. [For example, if (X/k)(k4) is nonempty, say containing a point X, then the action of (Fk)d on
HOC(X®kE’ %)) is induced by the action of Froby 4x 00 #, and the action of (Fk)d on

H2nC(X®kE, %)) is induced by the action of Froby 4 on ¥(—n).] Thus we always have

HOC(X®kl€, F)) is t-—pure of weight w,
HZHC(X®kk_, F) is t—pure of weight w + 2n.

Given a lisse ¥ which is (—pure of some weight w, we can always find an /—adic unit «
such that F®q €8 is t—pure of weight zero. Indeed, if # has rank r > 1, and if E/k is a finite
extension, say of degree d, for which (X/k)(E) is nonempty, pick a point x in (X/k)(E), and take for
a any rd'th root of l/det(A?(FrobE,X)). We have the trivial compatibility

H (X®yk, FRa4e8) = Hi ((X®k, F)®ades.

We can now state our target theorem.

Target Theorem (Deligne) Let U/k be a smooth, geometrically connected curve over a finite field, ¢
a prime invertible in k, and ¥ a lisse Q ¢—sheaf on U which is (—pure of weight w. Then

ch(U®kE, F) is t—mixed of weight <w + 1.

As noted above, we already know that

HOC(U®kE, ¥) 1s t-—pure of weight w, and vanishes if U is affine,

H2C(U®kE, F) is t—pure of weight w + 2.
Corollary [De-Weil 11, 3.2.31
1) The ordinary cohomology group Hl(U®kE, F) is t—mixed of weight >w + 1.
2) If the "forget supports" map is an isomorphism

HI (Ueyk, 7) = H (Usyk, 7),
then H! C(U®kE F) is t—pure of weight w+1.
3) For C/k the complete nonsingular model of U/k, for
j:U->C
the inclusion, and for every integer 0 <1< 2,
Hi(C®k1€ j=F) is t—pure of weight w + i.

Proof of the corollary To prove 1), we argue as follows. For ¥ lisse and (—pure of weight w, the
contragredient  is lisse and (—pure of weight —w. By the target theorem applied to FV,
HIC(U®kE, FV) is t—-mixed of weight < -w + 1. But ch(U®kE FV) and Hl(U®kE F) are
Poincare—dually paired to HZC(U®kl€, Qp) = Q/(-1), which is t—pure of weight 2. Therefore

HI(U®kE F) is t—mixed of weight > w+1.
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To prove 2), notice that the target theorem and 1), both applied to ¥, show that HIC(U®kl€,

¥) is simultaneously (—mixed of weight < w+1 and (—mixed of weight > w+1.
We now prove 3). For i=0,

HO(C®K, j«F) = HO(USK, ),
and this last group is (—pure of weight w. For 1=2, we have
HA(C®K, j+7) = H2 (COK, j+F) = H (USK, F),
and this last group is t—pure of weight w+2.
For i=1, HI(C®k, j+F) is the image of H! (Usyk, 7) in H!(Usy k, 7). Thus HI(C®,k,
j«%) is simultaneously a quotient of H! C(U®klz, F), so t—mixed of weight < w+1, and a subobject

of Hl(U®kI€, ), and so (by part 1)) t—mixed of weight > w+1. QED

First reductions in the proof of the target theorem

By an adeg twist, it suffices to prove the target theorem in the special case when ¥ is t—
pure of weight zero. We henceforth assume that ¥ is t(—pure of weight zero.

We next reduce to the case when the curve U/k is the affine line Al/k. We do this in several
steps. To prove the theorem for the data (U/k, F), we may always shrink U to a dense open set U;

c U. Indeed, if we denote by ji: U; — U the inclusion, we have a short exact sequence on U
0— Gl)g(jl)*?‘—> ¥ — (a punctual sheaf) — 0.
The long exact cohomology sequence then exhibits HIC(U®k1€, ¥) as a quotient of ch(Ul ok,

F1U1). We may also extend scalars from k to any finite extension of k.
In this way, we may reduce to the case when U is affine, and at least one point at o, say P,

is k—rational. We next reduce to the case when U is a dense open set in Al For all large integers
m, the Riemann—Roch space L(mP) contains a function f which has a pole of order precisely m at
P, and no other poles. If we take m to be invertible in k, the differential df of any such f is nonzero.

So f, viewed as a finite flat map of degree m from C to [P 1 is finite etale of degree m over some

dense open set V of pl. Shrinking V, we may further assume that V Al and that £~ 1(V) cU.
Shrinking U, we may assume that U itself is finite etale over V, of degree m. Then f«% is lisse on

V, and (—pure of weight zero, and we have
H!.(V®k, f«F) = H' (UK, F),
by the (trivial) Leray spectral sequence for the map f: U — V.
Once we are reduced to the case of a dense open set U in Al/k, we may, by a further
extension of scalars, reduce to the case when all the points in S := Al — U are k—rational. Denote

by I' the additive subgroup of Al(k) = (k, +) generated by the points in S. Thus I" is an [F,—vector

p
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space of dimension at most #S, so in particular it is a finite subgroup of A 1(k). Shrinking U = Al
— S, we reduce to the case when U is of the form Al — T, for T a finite subgroup of Al(k). The
quotient A T is itself an Al/k. The quotient map, say 7,
Al s Alr=al)
is finite etale, and makes Al —T finite etale over Al — {0} := G/k. So it suffices to treat x5 on
G /k.
To complete the reduction, we note that in positive characteristic p, the Abhyankar map
[Ab, Thm. 1, page 8301
Abhy: G, — AL,
x> xP + 1/x,
makes Gy, a finite etale covering of Al of degree p+1. So it suffices to treat Abhy:«+F on Al
So now we are reduced to proving the target theorem for a lisse F on Al which is (—pure
of weight zero. We next reduce to the case when ¥ is irreducible as a representation of
ﬂlarith(Al/k). We proceed by induction on the length of a Jordan—Holder series. If #7 < ¥ is an
irreducible lisse subsheaf of F, both F7 and #/77 are lisse and (—pure of weight zero, and by
induction both H! ((Al®,k, 77) and H! ((A1®,k, F177]) are t—mixed of weight < 1. The

cohomology sequence for the short exact sequence
0->F1 >F—>FIF; =0
gives an exact sequence
Hl (aleyk, 7)) —» Hl(Aleyk, P —HL (Alek 717)),
whose middle term is thus (—mixed of weight < 1 as well.
We now show that it suffices to prove the target theorem in the case when the lisse
irreducible  on Alis geometrically irreducible, i.e., irreducible as a representation of

m 8COM(A 1/k). We proceed by induction on the rank of . Consider the restriction of F to
71 250M(A LK), Because Fis irreducible for 1 2th(A /), and 711250M(AL/k) is normal in
ﬂlarith(Al/k), the restriction of F to ﬂlgeom(Al/k) is completely reducible. So we may write it as
a sum of irreducibles #; with multiplicities n;, say

71 71,80MA LK) = @; niF.

Consider first the case when F | ﬂlgeom(Al/k) is not isotypical, i.e., the case in which
there are at least two distinct #;'s in the decomposition. In that case, the individual isotypical
components n;¥; are permuted among themselves by the action of the quotient group
ﬂlarith(Al/k)/ﬂlgeom(A 1/k) = Gal(k/k). As there are only finitely many such isotypical

components, an open subgroup of finite index in Gal(k/k) stabilizes each isotypical component
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separately. So after extending scalars from k to some finite extension field, ¥ becomes reducible as
a representation of ﬂlarith. Each irreducible summand has lower rank, so the target theorem holds
for it, by induction.
It remains to treat the case in which 7| 71 8°OM(A 1/k) is isotypical, say
F1780MAl ) = n 7,
with #] corresponding to some irreducible representation p of 77 8¢0™M(A 1/k). We will show that

in this case ¥ is already geometrically irreducible, i.e., that n=1. Because np is a representation of
Vs 1arith(A1/k), for each fixed element y in ﬂlarith(Al/k), the representation p of 71{8°°M(A 1/k) has

the same trace function as the representation p(): g +— p(ygy™1) of ﬂlgeom(Al/k). So for fixed v,
we can choose A in GL(degree(p), Q) such that for every g in ﬂlgeom(Al/k), we have

pray™h = Ap@Al.
Now take for y an element of degree one. Then the Weil group W(A 1/k) (:= the subgroup of
nlarith(A 1/k) consisting of elements of integer degree) is the semidirect product

wlk) = 7 8°OM(A 110y (the Z generated by ),
with 7y acting on 77 8°OM(A 1/k) by conjugation. Then p extends to a representation p of the Weil
group W(A/k), defined by

p(gy") = p(g)AM.
Now consider 1 W(A1/k). What is its relation to p? Well, on the normal subgroup ﬂlgeom(Al/k)
of W(A l/k), ¥ agrees with np. So the natural map

p®Hom,, 1geom( Al /k)(,b, F—>F
is an isomorphism of W(A 1/k)—representations (because it is W(Al/k)—equivariant, and it is an
isomorphism of ﬂlgeom(A1/k)—representations). Now ¥, being irreducible on ﬂlarith(Al/k),
remains irreducible on the dense subgroup W(Al/k). Therefore the n—dimensional representation

Hom . 1 geomy Al /k)(b’ %) must be an irreducible representation of W(Al/k). But

Hom . 1geom( Al /k)(:b’ ¥) is in fact a representation of the quotient group

WAl y/mgeomalig =z,
Being irreducible, its dimension must be 1. Thus n=1, which means precisely that |
718°OMA L) > 7 is irreducible.
So we are now reduced to proving the target theorem for a lisse, geometrically irreducible 7
on Al/k which is (—pure of weight zero. We now look to see if ¥ happens to be geometrically

self—dual, i.e, we look to see if ¥ is isomorphic to F as a representation of 71 8°°M(A 1/k). If Fis
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geometrically self dual, we claim that some o498 twist of ¥ is arithmetically self—dual, i.e.,
isomorphic to its contragredient as a representation of ﬂlaﬁth(A 1/k), and still c(—pure of weight
zero. To see this, we argue as follows. Pick a 7718¢0™M(A 1/k)—invariant non—zero bilinear form <,
> on the representation space, say V, of the representation p :=Ag
<p(g)V, p(gw> = <v, w>
for every g in 11 8°OM(A 1/k). Because Fis geometrically irreducible, the form < , > is unique up to
aQ (X factor. We claim that for any fixed element y in ﬂlarith(AI/k), the nonzero bilinear form
T,),[V, wl = <p(y)v, p(y)w>
is also 711 8°OM(A 1/k)—invariant. This holds simply because ﬂlgeom(Al/k) is a normal subgroup
of 3~ ith a L/k): for g in ﬂlgeom(Al/k), we readily calculate
Tylp()v, p(@w]:= <o)V, p(y)p(g)w>

= <p(ygy~Homv, pyey Hp(y)w>
= <p(y)v, p(y)w> = T),[V, wl.

