COMPARISON OF METRIC SPECTRAL GAPS
ASSAF NAOR

ABSTRACT. Let A = (a;;) € M,(R) be an n by n symmetric
stochastic matrix. For p € [1,00) and a metric space (X,dx), let
Y(A,d%) be the infimum over those vy € (0, 00| for which every

T1,...,T, € X satisfy
1 n n Y n n
2 DO dx(ww)P < - DD agdx (@, w;)P.
i=1 j=1 i=1 j=1

Thus (4, d% ) measures the magnitude of the nonlinear spectral
gap of the matrix A with respect to the kernel 5, : X x X — [0, 00).
We study pairs of metric spaces (X, dx ) and (Y, dy) for which there
exists ¥ : (0,00) — (0,00) such that y(4,d%) < ¥ (y(A,d)) for
every symmetric stochastic A € M, (R) with y(4,d}) < co. When
V¥ is linear a complete geometric characterization is obtained.
Our estimates on nonlinear spectral gaps yield new embeddabil-
ity results as well as new nonembeddability results. For example, it
is shown that if n € Nand p € (2, 00) then for every fi,..., fn, € L,

there exist x1,...,x, € Ly such that
Vi,je{l,....,n}, |z —z;ll2 Sollfi — fillp, (1)
and
n n n n
YD wi—ala =" Ifi— filly.
i=1j=1 i=1j=1

This statement is impossible for p € [1,2), and the asymptotic de-
pendence on p in is sharp. We also obtain the best known lower
bound on the L, distortion of Ramanujan graphs, improving over
the work of Matousek. Links to Bourgain—Milman—Wolfson type
and a conjectural nonlinear Maurey—Pisier theorem are studied.
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1. INTRODUCTION

The decreasing rearrangement of the eigenvalues of an n by n sym-
metric stochastic matrix A = (a;;) € M,(R) is denoted below by

1= M(4) 2 Ma(A4) > ... 2 Aa(A).

We also set
MA) = max \(A)] = max DA3(4), = ()} 2)
1E12,..., n
For p € [1,00) and a metric space (X, dx), we denote by y(A, d%) the
infimum over those y € (0, oo] for which every zy,...,z, € X satisfy

%sz-x(xi?xj)p < %ZZaijdX(xi,xj)p. (3)

i=1 j=1 i=1 j=1

Thus for p = 2 and X = (R, dgr), where we denote dg(z,y) o |z — y|
for every x,y € R, we have
1

Y(A di) = T= (A (4)

For this reason one thinks of y(A, d%) as measuring the magnitude of
the nonlinear spectral gap of the matrix A with respect to the kernel
d5% : X x X = [0,00). See [MN12] for more information on the topic
of nonlinear spectral gaps.
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Suppose that (X, dx) is a metric space with | X| > 2 and fix distinct
points a,b € X. Fix also p € [1,00), n € N, and an n by n symmetric
stochastic matrix A = (a;;). By considering 1, ..., z, € {a,b} in (3),
we see that

DASCALn} DG e s ({Lm}ns) G
It therefore follows from Cheeger’s inequality [Che70] (in our context,
see [JS88] and [LS8§]) that

1
P>
VAB) 2 s )
Consequently, any finite upper bound on y(A4, d% ) immediately implies
a spectral gap estimate for the matrix A. The ensuing discussion always
tacitly assumes that metric spaces contain at least two points.

In (), and in what follows, the notations U <V and V Z U mean
that U < C'V for some universal constant C' € (0,00). If we need to
allow C' to depend on parameters, we indicate this by subscripts, thus
e.g. U <p V means that U < C(B)V for some C(5) € (0,00) which
is allowed to depend only on the parameter 3. The notation U =< V
stands for (U < V) A (V < U), and correspondingly the notation
U =3 V stands for (U Sg V) A (V Sp U).

A simple application of the triangle inequality (see [MNI12l Lem. 2.1])
shows that y(A, d%) is finite if and only if A2(A) < 1 (equivalently, the
matrix A is ergodic, or the graph on {1,...,n} whose edges are the
pais {i,j} for which a;; > 0 is connected).

It is often quite difficult to obtain good estimates on nonlinear spec-
tral gaps. This difficulty is exemplified by several problems in metric
geometry that can be cast as estimates on nonlinear spectral gaps:
see [Laf08, Laf09, MN12l [MN13al [Lial3, [dIS13] for some specific exam-
ples, as well as the ensuing discussion on nonlinear type. In this general
direction, here we investigate the following basic “meta-problem.”

Question 1.1 (Comparison of nonlinear spectral gaps). Given p € [1, 00),
characterize those pairs of metric spaces (X, dx) and (Y, dy) for which
there exists an increasing function ¥ = WUyy : (0,00) — (0,00)
such that for every n € N and every ergodic symmetric stochastic
A € M, (R) we have

Y(A, d) < U (v(A4,dY)). (6)

The case p = 2 and (Y,dy) = (R,dgr) of Question is especially
important, so we explicitly single it out as follows. See also the closely
related question that Pisier posed as Problem 3.1 in [Pis10].
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Question 1.2 (Bounding nonlinear gaps by linear gaps). Characterize
those metric spaces (X, dx) for which there exists an increasing func-
tion ¥ = Uy : (0,00) — (0,00) such that for every n € N and every
ergodic symmetric stochastic A € M,(R) we have

vt < (5 ) 7)

Question [1.1] and Question seem to be difficult, and they might
not have a useful simple-to-state answer. As an indication of this,
in [MN13a] it is shown that there exists a C'AT'(0) metric space (X, dx),
and for each k € N there exist n;, € N with limj_,., nr = 0o such that
there are symmetric stochastic matrices A, By, € M, (R) with

sup Ao (Ag) < 1 and sup \o(By) < 1,
keN keN

yet

supy(Ag, dx) < o0 and supy(By, dx) = o0o.

kEN keN
Such questions are difficult even in the setting of Banach spaces: a well-
known open question (see e.g. [Pis10]) asks whether ([7)) holds true when
X is a uniformly convex Banach space. If true, this would yield a re-
markable “linear to nonlinear transference principle for spectral gaps,”
establishing in particular the existence of super-expanders (see [MN12])
with logarithmic girth, a result which could then be used in conjunc-
tion with Gromov’s random group construction [Gro03] to rule out the
success of an approach to the Novikov conjecture that was discovered
by Kasparov and Yu [KY06]. There is little evidence, however, that
every uniformly convex Banach space admits an inequality such as ,
and we suspect that @ fails for some uniformly convex Banach spaces.

When the function ¥ appearing in @ can be taken to be linear,

ie., U(t) = Kt for some K € (0,00), Theorem below provides the
following geometric answer to Question [I.1] Given p € [1,00) and a
metric space (Y, dy), for every m € N we denote by £;'(Y) the metric
space Y equipped with the metric

VZ', Yy € Ym7 dg;n(y)(l', y) déf (Z dY(xiayi>p> .

i=1

Recall also the standard notation £' = £7'(R). A coordinate-wise ap-
plication of shows that every symmetric stochastic A satisfies

vmeN,  y(Ad) =v(Ady,). (8)
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Fixing D € [1,00), suppose that (X, dx) is a metric space such that
for every n € N and zq,...,x, € X there exists m € N and a non-
constant mapping f : {x1,...,z,} — £;'(Y) such that

ZZdﬁm(y f( HfHLlp ZZdX «'Ez,% 7 (9)

i=1 j=1 i=1 j=1

where || f||Lip denotes the Lipschitz constant of f, i.e.,

ar de;,ﬂm(f(ﬂf),f(y))'

||f||Lip - z,ye{z1,....xn} dx(l’,y)
7Y
Then for every symmetric stochastic matrix A € M, (R),
1 ~e ()
w2 2 dxlmen) S n2||f”7£ szﬂm v (f(@a), f25))"
i=1 j=1 P =1 j=1
Dy (A, ) S~ demry (f (i), f ()P
s HNY ||f||
i=1 j=1 Lip
Dy(A, d}) =
< ZZaUdX xi, x)P. (10)
=1 j=1

Consequently, y(A,d%) < Dy(A, dy).

The above simple argument, combined with standard metric embed-
ding methods, already implies that a variety of metric spaces satisfy
the spectral inequality with W linear. This holds in particular
when (X, dx) belongs to one of the following classes of metric spaces:
doubling metric spaces, compact Riemannian surfaces, Gromov hyper-
bolic spaces of bounded local geometry, Euclidean buildings, symmetric
spaces, homogeneous Hadamard manifolds, and forbidden-minor (edge-
weighted) graph families; this topic is treated in Section We will also
see below that the same holds true for certain Banach spaces, including
L, (1) spaces for p € [2,00).

The following theorem asserts that the above reasoning using metric
embeddings is the only way to obtain an inequality such as @ with ¥
linear. Its proof is a duality argument that is inspired by the proof of
a lemma of K. Ball [Bal92, Lem. 1.1] (see also [MN13bl Lem 5.2]).

Theorem 1.3. Fizn € N and p, K € [1,00). Given two metric spaces
(X,dx) and (Y,dy), the following assertions are equivalent.

(1) For every symmetric stochastic n by n matriz A we have
Y(A, dy) < Ky(A, dy). (11)
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(2) For every D € (K,o00) and every xy,...,x, € X there exists
m € N and a nonconstant mapping f : {x1,...,z,} — (V)
that satisfies

ZZd@m(y f(l’ ||f||L1p ZZCZX Z,l‘]

=1 j=1 =1 j=1

It is worthwhile to single out the special case of Theorem that
corresponds to Question [1.2] in which case the embeddings are into /5.

Corollary 1.4. Fixn € N and K € [1,00). Given a metric space
(X,dx), the following assertions are equivalent.
(1) For every symmetric stochastic matric A € M,(R) we have
K
A dy) < ————.
Y( ’ X) 1 — )\2(A)
(2) For every D € (K,00) and every x,...,x, € X there exists a
nonconstant mapping f : {x1,...,x,} — lo that satisfies

ZZIIf ) — [l > ”f”L‘P szx 25, 1;)°

i=1 j=1 i=1 j=1

In Section {4 below we prove the following theorem.

Theorem 1.5. For everyp € [2,00), everyn € N and every symmetric
stochastic matriz A € M,(R) we have
2

v(A1IE) S = (12)

Inequality is proved in Section [ via a direct argument using
analytic and probabilistic techniques, but once this inequality is estab-
lished one can use duality through Corollary[I.4]to deduce the following
new Hilbertian embedding result for arbitrary finite subsets of £,,.

Corollary 1.6. Ifn € N and p € (2,00) then for every x1,...,x, € {,
there exist y1,...,Yn € lo such that

Vi,je {1,...,’0}7 ||yi_yj||€2 SpHxi_IjHépa (13)
and n n n n
SN = wills, =D Nl — 7
i=1 j=1 i=1 j=1

The dependence on p in is sharp up to the implicit universal
constant, and the conclusion of Corollary is false for p € [1,2) even
if one allows any dependence on p in (provided it is independent of
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n): for the former statement see Lemma below and for the latter
statement see Lemma below. It would be interesting to find a
constructive proof of Corollary [I.6] i.e., a direct proof that does not
rely on duality to show that the desired embedding exists.

Remark 1.7. Questions in the spirit of Theorem[l.5/have been previously
studied by Matousek [Mat97], who proved that there exists a universal
constant C' € (0,00) such that for every n € N and every n by n
symmetric stochastic matrix A € M, (R),

(Cp)?
(1= A (A))"*

See [BLMNO5, Lem. 5.5] and |[NS11, Lem. 4.4] for the formulation
and proof of this fact (which is known as Matousek’s extrapolation
lemma for Poincaré inequalities) in the form stated in (14)). In order to
obtain an embedding result such as Corollary one needs to bound
Y(A, || - [[7,) rather than y(A, || - I7,) by a quantity that grows linearly
with 1/(1 — A2(A)). We do not see how to use Matousek’s approach
in [Mat97] to obtain such an estimate, and we therefore use an entirely
different method (specifically, complex interpolation and Markov type)
to prove Theorem

As stated above, when p € [1,2) the analogue of Theorem can
hold true only if we allow the right hand side of to depend on n.
Specifically, we ask the following question.

pel2o0) = y(4l-I5) < (14)

Question 1.8. Is it true that for every p € [1, 2], every n € N and every
n by n symmetric stochastic matrix A we have

(logn)r ™"
1—X(A4)
Due to Theorem [1.3] an affirmative answer to Question is equiv-

alent to the assertion that if p € [1,2] then for every zy,...,z, € {,
there exist y1,...,y, € {5 that satisfy

Sy — w3 =D llwi — L2,

i=1 j=1 i=1 j=1

YA -E,) S

and
o 11
Vi, jed{l,...,n},  lyi —yjlla S (logn)r™ 2|z — a4,

We conjecture that the answer to Question [1.8is positive. As partial
motivation for this conjecture, we note that by an important theorem
of Arora, Rao and Vazirani [ARV09] the answer is positive when p = 1.
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A possible approach towards proving this conjecture for p € (1,2) is to
investigate whether the quantity y(A, || - ||%) behaves well under inter-
polation. In our case one would write % = g + # for an appropriate
6 € (0,1) and ask whether or not it is true that for every n € N every
n by n symmetric stochastic matrix A satisfies

YA B S vA 1) v (A - 1) (15)

Investigating the possible validity such interpolation inequalities for
nonlinear spectral gaps is interesting in its own right; in Section 4.3| we
derive a weaker interpolation inequality in this spirit.

1.1. Applications to bi-Lipschitz embeddings. The (bi-Lipschitz)
distortion of a metric space (X, dy) in a metric space (Y, dy ), denoted
cy(X), is define to be the infimum over those D € [1,00) for which
there exists s € (0,00) and a mapping f : X — Y that satisfies

VIL‘,ZJGX, de(l‘,y) <dy(f(l’),f(y)) SDde(ZE,y).

Set ¢y (z) = oo if no such D exists. When Y = ¢, for some p € [1, 0]
we use the simpler notation c,(X) = ¢, (X). The parameter cy(X) is
known in the literature as the Euclidean distortion of X.

The Fréchet-Kuratowski embedding (see e.g. [Hei0l]) shows that
Coo(X) = 1 for every separable metric space X. We therefore define
p(X) to be the infimum over those p € [2,00] such that ¢,(X) < 10.
The choice of the number 10 here is arbitrary, and one can equally
consider any fixed number bigger than 1 in place of 10 to define the
parameter p(X); we made this arbitrary choice rather than adding an
additional parameter only for the sake of notational simplicity.

Forn € Nand d € {3,...,n — 1} let p(n,d) be the expectation of
p(G) when G is distributed uniformly at random over all connected n-
vertex d-regular graphs, equipped with the shortest-path metric. Thus,
if p = p(n, d) then in expectation a connected n-vertex d-regular graph
G satisfies ¢,(G) < 10. In [Mat97] Matousek evaluated the asymptotic
dependence of the largest possible distortion of an n-point metric space
in ¢, yielding the estimate p(n, d) 2 log,n, which is an asymptotically
sharp bound if d = O(1). As a consequence of our proof of Theorem 1.5
it turns out that Matousek’s bound is not sharp as a function of the
degree d. Specifically, in Section we prove the following result.

Proposition 1.9. For everyn € N and d € {3,...,n — 1} we have

logn

Viogd’

2/3

d < elosn™ — p(n,d) >

(16)
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and »
d> e — p(n,d) 2 (logyn)®. (17)

The significance of the quantity log,; n appearing in Matousek’s bound
is that up to universal constant factors it is the typical diameter of
a uniformly random connected n-vertex d-regular graph [BEAIVS2].
Thus, in there must be some restriction on the size of d relative to
n since when d is at least a constant power of n the typical diameter
of G is O(1), and therefore ¢,(G) < c2(G) = O(1). Both and
assert that p(n,d) tends to oo faster than the typical diameter of G
when n°) = d — oo (note also that is consistent with the fact
that p(n,d) must become bounded when d is large enough). While
we initially expected Matousek’s bound to be sharp, Proposition (|1.9)
indicates that the parameter p(n, d), and more generally the parameter
p(X) for a finite metric space (X, dyx), deserves further investigation.
In particular, we make no claim that Proposition (|1.9)) is sharp.

The link between Theorem and Proposition [1.9]is that our proof
of Theorem [L.5]yields the following bound, which holds for every n € N,
every n by n symmetric stochastic matrix A, and every p € [2, 00).

p
Y(A, I H?p) S Wa (18)

where we recall that A(A) was defined in (2). Proposition is de-
duced in Section from through a classical argument of Linial,
London and Rabinovich [LLR95]. The bounds appearing in Proposi-
tion 1.9 hold true with p(n, d) replaced by p(G) when G is an n-vertex
d-regular Ramanujan graph [LPS88| Mar88§]|, and it is an independently
interesting open question to evaluate ¢,(G) up to universal constant
factors when G is Ramanujan. Some estimates in this direction are

obtained in Section 4.1, where a similar question is also studied for
Abelian Alon-Roichman graphs [AR94].

1.2. Ozawa’s localization argument for Poincaré inequalities.
Theorem below provides a partial answer to Question when
X and Y are certain Banach spaces. Its proof builds on an elegant
idea of Ozawa [Oza04] that was used in [Oza04] to rule out coarse
embeddings of expanders into certain Banach spaces. While Ozawa’s
original argument did not yield a nonlinear spectral gap inequality
in the form that we require here, it can be modified so as to yield
Theorem [L.10} this is carried out in Section [f]

Throughout this article the unit ball of a Banach space (X, |- ||x) is

denoted by

def
BX = {l’EX: H.Z'HX < 1}
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Theorem 1.10. Let (X, |- ||x) and (Y, || -||y) be Banach spaces. Sup-
pose that o, 5 : [0,00) — [0,00) are increasing functions, B is concave,
and

fim a(t) = lim A(¢) = 0.

