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ABSTRACT. The Lipschitz extension modulus e(/71) of a metric space 771 is the infimum over those L € [1,00]
such that for any Banach space Z and any C < 771, any 1-Lipschitz function f : € — Z can be extended to
an L-Lipschitz function F : 1711 — Z. Johnson, Lindenstrauss and Schechtman proved (1986) that if X is an
n-dimensional normed space, then e(X) < n. In the reverse direction, we prove that every n-dimensional
normed space X satisfies e(X) = n¢, where ¢ > 0 is a universal constant. Our core technical contribution
is a geometric structural result on stochastic clustering of finite dimensional normed spaces which implies
upper bounds on their Lipschitz extension moduli using an extension method of Lee and the author (2005).
The separation modulus of a metric space (771, dj;) is the infimum over those o € (0,00] such that for any
A > 0 there is a distribution over random partitions of 771 into clusters of diameter at most A such that for
every two points x, y € 171 the probability that they belong to different clusters is at most adjyy; (x, y)/A. We
obtain upper and lower bounds on the separation moduli of finite dimensional normed spaces that relate
them to well-studied volumetric invariants (volume ratios and projection bodies). Using these connections,
we determine the asymptotic growth rate of the separation moduli of various normed spaces. If X is an n-
dimensional normed space with enough symmetries, then our bounds imply that its separation modulus is
equal to vr(X*)+/7 up to factors of lower order, where vr(X*) is the volume ratio of the unit ball of the dual of
X. We formulate a conjecture on isomorphic reverse isoperimetric properties of symmetric convex bodies
(akin to Ball’s reverse isoperimetric theorem (1991), but permitting a non-isometric perturbation in addition
to the choice of position) that can be used with our volumetric bounds on the separation modulus to obtain
many more exact asymptotic evaluations of the separation moduli of normed spaces. Our estimates on
the separation modulus imply asymptotically improved upper bounds on the Lipschitz extension moduli
of various classical spaces. In particular, we deduce an improved upper bound on e(¢ ;l,) when p > 2 that
resolves a conjecture of Brudnyi and Brudnyi (2005), and we prove that e(¢2}) = Vv/n, which is the first time
that the growth rate of e(X) has been evaluated (as dim(X) — oo) for any finite dimensional normed space X.
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1. INTRODUCTION

Our core technical contribution is a geometric structural result (stochastic clustering) for subsets of fi-
nite dimensional normed spaces. It provides new links between nonlinear questions in metric geometry
and volumetric issues in convex geometry. An unexpected aspect of our statement is that it contradicts
an impossibility result of the well-known work [CCG™* 98] by Charikar, Chekuri, Goel, Guha and Plotkin in
the computer science literature, thus leading to bounds that were previously thought to be impossible.
This is reconciled in Section[1.7} where we explain the source of the error in [CCG98].

The aforementioned link opens up a vista that allows one to apply the extensive literature on the linear
theory to important and well-studied nonlinear questions. It also raises new fundamental issues within
the linear theory that we will only begin to address here. So, in order to fully explain both the history and
the ideas and their consequences, we will start with a quick overview of some of our main results that
assumes familiarity with standard concepts in the respective areas. We will then present a gradual and
complete introduction to our work that specifies all of the necessary background.

1.1. Brief highlights of main results. Associate to every separable complete metric space (171, dy;) two
bi-Lipschitz invariants e(171), SEP (111) € (0,00] called, respectively, the Lipschitz extension modulus of 11
and the separation modulus of 111, that are defined as follows. The Lipschitz extension modulus of 771
is the infimum over those L € (0,00] such that for every Banach space Z and every subset C < 171, every
1-Lipschitz function f : ¢ — Z can be extended to a Z-valued L-Lipschitz function that is defined on all
of 1711. The separation modulus of 771 is the infimum over those o € (0,00] such that for any A > 0 there is
a distribution over random partitionsE] of 171 into clusters of diameter at most A such that for every two
points x, y € 171 the probability that they belong to different clusters is at most odyy (x, y)/A.

The question of estimating the Lipschitz extension modulus received great scrutiny over the past cen-
tury; see Section[L.3|for an indication of (a small part of) the extensive knowledge on this topic. The sepa-
ration modulus was introduced by Bartal in the mid-1990s and received a lot of attention in the computer
science literature due to its algorithmic applications; see Section[1.7.3|for the history. Its connection to
Lipschitz extension was found by Lee and the author [LN04a, LN05], who proved that e(771) < SEP(171).

By a well-known theorem of Johnson, Lindenstrauss and Schechtman [JLS86], every normed space X
satisfies e(X) = O(dim(X)). Here we obtain a power-type lower bound on e(X) in terms of dim(X).

Theorem 1. There is a universal constant ¢ > 0 such that e(X) > dim(X)¢ for every normed spaceX.

Theoremimproves over the previously best-available bound e(X) > e¢V1084im®X); gee Remarkfor
the history of this question. Despite substantial efforts, the asymptotic growth rate (as dim(X) — oco) of
e(X) was not previously known (even up to lower order factors) for any sequence of normed spaces.

Theorem 2. For every n € N we havé|e(¢!) = v/n.

The previously best-known upper bound on e(¢2) was nothing better than the aforementioned gen-
eral O(n) bound of [JLS86]. Theoremis just one instance of our asymptotically improved upper bounds
on the Lipschitz extension moduli of many normed spaces of interest; we get e.g. the best-known bound
whenX=/¢ Z for any p > 2. Nevertheless, currently ¢ is essentially’|the only normed space whose Lips-
chitz extension modulus is known up to lower order factors (by Theorem[2), and the same question even
for the Euclidean space £ remains a longstanding open problem; see Sectionfor more on this.

1We are suppressing here measurability issues that are addressed in Sectionand Section

2We use the following conventions for asymptotic notation, in addition to the usual O(-), o(-), Q2(-) notation. Given a, b > 0, by
writing a < b or b 2 a we mean that a < Cb for some universal constant C > 0, and a = b stands for (a < b) A (b < a). If we need
to allow for dependence on parameters, we indicate it by subscripts. For example, in the presence of an auxiliary parameter g,
the notation a S4 b means that a < C(q) b, where C(q) > 0 may depend only on g, and similarly for a 2 4 b and a =4 b.

3The proof of Theoremartiﬁcially gives more such spaces, e.g. £5,®(%, or £ ®X for any normed space X with dim(X) < v/z.



All of the upper bounds on the Lipschitz extension modulus that we obtain herein use the upper
bound on the separation modulus that appears in Theorem [3|below. This theorem also contains a new
lower bound on the separation modulus, which we will see shows that in several cases of interest our
results are a sharp evaluation of the asymptotic growth rate of the separation modulusE]

Theorem 3. LetX = (R", | -|lx) andY = (R", | -|ly) be normed spaces whose unit balls satisfy By < Bx. Then
diamy+(I1By)
vol,(By)

In the left hand side of (I)), vr(X*) is the volume ratio [Sza78,[STJ80] of the dual X*, i.e., it is the #’th root
of the ratio of the volume of Bx- and maximal volume of an ellipsoid that is contained in By+. In the right
hand side of (1)), I1By is the projection body [Pet67] of By, and diamy:(-) denotes diameter with respect
to the metric on R” that is induced by X*. We will recall the definition of a projection body latelﬂ and it
suffices to mention now that the mapping K — I1K, which is of central importance in convex geometry
(see [BL88| [Lut93} [Gar06, Sch14] for an indication of the extensive literature on this topic), associates to
every convex body K < R” a convex body I1K < R” that encodes isoperimetric properties of K.

Akey contribution of Theorem[3]is the role of the auxiliary normed space Y, which appears despite the
fact that we are interested in the separation modulus of X. By substituting Y = X into the right hand side
of (I) one does get a meaningful estimate, and in particular the resulting bound is O(n), i.e., (1) implies
the bound of [JLS86]. However, we will see that by introducing a suitable perturbation Y of X, the second
inequality in (I) can sometimes be significantly stronger than the special case Y = X. We will exploit this
powerful degree of freedom heavily; its geometric significance is discussed in Section[1.4]

The previously best-known upper and lower estimates on the separation moduli of normed spaces are
due to [CCG 98], where it was proved that SEP(¢}) = n and SEP(¢}) = \/n. By bi-Lipschitz invariance,
this implies that any n-dimensional normed space X satisfies

viX*)vn SSEPX) < (1)

n

— < < n
ISR SEPX) < dm(¢5,X)vn, @)

where dgy (-, ) denotes the Banach—Mazur distance. Both of the bounds in (2) can be inferior to those
that follow from Theorem For example, suppose that nn = m? for some m € N and consider X = £ (¢ M.
Then, dgm (X, ¢ f) = dgm X, é;l) = y/n by the work [KS89] of Kwapien and Schiitt. Therefore in this case
becomes /7 < SEP(X) < n, while we will see that (I) implies that SEP(X) = n®/4.

The following corollary collects examples of applications of Theorem[3|that we will deduce herein.

Corollary 4 (examples of consequences of Theorem[3). The following statements hold for any n € N.

* Forany p > 1, the separation modulus of (] satisfies

SEP(¢7) = 0™ {351, 3)

More generally, let (E, ||-||g) be any n-dimensional normed space with a1 -symmetric basise, ..., e,.
Then, SEP(E) is equal to the following quantity up to lower order factors:

vk
lep+...+eyllgl max ———|.
kell,...n} le1 +... +exllg

40ur approach also pertains to subsets of normed spaces, e.g. we will prove that for any p € [1,00], neNand r € {1,..., 1},
the separation modulus of the set of n-by-n matrices of rank at most r, equipped with the Schatten-von Neumann-p norm,
is equal up to lower order factors to max{y/7, r/P}y/n, which is new even in the Euclidean (Hilbert-Schmidt) setting p = 2.
However, for the purpose of this initial overview we will restrict attention to bounds for the entire space X.

5By [Lud02]Lud05] the mapping that assigns a convex body K < R” to its projection body I1K is characterized axiomatically
as the unique (up to scaling) translation-invariant SL; (R)-contravariant Minkowski valuation.



e Forany p > 1, the separation modulus of the Schatten von-Neumann trace class Sy, on M, (R) is

SEP(SZ) _ nmax{l,%+%}+0(l) — dim (Sz)max{%,i+i}+o(l). )

More generally, let (E, || -I|lg) be any n-dimensional normed space with al-symmetric basisey, ..., ey,
and denote its unitary ideal by Sg = (M, (R), || - ls,). Then, SEP(Sg) is equal to the following quan-
tity up to lower order factors:

lley +...+enIIE( max L)\/ﬁ
kefl,...ny lep+...+ ekIIE
* Forany p,q > 1, the separation modulus of the £},(¢7) norm on M, R) is
SEP(¢p(e) = nma"{l'%%'%ﬁ'%*%} =dim (g;l)([’;))max{%yﬁ*ﬁ'?i%ﬁ}_ (5)
e For any p,q > 1, the separation modulus of M, (R) equipped with the operator norm || - llen—en
from ¢ Z to £ is equal to the following quantity up to lower order factors:

3 1

n2 g it pg=2,
1 1

n2t mapa if p,g<2,
n if p<2<gq,

Pl i aco <,

* Forany p,q > 1, the separation modulus of the projective tensor product £} &(7, i.e., the norm on
M, (R) whose unit ball is the convex hull of {(x;y;) € Mp(R); (x1,...,%5) € B[Z A V1y.e0¥Yn) € Bg;},
is equal to the following quantity up to lower order factors:

3
{ nz if max{p,q} =2,

I+—L - .
n' mxpa if  max{p,q} < 2.

All of the results in Corollary are new, except for the range 1 < p < 2 of (3), which is due to [CCG"98].
The range p € (2,00] of @) is SEP(£}) = /i, which is incompatible with the statement SEP(¢}) = n'~/?
of [CCG98]. We will explain the reason why the latter assertion of [CCG*98] is erroneous in Remark

The wealth of knowledge that is available on the volumetric quantities that appear in (1) leads to new
estimates that relate the separation modulus of an n-dimensional normed space X to classical invariants
of X. We will derive several such results herein, without attempting to be encyclopedic. As a noteworthy
example, we will deduce from the first inequality in (1) that if Bx is a polytope with pn vertices, then

SEPX) > — . ©)
logp
We will also deduce that if 7> (X) denotes the type 2 constant of X (see or the survey [Mau03]), then
SEP(X) Zmax{\/dim(X), TZ(X)Z}. @

We will see that both (6) and (7) are sharp for the entire range of the relevant parameters (e.g. in the two
extremes, the case X = ¢ corresponds to p = O(1) and T>(X) = y/nin (€) and (7), respectively, and the case
when X is O(1)-isomorphic to £} corresponds to logp = n and T>(X) = O(1) in (6) and (7), respectively).

1.1.1. A conjectural isomorphic reverse isoperimetric phenomenon. The lower bound on SEP(X) in The-
oremis not always sharp. Indeed, consider X = ¢} @ ¢/ for which SEP(X) = n yet vr(X*) vdim(X) = nd'%,
It could be, however, that the upper bound on SEP (X) in Theorem is optimal for every X.

Question 5. Is it true that the separation modulus of any normed space X = (R”, || - |x) is bounded above
and below by universal constant multiples of the minimum of diamy~ (I1By)/vol,, (By) over all the normed
spaces Y= (R", || - |ly) that satisfy By < Bx?



See Remark[23|for an explanation why the minimum that is described in Question[5]is affine invariant,
which is necessary for Question[5|to make sense, since the separation modulus is a bi-Lipschitz invariant.
For sufficiently symmetric spaces, we expect that the lower bound on SEP(X) in Theorem[3]is sharp.

Conjecture 6. Every finite dimensional normed space X with enough symmetries satisfies

SEPX) = vr(X*)v/dim(X). (8)

The notion of having enough symmetries was introduced in [GG71]; its definition is recalled in Sec-
tion We prefer to formulate Conjecture [6| using this notion at the present introductory juncture
even though weaker requirements are needed for our purposes because it is a standard assumption in
Banach space theory and it suffices for all of the most pressing applications that we have in mind.

The upper bound on SEP(X) in implies by [LN05] that e(X) < vr(X*)v/dim(X), which would be a
valuable Lipschitz extension theorem due to the fact that estimating the volume ratio is typically tractable
given the variety of tools and extensive knowledge that are available in the literature. For example, Mil-
man and Pisier [MP86] proved (improving by lower-order factors over a major theorem of Bourgain and
Milman [BM85, BM87]; see also [Mil87]), that any finite dimensional normed space X satisfies

viX) S CX)(1+1ogCa(X)), 9)

where C,(X) is the cotype 2 constant of X (see or the survey [Mau03]). Therefore, if (8) holds, then

eX) < CX)(1+10gCX) v dimX), (10)

which would be a remarkable generalization of the bound e(¢}) < /7 of [LNO5].
We expect that Theorem[3|already implies Conjecture[6} as expressed in the following conjecture which
would yield a positive answer to Question [5|for normed spaces with enough symmetries.

Conjecture7. If X = (R", | - |lx) is a normed space with enough symmetries, then there is a normed space
Y= (R", |- |ly) that satisfies By < Bx and diamy- (I1By)/vol, (By) < vr(X*)y/n.

As an illustrative example of Conjecture consider X = £7. Then vr((¢2,)*) = vr(¢]) = O(1). One can
compute that 1By = 2"‘13%. Hence, diamgr (I1Bg» ) /vol, (Bgn ) = n, so taking Y = £, in Theoremonly
gives the bound SEP(¢]}) < n. However, we will later see that there exists a normed space Y = (R”, || - ly)
with By € Byn. for which diamgiz (IBy) /vol,,(By) < v/n. More generally, we will prove that Conjecture
(hence also Conjecture[6} by Theorem[3) holds for any normed space for which the standard basis of R” is
1-symmetric, and we will also see that Conjecture[7/holds up to a logarithmic factor for its unitary ideal.

The minimization in Question [5| can be viewed as a shape optimization problem [HP18] that could
potentially be approached using calculus of variations. Given an origin-symmetric convex body K < R",
it asks for the minimum of the affine invariant functional L — outradiusg-(IT1L)/vol, (L) over all origin-
symmetric convex bodies L € K, where for any two origin-symmetric convex bodies A, B < R"” we denote
the minimum radius of a dilate of A that circumscribes B by outradius4(B) = min{r > 0: B < r A}, and
K° ={y e R": sup x(x,y) <1} is the polar of K. Conjecture[7]asserts that if K has enough symmetries,
then this minimum is bounded above and below by universal constant multiples of vr(K°)+/n.

The minimization problem in Question 5] also has an isoperimetric flavor. As such, its investigation
led us to formulate the following conjectural twist of Ball’s reverse isoperimetric phenomenon [Bal91c],
which we think is a fundamental geometric open question and it would be valuable to understand it even
without its consequences that we derive herein.

The isoperimetric quotient of a convex body K < R” is defined (see [Had57, page 269] or [Sch89]) to be

vol,-1(0K)

lq(K) = n-1"*
vol, (K) =

(1D



Using this notation, the classical Euclidean isoperimetric theorem states that

. . nym
iq(K) >iq(Bey) = ——— = v, (12)
Mg +1)"
The following theorem of Ball [Bal91c] shows that a judicious choice of the scalar product on R” ensures
that the isoperimetric quotient of a convex body can also be bounded from above.

Theorem 8 (Ball’s reverse isoperimetric theorem [Bal91c|). For every n € N and every origin-symmetric
convex body K S R" there exists a linear transformation S € SL,(R) such thatiq(SK) < 2n =iq([-1,1]").

We expect that in the isomorphic regime (i.e., permitting non-isometric O(1) perturbations), origin-
symmetric convex bodies have asymptotically better reverse isoperimetric properties than what is guar-
anteed by Theorem In fact, we conjecture that if in addition to passing from K to SK for some
S € SL,(R), a O(1)-perturbation of SK is allowed, then the isoperimetric quotient can be decreased to
be of the same order of magnitude as that of the Euclidean ball.

Conjecture9 (isomorphic reverse isoperimetry). There exists a universal constant ¢ > 0 with the following
property. For every n € N and every origin-symmetric convex body K < R”, there exist a linear transfor-
mation S € SL,(R) and an origin-symmetric convex body L € R" with ¢SK < L < SK and iq(L) < v/n.

Conjecture 9 can be restated analytically as the assertion that any n-dimensional normed space is at
Banach-Mazur distance O(1) from a normed space whose unit ball has isoperimetric quotient O(y/n).
We will prove that Conjecture (9| holds when K is the unit ball of ¢ Z for any p € [1,00] and n € N, and we
will also see that Conjecture[9/holds up to lower-order factors for any Schatten-von Neumann trace class.

The requirement L 2 ¢SK of Conjecture |§I implies that {/vol,(L) > c+/vol,(K). So, the following
weaker conjecture is implied by Conjecture[9} we will prove it for any 1-unconditional body.

Conjecture 10 (weak isomorphic reverse isoperimetry). For every n € N and every origin-symmetric con-
vex body K < R” there exist a linear transformation S € SL,(R) and an origin-symmetric convex body
L < SK that satisfies {/vol,(L) > {/vol,(K) and iq(L) < y/n.

In Section [1.6] we will elucidate the relation between the task of bounding from above the rightmost
quantity in (3) and isomorphic reverse isoperimetry. While Conjecture [9]is the strongest version of the
isomorphic reverse isoperimetric phenomenon that we expect holds in full generality, we will see that it
would suffice to prove its weaker variant Conjecture[L0]for the purpose of using Theorem[3] In particular,
consider the following symmetric version of Conjecture [10} which we will prove in Section [I.6 implies
Conjecture[7] (hence, using Theorem 3} it also implies Conjecture|6).

Conjecture 11 (symmetric version of Conjecture[10). For every n €N, if X = (R”,| - |lx) is a normed space
with enough symmetries whose isometry group is a subgroup of the orthogonal group O, < GL,(R), then
there is a normed space Y = (R”, || - |ly) with By € Bx and {/vol,(By) = {/vol,(Bx) such that iq(By) < y/n.

The only difference between Conjecture[10]and Conjecture[11]is that if we impose the further require-
ment that K is the unit ball of a normed space with enough symmetries whose isometry group consists
only of orthogonal matrices, then we are naturally conjecturing that S can be taken to be the identity
matrix, i.e., there is no need to change the standard Euclidean structure on R".

We will prove Conjecturefor various spaces, including ¢};(¢) for any p,q > 1 and n € N, and any
finite dimensional space with a 1-symmetric basis. Also, we will show that Conjecture [11]holds up to a
factor of O(y/logn) for any unitarily invariant norm on M, (R). In general, an argument that was shown
to us by B. Klartag and E. Milman and is included in Section[7] (see also Section[1.6.3) shows that Conjec-
ture[10jand Conjecture[I1jhold up to a factor of O(log n). We will see that these results lead to Corollary[4}
and in general we will deduce that Conjecture[7} and hence, thanks to Theorem[3} also Conjecture[6} hold
up to lower order factors. Thus, we will obtain the following theorem.



Theorem 12. SEP(X) = vr(X*) dim(X) 2o for any normed space X with enough symmetries.

Assuming Conjecture|[L]} it is possible to compute the exact asymptotic growth rate of the separation
moduli of several important matrix spaces. For example, if Conjecture [11{holds for S7, then we will see
that the o(1) term in (4) could be removed altogether, i.e.,

V(pm e ool xN,  SEP(S%) = n™ M43} (13)

Also, assuming Conjecture 11| the lower order factors in the last two statements of Corollary[4] could be
removed, namely we will see that Conjecture[11]implies that the separation modulus of M, (R) equipped
with the operator norm || - || o from ¢ Z to ¢ Z satisfies

n%_mingp,q} lf p, q 2 2,
1, 1 .
_ ) n? maxkpa if p,g<2,
SEP(M,(®), II - ll g5 —¢n) = 0 it p<2<a, (14)
nmax{l,l—i+%} if qugp,
and the separation modulus of the projective tensor product ¢ Z@ﬂ g satisfies
3
. 2 if qr 22,
sep(enaemy <4 ", 1 maipd (15)
n mapg  if max{p,q} <2.

Remark|173|describes ramifications of these conjectural statements to norms of algorithmic importance.

Roadmap. The rest of the Introduction effectively restarts the description of the present work, with many
more details/definitions/background/ideas of proofs, than what we have included above. We organized
the introductory material in this way since this work pertains to multiple mathematical disciplines, in-
cluding Banach spaces, convex geometry, nonlinear functional analysis, metric embeddings, extension
of functions, and theoretical computer science. The backgrounds of potential readers are therefore var-
ied, so even though the above overview achieves the goal of presenting the main results quickly, it in-
evitably includes terminology that is not familiar to some. The aforementioned organizational choice
makes the ensuing discussion accessible. Additional background can be found in the monographs [LT77,
MS86, [TJ89] (Banach space theory), [BL00] (nonlinear functional analysis), [Mat02} [Ost13] (metric em-
beddings), [BB12] (extension of functions), as well as the references that are cited throughout.

While the ensuing extended introductory text is not short, it achieves more than merely a description
of the results, history, concepts and methods: It also contains groundwork that is needed for the subse-
quent sections. Thus, reading the Introduction will lead to a thorough conceptual understanding of the
contents, leaving to the remaining sections considerations that are for the most part more technical.

We will start by focusing on the classical Lipschitz extension problem because it is more well known
than the stochastic clustering issues that lead to most of our new results on Lipschitz extension, and also
because it requires less technicalities (e.g. a suitable measurability setup) than our subsequent treatment
of stochastic clustering. Throughout the Introduction (and beyond), we will formulate conjectures and
questions that are valuable even without the links to Lipschitz extension and clustering that are derived
herein. After the Introduction, the rest of this work will be organized thematically as follows. Section 2]
is devoted to proofs of our various lower bounds, namely impossibility results that rule out the exis-
tence of extensions and clusterings with certain properties. Section [8]and Section [4] deal with positive
results about random partitions. Specifically, Section [3|is of a more foundational nature as it describes
the concepts, basic constructions, and proofs of measurability statements that are needed for later appli-
cations in the infinitary setting (of course, measurability can be ignored for statements about finite sets).
Section[d|analyses in the case of normed spaces a periodic version of a commonly used randomized par-
titioning technique called iterative ball partitioning, and computes optimally (up to universal constant



factors) the probabilities of its separation and padding events. Section [5|shows how to pass from ran-
dom partitions to Lipschitz extension, by adjusting to the present setting the method that was developed
in [LNO5]. Section[palso contains further foundational results on Lipschitz extension, as well questions
and conjectures that are of independent interest. Section[6|contains a range of volume and surface area
estimates that are needed in conjunction with the theorems of the preceding sections in order to deduce
new Lipschitz extension and stochastic clustering results for various normed spaces and their subsets.
Section[7|proves that Conjecture[I0jand Conjecture[I1jhold up to a factor of O(log n), and also shows that
the approach that leads to this result cannot fully resolve Conjecture

1.2. Basic notation. Given a metric space (171, dj;;), a point x € 771 and a radius r > 0, the corresponding
closed ball is denoted By (x,r) ={y e N : dm(y,x) < r}. If X |- ]lx) is a Banach space (in this work, all
vector spaces are over the real scalars unless stated otherwise), then denote by Bx the unit ball centered
at the origin. Under this notation we have Bx = Bx(0,1) and Bx(x,r) = x+ rBx forevery x€ X and r > 0.
If (M, dn), (N, dy) are metric spaces and vy : 111 — 11, then for € < 171 the Lipschitz constant of ¢ on C
is denoted |y llLipe;n) € [0,00]. Thus, if € contains at least two points, then
def dn (v (0, v ()

l¥liLipe;n = sup
P xyee  dmx,y)

XEY
In the special case 11 = R we will use the simpler notation || lpipe;r) = ¥ lILipce)-

X -lx), (Y, |- lly) are isomorphic Banach spaces, then their Banach—-Mazur distance dgy (X, Y) is the
infimum of the products of the operator norms || T'||x—y and || T~ !ly—x over all possible linear isomor-
phisms T : X — Y. The (bi-Lipschitz) distortion of a metric space (171, dy;) into a metric space (11, dp),
denoted c(;,4,) (111, dm) or cn (M) if the underlying metrics are clear from the context, is the infimum
over those D € [1,00] for which there exists a mapping ¢ : 171 — 11 and (a scaling factor) A > 0 such that

vx,yeM,  Adp(x,y) <dp(¢px), () < DAdp(x, y). (16)

Fix n € N. Throughout what follows, R" will be always be endowed with its standard Euclidean struc-
ture, i.e., with the scalar product (x, y) = x1y1 +... + X ¥, for x = (x1,..., X)), ¥y = (J1,..., ¥n) € R™. Given
z € R" \. {0}, the orthogonal projection onto its orthogonal hyperplane z+t = {xeR": (x,z) =0} will be
denoted Proj 1 : R" — R". For 0 < s < n, the s-dimensional Hausdorff measure of a closed subset A <R"
is denoted vols(A). Integration with respect to the s-dimensional Hausdorff measure is indicated by dx.
If 0 < vols(A) <coand f : A— Ris continuous, then write f, f(x)dx =voly(A)~! [, f(x)dx.

Given a normed space (X, || - [x) and p € [1,00], £;;(X) is the vector space X" equipped with the norm

1
Vx=(xy,...,x) €X", Ixllene) = (lxrllx+ ...+ lxnllx) 7,
notation ¢ Z =/ Z(IR) and we write as usual $"! = 0Byy. The Schatten-von Neumann trace class SZ is the
(n?-dimensional) space of all n by n real matrices M,,(R), equipped with the norm that is defined by

1 1
2\\ 7 2\
VTeM,®), [Tls;= (Tr((TT*)z))” = (Tr((T*T)z))",
where || Tlse =TI en—en is the operator norm of T when it is viewed as a linear operator from (51 to !’21.

1.3. Lipschitz extension. As we recalled in Section one associates to every metric space (171, dy)
a bi-Lipschitz invarianﬂ called the Lipschitz extension modulus of (771, dj;;) and denoted e(171, dyy;) or
e(M) if the metric is clear from the context, by defining it to be the infimum over those K € [1,00] with
the property that for every nonempty subset C < 171, every Banach space (Z, || - |lz) and every Lipschitz
function f : C — Z there is a mapping F : 17l — Z that extends f, i.e., F(x) = f(x) whenever x € €, and

6The assertion that e(11) is a bi-Lipschitz invariant refers to the fact that the definition immediately implies that if (77, dy;)
is another metric space into which (177, dyy;) admits a bi-Lipschitz embedding, then e(171) < ¢y (1M e(M).



I FliLipom,zy < Kl fllLipe,z); see Figure|ll All of the ensuing extension theorems hold for a larger class
of target metric spaces that need not necessarily be Banach spaces, including Hadamard spaces and
Busemann nonpositively curved spaces [BH99], or more generally spaces that posses a conical geodesic
bicombing (see e.g. [DLI5]). This greater generality will be discussed in Section 5} but we prefer at this
introductory juncture to focus on the more classical and highly-studied setting of Banach space targets.

m

~

=~ ~
~ F
lde—m ~ -
=~ ~
f ~

¢ =7

FIGURE 1. GivenK > 1, the assertion that the Lipschitz extension modulus of a metric space
11 satisfiese(IN) < K means that for all subsets C < 111, all Banach spacesZ and all 1 -Lipschitz
mappings f : C — Z, there is a K-Lipschitz mapping F : 11l — Z such that the above diagram
commutes, wherelde_y; : € — 111 is the formal inclusion.

When (X, || - [Ix) is a finite dimensional normed space, the currently best-available general bounds on
the quantity e(X) in terms of dim(X) are contained the following theorem.

Theorem 13. There is a universal constant c > 0 such that for any finite dimensional normed spaceX,
dimX)¢ <eX) < dim(X). (17)

The bound e(X) < dim(X) in is a famous result of Johnson, Lindenstrauss and Schechtman [JLS86],
which they proved by cleverly refining the classical extension method of Whitney [Whi34|; different
proofs of this estimate were found by Lee and the author [LNO05] as well as by Brudnyi and Brudnyi [BB06]
(see also the discussion in the paragraph following equation below). It remains a major longstanding
open problem to determine whether or not the bound of [JLS86] could be improved to e(X) = o(dim(X)).

The new content of Theoremis the lower bound on e(X), which improves over the previously known
bound e(X) > exp(cy/logdim(X)); see Remark for the history of this question. It is a very interesting
open problem to determine the supremum over those ¢ for which Theorem holdsﬂ More generally,
it is natural to aim to evaluate the precise power-type behavior of e(X) as dim(X) — oo for specific (se-
quences of) finite dimensional normed spaces X. However, prior to the present work and despite many
efforts over the years, this was not achieved for any finite dimensional normed space whatsoever.

Theorem 14 (restatement of Theorem. For every n € N we have e(ﬂgo) =+/n.

The bound e(¢2) 2 v/n follows from a combination of [BB05, Theorem 4] and [BB07a, Theorem 1.2].
The new content of Theorem [14]is the the upper bound e(¢7,) < v/n (and, importantly, the extension
procedure that leads to it; see below). The previously best-known upper bound on e(¢}) was the afore-
mentioned O(n) estimate of [JLS86]. The question of evaluating the asymptotic behavior of e(¢}) as
n — oo for each p € [1,00] is natural and longstanding; it was stated in [BB05} Problem 2] and reiterated
in [BBO7b), Section 4], [BB07a, Problem 1.4] and [BB12, Problem 8.14]. Theorem[14Janswers this question
when p = co. The upper bound on e(¢%,) of Theorem[14]is a special case of a general extension criterion
that provides the best-known Lipschitz extension results in other settings (including for ¢}, when p > 2),
but we chose to state it separately because it yields the first (and currently essentially only) family of
normed spaces for which the growth rate of their Lipschitz extension moduli has been determined.

“Our proof of the lower bound on e(X) of Theoremshows that this supremum is at least ﬁ ; see equation (T40).
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Remark 15. Tt is meaningful to study extension of 8-Holder functions for any 0 < 6 < 1. Namely, one can
analogously define the 8-Holder extension modulus of a metric space (171, dy), denoted €% (177). Alterna-
tively, this notion falls into the above Lipschitz-extension framework because one can define

am) Ee(m, df),). (18)
The results that we obtain herein also yield improved estimates on 8-Holder extension moduli; see Corol-
lary[139] However, when 6 < 1 we never get a matching lower bound (the reason why we can do better in
the Lipschitz regime 8 = 1 is essentially due to the fact that Lipschitz functions are differentiable almost
everywhere). For example, in the setting of Theorem[14]we get the upper bound

voe (0,1, e&(en)< n, (19)

but the best lower bound on e’ (¢7%) that we are at present able to prove is

g : V65-1

06, p2_ n if 0K <=,
eg(ggo)znma}({mw2 1}:{ ;+92—1 . \/65—1\ ) (20)

nz if S <6<1.

We conjecture that e’ (%) =g n%, but proving this for 8 < 1 would likely require a genuinely new idea.

Question 16. Despite its utility in many cases, the extension method that underlies Theorem([14]does not
yield improved bounds for some important spaces, including notably ¢} and ¢7. Thus, determining the
asymptotic behavior of e(¢]) and e(¢}) as n — oo remains a tantalizing open question. Specifically, the
currently best-known bounds on e(¢ {’) are

vn<e(th)<n @D

where the first inequality in is due to Johnson and Lindenstrauss [JL84] and the second inequality
in is the aforementioned general upper bound of [JLS86] on the Lipschitz extension modulus of any
n-dimensional normed space. The currently best-known bounds in the Hilbertian setting are

vn<e(ly)Svn, (22)
where the first inequality in is due to Mendel and the author [MN13] (a different proof of this lower
bound on e([?) follows from [Nao21b]), and the second inequality in is from [LNO5].

By the bi-Lipschitz invariance of the Lipschitz extension modulus, the second inequality in im-
plies the following bound from [LNO05], which holds for every finite dimensional normed space X.

eX) < dpm(X, £9™X)/dim(X). (23)
This refines the upper bound on e(X) in because dgpm (X, f‘zﬁm(x)) < vdim(X) by John’s theorem [Joh48].

Remark 17. In the context of the aforementioned question if the bound e(X) < dim(X) of [JLS86] is op-
timal, by we see that e(X) = o(dim(X)) unless the Banach-Mazur distance between X and Euclidean
space is of order vdim(X). Structural properties of such spaces of extremal distance to Euclidean space
have been studied in [MW78] [Pis79} [Bou82| [JS82a} IATTJ05]|; see also chapters 6 and 7 of [T]89]. In par-
ticular, the Mil’'man-Wolfson theorem [MW78] asserts that this holds if and only if X has a subspace of
dimension k = k(dim (X)) whose Banach—-Mazur distance to ¢ ’f is O(1), where lim,,_.o, k(1) = oo.

As dpm (€7, 0) = n!P~21/2P) for all n e N and p € [1,00] (see [JLOL, Section 8)), it follows from that

e([,’;)g nf_i ifpell,2], 24)
n r ifpel2,00].

was the previously best-known upper bound on e(¢}), and here we improve it for every p > 2.

11
Theorem 18. Forevery n e N and every p € [1,00] we have e([ﬁ) < nmax{ y ﬂ]f.
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Theorem [14]is the case p = co of Theorem[18] We do not know if Theorem [18]is optimal (perhaps up
to lower order factors) as n — oo for fixed p € [2,00), but we conjecture that this is indeed the case, which
would resolve [BB05, Problem 2]. The currently best-known lower bound on e(¢}) for every p € [1,00] is

1_
nr
4

1
2 ifl<p<y,

n  ifi<p<2,
e(emz{ Vo TESP (25)
nzr if2<p<3,
1_1
nzr if3<p<oo.

A lower bound on e(¢}) that coincides with when p € [1,4/3] U [3,00] is stated in Corollary 8.12
of [BB12], but [BB12} Corollary 8.12] is weaker than when 4/3 < p < 3. The reason for this is that the
lower bound of [MN13] on e(¢7) that appears in was not available when [BB12| was written, but
for 4/3 < p < 3 follows quickly by combining the first inequality in with [FLM77]; see Remark[2.4]

Remark 19. Theorem|I8|resolves negatively a conjecture that A. Brudnyi and Y. Brudnyi posed as Conjec-
ture 5 in [BBO5]. They conducted a comprehensive study of the linear extension problem for real-valued
Lipschitz functions, where one considers for a metric space (171, dy;;) a quantity A(171) which is defined
the same as e(771), but with the further requirements that the function f is real-valued and that the ex-
tended function F depends linearly on f. Namely, A(771) is the infimum over those K € [1,00] such that
for every C < 171 there is a linear operator Exte : Lip(€) — Lip(171) that assigns to every Lipschitz function
f: € — Rafunction Exte f : 1711 — R satisfying Exte f (s) = f(s) for every s € C, and

IExte fllLipom < Kl fliLipe)-

They also considered a natural variant of this quantity when 771 = X is a Banach space, denoted A¢ony(X),
which is defined almost identically to A(X) except that now the subset € is only allowed to be any convex
subset of X rather than a subset of X without any additional restriction. Conjecture 5 in [BB05] states that

V(p,m €L,00l xN,  A(£}) =p Aconv(£p) VR (26)

Theorem [18|implies that this conjecture is false for every p € (2,00]. Indeed, the asymptotic behavior of
Aconv(£};) was evaluated in [BBO7b, Theorem 2.19], where it was shown that

ny _ i1
Vpe(l,ool, Aconv(€) = nl277l,

Consequently, /ICOHV(EZ)\/E = nl_% when p > 2. Next, in [BB07a] a quantity v(171) was associated to a
metric space (171, dy;) by defining it almost identically to the definition of e(771), except that the target
Banach space Z is allowed to be any finite dimensional Banach space rather than any Banach space
whatsoever. By definition v(171) < e(111), but actually A(771) = v(111) thanks to [BB07a, Theorem 1.2] (see
the work [AP20] of Ambrosio and Puglisi for more on this “linearization phenomenon”). Using these
results in combination with Theorem we see that for every p € (2,00], as n — oo we have

Aen) =v(ep) <e(tp) S va=ofn' 7).
Thus, A(¢}) = O(Aconv(%) V1) as n — oo for any p > 2, in contrast to the conjecture of [BB05].