Therefore the form T), isaQ (X—multiple of <, >, say

Ty=cy

is a continuous homomorphism from 7 ar ith(A 1/k) to Q [X which is trivial on

<, >

The map y — Cy

ﬂlgeom(Al/k), so it is of the form ﬁdeg for some f—adic unit in Q. If we take for « either square
root of 1/8, then FRaedeg is arithmetically self dual, and (—pure of some weight w (namely the real

number w such that l(@)! = (#k)V/2). The contragredient of F®a9€E is therefore (—pure of weight
—w. Thus w = —w, so w = 0, as required.
Lecture IT

To summarize: we are reduced to proving the target theorem for a lisse, geometrically

irreducible Fon Al/k which is (—pure of weight zero, and which, if geometrically self—dual, is
arithmetically self dual. We may further assume that ¥ is geometrically nontrivial. For if Fis

geometrically trivial, then H! C(A1®kE, F) = 0 (simply because H! C(A1®kE Qp) =0), so in this
case there is nothing to prove.
Review of the Artin—Schreier sheaf L!ﬁ: wild twisting and the auxiliary sheaf G on AZ: the purity

theorem

Let us fix a nontrivial additive Q fx—valued character ¢ of our ground field k,

vk +) o> Q5

Then Al/k becomes a finite etale galois covering of itself with galois group (k, +), by the (sign—

changed) Artin—Schreier map x — x — x7K
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Al
\L X X — X#k
Al
This covering exhibits (k, +) as a finite quotient group of 7 1arith(A1/ k):
m@ithali 5 k, +) - 0.
If we compose this surjection with i, we get a continuous homomorphism
m@itha g 5 (¢ +) - Q%
i.e., we get a lisse Q ¢—sheaf of rank one on ALK, This by definition is £¢/' Its trace function is

given as follows. For any finite extension E/k, and for any point x in (A 1/k)(E) =E, FrobE’X acts
on Llﬁ as the scalar Y(Traceg (x)). [Tt is to get this trace to come out correctly that we use the
sign—changed Artin—Schreier map.] Since the trace is always a p'th root of unity for p:= char(k),
Llﬁ is (—pure of weight zero.
Given any k—scheme X/k, and any function f on X, we can view f as a k—-morphism from
Xto Al /k, and form the pullback sheaf f*Lw on X, which we denote ‘Ew(f)' Thus Lw(ﬂ is a lisse
rank one Q —sheaf on X, (—pure of weight zero, and its trace function is given as follows. For any
finite extension E/k, and any point x in (X/k)(E), FrobE’X acts on £lﬁ(f) as the scalar
Y(Tracep ) (f(x))). For f the zero function, the sheaf L%l’(o) is canonically the constant sheaf Q rX
on X.
Suppose now that X is Al itself, and fis a polynomial function. To fix ideas, think of
Al/k as Spec(k[T]). For f in kIT] whose degree is invertible in k, Lt//(f) on Al/k has Swan
conductor at e equal to the degree of f:
Swanw(£¢(ﬂ) = deg(f).
For ¥ a lisse Q ¢—sheaf on A 1/k, the Euler—Poincare formula [Ray] of Grothendieck—Neron—
Ogg—Shafarevic gives
xeAlewk 7 =h2Aleyk 7 - hl (Alek )
= rank(¥) — Swan_(¥F).
Given a lisse F, take f in kIT1 with deg(f) invertible in k and deg(f) > Swan_(F). Then
T@Lw(ﬂ is totally wild at o, all its "upper numbering breaks" are equal to deg(f), and
Swanoo(?'®£,7[,(f)) = deg(f)xrank(¥).
The total wildness forces
H2 (Al®yK, F® Ly 4)) = 0.

Thus for such an f we have
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hl.(alek, F® Ly, (1)) = (deg(f) — Dxrank(F),
A _ .
HI (A'®k, ?®L¢(f))) =0fori=#1.
Moreover, the total wildness at oo implies that under the "forget supports map" is an isomorphism
1 Al® ~uliale, ©
H' (A" ®Kk, 7:®'£‘70(f))) =~ H (A" ®yKk, T@Lw(f)))
We now specialize to the case where ¥ is our lisse, geometrically irreducible and
geometrically nontrivial sheaf on Al/k which is t—pure of weight zero, and which, if geometrically

self—dual, is arithmetically self—dual. We will now describe an auxiliary lisse sheaf G on A2/k.
Fix an integer N which satisfies
N is invertible in k,
N > Swan_ (),

N = 3 if char(k) # 2,
N > 5 if char(k) = 2.
Choose a polynomial f(T) in k[T] of degree N.
Suppose first that k has odd characteristic. Our idea is to consider the two parameter family
of polynomials of degree N given by

(a, b) = (T) + aT + bT2,
and to form the sheaf on A2/k which incarnates the assignment
(a, b) = HI(AL@ K F® Ly 501 4 aT + bT2)):
To make the formal definition, consider the space A3/k, with coordinates T, a, b. On this space we
have the polynomial function
(T, a, b) — f(T) + aT + bT2,
so we may speak of Ltp(f(T) +aT + bT2) on AJ/k. Using the first projection
pry: A3k — Al
(T,a,b)— T,
we pull back ¥, and form (prl)*?' on A3/k. We then tensor this with L%[’(f(T) +aT + sz)’
obtaining
((Pr])*?j@Lw(f(T) +aT + bT2) on A3/k.
Using the projection onto (a, b)—space
pry 31 Ak — A2k,
(T,a,b)— (a, b),
we define
6 =Gy =R P 1 (Or)) " PI®Ly((T) + aT + bT2)-
If char(k) is two, we use the two parameter family
(a, b) = (T) + aT + bT3,
and define
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*
G =Gy = Rpry 3)1((pr) “P®Ly(f(T) + aT + bT3):
We will use the Weil I idea (which in terms of Weil II amounts to a "baby case" of the purity
criterion 1.5.1 of Weil II) to prove

Purity Theorem Notations as in the three preceding paragraphs, the auxiliary sheaf G = gﬁp fon
AZ2/k is lisse of rank (N-Drank(¥), and t—pure of weight one.

We will prove this Purity Theorem in a later lecture. For now, we will admit its truth, and
explain how it allows us to prove the target theorem. To begin, we extract an obvious corollary.

Purity Corollary HIC(A1®kE, T@Lw(f))) is t—pure of weight one.
proof By proper base change, the stalk of g(}:w ¢ at the origin is the cohomology group in
question. QED

Reduction of the target theorem to the purity theorem
This purity corollary holds for every polynomial f of the fixed degree N. In particular, for

every finite extension field E/k, and for every s in EX, H! ((Al®gk, F® L, (;TN))) is t-pure of
weight one. If we put s = 0, the sheaf T@LMSTN) becomes the sheaf . The rough idea now is to
"take the limit as s — 0" and show that weights can only decrease. Then we will get the target
theorem, namely that ul C(A1®EE T@LMSTN))) is t—mixed of weight < 1 for s =0.

To make sense of this rough idea, we work on the AZ/k with coordinates (T, s), on which
we have the lisse sheaves (prl)*T, £¢r(sTN)’ and ((pr 1)*7:)®£¢(STN)' We form the sheaf H on
the s—line A l/k defined as

H = R1(pry) ((pr) " PI® Ly (sTN)-

By proper base change, for every finite extension field E/k, and every s in E, the stalk H( of H at
(a geometric point over) s is the cohomology group H! C(A1®EE T@LMSTN))).
Degeneration Lemma The sheaf # on Al/k has

HO (Alek, H) =0.
Restricted to Gp,/k, H is lisse of rank (N—1)rank(¥), and t—pure of weight one. Denoting by j :
Gy, — Al the inclusion, the adjunction map

H —ijsj H
1S injective.
proof Consider the Leray spectral sequence for the map
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pry: A2k — Al

and the lisse sheaf K := ((prl)*ﬂ®£gﬁ(sTN) on the source:
E &b = Ha (Al®y k, RP(pry) %) = HAHP (AZ®, k, K).

By proper base change, and looking fibre by fibre, we see that Ri(prz) 1K vanishes for i#1
[Remember ¥ is geometrically irreducible and nontrivial, so H2C(A1®klz, ¥) vanishes.| So the
spectral sequence degenerates, and gives, for every a,

HA (Al®k, H) = HA+! (A0 K, %).
Taking a=0, we find

HO (Aleyk, H) = H (AZ®k, %).