Suppose also that there exists a mapping ¢ : Bx — Y that satisfies
Vrye Bx, a(lz—yllx) <o) —olly <Blz—yllx). (19)

Then for every q € [1,00), everyn € N, and every symmetric stochastic
matriz A € M,(R) we have

&4
YA 1% <87y (A - 115 +

.
—1 a(l/4)
g (Sv(Avn-%)”q)

The key point of Theorem [1.10]is that one can use local information
such as in order to deduce a Poincaré-type inequality such as .

Certain classes of Banach spaces X are known to satisfy the assump-
tions of Theorem when Y is a Hilbert space. These include: L, (u)
spaces for p € [1,00), as shown by Mazur [Maz29] (see [BLOO, Ch. 9,
Sec. 1]); Banach spaces of finite cotype with an unconditional basis,
as shown by Odell and Schlumprecht [OS94]; more generally, Banach
lattices of finite cotype, as shown by Chaatit [Cha95] (see [BL00, Ch. 9,
Sec. 2]); Schatten classes of finite cotype (and more general noncom-
mutative L, spaces), as shown by Raynaud [Ray02]. For these classes
of Banach spaces Theorem furnishes a positive answer to Ques-
tion with W given by the right hand side of .

Mazur proved [Maz29] that for every p € [1,00), if X = ¢, and
Y = /5 then there exists a mapping ¢ : X — Y that satisfies
with a(t) = 2(t/2)?/? and B(t) = pt if p € [2,00) and aft) = t/3
and B(t) = 2tP/2 if p € [1,2] (these estimates are recalled in Section [3)).
Therefore, it follows from Theorem [1.10] that for every p € [1, 00), every
n € N and every symmetric stochastic matrix A € M, (R) we have

(20)

1
t<p<2 = v(AlE) Sgoape @
and 2 P28
2<p<o0 = Y<A7 H‘||ep> 5@- (22)

As explained in Section|1.3.1} both and are sharp in terms of
the asymptotic dependence on 1—Ay(A), but in terms of the dependence

on p the bound is exponentially worse than the (sharp) bound (12)).
In Section [5.1] we show that this exponential loss is inherent to Ozawa’s
method, in the sense that for p € (2,00), if ¢ : €, — {5 satisfies
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with B(t) = Kt for some K € (0,00) and every t € (0,00) (this is
to ensure that yields an upper bound on y(A4, || - H?p) that grows
linearly with (1 — Ay(A))™1), then necessarily K/a(1/4) > 23/2,

Note that suffices via duality (i.e., Corollary to obtain an
embedding result for arbitrary subsets of ¢, as in Corollary [I.6] with
exponentially worse dependence on p. Yet another proof of such an em-
bedding statement appears in Section [7} though it also yields a bound
in terms of p that is exponentially worse than Corollary 1.6, We do
not know how to prove the sharp statement of Corollary other than
through Theorem [I.5, whose proof is not as elementary as the above
mentioned proofs that yield an exponential dependence on p.

1.3. Average distortion embeddings and nonlinear type. For
p,q € (0,00) the (p,q)-average distortion of (X,dx) into (Y, dy), de-
noted Avg’q) (X) € [1,00), is the infimum over those D € [1, o0] such
that for every n € N and every zy,...,x, € X there exists a noncon-
stant Lipschitz function f : {xl, ..., Tp} — Y that satisfies

(%szﬂﬂxi),ﬂxm) > e (_szx o ) |

i=1 j=1 i=1 j=1

When p = ¢ we use the simpler notation Aol (X) %< 40P (X).

The notion of average distortion and its relevance to approximation
algorithms was brought to the fore in the influential work [Rab08] of
Rabinovich. Parts of Section [7] below are inspired by Rabinovich’s
ideas in [Rab08]. Earlier applications of this notion include the work
of Alon, Boppana and Spencer [ABS98] that related average distortion
to asymptotically sharp isoperimetric theorems on products spaces;
see Remark below. In the linear theory of Banach spaces average
distortion embeddings have been studied in several contexts; see e.g.
the work on random sign embeddings in [EIt83) [F.JS8§].

With the above terminology, Theorem asserts that the linear
dependence holds true if and only if for every finite subset S C X
there exists m € N such that

Avgg)y (S, dx) < KM,
By Corollary if p € [2,00) then
2
Av (6,) S . (23)

As stated earlier, the estimate cannot be improved (up to the
implicit constant factor): this is a special case of the following lemma.
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Lemma 1.11. For every p,q,r,s € [1,00) with 2 < ¢ < p and every
n € N there exist x1,...,x, € £, such that if y1,...,y, € {, satisfy

(St ) = (el )

i=1 j=1 i=1 j=1

then there exist i,j € {1,...,n} such that

p
lyi = yille, 2 Py | ille,
The proof of Lemma [1.11] is given in Section It suffices to say
at this juncture that the points zi,...,z, € ¢, are the images of the

vertices of a bounded degree expanding n-vertex regular graph under
Matousek’s £,-variant [Mat97] of Bourgain’s embedding [Bou85].

We also stated earlier that Corollary fails for p € [1,2): this is a
special case of the following lemma.

Lemma 1.12. Fiz p,q,r,s € [1,00) with p € [1,2) and q € (p,o0).
For arbitrarily large n € N there exist x1,...,x, € {, such that for
every Yi, - .., Yn € Ly with

1 1
(%ZZH%—MQ) =(%Zz|m—mjnzp> ,

i=1 j=1 i=1 j=1
there exist i,7 € {1,...,n} such that

Ny — yille, = (log ) »~ntar
i ey = \/m

1.3.1. Bourgain—Milman—Wolfson type. The reason for the validity of
the lower bound is best explained in the context of nonlinear type:
a metric invariant that furnishes an obstruction to the existence of
average distortion embeddings. Let Fy be the field of cardinality 2 and
for n € N let eq,...,e, be the standard basis of Fy. We also write
e =e; +...+e,. Following Bourgain, Milman and Wolfson [BMWS6],
given p,T € (0,00), a metric space (X, dy) is said to have BMW type
p with constant T if for every n € N every f : F§ — X satisfies

. ||Z)’JZ — ZL‘ngp > 0. (25)

> dy (). flate)? S TPnr ™ 373 dy (f(a), flo +e)* . (26)
zelFy =1 x€Fy
(X, dx) has BMW type p if it has BMW type p with constant 7" for
some T' € (0,00); in this case the infimum over those T € (0, 00) for
which holds true is denoted BMW,(X). For background on this
notion we refer to [BMWRS6], as well as [Pis806, INS02, Naol2al. These
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references also contain a description of the closely related important
notion of Enflo type [Enf76], a notion whose definition is recalled below
but will not be further investigated here.

The simple proof of the following lemma appears in Section [6]

Lemma 1.13. Fiz p € (0,00). For every two metric spaces (X,dx)
and (Y, dy) we have

BMW,(X) < 2407 (X) - BMW,(Y).

The case r = s = 2 of Lemma [[.12 follows from Lemma [L.13] and
the computations of BMW type that appear in the literature. The
remaining cases of Lemma [1.12] are proved using similar ideas.

The Hamming cube is the Cayely graph on FJ corresponding to
the set of generators {ej,...,e,}. The shortest path metric on this
graph coincides with the ¢ metric under the identification of F} with
{0,1} C R™. Let H, be the 2" by 2" symmetric stochastic matrix
which is the normalized adjacency matrix of the Hamming cube. Thus
for x,y € F} the (z,y)-entry of H,, equals 0 unless x —y € {ey,...,e,},
in which case it equals 1/n. It is well known (and easy to check) that
Xo(H,) = 1—2/n, so y(H,,d%) < n. A simple argument (that is
explained in Section @ shows that the definition is equivalent to
the requirement that y(H,,, d%) <x n?P for every n € N. The notion of
Enflo type p that was mentioned above is equivalent to the requirement
that y(H,,d%) <x n for every n € N.

For p € [1,2], by considering the identity mapping of Fy into (7
(observe that |z — y[|b = [z — yl|, for every z,y € Fy) one sees that

Y(Hy, || - ||Z2,) >n?P =< 1/(1 — M\y(H,))*P. Thus is sharp.

1.3.2. Towards a nonlinear Maurey—Pisier theorem. Every metric space
has BMW type 1 and no metric space has BMW type greater than 2;
see Remark below. Thus, for a metric space (X, dx) define

Px def sup{p € [1,2] : BMW,(X) < co}. (27)

Maurey and Pisier [MP76] associate a quantity px to every Banach
space X, which is defined analogously to but with BMW type re-
placed by Rademacher type. The (linear) notion of Rademacher type
is recalled in Section below; at this juncture we just want to state,
for the sake of readers who are accustomed to the standard Banach
space terminology, that despite the apparent conflict of notation be-
tween (27)) and [MPT76], a beautiful theorem of Bourgain, Milman and
Wolfson [BMWS8G] asserts that actually the two quantities coincide.
The following theorem is due to Bourgain, Milman and Wolfson.
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Theorem 1.14 ([BMWSG]). Suppose that (X,dx) is a metric space
with px = 1. Then cx(F4, || - ||1) =1 for every n € N.

Thus, the only possible obstruction to a metric space (X,dx) hav-
ing BMW type p for some p > 1 is the presence of arbitrarily large
Hamming cubes. This is a metric analogue of a classical theorem of
Pisier |[Pis73| asserting that the only obstruction to a Banach space hav-
ing nontrivial Rademacher type is the presence of ¢} for every n € N.

In light of the Maurey—Pisier theorem [MPT76] for Rademacher type,
it is natural to ask if a similar result holds true for a general metric
space X even when px > 1: Is it true that for every metric space
(X, dx) we have

sup CX(FS’ || ’ ||px) < 007
neN

The answer to this question is negative if px = 2. Indeed, we have
pr = 2 yet cg(F3, | - ||2) tends to infinity exponentially fast as n — oo
because there is an exponentially large subset S of [} with the property
that ||z —yl|2 < v/n for every distinct 2,y € S. If, however, px € (1,2)
then the above question, called the Maurey—Pisier problem for BMW
type, remains open.

The Maurey—Pisier problem for BMW type was posed by Bourgain,
Milman and Wolfson in [BMWS&6], where they obtained a partial result
about it: they gave a condition on a metric space (X, dx) that involves
its BMW type as well as an additional geometric restriction that en-
sures that sup,,cy cx (F5, || - ||,x) < 00; see Section 4 of [BMWSE].

In Section [6.1| we prove the following theorem.

Theorem 1.15. For every metric space (X, dx) and every d € N there
exists N = N(d, X) € N such that

CZQ’(X) (Fga H ’ ||PX) < BMWPX (X)2

Thus, if BMW,,, (X) < o0, i.e., the supremum defining px in is
attained, then for every d € N one can embed (F4, || - ||, ) into 2 (X)
for sufficiently large N € N. Note that it follows immediately from (27
that BMW,, (£ (X)) = BMW,(X) for every N € N, so Theorem [1.15
is a complete metric characterization of the parameter px when the
supremum defining py in is attained. Note also that by passing to
5 (X)) we overcome the issue that was described above if px = 2, since
trivially (F%, | - ||2) is isometric to a subset of ¢5(R). This indicates
why Theorem [1.15|is easier than the actual Maurey—Pisier problem for
BMW type, whose positive solution would require using the assumption
px < 2. We therefore ask whether or not it is true that for every metric
space (X,dx) and every p € (1,2), if there is K € (0,00) such that
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for every d € N there exists N € N for which (F4,|| - ||,) embeds with
distortion K into ¢)(X), then supyey cx (F4, | - |l,) < 00? For p = 1
the answer to this question is positive due to Theorem [I.14] and by
virtue of Theorem [1.15] a positive answer to this question would imply
an affirmative solution of the Maurey—Pisier problem for BMW type.

Recalling Lemmal|l.13] given the relation between BMW type and av-
erage distortion embeddings, it is natural to study the following weaker
version of the Maurey—Pisier problem for BMW type: Is it true that
for every metric space (X, dx) we have

px <2 — suINJAvg?)(IFg, | llpy) < 007 (28)
ne

In (28) we restrict to px < 2 because one can show that
2 n —
Av? (B3, |- [l2) < /. (29)

See Remark [6.9] below for the proof of (29)).
By Theorem and Lemma |1.13] for every metric space (X, dy),

2 n n
sup v (F3, || - 1) < 0o = supex (F3, |- 1) = 1. (30)
neN neN
Given p € (1, 00), it is therefore natural to ask whether or not for every
metric space (X, dx) we have

sup A (B3, || - [l,) < 00 = supex (B, || - [|,) <o00?  (31)
neN neN
If were true for every p € (1,2) then a positive answer to the
question that appears in (28)) would imply a positive solution to the
Maurey—Pisier problem for BMW type.

More generally, in light of the availability of results such as (31)),
it would be of interest to relate average distortion embeddings to bi-
Lipschitz embeddings. For example, is it true that if a metric space
(X, dx) satisfies Avéf) (X) < oo then for every finite subset S C X we
have ¢2(S) = ox(log|S|)? If the answer to this question is positive
then Corollary would imply that for p € (2,00) any n-point subset
of ¢, embeds into Hilbert space with distortion o,(logn). No such
improvement over Bourgain’s embedding theorem [Bou85| is known
for finite subsets of £, if p € (2, 00); for p € [1, 2) see [CGRO8, ALNOS].

Acknowledgements. I thank Noga Alon, Manor Mendel, and espe-
cially Yuval Rabani for very helpful discussions. I am also grateful
for the hospitality of Université Pierre et Marie Curie, Paris, France,
where part of this work was completed.
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2. ABSOLUTE SPECTRAL GAPS

Fix n € N and an n by n symmetric stochastic matrix A = (a;;).
Following [MN12], for p € [1,00) and a metric space (X, dx), denote
by v+ (A,d%) the infimum over those vy, € (0,00] for which every
T1yevos Ty Y1, .-+, Y € X satisfy

%szxmyﬁp S %Zzaiﬂd)((l’i’yj)p- (32)

i=1 j=1 i=1 j=1

Note that by definition y(A, d%) < y4 (4, d%). Recalling (2)), we have

1
2
For this reason one thinks of v, (A, d%) as measuring the magnitude
of the nonlinear absolute spectral gap of the matrix A with respect to
the kernel d% : X x X — [0, 00).

The parameter vy, (A, d%) is useful in various contexts (see [MN12]),
and in particular it will be used in some of the ensuing arguments. It
is natural to ask for the analogue of Question with y(+,-) replaced
by v.(-,-). However, it turns out that this question is essentially the
same as Question (1.1} as explained in Proposition below.

Proposition 2.1. Fiz p € [1,00) and metric spaces (X,dx), (Y,dy).
Suppose that there exists an increasing function ¥ : (0,00) — (0,00)
such that for everyn € N and every n by n symmetric stochastic matrix
A we have

Y(A, d) < U (v(4,dy)). (33)

Then for every n € N and every n by n symmetric stochastic matriz A
we also have

'Y-i-(Av dé){) <2v (QPY—&-(Aa d;;)/)) : (34)

Conversely, suppose that ® : (0,00) — (0,00) is an increasing func-
tion such that for every n € N and every n by n symmetric stochastic
matriz A we have

Y+(A, dy) < @ (v4(A dy)). (35)

Then for every n € N and every n by n symmetric stochastic matriz A
we also have

Y(A, d%) < @ (2% 'y (A, dY)) . (36)

N | =

Before passing to the (simple) proof of Proposition , we record for
future use some basic facts about nonlinear spectral gaps.
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Lemma 2.2. Fizp € [1,00), n € N and a metric space (X,dx). Then
every symmetric stochastic matric A = (a;;) € M,(R) satisfies

1
n
Proof. Fix distinct a,b € X and let z1,...,x, € X be ii.d. points,

each of which is chosen uniformly at random from {a,b}. Then every
symmetric stochastic A € M, (R) satisfies

l = w— dx(a,b)? dx(a,b)?
E|LS S aydy (oo, | = dx(a,b)” S ay< dx(a,b)"
n & £ 2n - 2
i=1 j=1 i,5€{1,....,n}
i)
while

E

% Z Z dx (mia xj)p] = %dx(a, b)p-

i=1 j=1

the desired conclusion now follows from the definition (3)). The right-

most inequality in follows by substituting 1 = ... = z,, = a and
ylz...:yn:binto. U

Lemma 2.3. Fiz p € [1,00) and a metric space (X,dx). Then for
every integer n > 2, everyn by n symmetric stochastic matrizc A = (a;;)
satisfies

I+ A

vady <vi (T ) <PvaR). 6

Proof. Since the diagonal entries of A play no role in the definition of
v(A, d%), it follows immediately from (3]) that

I+ A
v(F5R ) =2y (30)

I+A

A d5) > ‘y(#, d% ), this implies the leftmost inequal-

Because vy (

ity in (38]).
Next, fix z1,...,2n,y1,...,yn € X. By the triangle inequality and
the convexity of ¢ — |t|P, for every i,7 € {1,...,n} we have

dx (s, y;)" < 2P (dx (i, 25)P + dx (25, 95)) (40)

and
dx(l'i7 y])p < 2p—1 (dX (xia yl)p + dX<yz7 y])p) . (41)
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By averaging and , and then averaging the resulting inequality
over i,j € {1,...,n}, we see that

% > dx(wiy)

i=1 j=1
2p n 2p n n

< o Z dx (@i, ;)" + e Z Z (dx(zs, ;)P +dx (yi, y;)F) . (42)
i=1 i=1 j=1

Now, by the definition of y(A, d% ) we have

1 n n
= DD (i wy)” + dx(yi,y)")
i=1 j=1

n n

< TRT) 55 oy vy + o)) (43

i=1 j=1

Next, for every i,j € {1,...,n} we have

dx (s, 2;)? < 2071 (dx (zi,y5)P + dx (y;, 2)P) (44)

dx (s, 2;)? < 2071 (dx (zi, )P + dx (yi, 7)) (45)

dx (yi, y;)? < 207 (dx (i, )P + dx (x5, 9)P) (46)
and

dx (i, y;)? < 207 (dx (yi, )P + dx (4, y;)P) - (47)

By averaging , , and we see that

dx(l’,“ I'j)p + dX(yZa y])p
<27 (dx (m, y5)P + dx (yi, 75)° + dx (5, y:)P + dx (z,y;)F) . (48)

By multiplying by a;;j/n and summing over ¢,j € {1,...,n} while
using the fact that A is symmetric and stochastic we conclude that

1 n n

— Z Z aij (dx (s, ;)P + dx (i, y;)P)

g

< - Z dx (i, y:)P + n Z Z aijdx (zs,y;)".  (49)
i=1

i=1 j=1
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A substitution of (49) into , and then a substitution of the resulting
inequality into (42)), yields the following estimate.