Prior to passing to the general Lipschitz extension theorem that underlies the new results that were
described above, we will further illustrate its utility by stating one more concrete application. For each
pell,ooland neN, if k € {1,..., n}, then let ([Z)gk denote the subset of R" consisting of those vectors
with at most k nonzero coordinates, equipped with the metric that is inherited from £};.

:}
’2

<=

Theorem 20. Forevery p € [1,00], everyn e N and every k € {1,..., n} we have e((!ﬁ)gk) < kmax{
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Theorem|[18]is the special case k = n and p > 2 of Theorem[20] If 1 < p < 2 and k = n, then Theorem|20|
is the estimate (24), which is the best-known upper bound on e(¢}) for p in this range. However, for
general ke {1,...,n} Theoremyields a refinement of in the entire range p € [1,00] which does not
seem to follow from previously known results. In particular, the case p = 2 of Theorem[20|becomes

e(h<i) <Vk. 27)

Even though concerns a Euclidean setting, its proof relies on a construction that employs a multi-
scale partitioning scheme using balls of an auxiliary metric on R” that differs from the ambient Euclidean
metric. The utility of such a non-Euclidean geometric reasoning despite the Euclidean nature of the
question being studied is discussed further in Section|1.4

1.4. A volumetric upper bound on the Lipschitz extension modulus. We will prove that Theorem
(hence also its special cases Theoremand Theorem is a consequence of Theorembelow, which
is a Lipschitz extension theorem for subsets of finite dimensional normed spaces in terms of volumes of
hyperplane projections of their unit balls. Throughout what follows, for dealing with volumetric notions
we will adhere to the following conventions. Given n € N, when we say that X = (R", | - [lx) is a normed
space we mean that the underlying vector space is R” and that || - [|x : R" — [0,00) is a norm on R". This
is, of course, always achievable by fixing any scalar product on an n-dimensional normed space. While
the ensuing statements hold in this setting, i.e., for an arbitrary identification of X with R”, a judicious
choice of such an identification is beneficial; the discussion of this important matter is postponed to
Section because it is not needed for the initial description of the main results. We will continue
using the notation Bx = {x e R" : | x|lx < 1} for the unit ball of X. Also, given € < R” we denote by Cx the
metric space consisting of the set € equipped with the metric that is inherited from || - ||x. This notation is
important for us because we will crucially need to simultaneously consider more than one norm on R”".

Theorem 21. Suppose that n € N and thatX = (R", | - |x) andY = (R, || - |ly) are two normed spaces. Then,
for every C < R" we have the following upper bound on the Lipschitz extension modulus of Cx.

lxc - yllx) (voln—l(ProJ(x_y)iBY) lxc~ J’||ég)
x,y€C vol, (By) llx— J/”X '

e(Cx) < ( sup (28)

x,y€C lx—yly
X#Y X#£Y

We will next discuss the geometric meaning of Theorem [21| and derive some of its consequences,
including Theorem 20} Firstly, by homogeneity the case C = R" of becomes

(VOln_l (Projxl By)
vol, (By)

e < ( sup llylx) sup IIxIIz;). (29)

yeaBY xean
The quantity sup ,¢sp, |y lIx in isthe norm ||ld, |ly—x of the identity matrix Id,, € M, (R) as an operator
from Y to X. Alternatively, SUDyeoBy lyllx = diamx(By)/2, where for each € < R" we denote its diameter
with respect to the metric that X induces by diamx(C) = sup x,y€C lx—ylx.
Given a convex body K < R”, let [T* K < R" be the polar of the projection body of K, which is defined to
be the unit ball of the norm | - | *x on R” that is given by setting

def 1 )
VxeR"N {0},  lxllpg = > / |<x, Nk (y))|dy = vol,—1 (Proj. K) Il xll 2, (30)
0K

where N (y) € "~ denotes the unit outer normal to K at y € K (which is uniquely defined almost
everywhere with respect to the surface-area measure on 0K), and the final equality in is the Cauchy
projection formula (see e.g. [Gar06, Appendix A]). The projection body ITK of K is the polar of IT* K. These
important notions were introduced by Petty [Pet67]. When X = (R", || - [Ix) is a normed space let [T*X be
the normed space whose unit ball is IT* Bx. Let IIX = (IT*X) * be the normed space whose unit ball is [T1Bx.

By substituting into we get the following interpretation of our bound on e(X) in terms of ana-
lytic and geometric properties of projection bodies; it is worthwhile to state it as a separate corollary even
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though it is only a matter of notation because of its intrinsic interest and also because these alternative
viewpoints were useful for guiding some of the subsequent considerations.

Corollary 22. Any two normed spacesX = (R", || - x),Y = R", || - lly) satisfy

X < diamy (By)diamp+y(Bx) - Idylly—xIld;lx—my
~ vol,, (By) vol;, (By) 31)
_ dnlix—ylldnliny—x* _ diamx(By)diamyg-(I1By)
- vol, (By) a vol(By)

The penultimate step in is duality (the norm of an operator equals the norm of its adjoint) and
the final quantity in relates Theorem21]to the second estimate in Theorem 3]

Remark 23. Corollary has the right affine invariance. For S € SL,(R) let SX = (R", |- | sx) be the normed
space whose unit ball is SBx; equivalently, || x|lsx = || S 1x|lx for every x € R"”. Then X and SX are isometric
as metric spaces, so e(SX) = e(X). We have (SX)* = (S*)~1x* (by definition), and I1(SBy) = (S*)" 1By
by [Pet67]. From this we see that diam gy (I1Bsy) = diamy- (I1By). Thus, the minimum of the right hand
side of over all normed spaces Y = (R”, | - |ly) is also invariant under the action of SL, (R).

The special case of Theorem 21]in which the normed space Y coincides with the given normed space
Xis in itself a nontrivial bound on the Lipschitz extension modulus. Examining this special case first will
help elucidate how the idea arose to introduce an auxiliary space Y that may differ from X, and why this
can yield stronger estimates. If X =Y, then the bound becomes

vol,_1(Proj .1 Bx) [lx—ylen
e(Cx) < sup( il (x=y)" X). y 2). (32)
x,yeC vol, (Bx) lx—ylx
X£y
Correspondingly, the bound becomes
vol,,—1(Proj,. B di x (B
eX) < sup ( n-1(Proj . Bx) ”Z”@):w_ (33)
2€0By vol,, (Bx) vol,, (Bx)

Even these weaker estimates suffice to obtain new results, e.g. we will see that thisisso if2 < p = O(1) and
X=/ Z. However, as we will soon explain, does not imply an upper bound on ¢Z that is better than
the aforementioned general bound of [JLS86]. Despite this shortcoming of and relative to (28),
it is worthwhile to state these special cases of Theorem[21|separately because they are simpler than
and hence perhaps somewhat easier to remember. Moreover, a naive way to enhance the applicability
of is to leverage the fact that the Lipschitz extension modulus is a bi-Lipschitz invariant, so that

e(Cx) < ldnllLipey, e dnliLipey, ey e(Cy).
Consequently, by estimating e(Cy) through we formally deduce from that

e x— Vol -1 (Projx ). By) l1x=ylley
e(ex)g(sup [ yllx)(su I ylly)' y ( n-1(Projie—y) By) Al
xyee 1X=Yly )y yee lx—ylx) xyee vol, (By) lx—yly
X£y X£y X£y
We do not see how to deduce Theorem [18 and Theorem [20] from (34). However, we will show that
suffices for proving Theorem (as well as some other results that will be presented later). In summary,
even the case of Theoremin which the auxiliary space Y coincides with X is valuable, but Theorem
does not follow from merely combining its special case Y = X with bi-Lipschitz invariance.
Given a normed space X = (R”, || - [Ix) and z € R” \ {0}, the quantity

(34)

1 .
;VOln_l(PrszLBX) Izl ¢ (35)
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is equal to the volume of the cone

Cone.(Bx) ' conv(iz} U Proj,. Bx) < R" (36)

whose base is the (n—1)-dimensional convex set Proj,. Bx € z* and whose apexis z. In and through-
out what follows, conv(-) denotes the convex hull. Thus, the estimate can be restated as follows.

o0 < 1 sup vol,(Cone,(Bx))
2By VOlu(Bx)

Through we see that the geometric interpretation of the “bad spaces” X for isthat these are the
spaces that have a “pointy direction” z € dBx for which the volume of the cone Cone,(Bx) is a significant
fraction of the volume of Bx. Examples will be presented next, but note first that a short geometric
argument (see the proof of [GNS12, Lemma 5.1]) shows that vol,,(Cone,(Bx)) < vol,(Bx)/2, so the right
hand side of is at most n/2. Hence, is a refinement of the classical bound e(X) < 7 of [JLS86].

Nevertheless, a “vanilla” application of does not yield an asymptotically better estimate than that
of [JLS86] even when X = ¢ . Indeed, Ben =[-1,1] " and a simple argument (see [CF86]) shows that

37

veemn gy,  Lomo(Proiz: =L U Izle (38)
’ vol,([—-1,1]™) 2zl

So, by considering the all 1’s vector z = 13, n) € dB¢n we see that for X = ¢, the right hand side of is
atleast n/2. Theright hand side of is atleast n/2 when X = ¢, as seen by taking z = (1,0,...,0) € GBg;L.
Such “problematic" directions z € 0Bx can sometimes be the overwhelming majority of 0Bx. Consider
Ball’'s counterexample [Bal91b] to the Shepard Problem [She64], which states that for any 7 € N there is a
normed space X = (R”, | - [x) such that vol,, (Bx) = 1 yet vol,_1 (Proj,1 Bx) 2 /n for every z € S"1. Since
voly(Bgp) < (3/ v/n)™ while vol, (Bx) = 1, the proportion of those z € dBx for which || z|| o> v/nl4 tends to
1 as n — oo (exponentially fast). Any such z satisfies || z|| g;voln_l (Proj,1 Bx)/vol,(Bx) 2 n.

These obstacles can sometimes be overcome by perturbing the given normed space X prior to invok-
ing (33), i.e., by using of Theorem 21| with a suitably chosen auxiliary normed space Y = ®R”, | - [ly). In
particular, since by Holder’s inequality | - || < n'>7V/P|| - ||yn when p > 2, Theorem [18|follows from a
substitution of the space Y}, of Theorembelow into Theorem (with X = £})), or even into (34).

Theorem 24. Foranyn €N and p € [1,00] there is a normed space Yy, = R", || - |yz) that satisfies

VOln_l(ProjxlBY;;) < 1

p 39
vol,, (Byg) ~ 59

VxeR"\ {0}, lxllyy =<lxllz  and

The case p = oo of Theorem[24]implies Theorem [20]through an application of Theorem[21] Indeed, fix
p > 1and n e N. Suppose that x, y € (¢£;))<k for some k € {1,...,n}. Then x — y has at most 2k nonzero
coordinates. Therefore, if Y., is as in Theorem[24] then by Holder’s inequality we have

_ 1.1, 1 1
(2k) max{i- }le— Yiep <Nx=ylen <@R)2Ilx=ylen = k2 llx—ylyz. (40)
Theorem [20]follows by substituting these bounds and the case p = oo of into 28). Observe that we
would have obtained the weaker bound e(([Z)gk) < k/P+12 if we used instead of (28).
If p = O(1), then one can take Y;’, =/ Z in Theorern In fact, the direction z € "1 at which
max voly,_; (Proj,. Byr) 41)
ze8§™1 P

is attained was determined by Barthe and the author in [BN02]. This result implies that

vol,—1(Proj,iBen) .

Vp2>1, max = nr+/min{p, n}. (42)

zeS§n—1 VOln(ng)
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As [BNO2] computes exactly, the implicit constant factors in can be evaluated, but in the present
context such precision is of secondary importance. While follows from [BNO02] (see the deduction
in [Naol7al), we will give a self-contained proof of in Section [6)as a special case of a more general
result that we will use for other purposes as well. In the range g € (2,00), a different approach to com-
puting was found in [KRZ04]. Earlier methods for estimating with worse lower order factors are
due to [Sch89] and [M1il90]; the latter is an adaptation of an idea (used for related purposes) in [Bou87].

Foreach k € {1,..., n}, by applying with Y = ¢7 for some g > p, using with p replaced by g, and
optimizing the resulting bound over g, one obtains a result that matches Theorem[20|up to unbounded
lower order factors. More precisely, the best that one can get with this approach (up to universal constant
factors) is when g = max{2log(n/k), p} if p <log(2k). If p > log(2k), then use withY= gl?)g(Zk)'

Theorem[24]provides an auxiliary space Y for which a use of removes the above lower order factors,
and yields a sharp result when p = co (we conjecture that it is sharp for any p > 2). Regardless of whether
we apply with the space Y =Yg, of Theorem[24|or with Y = /7 for a suitable choice of g > p, we have
seen that without using an auxiliary space Y # £}, in we do not come close to such results.

Even though in Theorem 21 we are interested in extending functions that are Lipschitz in the metric
that is induced by the given norm || - x, the underlying reason for the bounds of Theorem [21]is a parti-
tioning scheme (to be described below) that iteratively carves out balls in the metric that is induced by
the auxiliary norm | - |ly. So, the perturbation of X into Y amounts to exhibiting a Lipschitz extension op-
erator through the use of a multi-scale construction that utilizes geometric shapes that differ from balls
in the ambient metric. This strategy is feasible because the quantity e(Cx) in the left hand side of
is a bi-Lipschitz invariant, while the volumes that appear in the right hand side of scale exponen-
tially in n. Hence, by passing to an equivalent norm one could hope to reduce the right hand side of
significantly, while not changing the left hand side of by too much.

This perturbative approach is decisively useful for X = ¢7.. When one unravels the ensuing proofs, the
upper bound on e(¢,) of Theorem |14 arises from a multi-scale construction of an extension operator
(using a gentle partition of unity [LNO5]) that utilizes a partition of space that is obtained by iteratively
removing sets of the form x + r Bys , where Y, is as in Theorem[24] If one carries out the same procedure
while using balls of the intrinsic metric of ¢, (namely, hypercubes x + r[—1,1]" in place of x + rByn ,
which look like hypercubes with “rounded corners”), then only the weaker bound e(¢2) < n is obtained.
We already mentioned that such a phenomenon even occurs in the proof of the Euclidean estimate (27).

The following two examples describe further uses of Theorem 21} we will work out several more later.

Example 25. In the forthcoming work [NS21a], the author and Schechtman prove (for an application to
metric embedding theory) the following asymptotic evaluation of the maximal volumes of hyperplane
projections of the unit balls of the Schatten—von Neumann trace classes.

vol,2_4 (PrOjAL Bsg)

= n?*4 \/miniq, ). (43)

Upon substitution into Theorem |21} this yields the following new estimates on the Lipschitz extension
moduli of Schatten—von Neumann trace classes, which holds for every p > 1 and every integer n > 2.

Vg=>1, max
q= AeM,, (R)\.{0} VOlnz (BSZ)

1.1 .
e(sn)< l’lz+” 1fp€[1,2], (44)
P2~ ny/min{p,logn} if p € [2,00].
11
Indeed, by Holder’s inequality || - llsy < nmax{o,z n} I-llsz, so for p <logn follows from a substitution

of these point-wise bounds and when g = p into the case X = Y = Sj, of Theorem The case
p > logn of follows from the same reasoning using when g =logn and Theorem 21|for X = S}
and Y = Sg, since in this case dpm(S},57) < 1. Note that, since dim(S}) = n?, for every p € [1,00] the
bound on e(S;‘,) in is o(dim(Sz)), i.e., it is asymptotically better than what follows from [JLS86].
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More generally, given p > 1, aninteger n > 2and r € {3,..., n}, let (5})) <, be the set of n by n matrices of
rank at most r, equipped with the metric inherited from Sy. Then, has the following strengthening.

)

< =
YT

e((s;)gr)ﬁrm“{ }\/ﬁ-{ max{log (%), p} if p<logr, s

Vlogn if p >logr.
To justify (45), apply Theoremwith X =57 and Y = Sj; for some g > p while using (43), and optimize

the resulting bound over g. Specifically, since for any A,B € (SZ) <r the matrix A — B has at most 2r
nonzero singular values, by Holder’s inequality we have

1_1 1_1
||A—B||sg<(2r)ma"{°’z v}nA—an; and  |A-Blsy <27 7| A= Blsp.

In combination with (43), we therefore get the following bound from (28).

|A-Blsn 1,1 _[lA-Bllsr 1.1 1,1 1.1
e((SZ)gr)S( sup —) sup (” G ) < it g )
ABesh, 1A= Blisy ) apesn., IA-Bllsn
A#B A#B

The g > p that minimizes the right hand side of is max{2log(n/r), p}, yielding when p <logr. If
p = logr, then ||A—B||s; =||A-B ”5ff)gr forevery A,B € (SZ)@, SO reduces to its special case p =logr.
We conjecture that it is possible to replace the logarithmic factor in by a universal constant, i.e.,

1

e(Sp<r) S A TEINe) 47)

As we will see in Section Conjecture [26| below is equivalent to the symmetric isomorphic reverse
isoperimetry conjecture (see Conjecture for M, (R) equipped with the operator norm, which is an
especially interesting special case of this much more general conjectural phenomenon; by reasoning as
we did in the above deduction of Theorem [20]from (the special case p = co of) Theorem [24] (recall the
discussion immediately following (@0)), a positive answer to Conjecture26|would imply (@7).

Conjecture 26. For every n € N there exists a normed space Y = (M, (R), || - [ly) such that for every nonzero
n by n matrix A € M, (R) \ {0} we have || Ally = || Alls», and vol,2_; (Proj 4. By) < vol,2 (By)v/n.

Example 27. Since the ¢](¢1}) norm on M,(R) is isometric to egj , by Theorem [24] there is a normed
space Y = (M, (R), || - lly) that satisfies | All gz (¢n) < | Ally S 1 Allgn (¢n) for every A€ M, (R), and

vol,2_;(Proj,. B
max o (ProjaBy) _ ) ),
AeM,, (R)~. {0} vol,;2 (By)

By Holder’s inequality, for every p, g € [1,00] and A € M, (R) we have

1,1 1,1 max{i-10t+max{i-1,0
I Al eneny <mpallAllgn eny <n? 7||Aly  and [Allenem < n {2 P } {2 q }IlAllzgwgy

Therefore, Theorem 21| gives the Lipschitz extension bound

e(en(em) < o im0 max =0} _ pmax{iigfie s (48)

~

As in the case of Ez, we get if p, g = O(1) by using Theoremwith Y=X= (Z(Z;Z,), but otherwise we
need to work with an auxiliary space Y # X as above. Specifically, in Section[6|we will prove the following
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asymptotic evaluation of the maximal volume of hyperplane projections of the unit ball of £} (¢7):

n if n <min{\/p, q},
Vantti  ifg<n<p,
e vol 21 (Proj 41 Beneny) ) vr if /p < n<min{p,q}, o)
AeM, @100 volye(Boyen) \/ﬂnﬁ‘f if max{y/p,q} <n<p,
nz'r ifp<n<yg,
\/ﬁni% if n > max{p, q}.

The intricacy of is perhaps unexpected, though it is nonetheless sharp in all of the six ranges (de-
pending on the relative locations of p, g, n and, somewhat curiously, ,/p) that appear in (49). By reason-
ing analogously to the discussion following (42), one can prove a bound on e(¢};(¢7)) that matches
up to lower order factors by applying Theorem [21]with Y = £}}(¢}) and then optimizing over r,s > 1. For
the sole purpose of this application, only the range n > max{p, q} of is needed. However, results such
as have geometric interest in their own right for all of the possible values of the relevant parameters.
We will actually prove a version of for £,(¢7") even when n # m; the case of rectangular matrices is
independently interesting, but we will also use it elsewhere (see Remarkbelow).

Problem 28. Determine the exact maximizers of volumes of hyperplane projections of the unit balls of
Sj and £(¢7), i.e., for which A€ M, (R) \ {0} are the maxima in and attained.

1.5. A dimension-independent extension theorem. In the preceding sections we stated all of the ex-
tension theorems using the traditional setup that aims to extend a Lipschitz function to a function that
is Lipschitz with respect to the given metric. However, all of our new (positive) extension theorems are a
consequence of Theorem[29|below, which is a nonstandard Lipschitz extension theorem.

Theorem asserts that if X = (R", ||-||x) is anormed space and f is a 1-Lipschitz function from a subset
of R” to a Banach space Z, then f can be extended to a Z-valued function that is defined on all of R” and
is O(1)-Lipschitz with respect to the metric that is induced on R” by the norm ||| - ||| = 2| - || *x/vol, (Bx),
i.e., a suitable rescaling of the norm whose unit ball is the polar projection body of Bx. This rescaling
ensures that ||| - ||| dominates | - ||x; indeed, by an elementary geometric argument (see Remark,

2l %l
VxeR",  fxlx < =2 < nllxlix. (50)
vol, (Bx)
Thus, the conclusion of Theorem 29| that the extended function is Lipschitz with respect to ||| ||| is less

stringent than the traditional requirement that it should be Lipschitz with respect to |- |x, but Theorem[29]
has the feature that the upper bound on the Lipschitz constant is independent of the dimension.

Theorem 29. Fix n €N, a normed spaceX = (R",| - ||lx) and a Banach space (Z, | - |z). Suppose that C < R"
and f : C — Z is 1-Lipschitz with respect to the metric that is induced by || - |Ix, i.e., | f(x)— fWllz < | x—yllx
for every x,y € C. Then, there exists F : R — Z that coincides with f on C and satisfies

lx—ylox

vol,(Bx)

To see how Theorem [29)implies Theorem 21} denote (in the setting of the statement of Theorem 21):

Vx,yeR", IF(x)-FWlz <

_ vol,—1(Proj . By) llx—=yl
Mo (le yllx) and M = sup [— (Projy By). =1 (51)
cyee\x=yly %7€ voly, (By) X = ylix
X2y X£y

Thus, every x, y € C satisfy [ x— yllx < M| x—ylly and, recalling (30), also || x—y|l+y/vol, (By) < M'[lx—yllx.
Let (Z, | - llz) be any Banach space and consider an arbitrary subset €' € C. If f : €' — Zis 1-Lipschitz with
respect to the metric that is induced by | - |Ix, then f/M is 1-Lipschitz with respect to the metric that is
induced by Y. By Theorern (with X replaced by Y, C replaced by €', f replaced by f/M) we therefore
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see that there exists F : R” — Z (for Theorem 21| we only need F to be defined on C) that extends F and
satisfies | F(x) — F())llz < Ml x — yligy/vol,(By) < MM'| x — ylix for all x, y € C. This coincides with (28).

Remark 30. Given p > 1, consider what happens when we apply Theorem [29|to the space YZ of Theo-
rem[24] We get that for any € = R” and any Banach space Z, if f : € — Z is 1-Lipschitz with respect to the
¢}, metric, then f can be extended to F : R" — Z that is O(n''P)-Lipschitz with respect to the Euclidean
metric. When p < 2, the Lipschitz assumption on f is less stringent than requiring it to be O(1)-Lipschitz
with respect to the Euclidean metric, but we then get an extension F that is O(n!/P)-Lipschitz with re-
spect to the Euclidean metric; this upper bound on the Lipschitz constant of F is asymptotically larger
than the O(y/n) bound that we would get if f were assumed to be 1-Lipschitz with respect to the Eu-
clidean metric and we applied the second inequality in 22), but we get it while requiring less from f. In
particular, when p = 1 we see that any Z-valued function on a subset of R” that is 1-Lipschitz with respect
to the ¢} metric can be extended to a Z-valued function defined on all of R” whose Lipschitz constant
with respect to the Euclidean metric is O(n), while an application of [JLS86] will give an extension that is
O(n)-Lipschitz with respect to the £} metric. On the other hand, if p > 2, then the Lipschitz assumption
on f is more stringent than requiring it to be O(1)-Lipschitz with respect to the Euclidean metric, but we
then get an extension F that is O(n'/P)-Lipschitz with respect to the Euclidean metric, which is asymp-
totically better than the O(y/n) bound from (22). In particular, when p = co we see that any Z-valued
function on a subset of R” that is 1-Lipschitz with respect to the £, metric can be extended to a Z-valued
function on all of R” whose Lipschitz constant with respect to the Euclidean metric is O(1).

1.6. Isomorphic reverse isoperimetry. All of the applications that we found for Theorem21]proceed by
bounding the volumes of hyperplane projections of By that appear in right hand side of by

MaxProj(By) &' max vol-1 (Proj,. By). (52)
zeSn-

Thus, it follows from that for any two normed spaces X = (R", | - [|x),Y = (R", | - |ly) with By < By,
MaxProj(By)
vol, (By)

While there could conceivably be an application of that is more refined than (53), in this section
we will investigate the ramifications of bounding MaxProj(Bx) as a way to use Theorem This will

relate to the isomorphic reverse isoperimetric phenomena that we conjectured in Section
Any origin-symmetric convex body L < R" satisfies

eX) < diamg; (Bx). (53)

Vi
Indeed, this follows immediately from the following classical Cauchy surface area formula (see e.g. equa-
tion 5.73 in [Sch14]) by bounding the integrand by its maximum.

2y/nT (&
vol,_1(0L) = #2)][ vol,_1(Proj,. L)dz = v/n vol,,_1(Proj,. L) dz. (55)
F(g) Sn-1 gn-1
Remark 31. Using (54), Theorem 24]implies that Conjecture[9] (isomorphic reverse isoperimetry) holds
(with S the identity mapping) when K = Bn for any p > 1 and n € N. Indeed, let Y}, be the normed space
from Theorem[24] By the first inequality in we have

MaxProj(L) 2 (54)

1 1
vol,(Byz) " = vol,(Ben)" =n" 7, (56)

= =

where the last equivalence in is a standard computation (e.g. [Pis89, page 11]). By and (566), the
second inequality in implies that the isoperimetric quotient of By, is O(/n). So, Conjecture@holds
for K'= By if we take L to be a rescaling by a universal constant factor of By» so that L < K.
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Thanks to (54), if we set K = Bx and L = By in (53), then the right hand side of satisfies

MaxProj(L) vol,_1(0L) |, iq(L)‘diang(K) S diamg» (K)

diam» (K) 2 —————diamy» (K) = < 1
vol, (L) 2 v'nvol, (L) 2 Vi vol,(Dn " vol,(K)n

where we recall notation for the isoperimetric quotient iq(-) and the last step uses the isoperimetric
theorem and the assumption L € K. The following proposition explains what it would entail for one
to be able to reverse after an application of a suitable linear transformation; in particular, it shows
that one can find S € SL,(R) and an origin-symmetric convex body L < SK such that

MaxProj(L) |, < diamg» (SK)

diam/» (SK) S :
vol,, (L) & vol,,(K) 7

) (57)

if and only if Conjecture|10|on weak isomorphic reverse isoperimetry holds for K.

Proposition 32. The following two statements are equivalent for every n € N, every origin-symmetric con-
vex body K < R" and every a > 0.

(1) There exist a linear transformation S € SL; (R) and an origin-symmetric convex body L < SK with
MaxProj(L)
vol, (L)

(2) There exist a linear transformation S € SL,(R) and an origin-symmetric convex body L < SK that
satisfies v/vol, (L) = B1/vol,(K) andiq(L) < yv/n forsome > 1/a andy < a withy!f < a.

Proof. For the implication (1) = (2) denote 8 = {/vol,, (L)/ {/vol,(K) and y = iq(L)/v/n. Then
i
o MaxProj(L) vol,, (k) vol,_1(0L)
vol, (L) vol,(L)v/n
Since by the isoperimetric theorem we have y 2 1, it follows from this that § 2 1/«, and since L < SK
and S € SL,(R), we have vol, (L) < vol,(K), so f < 1 and it also follows from this that y < a.
For the implication (2) = (1), fix T € SL,(R) with vol,,_1(0TL) = min{vol,,_(@T'L) : T’ € SL,(R)},

i.e., TLis in its minimum surface area position [Pet61]. By definition, vol,_,(0TL) < vol,_;(0L) and by
Proposition 3.1 in the work [GP99] of Giannopoulos and Papadimitrakis combined with we have

VOln_l (6 TL)

VOln(K)% <a. (58)

vol,, (K)# = %

MaxProj(TL) =
j(TL) n
Consequently, if L satisfies part (2) of Proposition then
1
MaxProj(TL 1,,_1(0TL 1,,_1(0L iq(L | n
wvoln([()% - ‘L()VOIH(K)% < Von—l()voln([()% — iq( )(VO "(K)) < Y S a.
vol,(TL) vol,,(TL)V/n vol,(TL)\/n vn \vol,(L) B

It follows that (1) holds with S replaced by T'S € SL,(R) and L replaced by TL < TSK. g

Since when a < 1 in Proposition[32]the assertion of its part (2) coincides with Conjecture[L0} it follows
that Conjecture[10} and a fortiori Conjecture[9} imply that for any normed space X = (R", || - [Ix) there is
S € SL,(R) such that e(X) is at most a universal constant multiple of diamgg (SBx)/ v/vol,,(Bx). Indeed,
this follows by applying Theoremto the normed spaces X' = (R”, | - [x’) and Y = (R", || - |ly) whose unit
balls are SBx and L, respectively, where S and L are as in part (1) of Proposition for K = By, while
noting that e(X’) = e(X) since X' is isometric to X. We record this conclusion as the following corollary.

Corollary 33. If Conjecture[10 holds for a normed spaceX = R", || - |Ix), then there is S € SL,(R) such that

diam[g (SBx)
XS ————. (59)

vol,,(Bx)
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The upshot of Corollary33]is that the right hand side of involves only Euclidean diameters and
n’th roots of volumes, which are typically much easier to estimate than extremal volumes of hyperplane
projections. This comes at the cost of having to find the auxiliary linear transformation S € SL;,(R), but we
expect that in concrete settings it will be simple to determine S. Moreover, in all of the specific examples
of spaces for which we are interested (at least initially) in estimating their Lipschitz extension modulus,
S should be the identity mapping. We will discuss this matter and its consequences in Section|1.6.2

Remark 34. There is a degree of freedom that the above discussion does not exploit. Let X = (R", ||-|x) bea
normed space. By (31), we know that e(X) is bounded from above by a constant multiple of the minimum
of diamp+y(Bx)/vol, (By) over all the normed spaces Y = (R”, | - |ly) for which By < Bx. By (53), to control
this minimum it suffices to estimate the minimum of MaxProj(By)/vol,, (By) over all such Y, which relates
to isomorphic reverse isoperimetric phenomena. But, we could also take a normed space W = (R, |- lw)
for m > n such that Bw NR" = Bx (we need that W contains an isometric copy of X), estimate either
of the two minima above for the super-space W, and then use e(X) < e(W). Thus, it would suffice to
embed X into a larger normed space that exhibits good isomorphic reverse isoperimetry. Our conjectures
imply that such an embedding step is not needed, namely we expect that the desired isomorphic reverse
isoperimetric property holds for X. Nevertheless, it could be that by finding a suitable super-space W one
could bound e(X) while circumventing the difficulty of proving Conjecture[10/for X. For example, if X is a
subspace of ¢7 for some m = O(n), then by Theoremwe know that e(X) < v/n, but this is because we
know that ¢ has the desired isomorphic reverse isoperimetric property, and it is not clear how to prove
it for X itself. It is also unclear how to construct for a given normed X a super-space W that could be used
as above. We leave the exploration of this possibility for future research.

1.6.1. A spectral interpretation, reverse Faber-Krahn and the Cheeger space of a normed space. We will
henceforth quantify the extent to which Conjecture[10|holds through the following condition:

iq(L) (voln(K))i Vol (K) (voln_l(aL)) _

vn \vol,(L) vn vol, (L) (60

The factors iq(L)/+/n and (vol, (K) /VOln(L))I/ " that appear in the left hand side of are at least a pos-
itive universal constant (by, respectively, the isoperimetric theorem and the assumed inclusion L < K),
SO implies that {/vol, (L) = a~'{/vol,(K) and iq(L) < av/n. Thus, if @ = O(1), then is equiva-
lent to the conclusion of Conjecture[10] However, even though Conjecture[10|expresses our expectation
that is always achievable with @ = O(1) upon a judicious choice of the Euclidean structure on R",
in lieu of Conjecture|10[it would still be valuable to obtain with @ unbounded but slowly growing.
In such a situation, the bi-parameter quantification that we used in part (2) of Proposition 32| contains
more geometric information than (60), but below we will work with in order to simplify the ensuing
discussion; this suffices for our purposes because is what shows up in all of the applications herein
(per the proof Proposition[32) since they all proceed by bounding the right hand side of from above.
Alter and Caselles proved [AC09] that for every convex body K < R” there is a unique measurable set
A < K, which we call the Cheeger body of K and denote ChK, satisfying Per(A)/vol,(A) < Per(B)/vol,(B)
for every measurable B < K with vol, (B) > 0, where Per(-) denotes perimeter in the sense of Caccioppoli
and de Giorgi; this notion is covered in [AFP00] but we do not need to recall its definition here since the
perimeter of a convex body coincides with the (n — 1)-dimensional Hausdorff measure of its boundary.
It was proved in [AC09] that ChK is convex and its boundary is C"'!. Further information on this remark-
able theorem can be found in [AC09], where ChK is characterized in terms of the mean curvature of its
boundary through the work [ACCO05] of Alter, Caselles and Chambolle (see also the precursor [CCNO7] by
Caselles, Chambolle and Novaga which obtained these statements under stronger assumptions on K).
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Beyond the fact that it allows us to use the notation ChK and call it the Cheeger body of K, the afore-
mentioned uniqueness statement will be used substantially in the ensuing reasoning. It implies in par-
ticular that if K is origin-symmetric, then so is ChK. Consequently, if X = (R”, || - [Ix) is a normed space,
then ChBx is the unit ball of a normed space that we denote by ChX and call the Cheeger space of X.

For a convex body K < R", let A(K) be the smallest Dirichlet eigenvalue of the Laplacian on K, namely
it is the smallest A > 0 for which there is a nonzero function ¢ : K — R that is smooth on the interior of K,
vanishes on the boundary of K, and satisfies A = —A¢ on the interior of K; see e.g. [PS51}/(CH53}|Cha84]
for background on this classical topic. If X = (R”, | - [|x) is a normed space, then we denote A(X) = A(Bx).

The quantity h(K) = vol,—_; (0ChK)/vol, (ChK) is called the Cheeger constant of K; it relates to A(K) by

gv /1(K)<h(1<)=‘M <2V AK). (61)
7T vol,;, (ChK)

Itis important for our purposes that the constants appearing in are independent of the dimension 7.
The second inequality in is the Cheeger inequality for the Dirichlet Laplacian on Euclidean domains.
Cheeger’s proof of it for compact Riemannian manifolds without boundary appears in [Che70] and that
proof works mutatis mutandis in the present setting; see its derivation in e.g. the appendix of [LW97].
The first inequality in can be called the Buser inequality for the Dirichlet Laplacian on convex Eu-
clidean domains, since Buser proved [Bus82] its analogue for compact Riemannian manifolds without
boundary that have a lower bound on their Ricci curvature. In our setting, this reverse Cheeger inequal-
ity is more recent, namely it was noted for planar convex sets by Parini [Par17| and in any dimension by
Brasco [Bra20]. It can be justified quickly using the convexity of K and its Cheeger body ChK as follows.
By a classical theorem of Pélya we have A1(K) < % (vol,_1 (0K)/vol,, (K))?/4 (P6lya proved this for planar
convex sets, but in [JS82b] Jo6 and Staché carried out Pélya’s approach for convex bodies in R” for any
n €N). Therefore, A(K) < A(ChK) < 7% (vol,_;(0ChK)/vol,,(ChK))?/4 = n?> h(K)?/4, since ChK is convex.