But as Kis lisse, we have H! C(A2®klz, K) =0, so we get the vanishing of HOC(A1®kE, H).
Therefore H is lisse wherever its stalks have maximal rank. By proper base change, these stalks
have rank (N-1)rank(¥) at every point of G /k. At 0, H = ch(Al®kk_, ) has strictly lower
rank, equal to
X (Al®K, F) = Swan (F) — rank(F).
Once HIG,,, is lisse, it is t—pure of weight one by proper base change and the purity corollary. As
already noted, the vanishing of HOC(A1®k1€, H) gives the injectivity of H —j *j*ﬂ. QED
Let us spell out more explicitly what the injectivity of
H —jsj H
gives us. The sheaf j*ﬂ is lisse on G, /k = Spec(kIT, 1/T1), so "is" a representation of
ﬂlarith(([]m/k). The inclusion of rings

k[T, 1/T1 c kI[T[1/T]
gives a map Spec(k[[T1I[1/T]) — G,,,/k, and a map of 7;'s

7 (SpeckITN1/TY) — 7, AMthG k).
The group 71 (Spec(kI[T1[1/T])) is D(0), the "decomposition group" at O (:= the absolute galois

group of the fraction field k[[TI11[1/T1 of the complete local ring at the origin in A 1). Its subgroup
1(0) := 71 (Spec(kI[TI1/T1))

is the inertia group at O; it sits in a short exact sequence
0 — 1(0) — D(0) — Gal(k/k) — 0.

Thus HIG,,, gives a representation of D(0). The stalk of j *j*ﬂ{ at 0 is the space of 1(0)—invariants
I(0 _
(?(I(Dm) ( ), with its induced action of D(0)/I(0) = Gal(k/k). So the injectivity of
H —ixj H,
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read on the stalks at 0, gives us nf Fy—equivariant inclusion

- . 100
Ho = HIC(A1®kk, F) c (]*_]*7'{)0 = (7_[|Gm) ),

How do we exploit this inclusion? To prove the target theorem, namely that ch(A1®EE,
¥) is t—mixed of weight < 1, it suffices now to show that (ﬂIGm)I(O) is t—mixed of weight < 1.

We will deduce this from the fact that HIG,,, is lisse and (—pure of weight one.
Weight Drop Lemma [De-Weil II, 1.8.11Let 7 be a lisse sheaf on G,/k which is (—pure of weight

w. Then (j)I(O) is t—mixed of weight < w.
proof Step 1. By an adeg twist, it suffices to treat the case when w = 0.

Step 2. We first establish the weak estimate, that (j)I(O) is t—mixed of weight < 2. For this,
we consider the L—functions both of J on G, /k and of j« on A l/k. For the first, we have

L(G/k, I)(T)

= det(1 - TRIH! (G, @k, D)/det(1 - TRIHZ (G, @k, D).
For the second, we have

LALK, j«(T)

= det(1 - TRH! (Al®K, jxD))/det(1 - TR IHZ (ALK, j= ).
[remember HOC(A1®kE, jxJ) =0, because j«J has no nonzero punctual sectionsl. By the
birational invariance of HZC, we have

H2,(Gp,®k, I = H2 (ALK ).
From the Euler products for the two L—functions, we see that
L(G/k, D)(T) = det(1 = TR (D)L, ju)(T).

So comparing their cohomological expressions ,we find

det(1 - TFH! (G, ®k, )

= det(1 - TR (DI D)xdet(1 - TRIH! (Al®k, j«).
The key point here is that

det(1 — TR (NDID)) divides det(1 — TR IH! (G, ®yk, 7).

So it suffices to show that H1 C(Gm®kE’ J) is t—mixed of weight < 2. Consider the
exponential sum formula for L(G,/k, J)(T):

L(G/k, I)T) = exp(ZnZl S,(G/k, JTn),
where
= . T A F .
Sp(Gm/k, D=2, Gk, race(A g{ 1“Obkn,x))

Since J is «—pure of weight zero, and (G,/k)(k,,) has (#K) —1 points, we have the trivial estimate
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(S (Gy/k, NI < (#k) rank(T).
So the inner sum ZnZl (S (Gy/k, 9))TVn is dominated term by term in absolute value by the
series
rank(J)XE,> (#K)MT/n = log((1/(1 — (#k)ITIy)rank(d)),
and hence converges absolutely in ITl < 1/#k. Therefore its exponential L(G,/k, J)(T) is an
invertible function in ITI < 1/#k. In other words, the ratio
det(1 — TR IH! (G, @k, ))/det(1 — TFIHZ (G, @k, J))
is invertible in IT| < 1/#k. But H2C(Gm®kk_, J) is t—pure of weight two, so the denominator
det(1 - TFH2 (G, ®k, )
is invertible in ITI < 1/#k. Therefore
det(1 - TRIH! (G, ®k, 7))
is itself invertible in ITI < 1/#k, and this means precisely that ch(Gm®kk_, J) is t—mixed of weight
<2.
Step 3. We apply the result of Step 2 to the tensor powers j®n of . These are all lisse on G/k,

and (—pure of weight zero. If @ is an eigenvalue of Fy on (j)l(o), then o™ is an eigenvalue of Fy

on (3®n)l(0). So by step 2 we have the estimate
le(a™M) < #k.
Letting n — oo, we find le(@)l £ 1, as required. QED

Lecture III
To summarize: in order to prove the target theorem for our ¥ on AL, it suffices to prove the
purity theorem for the auxiliary sheaf G = Qﬁw’f on AZ/k.
Why the auxiliary sheaf G is lisse on A%k
Recall that G = gflﬁ,f was defined as
G = Rl(pr2’3)!7(
for K the lisse sheaf on A3/k defined as
K = ((pr1) “PI®Ly(§(T) + aT + bT2), if char(k) is odd,
K = (pr) PI®Ly(f(T) + aT + bT3)- if char(k) =2.
Looking fibre by fibre, we see that all the stalks of G have the same rank, namely (N—1)xrank(%).

Moreover, fori# 1, we have Ri(prz 31K =0, as we see using proper base change and looking

fibre by fibre, on each of which we have a lisse sheaf on Al which is totally wild at co.

To show that a constructible Q (—sheaf G on AZis lisse, it suffices to show that for every
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smooth connected affine curve C/k and for every k—=morphism ¢ : C — Az, go*g is lisse on C.
Since go*g has stalks of constant rank on C, it is lisse on C if and only if it has no nonzero punctual
sections, i.e, if and only if
*
HOL(C,¢"6) = 0?

Form the cartesian diagram

®
S — A3®kk_

7T\L \L pr2’3

¥
C — A2®k.
Because pry 3 is a smooth affine map of relative dimension one with geometrically connected
fibres, so is the map n: S — C. As C is a smooth affine connected curve over k, S is a smooth
affine connected surface over k. On S we have the lisse sheaf ¢*7<. By proper base change we
know that go*g is just Rlﬂ!(§0*7<), and that for i # 1, we have Rin!@o*?() =0. So the Leray

spectral sequence for the map 7 : S — C and the lisse sheaf ¢*7( degenerates, and gives
HA(C, RIm @7 70) = HA* (8,27 %),
1.e.,
HA.(C,%°6) = H**] (8,27 7%0.
Taking a=0, we find
HOL(C, 2"6) = HI (S, 970 =0,
this last vanishing because §0*7( is lisse on the smooth connected affine surface S/k.
Geometric monodromy: the monodromy theorem for G
Let us return momentarily to a more general situation: k is our finite field, ¢ is invertible in
k, X/k is smooth and geometrically connected, of dimension n > 1, and G is a lisse @/—sheaf on X,

of rank r > 1, corresponding to a continuous r—dimensional Q ¢—Tepresentation (o, V) of
2t x k), say

p = 1 Athx/k) - GL(V) = GL(r, Q).
The Zariski closure in GL(V) of the image p(718°°™(X/k)) of the geometric fundamental group of

X/k is called the geometric monodromy group Ggeom attached to G. Thus Ggeom is, by definition,

the smallest Zariski closed subgroup of GL(V) whose Q—points contain p(rr18¢°M(X/k)).

The key property for us of this algebraic subgoup Gyeny, Of GL(V) is this. Take any

geo
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finite—dimensional Q ¢—representation (A, W) of GL(V). We may view W as a representation of

Ggeom- then as a representation of its "abstract" subgroup p(r8OM(X/k)), and finally as a

representation of 718°°™(X/k). Then we have an equality of spaces of coinvariants

WGgeom = Wﬂ. 1 geom(X /k)'

We now return to our concrete situation. We have the lisse sheaf G = g%/, fon A2k

attached to a lisse, geometrically irreducible and geometrically nontrivial Q ¢—sheaf ¥ on A 1k
which is (—pure of weight zero, and which, if geometrically self—dual, is arithmetically self dual.

Monodromy Theorem The lisse sheaf G = g¢w Fon A2k, corresponding to the representation (p,

V) of ﬂlarith(Az/k), is geometrically irreducible. Its Ggeom is constrained as follows.

1) If char(k) is odd, then Ggeom is either a finite irreducible subroup of GL(V), or Ggeom

contains SL(V) as a subgroup of finite index.

2) If char(k) = 2 and ¥ is not geometrically self—dual, then just as in case 1) Ggeo

finite irreducible subroup of GL(V), or Ggeom contains SL(V) as a subgroup of finite index.

m 1S either a

3) If char(k) = 2 and ¥ is geometrically self—dual by an orthogonal autoduality, then G is
geometrically self—dual by a symplectic autoduality, and Ggeom is either a finite irreducible

subgroup of Sp(V), or it is the full group Sp(V).
4) If char(k) = 2 and ¥ is geometrically self—dual by a symplectic autoduality, then G is
geometrically self—dual by a orthogonal autoduality, and G is either a finite irreducible

geom
subgroup of O(V), or it is either SO(V) or O(V).

Reduction of the purity theorem to the monodromy theorem
We will prove the monodromy theorem in the next lecture. Let us explain how, using it, we
can prove the Purity Theorem.