1 n n
— 2D dx(wi )
i=1 j=1
2T 2y (A dY)

< Z dX(-Tia yi)p

n -
=1

n n

222y (A, db,
* % DD aidx(wiy)"
i=1 j=1

W+ 227 Iy (A dB) e~ [T+ A
< = — i'dx(xi,yj)p. (50)

n
J

i=1 j=1

Since holds true for every x1,...,%,,y1,...,yn € X, we deduce
from the definition of y(+,-) in that

I+ A
y+( 5 ,df)’() <2422 (A dR). (51)

The rightmost inequality in is a consequence of since by
Lemmawe have y(A,d%) > 3. O

Proof of Proposition|2.1l. Fix n € N and an n by n symmetric stochas-
tic matrix A. Assuming the validity of for the matrix (I + A)/2,
we deduce (B6). Next, by [MNI2, Lem. 2.3] for every metric space
(W, dw ) we have

2

V(B ) S V(A <2V((34) dh). (52

Therefore, assuming the validity of for the matrix (§ 4) € Ma,(R),

the desired estimate follows from (52)). O
3. DUALITY

The implication (2) == (1) of Theorem was already proved
in (10)). Below we prove the more substantial implication (1) = (2).

Proof of Theorem[1.3. Fix D € (K, o) and let € € (0,00) be given by
(14 ¢e)(K +2¢) = D. Fixing also z1,...,x, € X, let C C M,(R)
be the set of n by n symmetric matrices (c;;) for which there exists
Yty .-y Yn €Y with [{y1,...,yn}| =2 and

;o anl anl dX(xrvxsy)
Vi,j €{l,...,n}, T - dy (y;, y;)P.
/ { } ’ Zr:1 Zs:l dY(yT7ys)p Y<y yj)
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Letting P C M, (R) be the set of all symmetric n by n matrices with
nonnegative entries and vanishing diagonal, denote

M < conv (C + P).

For every i,j € {1,...,n} write tzj = (K + 2¢)dx (x;, x;)P. We first
claim that the matrix T = (t;;) € M,(R) belongs to M. Indeed, if
this were not the case then by the separation theorem (Hahn-Banach)
there would exist a symmetric matrix H = (h;;) € M, (R) which has
at least one nonzero off-diagonal entry and whose diagonal vanishes,
satisfying

1{1Jf)€MZZhUbU > (K +20)) 0 hiyjdx(wi,z;)P. (53)

= i=1 j=1
Since P C M, the fact that the left hand side of is bounded from
below implies that h;; > 0 for all 4,5 € {1,...,n}. Fixing ¢ € (0, 1), if
we define
o ~ max Z (hij +9),
Jefl mnindi}
and for every i,j € {1,...,n},

. def 1 {20_Zr€{1 n}\{}(hlr+5> 1fl:]7
7 T o

hiyj+6 if o ],
then, provided § € (0,1) is small enough, A = (a;;) € M,(R) is a
symmetric stochastic matrix all of whose entries are positive such that
(3)

B &iﬂfeMZZ% o= (K)o

=1 j=1 i=1 j—1

K+e¢
> oy (A ;;dx zi,x;)P. (54)

By the definition of C' C M, (R) and y(A, d}) we have

1nf a;
UGCE:E: ijbij

i=1 j=1

D1 1 3
= inf = o= A5 dY yz7y p
Y1, Yn €Y Zr 1 Zs 1 yra ys Z ’ ’

Hy1,yn }>2 i=1 j=1

Adp ZZdX AL (55)

r=1 s=1

M3



COMPARISON OF METRIC SPECTRAL GAPS 21

Because M D C' it follows from and that

K+e¢ "
T s /— d I3 )P
Ad” ;;dﬂc ! nv(A,dﬁf);; o )
K
Km/j:lgdp szx zi, ;)" (56)
=1 j=1

Since all the entries of A are positive, Y(A,d}) € (0,00), and there-
fore furnishes the desired contradiction.

Having proved that T' € M, it follows that there exist N € N and
fiy .. pun € (0,1] with 25:1 pur = 1, and for every k € {1,..., N}
there are y¥, ..., y* € Y with [{yf,...,y*}| > 2, such that for every
i,7 €{1,...,n} we have

N
L dx(z, x)P
(K +2¢)dx (x;, z;)° Z,u Z —1 2o Ox( ) dy(yf,yf)p_ (57)

=1 r= 125 ldY<yr7ys>
There are integers q1,...,qn,Q € N such that

q_ Zr 123 1dX(xT7$S) Q_k
Vke{l,...,N}, 0 MkZT S (o o) (1—|—€)Q.

Setting ¢ 10 and m © Zk_l Q, define f:{zy,..., 2} = (V) b

(58)

k—1
Vke{l,...,N}, Vue 1+qu,2q] NN,  f(z)e =y (59)
7=0 7=0

Then for every i,7 € {1,...,n

H
dem vy (f(:), f(z5)) <Z ardy (y; 7% )

k=
BT QU + 20) (i, 1y)
Consequently,
1flip < QYP(K + 22)'7. (60)
Hence,
n n n n N
SO dv(fe, £y B IS gy (o) oy
i=1 j=1 i=1 j=1 k=1

B 0 @ |/
> x> P d ;
e 2 2 ) (1+2)(K +22) ZZ x (@i z)”
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Since (1 + ¢)(K + 2¢) = D, the proof of Theorem |1.3|is complete. [

4. INTERPOLATION AND MARKOV TYPE

Fix p € [1,00) and m € N. Following K. Ball [Bal92|, given a metric
space (X,dy) define its Markov type p constant at time m, denoted
M, (X;m), to be the infimum over those M € (0, 0o) such that for every
n € N, every x1,...,2x, € X and every n by n symmetric stochastic
matrix A = (a;;) € M,(R) we have

ZZ Z]dX :El’x] MmeZaZ]dX :Bmm] : (61)

=1 j=1 =1 j=1

X is said to have Markov type p if M,(X) oo SUP, ey Mp(X;m) < oo.
Note that it follows from the triangle inequality that

VmeN, M,(X;m)< m'.

Remark 4.1. In Section we recalled the notions of BMW type
and Enflo type. The link between these notions and Ball’s notion of
Markov type is that Markov type p implies Enflo type p (see [NS02|).
One can also define natural variants of Markov type that imply BMW
type (see the inequalities appearing in Theorem 4.4 of [NPSS06]). Re-
cently Kondo proved [Konll] that there exists a Hadamard space (see
e.g. [BH99]) that fails to have Markov type p for any p > 1, answering
a question posed in [NPSS06]. Since Hadamard spaces have Enflo type
2 (see [Oht094]), this yields the only known example of a metric space
that has Enflo type 2 but fails to have nontrivial Markov type (observe
that the notions of Enflo type 2 and BMW type 2 coincide).

Lemma 4.2. Fiz p € [1,00) and m,n € N. Let (X,dx) be a metric
space and A = (a;j) € M,(R) be a symmetric stochastic matriz. Then

VA @) < M(Xm)Pmy(A™, d%).

Proof. This is immediate from the definitions: for every xy,...,z, € X
we have
y(A™, dy)
ED IG5y RN
=1 j=1 =1 j=1
I M, (X;m)Pmy(A™, d%) <= <
(X5 m)Pmry( ZZWX T .

n
i=1 j=1
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The modulus of uniform smoothness of a Banach space (X, |- ||x) is
defined for 7 € (0,00) as

def |z + 7yllx + ||z — Tyl x
px(T) = sup 5

—1: z,yeB X} .

X is said to be uniformly smooth if lim,_,o px(7)/7 = 0. Furthermore,
X is said to have modulus of smoothness of power type ¢ € (0, 00)
if there exists a constant C' € (0,00) such that px(7) < C7? for all
7 € (0,00). It is straightforward to check that in this case necessarily
q € [1,2]. It is shown in [BCL94] that X has modulus of smoothness
of power type ¢ if and only if there exists a constant S € [1,00) such
that for every z,y € X

|z + yll%x + Iz — ik

2
The infimum over those S € [1,00) for which holds true is called
the g-smoothness constant of X, and is denoted S,(X). Observe that

every Banach space satisfies S;(X) = 1.
The following theorem is due to [NPSS06].

< s + Syl (62)

Theorem 4.3. Fizq € [1,2] and p € [g,00). Suppose that (X, ||-||x) is
a Banach space whose modulus of smoothness has power type q. Then

YmeN,  My(X;m) S (pt 4 S,(X))mih, (63)

The statement corresponding to Theorem in [NPSS06] (specifi-
cally, see Theorem 4.4 there), allows for a multiplicative constant with
unspecified dependence on p and ¢, while in we stated an explicit
dependence on these parameters that will serve us later on several oc-
casions. We shall therefore proceed to sketch the proof of Theorem
so as to explain why the dependence on p and ¢ in is indeed valid.

Proof of Theorem (sketch). For every measure space (€2, i) we have

Sy (Ly(, X)) S 7 + Sy(X). (64)

The case ¢ = 2 of appears in [Naol2b], and the proof for general
q € [1, 2] follows mutatis mutandis from the proof in [Nao12bh]. This has
been carried out explicitly in Lemma 6.3 of [MN12], whose statement
asserts the weaker bound S, (L,(y, X)) < pt/9S,(X), but the proof
of [MN12, Lem. 6.3] without any change whatsoever yields (64)).

As explained in the proof of Theorem 4.4 in [NPSS06], by a result
of [Lin63] (see also [Pis75, Prop. 2.2]) it follows from that every
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X-valued martingale { M }7*, satisfies

E || My — Mo|l%]

QI3

< K7 (pF o+ 8,(X)) (Z A Mk_lmﬁ)

k=1
<K (pi 4 S(X)P ) mi T SOE[IM - Ml (65)
k=1

where K € (0,00) is a universal constant. Now, substituting the mar-
tingale inequality into the proof of Theorem 2.3 in [NPSS06], in
place of the use of Pisier’s martingale inequality [Pis75|, yields (63)). O

We record for future use the following corollary, which is an imme-
diate consequence of Lemma [4.2] and Theorem [4.3]

Corollary 4.4. Fix q € (1,2] and p € [g,00). Suppose that (X, |- x)
1s a Banach space whose modulus of smoothness has power type q. Then
for every m,n € N and every symmetric stochastic A = (a;;) € M,(R),

YA I5) S €7 (p5 + Sy (X)) miy(a™, |- I1k),  (66)
where C' € (0,00) is a universal constant.

We refer to [Cal64] for the background on complex interpolation that
is used below. We also recall the definition of A\(A) in (2)). The following
theorem is the main result of this section.

Theorem 4.5. Let (H,Z) be a compatible pair of Banach spaces with
H being a Hilbert space. Suppose that 6 € [0,1] and consider the com-
plex interpolation space X = [H,Z]y. Fix q € [1,2] and suppose that
X has modulus of smoothness of power type q. Then for every n € N
and every n by n symmetric stochastic matric A € M, (R) we have

e Sy(X)?
‘Y(A7 H ||X) 5 (1 . )\<A>9)2/q

Before proving Theorem we present some of its immediate corol-
laries. First, since in the setting of Theorem we always have
Se(X) S 1for g =2/(140) (see [Pis79, [CR82]), the following corollary
is a special case of Theorem [4.5]

(67)

Corollary 4.6. Under the assumptions of Theorem [{.5 we have

1
A-15) 5 o
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In order for the above results to fit into the framework of Ques-
tion [1.2] we need to bound (A4, || - [|%) in terms of Ay(A) rather than
A(A). This is the content of the next corollary.

Corollary 4.7. Under the assumptions of Theorem [{.5 we have

2 Sq X ’
YR S S5 o

Proof. Since A is symmetric and stochastic, all of its eigenvalues are in
the interval [—1, 1]. Consequently, all the eigenvalues of the symmetric
stochastic matrix (I + A)/2 are nonnegative, and hence

A (#) _ 1) 22<A). (69)

An application of Theorem to the matrix (I + A)/2 while taking
into account the identities (69) and implies that

Sy(X)*

(1 B (1+>\2(A))0) 2
2

This yields the desired estimate due to the elementary inequality

0
Vaoe[-1,1], 1_(1—|2—x> >w. 0

YA 1%) S

We can now complete the proof of Theorem and consequently
also its corresponding dual statement Corollary [1.6]

Proof of Theorem[1.5 Fix p € [2,00) and apply Corollary when
X ={,. Then X = [ly,l]s for § = 2/p. Moreover, by [Fig76, BCLI4]
we have Sy(¢,) = /p — 1, and therefore the desired estimate fol-
lows from (68) (with ¢ = 2). O

As in the above proof of Theorem [L.5] by specializing Theorem
to X = ¢, for p € [2,00), we obtain the following corollary, which was
stated in the Introduction as inequality (18).

Corollary 4.8. For every p € [2,00), every n € N and every n by n
symmetric stochastic matrix A we have

p
Y(A, |- ||?,,> S m-

We now proceed to prove Theorem [.5]
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Proof of Theorem[{.5 In what follows, given a Banach space (Y, ||-||y)
and n € N we let L3 (Y) denote the Banach space whose underlying
vector space is Y, equipped with the norm

1
n 2
n def 1
Vy= (Y- ) €Y" yllgon = (;Z ||yz'!|§v)
=1

If H is a Hilbert space with scalar product (-,-)g, then LY(H) is a
Hilbert space whose scalar product is always understood to be given

by (@, y)rp(m) = %ZLK%%M for every z,y € H.

Let e1(A),...,en(A) € LE(R) be an orthonormal eigenbasis of A
with e;(A) = (1,...,1) and Ae;(A) = \j(A)e;(A) for all i € {1,...,n}.
Define an operator 7' : LY (R) — LY (R) by setting for every z € R"
and i € {1,...,n},

n

(TI)Z déf ZCLU <Ij — %i.l‘k) .
k=1

j=1

Equivalently,

Tx = Z)\ (2, ei(A)) Ly wei(A). (70)

The operator T'® Iy : L} (Y) — L3(Y), where Iy denotes the identity
on Y, is then given by

Vie{l,....n}, (T®I)y defzaw <yj ——Zyk> .

Recalling and , we have the followmg operator norm bounds.
17 ® Inll g ary = T Ngrosns ) = ACA). (72)

The norm of T ® I, : Ly(Z) — Ly(Z) can be bounded crudely by
using the fact that A is a symmetric stochastic matrix. Indeed, for
every z € LY(Z) we have

n 2
||TZ||L"(Z Z Zau (Zj - %Z%)
k=1

=1 || j=1 VA

1 n n n
< EZZZ%‘HZJ — zll7

i=1 j=1 k=1

2 n n n
<520 2w (Il + llwly) = dlliye.  (73)

i=1 j=1 k=1
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An interpolation of and (see |Cal64]) shows that
HT®IXHLS(X)%L§(X) < 21_9)\(A)9. (74)

For every z € L3(X) let T € L3 (X) be the vector whose ith coordinate
equals x; — S(z), where S(z) = £ 37/ | z4. Then

> aiilx

j=1 x
LSS ala - alk ()
n

i=1 j=1

2

H<IL£‘(X) —T® IX)ing(X) -

i=1

At the same time,

”(ILEL(X) -T® IX)EHLQ(X)

WV

”THLS(X) —[[(T® IX)EHLQ(X)

@ _ _
> (1-27AA)) Izl g ). (76)

B

Hence, if we suppose that
1

1-6 0
then
=20l = 2l < 5 303 (s = S@)IE + s - S@I)
i=1 j=1 i=1 j=1
B [T A [T) 4
:4||$||L3(X) < 1o —ZZaWHxZ %HX
(1 —21-9)x(A P
Equivalently,
4
Y(A - 1%) < 2 (78)

(1 —2179A(4)7)

We shall now apply a trick that was used by Pisier in [Pis10], where
it is attributed to V. Lafforgue: we can ensure that the condition
holds true if we work with a large enough power of A. We will then
be able to return back to an inequality that involves A rather than its
power by using Markov type through Corollary 4.4 Specifically, define

def (2 — 9) log 2
" [elogu/A(A)) | (79)
This choice of m ensures that

2170>\(Am)9 — 2179)\<A)m0 < %’
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SO we may apply with A replaced by A™ to get the estimate

y(A™ |- [1%) < 16. (80)
An application of Corollary [4.4] with p = 2 now implies that
E)AED

YA-%) S miS,(X)?