Let j,/2-1,1 be the smallest positive zero of the Bessel function J;2-1; see Chapter 4 of [AAR99] for a
treatment of Bessel functions and their zeros, though here we will only need to know that j,2-11 = n
(see [Tri49] for more precise asymptotics). By classical computations (see e.g. equation 1.29 in [Hen086]),

.2
A(Bey) = Jo11

The Faber-Krahn inequality |[Fab23, [Kra26] (see also e.g. [PS51}|Cha84]) asserts that A(K) is at least the
first Dirichlet eigenvalue of a Euclidean ball whose volume is the same as the volume of K. Thus,

2 2

AKIVOL (K)" > A(Bey)vola(Bey)™ = &y volu(Bey) ™ =,
where we used the straightforward fact that A(rK) = A(K)/r? for every r > 0.
Observe that can be rewritten as follows for every convex body K < R”.

=

2 [ AK)vol (K) 2<iq(ChK)( vol,, (K) )1< A(K)vol,, (K) 7 |
T n = vn \vol,(ChK)] n '

Hence, for every a > 0 we have

iq(ChK) ( vol, (K)
vn  \vol,(ChK)
Since ChK is convex, the convex body L < K that minimizes the left hand side of is equal to ChK. We

therefore see that Conjecture|35|below is equivalent to Conjecture Furthermore, if one of these two
conjectures hold for a matrix S € SL,(R), then the same matrix would work for the other conjecture.

1
)" <a e AKvol, (K7 < an. (62)

Conjecture 35 (reverse Faber—Krahn). For any origin-symmetric convex body K < R” there exists a volume-
preserving linear transformation S € SL,(R) such that

A(SK)VOl(K) 7 = n.

22



This spectral interpretation of Conjecture [10|is useful for multiple purposes, including the following
lemma whose proof appears in Section[6.1] For its statement, as well as throughout the ensuing discus-
sion, recall that a basis xi, ..., x, of an n-dimensional normed space (X, | - [x) is a 1-unconditional basis
of Xif leya1x1 + ... + epanxyllx = lla1 x1 + ...+ apxy,lx for every choice of scalars a,,...,a, € R and signs
€1,...,€xn € {—1,1}. When we say that X = (R”, || - lx) is an unconditional normed space, we mean that the
standard (coordinate) basis e;,..., e, of R" is a 1-unconditional basis of X.

Lemma 36 (closure of Conjecture [10]under unconditional composition). Fix n €N and my,...,m, € N.
LetX; = R"™, |- lIx,),....Xn = R, | - Ix,) be normed spaces. Also, letE = (R", | - |lg) be an unconditional
normed space. Define a normed spaceX = (R"™ x ... xR || -|x) by

def
VX =(x1,...,Xp) ER™ x . xR™", Ixlx = || (Ix1llx,, .- 1 xnlx,)

. (63)

Suppose that there exist a > 0, linear transformations Sy € SLy,, (R),..., S, € SL;,, (R), and normed spaces
Y1 =@R"™, [ lly,),..., Yo = R™, |- lly,) such that

Vkell,..., n}, BYkQSkak and

iq(Bch) (VOlmk (Bxk) )mk <a. 64)
v \vol,, (By,)
Then, there exist a normed spaceY = R™ x ... x R™ || -||x) and S € SL(R™ x ... x R™») such that

By € SBx and

) 1
IQ(BY) (V01m1+.,.+mn (BX) ) mytetimn 5 Qa. (65)

vmit...+my V01m1+...+mn (By)

Since with a = O(1) is immediate when rng =1, Lemmaestablishes Conjecturefor when K
is the unit ball of an unconditional normed space X = (R", | - [x). This holds, in particular, for X = ¢2,
though we will prove in Section[6.1]that the stronger conclusion of Conjecture[9|holds in this case (recall
Remark . Lemmaalso shows that Conjecture holds for, say, X = ¢ Z(ﬁ 27) ; we expect that the
reasoning of Section could be adapted to yield Conjecture [9] for these spaces as well, but we did
not attempt to carry this out. Other spaces that satisfy with a slowly growing will be presented in
Section[1.6.2} upon their substitution into Lemma[36] more examples for which Conjecture[10/holds up
to lower-order factors are obtained (of course, we are conjecturing here that it holds for any space).

Remark 37. Say that a normed space X = (R", | - x) is in Cheeger position if

VSeSL,(R), <
€sbn® vol,, (ChBy) vol,, (ChSBy)

Observe that if X is in Cheeger position, then its Cheeger space ChX is in minimum surface area position,
namely, vol,_; (0ChBx) < vol,—(0SChBy) for every S € SL,(R). Indeed, SChBx < SBx, so by the defini-
tion of the Cheeger body of SBx we have vol,,_; (0SChByx)/vol,(ChBx) > vol,_; (0ChSBx)/vol, (ChSBx).
At the same time, vol,_; (6ChSBx)/vol,(ChSBx) > vol,_;(0ChBx)/vol, (ChBx) by the definition of the
Cheeger position, so vol,_;(0SChBx) > vol,_1(0ChByx). This shows that in the proof of the implication
2)= (1) of Proposition if we worked with L = ChSK, then there would be no need to introduce the
additional linear transformation T € SL,(R). It would be worthwhile to study the Cheeger position for
its own sake even if it weren't for its connection to reverse isoperimetry. In particular, we do not know if
the converse of the above deduction holds, namely whether it is true that if ChX is in minimum surface
area position, then X is in Cheeger position. We also do not know if the Cheeger position is unique up
to orthogonal transformation (as is the case for the minimum surface area position [GP99]); we did not
investigate these matters since they are not needed for the present purposes, but we expect that the char-
acterisations of the Cheeger body in [AC09] would be relevant here. One could also define that a normed
space X = (R", || - [Ilx) is in Dirichlet position if A(X) < A(SX) for every S € SL,(R). It is unclear how the
Cheeger position relates to the Dirichlet position and it would be also worthwhile to study the Dirich-
let position for its own sake. By (61), working with either the Cheeger position or the Dirichlet position
would be equally valuable for the reverse isoperimetric questions in which we are interested here.
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1.6.2. Symmetries and positions. Thus far we considered an arbitrary scalar product on an n-dimensional
normed space through which we identified its underlying vector space structure with R”. However, the
Lipschitz extension modulus is insufficiently understood for “very nice” normed spaces (including even
the Euclidean space ¢7) that belong to a natural class of normed spaces that have a canonical identifica-
tion with R”. It therefore makes sense to first focus on this class.

For a finite dimensional normed space (X, | - [Ix), let Isom(X) be the group of all of the isometric auto-
morphism of X, i.e., all the linear operators U : X — X that satisfy |Ux|lx = || x|x for every x € X. We will
denote the Haar probability measure on the compact group Isom(X) by /ix.

Definition 38. We say that a finite dimensional normed space X, | - |x) is canonically positioned if any
two lsom(X) -invariant scalar products onX are proportional to each other. In other words, if (-,-) : XxX — R
and {-,-) : X x X — R are scalar products on X such that (Ux,Uy) = (x,y) and (Ux,Uy) = (x,y) for every
x,y € X and every U € Isom(X), then there necessarily exists A € R such that -,-)' = A{:,-).

Any finite dimensional normed space X has at least one scalar product ¢:,-) : X x X — R that is invariant
under Isom(X), as seen e.g. by averaging any given scalar product (-, -)o on X with respect /iy, i.e., defining

Ve, yeX, (xp) = / (Sx, Sy)o dfix(S).
Isom(X)

Definition|38|concerns those spaces X for which such an invariant scalar product is unique up to rescal-
ing, so there is (essentially, i.e., up to rescaling) no arbitrariness when we identify X with RAM®X)

Example 39. The class of n-dimensional canonically positioned normed spaces X, | - lx) includes those
with a basis ey, ..., e, such that for any distinct i, j € {1,..., n} there are a permutation 7 € S, with 7 (i) = j
and a sign vector € = (1,...,€,) € {~1,1}"" with ¢; = —¢; such that T}, S¢ € Isom(X), where we denote
Tpx =XY"  azmeiand Sex =Y €;a;e; for x =Y | a;e; € X with ay,...,a, € R. Indeed, let (-,-) be a
scalar product on X that is Isom(X)-invariant. For every distinct i, j € {1,...,n}, if r € S, and € € {-1,1}"
are as above, then (e;, e;) = (ex(i), en(i)) = (e, e;) while (e;,e;) = (€;e;,€je;) = —(e;, ej), 50 (e;,e;) =0.

Example[39]covers all of the spaces for which we think that it is most pressing (given the current state
of knowledge) to understand their Lipschitz extension modulus, including normed spaces (E, | - ||g) that
have a 1-symmetric basis, i.e., a basis ey, ...,e, € Esuch that [| X, e;aneille = | X7, a;e;llg for every
(e,m) € {~1,1}"" x §;.. In particular, £}, and more generally Orlicz and Lorentz spaces (see e.g. [CI'77]), are
canonically positioned. We will use below the common convention that a normed space (R”, | - |) is said
to be symmetric if it is 1-symmetric with respect to the standard (coordinate) basis e, ..., e, of R".

Example|39|also includes matrix norms X = (M, (R), || - [lx) that remain unchanged if one transposes a
pair of rows or columns, or changes the sign of an entire row or a column, such as Sy,. More generally,
if E= (R", | - |lg) is a symmetric normed space, then its unitary ideal Sg = (M, (R), || - [Is;) is canonically
positioned (see e.g. [Bha97]), where for T € M, (R) one denotes its singular values by s;(T) > ... > s,(T)
and defines || T'lls; = |(s1(T),..., sn(T))llg. More examples of such matrix norms are projective and injec-
tive tensor products (see e.g. [Rya02]) of symmetric spaces, where if X = (R”, || - [lx) and Y = (R™, || - |ly) are
normed spaces, then their projective tensor product X®Y is the norm on M, (R) = R"” ® R whose unit
ball is the convex hull of {x® y: (x,y) € Bx x By}, and their injective tensor product X®Y is the dual of
X*®Y* (equivalently, X®Y is isometric to the operator norm from X* to Y; see e.g. [DFS08, Section 1.1]).

Henceforth, when we will say that a normed space X = (R", | -|x) is canonically positioned it will always
be tacitly assumed that the standard scalar product ¢-,-) on R” is Isom(X)-invariant, i.e., Isom(X) is a
subgroup of the orthogonal group O, < M, (R). This is equivalent to the requirement that for every
symmetric positive definite matrix T € M, (R), if TU = UT for every U € Isom(X), then there is A € (0,00)
such that T = Ald,,. Indeed, any scalar product (:,-)' : R” x R" — R is of the form (x, y)' = (T'x, y) for some
symmetric positive definite T € M, (R) and all x, y € R", and using the Isom(X)-invariance of (-, -) we see
that ¢-,-)" is Isom(X)-invariant if and only if T commutes with all of the elements of Isom(X).
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Remark 40. A symmetry assumption that is common in the literature is enough symmetries. A normed
space X, [ - lx) is said [GG71] to have enough symmetries if any linear transformation 7 : X — X must be
a scalar multiple of the identity if T commutes with every element of Isom(X). By the above discussion,
if X has enough symmetries, then X is canonically positioned. The converse implication does not hold,
i.e., there exist normed spaces that are canonically positioned but do not have enough symmetries. For
example, let Rot,,2 € O, be the rotation by 90 degrees and let G be the subgroup of O, that is generated
by Rotz/2. Thus, G is cyclic of order 4. Let X = (R?,]|-|lx) be a normed space with Isom(X) = G; the fact that
there is such a normed space follows from the general result [GL79, Theorem 3.1] of Gordon and Loewy
on existence of norms with a specified group of isometries, though in this particular case it is simple to
construct such an example (e.g. the unit ball of X can be taken to be a suitable non-regular octagon).
Since Isom(X) is Abelian, the matrix Rot;;» commutes with all of the elements of Isom(X) yet it is not a
multiple of the identity matrix, so X does not have enough symmetries. Nevertheless, X is canonically
positioned. Indeed, suppose that T € M3 (R) is a symmetric matrix that commutes with Rot,/,. Then,
Rot,/» preserves any eigenspace of T, which means that any such eigenspace must be {0} or R?. But
T is diagonalizable over R, so it follows that T = Ald, for some A € R. If n is even, then one obtains
such an n-dimensional example by considering £//2(X). However, a representation-theoretic argument
due to Emmanuel Breuillard (private communication; details omitted) shows that if n is odd, then any
n-dimensional normed space has enough symmetries if and only if it is canonically positioned.

The following lemma is important for us even though it is an immediate consequence of the (major)
theorem of [AC09] that the Cheeger body of a given convex body in R” is unique (recall Section|1.6.1).

Lemma41. LetX= R", |- |x) be a normed space such thatlsomX) < O, is a subgroup of the orthogonal
group. Then the isometry group of its Cheeger space ChX satisfies

Isom(ChX) 2 Isom(X).
Consequently, ifX is canonically positioned, then also ChX is canonically positioned.

Proof. For any U € Isom(X) we have vol,_, (8UChBx)/vol,,(UChBx) = vol,,_; (0ChByx)/vol, (ChBy), since
U € Oy, and also UChBx < UBx = Bx. Hence (by definition), UChBy is a Cheeger body of By, so by the
uniqueness of the Cheeger body we have UChBx = ChBy. Therefore, U € Isom(ChX). ([l

The following corollary is a quick consequence of Lemma

Corollary 42. LetE = (R",| - |g) be a symmetric normed space. Then, its Cheeger space ChE is also sym-
metric and there exists a (unique) symmetric normed space YE = (R", || - | yg) such that the Cheeger space of
the unitary ideal S, is the unitary ideal of YE, i.e., ChSg = SE.

Proof. The assertion that ChE is symmetric coincides with the requirement that Isom(ChE) contains the
group {—1,1}" xS, ={T Sy : (¢,m) € {—1,1}"'xS,;} < O,, where we recall the notation ofExample Since
we are assuming that Isom(E) 2 {—1,1}"* x S, this follows from Lemma Next, for every U,V € O,
define Ry,v : M, (R) — M, (R) by (A € M, (R)) — UAV. Since Isom(Sg) contains {Ry,y : U,V € O}, by
Lemmaso does Isom(ChSg). Anormed space (M, (R), - [I) that is invariant under Ry,y forall U,V € O,
is the unitary ideal of a symmetric normed space F = (R", | - ||g); see e.g. [Bha97, Theorem IV.2.1]. This Fis
unique (consider the values of | - ||, on diagonal matrices), so we can introduce the notation F= yE. [J

The same reasoning as in the proof of Corollary shows that if E = (R", | - ||g) is an unconditional
normed space, then so is ChE. Thus, the space Y in Lemmawhen X; =... =X, = R that satisfies
can be taken to unconditional, as seen by an inspection of the proof of Lemma 36| (specifically, the oper-
ator Sin that arises in this case is diagonal, so SE is also unconditional and we can take Y = ChSE).

Problem43. We associated above to every symmetric normed space E = (R”, ||-| g) two symmetric normed
spaces ChE = (R", ||-|chg) and yE = (R", |- | yg). It would be valuable to understand these auxiliary norms
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on R”, and in particular how they relate to each other. By the definition of the Cheeger body, its convexity
and uniqueness, ChE is the unique minimizer of the functional

. vol,,_1(0Bg) _ faBF ldx
vol,(BF) pr 1dx

over all symmetric normed spaces F = (R”, || - ||g) with Bg < Bg; denote the set of all such F by Sym (< Bg).
In contrast to (66), ¥E is the unique minimizer of the functional

(66)

faBF H1<i<j<n |xl2 - x?l dx
F— (67)
2 2
fBF [h<i<j<nlxs - X |dx

over the same domain Sym(< Bg). To justify (67), observe first that by Corollary 42| we know that yE is
the unique minimizer of the following functional over &ym (< Bg):

vol,2_; (aBSF) L f(BSF +EBS£’)\BSF ldx 68)
vol,2(Bs,)  e—0* €[5, 1dx
We claim that for every F € Sym (< Bg) and € > 0,
(Bs, +£Bsy) ~ Bs, = {A€ My(®): 5(A) = (51(A)..., sn(A)) € (By + £Byy) ~ B, (69)

where we denote the singular values of A€ M, (R) by s;(A) > ... > s,(A). Indeed, if A belongs to the right
hand side of (69), then [|s(A)|lg > 1 and s(A) = x+ y for x, y € R” that satisfy || x||g < 1 and ||y||g;z < €. Write
A=UDV,where D € M, (R) is the diagonal matrix whose diagonal is the vector s(A) e R”, and U,V € O,,.
Let D(x), D(y) € M, (R) be the diagonal matrices whose diagonals equal x, y, respectively. By noting that
I Allsg = Is(A)lg>1and A=UD,V +UD,V,where [UD(x) Vs, <1and IIUD(y)Vlls;1 < g, we conclude
that A belongs to the left hand side of (69). The reverse inclusion is less straightforward. If A belongs to
the left hand side of (69), then || Alls, > 1 and A = B+ C, where B, C € M, (R) satisfy || Blls, = [s(B)lg < 1
and IICllsg < . By an inequality of Mirsky [Mir60] we have ||s(A) — s(B) IIgg < |A- Bllsg = IICllsg <e.
Hence s(A) = s(B) + (s(A) — s(B)) € (Br+&Byy) \ By, i.e., Abelongs to the right hand side of (69). With
established, since membership of a matrix A in either B or (Bg +¢&Byz) \ Bp depends only on s(A), by the
Weyl integration formula [Wey39] (see [AGZ10, Proposition 4.1.3] for the formulation that we are using),

2_ 2
f(BsF+£BS£z)\BSF 1dx f(BF+EB[£z)\BF [h<icjcnlx; —xjldx
fBFldx B fBFl'[Kkjgnlxl?—x?Idx

Thus follows from (68). Analysing the functional in seems nontrivial but likely tractable using
ideas from random matrix theory. It would be especially interesting to treat the case E = ¢7,. While we
have a reasonably good understanding of the (isomorphic) geometry space Ch¢%, its noncommutative
counterpart y¢2 is still mysterious and understanding its geometry is closely related to Conjecture
(and likely also Conjecture[9) in the important special case of the operator norm S/ ; see also Remark[171}

IfX = (R", |- lx) is canonically positioned and u is a Borel measure on R” that is Isom(X)-invariant, i.e.,
w(UA) = u(A) for every U € Isom(X) and every Borel subset A < R", then consider the scalar product

r def

Vx,yeR", (x, ) / (x, 2y, z) du(z).
Rﬂ

For every U € Isom(X) and x, y € R” we have

<Ux,Uy>’=/ <Ux,Z><Uy,Z>d/u(Z)=/ <x,U‘IZ><y,U‘1Z>du(Z)=/ (x,2)(y, 2y du(z) = (x,p),
R R? R7
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where the second step uses the Isom(X)-invariance of (-, -), and the third step uses the Isom(X)-invariance
of u. Hence (x,y)’ = A{x,y) for some A € R and every x, y € R". By considering the case x = y of this
identity and integrating over x € S"~! one sees that necessarily n\ = fRn ||z||§,, du(z). Hence,

2

Jan 1215, du(2)
Vx,yeR", (x,2)(y, 2y dp(z) = #(x, . (70)
Rn

By establishing we have shown that if X = (R", || - |x) is a canonically positioned normed space,
then any Isom(X)-invariant Borel measure on R” is isotropic [GMO00, BGVV14] (the converse also holds,
i.e., Xis canonically positioned if and only if every Isom (X)-invariant Borel measure on R” is isotropic). In
particular, let ox be the measure on S§" ! that is given by ox(A) = vol,—;({x € Bx: Nx(x) € A}) for every
measurable A € $”!, where for x € dBx the vector Nx(x) € S ! is the (almost-everywhere uniquely
defined) unit outer normal to dBx at x, i.e., recalling (30), we use the simpler notation Np, = Nx. In other
words, ox is the image under the Gauss map of the (n—1)-dimensional Hausdorff measure on dBx. Then,
ox is Isom(X)-invariant because every U € Isom(X) is an orthogonal transformation and Nxo U = U o Nx
almost everywhere on 0Bx. By [Pet61], this implies that X is in its minimum surface area position (recall
the proof of Proposition, s0 MaxProj(Bx) = vol,_1 (0Bx)/+/n by [GP99, Proposition 3.1].

The following corollary follows by substituting the above conclusion into Theorem|21]

Corollary 44. Suppose thatn € N and thatX = (R", ||-|x) andY = (R", ||-|ly) are two n-dimensional normed
spaces. Suppose also thatY is canonically positioned and By < Bx. Then,

X< vol,_1 (aBy)diamg;z (Bx)
e

~ T volu(Byyn

The assumption in Corollary[44] that Y is canonically positioned can be replaced by the requirement
MaxProj(By) < vol,-1(0By)/+/n, which is much less stringent. In particular, by [GP99, Proposition 3.1] it
is enough to assume here that By is in its minimum surface area position; see also Section|6.2

We will denote the John and Léwner ellipsoids of a normed space X = (R”, || - |x) by Jx and Lx, re-
spectively; see [Hen12]. Thus, Jx < R” is the ellipsoid of maximum volume that is contained in Bx and
Lx € R"is the ellipsoid of minimum volume that contains Bx. Both of these ellipsoids are unique [Joh48].
The volume ratio vi(X) of X and external volume ratio evr(X) of X are defined by

)" and x) %¢f (V—Ol"w") ) "

def [ Vol (Bx)
X) = (— (71)
vol, (dx) voly (Bx)
By the Blaschke-Santal6 inequality [Blal7,/San49] and the Bourgain—-Milman inequality [BM87],
evr(X) = vr(X"). (72)

By the above discussion, we can quickly deduce the following theorem that relates the Lipschitz ex-
tension modulus of a canonically positioned space to volumetric and spectral properties of its unit ball.

Theorem 45. Suppose that n € N and thatX = (R", || - |x) is a canonically positioned normed space. Then,

diam» (Bx) 2 2
eX) < —\ji X AX) = evr(X)\/ AX)vol,,(Bx) " =vr(X*)\y A(X)vol,(Bx) . (73)
n

In fact, the minimum of the right hand side of over all the normed spaces Y = (R", || - |ly) with By < Bx
is bounded above and below by universal constant multiples of diamg; B)VAX)/n.

Proof. By Lemma[41]the Cheeger space ChX is canonically positioned. So, by Corollary[44]with Y = ChX,
< vol,,_1(0ChBy) diamg; (Bx) diamgg (Bx) \//1_(X)

~ vol, (ChBy)Vn ~ vn

This proves the first inequality in (73). The final equivalence in is (72). To prove the rest of (73), let
Tmin = Min{r >0: ngg 2 By} denote the radius of the circumscribing Euclidean ball of Bx. We claim

e(X)
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that T'minBer = Lx. Indeed, for every U € Isom(X) < O,, the ellipsoid ULx contains Bx and has the same
volume as Lx, so because the minimum volume ellipsoid that contains Bx is unique [Joh48], it follows
that ULx = £x. Hence, the scalar product that corresponds to Ly is Isom(X)-invariant and since X is
canonically positioned, this means that £x is a multiple of B[;. Now,

vn 2vn
The above reasoning shows that the minimum of the right hand side of over all the normed spaces

Y = (R", ||-ly) with By € By is at most a universal constant multiple of diamg; (Bx)VAX)/n (take Y = ChX).
In the reverse direction, for any such Y by with L = By we have

MaxProj(By) > vol,,—1(0By) S vol,—1 (0ChBy) 2vAX)
vol,(By) " vol,(By)vn _ vol,(ChBx)vn = #nvn '
where the penultimate step follows from the definition of the Cheeger body ChBx. U

1
voly (Bx) % evr(X) vol,, (rminBég) n o=

It is natural to expect that if X = (R", || - ||x) is a canonically positioned normed space, then in Conjec-
ture[9|for K = Bx holds with S the identity matrix and with L being the unit ball of a canonically positioned
normed space. We formulate this refined special case of Conjecture[9|as the following conjecture.

Conjecture 46. Fix n € N and a canonically positioned normed space X = (R”, || - [x). Then, there exists a
canonically positioned normed space Y = (R”, || - [ly) with || - ly = || - [Ix and iq(By) < v/n.

Theorem below shows that Conjecture holds if X = ¢} for any p > 1 and infinitely many dimen-
sions n € Nj; specifically, it holds if n satisfies the mild arithmetic (divisibility) requirement below. An
obvious question that this leaves is to prove Conjecture for X = ¢}, and arbitrary (p, n) € [1,00] x N. We
expect that this question is tractable by (likely nontrivially) adapting the approach herein, but we did not
make a major effort to do so since obtaining Conjecture[46|for such a dense set of dimensions 7 suffices
for our purposes (the bi-Lipschitz invariants that we consider can be estimated from above for any n € N
since the requirement holds for some N € NN [n,0(n)] and ¢}; embeds isometrically into ég ). In
Section[6] we will prove Theorem[47} and deduce Theorem [24]from it. Recall Remark 31} which explains
that Conjecture |§I when K is the unit ball of £} follows (with S the identity matrix) from Theorem
Thus, we do know that a body L as in Conjecture [9]exists for all the possible choices of p > 1and n €N,
and is only relevant to ensure that L is the unit ball of a canonically positioned normed space.

Theorem 47. FixneNandp > 1. Conjecture holds for X = £} if the following condition is satisfied.
ImeN, m|n and max{p,2} < m<e’. (74)
The following conjecture is a variant of Conjecture[11}

Conjecture48. Fix n € N and a canonically positioned normed space X = (R", ||-||x). There exists a normed
space Y = (R", || - |ly) with By € By yet {/vol, (By) = i/vol,(Bx) such that iq(By) < v/7.

Conjecture |46/ requires Y to be canonically positioned while Conjecture {48/ does not. The reason for
this is that if any normed space Y satisfies the conclusion of Conjecture[48} then also the Cheeger space
ChX of X satisfies it (this is so because the convex body L that minimizes the second quantity in is,
by definition, the Cheeger body of K = Bx), and by Lemma[41|the Cheeger space of X inherits from X the
property of being canonically positioned. This use of the uniqueness of the Cheeger body will be impor-
tant below. By (62), Conjecture[48)is equivalent to the following symmetric version of Conjecture

Conjecture49. IfX = (R", | - x) is a canonically positioned normed space, then A(X)vol(Bx)% =n.

The following corollary is a substitution of Conjecture[49|into Theorem[45]

28



Corollary 50. If Conjecture[48 (equivalently, Conjecture[49) holds for a canonically positioned normed
spaceX = (R", | - |x), then the right hand side of whenY = ChX is O(evr(X)/n). Consequently,

eX) <evrX)vn =vrX*)y/n. (75)

It is worthwhile to note that by [Bal89], the rightmost quantity in is maximized (over all possible
n-dimensional normed spaces) when X = /7, in which case we have evr(¢})/n = n.

Remark 51. We currently do not have any example of a normed space X = (R”, || - [x) for which prov-
ably does not hold. If were true in general, or even if it were true for a restricted class of normed
spaces that is affine invariant and closed under direct sums, such as spaces that embed into ¢; with dis-
tortion O(1), then it would be an excellent result. When one leaves the realm of canonically positioned
spaces, acquires a self-improving propertyﬂ as follows. Suppose that X is in Léwner position, i.e.,
Lx = Bg;. Fix m € N and consider the (n + m)-dimensional space X' = X &, [’2". If holds for X/, then

1
vol Byn+m ntm
eX) < e(X) S evr(X)V/dimX') < nem(Beyr) vnem
vol, (Bx)vol,, (Ben) 6
L | B 1 (76)
= (V—Oln (LX) ) e vo n+m( [Eﬁm) \/m = eVI‘(X)ﬁ nz(n,im) mZ(n'Zm)
vol, (Bx) voly, (£4)voly(Ben) '

The value of m that minimizes the right hand side of is m = nlog(evr(X) + 1), for which becomes

e(X) < /nlog (evr(x) +1). (77)

As evr(X) < v/nbyJohn’s theorem, gives e(X) < y/nlogn, which would be an improvement of [JLS86].
Also, by (9) the bound gives e(X) < y/nlog(C,(X) + 1), which is better than the conjectural bound (L0).
Here and throughout, for 1 < p < 2 < g the (Gaussian) type-p and cotype-q constants [MP76] of a Ba-
nach space (X, || - [Ix), denoted T,(X) and C,;(X), respectively, are the infimum over those T € [1,00] and
C € [1,00], respectively, for which the following inequalities hold for every m € N and every x1,...,x, €X,
where the expectation is with respect to i.i.d. standard Gaussian random variables g1,...,gm.

1(m ; mo o1\ m ;
E(Zlnxjn,‘é) <([E ()Zlgjxj||x) <T(Zl||xj||§) . (78)
J= J= J=

This observation indicates that it might be too optimistic to expect that holds in full generality, but it
would be very interesting to understand the extent to which it does. Obvious potential counterexamples
are (1el];if holds for these spaces, then e(¢7') < y/nlogn by the above reasoning (with m = nlogn),
which would be a big achievement because the best-known bound remains e(¢ ?) < n from [JLS86].

Lemma [52] below, whose proof appears in Section [6.1} shows that Conjecture [48| holds for a class of
normed space that includes any normed spaces with a 1-symmetric basis, as well as, say, £;,(¢7") for any
n,meNand p, g > 1. Other (related) examples of such spaces arise from Lemma[150| below.

Lemma52. LetX = (R",|-|lx) be an unconditional normed space. Suppose that forany j, k€ {1,..., n} there
is a permutation n € S, with n(j) = k such that || Z?zl arieillx = ||Z;l:1 aie;lx for every ay,...,a, € R.
Then, Conjecture holds for X. Therefore, we have A(X)vol,,(Bx)Z/ "=nandeX) <evrX)y/n.

By [STJ80, Theorem 2.1], any unconditional normed space X = (R", | - ||lx) satisfies vi(X) < C,(X)v/n,

where C,(X) is the cotype-2 constant of X (this is an earlier special case of (9) in which the logarithmic
term is known to be redundant). Hence, if X satisfies the assumptions of Lemmal52] then we know that

eX) < CX)vn. (79)

8We recommend checking that the analogous stabilization argument does not lead to a similar self-improvement phenom-
enon in Conjecture@ Conjectureand Corollary the computations in Section 4 of [MPS12] are relevant for this purpose.
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By combining [Bal91c| Theorem 6] and (72), for any p € [1,00], if a normed space X = (R”, | - ) is isomet-
ric to a quotient of L, (equivalently, the dual of X is isometric to a subspace of L(,-1)), then

evr(X) ,Sevr(f"L) = min{n%_%,l}‘

p-1

Consequently, if X = (R", || - |lx) satisfies the assumptions of Lemma and is also a quotient of L,, then

o) < b3} (80)

Both and are generalizations of Theorem[18|

Lemmal[53|below, whose proof appears in Section[6.3} shows that the unitary ideal of any n-dimensional
normed space with a 1-symmetric basis (in particular, any Schatten—von Neumann trace class), satisfies
Conjecture 48| up to a factor of O(y/logn). Upon its substitution into Lemmabelow, more such ex-
amples are obtained.

Lemma53. LetE = (R", | -||g) be a symmetric normed space. Conjecture holds up to lower order factors
for its unitary ideal Sg. More precisely, there is a normed spaceY = (M, (R), || - lly) such that By < Bs, and

vol,2 (By) ¥ = vol,2 (BSE)n% and n<iq(By) < ny/logn. (81)

Therefore, we have

n* < A(Sg)vol, (BSE)% <n’logn and  e(Sg) <evr(Sg)n = evr(E)n.

For the final assertion of Lemma the fact that evr(Sg) = evr(E) follows by combining Proposition 2.2
in [Sch82], which states that vr(Sg) = vr(E), with and the duality SE = Sg+ (e.g. [Sim79 Theorem 1.17]).

The proof of Lemma also shows (see Remark below) that if we could prove Conjecture 48| for
S, then it would follow that Sg satisfies Conjecturefor any symmetric normed space E = (R", | - [|lg),
i.e., the logarithmic factor in (81I) could be replaced by a universal constant.

By substituting Lemma 53] into Corollary[50|and using volume ratio computations of Schiitt [Sch82],
we will derive in Section[6.3|the following proposition.

Proposition 54. IfE = (R", | - ||g) is a symmetric normed space, then

e(E) Sdiamgr (Bg)lley +...+elge  and  e(Sg) < diamgn(Bg)ller +... +epllgy/ nlogn.

The following remark sketches an alternative approach towards Conjecture[9)when K is the hypercube
[-1,1]" that differs from how we will prove Theorem[24] It yields the desired result up to a lower order fac-
tor that grows extremely slowly; specifically, it constructs an origin-symmetric convex body L < [-1,1]"
for which [-1,1]" < exp(O(log*n)) L and iq(L) = exp(O(log*n)). Here, for each x > 1 the quantity log*x is
defined to be the k € N such that tower(k—1) < x < tower (k) for the sequence {tower(i)}?2 ) that is defined
by tower(0) = 1 and tower(i + 1) = exp(tower(i)). We think that this approach is worthwhile to describe
despite the fact that it falls slightly short of fully establishing Conjecture[9|for [—1,1]" due to its flexibility
that could be used for other purposes, as well as due to its intrinsic interest.

Remark 55. Fix n € N and g > 1. Since the n’th root of the volume of the unit ball of ¢ Z is of order n=14

and ¢7 is in minimum surface area position, we can restate as
iq(ng) =min{\/qn,n}. (82)
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In particular, for Y = fZ with g =logn, we have || - [ly = || - lln and iq(Y) < y/nlogn, which already comes
close to the conclusion of Conjecture[9} We can do better using the following evaluation of the isoperi-
metric quotient of the unit ball of ¢ ;(( 21), which holds for every n,meNand p,q > 1.

m<min{?,q},
g<m<Z,

B2 <m < minfp, g},
max{%,q} <m<p,
p<m<gq,

m = max{p, q}.

We will prove in Section[6] Note that when m = 1 this yields (82). The case n = m of is equivalent
to since ¢, (£4') is canonically positioned (it belongs to the class of spaces in Example and using a
simple evaluation of the volume of its unit ball (see below). The range of that is most pertinent
for the present context is m > max{p, g}, which has the feature that the factor that multiplies the quantity

vnm=+/dim ((g(%"))
is O(,/q) and there is no dependence on p. This can be used as follows. Suppose that n = ab for a,be N
satisfying a = n/logn and b = logn. Identify £ with ¢% (¢2). If we set Y = é?,(fg) for p =loga =logn
and q =logb =loglogn, then ||-|ly = |||l ;= , while iq(By) = \/nloglog n by (83). By iterating we get that for
infinitely many n € N there is a normed space Y = (R”, || - |ly) for which |- [ly < |- len < exp(O(og™m) |l - lly
and iq(By) = exp(O(log*n)). Even though the set of n € N for which this works is not all of N, it is quite

dense in N per Lemma below. This will allow us to deduce that a space Y with the above properties
exists for every n € N; see Section|[6.1]for the details.

iq(Benem) =4 (83)

3 Sﬁw = 3
S {
§§§§§

Remark 56. Recalling Remark Conjecture (10| is equivalent to the assertion that if a normed space
X = (R", |- ]Ix) is in Cheeger position, then vol,,(ChBx) /" 2 voly, (Bx)Y'" and iq(ChBy) < v/n. Since ChX is
in minimum surface area position when X is in Cheeger position (as explained in Remark[37), the proof
of Proposition32|shows that Conjecture[10/implies that if X is in Cheeger position, then

diamgg (Bx)

e(X) (84)

vol,,(By)
In fact, the right hand side of is at most the right hand side of for a suitable choice of normed
space Y = (R", || - |ly), specifically for Y = ChX. The discussion in Sectionwas about establishing
when X is canonically positioned (conceivably that assumption implies that X is in Cheeger position or
close to it, which would be a worthwhile to prove, if true). Even though, as we explained earlier, given the
current state of knowledge, understanding the Lipschitz extension problem for canonically positioned
spaces is the most pressing issue for future research, it would be very interesting to study if holds in
other situations. For examples, we pose the following two natural questions.

Question 57. Does hold if the normed space X = (R", || - [|x) is in minimum surface area position?

The extent to which I1X is close to being in minimum surface area position when X is in minimum
surface area position seems to be unknown. Therefore, the connection between Questionbelow and
Question |57|is unclear, but even if there is no formal link between these two questions, both are natural
next steps beyond the setting of canonically positioned normed spaces.

Question 58. LetZ = (R", | - lz) be a normed space in minimum surface area position. Does hold for
the normed space X = [1Z whose unit ball is the projection body of Bx?