Because ¥ is lisse and (—pure of weight zero, the sheaves ¥ and #~ on Al/k have complex
conjugate trace functions: for any finite extension E/k, and for any x in (Al/k)(E),
L(Trace(FrobE,X | F)) and L(Trace(FrobE,X | FV))
are complex conjugates. For this reason, we will allow ourselves to denote
F=FV.

Denote by ¢ the character x — ¥(—x). Thus after our complex embedding ¢, ¥ and ¥ are
complex conjugates of each other. What is the relation of the lisse sheaf gﬁ;’f to the lisse sheaf
GFu.f’

Duality/Conjugacy Lemma
1) The dual sheaf (gﬂb,f)v on A2/k is canonically the sheaf gg—_—,@,f(l).
2) The sheaves g?',t//,f and gg—_-’,’;,f have complex conjugate trace functions.
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proof 1) The definition of gﬂ[,,f was of the form

wa’f = Rl(pr2’3)!(a certain lisse sheaf,say %, on A3/k),
where K was

((Prl)*T)@Lw(f(T) +aT + sz), in characteristic not 2,

((prl)*‘f)®.£w(f(rr) +aT + bT3)’ in characteristic 2.
The definition of gﬁ;’f is then

Qﬁ&f = Rl(pr2,3) 1(the contragredient KV of this same K).
So have a cup—product pairing of lisse sheaves on A2k

G % GF 7.5 = R2(prp )1(Qp) = Qu-1).
To see that this pairing identifies each pairee with the Q(—1)—dual of the other, it suffices to check
on fibres At the point (a, b), put

o p(T) :=£(T) +aT + bT2, in characteristic not 2,

=1(T) +aT + bT3, in characteristic 2.
We need the cup product pairing

I (Al © I (Al i© 0 (—
H (A @k TOLy g, ) X H (A @k, i OLy(~f, ) = Q=D
to be a duality. But we have already noted that
1 Ale, © ~uliale ©
H' (A" ®Kk, T®£¢(fa,b))) = H (A" ®Kk, 7:®£w(fa,b)))’
so this is just usual Poincare duality.
2) Let E/k be a finite extension, (a, b) in (Az/k)(E). Then as already noted we have
2 Ale, i —
H= (A ®k, T®£w(fa,b))) =0,
2 Ale. © —
H7 (A ®k, W@Lw(_fa’b))) =0.
So by proper base change and the Lefschetz Trace Formula we have
Trace(FrobE,(a’b) | gg:,w,f)
- I Ale, i©
= Trace(FE |H C(A ®kk’ T@Lw(fa,b)))
==2tinE Trace(FrobE,t I ?’)w(TraceE/k(fa’b(t))).

Similarly, we find
Trace(FrobE’(a’b) I gﬁg’f)

— 1 le. © &
= Trace(Fg | H' (A" @k, F ®£¢’(_fa,b)))
=— Xt in g Trace(Frobg ¢ | F¥)¢/(-Traceg k(fa (1)),

and this last sum is, term by term, the complex conjugate of the sum which gives the trace of
Frobg (a,b) ON §7:¢ ¢ at the same point (a, b). QED
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Positive Trace Corollary The trace function of GRG" takes values, after ¢, in R>o.
proof Let us write
G =GFy f
G=GFyf
Then GGV is GRG(1). Its trace at (a, b) in (Az/k)(E) is thus
(1/#E)IL(Trace(FrobE,(a,b) I Qgc,w’f))lz. QED
How do we bring to bear the monodromy theorem? Recall that (p, V) is the representation

of ﬂlarith(Az/k) corresponding to G. Because ﬂlgeom(Az/k) is a normal subgroup of

71 2(AZ), for any element y in 1y MN(AZ/K), p(y) normalizes Ggeo (inside GL(V)).

Consider first the case in which Ggeom for G is a finite irreducible subgroup of GL(V).

Then Aut(Ggeom) is finite, say of order M. So given vy in ﬂlaﬁth(Az/k), p(y)M, acting on Ggeom

by conjugation in the ambient GL(V), acts trivially. This means that p(y)M commutes with Ggeom’

and as Ggeom is an irreducible subgroup of GL(V), this in turn implies that p(y)M is a scalar.
Now consider the case when Ggeom contains SL(V). Then trivially we have the inclusion

GL(V) € G,Ggeom:

So in this case, given y in 1 larith(AZ/k), there exists a scalar @ in Q [x and an element g in Ggeom

such that
p(y) = ag.
If Ggeom is Sp(V), then p(y) is an element of GL(V) which normalizes Sp(V), and is

therefore a symplectic similitude [because Sp(V) acts irreducibly on V, cf. the twisting autoduality

discussionl. So in this case also there exists a scalar « in @/X and an element g in Sp(V) = Ggeom

such that
py) = ag.

If Ggeom is SO(V) or O(V), then char(k) = 2 and ¥ is symplectically self—dual, So N =5,

and ¥ has even rank. Thus
dim(V) :=rank(G) = (N—1)xrank(¥) > 4x2 =8 > 2.
Therefore SO(V) acts irreducibly on V. Just as above, p(y) is an element of GL(V) which

normalizes Ggeom and hence normaizes (Ggeom)o = SO(V), and is therefore an orthogonal

similitude. Thus there exists a scalar () in Q /X and an element gy in O(V) such that p(y) = ag.

Squaring, we find that there exists a scalar a (:= (ao)z) and an element g (:= (g0)2) in SO(V) c

Ggeom such that

P = ag.
So in all cases, there exists an integer M such that given any element y in ﬂlarlth(Az/k),
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p()/)M is of the form ag, with « a scalar, and g in Ggeom' Therefore on V®VY and on all its

tensor powers (V®VV)®a, yM acts as an element of G

yM acts trivially on the space of Ggeom—coinvariants

(VOV)®G
geom
In particular, for ever integer a 2 1, every eigenvalue of vy acting on

vy®a
(vevy) )Ggeom'

is a root of unity (of order dividing M, but we don't care about this).

geom Therefore for every integer a > 1,

In order to exploit this result, we need to restrict G to cleverly chosen curves in Az/k, cf.
[Ka—Spacefilll. Let us write
q:=#k.

For each integer n > 1, consider the curve C/k in AZ/K defined by the equation

n n
Cpiyd —y=xx9" -x).

Then C,/k is a smooth, geometrically connected curve, and it visibly goes through all the k-

rational points of A2/k. As explained in [Ka—Spacefill, Cor. 71, if we restrict G to C,,, then for n

sufficiently large and sufficiently divisible, GIC,, on C,/k has the same G as G did on A2k

geom
Let us say that such a C,, is good for G.

Application of Rankin's method
Let us now prove that G is t(—pure of weight one. To say that G is t—pure of weight one is to

say that for every finite extension E/k and every point (A, B) in (Az/k)(E), p(Frobg (A B)) has,
via ¢, all its eigenvalues of complex absolute value equal to (#E)l/ 2 Takea C4 which is good for G

and which contains all the E-valued points of A2/k (i.e., take d divisible by deg(E/k)). Pick an
integer a = 1, and consider the L—function of (Q@QV)@a on Cy. The denominator of its
cohomological expression is
det(1-TFIHZ (C4®k, (G®GY)®)).
In terms of the representation (p, V) corresponding to G, we have
H2(Cq®k, (G®GY)®) = (VOVV)I®); (-1,
geom
and the action of Fy. on this space is induced by the action of an Frobenius element Froby , at any

rational point in Cy/k. [It is here that we use the fact that GIC 4 has the same G as G did.]

geom
Therefore every eigenvalue of Fj on HZC(Cd®kk_, GRGY)®?) is of the form

(#k)x(a root of unity).
Of this, we retain only that
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H2 (C4®k, (G®GY)®?) is i—pure of weight 2.
Then from the cohomological formula for the L—function, we infer that L(C y/k, (Q@gv)®a)(T) is

holomorphic in [Tl < 1/#k.
Now think of this same L—function as a power series in T, given by

L(Cy/k, (G®GY)®)(T) = exp(Z>1 Sp(Cgk, (GRGY)EHTVn),
where
(Sy(C gk, (GB®GV)®)))
=Y (Cahok ) L(Trace(Frobkn,X 1 (GRGY)®?))

=2 CaMk,) L(Trace(FrokaX 1 (GRG( 1))®a))
= (L™ 24 e o, H(Trace(Froby o | G®5) %))

= (M 2, 4 a1 Trace(Froby 1 G)I24.
n b

Thus the coefficients S, (Cy/k, GRGV)®?) lie, via, in R>0-

Positive Coefficient Lemma Let F(T) and G(T) be elements of TRI[T1] whose coefficients all lie in
R>(). Suppose that F(T) — G(T) has all its coefficients in R 5. Then

1) exp(F(T)) and exp(G(T)) as series in 1 + TRIIT1] both have coefficients in R >

2) exp(F(T)) — exp(G(T)) has all its coefficients in R>().

proof Assertion 1) holds because exp(T) =Zn T/n! has all its coefficients in R>(. For 2), put
H(T) := F(T) — G(T). By 1) applied to H(T), we have
exp(H(T)) € 1 + TR5( [T,
say
exp(H(T)) = 1 + K(T),
with K in TR5q[[T11.
Then
exp(F(T)) = exp(G(T))xexp(H(T)) = exp(G(T))x(1 + K(T))
= exp(G(T)) + exp(G(T))xK(T).
The final product exp(G(T))xK(T) lies in R>[[T1l, being the product of two elements of
R>llT1l. QED

Now let us return to the point (A, B) in (Cy/k)(E) at which we are trying to establish the (—

purity of G. For each strictly positive multiple
m = nxdeg(E/k)
of deg(E/k), one of the non—negative summands of
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(S (Cy/k, (G®GY)®2)))
= (MY, e o W(Trace(Froby 162,
is the single term
(14#)™ I Trace(Froby (A B)! G122

We now apply the positive coefficient lemma to
F(T) := Zyz1 USp(Cy/k, (GRGY)EH)Tn

and to

G(T)
— 2
=2 deg (B | L(1/#k)ma IL(Trace(Frobkm,( AB)! G aTM/m,
We have

exp(F(T)) = IL(Cy/k, (GBGV) (D),
exp(G(T)) = 1/udet(1 — TIEERFroby 5 ) 1(GOGY)®9).