: L\ S
< 50 (4 giaracay) S g ©

where in we used the elementary inequality

1 2
Vrel0,1 1 < ,
z €01 * log(l/x) ~1—ux
which holds true because exp ( Lr ) 1-— 1+_x = 12+_xx > . O

4.1. Ramanujan graphs and Alon—Roichman graphs. Given a
connected n-vertex graph G = ({1,...,n}, Eg), let dg(,-) denote the
shortest path metric that G' induces on {1,...,n}. The diameter of
the metric space ({1,...,n},dg) will be denoted below by diam(G).
Suppose that d € {3,...,n — 1} and that G is d-regular, i.e., for every
i € {1,...,n} the number of j € {1,...,n} such that {i,j} € Eqg
equals d. The normalized adjacency matrix of G will be denoted Ag,

e, (Ag)ij = Slpjrepe for every i,j € {1,...,n}. Thus Ag is an
n by n symmetric stochastic matrix. We denote \;(G) = \;(Ag) for
every i € {1,...,n}, and we correspondingly set \(G) = A(Ag) and

Y(G,d%) = v(Ag, d%) for every metric space (X, dx) and ¢ € [1, 00).
Setting cx(G) of cx({1,...,n},dg), an important idea of Linial,

London and Rabinovich [LLR95| relates y(G, d%) to a lower bound on
cx(G) as follows. Let f :{1,...,n} — X be a nonconstant function
and apply (3) with A = Ag and x; = f(7) for every ¢ € {1,...,n}, thus
obtaining the estimate

%ZZdﬂf@'),fo»q < % > dx(f),FO))

i=1 j=1 (i) €{1,....,n}2
{i.j}€Ec
< V(G ) fllLsp- (82)

Denoting Avg?)(G) = Avg?)({l, ...,n},dg), it follows from that

1

cx(G) = AP (G) > m ( sze i) ) - (83)

=1 j5=1
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For notational simplicity we will assume from now on that G is a
vertex-transitive graph, since in this case we have
1
diam(G J !
21+—1(/q) S (; > dG(z‘,j)q> < diam(G). (84)
i=1 j=1
One verifies the validity of by arguing as in the proof of Propo-
sition 3.4 of [NR09|: for every ¢ € {1,...,n} and r € (0,00) let
Ba(i,r) ={j € {1,...,n}: dg(i,7) < r} be the closed ball of radius r
centered at ¢ in the metric dg. Since G is vertex-transitive, the cardinal-
ity of Bg(i,7) is independent of i. Hence, if we let r, be the minimum
r € Nsuch that |Bg(i,r)| > n/2 for every ¢ € {1,...,n}, then for every
ie{l,...,n}wehave |{l,...,n}\Bg(i,r.—1)| = n/2. In other words,
for every ¢ € {1,...,n} there are at least n/2 vertices j € {1,...,n}
with dg(i,5) > r.. Hence 307 37" da(i, j)? = n’rd/2. At the same
time, by the definition of r, we have Bg(i,7.) N Bg(j,74) # 0 for ev-
ery i,7 € {1,...,n}, and therefore diam(G) < 2r,. This proves the
leftmost inequality in (84) (the remaining inequality in is trivial).
By combining and (84), Matousek’s argument in [Mat97] de-
duces from his bound that if G = ({1,...,n}, Eg) is a vertex-
transitive graph such that \y(G) is bounded away from 1 by a universal
constant then for every p € [2,00) we have

S diam(G).
T
def . .

Denote p(G) = p({1,...,n},dq), where we recall that in Sectlonwe
defined for a separable metric space (X, dx) the quantity p(X,dx) (or
simply p(X) if the metric is clear from the context) to be the infimum
over those p € [2,00] for which ¢,(X) < 10. It follows from that
p(G) 2 diam(G) (still under the assumption that A\y(G) is bounded

away from 1). Using Corollary , we now show that it is possible to
improve over this estimate.

cp(G) (85)

Proposition 4.9. Fiz p € [2,00) and let G = ({1,...,n}, Eg) be a
vertex-transitive graph. Then

p < log (ﬁ) = ¢(G) 2

diam(G)
—\/2_9 ;

and
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Proof. By combining and (for ¢ = 2) with Corollary we
see that

1 — \G)2/»
,(G) = WP (G >y
»(G) x (G) N
By the definition of p(G), the following corollary is a formal conse-
quence of Proposition [4.9]

diam(G). O

Corollary 4.10. Let G = ({1,...,n}, Eg) be a vertex-transitive graph.
Then

AG) < e 5@ — (@) > diam(G)?,
and

. 1
AG) = e @@ — (@) > diam(G), [log (m)
For everyn € Nandd € {3,...,n—1},if G = ({1,...,n},Eg) is a
d-regular graph then by [Chu89] we have

logn ) logn

og d S diam(G) < 1+ Toa(1/MG))’
Consequently, if 1/A\(G) is at least d° for some universal constant ¢ >
0 then diam(G) =< log,n. This happens in particular when G is a
Ramanujan graph, i.e., A(G) < 2v/d—1/d. Such graphs have been
constructed in [LPS88| Mar88|. It is natural to ask for the asymptotic
evaluation of ¢,(G) when G is an n-vertex d-regular Ramanujan graph.
While this question remains open, Proposition below contains a
lower bound on ¢,(G) that improves over Matousek’s bound.

Proposition 4.11. Fixn € N and d € {3,...,n — 1}. Suppose that
G=({1,...,n}, Eg) is a Ramanujan graph. Then

logn
2<p<logd > .
1
p=logd = ¢,(G) 2 oen (87)

~ py/logd’
Proof. By combining and with Corollary we see that

1

@) 2 A (%szeu,j)?)

\/1 . (2/@)2/10

VD

Vv

log,;n,
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where we used the fact that -5 > | > | da(i,j)* 2 (log,n)? and that

AMG) < 2/+v/d. The latter bound uses the fact that G is a Ramanujan
graph (in fact, weaker bounds on A(G) suffice for our purposes), and
the former bound holds true for any connected n-vertex d-regular graph
(see [Mat97] for a simple proof of this). O

If G is a uniformly random n-vertex d-regular graph then by [BS87]
MG) < 2/v/d with high probability (for the best known bound on A(G)
when G is a random d-regular graph, see [ETi08]). By arguing identi-
cally to the proof of Proposition 4.11] we see that with high probabil-
ity and hold true for such G, implying Proposition .

Corollary also implies new distortion bounds for Abelian Alon-
Roichman graphs [AR94]. These are graphs that are obtained from
the following random construction. Let I' be a finite Abelian group,
and think of I" as the set {1,...,n}, equipped with an Abelian group
operation. Fixe € (0,1/2) and set k = ’_E% logn|. Let g1,...,gx € ' be
chosen independently and uniformly at random. This induces a random
Cayley graph G whose generating multi-set is {g1,9; ', ..., 9x, g5 '} As
explained in [AR94], with probability that tends to 1 as n — oo the
graph G is connected. Note that since GG is a Cayley graph it is vertex-
transitive. It follows from [CMO0S8] that provided n is large enough
we have A(G) < e with probability at least 5. Moreover, by [NR09,
Prop. 3.5] we have diam(G) 2 (logn)/(log1/e). A substitution of these
estimates into Proposition shows that

2<p<log(ife) = (C) 2 o

Vplog(1/e)’
and |
>log(l/e) = ¢,(G) = &.

Remark 4.12. We warn that there is some subtlety in the definition of
the parameter p(X) for a separable metric space (X,dx). Given that
X is isometric to a subset of /., it is indeed natural to ask for the
smallest p € [2, 00] such that X embeds with bounded distortion, say,
distortion 10, into £,. As an example of an application that was shown
to us by Yuval Rabani, one can use the methods of [KOR00| to prove
that subsets of ¢, admit an efficient approximate nearest neighbor data
structure with approximation guarantee ¢?®) so the parameter p(X)
relates to approximate nearest neighbor search in X (it would be very
interesting to determine the correct asymptotic dependence on p here).
But, understanding the set of p € [2,00) for which X admits a bi-
Lipschitz embedding into ¢, can be subtle. In particular, it is not true
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that if X embeds into £, then for every ¢ > p it also embeds into ¢,. In
fact, we have the following estimates for every n € N and p, ¢ € (2, 00).

1_1

2<q<p = ¢ (7)) <ni v, (88)
and
(¢—p)(p—2)
2<p<q = ¢g(07) =pqn @27 (89)

The asymptotic identity is a standard consequence of the fact that
L, has Rademacher cotype ¢ (see e.g. [Woj91]). The remarkable asymp-
totic identity is due to [FJS8§| (using a computation of [GPP80]).
The implicit dependence on p, ¢ in (89)) is unknown, and it would be
of interest to evaluate it up to a universal constant factor. Observe
that the exponent of n in tends to (p — 2)/p* > 0 as ¢ — oo, and
therefore the implicit constant in must tend to 0 as ¢ — oo.

4.2. Curved Banach spaces in the sense of Pisier. Motivated by
his work on nonlinear spectral gaps [Laf08], V. Lafforgue associated
the following modulus to a Banach space (X, || - |x), @ modulus has
been investigated extensively by Pisier in [Pis10]. Given € € (0, 00) let
Ax(g) denote the infimum over those A € (0, 00) such that for every
n € N, every matrix T' = (t;;) € M,(R) with

|17

LE(R)—LE(R) S € and labs(T) | g ®)—Lp®) < 1,

where abs(T) oo (|ti;]) is the entry-wise absolute value of T, satisfies

1T @ Ix|lpx)—rpx) < A.

Pisier introduced the following terminology in [Pis10]: X is said to
be curved if Ax(g) < 1 for some ¢ € (0,1). X is said to be fully curved
if Ax(e) < 1forall e € (0,1), and X is said to be uniformly curved
if lim.,0Ax(e) = 0. It is shown in [Pisl0] that if X is either fully
curved or uniformly curved then it admits an equivalent uniformly con-
vex norm. A remarkable characterization of Pisier [Pis10] shows that
Ax(e) < e® for some a € (0,00) if and only if X arises from complex
interpolation with Hilbert space: formally, this happens if and only
if X is isomorphic to a quotient of a subspace of an ultraproduct of
6-Hilbertian Banach spaces for some 6 € (0,1); we refer to [Pis10] for
the definition of these notions. A more complicated structural charac-
terization of uniformly curved spaces (based on real interpolation) is
also obtained in [Pis10)].

One can use the above notions to give a generalized abstract treat-
ment of results in the spirit of Theorem [4.5] Fix ¢ € (0,1) and

1

suppose that Ax(e) < 3. Let A € M,(R) be symmetric and sto-

chastic and let T' = (t;;) € M,(R) be given as in (70). By we
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have ||T'||Ls®)—»rz@®) = A(A). Moreover, since abs(T') = (|a; — 1/n|)
and A is symmetric and stochastic, it is immediate to check that
labs(T)|| s &)Lz ®) < 2. By the definition of the modulus Ax(-) we
therefore have ||T°® Ix||zp(x)-Lp(x) < 2Ax(A(A)/2). Define

df Fog(l/(%)w
log(1/A(A)) |~
so that A(A™)/2 = A(A)™/2 < ¢, and apply the above reasoning with
A replaced by A™. Arguing as in and , we obtain the estimate
4
Am’ 112 < .

We can now use the notion of Markov type through Lemma to
deduce the following statement.

Theorem 4.13. Fiz ¢ € (0,1) and let (X, | - ||x) be a Banach that
satisfies Ax(e) < % Then for every n € N and every symmetric
stochastic matriz A € M, (R) we have

Y(Al-1%)

L (e [los(1/2) T\ T los(1/(22))
<o (X manay|) |
In particular, using Theorem[{.3 and arguing as in the proof of Corol-

lary [{.7, if X has modulus of smoothness of power type 2 then every
symmetric stochastic matriz A € M, (R) satisfies

1
Y <y &

In conjunction with Theorem [1.3| we deduce the following geomet-
ric embedding result for uniformly curved Banach space that can be
renormed so as to have modulus of smoothness of power type 2.

(90)

Corollary 4.14. Suppose that (X,| - ||x) s a uniformly curved Ba-
nach space that admits an equivalent norm whose modulus of uniform
smoothness has power type 2. Then for every x1,...,x, € X there exist
Y1, -« Yn € Lo such that

non non
SO =il =D v =y,
=1 j=1 =1 j=1
and
Vi,je{l,...,n}, lyi = yilla Sx llzi — 25lx.
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4.3. An interpolation inequality for nonlinear spectral gaps.
The modulus of uniform converity of a Banach space (X, || - ||x) is
defined for ¢ € [0, 2] as

dx(e) of inf{l - % : x,y € Bx A ||z —vylx :s}.
X is said to be uniformly convez if §x(¢) > 0 for all € € (0, 2]. Further-
more, X is said to have modulus of convexity of power type p if there
exists a constant ¢ € (0,00) such that dx(g) > ce? for all € € [0,2].
It is straightforward to check that in this case necessarily p > 2. By
Proposition 7 in [BCL94| (see also [Fig76]), X has modulus of convex-
ity of power type p if and only if there exists a constant K € [1,00)
such that for every x,y € X

1 1
Lo\ ol e =ik )P
p p X X
(el + 5ot )" < ( : SNCE

The infimum over those K for which holds true is called the p-
convexity constant of X, and is denoted K,(X). Note that every Ba-
nach space satisfies K. (X) = 1. Below we shall use the convention
K,(X)=o00if pe[l,2). For 1 < ¢ <2 < p, the p-convexity constant
of X is related to the g-smoothness constant of X (recall (62)) via the
following duality relation [BCL94| Lem. 5].

}9—1— é =1 = K,(X)=95,(X").

Theorem 4.15. Let (X,Y) be a compatible pair of Banach spaces. Fiz
0 € [0, 1] and consider the complex interpolation space Z = [X,Yg. Fiz
also p,q € [1,00] and r € [1,2]. Then for every n € N and every n by
n symmetric stochastic matriz A we have

v |- 1Z)
¢ (s7 + S.(2)%)

s (min{(gKP<X>>pV<Av [ 11%) (9Kq (V)" (A, | - u%’f)}):,

0 ’ 1-0
where ¢ € (0,00) is a universal constant and s € [2,00] is given by
1 0 1-90
=4
s P q

Observe that for every a,b € (0,00) and every 6 € (0,1) we have

a b 2
.)a < < a0
mm{@’l—@}\ <a’d
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Consequently, the conclusion of Theorem implies that

YA 115 Sxvizs YA |- 1B (A, || - [|2) A0/

Such an estimate is in the spirit of the interpolation inequality ,
but it is insufficient for the purpose of addressing Question (1.8, Theo-
rem [4.15 does suffice to prove Lemma[I.T1] so we assume the validity of
Theorem for the moment and proceed now to prove Lemma [1.11}

Proof of Lemma [1.11. Matousek proved in [Mat97] that if (X, dx) is
an n-point metric space then for p € [2,00) we have

1
Gp(X) <14+ 281 (92)
p
The case p = 2 of is Bourgain’s embedding theorem [Bou85]. Now,
for every n € Nlet G,, = ({1,...,n}, Eg,) be a 4-regular graph with
SUppeny A2(Gr) < 1, Le., {G}2, forms an expander sequence. Fixing
n = eP, by we know that there exist x1,...,, € £, such that

logn o
S e, (i,7). (93)

Vi,je{l,...,n},  dg,(i,)) <z — zjlle, S

Suppose that yi,...,y, € {, satisty , ie.,

1 1
1 n n T 1 n n s
(EZZH%—%HL) = (ﬁZZH%—%’HZ) , o (99)

i=1 j=1 i=1 j=1
If lyi —yjlle, < D||w; —xjll¢, for every 7,5 € {1,...,n} then we need to
show that D 2 p/(¢ + r). Note that since G,, is 4-regular, a constant
fraction of the pairs (i,7) € {1,...,n}? satisfy dg, (i,j) = logn (the
standard argument showing this appears in e.g. [Mat97]). Hence, due
to the leftmost inequality in , it follows from (94 that

1
1 I N\
(mZZII% —yj||zq) 2 logn. (95)

i=1 j=1
Case 1. r < ¢. In this case we have

A 1
n n " '
(%zznyi—yjuzq) < (%ZZH%—%”Z)

i=1 j=1 i=1 j=1

Q|

1] 1 Dqlogn
<Y(Gau 11D | 40 > v —yll7, ST, (96)

(i.j)€{L,...,n}?
{izj}eEGn
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where in we bounded y(Gh, || [|7,) using (14)), and we used the fact
that if {7, j} € Eg, then |ly; —y;lle, < D|lz; — 24|le, S D(logn)/p, due

~Y

to . By contrasting with we have D 2 p/q, as required.
Case 2. r > q. Write 0 & 1/(r—1)and ¢t o 2q(r —2)/(2r —q—2).
Recalling that we are assuming in Lemma that ¢ > 2, it follows
that 8 € (0,1) and t € [q,2r]. Consequently, Ky.(¢;) < K;(¢;) < 1
(see [BCL94]). Note also that 1/q¢ = 6/2+ (1 —0)/t, so £, = [l2, li]o.
Since 1/r =60/2+ (1 —0)/(2r) and S2(¢;) = v/q — 1 (see [BCLIY)), it
follows from Theorem that for every n € N we have

VGl 3,)"7 S \fr - min {ry(Gon | - I2), V(G - )} S

Hence, if we argue as in we see that D 2 p/r, as required. O

We now prove Theorem .15

Proof of Theorem[{.15 We may assume that A is ergodic, implying

that y(A4, || - I%), Y(A, ] - [|$) < oo, since otherwise the conclusion of
Theorem [4.15| is vacuous. So, by Lemma we have
I+A
v (SRR ) <2l B < (o)
and I
+
(A ) <Pyl <o (09)

For a Banach space (W,| - ||w) and t € [1,00] let L}(WW)o be the
subspace of L}(W) consisting of mean-zero vectors, i.e.,

LMW déf{(wl,..., ) e LMW Zw,_o}

Let @ : L}(R) — L?(R)o be the canonical projection, i.e, for every
ve L}(R)and i€ {1,...,n},

def 1 -
(Qu); = v E;UJ.