If Z= (R", | - |lz) is a normed space in minimum surface area position, then

diamy» (I1Bgz)
i AV (85)
vol,,(IIBz) »
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Indeed, because Z is in minimum surface area position, we have vol,, (I1Bz) /" = vol,,_1 (0Bz)/ n by [GP99,
Corollary 3.4], and also MaxProj(Bz) = vol,,—1(0Bz)/+/n by combining [GP99, Proposition 3.1] and (54).
We can therefore justify using these results from [GP99] and duality as follows.

diamey (1Bz) _ nllldnlnz—cy _ nilldnll ez _ nmaxgegi 1zllnrz @) nMaxProj(Bz) _ /i
vol,,(TI1Bz) . vol,_1(0Bz) vol,_1(0Bz) vol,_1(0Bz) vol,_1(0Bz) '

By this observation, a positive answer to Questionwould show that e(I1Z) < y/n for any normed space
Z = (R", |- llz). Indeed, if we take S € SL,(R) such that SZ is in minimum surface area position, then
by [Pet67] we know that [1Z and [1SZ are isometric, so e(I1Z) = e(IISZ). As the class of projection bodies
coincides with the class of zonoids [Bol69,/[SW83], which coincides with the class of convex bodies whose
polar is the unit ball of a subspace of L;, we have thus shown that a positive answer to Question 58 would
imply the following conjecture (which would simultaneously improve and generalize Theorem[18).

Conjecture59. For any normed space X = (R", || - |x) we have e(X) < ¢z, X*) /7.

Note that Conjectureis consistent with the estimate e(X) < evr(X)/n that has been arising thus far.
Indeed, if X* is isometric to a subspace of L, (it suffices to consider only this case in Conjecture 59 by a
well-known differentiation argument; see e.g. [BL00, Corollary 7.10]), then we have the bound evr(X) <1
which can be seen to hold by combining with (9), since Co(X*) < Ca(L1) < lﬂ

Relating e(X) to evr(X) is valuable since the Lipschitz extension modulus is for the most part shrouded
in mystery, while the literature contains extensive knowledge on volume ratios (we have already seen sev-
eral examples of such consequences above, and we will derive more later). Section[6.3|contains examples
of volume ratio evaluations for various canonically positioned normed spaces. Through their substitu-
tion into Corollary[50} they illustrate how our work yields a range of new Lipschitz extension results, some
of which are currently conjectural because they hold assuming Conjecture [48|for the respective spaces;
specifically, consider the Lipschitz extension bounds that correspond to using and with [LNO5].

1.6.3. Intersection with a Euclidean ball. Fix an integer n > 2 and a canonically positioned normed space
X = (R% |- lx). A natural first attempt to prove Conjecture [48| for X is to consider the normed space
Y = (R”", ||-|ly) such that By = Bxn r By forasuitably chosen r > 0 (equivalently, || x[ly = max{l|xllx, | xll¢; / r}
for every x € R™). However, we checked with G. Schechtman that this fails even when X = ¢ . Specifically,
if the n’th root of the volume of By 0 (ngg) is at least a universal constant, then necessarily r > \/n, but

Vs>0, iq(Ben, N (sV/nBgp)) Zs n. (86)

Ajustification of appears in Section[7]below. In terms of the quantification of Conjecturefdg|that
is pertinent to the applications that we study herein, we will also show in Section[7that
. iq(Ben, N (rBep))
min

1
vol, (Bygn) n
© =+/logn, 87
>0 vn VOln(B[g’o N (TB[Q))) & 67

where the minimum in the right hand side of is attained at some r > 0 that satisfies r = y/n/logn.
Even though the above bounds demonstrate that it is impossible to resolve Conjecture[48|by intersect-
ing with a Euclidean ball, this approach cannot fail by more than a lower-order factor; the reasoning that
proves this assertion was shown to us by B. Klartag and E. Milman in unpublished private communica-
tion that is explained with their permission in Section[7] Specifically, we have the following proposition.

9Alternatively, evr(X) < 1 can be justified by writing X = I1Z for some normed space Z = (R", | - ||z) (using [Bol69},[SW83]), and
then applying the bound that we derived above (this even demonstrates that the external volume ratio of I1Z is O(1) when Z
is in minimum surface area position rather when Z is in Lowner position). Actually, the sharp bound evr(X) < evr(¢2) holds, as
seen by combining [Bal91c, Theorem 6] with Reisner’s theorem [Rei86] that the Mahler conjecture [Mah39| holds for zonoids.
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Proposition 60. For any normed spaceX = (R", || - |x) there exist a matrix S € SL,(R) and a radius r >0
such that for L = (SBx)m(ngg) < SBx we haveiq(L) < /n and (/VOln(L) 2z (/voln(BX)/K(X), where K(X) is
the K -convexity constant of X. IfX is canonically positioned, then this holds when S is the identity matrix.

For Proposition[60} the K-convexity constant of X is an isomorphic invariant that was introduced by
Maurey and Pisier [MP76]; we defer recalling its definition to Section since for the discussion here it
suffices to state the following bounds that relate K(X) to quantities that we already encountered. Firstly,

KX) <log(dsm(¢5,X)+1) Slogn, (88)

The first inequality in is a useful theorem of Pisier [Pis80a, [Pis80b|. The second inequality in
follows from John’s theorem [Joh48], though for this purpose it suffices to use the older Auberbach lemma
(see [Ban93| page 209] and [Day47, [Tay47]). By [Pis80b] (see also e.g. [JSO1, Lemma 17]) the rightmost
quantity in can be reduced if X is a subspace of L;, namely we have

KX) Scr,X)4/logn. (89)
Secondly, K(X) relates to the notion of type that we recalled in through the following bounds:

_r_
p-1
)

T1+T§02 (X)% <KX < min & (90)

pe(1,2)
The qualitative meaning of is that the K-convexity constant of a Banach space is finite if and only if
it has type p for some p > 1; this is a landmark theorem of Pisier (the ‘if’ direction is due to [Pis82] and
the ‘only if’ direction is due to [Pis73]). Since in our setting X is finite dimensional (dim(X) = n > 2), such
a qualitative statement is vacuous without its quantitative counterpart (90). The first inequality in
can be deduced from [Pis83] (together with the computation of the implicit dependence on p in [Pis83]
that was carried out in [HLN16, Lemma 32]). The second inequality in follows from an examination
of the proof in [Pis82]. We omit the details of both deductions as they would result in a (quite lengthy
and tedious) digression. It would be very interesting to determine the best bounds in the context of (90).
Proposition [60|combined with implies that Conjecture[10/holds up to a logarithmic factor in the
sense that for every integer n > 2, any origin-symmetric convex body K < R” admits a matrix S € SL,(R)
and an origin-symmetric convex body L < SK such that

iq(L) (voln (K))i _
vn \vol, (L)

Furthermore, by the logn in can be replaced by y/logn if K is the unit ball of a subspace of L;
(equivalently, the polar of K is a zonoid), and by the second inequality in if p> 1, thenthelognin
can be replaced by a dimension-independent quantity that depends only on p and the type-p constant
of the norm whose unit ball is K. Also, Corollary 33| holds with the right hand side of multiplied
by logn, and the reverse Faber-Krahn inequality of Conjecture |35/ holds up to a factor of (logn)?, i.e.,
for any origin-symmetric convex body K < R” there is S € SL,,(R) such that A(SK)vol(K)?'" < n(log n).
If X = (R", |- lx) is a canonically positioned normed space, then it follows that for a suitable choice of
normed space Y = (R”, || - |ly) the right hand side of (28), and hence also e(X) by Theorem[21] is at most a
universal constant multiple of evr(X)y/7logn, and also n < A(X)vol,,(Bx)?'"* < n(logn)?.

logn. 91)

~

1.7. Randomized clustering. All of the new upper bounds on Lipschitz extension moduli that we stated
above rely on a geometric structural result for finite dimensional normed spaces (and subsets thereof).
Beyond the application to Lipschitz extension, this result is of value in its own right because it yields an
improvement of a basic randomized clustering method from the computer science literature.

The link between random partitions of metric spaces and Lipschitz extension was found in [LN05]. We
will adapt the methodology of [LN05] to deduce the aforementioned Lipschitz extension theorems from
our new bound on randomized partitions of normed spaces. In order to formulate the corresponding
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definitions and results, one must first set some groundwork for a notion of a random partition of a metric
space, whose subsequent applications necessitate certain measurability requirements.

A framework for reasoning about random partitions of metric spaces was developed in [LN05], but we
will formulate a different approach. The reason for this is that the definitions of [LN05] are in essence
the minimal requirements that allow one to use at once several different types of random partitions for
Lipschitz extension, which leads to definitions that are more cumbersome than the approach that we
take below. Greater simplicity is not the only reason why we chose to formulate a foundation that differs
from [LNO5]. The approach that we take is easier to implement, and, importantly, it yields a bi-Lipschitz
invariant, while we do not know if the corresponding notions in [LN05] are bi-Lipschitz invariants (we
suspect that they are not, but we did not attempt to construct examples that demonstrate this). The Lip-
schitz extension theorem of [LN05] is adapted accordingly in Section[5} thus making the present article
self-contained, and also yielding simplification and further applications. Nevertheless, the key geomet-
ric ideas that underly this use of random partitions are the same as in [LN05].

Obviously, there are no measurability issues when one considers finite metric spaces (in our setting,

finite subsets of normed spaces). The ensuing measurability discussions can therefore be ignored in the
finitary setting. In particular, the computer science literature on random partitions focuses exclusively
on finite objects. So, for the purpose of algorithmic clustering, one does not need the more general
treatment below, but it is needed for the purpose of Lipschitz extension.
1.7.1. Basic definitions related to random partitions. Let (111, dj;) be a metric space. Suppose that P < 2/
is a partition of 171. For x € 171, denote by P(x) < 171 the unique element of P to which x belongs. The sets
{P(x)}xem are often called the clusters of P. Given A > 0, one says that P is A-bounded if diamj; (P(x)) <A
for every x € 171, where diamy;; (S) = sup{dj; (x,y) : x,y € S} denotes the diameter of & # S < 111.

Suppose that (Z, ) is a measurable space, i.e., £ is a set and F < 2% isa o-algebra of subsets of Z.
Recall (see [Jac68] or the convenient survey [Wag77]) that if (771, dj;) is a metric space, then a set-valued
mapping I': Z — 2" is said to be strongly measurable if for every closed subset E < 711 we have

I () EzeZ: EnT( #2}eT. 92)

Throughout what follows, when we say that P is a random partition of a metric space (171, djp), we
mean the following (formally, the objects that we will be considering are random ordered partitions into
countably many clusters). There is a probability space (Q, Prob) and a sequence of set-valued mappings

{rk:a—2mp”
k=1
We write P¥ = {I“k((u)}z":1 for each w € Q and require that the mapping w — P takes values in partitions

of 171. We also require that for every fixed k € N, the set-valued mapping I'* : Q — 2/ is strongly measur-
able, where the g-algebra on Q is the Prob-measurable sets. Given A > 0, we say that P is a A-bounded
random partition of (171, dyyp) if P* is a A-bounded partition of (171, dy;) for every w € Q.

Remark 61. Recall that when we say that X = (R”, || - [x) is a normed space we mean that the underlying
vector space is R”, equipped with anorm ||-||x : R” — [0,00). By doing so, we introduce a second metric on
X, i.e., R" is also endowed with the standard Euclidean structure that corresponds to the norm || ||z». This
leads to ambiguity when we discuss A-bounded partitions of X for some A > 0, as there are two possible
metrics with respect to which one could bound the diameters of the clusters. In fact, a key aspect of our
work is that it can be beneficial to consider another auxiliary norm [|- |y on R”, as in e.g. Theorem[21} thus
leading to three possible interpretations of A-boundedness of a partition of R”. To avoid any confusion,
we will adhere throughout to the convention that when we say that a partition P of X is A-bounded we
mean exclusively that all the clusters of P have diameter at most A with respect to the norm || - [|x.

1.7.2. Iterative ball partitioning. Fix A € (0,00). Iterative ball partitioning is a common procedure to con-
struct a A-bounded random partition of a metric probability space. We will next describe it to clarify at
the outset the nature of the objects that we investigate, and because our new positive partitioning results
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are solely about this type of partition. Thus, our contribution to the theory of random partitions is a sharp
understanding of the performance of iterative ball partitioning of normed spaces, and, importantly, the
demonstration of the utility of its implementation using balls that are induced by a suitably chosen aux-
iliary norm rather than the given norm that we aim to study. On the other hand, our impossibility results
rule out the existence of any random partition whatsoever with certain desirable properties.

The iterative ball partitioning method is a ubiquitous tool in metric geometry and algorithm design.
To the best of our knowledge, it was first used by Karger, Motwani and Sudan and the aforemen-
tioned work in the context of normed spaces, and it has become very influential in the context
of general metric spaces due to its use in that setting (with the important twist of randomizing the radii)
by Calinescu, Karloff and Rabani [CKR05]. To describe it, suppose that (171, djy) is a metric space and
that u is a Borel probability measure on 771. Let {X;}?2 | be a sequence of i.i.d. points sampled . Define

inductively a sequence rk }%":1 of random subsets of 771 by setting rt= B (Xy,A/2) and
Vke23 kel g (0 A U] B, 2
E{ ) y---r}) - m( k}E)\]L:Jl m( ])E)

By design, diamyy; (I'*) < A. Under mild assumptions on 771 and p that are simple to check, I'* will have
the measurability properties that we require below and P = {T'¥ }or, will be a partition of 777 almost-surely.
While initially the clusters of P are quite “tame,” e.g. they start out as balls in 777, as the iteration proceeds
and we discard the balls that were used thus far, the resulting sets become increasingly “jagged.” In
particular, even when the underlying metric space (171, dyy) is very “nice,” the clusters of P need not be
connected; see Figure 2] Nevertheless, we will see that such a simple procedure results in a random
partition with probabilistically small boundaries in sense that will be described rigorously below.

FIGURE 2. A schematic depiction of (randomized) iterative ball partitioning of a bounded
subset of R?, where R? is equipped with a norm whose unit ball is a regular hexagon. The cen-
ters of the above hexagons are chosen independently and uniformly at random from a large
region that contains the given subset of R?. At each step of the iteration, a new hexagon ap-
pears, and it carves out a new cluster which consists of the part of the hexagon that does not
intersect any of the clusters that have been formed in the previous stages of the iteration. The
first few clusters that are formed by this procedure are typically hexagons, but at later stages
the clusters become more complicated and less “round.” In particular, they can eventually be-
come disconnected, as exhibited by the region that is shaded black above.
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In the present setting, the metric space that we wish to partition is a normed space X = (R", || - [Ix), so it
is natural to want to use the Lebesgue measure on R” in the above construction. Since this measure is not
a probability measure, we cannot use the above framework directly. For this reason, we will in fact use a
periodic variant of iterative ball partitioning of X by adapting a construction that was used in [LNO5].

1.7.3. Separation and padding. Fix A > 0. Let P be a A-bounded random partition of a metric space 171.
As arandom “clustering” of 771 into pieces of small diameter, P yields a certain “simplification” of 771. For
such a simplification to be useful, one must add a requirement that it “mimics” the geometry of 771 in
a meaningful way. The literature contains multiple definitions that achieve this goal, leading to appli-
cations in both algorithms and pure mathematics. We will not attempt to survey the literature on this
topic, quoting only the definitions of separating and padded random partitions, which are the simplest
and most popular notions of random partitions of metric spaces among those that have been introduced.

Definition 62 (separating random partition and separation modulus). Let (111, dy;) be a metric space. For
0,A >0, a A-bounded random partition P of (111, d) is o -separating if

Vx,yell,  Prob[P(x) £ P(y)] < %dm(x, . (93)

The separation moduluﬂ of (1M, dy), denoted SEP (111, dyy) or simply SEP (1) if the metric is clear from
the context, is the infimum over those o > 0 such that for every A > 0 there exists a o -separating A-bounded
random partition of (N1, dy). If no such o exists, then write SEP (111, dyy) = oo. Similarly, for n € N, the
size-n separation modulus of (111, dyy), denoted SEP™ (1M, diyy) or simply SEP™ (1) if the metric is clear
from the context, is the infimum over those o > 0 such that for every S < TNl with |S| < n and every A >0
there exists a o -separating A-bounded random partition of (S, dm). In other words,

SEP™*(MN, dm) def sup SEP(S, di).

Scm
[SI<n

While the notions that we presented in Definition[62]are standard (see below for the history), it will be
beneficial for us (e.g. for proving Theorem[29) to introduce the following terminology.

Definition 63 (separation profile). Let (171, diy) be a metric space. We say that a metric?d : 111 x 111 — [0,00)
on 11 is a separation profile of (111, dyy) if for every A > 0 there exists a A-bounded random partition P
of (M, diy) that is defined on some probability space (Qa, Proby) such that
Vx,yell, 0(x,y)> sup AProba[Pa(x)# Pa(y)]. (94)
A€(0,00)

So, the separation modulus of (171, djy;) is the infimum over those o > 0 for which odjy; is a separation
profile of (111, dy;). Definition [63] would make sense for functions 9 : 777 x 111 — [0,00) that need not be
metrics on 171, but we prefer to deal only with separation profiles of (177, dj;;) that are metrics on 771 so as
to be able to discuss the Lipschitz condition with respect to them; observe that the right hand side of
is a metric on 171, so any such function is always at least (point-wise) a metric that is a separation profile
of (M, dyyy). If0: N x 111 — [0,00) is a separation profile of (171, djy;), then d(x, y) = dij (x, y) forall x, y e 11
because diamyy (Pg, (x,)-e (X)) < dm(x,y) —e <dm(x,y) for any 0 < € < dyiy (%, y), so we necessarily have
vePa, (x,)—¢(X) (deterministically) and therefore

0(x,y) = (dm(x,y) - E)Pr()bdm(xy}’)—é‘ [j)dm (x,y)—e(x) # Tdr/l(x,y)—f (y)] =dm(x,y) —e. (95)

Definition 64 (padded random partition and padding modulus). Let (111, dy;;) be a metric space. For
8,p,A >0, a A-bounded random partition P of (1M, dm) is (p,6) -padded if

A
vxem, Prob[Bm(x,E) <P > 6. (96)
101 [Nao17al we called the same quantity the “modulus of separated decomposability.”
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Denote by PADs (111, dm), or simply PAD s (111) if the metric is clear from the context, the infimum over those
p > 0 such that for every A > 0 there exists a (p, ) -padded A-bounded random partition P of (N1, dy). If
no such p exists, then write PADs (111, dm) = co. For every n €N, denote

PADZ (M, dyp) " sup PADs (S, di).
Scm

See Section [3|for a quick justification why the above definition of random partition implies that the
events that appear in and are indeed Prob-measurable.

Qualitatively, condition says that despite the fact that P decomposes 771 into clusters of small di-
ameter, any two nearby points are likely to belong to the same cluster. Condition says that every
point in 771 is likely to be “well within” its cluster (its distance to the complement of its cluster is at least a
definite proportion of the assumed upper bound on the diameter of that cluster). Both of these require-
ments express the (often nonintuitive) property that the “boundaries” that the random partition induces
are “thin” in a certain distributional sense, despite the fact that each realization of the partition consists
only of small diameter clusters that can sometimes be very jagged. Neither of the above two definitions
implies the other, but it follows from [LNO03]| that if P is a (p,)-padded A-bounded random partition of
(M, dp), then there exits a random partition P’ of (171, dyy) that is (2A)-bounded and (4p/§)-separating.

Separating and padded random partitions were introduced in the articles [Bar96, [Bar99] of Bartal,
which contained decisive algorithmic applications and influenced a flurry of subsequent works that
obtained many more applications in several directions. Other works considered such partitions im-
plicitly, with a variety of applications; see the works of Leighton-Rao [LR88], Awerbuch-Peleg [AP90],
Linial-Saks [LS91], Alon-Karp-Peleg-West [AKPW91], Klein—Plotkin—-Rao [KPR93|] and Rao [Rac99]. The
nomenclature of Definition[62]and Definition[64]comes from [GKL03}[LN03}[LN04a, [LN05}, KLMNO5].

By [Bar96], for every metric space (171, dy;;) and every integer n > 2, we have SEP” (1) < logn. It was
observed by Gupta, Krauthgamer and Lee [GKLO03]| that [Bar96] also implicitly yields the padding bound
PADS‘.S(m) <logn. It was proved in [Bar96] that both of these estimates are sharp.

Random partitions of normed spaces were first studied by Peleg and Reshef [PR98] for applications to
network routing and distributed computing. The aforementioned work [CCG* 98] improved and gener-
alized the bounds of [PR98], and influenced later works; see e.g. [LN05], and the work [AI06] of Andoni
and Indyk. Similar partitioning schemes appeared implicitly in earlier work [KMS98] on algorithms for
graph colorings based on semidefinite programming.

1.7.4. From separation to Lipschitz extension. As we already explained, the connection between random
partitions and Lipschitz extension was found in [LN05]. Here we will use the following theorem to deduce
Theorem[29] It implies in particular the bound

e(1M) < SEP(M) 97)

of [LNO05] and its proof is an adaptation of the ideas of [LNO5] to both the present setup (extension to a
function that is Lipschitz with respect to a different metric) and our different measurability requirements
from the random partitions; we stress, however, that even though we cannot apply [LN05] directly as a
“black box,” the geometric ideas that underly the proof of Theorem are the same as those of [LNO05].

Theorem 65. Suppose that 0 is a separation profile of a locally compact metric space (111, dym). For every
Banach space (Z, || |z) and every subset C < 11, if f : € — Z is 1 -Lipschitz with respect to the metric dyy, i.e.,
I f(x) = fMz < dm(x,y) forevery x,y € 111, then there is F : 11l — Z that extends [ and is O(1)-Lipschitz
with respect to the metric9, i.e., | F(x) — F(y)llz < 0(x, y) for every x,y € 1.

1.7.5. Bounds on the separation and padding moduli of normed spaces. To facilitate the ensuing discus-
sion of upper and lower bounds on the separation and padding moduli of (subsets of) normed spaces,
we will first record two of their rudimentary properties. Firstly, the following lemma formally expresses
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the aforementioned advantage of the definitions in Section [1.7.3| over those of [LN05], namely that the
moduli SEP(-) and PADs (-) are bi-Lipschitz invariants; its straightforward proof appears in Section[3}

Lemma 66 (bi-Lipschitz invariance of separation and padding moduli). Let (171, di;;) be a complete metric
space that admits a bi-Lipschitz embedding into a metric space (11, dyp). Then

SEP(M, dm) < cqr,ay) (M, dm)SEP (1, dp), (98)

and
V6€(0,1),  PADs(M,dm) < co,ay (M1, dm)PADs (N, dp). 99)

Secondly, we have the following tensorization property whose simple proof appears in Section[3] For
s € [1,00] and metric spaces (1711, dy,), (111, dp,), the metric dp, o,m, : 1111 x 111, — [0,00) on the Cartesian
product 771, x 171, is defined by setting for every (x1, x2), (y1, y2) € 111y x 1y,

1
s

dm,e.m, ((x1,%2), (1, 2)) &f (dm (x1, y1)° +dn (x2, y2)°) (100)

With the usual convention that when s = co the right hand side of is equal to the maximum of
dm(x1, y1) and dp (x2, y2). The metric space (111; x 113, dm, e,m,) is will be denoted 171, & 1715.

Lemma 67 (tensorization of separation and padding moduli). For any s € [1,00] and 61,62 € (0,1), any
two metric spaces (11ly, dn,) and (11, dm,) satisfy

SEP(11; @5 111,) < SEP(111y) + SEP(111y), (101)

and
1
PADs, 5,11 &5 1115) < (PADs, (1111)° + PADg, (1112)°) . (102)

The following theorem shows that the bi-Lipschitz invariant PADs(-) is not sufficiently sensitive to
distinguish substantially between normed spaces, as its value is essentially independent of the norm.

Theorem 68. For every n € N, every normed spaceX = (R", | - |x) satisfies

1 1 1+ 6
Ve (0,1), < =PADsX) < . (103)
-5 2 TSI

Therefore, PADs (X) = max{l, 1212?1(/)2) } for every finite dimensional normed spaceX and 6 € (0,1).

As we explained above, in the setting of Theoremthe fact that PADg 5(X) = O(n) is well-known. We
will prove the upper bound on PADg (X) that appears in (103), i.e., with sharp dependence on both n and
0, in Section The fact that PAD 5(X) is at least a universal constant multiple of n was proved in the
manuscript [LN03|]. Because [LNO03] is not intended for publication, we will prove the lower bound on
PADs (X) that appears in in Section[2.6] by following the reasoning of [LN03] while taking more care
than we did in [LNO3]| in order to obtain sharp dependence on § in addition to sharp dependence on n.

In contrast to Theorem|68} the separation modulus of a finite dimensional normed space can have dif-
ferent asymptotic dependencies on its dimension. Indeed, SEP(¢}) = v/n and SEP(¢]) = n by [CCG™98],
so using Lemma|66|we see that every normed space X = (R”, || - |x) satisfies the a priori bounds

n

dpm (07,X)

which we already quoted in the above overview as (2).

Giannopoulos proved [Gia95] that every n-dimensional normed space X satisfies dgym (€7, X) < n®'8 so
the first inequality in implies that SEP(X) = v/n. Alternatively, the fact that SEP(X) > n° for some
universal constant ¢ > 0 follows from by combining Theorem|[1jwith (97). Actually, we always have

SEPX) 2 vn, (105)

<SSEPX) S dpm(¢5,X)vn, (104)
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which coincides with the first half of (7). Observe that cannot follow from a “vanilla” application of
the first inequality in by Szarek’s work [Sza90]. In fact, the first inequality of must sometimes
yield a worse power type dependence on 7 than in (105), because Tikhomirov proved in [Tik19] that there
is a normed space X = (R", | - [lx) that satisfies dgpm (€7, X) > n® for some universal constant a > 1/2.
Nevertheless, we can prove by the following a “hereditary” application of (104). Bourgain and
Szarek [BS88] and independently Ball (see [BS88, Remark 7], [Sza91, Remark 7], [TJ89, page 138]) proved
(relying on the Bourgain-Tzafriri restricted invertibility principle [BT87]) that there is m € {1,..., n} with
m = n such that cx(¢]") < v/n (in fact, by [BS88] any 2n-dimensional normed space has Banach-Mazur
distance O(y/n) from ¢7 & ¢1). Therefore, by we have SEP(X) = SEP(¢7")/cx(¢7") = m/cx(¢7") Z /.
The second half of (7) is the following lower bound on SEP(X) in terms of the type 2 constant of X.

SEPX) 2 T>(X)°. (106)

We will prove (106) in Section using Talagrand’s refinement [Tal92| of Elton’s theorem [Elt83], by the
same hereditary use of (104), namely showing that there is m € {1, ..., n} for which m/cx(¢ ;”) 2T X)2.

Remark 69. It is impossible to improve (7) for all the values of the relevant parameters, as seen by con-
sidering X = ¢}~ @, ¢1" for each m € {1,..., n}. Indeed, since in this case T>(X) = v/m,

SEPX) < SEP(¢}~™)+SEP(£") = V= m+m= v+ k=max{\/dimX), T,(0?}.

Thanks to (72), the following theorem is a restatement of the lower bound on SEP(X) in Theorem[3]
Theorem 70. For every n € N, any normed spaceX = (R", || - |lx) satisfies SEP(X) = evr(X)y/n.

As evr(X) > 1 (by definition), Theorem[70|implies (I05), via a proof that differs from the above reason-
ing. Also, Theoremis stronger than the first inequality in (I04) because evr(¢}) = \/n, and hence

evr(£7) V= n__
dpm(71,X) dpm(€7,X)
We will prove Theorem[70|in Section[2.5|by adapting to the setting of general normed spaces the strategy
that was used in [CCG™ 98] to treat £]'. The volumetric lower bound on SEP(X) of Theoremis typically
quite easy to use and it often leads to estimates that are better than the first inequality in (104).
For example, by [Sch82, Proposition 2.2] the Schatten-von Neumann trace class Sy, satisfies

evrX)yv/n >

Vp=>1, evr(S)) = nmax{%_%’o}.

p
By substituting (107) into Theorem[70|we get that

VI<p<2,  SEP(S))Znv ty/dim(S})=nrte. (108)
An upper bound that matches is a consequence of the second inequality in as follows

(107)

(NI

SEP(S2) < dami (S, £4)1/dim (S) = dwi(S2, S2)n = nn* 2.
We therefore have .
Visp<, SEP(S;):n5+5_

At the same time, the first inequality in (104) does not imply (108) since by a theorem of Davis (which
was published only in the monograph [T]89]; see Theorem 41.10 there), for every 1 < p < 2 we have

dpm(£F,S") = n. (109)
So, the first inequality in only implies the weaker lower bound SEP(S}) 2 n. Of course, this rules
out a “vanilla” use of and a hereditary application of as we did above could conceivably lead
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to (108), i.e., there could be m € {1,..., n} such that m/cs (£7") is at least the right hand side of (108). How-
ever, this possibility seems to be unlikely, as it would mean that the following conjecture has a negative
answer, which would entail finding a remarkable (and likely valuable elsewhere) subspace of SI’],.

Conjecture71. Fix1< p<2and 0<§ < 1. If n, m € N satisfy m > 6n?, then
dgm (07", X) Zps 1t
for every m-dimensional subspace X of Sy.

Thus, is the case 6 = 1 of Conjecture which asserts that the same asymptotic lower bound
persists if we consider subspaces of SZ of proportional dimension rather than SZ itself. Conjectureis
attractive in its own right, but it also implies that does not follow from a hereditary application of
the first inequality in (T04). To see this, suppose for contradiction that there were m € {1,..., n} such that

m

>pne’
csu (47"

(NI

1
ne

(110)

By Rademacher’s differentiation theorem [Rad19] there is an m-dimensional subspace X of S p satisfying

dBM(fm,[m) vim
2 (0™) = dg (07, X) > e =TT
Csp( 1) BM( )N dBM(Sn,Sg) l_%

nr

(111)

By contrasting (111I) with (110) we deduce that necessarily m 2, n?, so an application of Conjecture
gives m/cgy (¢1") Sp n, which contradicts (L10) since p <2.
Remark 72. The Lowner ellipsoid of £7,(¢7) is \/ﬁB[;t(gg), and Byn (o) = (Bgn)". Consequently,

1

n2 —_—
(en) 7 IT(& +1)\#
27 [(phn

W

evr((&((?))nzn( =n2.

Therefore, Theorem gives
SEP(¢ (¢™) > n?. (112)

We will soon see that (I12) is optimal, though unlike the above discussion for S;) when 1 < p < 2, this
does not follow from the second inequality in (104) because by [KS89],

dem (07,01 (0M) = dem (07, €7, (01) = n. (113)

also shows that does not follow from the first inequality in (104). It seems that the method
used in [KS89] to prove is insufficient for proving that does not follow from a hereditary appli-
cation of the first inequality in (I04). Analogously to Conjecture[71} we conjecture that this is impossible,
which is a classical-sounding question about Banach—-Mazur distances of independent interest.

Before passing to a description of our upper bounds on the separation modulus, we formulate the
following corollary of Theorem[70]on the separation modulus of norms whose unit ball is a polytope; it
restates the lower bound (6) and establishes its optimality.

Theorem 73. Fix n € N and a normed spaceX = (R", | - |Ix). Suppose that Bx is a polytope that has exactly
pn vertices (note that necessarily p > 2, since Bx is origin-symmetric). Then

SEPX) > —2 . (114)

logp

Moreover, this bound cannot be improved in general.
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As an example of a consequence of Theorem let G = (R, || - llg) be a Gluskin space [Glu81], i.e. it
is a certain random norm on R” whose unit ball has O(#n) vertices; see the survey [MTJ03] for extensive
information about this important construction and its variants. The expected Banach-Mazur distance
between two independent copies of G is at least cn for some universal constant ¢ > 0, so the expected
Banach-Mazur distance between G and ¢7 is at least v/cn. Thus, the first inequality in only shows
that SEP(G) 2 /n in expectation, while Theorem shows that in fact SEP(G) 2 n/+/logn. It would be
interesting to determine the growth rate of E[SEP(G)]. In particular, can it be that E[SEP(G)] = n?

Proof of Theorem([73, By applying a linear isometry of X we may assume that By is the Lowner ellipsoid
of Bx. Since By is a polytope with pn vertices that is contained in By, we have

V1
Yol (B < Y28

n
by aresult of Maurey [Pis81] (see also [Car85,BF87,/CP88||Glu88| BL.M89, BP0, Kyr00] and the expository
treatments in [Bal01,[BGVV14]). Hence, evr(X) = /n/logp, so follows from Theorem

Consider the following (dual of an) example of Figiel and Johnson [FJ80]. Fix m € N. Let Z = (R™, || - [Iz)
be a normed space with dgym ((;“,Z) < 1 such that Bz is a polytope of e9M yertices; e.g. Bz can be taken
to be the convex hull of a net of S 1, For ke N, let X = [’f(Z). So, dim(X) = km and By is a polytope of
2keP™ vertices. Thus becomes SEP(X) 2 ky/m. At the same time, since dgy (¢7',Z) < 1 we have
dem (Z’zcm,X) < Vk, so by in fact SEP(X) < vk-Vkm = kvm, i.e., is sharp in this case. O

Theorem 29|follows from Theorem 65|thanks to the following randomized partitioning theorem.

Theorem 74. For every n € N and every normed spaceX = (R", || - |x), the metric® that is defined by

4)|x - ylgx

v ) Rn, ) =
X, y€ o(x,y) vol, (Bx)

is a separation profile for X.

To illustrate Theorem fix 1 < p < oo and apply it when X is the space Y}, of Theorem By using
Theorem[74]we see that for every A > 0 there is a random partition P of R” with the following properties.

(1) For every x € R" we have diam,» (P) <A.
(2) Foreveryx,ye€ R"™ we have

1
= yllmeys Q nr

Prob[P(x) # P(y)] < Sy lx=yley (115)

voly (BYZ)
In comparison to the O(/n)-separating partition of ¢} from [CCG*98], when p < 2 the above random
partition has smaller clusters in the sense that their diameter in the ¢ Z metric is at most A, which is more
stringent than the requirement that their Euclidean diameter is at most A. This improved control on the
size of the clusters comes at the cost that in the probabilistic separation requirement the quantity
that multiplies the Euclidean distance increases from O(y/77) to O(n'/P). When p > 2 this tradeoff is re-
versed, i.e., we get an asymptotic improvement in the separation guarantee at the cost of requiring
less from the cluster size, namely the diameter of each cluster is now guaranteed to be small in the £,
metric rather than the more stringent requirement that it is small in the Euclidean metric.
Theorem[75below follows from Theorem[74]the same way we deduced Theorem21|from Theorem[29]

Theorem 75. Fix n €N and two normed spacesX = (R", || - [Ix),Y= R", || - ly). Every closed C = R" satisfies

voln_l(Proj(x_y)r (BY)) llx— y”fg
vol,, (By) lx—ylx )

SEP(Cx) <4( sup M) sup (
x,y€C ”x_an x,yeC
XAy X#£Y

(116)
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Proof of Theorem|[75 assuming Theorem[74, Let M, M’ be as in (51). By Theorem[74]applied to Y, for every
A > 0 there is a random partition P of R” that is (A/ M)-bounded with respectto Y, i.e.,

di P
M M

for every x € R", and also, recalling Definition 63} for every distinct x, y € R” we have

Al x — Vil 4voly,_1(Proj,_, 1 (By))llx = yllen
Ix = ylloy n-1(Proji . (By) Yie < 4M'|x - yllx. O
vol,,(By) vol, (By)

]%Prob[?(x) #P(y)] <

The special case € = R" of Theorem [75| coincides (with an explicitly stated constant factor) with the
upper bound on SEP(X) in Theorem since under the normalization By € Bx we have
SEPX) AS SUp zeop, 121y _ Idpllx—my _ Idpllny—x _ diamy- (HBY)'
vol, (By) vol, (By) vol, (By) vol, (By)
Also, Theorem(75|is stronger than the second inequality in because by applying a linear isometry of

X we may assume without loss of generality that ||x||x < ||x||gg < dpm @2, X) || x|Ix for all x € R”, in which
case the special case C = R" and Y = ¢} of (L16) implies that

4vol,,_1(Byn1) AT T(2+1) 22 +0(1)
SEPX) < ——— 2~ dpm(02,X) = ———2 dem (P2 X) = =———dpm (€2, X)V/ 1.
X) VOln(B[g) BM( 2 ) ﬂfr(nT_l+l) BM( 2 ) \/7—_[ BM( 2 )\/ﬁ

The right hand side of coincides (up to a universal constant factor) with the right hand side
of (28), so all of the upper bounds for the Lipschitz extension modulus that we derived in the previous
sections from Theorem[21]hold for the separation modulus, by Theorem[75] For the separation modulus,
we get several lower bounds from Theorem [70|that either provably match our upper bounds up to lower
order factors, or match them assuming our conjectural isomorphic reverse isoperimetry. We will next
spell out some of those consequences on randomized clustering of high dimensional norms.

Theorem 76. Foreveryp >1,neNandk,r €{l,...,n} we have

SEP((0")<i) = k™5 2, (117)
and
- .
rma"{évi}ﬁsJSEP((s;’»@)Sr‘“‘”‘wﬁ'{ vimaxfiog(r)ph HPSIBL g
logn if p >logr.