By part 1) of the positive coefficient lemma, the L—function is a series with positive coefficients.
We have shown that the L—function is holomorphic in ITI < 1/#k. Therefore its power series around
the origin, exp(F(T)), is convergent in IT| < 1/#k. By part 2) of the positive coefficient lemma,
exp(G(T)) has positive coefficients, and it is dominated by exp(F(T)), coefficient by coefficient.
Therefore the series exp(G(T)) must also converge in ITI < 1/#k. But

exp(G(T)) = 1/udet(1 — Tdeg(E/k)FrobE’( AB) ! (GRGY)®D),
so the polynomial
det(1 - T4EERFrobp 4 gy 1(GRGV)®Y)
has no zeroes in IT| < 1/#k. In other words, the polynomial
(det(1 - TFrobg (A gy | (GRGV)®?)
has no zeroes in ITI < 1/4E, i.., every eigenvalue of Frobg (A ) on Go6V)®2 = (GRG(1))®2
has, via ¢, complex absolute value < #E.

If « is an eigenvalue of Frobg (A,B)On G®GV, then a? is an eigenvalue of of Frobg (A,B)

on (GRGV)®?, Therefore
()| < #E.
Letting a — oo, we infer that

lu(any eigenvalue of Frobg (A ) on GG < 1.
Since Frobg (A,B)On G®GY has trivial determinant, these inequalities are necessarily equalities:

le(any eigenvalue of Frobg (A,B) On GRGV) = 1.
If 6 is (the image under ¢ of) an eigenvalue of Frobg (A,B)On G, then 60/#E is (the image

under ¢ of) an eigenvalue of Frobg (A By on GRGY = GR®G(1). Thus we get
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I66/#El = 1,
which is to say,

le(any eigenvalue of Frobg (A,B)On Gl = (#E)l/ 2,

This concludes the proof of the purity theorem, modulo the monodromy theorem.

Lecture IV
In this lecture, we will prove the monodromy theorem. Let us recall its statement.

Monodromy Theorem The lisse sheaf G = g¢¢, fon A2k, corresponding to the representation (p,

V) of ﬂlarith(Az/k), is geometrically irreducible. Its G is constrained as follows.

geom
1) If char(k) is odd, then Ggeom is either a finite irreducible subroup of GL(V), or Ggeom
contains SL(V) as a subgroup of finite index.

2) If char(k) = 2 and ¥ is not geometrically self—dual, then just as in case 1) G is either a

geom
finite irreducible subroup of GL(V), or G contains SL(V) as a subgroup of finite index.

geom
3) If char(k) = 2 and ¥ is geometrically self—dual by an orthogonal autoduality, then G is
geometrically self—dual by a symplectic autoduality, and Ggeom is either a finite irreducible

subgroup of Sp(V), or it is the full group Sp(V).
4) If char(k) = 2 and ¥ is geometrically self—dual by a symplectic autoduality, then G is
geometrically self—dual by a orthogonal autoduality, and Ggeom is either a finite irreducible

subgroup of O(V), or it is either SO(V) or O(V).
Proof of the monodromy theorem
Step 1: Geometric irreducibility of G

In order to show that G = gg_-w Fon A2k is geometrically irreducible, it suffices to exhibit

some smooth, geometrically connected curve C/k and ak-map ¢ : C — AZ such that the pullback

(p*g on C is geometrically irreducible. We will take for C the straight line "b = 0" in (a, b) space.
The pullback of G to this line is, by proper base change, the higher direct image

gic = Rl(Prz)!((Prl*ﬂ@)Lgl/(f(T) +aT))
=R! (pro)1((pry *(¢®£w(f(T)))®£gb(aT))'
Here pr; and pry are the two projections of the AZ/k with coordinates (T, a) onto the two factors.

In more down to earth terms, GIC is simply the "naive Fourier transform"
NFTw((?@Lw(f(T))) in the notation of [Ka—GKM, 8.21. The input sheaf T@Lw(f(T)) has all its

co—breaks equal to N > 1. As noted in [Ka—ESDE, 7.8, "Class(1)"] as a consequence of Laumon's
general theory of Fourier Transform, NFT¢, induces an autoequivalence of the abelian category of

those lisse sheaves on A l/k all of whose so—breaks are > 1. Its quasi—inverse is NFTJ(]). In

particular, NFT y preserves geometrically irreducibility of objects in this category. Thus GIC is



L—functions and monodromy: four lectures on Weil II-27

geometrically irreducible, and hence G itself is geometrically irreducible.
Step 2: det(G) is geometrically of finite order
Indeed, any Q fxvalued character y of ﬂl(A2®kE) has finite order. To see this, note first

that y takes values in some OAX, for O, the ring of integers in some finite extension of Q. The
quotient group OAX/(I +2(0,) is finite, say of order M. Then )(M takes values in 1 + 2/0,, a
multiplicative group that is isomorphic, by the log, to the additive group 2¢O, . Thus (1/2!)10g(XM)

lies in
Hom(r | (A2®,K), 0)) = HI(A2®,k, 0,) =0.
Therefore log(XM) =0, and hence )(M is trivial.

Step 3: the moment criterion ("Larsen's Alternative")
We have seen so far that the representation (o, V) of ﬂlarith(Az/k), is geometrically

irreducible, and that det(p) is geometrically of finite order. Therefore the group Ggeom is an

irreducible, and hence reductive, Zariski closed subgroup of GL(V), whose determinant is of finite
order.

Suppose we are in characteristic 2, and ¥ is geometrically self—dual. Because ¥ is
geometrically irreducible, the autoduality is either orthogonal or symplectic. In characteristic 2, the
sheaf £¢(anything) is itself orthogonally self—dual. So by standard properties of cup—product, G

will be geometrically self—dual (toward Q /(=1), but geometrically this is isomorphic to Q ), with
an autoduality of the opposite sign, i.e., if ¥ is orthogonal, G will be symplectic, and if Fis
symplectic, then G will be orthogonal.

We now apply the following moment criterion, originally due to Michael Larsen, cf. [Lar—
Normall and [Lar—Charl. See [Ka—MCG] for some "G finite" cases of the theorem.
Moment Criterion ("Larsen's Alternative") Let V be a finite—dimensional Q - vector space with
dim(V) =2, and G < GL(V) a Zariski closed irreducible subgroup of GL(V) with det(G) finite.
Define the "fourth absolute moment" My(G, V) to be the dimension of

(VRVRVVeVV)G.

1) If My (G, V) = 2, then either G © SL(V) with finite index, or G is finite.
2) Suppose <,>is a nondegenerate symmetric bilinear form on V, and suppose G lies in the
orthogonal group O(V) := Aut(V, <,>). If My(G, V) = 3, then either G = O(V), or G = SO(V), or
G is finite.
3) Suppose <,> is a nondegenerate alternating bilinear form on V, and suppose G lies in the
symplectic group Sp(V) := Aut(V, <,>). Suppose also dim(V) > 2. If My(G, V) = 3, then either G
= Sp(V), or G is finite.
proof We may view V®OV®VVY®VY as being either End(End(V)) or as being End(V®2). We can
decompose End(V) as a sum of irreducible G-modules with multiplicities ( because G, having a
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faithful irreducible representation, is reductive). Say
End(V) = X n;lrred;.

Then
My(G, V) = X (n)2.

Or if we decompose
VRV = 2 miIrredi

as a sum of irreducible G—-modules with multiplicities, then
My(G. V) =3 (mp?.

Suppose first that M4(G, V) = 2. Then looking at End(V), we see that End(V) must be the

sum of two distinct irreducible G-modules. But End(V) has the a priori GL(V)—decomposition
End(V)=1® EndO(V) =1 Lie(SL(V)).

Therefore both of these pieces must already be G—irreducible. Thus Lie(SL(V)) is G—irreducible.

But Lie(GNSL(V)) is a G—stable submodule of Lie(SLV)). So either Lie(GNSL(V)) =0, or

Lie(GNSL(V)) = Lie(SL(V)). In the first case, GNSL(V) is finite. In the second case, GNSL(V) =

SL(V), so SL(V) c G. Since det(G) is finite, G/GNSL(V) is finite. So in the first case, G is finite,

and in the second case G/SL(V) is finite.

Suppose now that G < O(V) and that My(G, V) = 3. In this case, we decompose V®V
into G—irreducibles. Since M4(G, V) = 3, V®V must be the sum of three distinct G-irreducibles.
We have the GL(V)—decomposition

VOV = A2(V) ® Sym2(V).
We have the further O(V)—decomposition

Sym2(V) = 1 ® SphHarmZ2(V).
And we have

A2(V) = Lie(SO(V)).
So all in all we have an a priori O(V)—decomposition

V®V =Lie(SO(V)) @1 & Stharmz(V).
Therefore all three of these pieces must be G—irreducible. In particular, Lie(SO(V)) is G—
irreducible. But Lie(GNSO(V)) is a G—submodule, so Lie(GNSO(V)) is either 0 or Lie(SO(V)),
and we conclude as before.