Then by the triangle inequality, |Q ® Iw | rw)—rrw), < 2, and con-
sequently for every B € M, (R) such that B(L}(R)y) C LY (R)o,

(BQ) ® Iw

Note that if B is symmetric and stochastic then B(L}(R)) C L} (R)o,
and by [MN12, Lem. 6.6] for every ¢ € [1, 00| we have

o~ 2/ (tRE(W) v (B,[14)) (100)

LP(W)—=Lp(W) 2HB ® IWHL" R)o—Ly(R)o- (99)

1B @ Iw || o ®)o—rn®)0 <
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(Observe that we always have || B ® Iy ||r®),—L2(®), < 1 because B is
symmetric and stochastic, so (100 is most meaningful when ¢ € [2, 00)
and K;(W) < c0.) Consequently, for every m € N we have

IB™ @ Iw ll o yo 1wy < (IB & IwllLpyo-szz@) ™
< 2/ CEW)) Y (Bl ). (101)

Define T € M, (R) by

o [T+ A\
Td:f(JrT) Q.

An application of (101 and with W = X and t = p while us-
ing shows that

1T ® Ll )y < 26~ BORCOYAIED — (109)
p P

The same reasoning applied to W =Y and t = ¢ while using
shows that
1T ® IYHL"(Y)—)L”(Y) < 2e ™/ AOK ()Y (A T (103)
q q

Interpolation of (102]) and (103]) yields the following estimate.
ST @ Iyl pniz)sr1n(2)

I+ A\™
- ® [Z
2 LE(Z)o—L2(Z)o

< 90/ (A(9Kp(X))Py (A% ) —m(1-6) /(49K (V) 1y (A[I5) (104)

Let m be given by

2 . IP q .19
it [ LORLOMYVA - B) OK YA D]
0 1-6
Then by (104)) we have
I+ A\" 1
CI—
2 L (2)o-iy(Z) 2

By [MN12, Lem. 6.1] this implies that

(52) ) v (554) ) <o o
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Hence, using Corollary [4.4] we deduce that

sy B3 I+4
vl @ v(As)
B . o s I+A\™ s
S ot es)miv((558) )

< (9C) (57 + S,(2)") m?,

where C' is the universal constant from Corollary Recalling our
choice of m, this completes the proof of Theorem [4.15] O

5. PROOF OF THEOREM [1.10]

Let (X, |- |lx) and (Y, || - ||y) be Banach spaces. We first note that
the assumptions of Theorem [1.10| are equivalent to the assertion that
By is uniformly homeomorphic to a subset of Y, i.e, that there is
an injection ¢ : Bx — Y such that both ¢ and ¢! are uniformly
continuous. Indeed, since By is metrically convex, the modulus of
continuity of ¢, namely the mapping wy : [0,00) — [0, 00) given by

ws(t) = sup{[|o(x) — d(y)|ly : 2,y € Bx A |z —yllx <t}

is sub-additive (see for example [BLOO, Ch. 1, Sec. 1]). Consequently,
as explained in [BLO0, Ch. 1, Sec. 2], there exists an increasing concave
function 3 : [0,00) — [0, 00) such that wy < 5 < 2wy.

Since 5 : [0,00) — [0,00) is concave, increasing, and 3(0) = 0, for
every ¢ € [1,00) the mapping ¢ ~ 3(t'/9)7 is concave. Indeed, it suffices
to verify this when § is differentiable. Denote f(t) = 3(t*/9)9. Then

1/qy\ 971
f’<t>=<5(t )) B (1) (106)

tl/a

By our assumptions 5’ is nonnegative and decreasing, and s — (3(s)/s
is decreasing on (0,00). It therefore follows from that f is de-
creasing on (0, 00), as required.

The canonical radial retraction of X onto Bx is denoted below by
p: X — By, ie.,

€ f g 17

= if |lfx > 1.

_z
llll x

It is straightforward to check that p is 2-Lipschitz.
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Lemma 5.1. Under the assumptions of Theorem fir n € N,
q€[l,00) and xq,...,x, € X with

1 n n
Ezzaij!\xi—lel_% = 1. (108)

i=1 j=1
For everyi € {1,...,n} let r; € (0,00) be the smallest r > 0 such that

4 n
’{]6{1,...,n}: ||xj—$i||X<r}‘>§. (109)

Then for every n by n symmetric stochastic matric A = (a;j) € M,(R),

2
min  7; < max ¢ 2(8y(A4, | - ||§/))1/q,
ie{1,....,n} B-1 ( a(1/4) )
sy(A1%)"

Proof. Note that the fact that the function x — B(2'/7)? is concave on
[0, 00) implies that for every A € (0,00) we have

(% > aub s - xj||x>q> q

i=1 j=1

(110)

Q=

<BA (%ZZ%H%—%”§> /8()\)- (111)

i=1 j=1

By relabeling the points if necessary we may also assume without loss
of generality that

ry= min 7. (112)
i€{l,...,n}
Denote ot
BE{je{l,....n}: |lz; —x1|lx <} (113)
So, by definition,
1B| > g (114)
For the sake of simplicity we denote below
def
Yy =vA-15)- (115)

For i € {1,...,n} define

def Ty — 1
Yi = X1+ TP )
1

where p : X — By is given in ((107)). Since p is 2-Lipschitz,
Vi, je{l,....n}, ly: — yjllx < 2@ — @]l x- (116)
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By definition y; € 1 4+ r1Bx, so we may consider the vectors

% (yi _”Tl) €Y. (117)
1
Now,
I <
EZZHZZ'_ZJHY < ZZ%H% 7y
i=1 j=1 i=1 j=1
O vy S & 2| — x| x \* @D 2\
< £ L0 e < — | . (118
B () o)
Denoting
of 1
w = z; €Y,
n
7=1
by the convexity of || - ||¥- we have
1 <& (IE)
D PRI 39 3] CEMII Al o It
i=1 i=1 j=1

It follows from (119) and Markov’s inequality that if we set

c= {z e{l,...,n}: |l —wly < (4y)Y8 ( )} (120)
|
then |C| > 3n/4. By (114} it follows that
|IBNC| > Z (121)

Recalling the definitions (113]), (120]) and (117)), for every : € BNC
we have

2 =¢ (JCZ —_ x1> and |2 — wlly < (4y)Y8 ( 1> . (122)

1

Hence, for every i,5 € BN C,

i — o] x | T — T Tj — )
W 9l ) "= e R
a( T1 S0 T ¢ 1

(122

(22 @2 2
D |- il < o= wlly + 12 —wlly < 2(4y) V98 (E)

Y

Consequently,

e 2
i,j€ BNC = |lz;—xj|lx <r ¥ ra” (2(4y)1/q5 (7)) (123)
1
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Fix an arbitrary index k£ € BN C and define

SE el . ,n}: o —aylx <r}. (124)
It follows from (123) that S O BN C, and therefore by (121]) we have
S| > %. (125)
Moreover, by the definition (124)),
1 S|re
LS o e < 2 (120
n- n
€S

Now, define for every i € {1,...,n},

v ¥ max {0, ||z; — z||x — r} € [0, 00). (127)

Then for every ¢ € {1,...,n} N~ S and j € 5,

lwi —2ellye < 27 ([l — awllx — )t + 2071
20 oy — ;|74 29714 (128)
Hence,
1
n Z |z — zxl%
1€{1,...n}\S

@ ! I 271 (n — |5)re
mzz'“ ul' +——

DA e
15| Ve 7 n

=1 j=1

2a=1(y — 15 re
< 2q+1,y+ (n | |)r 7 (129)
n

where the last step of (125]) uses the trivial fact y(A, df) <y (since Y
contains an isometric copy of ]R) and

LS St =t 2 LS S s — g 1,

=1 j=1 zljl

A combination of (126]) and ((129) yields the estimate
1 n
— r; — x| % < 27Ty + 27710,
n 2_; | k% < Y
Consequently, an application of Markov’s inequality shows that

Hz e{l,....,n}: ||lx; — zxl|x < 21/ (2q+1y+ 2‘1’17"1)1/(1}’ > g
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Recalling the definition of r; (see (109)), it follows that
L 1 1 1..q\1/a
ro< e <2920y 207 1pe) Y (130)
If (2r)? < 79/2 then it follows from (130) that 7¢ < 2973y, implying
the desired estimate (110]). So, suppose that (2r)? > r{/2, which, by
recalling the definition of r in (123)), is the same as

i q
1< (o (o (2)))
o(3) <o () <2 (2) < (2),

implying the validity of (110)) in this case as well. O

Proof of Theorem[1.10. We continue to use the notation that was in-
troduced in the statement and the proof of Lemma In particular,
the assumptions and are (without loss of generality) still
in force.

Recalling the definition of B in ([113]), we have

1 r{|B|
A q 1
2 2l =l < S (131)
For i € {1,...,n} define

or

w; € max{0, ||lz; — 21]|x — r1} € [0, 00). (132)

Then for every ¢ € {1,...,n} ~ B and j € B we have
lzi — 21 [l% 297 ([l — @alx —7)* 277 ]

<
@32 .. _
207wy — uy? + 2971

Arguing exactly as in (129)) (with the use of ((125]) replaced by the use

of (114)), it follows that
277 (n — |B)r{

1
= Y lmmmlg <29y + (133)
n ie{l,...n}\B
Consequently,
EZZH%‘—%HX S Z(||$i—ﬂ71||x+||a71—$j||x)
i=1 j=1 i=1 j=1

21 & A3 4y
- EZH%‘—%H% < 4qv+71. (134)
=1
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The desired estimate now follows substituting (110]) into (134). O

5.1. Limitations of Ozawa’s method. In the discussion immedi-
ately preceding the estimates and we stated that for every
p € [1,00) there exists a mapping ¢ : ¢, — (5 such that for every
x,y € £, we have

|z —yll??
pG(Zm)Zi'jﬁqu < lo(x) — o) lle < pllz = ylle,, (135)

and

|z —ylle,
pel2) = < lé() - o)l <2z -yl (136)
The estimates (135]) and ({L36]) are a special case of the following bounds
on the modulus of uniform continuity of the Mazur map [Maz29] (see
also [BLOO, Ch.9]). Let (€2, 1) be a measure space and fix p, ¢ € [1, 00).
Define My, : Ly(pr) = Lq(p) by

Ve Ln),  M(f)= |fI"/sign(f).

If p > q then for every f, g € Ly(p) with || f|l 1,00, 9]z, < 1 we have

17 =9l R llf — gl
oo < M) = Mya(@)l 1, < e

Note that (135 is a special case of -, and - is also a conse-
quence of ([137)) because M, 1 = M, ,. While the bounds appearing
in ((137) are entirely standard they seem to have been always stated
in the literature while either using implicit multiplicative constant fac-
tors, or with suboptimal constant factors. These constants play a role
in our context, so we briefly include the proof of , following the
lines of the proof of [BLO0O, Prop. 9.2]. The elementary inequality

. (137)

u— v’

‘|u|9sign(u) — |v|esign(v){ > i

which holds for every u,v € R and 6 € [1,00), immediately implies
(with 6 = p/q) the leftmost inequality in (L37). To prove the rightmost
inequality of , note the following elementary inequality, which also
holds for every u,v € R and 6 € [1, 00).

‘|u|asign(u) - |U|esign(v)| < Olu — v max{|u|9_1, |v|6_1} )



44 ASSAF NAOR

Consequently,

My q(f) — Mp,q(g)Hqu(u)
p? -
< E/ [ — gl max {|f1, |g1}"" du
Q

p? _
< —||f = 9lI%, - Imax{|f], 91T (138)

2(p—4)
p—l\f gliz, (139)

where follows from an application of Holder’s inequality with
exponents p/q and p/(p — ¢) and (139) holds true because we have
[ max{[f], (g7, ) < NI, 0 + N9l 0 < 2-

Returning to Theorem (in particular using the notation and
assumptions that were introduced in the statement of Theorem ,
if one wants the bound (20)) to be compatible with the assumption of
Theorem 1.3|one needs o yield an upper bound on y(A, ||-]|%) that
grows linearly with y(A, || - ||$). This is equivalent to the requirement

. a(1/4) I I
’ <8v<A, I- ||@>1/Q> =Y ST (140)

Since is supposed to hold for every n € N and every n by n
symmetric stochastic matrix A, is the same as requiring that
B(t) Sxy t for every t € (0, o0].

Specializing the above discussion to Y = {5 and ¢ = 2, if 5(t) < Kt
for some K € (0,00) and every t € (0, 00) then yields the estimate

(K/a(1/9)*

A9y <
By Corollary this implies that
K
AP (X) S ———
“ a(l/4)

In particular, if p € (2, 00) then due to (135) we get the estimate
A (6) < 9277,

which is exponentially worse than . The following lemma shows
that this exponential loss is inherent to the use of Theorem for the
purpose of obtaining average distortion embedding of finite subsets of
l, into Uy, i.e., that K/a(1/4) must grow exponentially in p as p — oo.
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Lemma 5.2. Suppose that p € (2,00) and that ¢ : Bx — {s satisfies

a(llz = ylle,) < llo(z) = oW)lle < Kllz = ylle, (141)
for every x,y € By,, where o : (0,2] — (0,00) is increasing. Then
K 1
Ve e (0,2), > (142)

al2—¢) ™~ (1—¢g/2)p/%
In particular, for e = 7/4 we have K/a(1/4) = 2%/2,
Proof. Fix m,n € N and s € (0,1]. For every « € Z" define ¥(x) € ¢,
to be the vector whose jth coordinate equals

2rxji/m
—FC
nl/p

if 7 € {1,...,n}, and whose remaining coordinates vanish. Then we
have || (z)]|,, < s < 1 for every x € Z".

By the results of Section 3 of [MNO§|, if m is divisible by 4 and
m > 2my/n then we have

I Y Jele(er2e)) - ot

<YYot w) — s@@)IE . (143)

(3m)"
we{-1,0,1}" z€{0,...,m—1}"

2

Lo

Now, by the leftmost inequality in (141]) for every = € {0,...,m —1}"

and j € {1,...,n} we have
(8 ‘627T(:1:j+m/2)i/m _ e271'xji/m| >
(6]

WV

o (v (e +5es)) — o)

2 nl/p

. (%) | (144)

Also, by the rightmost inequality in (141)), for every x € {0,...,m—1}"
and w € {—1,0,1}" we have

1%

Ks [ , - v
H¢ (¢($ + UJ)) — ¢(w($))”€2 < nl_/sp (Z ‘BQW(Ij+UJj)l/m o e?ﬂ':r:jz/m‘ )

j=1
K

<=2 (145)

m

Choose n & [1/(1 —¢/2)?] and s & (1 — £/2)n1/? € (0,1]. Then, if m

is the smallest integer that is divisible by 4 and satisfies m > %W\/ﬁ,
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by substituting (145 and (144} into we see that

K2 2 K2(1—5/2)2
2
na(2—¢)* <m?- — Sn ey

S nK*(1—¢e/2)",

which simplifies to give the desired estimate (142]). 0

6. BOURGAIN-MILMAN-WOLFSON TYPE

Here we study aspects of nonlinear type in the sense of Bourgain,
Milman and Wolfson [BMWS&6], proving in particular Lemma m,
Lemma [[.13] and Theorem [L.15 that were stated in the Introduction.

6.1. On the Maurey—Pisier problem for BMW type. In what
follows, for every finite set §2 and p € [1, 00), the space L,(2) consists
of all mappings f : Q2 — R, equipped with the norm

112,00 dﬁf<|9|2;2|f )

For every k € {1,...,n} let Qf C F} x 2{L"} be defined by
. 1.
Q;;d:fng({ . “}):ng{fgg,...,n}; 1] = k}.

Thus Q7] =2"(}).

Fixing a metric space (X,dy) and f : F} — X, define

V(s ) €Fy x 2%, Dy(z,1) Sdx (f(z+er), f(2), (146
where for I C {1,...,n} we set
er et e; € ]Fg
i€l

Thus, using the notation of the Introduction, we have ey . 3 = e.

For ¢ € (0,00) define E\”(f) € [0,00) by

def
EP(f)r < ||Df||Lq

Z de (z+er), f(2)7. (147)

1c{1 ..... n} z€Fp
[7]=k

Note that since for every I,J C {1,...,n} with |I| = |J| the number
of permutations o € S, satisfying J([) = J equals |I|!(n — |I])!,

VIC{l...,n},  E{(f) 2%' > Dy(w.o(D))r. (148)

x€Fy o€Sy
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We also record for future use the following simple consequence of the
triangle inequality in (X, dx).

Lemma 6.1. Fizn € N and q € [1,00). Suppose that (X,dx) is a
metric space and f : Fy — X. Then for every k,m € {1,...,n} with
k+m < n we have

EY (f) < EL(f) + ED(f). (149)

Proof. Fix I C{1,...,n} with |/| = k + m. Recalling (146), for every
J C I with |J| = k and every z € F} we have

Di(z,1) < Dp(z, I N J)+Dp(z+ery,J).