Moreover; if Conjecture holds forX =Sy, then in fact

= =

SEP((S))</) = pmext '%}\/ﬁ. (119)

Proof. The deduction of the upper bounds on the separation modulus in (117) and (118) from Theo-
rem are identical, respectively, to the ways we deduced Theorem and from Theorem
For the first inequality in (I17), since (¢})) <k contains an isometric copy of ¢ k we have
k (T04) k min{i L}
SEP((¢")<x) = SEP(¢%) > = = K™M2g,
P P dBM(ff,,élf) kmax{l—%,%}

where the asymptotic evaluation of dgy (¢ k¢ ’f,) forall p, g > 1is due Gurarii, Kadec’ and Macaev [GKM66].
For the first inequality in (I18), use the fact that (S})<, contains an isometric copy of S;*", which is
the Schatten—von Neumann trace class on the r-by-n real matrices M, ,(R), whose norm is given by

VAEMpn®,  l|Alspe = (Tr((449%))". (120)
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We then have the following rectangular version of (I107) whose derivation is explained in Remark

evr(S;,x”) = rmax{%_%’o}. (121)
The desired lower bound on SEP((S})) <) is now an application of Theorem O

Remark 77. Theorem 3.3 in [CCG" 98| asserts that SEP([;) = pmax{l/p,1-1/p} fqy everyp>1. If p > 2,
then this means that it was previously thought that SEP (¢ ;) = n'~VP, which is of course incompatible
with the case k = n of for every p > 2. While [CCG"98] provides a complete proof of SEP(¢})) = nt/p
when 1 < p <2, in the range p > 2 the assertion SEP(¢}) = n'~/? in [CCG*98] is justified through the
use of a result from reference [14] in [CCG' 98], which is cited there as a “personal communication” with

P. Indyk (dated April 1998). This reference was never published; after discovering the improved estimate
of Theorem[76} we confirmed with Indyk that it was indeed flawed.

Corollary 78. Conjecture[48 implies Conjecture[,k Namely, if Conjecture[48 holds for a canonically posi-
tioned normed spaceX = (R", || - |Ix), then

SEPX) = evrX)vn = vr(X*) /7. (122)

In particular, ifX satisfies the assumptions of Lemmal52 (e.g. if X is symmetric), then (122) holds. Further-
more, ifE = (R", || - |Ig) is a symmetric normed space, then SEP (Sg) = evr(E)n'*°W More precisely,

evr(E)n < SEP(Sg) < evr(E)ny/logn. (123)

Proof. The lower bound on SEP(X) in is Theorem 70 (thus, it requires neither Conjecture 48/nor X
being canonically positioned). The matching upper bound on SEP(X) in follows from Corollary[50]
and the fact that by Theorem 75| the separation modulus of any (not necessarily canonically positioned)
normed space X = (R”, || - [|x) is bounded from above by the right hand side of (53). The rest of the asser-
tions of Corollary[78|follow from Lemmaf52|and Lemma/53] O

By incorporating Proposition[60]into the same reasoning as in the justification of Corollary[78} we also
deduce the following stronger version of Theorem[12]

Theorem 79. IfX = (R", |- |x) is a canonically positioned normed space, then
evriX)vn <SEPX) S KXevrX)vn < evrX)vnlogn.

Section [6.3] contains volume ratio computations that show how Corollary [78| and Theorem [79]imply
Corollary[4} as well as the conjectural (i.e., conditional on the validity of Conjecture[48|for the respective
spaces) asymptotic evaluations and (15), and several further results of this type. Most of the volume
ratio computations in Sectionrely on the available literature (notably Schiitt’s work [Sch82]), with a
few new twists that are perhaps of independent geometric/probabilisitic interest (e.g. Lemma(172).

1.7.6. Dimension reduction. Fix n € N and a metric space (17, dy;;). Recall that in Deﬁnitionwe de-
noted by SEP" (111, dj) the supremum over all the separation moduli of subsets of 777 of size at most n.
In [CCG™98] it was shown that SEP"(¢;) < y/logn. Indeed, this follows from the Johnson-Lindenstrauss
dimension reduction lemma [JL84], which asserts that any n-point subset of £, can be embedded with
O(1) distortion into £} with m <logn, combined with the proof in [CCG* 98] that SEP(¢)") < v/m.

One might expect that the optimal bounds that we know for SEP(¢})) in the entire range p € (1,00) also
translate to improved bounds on SEP"(¢)). The term “improved” is used here to mean any upper bound
of the form o, (logn) as n — oo, since the benchmark general result is the aforementioned upper bound
SEP"(M, dy) < logn from [Bar96], which holds for any n-point metric space (171, dj;). This bound is
sharp in general [Bar96|, so (because every n-point metric space embeds isometrically into ¢[.) we can-
not hope to get a better bound on SEP"(¢,) despite the fact that we obtained here an improved upper
bound on SEP (/).
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The obstacle is that when p € [1,00] \. {2} no bi-Lipschitz dimension reduction result is known for finite
subsets of £, and poly-logarithmic bi-Lipschitz dimension reduction is impossible if p € {1,00}; the case
p = ocois due to Matousek [Mat96] (see also [Naol7b}[Nao21al) and the case p =1 is due to Brinkman and
Charikar [BC05] (see also [LN04b, Reg13}, NPS20, NY21l). When p € [1,00] \ {1, 2,00} remarkably nothing
is known, i.e., neither positive results nor impossibility results are available for bi-Lipschitz dimension
reduction, and it is a major open problem to make any progress in this setting; see [Nao18] for more on
this area. Despite this obstacle, we have the following theorem that treats the range p € [1,2].

Theorem 80. Forevery p € (1,2] and n € N we have

= =

1 1
(logn)» <SEP"(£,) < (;g_"i .

The lower bound on SEP"(¢,) of Theorem|80]can be deduced from [CCG*98]; see Section[4.2]for the
details. An upper bound of SEP" (p) Sp (logn) 1/P was obtained when p € (1,2] in the manuscript [LNO3].
As [LNO03] is not intended for publication, a proof of the upper bound on SEP" (¢ p) that is stated in The-
orem|80]is included in Section[4.2} where we perform the argument with more care than the way we ini-
tially did it in [LNO3], so as to obtain the best dependence on p that is achievable by this approach. Nev-
ertheless, we conjecture that the dependence on p in Theorem[80]could be removed altogether, though
this would likely require a substantially new idea.

Conjecture 81. The dependence on p in Theorem can be improved to SEP"(¢,,) < (logn) 3

So, if p <1+ c(logloglogn)/loglogn for some universal constant ¢ > 0, then Theorem[80]does not im-
prove asymptotically over SEP" (¢ p) < logn, while Conjecture [81|would imply that SEP" (¢ p) = o(logn)
if and only if lim,,_.o.(p — 1) loglogn = co.

For fixed p € (2,00), at present we do not see how to obtain an upper bound on SEP"(¢),) of the form
op(logn) as n — oco. We state this separately as an interesting and challenging open question.

Question 82. Is it true that for every n € N and p € (2,00) we have lim,_.o, SEP"(¢,)/logn = 0?2 More
ambitiously, is it true that SEP" (¢ p) Sp logn?

Note that SEP"(X) 2 /logn for any infinite-dimensional normed space X, because by Dvoretzky’s
theorem [Dvo61] we have cx(ﬁgn) =1 for every m € N, and therefore SEP” (X) > SEP" (/) = y/logn.

1.8. Consequences in the linear theory. Even though the purpose of the present article was to investi-
gate the nonlinear invariants e(-) and SEP(-), by relating them to volumetric quantities and other linear
invariants of Banach spaces (such as type and cotype), we arrive at consequences that have nothing to do
with nonlinear issues. In this section, we will give a flavor of such consequences, though we will not be
exhaustive since it would be more natural to pursue them separately for their own right in future work.

Denote the Minkowski functional of an origin-symmetric convex body K < R” by || - ||k, i.e., it is the
norm on R” whose unit ball is equal to K. The following theorem coincides with the second inequality
in (I) upon a straightforward application of duality as we did in (31); this formulation is intended to
highlight how we are bounding a convex-geometric quantity by a bi-Lipschitz invariant.

Theorem 83 (nonsandwiching between a convex body and its polar projection body). Fix n € N and
a,B € (0,00). Let K, L < R" be symmetric convex bodies with vol, (L) = 1. Suppose that

aL<c K< BII*L. (124)
Then,
> SEP(R™, || - I k)- (125)

QI
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Since the separation modulus of a metric space is at least the separation modulus of any of its subsets,
by combining (I25) with the first inequality in (1) we see that the sandwiching hypothesis (124) implies
the following purely volumetric consequence for every linear subspace V< R”.

g > evr(KnV)vn = vr(ProjyK°)vn. (126)

In particular, using evr(¢}) = v/n, we record separately the following special case of (I26).

Corollary 84 (nonsandwiching of the cross-polytope). Fix ne N and a, € (0,00). If L < R" is a convex
body of volume 1 that satisfies aL < By» < I1*L, then necessarily f/ a 2 n.

The geometric meaning of Theorem|[83|when L = K is spelled out in the following corollary.

Corollary 85 (every origin-symmetric convex body admits a large cone). For every n € N, every origin-
symmetric convex body K < R" has a boundary point z € 0K that satisfies

vol, (Cone,(K))
vol, (K)
To see that Corollary [85] coincides with the case L = K of Theorem [83} simply recall the definition of
the polar projection body IT* K in (30), while also recalling that for z € R" \. {0} we denote the cone whose
base is Proj . (K) € z+ and whose apex is z by Cone,(K), and the volume of Cone,(K) is given in (35).

A substitution of (I05) into Corollary[85|shows that any origin-symmetric convex body K < R” has a
boundary point z € 0K that satisfies

1
> ;SEP([R{", I-1k). (127)

vol,(Cone,(K)) S L 128)

vol,(K) "~ n
It seems (based on inquiring with experts in convex geometry) that the classical-looking geometric state-
ment did not previously appear in the literature. However, in response to our inquiry Lutwak found
a different proof of which in addition shows that the best possible constant in is 1/v/27. More
precisely, we have the following proposition, whose proof (which relies on classical Brunn—-Minkowski
theory, unlike the indirect way by which we found (128)), is included in Section (this proof is a re-

structuring of the proof that Lutwak found; we thank him for allowing us to include it here).
Proposition 86 (Lutwak). For every n € N, any origin symmetric convex body K < R" satisfies
1
max vol,(Cone,(K)) S r(%) N 1+ 4= .
ze0k  vol,(K) 2y/ar (2L) ™ Vern
Moreover, the first inequality in holds as equality if and only if K is an ellipsoid.

(129)

A substitution of into Corollary[85]yields the following geometric inequality.

Corollary 87. Fix n €N and suppose that K < R" is an origin-symmetric convex body. There is a boundary
point z € 0K such that the following inequality holds for every x1,...,x, € K.

vol,(Cone,(K)) S 1][
vol, (K) ~n fen

n

2
’ ae. (130)
K

0 iXi
i=1
By combining [T]79] with Lemmabelow, the maximum of the right hand side of over all pos-
sible x1, ..., X, € K is bounded above and below by universal constant multiples of T, (R”, || - || )%/ n (recall
the definition of the type-2 constant), so Corollary[87]is indeed a substitution of into (I27).
Returning to Corollary recall that both the cross-polytope By» and the hypercube [-1,1]" are ex-
amples of extremal symmetric convex bodies K < R” that have a boundary point z € 0K for which the vol-
ume of Cone,(K) is a universal constant proportion of the volume of K (the Euclidean ball is an example
of a convex body that is not extremal in this regard). But, there is a difference between the cross-polytope
and the hypercube in terms of the stability of this property. Specifically, there is an origin-symmetric
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convex body K < [—-1,1]" € O(1)K such that for every z € 0K the left hand side of (127) is at most a uni-
versal constant multiple of 1/y/n. In contrast, the following proposition shows that the extremality of
MaX,eoB,n Voln(Conez(Bgiz))/voln(B[;z) (up to constant factors) persists under O(1) perturbations.

1

Proposition 88. FixneN and a, B € (0,00). Suppose that K < R" is an origin-symmetric convex body that
satisfies a K < Byn < BK. Then there exists a boundary point z € 0K such that

voln(Cone: (K) ., a (131)
vol,(K) ™~ B

Proposition[88]is a direct consequence of Corollary[85] the bi-Lipschitz invariance of the modulus of
separated decomposability, and the lower bound SEP (¢ f) 2 nof [CCG™98].

The following proposition is an application in a different direction of the results that we described in
the preceding sections.

Proposition 89. If (E,| - I|g) is a finite dimensional normed space with a 1-symmetric basis, then every

subspaceX of E satisfies
evr(X)v/dim(X) < evr(E)y/ dim(E). (132)

Propositionholds because SEP(E) < evr(E)vdim(E) by Corollary while SEP(X) 2 evr(X)vdim(X)
by Theorem o) follows from SEP (X) < SEP(E). This justification shows that Propositionholds
for a class of spaces that is larger than those that have a 1-symmetric basis, and Conjecture[6lwould imply
that Proposition[89/holds when E is any canonically positioned normed space.

Nevertheless, Proposition[89|fails to hold without any further assumption on the normed space E. For
example, the computation in Remark[51|shows that for any r, m € Nwith n > 2 and m = nlogn, the space
E = (7 & (] satisfies evr(E)vdim(E) < y/nlogn while its subspace X = ¢7 satisfies evr(X)v/dim(X) = n.

Proposition (89| shows that if E has a 1-symmetric basis, then among the linear subspaces X of E the
invariant evr(X)+v/dim(X) is maximized up to universal constant factors at X = E. The fact we are multi-
plying here the external volume ratio of X by the square root of its dimension is an artifact of our proof
and it would be interesting to understand what correction factors allow for such a result to hold:

Question 90. Characterize (up to universal constant factors) those A: [1,00) — [1,00) with the property
that for any n > 1 we have evr(X) A(k) < evr(E)A(n) for every normed space (E, | - |[g) of dimension at
most n that has a 1-symmetric basis, every k € {1,..., n}, and every k-dimensional subspace X of E.

Propositionshows thatif A(n) = v/n, then A:[1,00) — [1,00) has the properties that are described in
Question[90] At the same time, no A: [1,00) — [1,00) with A(n) = O(1) can be as in Question[90} Indeed,
for any such A consider the symmetric normed space E = ¢/.. There is a universal constant > 0 such
that any normed space X with dim(X) < nlogn is at Banach-Mazur distance at most 2 from a subspace
of ngEI In particular, this holds for X = 7" when m € N satisfies m < nlogn, so we get that

A(nlogn)/logn = evr(¢]") A(nlogn) < 2evr(¢2) A(n) = A(n). (133)

So, A(n) Z y/logn and by iterating one gets the slightly better lower bound A(n) 2 /(logn)loglogn,
as well as A(n) > /(logn) (loglog n)logloglog n and so forth, yielding in the end the estimate

(Hlog*n log!®! n) :

k=1

A(n) >
(n) 2 ~0log' )

) (134)

U Thjs assertion is standard, here is a quick sketch. Take a §-net 11 of the unit sphere of X* for a sufficiently small universal
constant § > 0 and consider the embedding x — (x* (x)) x+¢p; from X to £5(1). Since log|| = dim(X), this gives a distortion
2-embedding (say, for d = 1/10) of X into ¢7, provided logn is at least a sufficiently large universal constant multiple of dim(X).
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[k] (0]

where for k € NU {0} we denote the k’th iterant of the logarithm by log'", i.e., log™ x = x for x > 0, and

log'Mx >0 = log**!x = log(log'*x). (135)

There is no reason to expect that the lower bound is close to being optimal, but in combination
with Proposition[89]it does show that the answer to Question[90]is likely nontrivial.

These considerations lead to the following open-ended question. The literature contains results show-
ing that ¢ Z maximizes certain geometric invariants (e.g. Banach-Mazur distance to (51 [Lew78], or vol-
ume ratio [Bal91c]) among all the n-dimensional subspaces or quotients of L. Is there an analogous
theory in the spirit of in the much more general setting of spaces that have a 1-symmetric basis?
This could be viewed as a symmetric space variant of the classical work of Lewis [Lew78, [Lew79]. An in-
teresting step in this direction can be found in [T]J80]; specifically, see [T]J80, Theorem 1.2], which could
be relevant to Questionthrough the approach of [Bal91c, Section 2].

Acknowledgements. I am grateful to Moses Charikar and Piotr Indyk for a helpful conversation on the
erroneous optimality assertion of [CCG"98] in the range p € (2,00], and to Piotr Indyk for subsequent
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led in particular to Lemma and (86). I thank Emmanuel Breuillard for discussions regarding Re-
mark [40] and for sharing with me his proofs of statements on the comparison between the notions of
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his proof of Proposition I thank Bo’az Klartag and Emanuel Milman for showing me the proof of
Proposition[60} I am grateful to Keith Ball, Franck Barthe, Ronen Eldan, Charles Fefferman, Apostolos
Giannopoulos, David Jerison, Grigoris Paouris, Gilles Pisier, Oded Regev, Carsten Schiitt, Ramon van
Handel and Elisabeth Werner for helpful discussions and suggestions.

2. LOWER BOUNDS

In this section we will prove the impossibility results that were stated in the Introduction. Throughout
what follows, all Banach spaces will be tacitly assumed to be separable. Given a Banach space X, its
Banach-Mazur distance to a Hilbert space will be denoted dx € [1,00], i.e., dx = dgm(X, H) where H is a
Hilbert space with either dim(H) = dim(X) when dim(X) < oo, or H = ¢, when X is infinite dimensional.
By a classical result of Enflo [Enf70, Theorem 6.3.3] (see also [BL0O0} Corollary 7.10]) we have dx = c»(X).

2.1. Proof of Theorem[13] Recall that the (Gaussian) type 2 and cotype 2 constants of a Banach space
X, Il - Ix), denoted T>(X) and C,(X), respectively, are the infimum over those T € [1,00] and C € [1,q],
respectively, for which the following inequalities hold for every m € N and every x1,...,x,, € X:

m 2
PRTIN
j=1

where henceforth g;, g, ... will always denote i.i.d. standard Gaussian random variables. The following
theorem of Kwapieni [Kwa72] is fundamental (see also [Pis86, Theorem 3.3] or [T]89, Theorem 13.15]).

1 m m
— > lxjlIg <E <T? Y lxjlg (136)
C j=1 j=1

Theorem 91. Every Banach space X, || - |Ix) satisfies dx < T»(X)Ca(X).

We will use Theorem [91] to estimate the following quantity, which in turn will be used to get the best
bound that we currently have on the constant c that appears in the lower bound on e(X) of Theorem[13]

Definition 92 (Lindenstrauss—Tzafriri constant). Suppose that (X, | - lx) is a Banach space. Define LT (X)
to be the infimum over those K € [1,00] such that for every closed linear subspace V < X there exists a
projection Proj : X — V from X ontoV whose operator norm satisfies ||Projllx—x < K.

So, the Lindenstrauss-Tzafriri constant of a Hilbert space equals 1, and Sobczyk proved [Sob41] that

VneN,  LT(¢})=LT(¢")=vn. (137)
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We chose the nomenclature of Definition[92]in reference to the famous solution [CI71] by Lindenstrauss
and Tzafriri of the complemented subspace problem, which asserts that if (X, || - [x) is a Banach space for
which LT(X) < oo, then X is isomorphic to a Hilbert space, i.e., dx < co. Moreover, if X is infinite dimen-
sional, then it was shown in [LT71] that dx < LT (X)*. This dependence was improved in [KM73] by Kadec
and Mitjagin, who established the following theorem, which is the currently best-known bound in the
Lindenstrauss-Tzafriri theorem (see also [Fig77}[Pis88| [Pis96}/AK06} Kal08] for subsequent improvements
of the implicit universal constant factor and further generalizations).

Theorem 93. Every infinite dimensional Banach space (X, || - |lx) satisfiesdx < LT X)2.

When dim(X) < oo the question of bounding dx by a function of LT (X) was left open in [LT71]. This
question, which was eventually solved by Figiel, Lindenstrauss and Milman [FLM77, Theorem 6.7], turned
out to be significantly more subtle than its infinite dimensional counterpart. The currently best-known
estimate is due to Tomczak-Jaegermann [TJ89, Theorem 29.4], who proved the following theorem.

Theorem 94. Every finite dimensional Banach space (X, || - |lx) satisfiesdx < LT X)°.

The proof of Theorem [94]is achieved in [TJ89] through an interesting combination of the proof of the
Lindenstrauss-Tzafriri theorem [LCT71] with the finite dimensional machinery of [FLM77] and Milman’s
Quotient of Subspace Theorem [Mil85].

The following theorem is a link between the Lindenstrauss—Tzafriri constant and Lipschitz extension.

Theorem 95. Every Banach space X, || - |x) satisfieseX) > LT (X).

Proof. By Remark[97 if dim(X) = oo, then e(X) = oo, so we may assume that dim(X) < co. Fix L > e(X)
and let V< X be a linear subspace of X. Then, the identity mapping from V to V can be extended to an
L-Lipschitz mapping p : X — V. In other words, p is an L-Lipschitz retraction from X onto V. By a classical
theorem of Lindenstrauss [Lin64] (see also its elegant alternative proof by Pelczyrisky in [Pel68, page 61]),
there is a projection of norm at most L from X onto V. This proves that LT (X) < L. ([l

The following theorem is the lower bound e(¢}) 2 v/n of [MN13] that we already quoted in 22), in
combination with the bi-Lipschitz invariance of the Lipschitz extension modulus.
> vn

Theorem 96. For every n € N, any normed spaceX = (R", || - |Ix) satisfiese(X) 2 o

Remark 97. The question whether e(¢») is finite or infinite was open for quite some time: It was first
stated in print in [JLS86, page 137], and it was also posed by Ball in [Bal92, page 170] (Ball conjectured
that e(¢2) = c0). We answered it in [Nao01] by proving that lim, .., e(¢}) = co. Due to Dvoretzky’s theo-
rem [Dvo61] this implies that e(X) is at least an unbounded function of dim(X) for any normed space X,
and in particular e(X) = oo if dim(X) = co. A rate at which e(¢7) tends to co was not specified in [Nao01],
but the reasoning of [NaoOl] was inspected quantitatively in [LNO5, Remark 5.3], yielding an explicit
lower bound that depends on an auxiliary parameter, and it was noted in [BB07a] that an optimization
over this parameter yields the estimate e(¢}) 2 v/n. A further improvement from [MN13] (whose proof
refines ideas of Kalton [Kal04) [Kal12]) was the aforementioned estimate e(égl) 2> /n (a different proof of
this bound follows from [Nao21b]), which is the currently best-known lower bound on e(fg). By Mil-
man’s sharpening [Mil71] of Dvoretzky’s theorem [Dvo61], it follows that every normed space X satisfies
e(X) 2 v/logn. As we explained in Section the bound e(¢2) = v/n is classical (specifically, by substi-
tuting into Theorem. In combination with the Alon-Milman theorem [AMS83] (see also [Tal95]),
the fact that both e(¢}) = n and e(¢) = n®™ formally implies that

eX) > e17\/10gn
for some universal constant 1 > 0 and every n-dimensional normed space X, which was the best-known

general lower bound on the Lipschitz extension modulus prior to Theoreml[I]
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The above results imply as follows the lower bound on e(X) of Theorem|[I3] By combining Theorem[94]
and Theorem we have e(X) > v/dx. In combination with Theorem it therefore follows that

eX) zmax{?, @} > ¥n, (138)
X

where the last step follows from elementary calculus and holds as equality when dx = /24,

We will derive a better lower bound on e(X) than (138) through the following theorem which improves
over the power of LT (X) in Theorem[94] showing that in the finite dimensional setting one can come close
(up to logarithmic factors) to the infinite dimensional bound of Theorem[93} see also Remark[102|below.

Theorem 98. For every integer n > 2, any n-dimensional Banach space (X, || - ||x) satisfies
dx SLTX)?(logn)®. (139)
Assuming Theorem[138] reason analogously to (I38) while using (I39) in place of Theorem[94]to get

vn  dx ni
> >
eX) 2 max{ iy R (logn)3 = (log ey (140)

where equality holds in the final step of if and only if dx = ¢/n(logn)?.

Prior to proving Theorem[98} we will record the following two standard lemmas that will be used in its
proof; both will be established in correct generality that also treats infinite dimensional Banach spaces
even though here we will need them only in the finite dimensional setting (the infinite dimensional for-
mulations are relevant to the discussion in Remark[102).

Lemma 99. For every Banach space X, || - |x) we have LT (X*) <LTX) +1.

Proof. We may assume that LT (X) < co. Then X is reflexive (even isomorphic to Hilbert space), by [LT71].
Fix a closed linear subspace W of X* and denote its pre-annihilator by

TWE M {xex: x* (0 =0}cX.
x*eEW
Suppose that K > LT (X). By the definition of LT (X) there exists Proj : X — X that is a projection from X
onto W whose operator norm satisfies ||Projllx—x < K. Observe that for every x* e X* and x € lw,

(x* = Proj*x™)(x) = x™ (x) — x* (Projx) = 0,
since Projx = x. This shows that
(Idx- —Proj*)X*) < ("Wt = {x* e X*: x*(*W) = {0} =W,
where the last step follows from the double annihilator theorem since X is reflexive and hence W is weak™
closed in X*. If x* € W, then for any x € X we have Proj* x*(x) = x* (Projx) = 0, as Projx € *W. Hence

Proj*x* =0, and so Idx- — Proj* acts as the identity when it is restricted to W, i.e., Idx- — Proj* : X* — X* is
a projection from X* onto W. It remains to note that

[ldx- — Proj* < 1+||Proj*

XXt x—x =1+ |Projfly_x <K+1. U

The following simple lemma shows that the Lindenstrauss—Tzafriri constant is a bi-Lipschitz invariant.
Lemma 100. Any two Banach spaces (W, | - |lw) and X, | - lIx) satisfy
LTW) < cx(W)LT(X). (141)

Proof. We may assume that cx(W) < oo and LT (X) < co. By [LI71], the latter assumption implies that
X is isomorphic to a Hilbert space, and hence it is reflexive. We may therefore apply a differentiation
argument (see e.g. [BL0O, Corollary 7.10]) to deduce that there is a closed subspace Y of X such that
dpv (W, Y) = cx(W). In other words, for every D > cx (W) there is a linear isomorphism T : W — Y satisfying
I TlIw—ylI T ly—w < D. If Vis a closed subspace of Wand K > LT (X), then there is a projection Proj from
X onto TVwith ||Projlx—.rv < K. Now, 7! ProjT is a projection from W onto V of norm less than DK. [
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The type-2 constant of a normed space (X, || - [Ix) is equal to its “equal norm type-2 constant,” namely
to the infimum over those T > 0 for which the second inequality in holds for every m € N and every
choice of vectors x, ..., x;; € X that satisfy the additional requirement || x; [lx = ... = | X, |Ix; this is a well-
known result of Pisier, though it first appeared in James’ important work [Jam78], where it had a vital role.
We will likewise need to use this result, with the twist that we require a small number of unit vectors for
which the type-2 constant of X is almost attained. The classical proof of the aforementioned equivalence
between type-2 and “equal norm type-2” (page 2 of [Jam78]) increases the number of vectors potentially
uncontrollably, so we will preform the analysis more carefully in the following lemma, which shows that
one need not increase the number of vectors when passing from general vectors to unit vectors.

Lemma 101 (equal norm type 2 without increasing the number of vectors). FixneNand0< < 1. Let
X, I - Ix) be a normed space and suppose that there exist vectors xi,..., X, € X\ {0} that satisfy

&

Then, there also exist unit vectors yu, ..., ¥n € {x; /|| x; ”X}z 1 S C 0By that satisfy

gkl

Proof. We may assume without loss of generality the following normalized version of assumption (142).

i X;

21\ n ;
X) >ﬁT2(X)(Z||x,~||§) : (142)
i=1

> B* LX) vn. (143)

n 2
Y llxlg=1  and x| | = B0, (144)
i=1
For every k € N define a subset I} of {1,..., n} by
%ieq L il — 145
k= 1€ ---,n}-§<||xz||x\2k—_1 . (145)

So, {Ii}ken is a partition of {1,...,n} as 0 < [l x;lIx < 1 foralli € {1,..., n} by the first equation in (I144). Write

3 m
def [logz( \/_)—‘ and Ud:ef U I x {1,...,22('”_")}. (146)
B k=1
With this notation, Lemmawill be proven if we show that there exists S < U with |S| = n such that
2
[” S > PRV, (147)
(i,))€S Il x; “X

where {g;;}7° =1 Are i.i.d. standard Gaussian random variables.
To prove - observe first that by the contraction principle (see e.g. [LT91}, Section 4.2]) we have

[H gij
(i,))€S Il x; ”X

where we used the fact that 1/]|x;llx > 251 for every k e N and i € I (by the definition (145) of I). Also,

) ) (148)

1
21\ 2 22(m-
) g ([E[H 2. 2k 2 Z Ly, jes8ijXi

iely j=

| @ 2l AXE, 22O + B Lo Tl @ B@1U|+ )
Zu xilg = Z > ||xl||X < Z 327 am on

k=1i€l}
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This simplifies to give that |U| > 2n/ ﬁz > n. We can therefore average the right hand side of (148) over all
the n-point subsets of U a to get the following estimate.
1
) 2

) (149)

92(m—k) (H]l )

(| X2y x

it = (T

2

k-1
2 Z Z Ly, ])ES}gl]xl
i€l ]

gijXi

('Z')l z [l

Zz(m k)

2|U|( [”sz Z 8ijXi

i€l j=
zm l ( );
3 1
n: 2
mm( )

where the first step of (149) uses convexity, the penultimate step of (I49) uses the fact that

22(,",[() m m
L. m—k
(( ];1 gl])ielk)kzl and ((2 gi )l€[k)k 1

have the same distribution, and for the final step of (149) recall the definition (146) of m.
It follows from (148) and (149) that there must exist S € U with |S| = n such that

( “|(z])es ||ilf|x ) Nmfn( [“Z > gixi|

liely
To use (I50), we claim that |U| < n/ 2. Indeed,

‘Z th%

=liely

=liel}

2

) . (150)

Ikl @z U - BIU

ic)
Zn xil = ZZ" xilg Zzzk = 2m 2 g

k=1i€l} k=1

By combining the aforementioned upper bound on the size of U with (T48) and (150), we see that

- J

From this, we deduce the desired estimate (147) by combining as follows the second inequality in our
assumption (144) with the triangle inequality and the definition (I36) of the type-2 constant T, (X).

);E(E[”;g”i’i );

2

|‘ gij
(i,))eS [l x; ”X

” Z Z giYi

=liel}

>w(

(1L, 5o

Clbporets

liel; k=m+1icl}
(36) o0 5 T»(X)
S PLX-TX| Y Y ||xi||§) > prao0 - V" LOVRID o7 )
k:m+1i<—:lk

Proof of Theorem[98, We will prove that the type 2 constant of X satisfies
T,(X) S LTX)(log n)?. (151)

After (151) will be proven, we deduce Theoremas follows. We first claim that the estimate (I51I) implies
the same upper bound on the cotype 2 constant of X. Namely, we also have

CX) <LTX) (logn)?. (152)
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Indeed,

CX < LX) SLTX")(ogn)? <LTX)(ogn)?, (153)
where the first step of follows from a standard duality argument [MP76] (see also e.g. [MS86), Sec-
tion 9.10], [PW98, Section 4.9] or [AKO06, Proposition 6.2.12]), the second step of is an application
of to X*, and the third step of is application of Lemma([99] The desired estimate now
follows by a substitution of and into Theorem[91] (Kwapien’s theorem).

By [FLM77, Lemma 6.1] (see also the exposition of this fact in [[N10}, page 546]) there exists an integerE]
n(n+1)
1<m< T (154)

and xp,..., X, € X~ {0} such that

2
X

" : n
([E | 2 i ) =T2(X)(Z||xi||§) (155)
i=1 i=1

By Lemma it follows that there exist y1,..., ym € 0Bx and a universal constant 0 <y < 1 such that

m \/E m
IE[”i:ZlgiJ/i > ;([E ||izzlgiJ/i

where the first step in holds by (the Gaussian version of) Kahane’s inequality [Kah64] (see e.g. [LT91),
Corollary 3.2] and specifically [LO99, Corollary 3] for the (optimal) constant that we are quoting here even
though its value is of secondary importance in the present context). If we denote

2
X

. ) > v LX)V, (156)

To (X
def ¥ 2( ), (157)
vm
then a different way to write is
m
E || S gy ||X > 6m. (158)
i=1

Because we ensured that yy,..., y,,; are unit vectors in X, we may use a theorem of Rudelson and Ver-
shynin [RV06, Theorem 7.4] (an improved Talagrand-style two-parameter version of Elton’s theorem; see
Remark(102), to deduce from (I58) that there are two numbers 0 < s <1 and § < 7 < 1 that satisfy

1)
Vs> — (159)
(log(3))*
such that there exists a subset J of {1,..., m} whose cardinality satisfies
|J| = sm, (160)
and moreover we have
Vapjee®, 1Y lal S| X ayi] <X lajl (161)
jel jeJ JeJ
(161) means that the Banach-Mazur distance between span({y;} je;) and ¢ '1] 'is O(1/1). Hence,
1
x(?V) < <. (162)

Now, the justification of (I5I), and hence also the proof of Theorem[98] can be completed as follows.

@ LT(¢V") @205 T60) To (X T (X
—( |1]|) > t\/mn/%z 6‘/73 Y2X) -> 2( )é, (163)
ex(€7) (og(3)*  (10g(2x))"  Uosm?

lsz [TJ79], if one does not mind losing a universal constant factor in (I53), then one could take m = n here, but for the
purpose of the ensuing reasoning it suffices to use the much simpler result [FLM77, Lemma 6.1].
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where the final step of (163) holds because 7>(X) > 1 and log m < log n by (154). O

Remark 102. In the proof of Theoremwe relied on [RV06, Theorem 7.4], which improves (in terms
of the power of the logarithm in (I59)) Talagrand’s refinement [Tal92] of Elton’s theorem [EIt83] (which
is itself a major quantitative strengthening of an important theorem from [Pis73]). Continuing with the
notation of Theorem Elton’s theorem is a similar statement, except that the size of the subset J is
a definite proportion of m that depends only on the parameter § for which holds, and also the
parameter t for which holds depends only on §. The asymptotic dependence on § in Elton’s the-
orem [Elt83] was improved by Pajor [Paj83], a further improvement was obtained in [Tal92], and the
optimal dependence on ¢ was found by Mendelson and Vershynin in [MV03]. However, plugging this
sharp dependence into our proof of Theorem[98|shows that the classical formulation of Elton’s theorem
is insufficient for our purposes. The two-parameter formulation of Elton’s theorem that was introduced
in [Tal92] allows for the subset J to have any size through the parameter s in (I60), but imposes a relation
between s and ¢ such as (I59), thus making it possible for us to obtain Theorem[98]

The only reason why the logarithmic factor in occurs is our use of a Talagrand-style two-parameter
version of Elton’s theorem, for which the currently best-known bound [RV06] is (159). Thus, if could
be improved to ty/s 2 6, i.e., if Questionbelow has a positive answer, then the conclusion of The-
orem[98would become dx < LT (X)2. This would improve Theorem[94]to match the bound of Theorem[93]
which is currently known only for infinite dimensional Banach spaces. Moreover, since the resulting
bound is independent of the dimension of X, this would yield a new proof of the Lindenstrauss—-Tzafriri
solution of the complemented subspace problem; the infinite dimensional statement follows formally
from its finite dimensional counterpart (e.g. [AK06, Theorem 12.1.6]), though all of the steps that led to
Theorem|[98|work for any reflexive Banach space. Question[103]is interesting in its own right regardless of
the above application to the complemented subspace problem. In particular, a positive answer to Ques-
tion[103|would resolve the question that Talagrand posed in the remark right after Corollary 1.2 in [Tal92],
though we warn that he characterises this in [Tal92] as “certainly a rather formidable question.”

Question 103. Fix0<d <1and neN. Let X, | - x) be a Banach space and suppose that xi,..., X, € 0Bx
satisfy E[|| Z;’il gix;llx] > 6 n. Does this imply that there are two numbers 0 < s, t < 1 satisfying ry/s = 6
and a subset J < {1,...,n} with | J| > sn such that || Z]'E]ajxj Ix > ije]ldjl forevery ay,...,a, € R?