If G < Sp(V) and My(G, V) = 3, we decompose V®V into G-irreducibles. Since My(G,
V) =3, V®V must be the sum of three distinct G—irreducibles. This time we have

AZ(V) =1 @ (AZ(V)D),
and
SymZ2(V) = Lie(Sp(V)).
So now Lie(Sp(V)) must be G—irreducible, and we conclude as in the previous case. QED
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Step 4 Cohomological version of the moment criterion
For G a reductive subgroup of GL(V), and W any representation of GL(V), the natural
map

wl - wg
from G—invariants to G—coinvariants is an isomorphism (just write W as a sum of G—
irreducibles). So we can think of M4(G, V) as being the dimension of the space of G—coinvariants:
My(G, V) = dimension of (VOVOVYQVY)g.
Thus for (p, V) corresponding to G, My(G, V) is the dimension of
H* (A%®k, GRG®GV®GY)(2)
= HY (A’®yk, GOGOGY (-1)®GV(-1))(4)
= HY(AZ®yk, GOGRGRG)(4).
So using the moment criterion, we see that the monodromy theorem results from the following

Cohomological Moment Calculation
1) Suppose that char(k) is odd. Then

dim H* (A2®, k, GRGRGRE) = 2.

2) Suppose that char(k) = 2, and that ¥ is not geometrically self—dual. Then
dim H* (A2®,k, GRGRGRG) = 2.

3) Suppose that char(k) = 2, and that ¥ is geometrically self—dual. Then
dim H* (A2®,k, GRGRGRE) = 3.

Interlude: The idea behind the calculation
Suppose we already knew all the results of Weil II. Then G is t—pure of weight one,
GRGOGRG is 1—pure of weight 4,
H* (A20k, GRGOG®G) is (—pure of weight 8,
and fori<3
HiC(A2®kE, GRGR®GR®G) is ti-mixed of weight <4 +i.
By the Lefschetz Trace Formula, we have, for every finite extension E/k,
% (a.b) in E2 (Trace(Frob (, p)G)I* =
¥ (—1)i(Trace(Fg | HI (A2® k, GRGRGREG))).
Using Weil 11, the second sum is
= (Trace(F | HY (A2®,k, GRGRG®G))) + O(#E)"/2).
Since the H4c is t-—pure of weight 8, we could recover the dimension of H4C(A2®kE
GRGR®G®G) as the limsup over larger and larger finite extensions E/k of the sums
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(IHE)¥S 5 1) in B2 Ii(Trace(Frobg (, p)@)I*.
We now try to evaluate these sums. To fix ideas, suppose first that the characteristic is odd.

For each (a, b) in E2, we have
Trace(FrobE’(a’b)Ig) =— ZX inE Trace(FE,XIT)wE(f(X)+ax+bx

where we have written /i for the additive character of E given by

YR = yoTracep)y.

2),

Then
% (ab) in E2 I(Trace(Frob (, p)|G)I*
is the image under ¢ of
Z(a,b) in B2 2x,y,z,w in E of
Trace(FE,XI7-")Trace(FE,yI7—")Trace(FE’ZI?)Trace(FE’WI?‘)x
Yp(f)+ax+bx? + f(y)+ay+by2 — f(z)-az-bz% — f(w)-aw-bw?).
If we exchange the order of summation, this is
Zx,y,z,w inE Trace(FE’XIT)Trace(FE,yIT)Trace(FE’ZIT)Trace(FE’WIT)
XYp(Ex) + f(y) — f(2) - f(w))
X2 (ay in B2 VE@(X +y = 2 = WYE(b(Z +y
Now the innermost sum vanishes unless the point (x, y, z, w) satisfies the two equations

2,2 w2

X+y=zZ+W,

x2+y2=22+w2.
[If both equations hold, the inner sum is (#E)2.] These equations say the first two Newton
symmetric functions of (x, y) and of (z, w) coincide. Since we are over a field E in which 2 is

invertible, the agreement of the first two Newton symmetric functions implies the agreement of the

first two elementary symmetric functions. Concretely, xy = (1/2)[(x + y)2 - (X2 + y2)].
So the inner sum vanishes unless either
X =z and y=w, or
x=wandy=z.
The only points satisfying both these conditions are the points x=y=z=w. At any point satisfying
either condition,

YE(x) +f(y) - f(z) - f(w)) = 1.

So our sum is equal to (#E)2 times

vay W E Trace(FE’XIT)Trace(FE’yIT)Trace(FE,XI?)Trace(FE’yI?)

+Zx,y . g Trace(Fg 41#)Trace(Fg yI7—')Trace(FE yI?T-‘)Trace(FE <P

=X i, g Trace(Fg ([F)Trace(Fg 4|F)Trace(Fg 4|F)Trace(Fg 4IF).
Each of the first two sums is equal to
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Gk Trace(FE’XI7—')Trace(FE’XI?))2

= (3, iy i ITrace(Fg 4 1F)1%)?
and the third sum is equal to
-2 E Trace(FE,Xl?'@?@T@%.
Recall that ¥ is t—pure of weight zero and geometrically irreducible. The third sum is

trivially bounded by (#E)X(rank(?-'))4. If we knew Weil 11, the quantity being squared in the first
two sums would be

¥, g Trace(Fg (IF)I? = (#B) + O((#E)/2).
So our overall sum would be
2#E) + O(#E) 112),
and we would conclude that My(G, V) = 2.

What happens if we are in characteristic two? The only difference is that, in the above

xin E

calculation of the sum, the innermost sum would be

2apyinp2 VE@X +y -z - W))lﬁE(b(X3 +y
which vanishes unless

3 -2 —w),

—77 =W

X+y=z+Ww,
3

Because we are in characteristic two, there is a "new" way these equations can be satisfied, namely

+ W3.

X3 + y3 =z
we might have

x+y=z+w=0.
If x+y and z+w are invertible, then these equations give

3+ y)(x +y) = (@3 + W)z +w),
1.€.,

x2—xy+y2=22—zw+w2,

1.e.,

(x+y)2—xy:(z+w)2—zw.
Since we already know that x + y =z + w, we find that

Xy = ZW.

So once again we have the two previous families of solutions

X =z and y=w, or

x=wandy=z.
The calculation now proceeds as before, except that now we have an additional term coming from
the "new" family of solutions

x+y=z+w=0.
As before, we can ignore cases where any two of the families intersect. The additional main term

we get is (#E)2 times
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2, , ing Trace(Fg y19)Trace(Fg yI9)Trace(Fg /) Trace(Fg ,IF)
=2 ik Trace(FE’XI?’:)Trace(FE’XI7:))2
= E Trace(FE’XIT@?))z.

If #is geometrically self dual, (and if we do a preliminary @9e2 twist so that F= F
arithmetically, possible by our previous discussion), then this term is once again equal to

CyinE ITrace(FE,XITIZ)z,
the overall sum is
3B + O((E)T12),
and we conclude that My(G, V) = 3.
If #is not geometrically self dual, then Weil II gives
Y, i g Trace(Fp (|F®F) = O((#E)1/2),

the overall sum is

x in E

2HEY + O((#E)7/2),
and we conclude that My(G, V) = 2.

Step 5 The cohomological moment calculation

Having explained how we knew what the fourth moment should be, we now give the
cohomological translation of our calculation. In our heuristic calculation above, we used Weil Il to
be able to "detect" the group

HA (A2®k, GOGRGRG)
through the character sum which which is the alternating sum of traces of Frobenius on all the
HiC(A2®k1€, GRGR®G®G). In the calculation we are about to perform, we will "find" the H4c

sitting alone in various spectral sequences.
The other main tool used in the heuristic calculation was the orthogonality relation for
characters

Sab in E VE@A +bu) = #E)? if (A, 1) =0,
=0 if not.

The cohomological translation of this orthogonality relation is that on the A2/ with coordinates a,
b, we have

HI(AZ®K, Lyya + b)) =0 for all i, if (4, 1) # (0, 0),
while on any X/k, 'EW(f) is trivial is f is identically zero.
We wish to compute HY(A2® k, GRGRG®G). We first treat the case of odd
characteristic. The sheaves G and G on A2/k are
G:= Rl(Pf2,3)!((Pf1*7’)®£w(f(T)+ aT + bT2))



L—functions and monodromy: four lectures on Weil I1I-33

G =R(pry 3)1((or] PI® LTy aT + bT2):
and, in both cases, all the other Ri(pr2’3)! vanish. Let us denote by
K = (pr) PI®Ly((T)+ aT + bT2)) on A%,
K= ((prf?)@lzgp(f(rf)_,_ aT + bT2)) on A3.
Consider the four—fold fibre product of
prp3: A3 > A2
with itself over Az, with the four sources endowed respectively with K, K, K, and K. The total
space is A6, with coordinates X, y, z, w, a, b, the projection to AZis Prs 6 On this total space,
denote by 7 the relative tensor product of the sheaves K, K, %, and % on the four sources. By the
relative Kunneth formula with compact supports, the sheaf GRGRGRG on A%/ is given by
GOG®GRG =R4(prs ¢)\.7,
and all other Ri(pr5’6) 1J vanish. So the Leray spectral sequence for J and the map
prs g : AS/k — AZ/k
degenerates, and gives
Hl (AZ®,k, GRGOGRG) = HIT4 (A0® K, 7).
In particular, we have
H* (A2®,k, GRGOGREG) = HB (AO®\k, 7).
This first step corresponds to the "opening" of the sum at the beginning of the character sum

calculation.
The step which corresponds to interchanging the order of summation is to compute

ch(A2®kk_, J) by using the Leray spectral sequence for J and the map
pr1,2,3,4 . A6/k — A4/k.