Consequently,
V(z,1) € Qs Dy(z, 1) < Up(z, 1) + Vi(z, 1), (150)
where 1
Up(z, )€ e > Dilz, 1N J)
( k ) JCI
| J|=k
and
Vi, 1) S e > Dylz +eros, ).
( i) JCI

|J]=k
The point-wise estimate ([150]) combined with the triangle inequality
in L,(97,,,) implies that

By () = 1Dl 0p. s < NUsloqap, s+ IVillyop - (151)

By the convexity of ¢ |t|q we have

0 o,y < gy 2 3 ey 3 P I

k+m Ic{1,..., n}zEF” JCI
[I|=k+m IJI k

= NN S L gy — gl e
() (k+m 2. 2 ( ’ )Df<,8) EQ(f), (152)

k+m k zEF" SC{1
[S]=m

-----

and

HvaH%q(Qz+ ) Z Z ) Z Df Z+€[\J,J)

k+m Ic{1,..., n}zGIF" JCI
|I|=k+m |J|=k

e XX X Pty = . 05

k+m/\ k ) IC{1,..,n} JCI weFy
|1| k+m |J|=k
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The desired estimate (149) now follows from a substitution of (152))
and ((153)) into (151)). d

For m,n € N with n > m, for every f : FJ' — X denote its natural
lifting to F% by f1: F} — X, that is,

VZEF;7 an()diff(zlw"a )
We then have the following identity for every k € {1,...,n}.
WM = > 2 Y Dp(w, TN {1, m})? (154)
IC{l ..... n} weFy"
T|=k

=% mffm} G (D)Eear. o

k/ p=max{1,m+k—n}

where ((154) uses (146) and (147), and the identity (155)) follows by

observing that if I C {1,...,n} satisfies [I N {1,...,m}| = ¢ then
necessarily ¢ > m+k —n and for each J C {1,...,m} with |J| = ¢ the
number of subsets I C {1,...,n} with In{1,...,m} = Jis (7).
Note in particular the following two special cases of .

O =EOG) e B () = () B, (156)

When ¢ = 2 in (147)) we write Ej(f) of EIEQ)(f) With this notation,
a metric space (X, dy) has BMW type p € (0,00) if and only if there
exists T € (0, 00) such that for every n € N and every f : Fy — X,

E.(f) < Tn'PEy(f). (157)

Let BMW (X)) denote the infimum over those 7" € (0, oo) for which (157)
holds true for every f : Fy — X. Thus

BMW,,(X) = sup BMW"(X).

neN

Remark 6.2. By definition we have BMW? (X )n!/? = BMW(X )n*/?
for every p,q € (0,00). Also, unless | X| =1 we have BMW (X)) = 1.

Remark 6.3. By Lemmal6.1] we have E,(f) < nEi(f), so
VneN,  BMWI(X)<n' 7.
Moreover, given m,n € Nwithn > m and f : F}* — X with E;(f) > 0,

by we have
En(f) _ En(f™) | \/E
Ei(f) Ey (f™) m’
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Consequently,
Vm,neN, m<n = BMW]'(X)y/m < BMW}(X)y/n. (158)

Remark 6.4. Let (X, dx) be a metric space and p € (1,00) be such that
X has BMW type p. Then necessarily p < 2. Indeed, choose distinct
zg,x1 € X and for every n € N define f,, : Fy — X by f.(z2) = x.,.
Then Ei(f,) = dx(zo,z1)/v/n and E,(f,) = dx(xo,x1). This means
that n'/PBMW,(X) > /n for all n € N, which implies that p < 2. A
straightforward application of the triangle inequality (see [BMWS&6])
implies that every metric space has BMW type 1 with BMW,(X) = 1.

Recalling the definition of px € [1,2] in (27), we have the following
lemma that relies on a sub-multiplicativity argument that was intro-
duced by Pisier [Pis73] in the context of Rademacher type of normed

spaces, and has been implemented in the context of nonlinear type by
Bourgain, Milman and Wolfson [BMWSG] (see also [Pis86]).

Lemma 6.5. For every metric space (X,dx) we have
VneN,  BMWZ (X)>1.

Proof. Write p = px and suppose for the sake of obtaining a contradic-
tion that there exists m € N and € € (0,1) such that BMW '(X) < e.
We may also assume without loss of generality that ¢ > 1/4/m. Since
BMW _ (X) = 1, we have m > 2. If we define

def 1
= T 10s(i/2)

p logm

then ¢ € (p,00) because p > 1/2 (recall Remark and € > 1/y/m.
By [BMWS6, Lem. 2.3] (see also [Pis86, Lem.7.2]), for every k,n € N,

kn k n
BMWE"(X) < BMWA(X) - BMW?(X).

Consequently, for every i € N we have

(159)

BMW™ (X) < BUW™(X)' < & & =G0 (160)
For every n € N choose i € N such that m*~! < n < m’. Since,
by (158)), BMW}(X)+/n increases with n, it follows from (160 that

0 1 1 1 4(;,;,;)
< ner 4 2-.m

where we used the fact that 1/2 —1/p+ 1/q > 0 (by (159) and the
assumption ¢ > 1/y/m). Consequently BMW,(X) < oo, i.e., X has
BMW type ¢. Since ¢ > p, this contradicts the definition of py = p. U
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Lemma 6.6. Fizp € [1,2], n € N, and ky,...,k, € {1,...,n} such
that kv + ...+ kn < n. Then for every metric space (X, dx) and every
[ Fy — X we have

gyttt (f) < BMW, ( H(ZEk ) (161)

Proof. Write kg =0 and I ={1,....k + ...+ kyn} C {1,...,n}. For
everyj S {1,,m} set Ij = {]ﬂ1—|—+k‘7,1+1,,k’1++kﬂ} - 1.
Fixing € F} and a permutation o € .S, define ¢¢ : F7* — X by

¢‘7 dﬁff<x+2z36013>.

An application of the definition of BMW,(X) to ¢7 yields the inequality

2
2m ZDf <$+Zzs€g[s )

z€Fg*

2
< BMWp(Q)ni)2mP Z ZDf (ZL‘ + 22560([5 > . (162)

zeFg j=1

Recalling ((148)), by averaglng over x € F} and o € S,, we obtain

Ek1+...+km 2n [ Z Z Df Yy,o

yeFy o€Sn

2.1 m

o BMW,(X)m?
S S > Dyl

Jj=1 yeFy oc€Sn

= BMW,,(X)*m»~ ZEk : O

Proof of Theorem[1.15. Denote px = p. Fix ¢ € (0,1/3) and define
of [ BMW,(X)*
def {#dw _ (163)
£

Since n > d, we can consider F;f as a subset of F} (say, canonically
embedded as the first d coordinates).

By Lemma (6.5 we have BMW(X) > 1, and therefore by the defini-
tion of BMW}(X) there exists f : F;) — X such that

E,(f) = (1 —e)nPEx(f) > 0. (164)
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Write
def fIE‘ XSn, ( )N E%nn!(X).
Define F : Fy - Y by setting
V(z,2,m) €EF} xFE x Sp,  Fla)em & fln(z) + 2),

where 7(z) o S Teyei. Recalling (147), every z,y € Fy satisfy

By Lemma [6.6] with m = ||z — y|j; and ky = ... =k, = 1, for every

z,y € F} we have

dy (F(z), F(y)) €005 1

1_1
< BMW,(X)[lz —ylly * - Vllz —ylhEa(f

2nn)
= BMW,(X)E1(f)]|z = yll,- (166)
Fixing x,y € Iﬁ‘z C Iy, write n = al|z—y||1+0b for appropriate integers a
and b € [0, [[z—y|1). By Lemma[6.6lwithm =band k1 = ... = ky,

Ey(f) < BMW,(X)b"PEy(f) < BMW,(X)||lz — yll/" B (f).  (167)

Using Lemma [6.6] once more, this time with m = a + 1, k; = b and
ko = ... = ka1 = ||z — y||1, and noting that since ||z — y[|; < d < en
we have m < (1 +)n/||x — y||1, we conclude that

—

2

’E\'—‘

(1+¢e)n
En(f) < BMW;D(X) (HJC—?JH1> \/Hx y“ EEHfD y||1(f) +Eb(f)

In combination with (167)) and our assumption (164 , this implies

n

(1 - <P By (f)? < (14 2)BMW, (X)? (m

2/p
) Ejoy), (f)°

+(1+ s)n2/pBMWp(X)4@El( £2(168)

Recalling (163), we have ||z — y|li/n < d/n < eBMW,(X)* (since
z,y € F}), and it therefore follows from (168)) that

dy (F(z), F(y)) [ |z — yllpEr(f) [1—3e
ST By, (f) 2 BMW, () T (169)

Since € € (0,1/3) can be taken to be arbitrarily small, by combin-

ing (166|) and (169)) we conclude that
CY(FS: [z = yllp) < BMWP(X)2~ [
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6.2. Obstructions to average distortion embeddings of cubes.
We start by proving Lemma [1.13] whose proof is very simple.

Proof of Lemmal1.15 Fix D > Avgg)(X) andne N If f:F} - X
then there exists a nonconstant mapping ¢ : f(F4) — Y such that

> o) sG> IS (@), )

(z,y)€Fy xFy (x,y)€Fy xFY

Consequently,

<o Y (U@ ) + dx () S+ o))

(z,y)€Fy xFy

—on Y (@) f)

(z,y)€Fy xFY

D2 Z dy (9(f (), g(f(v)))*. (170)

F X o) @ 53 (3 e sy

(z,y)€Fy xFy

n
" 2%2( >BMW Y)2E2PE (go )2 (171)

k=1

Since Ei(g o f) < ||gllLipE1(f), it follows from (170) and (L71]) that
BMW,,(X) < 24v{? (X)BMW,,(Y). O

Recall that (see e.g. [Mau03]) a Banach space (X, || - ||x) is said to
have Rademacher type p constant 7' € (0, 00) if for every m € N and
every xi,...,T,; € X we have

m 2 3 m %
> e <T (Z ||$z'\|§() 7 (172)
=1 X =1

where E.[-] is the expectation with respect to i.i.d. +1 Bernoulli ran-
dom variables ¢4, ..., &,. The infimum over those T' € (0, c0) for which
X has Rademacher type p constant 7" is denoted T,,(X). If no such T’
exists then we write 7),(X) = oo.
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Lemma 6.7. Assume thatp € [1,2) and fixr q € (p,2] andr,s € [1,00).

Suppose that (Y, || - |ly) is a Banach space with T,(Y') < oo and that
[ F =Y satisfies

o Y @ - Wl

(z,y)EFy xFy

W =

1
(5 X el | =ma7y

(z,y)€FT xF5*

Then there exists v € FY and i € {1,...,n} such that

@) = FG@ el 2 - o (174)

Proof. By Pisier’s inequality [Pis86] we have

1
(T73) 1 "

Sl X IFe-fwliy

(x,y)€FT* xF3*

ml/P

T

<logm QLm ZEa

zelFy

> oalf@+e) — F@)

] . (175)

For every fixed = € F3" it follows from Kahane’s inequality (with asymp-
totically optimal dependence on r; see e.g. [Tal8§]) that

(Ea > eiie+e) — @) D
< v (B ||>ctr@+ o) - o)

SVIT,Y) (Do I+ e - f(:c)H‘é) g
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There are classes of Banach spaces Y, including Banach lattices of
nontrivial type and UMD spaces, for which it is known that Pisier’s
inequality holds true with the log m factor replaced by a constant
that may depend on Y and r but not on m; see [NS02, [HN13]. For
such spaces we therefore obtain without the logm term.

Lemma 6.8. Assume thatp € [1,2) and fix q € (p,2] andr,s € [1,00).
Suppose that (Y, || - |ly) is a Banach space with Sy(Y) < oo, i.e., Y
has modulus of uniform smoothness of power type q. If f : FJ' = Y
satisfies then there ezists v € FY' and i € {1,...,n} such that

1_1
me 4a

PS5, (V)

Proof. Due to (173)), in order to prove (176) it suffices to show that for
every h: FJ' - Y

If(z) = flz+e)lly 2 (176)

S =

w2 k@) -l

(z,y)EFD* xFD*

S Ie

< (s, ) mb | oSS et e) —h@ly | - aT)

=1 zeFy?

Note that it suffices to prove (177) when r > 2, since otherwise we
could replace ¢ by r and use the fact that S,(Y) < S, (Y).

By considering the standard random walk on the Hamming cube F5
and arguing mutatis mutandis as in [NS02|, Sec. 5], is a formal
consequence of the Markov type estimate of Theorem Alterna-
tively, once can deduce directly via the martingale argument
in [KNO6l Sec. 5], the only difference being the use of the martingale
inequality in place of Pisier’s inequality [Pis75]. O

Proof of Lemma[1.19 Since for g € [2,00) we have Sy(¢ ) < \/ —1,

Lemma is a special case of Lemma [6.8| with Y = ¢, ™ and
Z1,...,Tom being an arbitrary enumeration of FJ' C Y. ]

Remark 6.9. As promised in the Introduction, here we justify .
The fact that Avg(F%, | - H ) < W/n is simple: consider the mapping
¢ : F3 — R given by ¢(z) = y/max{||z||; —n/2,0}. Then ¢ is 1-
Llpschltz with respect to the metric induced on F} by the Euclidean
norm | - ||2. By the central limit theorem the average of |¢(z) — ¢(y)|*
over (z,y) € Fy x F% is of order y/n.
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The corresponding lower bound Avg(F%, || - ||2) 2 +/n is an example
of a lower bound on the average distortion of the cube Fj that is not
proved through the use on nonlinear type. Suppose that f : F} — R
satisfies | f(z) — f(y)| < ||z —yl|2 for every z,y € F. Suppose also that
S C F7 satisfies |S| > 277!, Then by Harper’s inequality [HarG6] (see
also [Led01, Thm. 2.11]), for every ¢ € (0,00) we have

fzeFy: Vyes |lz—yl: =1}
2n

{zely: Vy 6257: |z —ylls > 2} < e,
Consequently, if M; € R is a median of f then by [Led01, Prop.1.3] we
have [{z € F2 : |f(z) — My| > t}| /2" < 2¢~%"/". Hence,

2

Lo pwoser] <2(L0S i - ae
4 2

(z,y)€Fy xFy (z,y)€Fy xFy

1
oo 2
< ( / 4t62t4/”dt) < Vn.

0

[SIE

Remark 6.10. Additional obstructions to average distortion embed-
dings that do not fall into the framework described in this section
have been obtained in the context of integrality gap lower bounds for
the Goemans—Linial semidefinite relaxation for the Uniform Sparsest
Cut Problem. The best known result in this direction is due to [KM13]
(improving over the works [DKSV06, [KR09]), where it is shown that
for arbitrarily large n € N there exists an n-point metric space (X, dx)
such that the metric space (X, /dx) emebds isometrically into £y, yet
Avéll)(X) > exp (c\/log log n), where ¢ € (0, 00) is a universal constant.
Finding the correct asymptotic dependence here remains open.

7. EXISTENCE OF AVERAGE DISTORTION EMBEDDINGS

The main purpose of this section is to state criteria for the existence
of average distortion embeddings. In what follows we often discuss
probability distributions over random subsets or random partitions of
metric spaces. To avoid measurability issues we focus our discussion
on finite metric spaces. Such topics can be treated for infinite spaces
as well, as done in [LNO5].

7.1. Random zero sets. Fix A, € (0,00) and § € (0,1). Follow-
ing [ALNOS], a finite metric space (X, dx) is said to admit a random
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zero set at scale A which is (-spreading with probability 0 if there exists
a probability distribution p over 2% such that every z,y € X satisfy

A
dx(z,y) > A = ,u({ZEQX: x€Z A dX(y,Z)>Z}) > 0.

(178)
We denote by ((X;0) the infimum over those ¢ € (0, 00) such that for
every scale A € (0, 00) the finite metric space (X, dx) admits a random
zero set at scale A which is (-spreading with probability §. If (X, dx)
is an infinite metric space then we write

C(X:6) = sup ((X;9). (179)

SCX

[S|<o0

The following proposition asserts that random zero sets can be used
to obtain embeddings into the real line R with low average distortion.

Proposition 7.1. Fizn € N and § € (0,1). Suppose that (X,dx) is a
metric space with ((X;0) < oco. Then for every p € [1,00) and every
x1,...,x, € X there exists a 1-Lipschitz function f : X — R such that

ZZ | f(z:) = flz)[P = W}ﬂs)pzzd}((%%)p'

i=1 j=1 i=1 j=1
Thus, using the notation of Section Avg) (X) < ¢(X;6)/64P.

Proposition [7.1] will be proven in Section below. We will now
explain how Proposition[7.1]can be applied to a variety of metric spaces.
Due to the discussion preceding Theorem [I.3], such spaces will satisfy
the spectral inequality with U linear.

7.1.1. Random partitions. Many spaces are known to admit good ran-
dom zero sets. Such examples often (though not always) arise from
metric spaces for which one can construct random padded partitions. If
(X, dx) is a finite metric space let 22(X) denote the set of all partitions
of X. For P € #(X) and = € X, the unique element of P to which
x belongs is denoted P(x) C X. Given ¢, € (0, 1), the metric space
(X, dx) is said to admit an e-padded random partition with probability
J if for every A € (0, 00) there exists a probability distribution pa over
partitions of X with the following properties.

e VP e Z(X), pa(P)>0 = max,cydiam P(z) < A.
e For every x € X we have

pa ({P € Z(X): Bx(z,eA) C P(x)}) =9,

where By (z,r) o {y € X : dx(z,y) < r} for every r € [0, 00).
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Let (X; ) denote the supremum over those ¢ € (0, 1) for which (X, dy)
admits an e-padded random partition with probability §. As in (179)),
we extend this definition to infinite metric spaces (X, dx) by setting
def .
e(X;0) = inf e(X;9).