2.2. Proof of (I06). Because by [CCG"98] we know that SEP (/) = n for every n € N, using bi-Lipschitz
invariance we see that in order to prove (7) it suffices to show that for every normed space X = (R", | - [Ix),

Ime{l,..., n} > T,(X)2. (164)

cx (07

We will prove using Talagrand’s two-parameter refinement of Elton’s theorem [Tal92] that we
discussed in Remark[102] (the aforementioned improvements over [Tal92] in [MV03,[RV06] do not yield a
better bound in the ensuing reasoning. Also, the classical formulation of Elton’s theorem is insufficient
for our purposes, even if one incorporates the asymptotically sharp dependence on 6 from [MV03]).
Suppose that k e Nand xy,..., xx € Bx. Letgi,...,gr beii.d. standard Gaussian random variables. Denote

k
def
EXE || L e, |
j=1
By [Tal92, Corollary 1.2], there is a universal constant C € [1,00) and a subset S < {1,..., k} satisfying
def E?
= S 2 1
N K
and such that
E
V(aj)jes € RS, ¢ Llajl<| X x| < Tlayl (165)
VClm(log(£5km))” J<5 jes jes
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Consequently,

vVCkm eCkmy\¢
cx (47 < z (log( 2 )) .
Therefore,
m Eym ez E* B

cx (47" z eCkm\© > 2CCcCH |k Tk’
1) VC(log (k)
where the last step uses the fact that the minimum of the function u — /u/(log(eCku/E?))® on the ray

[E2/(Ck),o0) is attained at u = e2C~1E2/(Ck). It remains to choose xj,..., x; so that E2/ k = T»(X)2. This is
possible because the equal norm type 2 constant of X equals T» (X), so there are x,..., X € 0Bx for which

k 21\2
T o

where the last step uses Kahane’s inequality. ([l

2.3. Holder extension. In this section we will prove the lower bound on e? (1) in for every n e N
and 0 < 6 < 1. It consists of two estimates, the first of which is

f(en) > pztt*-1, (166)

and the second of which is

NS

fdwry>n (167)
We will justify and separately.

Note that is vacuous if /2 +6? -1 <0, i.e., if0 <0 < (v/17—-1)/2. The reason for this is that
is based on a reduction to the linear theory from [NR17] (extending the approach of [JL84] to the Holder
regime), that breaks down for functions which are too far from being Lipschitz. Specifically, for a Banach
space X and a closed subspace E of X, let A(E;X) be the projection constant [Grii60] of E relative to X, i.e.,
it is the infimum over those A € [1, 0] for which there is a projection Proj from X onto E whose operator
norm satisfies ||Projllx—g < A. Also, let e? X; E) be the infimum over those L € [1,00] such that for every
C<cXand every f: C — E thatis 8-Holder with constant 1, there is F : X — E that extend f and is 8-Hdélder
with constant L. With this notation, it was proved in [NR17] (see equation (106) there) that

AE; X)?

S XE) > — : (168)
dim(E) z dimX)?1-0c,(E)!1-0
Using the bounds dim(E) < dim(X) and ¢, (E) < vdim(E) (John’s theorem) in (I68), we get that
AE;X)?
0
dXE > — . (169)
dimX)1-¢*

By [Sob41] there is a linear subspace E of ¢ with A(E; ¢”) = y/n, using which (I69) implies (I66).
Remark 104. In [NR17] it was deduced from that
fem > n 2. (170)

Specifically, by [Kas77| there is a linear subspace E of ¢ f with c2(E) < 1 and dim(E) = [n/2]; call such E
a Kasin subspace of /7. By [Rut65] we have A(E;¢7) = v/n, so follows by substituting these param-
eters into (168). For X = ¢Z, the poorly-complemented subspace that we used above can be taken to be
the orthogonal complement of any Kasin subspace of ¢}'. Such a subspace of ¢/, has pathological prop-
erties [FJ80]; in particular its Banach-Mazur distance to a Euclidean space is of order /7. So, a “vanilla”
use of leads at best to (166). However, we expect that it should be possible to improve to

1

deen) > n s, (171)
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If (I71) holds, then improves to

(e}
w
w

ee([go) 2 nma_x{%ﬂz—%} =

9 . 1+
<0<
{ ni if 0<0<K , (172)

1
nf7r i 8 g,

For (I71), it would suffice to prove the following variant of Conjecture[7|for random subspaces of /7., . Let
E be a subspace of R” of dimension m = [n/2] that is chosen from the Haar measure on the Grassman-
nian. We conjecture that there is a universal constant D > 1 such that with high probability there is an
origin-symmetric convex body L € Bg that satisfies MaxProj(L)/vol,, (L) < 1. If this indeed holds, then by
using it in the proof of in [NR17] we can deduce (specifically, replace in Lemma 20 of [NR17|
the averaging over By by averaging over L; we omit the details of this adaptation of [NR17]).

Proof of (167). Fix k, m € N satisfying k < 2m < n/2 whose value will be specified later so as to optimize
the ensuing reasoning (see (I86) below). Denote ¢ = [(4m/k)] and define C = C(k, m, n) < ¢! (C) by

def

C={En(ks): sefl,...0"},

where for every s = (sy,..., s;) € R" we define E,;,(s) € C" by
n .
E,.(s) d:efz exnie;.
j=1

Denote the standard basis (delta masses) of R® by {8} sce. Let [Rg be the hyperplane of R® consisting of
those (as)see = X see As05 With Y ;ce as = 0. Suppose that Xg = ([Rg, [ - llx,) is a normed space that satisfies

Vx,yeC  118:-8ylx, = 1x=ylfs ) (173)
and,
VueRy, (%)Gllullel © Slplx, S lelee- (174)
For this, Xy can be taken to be the normed space whose unit ball is
Bx0=c0nv{ 7 (6x-6,): x,y€C, x#y}gRg, (175)
1= Ylzn ()

which is the maximal norm on [R{g' satisfying (I73). To check that (174) holds for the choice (I75), note
that, as 1 < k < 2m, distinct x, y € C satisfy k/m S |x = yll¢n () < 1. Itis simple to deduce (I74) from this,
as done in [NR17, Lemma 7]. The choice (I175) makes Xy be the Wasserstein-1 space over (C, dg), where
dp is the 6-snowflake of the ¢2 (C) metric, i.e., dp(x,y) = | x - yllggo for x,y € €7, (C); see Section

By virtue of (173), if we define f : C — Xy by setting

©

vreC  fo s, - & L3,
€l

then f is 6-Holder with constant 1. We claim that if m > 1/, then by (I73) every F : £ (C) — Xy satisfies

S X |F(Ents+2men) - F(Ens)l,

(4m)n] 1se{l,....4am}"

) (176)
m +60
S oo o Y, F(Em(s+e) = F(Em(s))|,-

kO (12m)" ge(“To. 11 seqt“amyn
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Indeed, (176) follows from a substitution of (173) into the following inequality from [MNO08, Remark 7.5].

1 n
am)n j;S€{1,;4m}"||F(Em(s+2mej)) _F(Em(s))”h(@)

N F|\E,(s+¢€))—F(E;(S) .
(12m)" ee{—l,O,l}”se{lZ ” ( " ) ( m )”41(6)

Suppose that F:{1,...,4m}" — Xy is 0-Holder with constant L > 1 on ({1,...,4m}", || - ll» (c)), i.€.,

xye(l,..,amy”,  IF@)=Flx, < LIx= Yl o
Then, each of the summands that appear in the right hand side of is at most 2L/ m®. Consequently,
! f Y. ||F(Em(s+2mej)) = F(Em(s)| L—mz. 177)
nA4m™ i3 sen, Samn X~ kfn

Jj=
If F also extends f, then F(E,(s)) = f(En(s)) for every s € N”, where s’ = (s},...,s,,) and for each u € N
we let ©’ be an element « of {k, 2k, ..., ¢k} for which |a — u mod (4m)| is minimized, so that s’ € € and

k
VseN", | Epn(8) — Ep(s') len o) S s (178)
Hence, for any j€{1,...,n} and s€ {1,...,4m}" we have
o, 0
20 = || -2e2mvie; n.(0)
= I Em(s +2me)) = En()17, ¢, (179)
<NEm((s+2mep)) = Em(s)n ) + 1Em((s +2mep)) = Em(s+2mep|gu ) + 1Em(s) = En(9)n ¢,
< I INTC 2k9
SNEm((s+2mej)) = Em()lpn ) + gy (180)
29
= |8k, «s+2mepn =8B lIx, + —5 (181)
1 (BnGs+ 2mep) - F(En) g, + 25 182)
= | f(Em((s+2me; fmsXeme
, . 2k
= | F(Em((s +2me))) = F(Em(sh) | x, + —5 (183)
< || F(Em(s+2me)) —F(Em(s))||X9 +||F(Em((s+2me))") —F(Em(s+2mej))||xg
2k?
F(E,(sh)-F(E —
+|F(En(s)) ~ F(En(9) g, + —
< || F(Em(s+2me) = F(Em(9)|lx, + LI Em((s + 2me;)) —Em(s+2mej)||ggo(®
0 29 (184)
+ L”Em(sl) - Em(s) ”ggo(q:) + W
2(L+1)k?
< || F(Em(s+2me)) — F(En(9)]|x, + — (185)

where for recall the definition of E;,, in and we used (I78), in we used (173),
for recall the definition of f, in we used the fact that F extends f and {(s +2me;)’,s'} € C,
and in we used the fact that F is 8-Holder with constant L. By averaging this inequality over (j, s)
chosen uniformly at random from {1,..., n} x {1,...,4m}" and applying (I77), we conclude that

m? K9
( L. (186)
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This holds whenever k, m € N satisfy k < 2m < n/2 and m > n\/n, so choose m = y/n and k = v/n to
minimize (up to constants) the right hand side of (I86) and deduce the desired lower bound L > n?/4. O

By [MN13}, Lemma 6.5], for every 6 € (0, 1] and n € N we have
(1) > ni. (187)
In combination with and [AM83], this implies that there is a universal constant ¢ > 0 such that
e (%) > e¥V/Io8n (188)
for every n-dimensional normed space X and every 0 € (0, 1].
Conjecture 105. For any 0 € (0,1] there is c(9) > 0 such that ? (X) > dim(X)“® for every normed space X.

Conjecture[I05]has a positive answer when the Holder exponent is close enough to 1. Specifically, if

v193+1
0.9307777... = —— <0<1, (189)
then
9(8926—6—6)
n- 200-8
Xz —. (190)

(logn) =
Indeed, by bi-Lipschitz invariance, implies the following generalization of Theorem[96}

0

fx
dX
Also,
o d2 /ogm ¥ 4z
(168) ( ) 2
Sx = — X <9 _dy/(logn) z X

n(l—@)(8+%)d)1(—9 ~ n(l—@)(0+%)d)1(—9 a nu—e)(e%)(logn)%.
Therefore, in analogy to (140) we see that

0 d%_l
0 ns X
e’(X) 2 max{ —, . (191)

Elementary calculus shows that implies in the range (I89). If 6 does not satisfy (189), then
does not imply a lower bound e (X) that depends only on 7 and grows to co with #; for such 6 the best
lower bound that we know is (I88). The application of in the above proof of can be mim-
icked using other bi-Lipschitz invariants to prove for various normed spaces, such as £ (¢7) or S,
using [NS16] and [NS21b], respectively. We do not know if Conjectureholds even when, say, X = ¢].

2.4. Justification of (25). Intherange p € [1,4/3]u{2}u[3,00] the bound in is a combination of [BB12,
Corollary 8.12] and [MN13} Theorem 1.17]. We need to justify in the range p € (4/3,3) . {2} because it
was not previously stated in the literature. Suppose first that p € (4/3,2). By [FLM77], thereis k € {1,..., n}
with k = n such that cen (EIZC) = 1. Hence,

e(¢)) 2 eleh) 2 VE= VA,

where the penultimate inequality follows from [MN13, Theorem 1.17]. Analogously, if g € (2,3), then
by [FLM77] there is m € {1,..., n} with m = n?'q such that cen ((;") = 1. We therefore have

e(¢2) 2 e(t3) = /m = n.
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2.5. Proof of the lower bound on SEP(X) in Theorem [3} Thanks to (72), the first part of Theorem [106
below coincides with the lower bound on SEP (X) in Theorem3} except that in below we also specify
the constant factor that our proof provides (there is no reason to expect that this constant is optimal; due
to the fundamental nature of this randomized clustering problem it would be interesting to find the
optimal constant here). The second part of Theorem[106|relates to dimension reduction by controlling
the cardinality of a finite subset € of X on which the lower bound is attained. We conjecture that the
first part of (I93) below could be improved to |C|"/” = O(1); an inspection of the ensuing proof suggests
that a possible route towards this improved bound is to incorporate a proportional Dvoretzky-Rogers
factorization [BS88,(ST89,Gia96] in place of our use of the “vanilla” Dvoretzky—Rogers lemma [DR50].

Theorem 106. For every n € N, any n-dimensional normed space (X, || - ||x) satisfies

2m)FET(1+2)" 2+ 0(1)

SEPX) > evr(X) N = oV evrX)vn. (192)
Furthermore, there exists a finite subset C of X satisfying
el < VA nd SEP@Ey) > evr(X)v/71. (193)
evr(X)

Our proof of Theorem-bullds upon the strategy that was used in [CCG98] to treat £}'. A combina-
torial fact on which it relies is Lemma-below, which is implicit in the proof of [CCG+98 Lemma 3.1].
After proving Theorem([106|while using Lemma[107} we will present a proof of Lemma[l07|which is a quick
application of the Loomis-Whitney inequality [[W49]; the proof in [CCG" 98| uses a result of [AKPW9T]
which is proved in [AKPW91] via information-theoretic reasoning through the use of Shearer’s inequal-
ity [CGFS86]; the relation between the Loomis—Whitney inequality and Shearer’s inequality is well-known
(see e.g. [BB12]), so our proof of Lemma is in essence a repackaging of the classical ideas.

Lemma 107. Fix n, M € N and a nonempty finite subset Q of Z"*. Suppose that P is a random partition of
Q that is supported on partitions into subsets of cardinality at most M, i.e.,

Prob[maxlfl < M] =1.
TeP

Then, thereexistsi € {1,...,n} and xe QN (Q—e;) for which

n
Prob[P(x) #P(x+e))] > — Z Q\(Q el (194)

Proof of Theorem[106 assuming Lemma[l07 By sultably choosing the identification of X with R”, we may
assume without loss of generality that X = (R", | - Ix) and Bg;l is the Lowner ellipsoid of Bx. Then,

) ~ ved
vol,, (Bx) r(1+ g)% VOln(BX)%

By the Dvoretzky—Rogers lemma [DR50], there exist contact points xy,..., X, € "1 1 3By that satisfy

n-k+1
>/ =T (196)
n

Let A = A(x1,..., X,) € R"™ denote the lattice that is generated by xy, ..., x,, namely
n n
A= ZZ}C,‘ :{Z kix;: ki,..., ky EZ}.
i=1 i=1
By (196), A is full-rank. Denote the fundamental parallelepiped of A by Q = Q(xy,...,xy), i.e.,

Q:Z[O,l)xi:{Zslxl < s, .. ,sn<1}.
i=1

vol, (Bég‘) n

evr(X) = ( (195)

Vke{l,...,n}, [Projspanx,...xi .
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Since x3,..., X, € Bx, we have Q — Q < nBx and by (196) the volume of Q (the determinant of A) satisfies

n _ noIn-k+1 vn!
det(A) =voln(Q) = [] [ Projspani,...we vt )l oy = H‘/T: e (197)
k=1 k=1

Fix m e Nand o,A > 0. Denote C,, = C;;,(x1,...,X,) = AN (mQ) = {Z?zl kix;: ki,...,k,€{0,...,m—1}}
and suppose that P is o-separating A-bounded random partition of €,,. The A-boundedness of P means
thatT —T < ABx for every I' < C,,, with Prob[T" € P] > 0. Recalling that Q — Q < nBx, this implies that

1
Bx2 A—+n((r +Q) - (T +Q). (198)
Now,
1 1 1 ! ﬁ 1
‘/? =vol,(Bx)" > 2 vol,(T+Q)» = i(|r|voln(Q))% > &mﬁ, (199)
T(1+2)7 eviX) A+n A+n (A+n)vn

where the first step of (199) is (195), the second step of (199) uses (198) and the Brunn-Minkowski in-
equality, the third step of (199) holds because the parallelepipeds {y + Q : y € I'} are disjoint, and the
final step of (199) is (197). If T € GL,(R) is given by Te; = x;, then it follows from (199) that the random
partition T1P={T7'T': TePof T71C,, =1{0,..., m— 1}" satisfies the assumptions of Lemmawith
_@mEa+mt 1
21 (14 8) v/l evi()"’

If we choose Q ={0,...,m—1}*=T"1C,,in Lemma then |Q| = m"™ and |Q~ (Q—e¢;)| = m" ! for every
ie{l,...,n}, so it follows from Lemmathat there exist i € {1,..., n} and x € €, such that

Prob [P P > Xz(m)ﬁr(“%)% 1 200
rob[P(x) # P(x +x;)] > evr(X) AT (200)

At the same time, the left hand side of (200) is at most o/A, since P is o-separating and || x;[lx < 1. Thus,

1
> (X)ZA(n!)iF(l+g)" = (201)
o >evr -—.
- (A+n)y/nn m
By letting m — oo in (201I) and then letting A — co in the resulting estimate, we get (192). Also, if we set

A = nin (201), then for sufficiently large m = y/n/evr(X) we have SEP(C,,) = evr(X)/n, giving (193). O

We will next provide a proof of Lemma[107|whose main ingredient is the following lemma.

Lemma 108 (application of Loomis-Whitney). Fix an integer n > 2 and a finite subsetT of Z". For x € Z"
andie{l,...,n}, let d;(x;T) e NU {0} be the number of times that the oriented discrete axis-parallel line
X+ Ze; transitions fromT to Z" \T, and let g(x;T) be the geometric mean of dy(x;T),...,d,(x;T). Thus

Vie{l,..,n), di(xD) % |{keZ: x+kejeT A x+(k+1e;¢T}|,

and
gD E Y/ D) d (D).
Then,
1 n n L;l n-1
—ZIT\(T—ei)I>( Z g(X;l")"-l) 2| . (202)
niz xezZn

Proof. The second inequality in (202) holds because d; (x;T),...,d,(x;T) > 1 for every x € T (as |I'| < c0),
and hence g(-;T') > 1r(-) point-wise. For the first inequality in (202), observe that for each i € {1, ..., n},

T~T-e)l= ) Ir(lznrlx+e)= ), (Zlr(y+k€i)lz"\r(y+(k+1)€i) = ) diyD.
xezn Y€Proj 1 T \kez y€Proj, 1 72"
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Consequently,

12 1z
~YIrsr-e)==Y |
niz niz

n-1

n

1

d;(;T) 1
(51 Cn-1(Proj, LZ ) l:[

d;( r)”l

n-1
€y-1(Proj,, LG) Z Hdl(PrOJ Lx)n T,

xXeZ"i

where the second step is an application of the arithmetic-mean/geometric-mean inequality and the final
step is an application of the Loomis-Whitney inequality [[W49] (see [Sil73} Theorem 3] for the functional
version of the Loomis—Whitney inequality that the are using here); we note that even though this inequal-
ity is commonly stated for functions on R” rather than for functions on Z”, its proof for functions on 2"
isidentical (in fact, [[W49] proves the continuous inequality by first proving its discrete counterpart). [J

Note thatwhenn =1 Lemmaholds trivially if we interpret (202) as |[I'\(I'-1)| > maxyez g(x;T) > 1,
since in this case g(x;I") = [I' . (I'-1)| for every x € Z.
The following corollary of Lemma[108|is a deterministic counterpart of Lemma

Corollary 109. Fix n, M € N and a nonempty finite subset Q of Z". Suppose that P is a partition of Q with

maxIFI (203)
re®

Then,

1 & 19]
- fxeQnQ-e)): Px)ZPx+ed} >
nl-zzil | vM

Proof. Observe that for each fixed i € {1,..., n} we have

1 n
-~ 10N (@-e) (204)
i=1

QN @Q-e)l+ ) LIp#Pxte) = 12N (Q—e))| + > Y 1r(x)1zn r(x+e;)
xeQN(Q—e;) xeQN(Q—e;) \T'eP

=) > Iz r(x+e) (205)

xeZ"TeP
=) I~ T -el,

re?

where the first step of holds because P is a partition of Q and the second step of holds because
1r(x)1ze r(x+e;) =0foreveryT cQifxe 2"\ Q, andif x € O\ (Q—e;), then 11 (x)1z» r(x+e;) =1 for
exactly one I' € P (specifically, this holds for ' = P(x) because x + e; € Z" \ Q € Z" \. P(x)). Now,

—ZHxﬂhﬂQ e): Px) #Px+e)}+— 2]9\m el

i=1 ni=1
202) n— 1 Q
@yl e Py E Ly
rep 1 i=1 re? VM rep VM
where the last step holds because P is a partition of Q. (]

ProofofLemma Denoting p = max;e(1,.. n} MaXyeqn@Q-e,) Prob[P(x) # P(x + ¢;)], the goal is to show
that p is at least the right hand side of (I94). This follows from Corollary[109|because

1 n n

1
=2 2 Prob[P#Px+ed]=—2 3 E[lpwzpuee)

i=1xeQn(Q—e;) 3 xeQn(@Q-e;)
|

ZI{XEQH(Q e): P(x) #Plx+ell ? i

plQ =

S

n
Y lan@Q-e)l >
i=1

1 n
—2Ylon@-e). O
Vi n e i
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2.6. Proof of the lower bound on PAD;(X) in Theorem|[68} Fixing n € N, a normed space X = (R”, || - [Ix),
and ¢ € (0, 1), recalling the notation in Definition[64]we will prove here that

PADs(X) > sup PAD('S” X) =

2
_, (206)
meN 1- \n/g

which gives the first inequality in (103).

Proof of (206). Suppose that 0 < e <1 and r > 2. Let 1, be any e-net of r Bx. Then, log|1l;| = nlog(r/¢)
(see e.g. [Ostl13, Lemma 9.18]). Fix a (disjoint) Voronoi tessellation {Vy} xen, of r Bx that is induced by 7.
Thus, {Vyi}xen, is a partition of r Bx into Borel subsets such that x € V, € x + £ Bx for every x € /1. So, for
every w € r Bx there is a unique net point x(w) € 71, such that w € V(.

Fix p > sup,,;en PADg"(X) > PADs(11;), and assume from now on that 0 < e < 1/(2p) and r > 1/p — 2¢
(eventually we will consider the limits € — 0 and r — co). By the definition of PADs(71,), there exists a
probability distribution P over 1-bounded partitions of 71, such that

1
Vyen,, Prob[(y+EBx)n7’lg§'P(y)] > 6. 207)
For every y € 11, define
P*n%E | Ve={werBx: x(w) e Py}
zeP(y)

Then {P* ()} yen, isa (finitely supported) random partition of r Bx into Borel subsets.
We claim that for every y € 71, the following inclusion of events holds.

" 1-2¢p . } 1-2ep u s *
{we[R S wH+ Bx < P*(y) +—(1+2£)p(ﬂ> W =P () =P* (). (208)
Indeed, take any w € R" such that
1-2
w+— Py,

and also take any u, v € P*(y). By the definition of P* we have x(u),x(v) € P(y). As P is 1-bounded, we
have ||x(u) —x(v)|x < 1. Therefore |u—v|x < lu—x(w)lx + lx(w) —x (V) Ix + v —x (@) |Ix < 1+ 2¢. Hence,

1-2¢ep 1-2¢ep
—(u-v)e By,
(1+2¢)p
so the assumption on w implies that
1-2¢ep
+———(u-v)eP ().
Qr2op VT W

This is precisely the assertion in (208). By the Brunn—-Minkowski inequality, (208) gives

¥ 1-2¢ep Y n. 1—2¢p . 1
vol,,(P* (1)) >2mvoln(f}’ 1) +vol,({weR": w+ Bxe P »})".
This simplifies to give the following estimate.
" 1-2¢p . . 1-2¢ep )" .
vol({we " w+ BxeP* () <1 220y WO 0) (209)
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Now,

Voln({weer: w+ 1- ngxgiP*(x(w))})

- Z Voln({weﬂ’*(y): w+ 1_2£pBX§iP*(.r(w))}) (210)
yel,

-y vol,,({wefP*(y): w+ l_zngngP*(y)}) (211)
yel,

1-2¢ep \" .

<[1—p—Z°F

\(1 2(1+2£)p) EZEVOL’(? W) 212

—(1—2ﬂ)n "vol,,(Bx) (213)

- (+20)p) " 7O

Here holds because {P* (y)} yen, is a partition of r Bx. The identity holds because, since by the
definition of P* we have w € P*(x(w)) for every w € r Bx and the sets {P* ()} yen, are pairwise disjoint,
if w € P*(y) for some y € 11, then necessarily P*(x(w)) = P*(y). The estimate uses (209). The
identity uses once more that {P* (y)},en, is a partition of r Bx.

We next claim that for every w € (r + 2¢ — 1/p) Bx the following inclusion of events holds.

1-2¢p

1

{(.r(w)+EBX)mngg:P(.r(w))}g{w+ Bxg?*(x(w))}. (214)
Indeed, suppose that w € X satisfies |w|x < r +2& —1/p and (x(w) + (1/p)Bx) N 1 < P(x(w)). Fix any
zeXsuchthat |w—z|x < (1-2¢p)/p. Then we have || z||x < |wlx+ |w—z|x < 1, s0 z € r Bx and therefore
x(z) € 1, is well-defined. Now,

1-2ep 1

lx(w)—x@)Ix< lle(w) - wlx+lw-zlx+lz—x(@)x < e+ 0 +e= E

Hence, our assumption on w implies that x(z) € P(x(w)). By the definition of P* (x (w)), this means that
z € P*(x(w)), thus completing the verification of (214). Due to and we conclude that

Vwe(r+2£—%)BX, Prob|w + I_ZEPBXQ‘P*(.I(LU))] >5. (215)
Finally,
1 15 1-2
6(r+25——)nvoln(BX) / Prob[w+ Eprng*(x(w))]dw
P r+2£—% Bx

1-—

= [E[voln({we(r+2£—%)3x: w+ ngBngP*(.r(w))})]

1-2¢ep
1-2

n
< it I .
< (1+2€)p) r*vol, (Bx)

This simplifies to give the estimate

{’/5(1—i+§) <1op iR
pr r (1+2¢e)p

By letting r — oo, then £ — 0, and then p — sup,,c PAD{" (X), the desired bound follows. O
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2.7. Proof of Proposition[86} The final lower bound from the Introduction that remains to be proven is
Proposition[86] The ensuing reasoning is a restructuring of a proof that was shown to us by Lutwak.

Lemma 110. Every origin-symmetric convex body K < R" satisfies

vol, (K)2. (216)

/ voly-1(Proj (K)) | °I'(3)
st Nl 2\/_ (54)

Equality in holds if and only if K is an ellipsoid.

Before proving Lemma[110} we will explain how it implies Proposition [86}

Proof of Proposition[86 assuming Lemma[110 The following standard identity follows from integration
in polar coordinates (its quick derivation can be found, for example, on page 91 of [Pis89]).

] d
vol,, (K) = / u 217)
s Tl

Hence,

/ vol,,_1 (Proj,. (K)) du<(/ du ) e vol,,_1(Proj,. (K))
gn-1 S ues§n-1

+1 n
lullg n-1 [l lluell & (218)
(217) . 2
=~ nvol,, (K) ?;g}(((llzllggvoln_l(PrOle (K))) = n“vol, (K) ggg;(woln(Conez(K)).
The desired inequality (129) follows by contrasting (218) with (216). Consequently, if there is equality

in (I29), then (216) must hold as equality as well, so the characterization of the equality case in Proposi-
tion[86]follows from the characterization of the quality case in Lemma[110 O

The important Petty projection inequality [Pet71] (see also [Sch95, MM96] for different proofs, as well
as the survey [Lut93]) states that for every convex body K < R”, the affine invariant quantity

vol,,(K)"'vol,,(IT* K) (219)

is maximized when K is an ellipsoid, and ellipsoids are the only maximizers of (219). Recall that the polar
projection body IT* K is given by (30), which shows in particular that vol,_; (Bgp1 )IT*Bg» = Bey. Hence,

vol,,(Bg») )” (2\/_r(_1)) |

1, (K)ol (IT* K) < vol,,(Bgr)™ "ol (I Bpn) = | ———t2)_ S
vol, (K)™ “voly( ) < voly( 42) voln( [2) (VOln—l(Bég—l) (g)

At the same time, by combining and (217) we have

1 du

vol,,(IT*K) =
sn1 vol,_ (Proj,. (K))"

Consequently, Petty’s projection inequality can be restated as the following estimate,

n+l
/ du =< 2V ()| , (220)
sn-1 volp—1 (Proj,. (K)) ( ) vol, (K)"—1

together with the assertion that holds as an equality if and only if K is an ellipsoid.
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Proof of Lemmal[I10, Observe that

1 1 vol,_1 (Proj,,. (K)) ™1
Voln(K)=—/ ( )( il ol ) )du (221)
n Jgn-1 VOln_l(PrOjui (K)) n+l ”u”K
1 n
1 d i vol,_1(Proj,. (K sy
<—(/ - n) 1(/ il u{ ))du) 1 (222)
n\ Jsn-1 vol,,_1 (Proj,. (K)) sn-1 lullg
1 (27l (&L 7 o vol,_1(Proj, . (K a1
R (nz ) L 1,,1(/ =l el ))du) L (223)
n\ nr(3) vol,, (K) 5 \Jgn1 lull 2
where (22]) is (217), in (222) we used Holder’s inequality with the conjugate exponents 1 + % and n+1,
and (223) is an application of (220). This simplifies to give the desired inequality (216). ([l

Remark111. Fix n € N, anormed space X = (R”, ||-|lx) and x € S§"~1 Both of the bounds in follow from
elementary geometric reasoning (convexity and Fubini’s theorem). Recalling (30), the second inequality
in is vol,—; (Proj 1 Bx) < n| x|xvol,(Bx)/2; its justification can be found in the proof of Lemma 5.1
in [GNS12] (this was not included in the version of [GNS12] that appeared in the journal, but it appears in
the arxiv version of [GNS12]). The rest of is vol, (Bx) |l xllx < 2vol,—;1 (Proj 1 Bx); since we did not find
areference for the derivation of this simple lower bound on hyperplane projections, we will now quickly
justify it. For every u € Proj,1 Bx let s(u) = inf{s€ R: u+ sx € Bx} and #(u) =sup{t € R: u+ tx € Bx}. For
every u € Proj,1 Bx we have u + (1) x € Bx, and by symmetry also —u — s(u) x € Bx. Hence, by convexity

1 1 t(u) —

E(u +t(u)x) + 5(_ u-sux) = Wx € Bx.
By the definition of #(0), this means that (f(u) — s(1))/2 < £(0) = 1/]|x]lx. Consequently, using Fubini’s
theorem (recall that x € S~ 1) we conclude that

2 2
vol,, (Bx) =/ (t(w) - s(w)du g/ — du-= vol,,_1(Proj .1 Bx).
Proj 1 Bx Proj, 1 By I XlIx llxlx

3. PRELIMINARIES ON RANDOM PARTITIONS

This section treats basic properties of random partitions, including measurability issues that we need
for subsequent applications. As such, it is of a technical/foundational nature and it can be skipped on
first reading if one is willing to accept the measurability requirements that are used in the proofs that
appear in Section[4]and Section 5]

Recall that a random partition P of a metric space (171, dj;;) was defined in the Introduction as follows.
One is given a probability space (Q, Prob) and a sequence of set-valued mappings rk.Q— Zm}%":l such
that for each fixed k € N the mapping I'* : Q — 2" is strongly measurable relative to the o-algebra of
Prob-measurable subsets of Q, i.e., the set (I'*)"(E) = {w € Q: EnT*(w) # @} is Prob-measurable for
every closed E < 171. We require that P® = {I'F (@)}72, is a partition of 171 for every w € Q.

Definition [62|and Definition [64] (of separating and padded random partitions, respectively) assumed
implicitly that the quantities that appear in the left hand sides of equations and are well-defined,
i.e., that the events {P(x) # P(y)} and {By;; (x, r) < P(x)} are Prob-measurable for every x, y € 11l and r > 0.
This follows from the above definition, because for every closed subset E < 171 we have

{weQ: P*W#P*Wi= U ({a)EQ: {x}ﬂFk(w)¢®}ﬂ{w€Q: {y}mré(w);ég}),
k],cl;e[l\l
and

fweQ: EgP}= U ({weQ: dnT* @ #o}niveq: Enr@) #2}).
k,¢eN
k#0
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Another “leftover” from the Introduction is the proof of Lemma |66} which asserts that the moduli of
Definition [62| and Definition [64] are bi-Lipschitz invariants. The proof of this simple but needed state-
ment is the following direct use of the definition of a A-bounded random partition.

Proof of Lemmal66, Fix D > cp,a,) (111, dm). There is an embedding ¢ : 171 — 11 and a scaling factor A > 0
such that holds. Fix A > 0 and let P be a AA-bounded random partition of 71. Suppose that P is
induced by the probability space (2, Prob), i.e., there are strongly measurable mappings rk.Q— 2N 20:1
such that P® = {T* ()17, for every w € Q. For every k € N the mapping w — ¢~ (% (w)) € 2 is strongly
measurable. Indeed, if E < 771 is closed then, because 771 is complete and ¢ is a homeomorphism, also
¢(E) <N is closed. So, {we Q: p(E)NT*(w) # @) ={weQ: Eng (T (w)) # @} is Prob-measurable, as
required. Therefore, if we define Q% = {(/)_1 Tk ((u))}%":1 for w € Q, then Q is a random partition of 771.

Q is A-bounded because for every x € 171 and u, v € Q(x) we have ¢(u), p(v) € P(¢p(x)), and therefore
dm(u,v) < dp(pw),d()/A < diamy (P(p(x)))/A < A, using and that P is AA-bounded. For every
x,y € NN the events {Q(x) # Q(y)} and {P(p(x)) # P(p(y))} coincide. So, if P is o-separating for some o > 0,

(
Prob[Q(x) # Q(y)] = Prob[P(¢(x)) # P(¢()] < }%dn (o), () %dm(x, ».
This shows that Q is (Do)-separating, thus establishing the first assertion of Lemma

Suppose that P is (p,d)-padded for some p > 0 and 0 < § < 1. Fix x € 17l. Assuming that the event
{Bn (p(x), AA/p) < P(p(x))} occurs, if z € By (x, A/ (Dp)), then dy; (p(2), p(x)) < ADdn (z, x) < AA/p by (16).
Thus, ¢(z) € By (¢p(x), AA/p) and therefore ¢(z) € P(p(x)), i.e., z € Q(x). This shows the inclusion of events
{Bn ((x), AA/p) < P(d(x))} < {Bm(x,Al(Dp)) < Q(x)}. Since P is (p,d)-padded, it follows from this that
also Q is (Dp, d)-padded, thus establishing the second assertion of Lemma O

The final basic “leftover” from the Introduction is the following simple proof of Lemmal67]

ProofofLemma@ Fix A > 0 and suppose that o; > SEP(171;) and 0, > SEP(771,). Define

1
(O8] )z

1
02 );
O1+02 '

AI:A(
o1+02

and Ay = A( (224)

Let Pa, be a 0;-separating A;-bounded random partition of 771;. Similarly, let P5, be a o2-separating
Az-bounded random partition of 777,. Assume that P5, and P, are independent random variables. Let
Pa be the corresponding product random partition of 771, x 111y, i.e., its clusters are give by

Y(x1,x2) € 1My x 1My, Palxr, x2) = Pa, (x1) x Pa, (x2). (225)

By (224) we have Aj + A5 = A, so P, is a A-bounded random partition of 171} & 171, (the required mea-
surability is immediate). It remains to note that every (xi, x2), (¥1, y2) € 111} x 111, satisfy

Prob[Pa(x1,%2) # Pa(y1,¥2)] =1 =Prob[Px, (x1) = Pa, (1) |Prob[Pa, (x2) = Pa, (12)] (226)
d , d, ,
<1_(1_01 m, (X1 J/1))(1_02 m, (X2, ¥2) 227)
A A,
_oudm, (0, 1) | 02dm, (X2,¥2)  0102dm, (1, y1)dm, (X2, 2) (228)
B Aq Ay A1y
01\ (02\3 = 1
< ((A—i) +(5) ) (dm, (o1, y0)* +dip, (x2, y2)°) (229)
o1+0
= IA zdml@snb((xl,xz),(y1,yz)), (230

where (226) uses (225) and the independence of P, and P,,, the bound (227) is an application of the
assumption that P,, is o1-separating and P,, is 02-separating, (229) is an application of Holder’s in-
equality, and (230) follows from (100) and (224). This proves (I0I). Note that even though we dropped
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the quadratic additive improvement in ([228), this does not change the final bound in due to the
need to work with all possible scales A > 0 and all possible values of djy, (x1, y1) and din, (x2, y2).
To prove (102), fix p; > PADs, (171;) and p, > PADy, (1112) and replace by
Ay = &1 and A= &1
(py+p3)* (py+93)*
This time, we choose Px, to be a (p1,61)-padded A;-bounded random partition of 771;. Similarly, let Pa,
be a (p2,82)-padded A,-bounded random partition of 171, with P, and P, independent, and we again
combine them as in to give the product partition P, of 7771 x 171,. The analogous reasoning shows
that P is a ((p] + p;)”s, 0103)-padded A-bounded random partition of 171, & 171,. O

3.1. Standard set-valued mappings. Recall that a metric space (171, dj;) is said to be Polish if it is sep-
arable and complete. Polish metric spaces are the appropriate setting for Lipschitz extension theorems
that are based on the assumption that for every A > 0 there is a probability distribution over A-bounded
partitions of 171 with certain properties. Indeed, a Banach space-valued Lipschitz function can always
be extended to the completion of 771 while preserving the Lipschitz constant, and the mere existence of
countably many sets of diameter at most A that cover 171 for every A > 0 implies that 771 is separable.