At this point, we write out what J is on the total space AS/k. 1t is of the form ARRB, with
Ae=pry (F®Ly)®pry (F®Ly)®pr3 (F® L)@ty (TR Ly p)
and
B:= Lt//(a(x +y-z-— w)®£tﬁ(b(x2 + y2 2 w2).
The sheaf A is a pullback from the base space A%/k. So we have
Rl(pr1’2,3’4)!(fﬂ®B) = ﬂ@RI(pr1,2’3’4)!B.
Let us denote by
7 c A%k
the closed subscheme defined by the two equations

X+y—-z-w=0,

x2+y2—22—W2=O.
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Over the open set A% - Z, all the sheaves Ri(prl 7 3418 vanish, as we see looking fibre by fibre
and using the cohomological version of the orthogonality relation for characters. Over the closed

set Z, the sheaf B is £¢(O) =Q 2 and the space over A2 is ZxAZ2. So over Z we have

RHpry 53 41817 =Qu(-2),
all other Ri(pr1’2,3’4)38 | Z vanish.
So the sheaves Ri(pr1,2,3,4)!B on A%k are given by
RH(pry 53,4018 =Qu(-2)7 (:= Qu(-2) on Z, extended by 0),
all other Ri(prl ’2’3’4) 18 vanish.
Thus for the sheaf 7 = A®B we have
R4(pr1’2’3’4)!j = A(-2)7, extended by zero,
Ri(pry 5 3 4)J =0 fori=4.
So the Leray spectral sequence for  and the map
Pri234: Ak — A%k
degenerates, and gives, for every 1,
Hl (Z®k, A)(-2) = HH (AS®, K, .
In particular,
H8 (AO® Kk, J) = H (Z®\k, A)(-2).
The scheme Z is the union of two irreducible components
Zy:x=wandy=z,
Zy.x=zandy=w,
each of which is an Az/k, and whose intersection ZNZ, is of dimension < 2. So by excision we
have
H4 (Z®k, A) = HY (Z®k, A) ® H* (Z,®,k, A).
We can use the coordinates X, y to identify each Z; with AZ/k. Let us write ¥ for prq “F, Ty for
pr2*7:.
On Z, the sheaf A is
TxOT yOTx®Ty®Ly(f(x) + f(y) - fx) - f(y)
~ 77x®7jy®7jx®7jy-
Thus
HA(Z1 @k, A) = HE(AZ@K, F(®F ®F(®F ).

By the Kunneth formula, we have
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HA(AZ@K, F®F ®F (®F,)
~ H2 (Aleyk, 7P ®HZ (Al®yk, FRF).
Each tensoree
H2 (Al k 77 = H2 (Alek FoFY) = H2 (Al®k, End(5))
is one—dimensional, precisely because ¥ on Al is geometrically irreducible (Schur's Lemma!).
Similarly, H4C(Zz®kk_, A) is one—dimensional. So all in all H4C(Z®kE, A) has dimension 2, and
tracing back we find that
H* (A20,k, GRGR®G®G) has dimension 2.
If we are in characteristic 2, the calculation is very much the same. We end up with the
same A, but now B is
B=Lyax +y - 2= wBLybo3 + y3 - 23 - wdy
and Z is defined by the equations
X+y=z+Ww,
3

Now Z is the union of three irreducible components, the Z1 and Z, we had in the previous case,

3

x3+y3=z + w”.

and one "new" component
ZO I X=y, Z=W.
Just as above, excision gives
H4 (Z&k, A) = HY (Zy®k, A) ® HA (Z,®k, A) ® HA (Z,® K, A).
And exactly as above, both the terms H4C(Zi®kl€, A) fori=1, 2 are one—dimensional. On Zj,

which is A2/k with coordinates X, Z, the sheaf A is
F®F (®F ,&F,.
By Kunneth we have
HY (A2®k, 7 ®F®F,®F,)
~ H2 (Alek, ForeH2 (Alek, FoF)
= HZ (Aleyk, FeP®H2 (Alek FYeFY)

Because ¥ is geometrically irreducible, F®F has nonzero 77 8°M

—invariants (or equivalently

coinvariants) if and only if # is geometrically self—dual, in which case both H2C(A1®kE FRF)

and HZC(A 1®k1€ FY®FY) are one—dimensional. If F is not geometrically self dual, then

H2C(A 1 ®kE F&F) vanishes. So in characteristic 2 we find the asserted dimension for
HY(A2®k, GRGRGRE),

namely 2 if  is not geometrically self—dual, and 3 if ¥ is geometrically self dual. QED for the

cohomological moment calculation.
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Applications of the target theorem

To summarize so far: we have completed the proof of the target theorem and its corollary.
Let us recall their statements.
Target Theorem (Deligne) Let U/k be a smooth, geometrically connected curve over a finite field, £
a prime invertible in k, and ¥ a lisse Q ¢—sheaf on U which is (—pure of weight w. Then

HIC(U®kl€, F) is t—mixed of weight <w + 1.

As noted above, we already know that

HOC(U®kE, F) is 1—pure of weight w, and vanishes if U is affine,

H2C(U®kk_, F) is t—pure of weight w + 2.
Corollary [De-Weil I, 3.2.3]
1) The ordinary cohomology group Hl(U®kE ) is t—mixed of weight > w + 1.
2) If the "forget supports" map is an isomorphism

Hl (Usyk, 7) = HL (Usy K, ),
then H! o(Uek, F) is i—pure of weight w+1.
3) For C/k the complete nonsingular model of U/k, for
j:U=>C

the inclusion, and for every integer 0 <1< 2,

Hi(C®kE, J#F) is t—pure of weight w + 1.

Although the target theorem does not by itself imply the main theorem 3.3.1 of Weil 11, the
target theorem alone has many striking applications.
Proof of Weil I (using a bit of Lefschetz pencil theory)
Theorem [De—Weil I, 1.7] Let X/k be projective smooth and geometrically connected over a finite
field k, ¢ a prime number invertible in k. For any ¢, and any integer i, Hi(X®kk_, Q ¢) 1s i—pure of
weight i.
proof We proceed by induction on n := dim(X). The case n =0 is trivial, and the casen=1is a
special case of part 3) of the above Corollary (take # the constant sheaf).

Fix an auxiliary integer d > 2. After a finite extension of the ground field, we can find a
Lefschetz pencil AF + uG on X of hypersurface sections of the chosen degree d. The axis A of the
pencil is the smooth codimension two subvariety of X where both F and G vanish.

After we pass to the blowup X' of X along A, we get a projective morphism
Xl

b

pl
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of relative dimension n—1, whose fibre over (A, u) is the intersection of X with the hypersurface of
equation AF + uG = 0. The cohomology of X injects into that of X', cf. [SGA7, XVII, 4.21. So it

suffices to prove the purity of the groups Hi(X'®kE Q.
There is a maximal dense open set P! - S of P! over which the morphism 7 is (projective
and) smooth. Let us denote by
jPl-s—pl
the inclusion. Extending scalars, we may assume that S consists of k—rational points. By induction,

the theorem already holds for the fibres of 7 over the open set P! —S. For each integer i, form the
sheaf

Fi = Rir:Q /
onPl. Then j*7:i is lisse on P! — S, and by induction (and proper base change), we know that
j*?"i is t—pure of weight i on pl-s.
Suppose first that n := dim(X) is odd. Then [SGA7, XVIII, 6.3.11 for every i, the
adjunction map is an isomorphism
Fi = juj Ty
If n := dim(X) is even, then either we have
Fi = j*j*?'i for every i,
cf. [SGA7, XVIII, 6.3.6.3.2], or we have
Fi= j*j*fi for every i #n,
and a short exact sequence
0— ® i s Qu(-n/2)g = Fpy = juj Ty = 0,
cf [SGA7, XVIII, 6.3.2 and 5.3.41 and [SGA7, XV, 3.41.
Now consider the Leray spectral sequence for 7:
E,2b = HAP1@yk, 7)) = HOO ('@ k, Q).

a.b is i—pure of weight a+b.

It suffices to show that Ey
For b #n,
E,2P = HAP 1@k, 7)) = HAP @WK, j+i” )
is t(—pure of weight a+b, because j*?"b is i—pure of weight b. For b = n, either 7, = j *j*Tn and
this same argument applies, or we have a short exact sequence
0 B ip s Qu-n2)g = F;, = jui Fpy = 0.
Taking the long exact cohomology sequence, we get
0— @ i 5 Qu-n/2) - HOP1® K, 7)) = HOPI®K, jij Fr)— 0,

and isomorphisms
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HAP @K, 7)) = HAPI®K, juj “Fp) fora> 1.

a,b i

So in all cases, E»-" is (—pure of weight a+b, as required. QED

Geometric semisimplicity of lisse pure sheaves
Theorem [De-Weil II, 3.4.1 (iii)] Let X/k be smooth and geometrically connected over a finite field
k, £ a prime number invertible in k, and ¥ a lisse, t—pure Q ¢—sheaf on X. Then F as a

representation of 7118%°™(X/k) is semisimple (:=completely reducible), i.e., the algebraic group
Ggeom is reductive.

proof By pulling back F to a suitable spacefilling curve, we do not change its Ggeom’ cf.[Ka—

Spacefill, Corollary 71. So it suffices to treat the case when X/k is a curve C/k. We proceed by

induction on the length of a Jordan Holder series for ¥ as a representation of nlarith(C/k). If Fis
ﬂlaﬁth(C/k)—irreducible, then it is 711 8°O™(C/k)—semisimple, just because 71 8°°M(C/k) is a
normal subgroup of ﬂlarith(C/k). If Fis not ﬂlarith(C/k)—irreducible, let A be a nonzero
nlarith(C/k)—irreducible subsheaf, and 8 the quotient ¥/ A. By induction, both A and B are

71 8°OM(C/k)—semisimple, so it suffices to show that as 7{8°°™(C/k)-modules we have 7 = A @

B. So we want to show the existence of a 71 8°°™M(C/k)—splitting of the short exact sequence
0->A->F->8-0

Tensor this sequence with BY:
0 > ARBY - FRBY — BRBY — 0.