SCX
|S|<oo

Fact 3.4 in [ALNOS8] (which itself uses an idea of [Rac99]) asserts
that for every § € (0,1), if (X, dx) is a finite metric space then

e(X;8)- ¢ (X; g) <1 (180)

(JALNOS, Fact 3.4] states this for the arbitrary choice § = 1, but its
proof does not use this specific value of ¢ in any way.) One should inter-
pret as asserting that a lower bound on £(X; d) implies an upper
bound on ((X,d/4). The following classes of metric spaces (X, dx)
are known to satisfy e(X;0) > 0 for some § € (0,1): doubling met-
ric spaces, compact Riemannian surfaces, Gromov hyperbolic spaces
of bounded local geometry, Euclidean buildings, symmetric spaces, ho-
mogeneous Hadamard manifolds, and forbidden-minor (edge-weighted)
graph families. The case of doubling spaces goes back to [Ass83|, with
subsequent improved bounds on €(X; ) > 0 obtained in [GKLO03]. The
case of forbidden-minor graph families is due to [KPR93|, with subse-
quent improved bounds on £(X;d) > 0 obtained in [F'T03]. The case
of compact Riemannian surfaces is due to [LN05], with subsequent im-
proved bounds on £(X;0) > 0 obtained in [LS10]. The remaining cases
follow from the general fact [NS11] that if (X, dx) has bounded Nagata
dimension then £(X;4d) > 0 for some 6 € (0,1) (see [LS05] for more
information on Nagata dimension of metric spaces). We single out the
following two consequences of Proposition and (the easy direction
of) Theorem [1.3] with explicit quantitative bounds arising from the
estimates on €(X;0) obtained in [GKLO03, ILS10].

Corollary 7.2. Suppose that (X, dx) is a metric space that is doubling
with constant K € [2,00). Then for every n € N and every symmetric
stochastic matriz A € M, (R) we have

2
o (logK)

Y(A,d%) < 1= (A)

Corollary 7.3. Suppose that (X, dx) is a two dimensional Riemannian
manifold of genus g € N U {0}. Then for every n € N and every
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symmetric stochastic matriz A € M,(R) we have

2y o (log(g+1))?
v(A,d%x) S EEwr

The fact that the conclusion of Proposition [7.1] holds true under the
assumption that €(X;d) > 0 for every § € (0, 00) (as follows by combin-
ing Proposition with (180)) was proved by Rabinovich in [Rab0g]
in the case p = 1. It has long been well known to experts (and stated
explicitly in [BLR10]), that the original proof of Rabinovich extends
mutatis mutandis to every p € [1,00). The (simple) proof of Proposi-
tion [7.1| below builds on the ideas of Rabinovich in [Rab08§].

An example of a class of metric spaces that admits good random
zero sets for reasons other than the existence of random padded par-
titions is the class of spaces that admit a quasisymmetric embedding
into Hilbert space. We refer to [HeiOl] and the references therein for
more information on quasisymmetric embeddings; it suffices to say here
that L(u) spaces provide such examples (see [DLI7, Ch. 6]). It follows
from [ALNO§| (using in part ideas of [ARV(09, INRS05, Lee05l [CGROS])
that if (X, dx) is a metric space that admits a quasisymmetric embed-
ding into Hilbert space then there exist €, € (0,1) (depending only
on the modulus of quasisymmetry of the implicit embedding) such that
for every n € N, any n-point subset S C X satisfies £(5;0) > ¢/+/logn.
Consequently we have the following statement.

Corollary 7.4. Suppose that (X,dx) is a metric space that admits a
quasisymmetric embedding into a Hilbert space. Then there exists a
constant C' € (0,00) (depending only on the modulus of quasisymme-
try of the implicit embedding) such that for every n € N and every
symmetric stochastic matriz A € M,(R) we have

Clogn
Ad3) < —=—.
‘Y( ’ X) 1 — )\2(14)
Note that Bourgain’s embedding theorem [Bou85] implies that (181
holds true for every metric space (X, dx) if one replaces the term logn
by (logn)? (in which case C' can be taken to be a universal constant).

(181)

7.2. Localized weakly bi-Lipschitz embeddings. Following the
terminology of [NPSS06], for D € [1,00) say that a metric space
(X,dx) admits a weakly bi-Lipschitz embedding with distortion D
into a metric space (Y, dy) if for every A € (0,00) there exists a non-
constant Lipschitz mapping fa : X — Y such that for every z,y € X,

Ixlo) > A = dy (fa(o) falo) > 22N 15y
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The origin of this terminology is that such embeddings preserve (by
design) weak (p, ¢) metric Poincaré inequalities. Specifically, a standard
way by which one rules out the existence of bi-Lipschitz embeddings
is via generalized Poincaré-type inequalities as follows. Suppose that
n € N and p,q, K € (0,00), and there exist two measures p, v on
{1,...,n}? such that every y;,...,y, € Y satisfy

1
n

(Z > dy<y,-,yj>pu<z',j>) < (Z Zdy(yi,ynqu(z',j)) . (183)
i=1 j=1 i=1 j=1
Clearly if f : X — Y is a bi-Lipschitz embedding then the inequal-
ity holds for (X, dx) as well, with the right hand side of mul-
tiplied by || fl|Lipll f ~*{|Lip- Thus a strong (p, q) inequality such as
are bi-Lipschitz invariants that can be used to show that certain spaces
(X, dx) must incur large distortion in any bi-Lipschitz embedding into
(Y,dy). The obvious weak (p,q) variant of is the assertion that
for every u € (0,00) and every y1,...,y, € Y we have

B =

:u({(@v]) € {17"‘7n}2 : dY(yiuyj) > u})

1
1 (% )
< - <szy(y¢,yj)qV(@7J)> . (184)

U\= =
By definition, if a metric space (X, dx) admits a weakly bi-Lipschitz
embedding with distortion D into a metric space (Y, dy ) satisfying ((184))
then for every n € N, any z1,...,x, € X satisfy

'u({(zv]) € {1,...,n}2 . dX(I'i,:Ej) > u})%

1
D n n q
< — dx(x;, x;)v(i, j .
> (3 axtmeti)
We will see below that one can prove nonlinear spectral gap inequal-
ity such as () with ¥ linear by showing that (X,dy) admits a weakly
bi-Lipschitz embedding into (Y, dy). To this end it suffices to local-
ize the condition to balls of proportional scale, as follows. For
D € [1,00) say that a metric space (X, dx) admits a localized weakly
bi-Lipschitz embedding with distortion D into a metric space (Y, dy) if
for every z € X and A € (0,00) there exists a non-constant Lipschitz
mapping fX : X — Y such that for every z,y € Bx(z,32A) we have

dxlo) > & — dy (30,300 > ol (1
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The factor 32 here was chosen to be convenient for the ensuing argu-
ments, but it is otherwise arbitrary.

Proposition 7.5. Fixn € N and p, D € [1,00). Suppose that (X,dx)
1s a metric space that admits a localized weakly bi-Lipschitz embed-
ding with distortion D into a metric space (Y,dy). Then for every
x1,..., T, € X there is a nonconstant mapping f : {x1,...,x,} — Z,
for at least one of the spaces Z € {Y,R}, such that

(%Zi@wmmm) W%%—zz@%%>.

i=1 j=1 =1 j=1

Observe that if (Y,dy) contains an isometric copy of an interval
[a,b] C R (in particular if Y is a Banach space) then the conclusion of

Proposition [7.5| can be taken to be Avg’) (X)<D.

Lemma 3.5 in [ALNO§| asserts that for every ¢ € (0, 1), every finite
metric space (X, dx) admits a weakly bi-Lipschitz embedding into ¢5
with distortion ¢(X;d)/v/d. Consequently, all the examples that arise
from random padded partitions as described in Section fall into
the framework of Proposition [7.5, with the only difference being that
an application of Proposition rather than Proposition yields an
embedding into Hilbert space rather than into the real line. This dif-
ference is discussed further in Section below. The following lemma
shows that Proposition[7.5has wider applicability than Proposition|[7.1}
in combination with Proposition it yields a different proof of the
case p € (2,00) of that avoids the use of Theorem [1.3]

Lemma 7.6. Suppose that (X, ||-||x) and (Y,||-||y) are Banach spaces
that satisfy the assumptions of Theorem [1.10. Suppose furthermore
that there exists K € (0,00) such that 5(t) = Kt for all t € [0,00).
Then (X, || - ||x) admits a localized weakly bi-Lipschitz embedding with
distortion 2K /a(1/32) into (Y, | - |lv).

Proof. Fix A € (0,00) and a mapping f : Bx — Y that satisfies (19).
For z € X define f{ : X — Y by

@ Za2af ((55)).

where p is given as in (107). Since p is 2-Lipschitz, ||fX||Lp < 2K. If
x,y € z+ 32AByx satisfy ||z — y|[|x = A then

_ N (1 f2
I1£2(2) — W)y = Aa (||x32i||x> . (32)2¥A’|L1pA. -
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For p € [1,2), due to Lemma and Proposition , ¢, does not
admit a localized weakly bi-Lipschitz embedding into Hilbert space
(this can also be proved directly via a shorter argument). Since fi-
nite subsets of £, embed isometrically into ¢, (see e.g. [DL97]), it fol-
lows from [ARV09| that every n-point subset of ¢, admits a weakly bi-
Lipschitz embedding into ¢s with distortion O(y/logn). By [Lee05], it is
also true that every n-point subset of ¢, admits a weakly bi-Lipschitz
embedding into ¢, with distortion O((logn)® ?/7*), which is better
than the O(y/Iogn) bound of [ARV09] if v/5 — 1 < p < 2. Therefore
for every n € N and every n by n symmetric stochastic matrix A,

logn

1,75~ 1 A1) S 1=
pe i) = wal ) s 2
and

2(2—p)
2

4ﬁqq=wmwm5%%m‘

These are the currently best known bounds towards Question

7.3. Dimension reduction. As discussed in Section (7.2 Proposi-
tion yields an average distortion embedding into the real line, while
Proposition [7.5] when applied in the context of spaces with random
zero sets, yields an average distortion embedding into Hilbert space.
Here we briefly compare these two notions. The following lemma is
a simple application of the classical Johnson-Lindenstrauss dimension
reduction lemma [JL84].

Lemma 7.7. If (X, dx) is an n-point metric space then
A (X)
Vviogn

Proof. The rightmost inequality in is trivial. Write D = Avg) (X)
and take x1,...,z, € X. By the Johnson-Lindenstrauss lemma [JL84]
there exists k € N such that £ < logn and there exists a 1-Lipschitz
function f = (f1,..., fx) : {z1,...,2m} — R¥ such that

33 1) — F@)l > 5 303 dalana)?

i=1 j=1 i=1 j=1

Therefore there exists s € {1,...,k} such that

ZZ’fs xz fs xj 2kD2 ZZdX 331,1]]

i=1 j=1 i=1 j=1

< AP (X) S Avd(X). (186)
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Since fs : {x1,...,2m} — R is also 1-Lipschitz, we conclude that
Avl?(X) < V2kD < /lognD. O

The following lemma shows that Lemma [7.7]is almost asymptotically
sharp.

Lemma 7.8. For arbitrarily large n € N there exists an n-point metric
space X,, such that

1
AP (X,) 2 A (X))

loglogn’ (187)
Proof. Fixe € (0,1) and an integer m > 2. Let o denote the normalized
surface measure on the unit sphere S™~ . C (3. By Lemma 21 in [FS02]
there exists a partition {C1, ..., C,} of S™! into nonempty measurable
sets such that o(C;) = 1/n and diam(C;) < ¢ for all i € {1,...,n},
and n < (k/e)™ for some universal constant x € (0, 00).

Choose an arbitrary point ; € C; and set X,, = {z1,...,2,} C 5.
Since X, is isometric to a subset of Hilbert space, Avg)(Xn) = 1.
Suppose that f : {x1,...,2,} — R is a 1-Lipschitz function. By the
nonlinear Hahn-Banach theorem (see [BLO0]) we can think of f as the
restriction to X, of a 1-Lipschitz function defined on all of S™~!. The
Poincaré inequality on the sphere S™~! (see e.g. [Cha84, [Led01]) asserts
that

/ / (@) — F(y)Pdo()do(y)
Sm—l Sm—l

V@I deta) < . (188)

m—1
For every i,j € {1,...,n} and every (z,y) € C; x C; we have

1)~ JEDE ) = 1@ +1£@) = S+ 150) — S

<

3
< |f(x) = f)I* + diam(C;)* + diam(C;)*
< |f(@) = Fy)lf + 2%, (189)
and similarly,
lz = yll3 < 3l — ;5 + 6. (190)

Consequently,

|f(xz~)—f$a‘>|2—652_a( Co(C) (If () — F(x))? - 62%)

/ / 1) — Fy)Pdo(@)do(y). (191)
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and

||z — Ig||2 // |z — y||3do(z)do(y) — (192)

Hence,

n n

DS ) — S )P

1=

(1) ) , @) 12 )
<3 / / (@) — f(y)Pdo(@)doly) + 6> < 2= + 622,
Sm 1 Sm—l

m
and
1 e~
SY Y l—alp > ) / e~ ylfido(2)do(y) - 22
i=1 j=1 e

_ 2y
3 9

By choosing € = 1/(2y/m), we have shown that every 1-Lipschitz func-
tion f : X,, — R satisfies

ZZlf ;) = f(z; |2<—ZZH% 253
i=1 j=1 i=1 j=1

Recalling that n < (k/e)™ = (2k/m)™, or m 2 +/logn/loglogn, the
proof of (187 - is complete. O

Remark 7.9. Given an n-point metric space (X, dx) let &§(X) denote
the maximum of 515 Y temexxx (@)= f(y) |? over all 1-Lipschitz func-
tions f : X — R. The quantity &(X) was introduced by Alon, Bop-
pana and Spencer in [ABS98], where they called it the spread constant
of X. They proved that the spread constant of X governs the asymp-
totic isoperimetric behavior of ¢7(X) as n — oco. They also state that
“The spread constant appears to be new and may well be of indepen-
dent interest.” We agree with this assertion. In particular, it would be
worthwhile to investigate the computational complexity of the problem
that takes as input an n-point metric space (X, dx) and is supposed to
output in polynomial time a number that is guaranteed to be a good
approximation of its spread constant. We are not aware of hardness of
approximation results for this question. Let Sy, (X) denote the max-
imum of 35 > emyexxx ILf(@) = f(y)||3 over all 1-Lipschitz functions
f X — ly. The quantity &,,(X) can be computed in polynomial
time with arbitrarily good precision, since (by definition) it can be
cast as a semidefinite program (see [GLS93]). The proof of Lemma 7.7]
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can be viewed as a simple approximation algorithm to the spread con-
stant, achieving an approximation guarantee of O(logn). Lemma
can be viewed as yielding an almost matching integrality gap lower
bound for the semidefinite program. Note that the parameter &y, (X)
itself has also been studied in the literature in the context of the prob-
lem of finding the fastest mixing Markov process on a given graph;
see [SBXDO0G]. See also the works [Fie89, [GHWOS, [GHR12] that study
this quantity in the context of the absolute algebraic connectivity of a
graph. Clearly (Avg) (X))? is closely related to &(X): it amounts to
finding the (multi)subset of X with largest spread constant. The same

can be said for the relation between (Avg) (X))? and &, (X).

7.4. Proofs of Proposition and Proposition We start by
recording the following very simple lemma, whose proof is a straight-
forward application of the triangle inequality.