Theorem [65]assumes local compactness. Even though this assumption is more restrictive than being
Polish, it suffices for the applications that we obtain herein because they deal with finite dimensional
normed spaces. It is, however, possible to treat general Polish metric spaces by working with a notion
of measurability of set-valued mappings that differs from the strong measurability that was assumed in
Section[1.7] We call this notion standard set-valued mappings; see Definition[112

The requirements for a set-valued mapping to be standard are quite innocuous and easy to check. In
particular, the clusters of the specific random partitions that we will study are easily seen to be standard
set-valued mappings. It is also simple to verify that the clusters of the random partitions that we con-
struct are strongly measurable. So, we have two approaches, which are both easy to work with. We chose
to work in the Introduction with the requirement that the clusters are strongly measurable because this
directly makes the quantity SEP(:) be bi-Lipschitz invariant, and it is also slightly simpler to describe.
Nevertheless, in practice it is straightforward to check that the clusters are standard, and even though
we do not know that this leads to a bi-Lipschitz invariant (we suspect that it does not), it does lead to an
easily implementable Lipschitz extension criterion that holds in the maximal generality of Polish spaces.

Definition 112 (standard set-valued mapping). Suppose that (Z,ds) is a Polish metric space and that
Q € Z is a Borel subset of Z . Given a metric space (11, di), a set-valued mappingT : Q — 2" is said to be
standard if the following three conditions hold.

o Foreveryx € 1l the set{w € Q: x €T'(w)} is Borel.

o ThesetGr=T"(MN) ={weQ: I'(w) # 3} is Borel.

o Forevery x € 11l the mapping (w € Gr) — dm (x,T(w)) is Borel measurable on SGr.

The following extension criterion is a counterpart to Theorem[65|that works in the maximal generality
of Polish metric spaces; its proof, which is an adaptation of ideas of [LN05], appears in Section

Theorem 113. Let (171, dy) be a Polish metric space and fix another metric 0 on 11l. Suppose that for every
A > 0 there is a Polish metric space Za, a Borel subset Qp € Za, a Borel probability measure Probp on
Qa and a sequence of standard set-valued mappings {Fg 1 Qp — Zm}»z":l such that P} = {Fg (@}, isa
partition of 111 for every w € Qy, for every x € 111 and w € Qp we have diamy, (P} (x)) < A, and

Vx,yeM,  AProba[we Qa: PR(x) #PR(»)] <0(x, ). (231)

Then, for every Banach space (Z, | - 1), every subset C < 111 and every 1-Lipschitz mapping f : C — Z, there
exists a mapping F : 111 — Z that extends f and satisfies | F(x)—F(y)llz S0(x, y) for every x, y € 111 (namely,
F is Lipschitz on 111 with respect to the metric0). Moreover, F depends linearly on f.
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3.2. Proximal selectors. For later applications we need to know that set-valued mappings that are ei-
ther strongly measurable or standard admit certain auxiliary measurable mappings that are (perhaps
approximately) the closest point to a given (but arbitrary) nonempty closed subset of the metric space in
question. We will justify this now using classical descriptive set theory.

Lemma 114. Fix a measurable space (Q,F). Suppose that (111, dy,) is a metric space and that S < 11 is
nonempty and locally compact. LetT : Q — 2" be a strongly measurable set-valued mapping such that
I'(w) is a bounded subset of 111 for every w € Q. Then there exists an F-to-Borel measurable mapping
Y : Q — S that satisfies dm (y (), T (w)) = di (S,T(w)) for every w € Q for whichT'(w) # @.

Proof. For every w € Q) define a subset ®(w) < S as follows.

o) d:ef{ {ses: dm(sT@)=dn(ST@)} fTw#2,
S ifT(w) = 2.

The goal of Lemma|114|is to demonstrate the existence of an F-to-Borel measurable mappingy: Q — S
that satisfies y(w) € ®(w) for every w € Q. Since (S, dpy) is locally compact, it is in particular Polish,
so by the measurable selection theorem of Kuratowski and Ryll-Nardzewski [KRN65] (see also [Wag77]
or [Sri98| Chapter 5.2]) it suffices to check that ®(w) is nonempty and closed for every w € Q, and that
{weQ: En®(w) = o} € JF for every closed E < S. Since S is locally compact, every closed subset of S is
a countable union of compact subsets, so it suffices to check the latter requirement for compact subsets
of §, i.e., to show that {w € Q: KN ®(w) = o} € F for every compact K < S.

Fix w € Q. If T'(w) = @ then ®(w) = S is closed (since S is locally compact) and nonempty by as-
sumption. If I'(w) # & then the continuity of the mapping s — dj;(s,I'(w)) on S implies that ®(w) is
closed. Moreover, in this case since I'(w) is bounded and S is locally compact, the continuous mapping
s— dm(s,T'(w)) attains its minimum on S, so that ®(w) # @.

It therefore remains to check that {w € Q: Kn®(w) = &} € F for every nonempty compact K C S.
Fixing such a K, since S is locally compact and hence separable, there exist {K,-}‘l.";1 c Kand {o j}‘]’.‘il cS
that are dense in K and S, respectively. Denote Gr = {w € Q: T'(w) # &}. Then Gr € F, because T is
strongly measurable. Observe that the following identity holds:

{weQ: Kn®w) =2} ={weSr: VkeK, din(x,T@)> dn(STw)}

oo o0 O 1
U m U {w € 9r : dnz (K,-,F(w)) > dn](O'j,F(a))) + —}
m=1i=1j=1 m
The verification of proceeds as follows. Since ®(w) # @ foreveryw € Qand K # &, if KN ®(w) = &
then w € Gr (otherwise ®(w) = S). This explains the first equality (232). For the second equality in (232),
note that since I'(w) is bounded and K is compact, infxex di (x,I'(w)) is attained. Therefore the second
set in isequalto A={we Gr: dm(K,T(w)) > dm(S,T(w)}. If w € A, then there is m € N such that
dm (K, T'(w)) > di (S,T'(w)) + 2/ m, implying in particular that dy (x;, T'(@)) > di (S, T (w)) + 2/ m for every
ieN. As {aj}?il is dense in S, for every i € N there is j € N such that djy (x;, T'(w)) > dij (0, T (@) +1/m.
Hence, the second set in is contained in the third set in (232). For the reverse inclusion, if w is in
third set in then djy (K, T'(w)) = infien dim (x, T (@) > infjen din (0, T () = din (S, T (w)).

By (232), it suffices to show that {w € Sr: di(x,T(w)) > diy (3, T ()) + r} € F for every fixed x,y € S
and r > 0. For this, it suffices to show that for every z € 771 the mapping w — dj; (z,T'(w)) is F-to-Borel
measurable on Gr. Since Gr € F, this is a consequence of the strong measurability of ', because for every
t>0wehave {weSr: dmniz,I'w) >t} = U%"Zl Srn{weQ: Bz, t+1/k)nI'(w) = o} O

(232)

Lemma|114|is a satisfactory treatment of measurable nearest point selectors for strongly measurable
set-valued mappings, though under an assumption of local compactness. We did not investigate the
minimal assumptions that are required for the conclusion of Lemma[114]to hold. We will next treat the
setting of standard set-valued mappings without assuming local compactness.
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Let (£, dz) be a Polish metric space. Recall that a subset A of Z is said to be universally measurable if
itis measurable with respect to every complete o-finite Borel measure p on Z (see e.g. [Kec95| page 155]).
If (1M, diyy) is another metric space and Q < £ is Borel, then a mapping v : QO — 771 is said to be universally
measurable if ! (E) is a universally measurable subset of Q for every Borel subset E of 771. Finally, recall
that A <11 is said to be analyticif it is an image under a continuous mapping of a Borel subset of a Polish
metric space (see e.g. [Kec95|, Chapter 14] or [Jec03, Chapter 11]). By Lusin’s theorem [Luz17,[Lus72| (see
also e.g. [Kec95, Theorem 21.10]), analytic subsets of Polish metric spaces are universally measurable.

Lemma 115. Let (111,dy) and (£, dz) be Polish metric spaces and fix a Borel subset Q < Z. Fix also A >0
such that diam(11) > A. Suppose thatT : Q — 2" satisfies the following two properties.

(1) Foreveryw € Q such thatT' (w) # & we have diamjy,; (I'(w)) < A.
(2) Foreveryxell andteR theset{we Q: T'(w) #3 A dm(x,T(w)) > t} is analytic.

Then, for every closed & # S < 111 there is a universally measurable mappingy : Q — S such that
Y(w,x)eQxM, xel(w) = dn(xyw)<dnx S +A.
Proof. For every w € Q, define a subset ¥ (w) < S as follows.

def [ Nxem{s€S: dm(x,s) <2dm(x,T()+dnx,S)+A} ifT(w) #9,
¥(w) = { S ifT(w) = @. (233)

We will show that there exists a universally measurable mapping y : Q — S such that y(w) € ¥ (w) for every
w €. Since Sis a closed subset of 171, it is Polish. Hence, by the Kuratowski-Ryll-Nardzewski measurable
selection theorem [KRN635], it suffices to prove that ¥ (w) is nonempty and closed for every w € Q, and
that V™ (E) = {w e Q: EnV¥(w) # I} is universally measurable for every closed E < S.

By design, ¥ (w) = S is nonempty and closed if I'(w) = &. So, fix w € Q such that I'(w) # &. Then
¥ (w) is closed because if {sk}z":1 € ¥Y(w) and s € 1M satisfy limy_.o, di(sg, s) = 0, then for every k € N
and x € M, since s; € ¥ (w) we have dp; (s, x) < 2di (x,T(w)) + dm (x, S) + A. Hence, by continuity also
dm(s,x) < 2dm (x,T(w)) + dim (x,S) + A forevery x e 171, i.e., s € ¥(w).

We will next check that ¥(w) # & for every w € Q such that I'(w) # &. Denote ¢, = A —diamy; (I'(w)).
By assumption (I) of Lemma we have £, > 0, so we may choose s, € S and y,, € I'(w) that satisfy
adm Ve, Se) < dm T (), S) + €,. We claim that s, € ¥ (w). Indeed, for every x € 111 and z € T'(w) we have

dm (%, $p) < dm(x,2) + dm (2, o) + dm Yo, Sw) < dm (x, 2) + diam,(T (@) + din (@), S) + €4

234
<dm(x,2) +dm(z,S) + A< dm(x,2) + dm(x,S) +dm(x,2) + A, 239

where in the penultimate step of we used the fact that dj; (I'(w), S) < din(z, S), since z € I'(w), and
in the final step of we used the fact that the mapping p — di (p, S) is 1-Lipschitz on 771. Since
holds for every z € I'(w), it follows that dy; (%, so) < 2dm (x,T'(@)) + dm(x,S) + A. Because this holds for
every x € 171, it follows that s, € ¥ (w).

Having checked that ¥ takes values in closed and nonempty subsets of S, it remains to show that
W~ (E) is universally measurable for every closed E < S. To this end, since 771 is separable, we may fix
from now on a sequence {xj}i‘il that is dense in 771. Note that by the case ¢ = 0 of assumption @) of
Lemmal(l15] for every j € N the following set is analytic.

{weQ: TW £ A dp(x),T(@)>0}={weQ: T #2 A x; ¢ TW)}.

Countable unions and intersections of analytic sets are analytic (see e.g. [Kec95, Proposition 14.4]), so
we deduce that the following set is analytic.

L_Jl{wEQ: Tw #3 A xj¢m}»={a)€ﬂi INw)Za A {x]}tjx;lgr(w)} (235)
]:

={weQ: I'w) # T},
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where for the final step of observe that, since {x j}‘]’.‘i | isdense in 171, if {x;}°2 | were a subset of T(w)
then it would follow that I'(w) is dense in 771. This would imply that diam;y;; (T'(w)) = diam(771) > A, in
contradiction to assumption {I)) of Lemmal[115] We have thus checked that the set G = {w € Q: I'(w) # &}
is analytic, and hence by Lusin’s theorem [Luz17,[Lus72] it is universally measurable. Now,

v (5= Q- gpu {weSGr: Ise EVxeM, dm(x,s) <2dm(x,T(w))+dm(x,S)+A}.

Hence, it remains to prove that the following set is universally measurable.

{weSGr: Ise EVxeM, dpy(x,s) <2dm(x,T(w))+dm(x,S) + A}

236
={a)€9r2 HSEEVjEN, dm(x]',S)§2dm(x]',r(w))+d7n(x]',S)+A}, ( )

where we used the fact that {x; ‘;‘;1 is dense in 171.
Consider the following subset C of Q x E.

C L (w,9) € Gr xE: VjeN, di(xj,9) < 2dm (xj,T(@) + din(xj,S) + A}

The set in is w1 (C), where 7, : QO x E — Q is the projection to the first coordinate, i.e., 7 (w, 5) = w for
every (w, s) € Q x E. Since continuous images and preimages of analytic sets are analytic (see e.g. [Kec95,
Proposition 14.4]), by another application of Lusin’s theorem it suffices to show that C is analytic. We
already proved that Gr < Q is analytic, so there is a Borel subset L of a Polish space Y/ and a continuous
mapping ¢ : L — Q such that ¢(L) = Gr. Denoting the identity mapping on E by Idg : E — E, since ¢ maps
L onto Gr, the set C is the image under the continuous mapping ¢ x Idg of the following subset of Y x E.

{m9eLxE: VjeN, dnlxj,s) <2dm(x;, T @) +dm(xj,S) + A}

= ({9 eLxE: dn(xj,s) <2dm(x;, T @) +dm(xj,S) + A}.
j=1

Hence, since continuous images and countable intersections of analytic sets are analytic, by yet another
application of Lusin’s theorem we see that it suffices to show that for every fixed x € 771 the following set
is analytic, where for every g € Q we denote A; ={(y,s) € LxE: g<dm(x,9)}=Lx{s€ E: qg<dmn(x,s)}.

{(r,9) e LxE: dm(x,s) <2dm(x, T W) +dm(x,S) + A}
= N {(Ex B~ Ag)u(Agn {9 € Lx E: 2dm(x, (1) > q - d(x, S)—A})),
4<Q

Since A, is Borel for all g € Q, it suffices to show that the following set is analytic for every ¢ € R:

{,9) € LxE: d(x,T(p() > t}=¢~" ({w €9r: dm(x (@) > t}) x E.

Since a preimage under a continuous mapping of an analytic set is analytic, the above set is indeed
analytic due to assumption (2) of Lemma and the fact that E is closed. g

Remark 116. The proof of Lemma [115|used the assumption diam(771) > A only to deduce that the set
Sr =1{we Q: I'(w) # &} is analytic from (the case t = 0 of) assumption {2) of Lemma|[115] Hence, if we
add the assumption that Gr is analytic to Lemma then we can drop the restriction diam(771) > A
altogether. Alternatively, recalling equation and the paragraph immediately after it, for the above
proof of Lemma|[115|to go through it suffices to assume that I'(w) is not dense in 771 for any w € Q.

Recalling Definition [112] Lemma and Remark[116]imply the following corollary. Indeed, by Re-
mark[116|we know that we can drop the assumption diam(/77) > A of Lemma[115} and when T is a stan-
dard set-valued mapping the sets that appears in assumption (2) of Lemmal[l15|are Borel.
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Corollary 117. Fix A > 0. Let (111, dm) and (Z,dz) be Polish metric spaces and fix a Borel subset Q € £.
Suppose that T : Q — 2" is a standard set-valued mapping such that diamy (I (w)) < A for every w € Sr.
Then for every closed & # S < 111 there exists a universally measurable mappingy : Q — S that satisfies

Y(w,x) € QxM, xeT () = dm(x, 7)< dnx,S)+A.

3.3. Measurability of iterative ball partitioning. The following set-valued mapping is a building block
of much of the literature on random partitions, including the present investigation. Fix a metric space
(M, dy) and k € N. Define a set-valued mapping I': Mk x [0,00)k — oMM by
k-1
V(% F) = (X100 Xy 11y r) € M x 10,0005, T(%,7) € By (oo o)~ U B, 7). (237)
j=1

We can think of I' as a random subset of 771 if we are given a probability measure Prob on Mk x [0,00)k.
The measure Prob can encode the geometry of (17, djy;); for example, if (771, dyy;) is a complete doubling
metric space, then in [LN05] this measure arises from a doubling measure on 771 (see [VK87,[LS98]). The
measure Prob can also have a “smoothing effect” through the randomness of the radii (see e.g. [Bar99,
CKRO05,[FRT04,[LNO05, MNO07,INT10,/ABN11},INT12]; choosing a suitable distribution over the random radii
is sometimes an important and quite delicate matter, but this intricacy will not arise in the present work.
For finite dimensional normed spaces, a random subset as in was used in [CCG'98|[KMS98]. Note
that given A > 0, if the measure Prob is supported on the set of those (¥, 7) € 111¥ x [0,00) for which
rr < A/2, then the mapping I takes values in subsets of 771 of diameter at most A.

While the definition is very simple and natural, in order to use it in the ensuing reasoning we
need to know that it satisfies certain measurability requirements. Note first that the set-valued mapping
I'in automatically has the following basic measurability property: For every fixed y € 171 the set
(X, 7) e M* x [0,00)* : y € T(X,7)} is Borel. Indeed, by definition we have

{(®@7) emFx10,00: yer(%,7)}
k-1
=N {(55,?) e MF x 10,00~ : dm(y, xj) > rj}ﬁ{(f,?) e M* x [0,00)% : diy (3, x1) < rk}-
j=1

In other words, the indicator mapping (X, 7) — 1r 7 () is Borel measurable for every fixed y € 111.

Lemma 118. Fix k € N. Suppose that (11, dy) is a Polish metric space. LetT : N1* x [0,00)% — 2" be given
in @37). ThenT~(S) = {(X,7) € M* x [0,00)%: SNT(X,7) # @} is analytic for every analytic subset S < 111.
Consequently, for every complete o -finite Borel measure p on 111* x [0,00), if F u denotes the o -algebra
of p-measurable subsets of 11M* x [0,00)%, then T is a strongly measurable set-valued mapping from the
measurable space (111 x [0,oo)k,3'"#) to2,

Proof. Since S is analytic, there exists a Borel subset T of a Polish metric space £ and a continuous
mapping ¥ : T — 111 such that w(T) = S. Consider the following Borel subset 3 of the Polish space
Mk x [0,00)k x Z (B is Borel because it is defined using finitely many continuous inequalities).

®B d:ef{(x’, 7, 1) € MK x 0,000 x T dpy(6),x0) <7 A Vje(l,....k=1}, dpy(n),x)) > rj}».
ThenI'"(S) = n(B), where 7 : mk x [0, 00)k x Z — NM* x [0,00)F is the projection onto the first two coordi-
nates, i.e., (X, 7, z) = (X, 7) forevery (X,7,2) € Mk x[0,00)k x Z. Since 7 is continuous, it follows that '~ (S)
is analytic. By Lusin’s theorem [Luz17, [Lus72], it follows that I' (S) is universally measurable. In partic-
ular, if 1 is a complete o-finite Borel measure on 7711% x [0,00)F and F u is the o-algebra of y-measurable
subsets of 1717% x [0,00)F, then T~ (E) € J . for every closed subset E < 171. Recalling (92), this means that T
is a strongly measurable set-valued mapping from the measurable space (111¥ x [0,00)%, F ) to 2M 0O
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Lemma below contains additional Borel measurability assertions that will be used later. Its as-
sumptions are satisfied, for example, when 771 is a separable normed space, which is the case of interest
here. We did not investigate the maximal generality under which the conclusion of Lemma(I19|holds.

In what follows, given a metric space (171, dy), for every x € 7711 and r > 0 the open ball of radius r
centered at x is denoted B,‘;] (x,r)={yeMM: dmkx,y) <r}

Lemma 119. Suppose that (111, dyy) is a separable metric space such that
V(x,r) €M x (0,00),  Bp(x,r)=B3,(x,1). (238)
Fix keN and letT : 1M* x (0,00)% — 2" be given in @37). Then the following set is Borel measurable.
Sr={(% 7 e Mk % (0,000%: TF,7) #2}.
Also, for each y € 11l the mapping from Sr to R that is given by (X,7) — dm (y,T(x, 1)) is Borel measurable.

Proof. Let ® < 111 be a countable dense subset of 771. The assumption (238) implies that ® NT'(X,7) is
dense in I'(%, 7) for every (%, 7) € 111% x (0,00)*. This is straightforward to check as follows. Fix y € I'(%, )
and § > 0. We need to find g € ® nT'(%,7) with diy(q, y) < §. Recalling 237), since y € T'(X,7) we know
that dj; (y, xx) < ri, and also djy (y, xj) > rj forevery je{l,...,k—1},i.e, n > 0 where
def .
n= min{s, dm (y, x1) = r1,...,dm (Y, Xk—1) — Tk-1}-
By (238) thereis z € B%l (xx, 1) with dim (2, y) <n/2. Denote

def . 1
p= mln{rk —dm(z, xx), 517}
Then p > 0, so the density of © in /71 implies that there is g € © with djy (g, z) < p. Consequently,
dm(q,y) <dm(q,2)+dm(z,y) <p+ g <6é.

It remains to observe that g € I'(X, 7), because dy;(q, xi) < dmn(q,z) + dm(z, x¢) < p + dimn(z, x) < 1 and
also for every j € 11,...,k—1} we have

dm(q,xj) = dm(y, xj) —dm(y,2) — dm(z, q) > din(y, xj) — g —p>dm(yx) -1 =7
For every (%, F) € 111 x (0,00)%, we have I'(%, 7) # @ if and only if © N T'(¥,7) # @. Consequently,
Sr={(%7) M x0,00": T(%7) £ o} = U {(B7) M*x 0,00 geT(%7)}.
4D

Since © is countable and we already checked in the paragraph immediately preceding Lemma[118]that
{(%,7) e M¥x(0,00)%: y € T'(%,7)}is Borel measurable for every y € 171, we get that Gy is Borel measurable.
Next, dip (v, T'(X, 7)) = dijm (3,9 NnT'(X, 7)) for every (X,7) € Sr and y € 171. So, for every ¢ > 0 we have

(@D eSr: dp(pTE) <= U {&7em x0,00%: qeT(z7)}.
qedNBy, (3,0
It follows that {(X,7) € Gr : dm (y,T'(X,7)) < t} is Borel measurable for every ¢ € R. g

Corollary below follows directly from the definition of a standard set-valued mapping due to
Lemma[119|and the discussion in the paragraph immediately preceding Lemma[118

Corollary 120. Let (171, di) be a Polish metric space satisfying 238). Then, for every k € N the set-valued
mapping T : M* x (0,00)F — 2" in @37) is standard.

4. UPPER BOUNDS ON RANDOM PARTITIONS

In this section, we will prove the existence of random partitions with the separation and padding
properties that were stated in the Introduction.
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4.1. Proof of Theorem [74) and the upper bound on PAD;(X) in Theorem 68, Theorem [121| below as-
serts that every normed space X = (R", | - [Ix) admits a random partition that simultaneously has desir-
able padding and separation properties. In the literature, such properties are obtained for different ran-
dom partitions: Separating partitions of normed spaces use iterative ball partitioning with deterministic
radii, while padded partitions also rely on randomizing the radii. At present, we do not have in mind an
application in which good padding and separation properties are needed simultaneously for the same
random partition, so it is worthwhile to note this feature for potential future use but in what follows we
will use Theorem to obtain two standalone conclusions that yield upper bounds on the moduli of
padded and separated decomposability (in fact, the separation profile of Theorem[74).

Theorem 121. Fix n e N and a normed spaceX = (R", || - |Ix). For every A € (0,00) there exists a A-bounded
random partition Pa of X such that for every x, y € R" and every 6 € (0,1) we have

‘ voln_l(Proj(x_y)l(Bx))
Prob [P, (x) # Pa(y)] = mln{l, Avol, (By) ||x—y||zg}, (239)
and,
1-V5 A
Prob | Py (x) 2 -—Bx| =6.
. 1445 2

By the conventions of Remark the A-boundedness of Theoremis with respect to the norm ||- ||x,
i.e., the clusters of the random partition P have X-diameter at most A. By the definitions in Section
the notion of random partition implies that each of the clusters of P, is strongly measurable, but we will
see that they are also standard (recall Definition|[112).

Remark 122. For every M > 0, consider the metric space LfM = (L1, dy) that is given by

VieL,  dyu(f,g) Emin{M,If-gl}.

A useful property [MN15, Lemma 5.4] of this truncated L; metricis ¢z, (LfM )< 1,ie., LfM embeds back
into Ly with bi-Lipschitz distortion O(1). Theoremgives a different proof of this since if X = ¢/, , then
by the right hand side of is equal to min{2A, [[x—yll1}/(2A). At the same time, if P{ = {Fg (w)}%o:l,
then the left hand side of embeds isometrically into an L; (1) space via the embedding

(f € L) = (0= (Irig (D)3, ) € Li (Prob; £1).

By (30), the right hand side of (239) equals min{A, || x— ylx}/A. However, the class of finite dimensional
normed spaces whose unit ball is a polar projection body coincides with [Bol69] those finite dimensional
normed spaces that embed isometrically into L;, so this does not give a new embedding result.

We will first describe the construction that leads to the random partition whose existence is asserted
in Theorem (121} This construction is a generalization of the construction that appears in the proof
Lemma 3.16 of [LNO5], which itself combines a coloring argument with a generalization of the iterated
ball partitioning technique that was used in the Euclidean setting in [CCG™98, KMS98].

In the rest of this section we will work under the assumptions and notation of Theorem[121] Let A < R”
be a lattice such that {z + Bx}.cp have pairwise disjoint interiors (equivalently, |z — z'[|lx > 2 for every
distinct z,z' € A) and U,ea (2 +3Bx) = R” (i.e., for every x € R” there is z € A such that ||x — z|lx < 3). The
existence of such a lattice follows from the work of Rogers [Rog50] (see [Zon02, Remark 6]). The constant
3 here is not the best-known (see [But72} [Zon02]); we prefer to work with an explicit constant only for
notational convenience despite the fact that its value is not important in the present context.

Denote the X-Voronoi cell of A, i.e., the set of points in R” whose closest lattice point is the origin, by

def .
Ve {xEIR”: ||x||x:m1n||x—zllx}.
zZEN

Then V < 3Bx and the translates {z + V} ;<A cover R” and have pairwise disjoint interiors.

72



Remark 123. Our choice of the above lattice is natural since it is adapted to the intrinsic geometry of
X=(R" |- lx) and it leads to a simpler probability space in the construction below. Nevertheless, for the
present purposes this choice is not crucial, and one could also work with any other lattice, including Z".
In that case, one could carry out the ensuing reasoning while adapting it to geometric characteristics
of the lattice in question (its packing radius, covering radius and the diameter of its Voronoi cell, all of
which are measured with respect to the metric induced by | - |x). This requires several changes in the en-
suing discussion, resulting in slightly more cumbersome computations that incorporate these geometric
characteristics of the lattice. All of these quantities are universal constants for our choice of A.

Define graph G = (A, Eg) whose vertex set is the lattice A and whose edge set Eg is given by

Yw,z€eA, {w,z}eEg <= w#z A inf |la-b|x<10.
acw+V
bez+V

So, if {w, z} € Eg and x € Bx then there exist u, v € V such that || (w+ u) — (z+ v) ||x < 10 and therefore, since
V<3Bx,wehave |[w—(z+x)|x < (w+uw)—-(z+v)lx+lullx+lvlix+lxlx <17. Hence z+Bx € w+17Bx.
It follows that if w € A and z,...,z;, € A are the distinct neighbors of w in the graph G then the balls
{zi + Bx}]", have disjoint interiors (since distinct elements of the lattice A are at X-distance at least 2),
yet they are all contained in the ball w + 17Bx. By comparing volumes, this implies that m < 17”. In
other words, the degree of the graph G is at most 17", and therefore (by applying the greedy algorithm,
see e.g. [Bro41]) its chromatic number is at most 17" + 1 < 5%", i.e., there is y : A — {1,...,5%"} such that
Yw,z€A, w#z A inf |la-blx <10 = y(w) # x(2). (240)

acw+V
bez+V

Consider the Polish space Z def YN x 1,...,52IN In what follows, every w € % will be written as
w = (%,7), where X = (x1,%2,...) € YN and Y= 17y2,-..) € {1,...,52IN_ Denote by p the normalized
Lebesgue measure on V and by v the normalized counting measure on {1,...,5%"}, i.e., for every Lebesgue
measurable A < R” and every F < {1,...,5>"}N we have

1,,(A F
def VOIn( nv) and V(F)dgfu

HA = =200 W) 521

Henceforth, the product probability measure u" x v on Z will be denoted by Prob.
For every k€N, z€ A and (¥,7) € Z define a subset I'*?(%,7) < R” by

k-1
- o def
1@ =yr = (%9 F c+xe+B~ U U (w+xj + Bx),
=ty (241)

def

x(2) £y = IF4(%,7) = 2.

Lemma 124. Forevery k € N and z € A the set-valued mappingT*% : Z — 2®" is both strongly measurable
and standard (where the underlying o -algebra on Z is the Prob-measurable sets).

Proof. For every x1,...,xx€1L,..., 52 consider the cylinder set

CUX1y--0r XK) d:ef{()'é,)?) EZ: (Y1, Yk) = (Xl,...,)(k)}.

Since {C(x1,..., X&) : (X1,--- X&) € {1,...,5°"%} is a partition of Z into finitely many measurable sets, it
suffices to fix from now on a k-tuple of colors ¥ = (x1,..., Yx) € {1,..., 5271k and to show that the restriction
of T®2 to C(y1,..., &) is both strongly measurable and standard.

Observe that for each fixed z € A and y € {1,...,5%"} there is at most one w € A that satisfies y(w) =y
and (z+V+ Bx) N (w+"V+ Bx) # @. Indeed, if both w € A and w’ € A satisfied these two requirements
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then we would have y(w) =y = y(w') and there would exist a,a’, b, b’ € V and u, u', v, v’ € Bx such that
w+a+u=z+b+vand w'+a' +u' =z+b' + . Hence,

inf la-Blx<lw+a)—w +ad)lx=lz+b+v—u)—(z+b +v' - u)lx
gng?

<Iblx+ 10 Ix+Ivix+ 11V Ix+ lullx + 1w Ix <3+3+1+1+1+1=10,

where we used the fact that b, b’ € V < 3Bx. By this contradicts the fact that y(w) = y(w').

Having checked that the above w is unique, denote it by w(y, z) € A. If there is no w € A that satisfies
x(w)=vand (z+V+ Bx)n (w+V+ Bx) # & then let w(y, z) € A be an arbitrary (but fixed) lattice point
such that (z+V + Bx) N (w(y, 2) + V + Bx) = &. Observe that w(y(z), z) = z. Under this notation, for every
X1,...,Xx €Vandyy,...,Yr_1 € {1,...,5%"} we have

k-1 k-1
(+x+Bo~J U (w+xj+Bx)=w}(2),2) +xp+Bx)~ | J (wlyj,2) + xj + Bx).
j=1 weA j=1
x(w)=y;

Equivalently, if we denote for everyy = (yy,...,yx) € (R,

k-1
O () € (ye+Bo ~ U y; +Bx),
j=1

then the definition can be rewritten as the assertion that the restriction of I'®? to C(¥) is the con-
stant function @ if y(z) # y, while if y(z) = yx then 1“’“(56,)7) = @k(w()f, z) + X) for every (X,7) € C(}),
where we use the notation w(¥,2) = (w(x1,2),..., WXt 2) € ®)*. The desired measurability of the
restriction of I'*# to C(¥) now follows from Lemma and Corollary O

Since the sets {z+ "V} e p cover R”, for every rational point g € Q" we can fix from now on a lattice point
zg€ Asuchthatge z, + V. Define a subset Q € Z = VW x {1,...,52"N by

O 1
2% A N U{(?c,?)ei‘?:)((zq)=7/k/\ II(zq+xk)—q||X<—}. (242)
m=1qeQ" k=1 m

We record for ease of later use the following simple properties of Q.

Lemma 125. Q is a Borel subset of Z that satisfies Prob[Q] = 1. Furthermore, for every (X,7) € Q the set
{z+x: (k,2)eNx A A x(2) =7y} is dense inR".

Proof. The fact that Q is Borel is evident from its definition (242). Also, if (X,7) € Q, u € R" and € € (0, 1),
then choose g € Q" such that |u— gllx < €/2. Setting m = [2/€] € N, it follows from that there
exists k € N satisfying y(z4) = v and [[(z4 + xi) — gllx < 1/m < €/2. By our choice of g, it follows that
[ (zg + xx) — ullx < €. Since this holds for every € € (0,1), the set {z+ xj : (k,2) eNx A A x(z) =y} is dense
in R”. It remains to show that Prob[Q] = 1. Indeed,

Prob[Z \Q] Z ) Prob
m=1geQ"

—Zth

m=1 geQ" {—o0

1
ﬂZ\{(x Y)eZ: x(zq) =7k A l(zg+xK) — qlix < E}]
(243)

- ’

( ~ vol, ((q—z4+ %BX) nV)\¢
52nyol,, (V)

where for the penultimate step of recall that Prob = uN x vV, For the final step of one needs
to check that vol, (g — z4 + rBx) n'V) = vol, ((g + rBx) N (z4 +V)) > 0 for every fixed g € Q" and r € (0,00).
This is so because z; € A was chosen so that g € z; +V (and V is a convex body). ([l

The following lemma introduces the random partition that will be used to prove Theorem|121
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Lemma 126. P & k5.0 — ZW}(k'Z)ENxA is a 2-bounded random partition of X = (R", | - |Ix), each of

whose clusters are both strongly measurable and standard set-valued mappings.

Proof. Since Q is a Borel subset of Z, for each (k,z) € N x A the measurability requirements for the
restriction of I'*? to Q follow from Lemma Fix (%,7) € Z. Recalling 241), if ['*%(%,7) # @, then
diamy (I'*#(%, 7)) < diamx(z + x; + Bx) < 2. Note also that by 241) if [©?(%,7) # @, then

k-1 .
T0%(%,7) = (z+xc+ By~ U U M7 (%, 7).
j=1weA

Hence I'M% (%, n rhw(z, Y) = @ for every distinct j, k € N and for every w, z € A. We claim that also
To%(%,7)nTPY (%, 7) = @
for every k € N and every distinct w, z € A. Indeed, it suffices to check this under the assumption that
x(w) = x(2) =y, since otherwise & € rkz(z, ?),Fk'w(?c, )}. So, suppose that
yw) =y@=vr yet TFERPATEYE ) #02.
By (241), this implies that there are u, v € Bx such that w + x; + u = z+ x. + v. Hence, for every a, f €V,
(w+a)—(z+P)lIx=lla-p+v-ulx<llalx+IBlIx+lulx+lvix <3+3+1+1<10,

where we used the fact that V < 3Bx. Since w and z are distinct and y (w) = x(z), this is in contradiction
to (240). We have thus shown that the sets rkz(x, )} k,zenxa are pairwise disjoint.
Note that by the definition (241), for every (X,¥) € Z we have

o0
Uur*zy= U (+x+Bx (244)
k=1zeA (k,z)eNx A

X(@)=yk

Indeed, it is immediate from that the left hand side of is contained in the right hand side
of (244). If u belongs to the right hand side of (244), then let k be the minimum natural number for
which there is z € A with y(z) = yx and u € z+x; + Bx. So, forall j € {1,...,k—1} and w € A with y (w) =y;
we have u ¢ w+x;+Bx, and hence by we have v € TX4(%,7), as required. By Lemma if (X,7) € Q,
then {z+ xi: (k,2) e Nx A A x(2) =y} is dense in R”, and therefore the right hand side of is equal
to R". Thus P takes values in partitions of R". 0

Definition[127introduces convenient notation that will be used several times in what follows.

Definition 127. IfM < R" is Lebesgue measurable and (k, z) € N x A, then define va’[z <Q by

HES E(2,7) €02 1@ =74 A 2+ 1 e, (245)

If8,T <R" are Lebesgue measurable and (k, z) € N x A, then define Ké‘; cQ by
k,z def | K,z k= jow
Kgs = Hg*~ U U Hy™. (246)
j=lweA

The meaning of the set in (246) is that it consists of all of those (X, y) € Q such that the k’th coordinate
of ¥ €11,...,52"}N is the color of the lattice point z € A, the k’th coordinate of ¥ € VN satisfies x; € § — z,
and forno j € {1,..., k— 1} and no lattice point w € A do the same assertions hold with & replaced by 7.