The identity endomorphism of 8 is an element, say &, in HO(C®kE, BRBY) which is fixed
by Fy.. Finding a 71{8°°™(C/k)-splitting means finding an element in HO(C®kk_, FRBY) which
maps to €. Such an element exists if and only if £ dies under the coboundary map

HO(C®k, 8®8Y) — HL(C® K, ARBY).
Because this map is Gal(k/k)—equivariant, the image of £ is an element of Hl(C®kk_, ARBY)
which is fixed by Fy. But A®BY is (—pure of weight zero, so by part 1) of the Corollary to the
target theorem, Hl(C®k1€, A®BY) is t—mixed of weight > 1. In particular, 1 is not an eigenvalue
of Fy on HI(C®kE, A®BY). Therefore & dies in HI(C®kE, A®BY), and hence ¢ is the image of
some element HO(C®kE, FRBY). QED

The Hard Lefschetz Theorem [De—Weil II, 4.1.1] Let X/k be projective, smooth, and connected
over an algebraically closed field K, of dimension n. Fix a prime number ¢ invertible in k. Fix a

projective embedding X c [P, and denote by L in HZ(X, Q p)(=1) the cohomology class of a
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hyperplane. Then for every integer i with 1 <i < n, the iterated cup product maps
LI H17I(X, Qp) —» HMM(X, Qp)(-i)
are isomorphisms.

sketch of proof By standard spreading out techniques, one reduces to the case when K is the
algebraic closure of a finite field k, and X begins life over k. Take a Lefshetz pencil on X. By the

previous result, the lisse sheaf j*Tn_l onP! - Sis ﬂlgeom(([Pl — S)/k)—semisimple. If we
already know Hard Lefschetz for all smooth fibres of the pencil, then Hard Lefschetz for X itself
results from the 7r1geom(([P1 — S)/k)—semisimplicity of j o _1»c.f. [De-Weil II, 4.1.1-4]. QED

Semisimplicity of Ggeom for a lisse t—pure sheaf

Theorem (Deligne, Weil 11, 1.3.9) Let X/k be smooth and geometrically connected over a finite
field k, ¢ a prime number invertible in k, and ¥ a lisse, t—pure Q ¢—sheaf on X. Then the algebraic

group Ggeom is semisimple. More generally, for # any lisse Q ¢—sheaf on X/k, if Ggeom is

reductive, then it is semisimple.

proof By pulling back to a suitable spacefilling curve, it suffices to treat the case when X/k is a
curve C/k. Extending scalars and pulling back to a suitable finite etale covering of C, we replace

Ggeom by its identity component. So we may further assume that Ggeom is connected and

reductive. Then Ggeom is the "almost product" (the two factors have finite intersection) of its

derived group and its connected center:

— der 0
Ggeom - (Ggeom) 'Z(Ggeom) :
The derived group is semisimple, and the connected center is a torus. Because their intersection is
finite, say of order N, the map

g= gder'Z = Z

exhibits Z(Ggeom)o as a quotient of G. So to show that G

N

geom is semisimple, it suffices to show

that any homomorphism from G to Gy, say x : G — G,y is of finite order. Think of y

geom geom

as a one—dimensional representation of Ggeom (or equivalently, of 7;8¢9™(C/k)). Because Ggeom
is reductive, and the representation (p, V) of it corresponding to ¥ is faithful, every irreducible

representation of Ggeom occurs in some tensor space V®a®(VV)®b. Then y corresponds to a

rank one lisse subsheaf £ of some FE2R(FV)®b on C®yk. Since FRagFVy®b o COk
contains only finitely isomorphism classes of irreducibles, after extending scalars from k to some
finite extension E/k, we reduce to the case where each isotypical component of ?®a®(¢«/ )®b as

711 8°OM(C/k)-representation is a 77 arith(C/k)—sublrepresentation of FORFV)® I particular,

the isotypical component nL of Lis a 7r1arith(C/k)—subrepresentation. Therefore £L&N = A(nL)
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extends to a character of ﬂlarith(C/k). So replacing y by y™, we may assume that y as character of
m18°°M(C/k) extends to a continuous character

x - o Aithck) - QX
Such a character lands in some O)tx. Replacing y by a further power of itself, we may further

assume that y takes values in the multiplicative subgroup 1+2/O;, which maps injectively to the

additive group of Q, by the logarithm. Then log(y) restricted to 718°°™(C/k) is an element of
Hom(r | 220M(C/k), Q) := H!(C®K, Q))

which is invariant by ﬂlarith(C/k)—conjugation, i.e, it is a fixed point of the action of Fy on

Hl(C®kl€, Qp). But Hl(C®kE, Q) has weight > 1. So 1 is not an eigenvalue of Fj on Hl(C®kE,

Qp). Thus log(x) and with it y are trivial on 718°™(C/k). Thus y is trivial on Ggeom: S0 Ggeom

has no nontrivial quotient torus, hence is semisimple. QED
Equidistribution: Sato—Tate [De—Weil II, 3.5.3]

Once we have the target theorem, and the semisimplicity of G we get Deligne's

geom’
equidistribution theorem ("Sato—Tate conjecture in the function field case") over a curve, cf. [Ka—
GKM, Chapter 31.
Ramanujan Conjecture [De-FMR/] and [De-Weil 11, 3.7.11

Take an integer N > 4. Denote by M := Mr |(N) the modular curve over Z[1/N] which

represents the functor "elliptic curves plus a point of exact order N". In Deligne's working out
[De—FMR/1 of Sato's idea that "Weil implies Ramanujan", the key technical assertion is this.
Consider the univeral family of elliptic curves carried by M:

&

rd

M.
Take ¢ any prime dividing N. Form the sheaf

F = Rl f+Q !
on M. It is a lisse sheaf on M of rank 2, which is (—pure of weight one for any ¢ [Hasse's theorem
[H], fibre by fibrel. For every integer k > 1, Symk(?) is then (—pure of weight k. Fix a prime p
which does not divide N. Denote by /\/(®[Fp the complete nonsingular model of M®[Fp. Denote by
j: M®[Fp - /\/(®[Fp
the inclusion. The action of Frobenius on the cohomology group
HIM®F,, j+Sym*(5))

is related to the action of Tp on cusp forms of weight k+2 on I'{(N) by an equality of characteristic

polyomials
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det(1 - XT,, + X2pK+lapsl 8y (T (N)))
= det(1 — XF[Fp | H1(7\A®[Fp, i« SymK(F)),
cf. [De, FMRY, Theorem 41. By Part 3) of the corollary to the target theorem,
HIM®F,, j«Sym*())

is (—pure of weight k+1, for every ¢. This (—purity implies that the eigenvalues of T, on

|y
Sy 4o(T'1(N)) have their absolute values bounded by 2Sqrt(pk+1), which is the Ramanujan

conjecture.
What we don't get from the target theorem alone
In our target theorem, we say nothing about the weights which actually occur in

ch(U®kE, %), only that they are <w + 1. In fact, the weights that occur all differ by integers

from w + 1, and the weight drops reflect the structure of the local monodromies at the missing
points. Moreover, if ¥ is (—pure of the same weight w for all ¢'s, then the (—weight of any

eigenvalue @ of F on HIC(U®kE, ¥) is independent of ¢.

To prove these finer results requires Deligne's detailed analysis [De—Weil I, 1.8.4] of local
monodromy on curves, and of its interplay with weights. His further analysis of the variation of
local monodromy in families of curves [De—Weil II, 1.6 through 1.8, especially 1.8.6—81 is the
essential ingredient in his beautiful deduction of the main theorem 3.3.1 of Weil II from the target
theorem.

Another topic we have not discussed here is Deligne's theorem [De—Weil II, 1.5.11 that for
any lisse sheaf # on C/k whose trace function is t—real (i.e., all traces of all Frobenii land, via ¢, in
R), each of its Jordan—Holder constituents is t(—pure of some weight. As Kiehl and Weissauer
point out in [KW, 9.2 and 9.31, one can use this result, together with Deligne's monodromy
analysis for individual curves over finite fields (i.e."just" [De—Weil II, 1.8.41), to give an alternate
derivation of the main theorem 3.3.1 of Weil II from the target theorem.

Appedix : statement of the main theorem 3.3.1 of Weil I
Fix a prime number /, a real number w, and a collection 7 of embeddings ¢ of Q ¢ into C.

Let Z be a separated scheme of finite type over Z[1/¢] which is normal and connected. A lisse Q r~
sheaf # on Z, corresponding to a representation (o, V) of (Z), is said to be Z7—pure of weight w
if, for every finite field k and every point z in Z(k), every eigenvalue of p(Froby ) has, via every ¢

in 7, complex absolute value (#k)W/ 2. [In the case when k is a finite field, 7 is a single ¢, and Z/k is
smooth and geometrically connected, this is equivalent to the earlier definition, in terms of points in
(Z/k)(E) for all finite extension fields E/k. The point is that given any finite extension field E/k, and
any point z in Z(E), there is an automorphism o of E such that o(z) lies in (Z/k)(E), (because
Aut(E) acts transitively on the set of inclusions of k into E).|

Let X be a separated scheme of finite type over Z[1/¢], and ¥ a constructible Q—sheaf #
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on X. Then there exists a partition of xed into a finite disjoint union of locally closed subschemes
Z;, each of which is normal and connected, such that Fl Z;is alisse Q ¢—sheaf on Z; for each i. The

sheaf ¥ on X is said to be punctually 7 —pure of weight w on X if, for some partition as above, the
restriction of  to each Z; is ~—pure of weight w in the sense of the preceding paragraph, for every ¢

in 7.

A constructible Q ¢—sheaf F on X is said to be 7—mixed of weight <w on X if it is a
successive extension of finitely many constructible Q ¢—sheaves ¥; on X, with each F; punctually
I —pure of some weight w; <w.

The main theorem of Weil II is the following.
Theorem [De-Weil II, 3.3.1]1 Let X and Y be separated Z[1/f1-schemes of finite type, f: X - Y a
morphism. Let F be a constructible Q ¢—sheaf ¥ on X which is 7-mixed of weight < w. Then for

every i, the constructible Q ¢—sheaf Rif 1FonY is 7-mixed of weight <w + 1.
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