Lemma 7.10. Fiz p € [1,00) and n € N. Let (X,dx) be a metric
space and x1,...,T,, € X. Define

p

def ) 1<
= — E d i )P . 193
4 iE{Hlunn} (n ‘= X(J" I]) ) ( )

77777

Then

< 2r. (194)

ﬁ
/)
VS
3M|,_.
I'M:
|'M3
ISH
>
&
B
N——
S =

Proof. Choose k € {1,...,n} such that

. (% de(xk,xj)p) | (195)

The rightmost inequality in (194)) follows from averaging the estimate
dx (2, 2;)P < 207 Yy (2, 21 )P + 2P Hdx (wg, ;)P over 4,5 € {1,...,n}.
The leftmost inequality in (194]) follows from the definition of r. O

=

Lemma 7.11. Continuing with the notation of the statement and proof
of Lemma in particular choosing k € {1,...,n} so as to sat-

isfy (195)), write

BYE fie{1,... ,n}: dxlas,z) < 4r}, (196)
and
Md:ef{(z',j) € BxB: dx(zi,a;) > g} (197)
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Then,
. n? 1 p » ’ ST
M < o = | - | S dx(mm) | > g (198)
je{1,...,n}\B
Proof. Suppose that
2
n
M| < 57 (199)
Recalling ((195)) and (196)), it follows from Markov’s inequality that
n—|Bl 1
— < —. 200
" I (200)
Hence,
2 n
wD DD DRI
i=1 je{l,..,n}\B
2P O
< EZ | Z (dx (i, 2)" + dx (g, 7;7)")
i=1 je{l,..,n}\B
@) 2°(n—|B|) , 2° »
= + — Z dx(zg, x;)
je{1,...n}\B
rP 2P
S 5t > dx(a ) (201)
je{1,...n}\B

Since every i, j € B satisfy dx(z;, z;) < dx(x;, xr) + dx(xj, v5) < 8r,

1 [96) A[197) 8prp|M| |B|2—|M| rP
e} Z dx (@i, z5)" < 3 + e .
(i,j)€BxB
(199) 7P rP
< wtom (202)
It follows that
(194) 1 <&
D B SUTER
i=1 j=1
@UAED o gp pp o
J O T B \P
S 94p + 23p + 9 + n Z dx (g, ;)

je{l,...n}\B

which (since p > 1) implies that

1 rP
— Z dx({L‘k,iL‘j)p 2 @ U

n
je{l1,...m}\B
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Lemma 7.12. Continuing with the notation of the statements and

proofs of Lemma and Lemma[7.11], define
Vie{l,...,n}, s; < max {0, dy (z;, 7)) — 2r} .
If M| < n?/27P then

ZZ|SZ — 5P = %p szx (w5, 0 )"

i=1 j=1 =1 j=1
Proof. Due to Lemma we know that
1 D
= dx(aen) > (203)
n &P
je{l,..n}\B

Define B’ & {ie{l,...;n}: dx(x;,xr) <2r}. If i € B’ then s; = 0,
and if j € {1,...,n} \ B then s; = dx(xj,xy) — 2r > sdx(z;,x).
Also, recalling (195]), it follows from Markov’s inequality that

n — |B’| 1
" < % (204)
Consequently,
- dx(z;, x)P
D) DITEIIEETTRN
=1 j=1 je{l,...m}\B
An(l—zip) nr? @) 1 K&
= 1 > > dx(z;, x;)P. O
=1 j=1

Proof of Proposition|7.1l. Fix n € N. Suppose that x{,...,z, € X
and write S = {x,...,2,} € X. Define r € (0,00) as in (193] and
let 1 be a probability distribution over 2% that satisfies with
A =r/8 and ( = ((S;d). Let M be defined as in and suppose
that |[M| > n?/27. Then

2 ZZ/ |dx (wi, Z) — dx (x5, Z)|" du(Z)

i=1 j=1
1 r \? r
}ﬁ Z (Q) ILL({Z€2XZ T, €4 N dx(l’J,Z)>§})
(4,9)eM
P
S M| o (205)

~ n2 8:0@

211—1@ . ’)’L2 ZZdX xz,xj , (206)

i=1 j=1
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where (| uses and , and - uses and the as-

sumptlon \M | > n2 / 27p It follows that there exists Z Q X such that
the 1-Lipschitz function f: X — R given by f(z) = dx(x, Z) satisfies

ZZV i) z)|P > 211p<’p ZZCZX i, a5)F

=1 j=1 =1 j=1

If, on the hand, |M| < n?/27 then the desired estimate follows by
choosing f(z) = max{0, dx(z,x;) —2r} and applying Lemma

Proof of Proposition[7.5 Fixn € N and choose 21, ...,z, € X. Define
r € (0,00) asin (193) and k € {1,...,n} asin (195). Let M be defined
as in (197) and suppose that [M| > n?/2". An application of
with A = /8 and z = z, shows that

SN dy (R (), SR > Y dy (R (@), f22 ()

i=1 j=1 (i.j)EM

1T P nrp||f||mp 1 T ~
/ ‘ | Dp ’ 8p 2 210pr 211pr ZZdX xl’x]

=1 j5=1

This yields the desired average distortion embedding into Y. If, on
the hand, |M| < n?/27P then the existence of the desired embedding
into R follows by choosing f(z) = max{0, dx(z, zx) —2r} and applying
Lemma [7.12 O

It is natural to ask how the quantities Avgf’ )(X ) and Avg) (X) are
related to each other for distinct p,q € [1,00) and two metric space
(X,dx) and (Y, dy). We shall now briefly address this matter.

Suppose that D > Avgf’)(X) and fix x1,...,2, € X. Then there
exists a nonconstant mapping f : {z1,...,2,} — Y such that

ZZdY z;))? > |f||LlpZZan:Z,x]. (207)

=1 j=1 =1 j=1

Suppose first that ¢ < p, and continue using the notation of Lemma|7.10
and Lemma [7.11] If | M| > n?/27 then

1

1
(%ZZdX(azi,xj)q) > Z dx (i, ;)7

=1 j=1 (7,] EM

S

@ /1 o\ @ 1 (1 &K
Z (ﬁ@) R Sl (ﬁZZdX(ﬂfz‘a%)p> - (208)

i=1 j=1



68 ASSAF NAOR

Consequently,

<n2 Z Z dy (f(xi), ) (% - dy (f (z:), f(ﬂ?j))q> ‘1

=1 j=

n n

1
D@ | fluip (1 ’
2 Siep a2l D dx (@)’ ) (209)

i=1 j=1

By using Lemma if |[M] < n?/27, we deduce from (209)) that
¢<p = AL (X) S 2P AP (X), (210)

where Y xR is understood to be equipped with, say, the ¢;-sum metric,
ie., dyxr((z,s),(y,t)) = d(x,y) + |s —t| for every (z,s), (y,t) €Y xR
(as in Proposition , we can conclude here that there exists an average
distortion embedding into either Y or R, but we choose to work with
Y X R for notational simplicity).

If p < g then the following argument establishes an estimate analo-
gous to , but under an additional assumption. The Lipschitz ex-
tension constant for the pair of metric spaces (X,Y"), denoted e(X,Y),
is the infimum over those K € [1,00) such that for every S C X every
Lipschitz function f : S — Y admits an extension F': X — Y with
| F||ip < K| flLip- If no such K exists then set e(X,Y) = co. Suppose
that p < ¢ and that |M| > n?/2"7. By the definition of D there exists
a nonconstant mapping ¢ : B — Y such that

> dy(d(x), p(xy))" > ||¢HL“’ > dx(wixy)t. (211

(i,j)eBxB (i,j)eBxB

Note that since for every i, j € B we have dx(x;, z;) < 8r,

Z dy (¢(zi), d(z;))

(i,7)€EBxB
< Brlollp)™™ Y dv((@), dlay))P. (212)

(¢,j)eBxB

Also, arguing as in (208)) we have

S dxlan ) 2 (o), (213)

(i,j)eBXB
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where ¢ € (0,00) is a universal constant. By substituting (212)) and (213])
into (211]) we therefore have

Z dY ( ))p > (C/8>q/p|’¢“Lipr

/
(Zj )EBXB Daip

Q)a/p ip [ 1 O

i=1 j=1

RS

By extending ¢ to a mapping ® : X — Y with || @i, S e(X, Y)||9]lLip
we see that

(ézzdy(@(xi)@(xj))p)p> % Z dy (¢(zi), o(z;))"

i=1 j=1 (i,j)€BXB

3=

22 [P Lip
>
~ (CD)u/re(X,Y) szx z, x|, (215)

=1 j5=1

where C' € (0,00) is a universal constant. By using Lemma if
|M| < n?/2", we deduce from (215]) that

/
p<g = Aflu(X) S e(X,Y) (CAP(x))". (216)

By [Bal92, NPSS06] for p € [2,00) we have e({), l2) S \/p. It there-
fore follows from (210]) and (216)) combined with Corollary [1.6| that for
every p € [2,00) and ¢ € [1,00) we have

12 6) < {
It seems unlikely that (217)) is sharp.

2%y if g > 2

p%+% it ¢ < 2. (217)

APPENDIX: A REFINEMENT OF MARKOV TYPE

Below is an application of Theorem that I found in collaboration
with Yuval Peres. I thank him for agreeing to include it here.

Fix n € N and an n by n symmetric stochastic matrix A = (a;;).
Then for every m € N and x4, ...,x, € R we have

Zz 123 1(Am)u(37z
Sy Sy i Z“

(218) becomes evident when one expresses the vector (xy,...,x,) € R"
in an orthonormal eigenbasis of A, showing also that the multiplicative

(218)
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factor 1 + Ao(A) + ... + A(A)™ ! is sharp. By using the estimate
|A2(A)| < 1, it follows from that Hilbert space has Markov type
2 with My(¢s) = 1; this was Ball’s original proof of this fact in [Bal92].
Suppose that p € (2,00). In [NPSS06] it was shown that ¢, has
Markov type 2, and in fact that M;(¢,) < /p. This is the same as
asserting the following inequality, which holds true for every n by n
symmetric stochastic matrix A = (a;;) and every xy,..., 2, € {,.

Doy 2y (Al — 517 < om
> i Z?:l aijl|z; — xj“?p -

It is natural to ask whether or not one can refine inequality (219)) in

the spirit of (218)) so as to yield an estimate in terms of Ay(A) that

becomes (219) if one uses the a priori bound |Ay(A)| < 1. Below we

will show how a combination of [NPSS06] and Theorem [1.5| yields the
following estimate, thus answering this question positively.

’(l_ 7}_ Am il — s 2 m—1 2 t
ELEL sl ¢ 3202
D im 2je gl — ya— P

To explain the similarity of (220]) to (218)), note that if m > p/2
then (220 has the following equivalent form.

Vm e N, (219)

n n m 2m
S S Al =l R
ST ez S 2 AL (221
=1 =11 1 J fp t=1

Also, if A\y(A) is positive and bounded away from 0, say, if A2(A) > 1/2,
then inequality (220]) has the following equivalent form.

>oicr 2 (A™)gjllzs — 2517
> i Z?:l agj|lz; — wj“Z,

The proof of Lemma [7.13 below is a simple variant of an unpublished
argument of Mark Braverman (2009), who proved the same statement
for p = 1; see Exercise 13.10 in [LP13]. The factor 27 in inequality
below is asymptotically sharp as n — oco: this follows mutatis mutandis
from an unpublished argument of Oded Schramm (2007), who proved
the same statement when p = 1; see Exercise 13.10 in [LP13].

m—1
SpY | Ma(A)P, (222)
t=0

Lemma 7.13. Fiz p € [1,00) and a metric space (X,dx). Fiz also
n € N and an n by n symmetric stochastic matric A = (a;j). Then for
every s,t € N with t > s and every xq,...,x, € X we have

DD (A%)ydx (s, y)P <20 Y Y (AN (@i, 25)7. (223)

i=1 j=1 i=1 j=1
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and
n n

DN (A ydy (g, ;)P 3’”22 )ijdx (zi, ;)P (224)

=1 j5=1 =1 j5=1
Proof. We have dx (z;, z;)P < 207 dx (z;, )P + 2P~ dx (2, xx)P for ev-
ery 4,5,k € {1,...,n}. For every ¢ € {1,...,n} multiply this in-
equality by (A*);(A*);0(A"*)k and sum the resulting inequality over
i,7,k,0 € {1,...,n}, thus obtaining the following estimate.

SUS TS TS (A% (AT el (i, )

i=1 j=1 k=1 £=1

ST NN D (Al A)je( AT e x (i, )

i=1 j—l k=1 ¢=1

4 9P~ 12222 M As ﬂ At~ s)kde(xj;xk)p- (225)

i=1 j=1 k=1 ¢=1

Since A is symmetric and stochastic, (225)) is the same as (223)).
To deduce ([224]), observe that the convexity of u +— |ul? implies that

for every i,7,k € {1,...,n} we have

3\"7! .
dx($i7$j)p < (5) dX(l'i,l’k)p—f—i))p ldx(l'j,l‘k)p. (226)
(224) now follows by multiplying (226)) by (A%*);xax;, summing the
resulting inequality over 4,7,k € {1,...,n}, and using (223)). O

Corollary 7.14. Fizp € [1,00) and m,n € N. Suppose that A = (a;;)
1s an n by n symmetric stochastic matriz. Then for every metric space
(X,dx) and every xy,...,x, € X we have

ZZ ™)ijdx (zi, ;)P < 3Py (A, dY) ZZGUCZX z;, )P
=1 j5=1 =1 j=1

Proof. We may assume without loss of generality that y(A4,d%) < oo,
i.e., that A is ergodic. In this case we have lim; . (A");; = 1/n for
every i,j € {1,...,n}. Therefore by Lemma[7.13] (with ¢ — c0),

ZZ Z]dX x’m‘r_] < ZZdX :C'L;x]

=1 j=1 =1 j=1

< 3py(A,d§()ZZaijdX(xi,xj)p. O

i=1 j=1

@
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The following corollary is an immediate consequence of Corollary[7.14]
and the definition of the Markov type p constant M,(X;m).

Corollary 7.15. Fizp € [1,00) and let (X,dx) be a metric space with
Markov type p, i.e., My(X) < co. Then for every m,n € N, every n
by n symmetric stochastic matriz A = (a;;) and every 1,...,z, € X,

Dozt 2t (A™)igdx (w4, x5)P
D i1 2 @ijdx (i, )P

Assume from now on that n > 3, so that Ay(A) > —1/2 (recall
Lemma [2.2). Since 1+ (1 —u) + ...+ (1 —w)™ ™ < min{m, 1 /u} for
every u € (0,3/2] and m € N, inequality is a consequence of
Corollary (with X = ¢, and p = 2), Theorem , and (219).

To state two additional examples of consequences of this type, fix
K € [2,00) and let (X,dx) be a metric space that is doubling with
constant K. In [DLP13] it is shown that Ms(X) < log K, so in combi-
nation with Corollary [7.2] we deduce from Corollary that

D i 2 (A™)igdx (24, 25)? m—1
S <(ogKP S da(d). (27
D ic1 Zj:laijdX(CUi,ZL’j>2 ( ) ; 2(A) (227)

Similarly, it was shown that if G is a connected planar graph then
M5(G,dg) < 1, so in combination with Corollary we deduce from
Corollary [7.15] that

> e 123 L (A™)igdx (i, 25)? leA
Z’L IZ] laZ]dX(xZ’x] t=0 2

Despite the validity of satisfactory spectral estimates such as ,
[221), (222), (227) and (228), they do not follow automatically only
from the fact that the metric space in question has Markov type 2.
Specifically, there exists a metric space (X, dx) that has Markov type
2, yet it is not true that y(A, d%) Sx 1/(1—Xy(A)) for every symmetric
stochastic matrix A. To see this, by Theorem it suffices to prove
the following result.

< min { M,(X;m)Pm, 3y(A,d%)}.

(228)

Theorem 7.16. There is a metric space (X, dx) with Avg) (X) = o0,
yet My(X) < o0, i.e., X has Markov type 2.

Proof. If A C R" is a lattice of rank n then denote the length of the
shortest nonzero vector in A by N(A). Also, let r(A) denote the in-
fimum over those r € (0,00) such that Euclidean balls of radius r
centered at A cover R™. The dual lattice of A is denoted A*; thus A* is
the set of all z € R™ such that Y | z;y; is an integer for every y € A.
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For every n € N choose an arbitrary rank n lattice A,, C R" that
satisfies 7(A,,) S N(A,). See [Rogh0] for the existence of such lattices.
Let R™/A¥ be the corresponding flat torus, equipped with the natu-
ral Riemannian quotient metric dgn/z:(-,-). Also, let j, denote the
normalized Riemannian volume measure on R"/A7.

Consider the ¢, product

x (@ (Rn/A;;)> :
n=1 2

Thus X consists of all the sequences x = (z,)52; € [[—, (R"/A)
such that > | dgn/ps (2,,0)? < o0, equipped with the metric given
by dx (z,y)* = 320, dn jax (5, yn)? for every z,y € X. Since R™/A%
has vanishing sectional curvature, it is an Aleksandrov space of non-
negative curvature (see [Oht09b, Sec. 3]), and therefore by a theorem of
Ohta [Oht09b] it has Markov type 2 constant at most 1++/2. Being an
{5 product of spaces with uniformly bounded Markov type 2 constant,
X also has Markov type 2.

Fix ¢ € (0,1). By covering the fundamental parallelepiped of A% by
homothetic copies of itself, we see that there exists a finite measurable
partition {Uy, ..., Uy} of the torus R” / A’ into sets of diameter at most
e and pu,(U;) = 1/l<: for every i € {1,...,k}.

Fix an arbitrary point x; € U; and suppose that f : {z1,...,2x} — lo
is 1-Lipschitz. Since My(R"/A%) < 14 v/2 < 3, by Ball’s extension
theorem [Bal92] there exists F' : R"/AY — {5 that extends f and
satisfies || F'||Lip < 3. By arguing as in the proof of Lemmal(7.8| we have

3w — Fa) I,

i=1 j=1
3 / / 1F(2) = F(n)|P,dpin()dpn(y) + 54, (229)
Rn /Ay JR™ /A3,

and
Lk
= Z dgn az (T3, )
=1

1
i [ el - 2% @230
TL/A* n/A*

By [KNO6, Lem. 11}, for every Lipschitz mapping g : R" /A% — /5,
nllg ||Lip

/"/A* /R"/A* lg(x (y)HZdun(iﬂ)dﬂn(y) S W (231)
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Also, by [KNO06, Lem. 10] we have

n2

drnjas (2, )2 d g (2)dpin (y) 2 . 232
Lo L a2 s @

Hence, by letting ¢ — 0 in (229) and (230)), it follows from (231)
and (232) that

N(A7)
A vz Vn, (233)

where we used the assumption r(A,) < N(A,). Now Avé? (X) =

Av? (R"/AL) 2

follows from (233)) and the definition of X. O

Remark 7.17. The use of Ball’s extension theorem in the proof of The-
orem [7.16] can be replaced by the use of Kirszbraun’s extension theo-
rem [Kir34] combined with the fact [KNO6, Thm. 6] (see also [HR13])
that co(R"/AY) <, 1; in this case the factor 54 in (229) would be re-
placed by a factor that depends on n, but since we let ¢ — 0 this does
not affect the rest of the proof (however, if one desires to bound £ as a
function of n, this approach would yield an inferior estimate).
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