Lemma 128. Suppose that §,T < R" are Lebesgue measurable sets of positive volume such that § < 7.
Suppose also that diamx (T) < 4. Then the sets

k,
{KS,‘;}(/C,Z)EN x A
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are pairwise disjoint and
o0 vol, (8)
Kk,Z — n A
kL:JI ZLE-J\ 57 VOln M
Proof. The definition of the product measure Prob implies that for any Lebesgue measurable M < R”,
vol,(Vn (M- w)) B vol,((V+w)nM)
52ny0l,,(V) h 52ny0l,, (V)

Prob (247)

Y(j,w)eNxA, Prob[Hf&w] =pu(M-w)v(x(w)) = , (248)

We claim if diamx (M) < 4, then {Hg;’dw}w€ A are pairwise disjoint for every fixed j € N. Indeed, otherwise
3(%,7) e HY nH?
for some distinct lattice points w, z € A. Then, y(w) =y; = x(z) and w + xj, z+ x; € M. Hence,
lw-zlx = l(w+xj) = (z+ x;)[Ix < diamx (M) < 4.
Since 'V < 3By, it follows that for every a, § € V we have
(w+a)—(z+P)lx < llw-zlx+llalx+1Bllx <4+3+3 =10,

which, by virtue of (240), contradicts the fact that w # z and y (w) = ¥ (2).
Since {Hi’&w} weA are pairwise disjoint and {w + V} e cover R” and have pairwise disjoint interiors,

U H;;;[w L Y vol,(V+w)nM) = vol, (M)

=Y Prob[H"]| &P __— =B
weA 2, Problt] 52vol, (V) S 52vol, (V)

weA

Prob (249)

As 8 € T, we have diamx(S) < diamx(7T) < 4. So, {ng’z }zen are pairwise disjoint for every k € N by the
case M = § of the above reasoning. Recalling (246), this implies that for every k € N and distinct w, z € A,

Ksy nKs5=2.
To establish that {Kg:g}(k, z)eNxA are pairwise disjoint it therefore remains to check that
KsanKiy =2
for every j, k e Nwith j < k and any w, z € A. This is so because if (X,7) € K’SC";, then (%,7) ¢ H,_jT’w by (246).
Therefore either y (w) # y; or w+ x; ¢ T 2 8. Consequently,
(,7) ¢ HZ " 2 KLY,
This concludes the verification of the disjointness of {K’g:g}(k, Z)ENXA-

Since for every k € N and z € A, the membership of (%,7) € {1+,...,52}Nx VW in HISC'Z and H§’Z depends
only on the k’th coordinates of X and ¥, it follows from the independence of the coordinates that

H’g’zﬂ(kﬁl (Q\ U ng“’))]

j=1 weA

j,w
U Hy

weA

Prob[Kg’é] Prob

(250)

)é Voln((V+Z)08)(1 vol,(T) )’H

k-1
_ k,z _ -
= Prob[Hg ]II(1 Prob 52nyol,, (V) 527vol,, (V)

j=1

Hence, since we already checked that {K’SC‘;}( k,z)eNx A are pairwise disjoint,

(&) o0

Prob| |J [UKZ| =) Y Prob[KgZ]
k=1zeA k=1zeA ’
250 1 x vol,(7) )’H vol,(8)
52ny0l,, (V) (Z;‘\VO n((V+20 )) k;( 52ny0l,,(V) vol, (7)
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where in the final step we used once more the fact that the sets {w + V} e cover R” and have pairwise
disjoint interiors. This completes the verification of the desired identity (247). g

The following lemma is a computation of the probability of the “padding event” corresponding to the
random partition P, as a consequence of Lemma([128] In [MNO7] a similar argument was carried out for
general finite metric spaces, but it relied on a different random partition in which the radius of the balls
is also a random variable (namely, the partition of [CKR05]). This subtlety is circumvented here by using
properties of normed spaces that are not available in the full generality of [MNO7].

Lemma 129. Let P be the random partition of Lemma[126, For every p € (0,1) and u € R" we have

_\n
l—p) . 251)

Prob[u+pr§fP(u)] = 1+p

Proof. Forevery keN, z€ A and r € (0,00) define 8’,;:?,3",’2? cQby
k,z def 1 k,z k,z def | &,z
Cur = Hyip  and  Fur =KL g usasnse (252)
i.e., we are using here the notations of Definition for the sets M = u+rBx, § = u+ (1 -r)Bx and

T =u+ (1+r)Bx. We claim that

Vik,z)eNxA,  {(%7¥)eQ: I*(%,7) 2 u+pBx} =Fy5. (253)
Note that, since u+ (1 —p)Bx € u+ (1+ p)Bx and diamx(u + (1+ p)Bx) =2(1 + p) < 4, once is proven
we could apply Lemma[128|to deduce the desired identity as follows.

Prob u+pr§iP(u)] Prob[{(?c, JeQ: 3(k,2) ENxA, Fk'z(2,7)2u+p3x}]

fj U ?k’z] é VOln(u+(1—p)BX) _ (1_p)n
P vol,(u+(1+p)By) \1+p) °

II. =\

1253)

Prob

k=1zeA

To establish (253), suppose first that (X,7) € F ’,j;f,. By the definition of F Ilﬁjz we therefore know that

VG koA, R EEE, yer (@Teell,

Hence, by the definition of EZL"LIU_ o we know that y(z) = yx and z+ x; € u + (1 — p) Bx, which (using the
triangle inequality), implies. that z+ x + Bx 2 u+ pBx. At the same time, if j € {1,...,k—1} and w € A,
then by the definition of E{Xﬁ e the fact that (X,7) ¢ 8{;,1/1‘/4— , means that if y(w) = y; then necessarily
|w+x;—ullx > 1+p, which (using the triangle inequality) implies that (w+ x;+ Bx)n(u+pBx) = &. Hence,
the ball u+p Bx does not intersect the union of the balls {w+x;+Bx : (j,w) € {l,...,k—1}xA A y(w) =7y}

Since y(z) =y, due to (241), this implies that
Fkﬂ(iyf)ﬁ(u4-pr):(z4—xk+<BX)m(u-kpBX)::u4-pBX,

i.e., (X,7) belongs to the left hand side of (253).

To establish the reverse inclusion, suppose that T®?(%,7) 2 u+ pBx. The definition implies in
particular that T*?(%,¥) € z + x; + Bx and that for T®?(%,¥) to be nonempty we must have y(z) = y. So,
we know that y(z) = y¢ and z + x + Bx 2 u + pBx. Assuming first that z + xj # u, consider the vector

v:u+—p (u—z—xp).
lu—z—xlx
Then, v € u+ pBx and hence also v € z+ xi + By, i.e., 1 2> [|[v—z—x¢llx = lu—z—xllx + p. This shows that

lz+xx—ullx <1-p,ie., z+ xx € u+ (1 - p)Bx. We obtained this conclusion under the assumption that

z+ Xy # u, but it of course holds trivially also when z + xj = u. We have thus shown that (%,¥) € 81]%_ e
By the definition of F ],ﬁjf,, it remains to check that

VG, w)efl,...,k—1}x A, (%7) el

u,l+p*

(254)
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Indeed, if (254) does not hold, then let jyin be the minimum j € {1,..., k — 1} for which (%,7) € 8{;’?1 p for
some w € A. Hence, y(w) =7y, and w+x;, . € u+(1+p)Bx. f w+xj . # u,then the vector

+(w + Xjpin — U)

lw +xj, — ullx

is at X-distance p from u and also at X-distance |p — |w + x; .. — ulx| < 1 from w + x;_. , where we used
the fact that || w + x;,, — ullx < 1+ p. This shows that (w + x;,, + Bx) N (4 + pBx) # & under the assump-
tion w + xj,. # u, and this assertion trivially holds also if w + x;, = u. The minimality of jy;, implies
that for every j € {1,..., jmin — 1} and every w’ € A with y(w') = y; we have w' + x; ¢ u+ (1+ p)Bx, i.e.,
lw' + xj—ullx > 1+ p. Hence (by the triangle inequality) we have (w'+ Xj+ Bx) N (u+ pBx) = J. The defi-
nition of TJmin ¥ (%, ¥) now shows that («+ pBx) N [Jmins W (5 Y) # &, and since by Lemmawe know that
[ mino W (%, ¥) and rkzx, Y) are disjoint (as jmin < k), this contradicts the premise rkz(x, Y2ou+pBx. O

The probability of the “separation event” corresponding to the random partition P is estimated in the
following lemma by using Lemma together with input from Brunn-Minkowski theory.

Lemma 130. Let P be the random partition of Lemmal[126, For every u, v € R" we have

vol,,—1(Proj,_ . (B
Prob[?(u);é?(v)]:min{L -1 (Proluyy- (B) ||u—u||,n}. (255)
vol, (Bx) 2
More precisely, if we denote y(0) =0 and
1n-1(Proj,,. (Bx)) lw i
VweR" {0}, def YOO w p= X 256
weR” {0} v (w) vol, (By) lwll e vol,, (Bx) (256)
then for every u, v € R" we have
2 w(u—v)_z 2 —
¢ < Prob[P(w) # P(v)] < LV (257)

2eVu-v) 1 1+y(u—-v)
In particular, implies the following more precise version of ([255).
2e—2
—26 - min {1,y/(u— )} < Prob[P(u) # P(v)] < 2min{Ly(u - v)}.
e—
Moreover, shows thatProb[P(w) # P(v)] =2y (u—-v)+ O(y(u-v)?) asu— v.

Proof. If | u— v|x > 2, then Prob[P(u) # P(v)] = 1 as P is 2-bounded. As (2e¥“ V) —2)/(2e¥“~ V) —1) < 1,

the first inequality in holds. By we have y(u—v) = |lu—vlx/2>1,s0 2y (u—v)/ (w(u—-v)+1) > 1

and hence the second inequality in holds. We will therefore assume from now on that ||u— v|x < 2.
Denote J(u, v) = (u+ Bx) N (v + Bx) and U(u, v) = (u+ Bx) U (v + Bx). We claim that

V(k2eNxA, (&P eQ: i sTHE P =KEZ o (258)

where we recall the notation that was introduced in Definition Assuming (258) for the moment, we
will next explain how to conclude the proof of Lemma|130]
Note that J(u, v) € U(u, v) and diamx (U(u, v)) < ||u — vllx +2diamx (Bx) < 4. Hence, by Lemma|128|

Prob[P(u) = P(v)] & Prob{(%,7) € Q: Ik, 2 eNx A, (w0} T (%,7)}]

Pmb[ G L K= vol,(J(w,v)) vol,((u+ Bx) N (v + Bx))
i1zen o) vol,(U(u, 1))~ 2vol,(Bx) —vol,((u+ Bx) N (v + By))’
Hence,

vol,,((u+Bx)n(v+Byx))
vol, (Bx)

voln((u+Bx)m(v+Bx)) ’
vol, (Bx)

Prob[P(u) # P(v)] = (259)
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Now, by the work [Sch92| Corollary 1] of Schmuckenschldger we have the following general estimates.

vol,((u+ Bx) N (v + By))
vol, (Bx)

where /(- is defined in (256). The mapping t — (2—-2¢)/(2 — t) is decreasing on [0, 1], so is conse-
quence of and (260). The remaining assertions of Lemma|[I30| (in particular the asymptotic evalu-
ation of the separation probability) follow from by elementary calculus. Observe that for the
purpose of bounding the separation modulus of X from above, we need only the first inequality in (260);
since it is stated in [Sch92|] but not proved there, for completeness we will include its elementary proofin
Section[4.1.1|below. The second inequality in is used here only to show that our bounds are sharp;
its proof in [Sch92] relies on a more substantial use of Brunn-Minkowski theory.

It remains to verify (258). Fix (k, z) € Nx A. Suppose first that (¥,7) is an element of the right hand side
of (258). Recalling the definitions and (246), this implies that y (z) = v and z+xj € (u+Bx)N(v+Bx),
while forevery j € {1,...,k—1} and w € A with y (w) =y ; we have w+x; ¢ (u+Bx)U(v+Bx). By the triangle
inequality these facts imply that z + xj + Bx 2 {u, v} and the union of the balls

1-y(u-v) < Le Vv, (260)

{w+xj+Bx: (w)e{l,...,k—1}x A A y(w) =y}

contains neither of the vectors u, v. The definition of I'®%(%,7) now shows that {u, v} € T®%(%, 7).
For the reverse inclusion, assume that {u, v} < Fk’z(ié, ¥). Then y(2) = y¢ and {u, v} < z+x;+ Bx by (241),
which implies that z + xx € (v + Bx) N (v + Bx) = J(u,v). If there were j € {1,...,k—1} and w € A with
x(w) =y such that (w + x; + Bx) N {u, v} # &, then when one subtracts w + x; + Bx from z + xj + Bx one
removes at least one of the vectors u, v, which by would mean that one of these two vectors is not
an element of [®?(¥,7), in contradiction to our assumption. Hence for all j € {1,...,k—1} and w € A with
x(w)=yjwehave u¢ w+x;+Bxand v ¢ w+x;+Bx,i.e, w+x; ¢ (u+Bx)U(v+Bx) = U(u, v). This shows
that (¥,7) belongs to the the right hand side of (258), thus completing the proof of Lemma[130} O

Proof of Theorem|121] By rescaling, namely considering the norm (2/A)]| - |Ix, it suffices to treat the case
A = 2. The desired random partition will then be the partition P of Lemma [126/and the conclusions of
Theorem [121]follow from Lemma[129/and Lemma 130l O

4.1.1. Proof of the first inequality in (260). The proof of the first inequality in (260) is a simple and ele-
mentary application of standard reasoning using Fubini’s theorem. Denote

1
td:efllv—ullgg and xd=ef;(v—u)€8”_1. (261)

Then,
vol,((u+ Bx) N (v + Bx)) = vol,(Bx N (tx + Bx)),

The desired estimate is therefore equivalent to the following assertion.

vol, (Bx) < vol,(Bx N (tx+ Bx)) + t - vol,—_1 (Proj,.. (Bx)). (262)
To prove (262), partition By into the following three sets.
U € By (tx + By), (263)
1% d:ef{y € Bx~ (tx + Bx) : Proj,.. (y) € Proj,. (U)}, (264)
W= By (WU V) = {y € By: Proj,. () ¢ Proj. ()}, (265)

A schematic depiction of this partition, as well as the notation of ensuing discussion, appears in Figure[3}
We recommend examining Figure[3|while reading the following reasoning because it consists of a formal
justification of a situation that is clear when one keeps the geometric picture in mind.
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u+ (8, +t)z

u+ B,z

e
&/

w | Bx

_/‘u + Qy T

FIGURE 3. A schematic depiction of the partition of Bx into the sets U, V, W (with
the sets U, W shaded), as well as the line segments parallel to x that are used in the
justification of the estimate (262).

For every z € Proj,. (Bx) let a; € R be the smallest real number such that z+ a,x € Bx and let 8, € R
be the largest real number such that z + f,x € Bx. Thus the intersection of the line z + Rx with Bx is the
segment w + [a, B,]x S R". Since ||x||g; =1, by Fubini’s theorem we have

VOln(Bx)=/ (,Bz—az)dz=/ (ﬁu—au)du+/ (Bw—ay)dw. (266)
Proj,1 (Bx) Proj,1 (U) Proj L (W)

For the final step of (266), note that by we have Proj 1 (Bx) = Proj,.(U) UProj,. (W), and the the
sets Proj,. (U), Proj,. (W) have disjoint interiors (in the subspace xh.

Since U = Bx N (tx+ Bx) is convex, for every u in the interior of Proj,. (U) the line u+Rx intersects U in
aninterval, say (u+Rx)NU = u+[y,, 0,1 x withy,, 0, € Rsatistyingy, < d, such that u+y,x, u+6,x€oU
and u + sx € int(U) for every s € (yy,,0,). Also, (u+Rx) N Bx = u+ [ay, Bulx with u+ a,x, u+ f,x € 0Bx.
Thus [y,,0,] < [ay, Bul- Since u+y,x € U < tx+ By, it follows that y,, — t € [ay, Bu]. Buty, € [ay, Bul, sO
Bu—a, > t and therefore a, + ¢, 5, — t € [ay, Bul, or equivalently u+ (a, +t)x, u+ (B, — t)x € Bx. Because
u+ayux,u+f,x€0Bx, wegetthat u+(a,+1t)x € BxNn(tx+0Bx) €0U and u+f,x € (0Bx)N(tx+Bx) < oU.
Hencey, = a, + t and 6§, = B,, from which we conclude that

ueProj (U) = (u+Rx)NU=u+[a,+t B,lx, (267)
and therefore also

weProj.(U) = w+R0)nVEY By ((u+R0) nU) B u+ [y, ay + 1. (268)
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Another application of Fubini’s theorem now implies that

/ (,Bu—au)du:/ voll((u+le)ﬂU)du+/ rdu
Proj, 1 (U) Proj 1 (U) Proj, L (U)

=vol, (U) + tvol,_; (Proj,. (1)) (269)
= vol,(U) + t{vol,-1 (Proj,. (Bx) — vol,-1 (Proj,. (W),

where the first step of (269) uses (267) and (268) and for the last step of (269) recall the definition (265).
Observe next that

weProj, (W) = By—a, <t (270)

Indeed, if w € Proj,.. (W) yet B, — a,, > t then w + (B, — t)x belongs to the interval joining w + a,,x and

w + By x. By the convexity of Bx we therefore have w + (8,, — t) x € Bx, or equivalently w + f8,,x € tx + Bx.

Recalling that w + f8,,x € B, this means that w + ,,x € Bx N (tx + Bx). By the definition of U, it

follows that w € Proj,. (U). By the definition of W, this means that w ¢ Proj,. (W), a contradiction.
Having established we see that

1270)
/ (Bw—-aw)dw < tvol,_1(Proj.. (W)). (271)
Proj 1 (W)
The desired estimate (262) now follows from a substitution of (269) and (271) into (266). O

4.2. Proof of Theorem For any m € N, because evr(¢{") = \/m, by the second part of Theo-
rem there exists € € R with |G| < eP™ for some universal constant 8 > 0 such that SEP(Cym) 2 m (as
we are considering here ¢ {" rather than more general normed spaces, this statement is due [CCG*98]).
Fix an integer n > 2 and 1 < p < 2. Let m be the largest integer such that ef”* < n. Thus m = logn and
SEP(C/m) m
SEP"(¢,) > SEP(Cym) > > =m
b (Cep) dpm (€7, 05) ™ dpm (€77, €7
This proves the lower bound on SEP" (¢)) in Theorem [80}
It remains to prove the upper bound on SEP"(¢)) in Theorem i.e., thatforall xy,...,x, € ),

< =

= (logn)%.

1 1
SEP((x1,.e Xab 1 -ll,) S (Og_”i” . 272)

The proof of will refer to the following technical probabilistic lemma.

Lemma 131. Suppose that p € (1,00) and let X be a nonnegative random variable, defined on some prob-
ability space (Q2, Prob), that satisfies the following Laplace transform identity.

14
Vi e [0,00), [E[e‘”xz] —e U7, 273)

Then
r(1-
E[X] = = . (274)

Moreover, we have

Vte(0,00), Prob[X<t] <exp (—(2) (275)

I
n
|
<
~~
ek
|
SIS
N—
N —

Proof. Suppose that a € (0,1). Then every x € (0,00) satisfies
P l—eUX ®1-e? -«
/ de=x“/ —dx= U-9 e (276)
0 ulta 0 plta a
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where the first step of is a straightforward change of variable and the last step of follows by
integration by parts. The case @ = 1/2 of (276) implies (274) as follows.

e [ e

14 1
2 /ool—e uz du= 1 /ool—e_vdvzle F(l_ﬁ)
o N T Vi

The small ball probability estimate (275) is a consequence of the following standard use of Markov’s
inequality. For every u, t € (0,00) we have

E[X]

=

Prob[X < 1] = Prob % > "] < ““E[ ] = et (277)
The value of u € (0,00) that minimizes the right-hand side of (277) is
2
def( P Y2-p
= utp,0 & (L)
(p, 1) Y
A substitution of this value of u into (277) simplifies to give the desired estimate (275). O

Proof of 272). Fixdistinct x1,..., x, € £. It suffices to prove when p € (1,2), since the quantity that
appears in the right-hand side of remains bounded as p — 27, and every finite subset of £, embeds
isometrically into ¢, for every p € [1,2] (see e.g. [W0j91, Chapter III.A]). We will therefore assume in the
remainder of the proof of that pe (1,2).

Marcus and Pisier proved [MP84, Section 2] the following statement, relying on a structural result
for p-stable processes; its deduction from the formulation in [MP84] appears in [LMNO05, Lemma 2.1]).
There is a probability space (Q2, Prob) and a Prob-to-Borel measurable mapping (w € Q) — T, € L'(€ ), £>)
(here L'(¢p, £>) is the space of bounded operators from ¢, to ¢,, equipped with the strong operator topol-
ogy) such that for every w € Q and x € £}, \ {0} the random variable

1T (Xl e,

(weQ)—
Ixlle,

(278)
has the same distribution as the random variable X of Lemma[131|(in particular, its distribution is inde-
pendent of the choice of x € £, \. {0}). Consequently,

e lxi—x;lle

Vi,jefl,...,n /||Tw(xl To (X))l ¢, dProb(w) = |l x; — xjll¢, ELX] Tlp' (279)

It also follows from the above discussion and Lemma- 1131|that for every ¢ € (0,00) we have

Prob| U {wEQ:||Tw(Xi)—Tw(x]')||é2Ztllxi—xjngp}]
i,jefl,...,n}
prs 280)
1T () = Ty (x) 1 ¢ e (n P\ (1 P (
R et A e |
i,jell,...,n} lxi = xjlle, 2 5
i£]

If we choose .

def [p(2-Pp I
t=tnp )
(,p) = (4logn)

then the right hand side of (280) becomes less than 1/2. In other words, this shows that there exists a
measurable subset A < Q with Prob[A] > 1/2 such that foreveryw e Aand i, j € {1,...,n},

2 410g7’l i_% 1.1
lxi = xjlle, < ; 2-p I T (xi) = Tw(x) e, < 4(ogn)? 2| Ty (x;) — T (xj)lle,, (281)
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where the last step of uses the elementary inequality (2/(2 — p))>~P/@P), /2/p < 4, which holds
(with room to spare) for every p € [1,2).

{Ty(x1),..., Ty(xp)} € ¢, is a subset of Hilbert space of size at most 7, so by the Johnson-Lindenstrauss
dimension reduction lemma [JL84] there is k € N with k <logn such that for every w € Q there is a linear
operator Q, : ¥» — RF such that for all i,jell,...,n},

1T (x2) = Toy ()l 2, S N1Qu Ty (i) = Quo Ty () Ml g1t < 20 Ty (%) = T () M - (282)

An examination of the proof in [JL84] reveals that the mapping w — Q,, can be taken to be Prob-to-Borel
measurable, but actually Q, can be chosen from a finite set of operators (see e.g. [Ach03]).

Fix A € (0,00). Since by [CCG*98] we have SEP(L’;) < Vk, there exists a probability space (0, ) and a
mapping 8 — R? that is a random partition of R* for which

V(,0,i)) eQxOx{l,...,n}, diamgk(iRB(QwTw(xi))) < a —, (283)
’ 4(logn)r 2
and also everywe Q and i, j €{1,..., n} satisfy
vk

u({e €0: RY(QuTu(x) #R(Qu Tw(x]'))}) S —————[|Qu T (i) = Qu T (x) || ¢

A/(4(logn)5_5) z
(284)

(logn)»
S ITot) - TG |,

where the last step of uses the right-hand inequality in and the fact that k <logn.

Recalling the set A < Q on which holds for every i, j € {1,..., n}, let v be the probability measure
on A defined by v[E] = Prob[E]/Prob|[A] for every Prob-measurable E < A (recall that Prob[A] > 1/2).
For every (w,0) € A x © define a partition P“? of {xi,..., x,,} as follows.

. def
vie,.,nh PP E{xetn, ) Qulu(0 € R (QuTu(x))}. (285)
Then, for every (w,0) € Ax® and every i €{1,..., n} we have

diam, (P (x)) = max lxu = xvlle,

Qu T (6, Qu T () €R? (Qu T (1)

1_1
<4(logn)r 2 max | To (x0) = Tey (x0) I 2,
u,vefl,...,n}
Qu T (%), Qu T (x)ER? (Qu Ty (1)) (286)
1_1
<4(logn)r ? max 1Qw Tew (Xy) — Qu Tey (X)) Il p&
u,ve{l,...,n} 2

Qu T (), Qu T () ER? (Qu Ty (x1))

< 4(log ) diam, (R(Qu T (x0)) < A,
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where the first step of (286) uses (285), the second step of (286) uses (281), the third step of (286) uses (282),
and the final step of (286) uses (283). Also, every distinct i, j € {1,..., n} satisfy

Vv x H({(w,@) € Ax@: P@O (y) 2 P@O) (xj)})
= /A u({peo: R(QuTu(x)) # R (Qu T (x)} ) dvi@)

1
~ Prob[A]

(logn)%
/A 1 1 Tw(xd) = Tu (x|, dProb(w) (287)

2(logn 0
< 2losn)? / | T () = T (1), dProb(w)
A Q 2
< (logn)% ‘ Ixi —xjlle,
~ o op-1 A

where the first step of (287) uses (285), the second step of (287) uses (284), the third step of (287) uses
Prob[A] > %, and the last step of (287) uses (279). By (286) and (287), the proof of (272) is complete. [

)

5. BARYCENTRIC-VALUED LIPSCHITZ EXTENSION

In this section, we will explain how separation profiles relate to Lipschitz extension. We cannot in-
voke [LNO5] as a “black box” because we need a more general result and our definition of random par-
titions differs from that of [LN05]. But, the modifications that are required in order to apply the ideas
of [LNO5] in the present setting are of a secondary nature, and the main geometric content of the phe-
nomenon that is explained below is the same as in [LN05].

In addition to making the present article self-contained, there are more advantages to including here
complete proofs of Theorem [65/and Theorem|[I13] Firstly, the reasoning of [LN05] was designed to deal
with a more general setting (treating multiple notions of random partitions at once), and it is illuminating
to present a proof for separating decompositions in isolation, which leads to simplifications. Secondly,
since [LNO5] appeared, alternative viewpoints have been developed that relate it to optimal transport,
as carried out by Kozdoba [Koz05], Brudnyi and Brudnyi [BB07a], Ohta [Oht09], and culminating more
recently with a comprehensive treatment by Ambrosio and Puglisi [AP20]. Here we will frame the con-
struction using the optimal transport methodology, which has conceptual advantages that go beyond
yielding a clearer restructuring of the argument. The optimal transport viewpoint had an important role
in quantitative improvements that were obtained in [NR17, Nao21b], as well as results that will appear
in forthcoming works. As a byproduct, we will use this viewpoint to easily derive a stability statement for
convex hull-valued Lipschitz extension under metric transforms.

5.1. Notational preliminaries. We will start by quickly setting notation and terminology for basic con-
cepts in measure theory and optimal transport. Everything that we describe in this subsection is stan-
dard and is included here only in order to avoid any ambiguities in the subsequent discussions.

Given a signed measure u on a measurable space (QQ,J), its Hahn-Jordan decomposition is denoted
w=pt—pu,ie., ut,u are disjointly supported nonnegative measures. The total variation measure of
wis |ul = u* +pu~. For A€, the restriction of u to A is denoted | 4, i.e., ula(E) = u(AnE) for E€ F. If
(Q',3") is another measurable space and f : Q — Q' is a measurable mapping, then the push-forward of
punder f is denoted fiu. Thus fyu(E) = u(f 1 (E)) for E € 7, or equivalently

Vhe Li(fup), /Q (o) dfip(o’) = /Q h(f (@) du(w).

Suppose from now on that (771, dyy) is a Polish metric space. A signed Borel measure p on 771 has finite
first moment if fm dm (x,y)dlul(y) < coforall x € 171. Note that this implies in particular that | u|(171) < oo,
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because if x,x" € 111 are distinct points, then the mapping (y € 11) — [d(x,y) + dm (X', 1/ dm (x, x")
belongs to L; (|ul) and takes values in [1,00) by the triangle inequality.

The set of signed Borel measures on 771 of finite first moment is denoted M, (171, dyyp) or simply M; (117)
if the metric is clear from the context. The set of all nonnegative measures in M; (171) is denoted Mf n,
the set of all u € M;(111) with total mass 0, i.e., u* (171) = u~ (M), is denoted M‘;(m), and the set of all
probability measures in M; (771) is denoted P, (171).

Given y,v e Mf (M) with p(11) = v(1M), a Borel measure 7 on 771 x 111 is a coupling of y and v if

m(Ex 1) = u(A) and (MM xE)=v(A)

for every Borel subset E < 771. The set of couplings of p and v is denoted IT(u, v) € M{ (111 x I11). Note that
(uxv) ) = (uxv)/v(M) e I(w,v), so I1(y, v) # @. The Wasserstein-1 distance between p and v that is
induced by the metric dj;, denoted Wf’” (u,v) or simply W (u,v) if the metric is clear from the context,
is the infimum of | mxm 4m(x, y)dn(x, y) over all possible couplings 7 € I1(x, y). Since (11, djy) is Polish,
the metric space (P;(711), W) is also Polish; see e.g. [Bol08] or [AGS08, Proposition 7.1.5]. Throughout
what follows, P, (771) will be assumed to be equipped with the metric W;. The Kantorovich-Rubinstein
duality theorem (see e.g. [Vil09, Theorem 5.10]) asserts that

Wi(u,v) = sup ( wdu —/ wdv). (288)
ym—-r \Jm m

lwllLipom =1
Note that implies in particular that W1 (u+7,v+1) = Wi (1, v) forevery 7 € Mf .

Forue M(l’(m) we have p* (1) = u~ (1), so we can define || ullw, g1y = Wi (1, ,u‘)HThis turns M?(?’H)
into a normed space whose completion is called the free space over 111 (also known as the Arens—Eells
space over 171), and is denoted §(171); see [AE56, Wea99, |(God15] for more on this topic, and note that
while F(110) is commonly defined as the closure of the finitely supported measures in M%(111) with respect
to the Wasserstein-1 norm, since the finitely supported measures are dense in I\/I?(m) (see e.g. [Vil09,
Theorem 6.18]), the definitions coincide. It follows from that the dual of §(771) is canonically iso-
metric to the space of all the real-valued Lipschitz functions on 771 that vanish at some (arbitrary but
fixed) point xo € 171, equipped with the norm || - lip7)-

Suppose that (Z, | - |lz) is a separable Banach space and fix u € M;(171). By the Pettis measurability
criterion [Pet38] (see also [BL0O0, Proposition 5.1]), any f € Lip(171; Z) is |ul-measurable. Moreover, we
have | fllz € L1 (|ul) because if we fix x € 171, then for every y € 171,

IfMIz< 1 f ) = fFDlz+ 1 fIx < N flliLiponzydm (v, 0 + 1 f ()1Ix € Ly (b,

where the last step holds by the definition of M, (771) and the fact that it implies that |u|(/7]) < co. By
Bochner’s integrability criterion [Boc33] (see also [BL0O, Proposition 5.2]), it follows that the Bochner
integrals fm fdu" and fm fdu™ are well-defined elements of Z, so we can consider the vector

3 & / fdu= / fdut - / fdu ez (289)
m m m

If e MM, then J7 () = [, (f(x) = F(») d7(x, y) for every coupling 7 € TI(u*, ™). Consequently,
1Tz < Il fllLipon;zy fmxm dm(x,y)dn(x,y), so by taking the infimum over all 7 € TI(u", u~) we see
that the norm of the linear operator J¢ from (M?(m), - llw,) to Z satisfies

||jf||(|\/|f1)(m),||.\|wl)az < ||f||Lip(m;Z)- (290)

13Note for later use that if Wwve |v|1+(m) satisfy p(111) = v(IM), then p—v € M?(m) and llp—vilw, gny = W1, v). For a
standard justification of the latter assertion, see e.g. the simple deduction of equation (2.2) in [NS07].
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Since M(l’(m) is dense in §(/1), it follows that J¢ extends uniquely to a linear operator J¢ : §(171) — Z of
norm at most || fllLipgn;z)- So, even though elements of §(/77) need not be measures, one can consider
the “integral” J¢(¢) € Z of f € Lip(171;Z) with respect to ¢ € §(111); see [GKO3] for more on this topic.

5.2. Refined extension moduli. Continuing with the notation that was introduced by Matousek [Mat90],
we will consider the following parameters related to Lipschitz extension. Suppose that (171, dy), (11, dp)
are metric spaces and that € < 771. Denote by e(171, C; 1) the infimum over those K € [1,00] such that for
every f : € — N with | fllipe;n) < oo thereis F: 111 — 11 that extends f and satisfies

I FlliLipan;my < Kl fliLipe;n)-

The supremum of e(/71, C; 11) over all subsets € < 171 will be denotes e(771;71). Note that when 71 is com-
plete, 11-valued Lipschitz functions on € automatically extend to the closure of € while preserving the
Lipschitz constant, so we may assume here that € is closed. The supremum of e(771, C;Z) over all Banach
spaces (Z, | - [lz) will be denoted below by (771, C). Thus, the notation e(771) of the Introduction coincides
with the supremum of e(771, C) over all subsets C < 171.

If (1M1, dmn) is a metric space, € < 771, and (Z, || - ||z) is a Banach space, then it is natural to consider
variants of the above definitions with the additional restrictions that the extended mapping F is required
to take values in either the closure of the linear span of f(C) or the closure of the convex hull of f(C).
Namely, let espan (171, C; Z) be the infimum over those K € [1,00] such that for every f : € — Z there exists

F:1M —span(f(©)

that extends f and satisfies
I FliLipamn;zy < Kl f lLipe;z) - (291)
Analogously, let econy (171, C; Z) be the infimum over K € [1,00] such that for every f : C — Z there exists

F:1M —conv(f(©)

that extends f and satisfies (291). We then define econy (777, C) to be the supremum of e¢ony (171, C; Z) over
all possible Banach spaces (Z, || - [|z). Note that while one could attempt to define espan (1M, €) similarly,
there is no point to do so because it would result in the previously defined quantity e(/71, C). By consid-
ering the supremum of ecqny (177, €) over all subsets C < 771, one defines the quantity econy (177).

Remark 132. By [Lin64] one can have e(171,C;Z) = e(I1;Z) = 1 yet espan(171,C,Z) = oo for some metric
space (111, dy;), some C < 171 and some Banach space (Z, | - [|z). Indeed, if X is a closed reflexive subspace
of /-, and V € X is a closed uncomplemented subspace of X, then by [Lin64] (see also [BL00, Corol-
lary 7.3]) there is no Lipschitz retraction from X onto V. Equivalently, the identity mapping from V to
V cannot be extended to a Lipschitz mapping from X to V. Hence, since span(V) =V € ¢, we have
espan (X, V; £oo) = co. In contrast, e(X; /) = 1 by the nonlinear Hahn-Banach theorem (see [McS34] or
e.g. [BL0OO, Lemma 1.1]). By combining [Sob41] with the discretization method of [JL84] (see also [MM16]),
one can quantify the above example by showing that for arbitrarily large n € N there are Banach spaces
X0 -11x), Z, || - Ilz) and a subset € € X with |G| = n for which we have

espan X, GZ) | logn (292)
eX,GZ) "\ loglogn’

(In fact, in (292) one can have e(X, C;Z) = e(X;Z) = 1.) At present, the right hand side of (292) is the largest
asymptotic dependence on n that we are able to obtain for this question, and it remains an interesting
open problem to determine the best possible asymptotics here.

Most, but not all, of the Lipschitz extension methods in the literature, including Kirszbraun’s extension
theorem [Kir34], Ball’s extension theorem [Bal92] and methods that rely on (variants of) partitions of
unity such as in [JLS86}LN05}[L.S05},BB06], yield convex hull-valued extensions, i.e., they actually provide
bounds on the quantity econy(171, C;Z). Nevertheless, it seems likely that there is no ¢ : [1,00) — [1,00)
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such that econy (171 < @(e(11)) for every Polish metric space (171, dyp;), though if such an estimate were
available, then it would be valuable; see e.g. Remark[140] In fact, we propose the following conjecture.

Conjecture 133. There exists a Polish metric space (171, dj;) for which e(711) < oo yet econy (111) = co.

Remark 134. By definition, for every metric space (171, dy;;), every Banach space (Z, ||-||z) and every C < 171,
econv(M, CG;Z) > espan (1, C;Z) > e, C 7).

We explained in Remark[I32]that the second of these inequalities can be strict (in a strong sense). How-
ever, as a complement to Conjecture 133} we state that to the best of our knowledge it is unknown
whether this is so for the first of these inequalities, i.e., if it could happen that espan (177, C;Z) < oo yet
econv(l, C;Z) = co. We suspect that this is possible, but if not, then it would be interesting to investigate
how one could bound econy(177, C;Z) from above by a function of espan (177, C;Z). We do know that there
are a metric space (171, dyp;), a Banach space (Z, || - ||z), a subset C < 171 and a Lipschitz mapping f: € — Z
that can be extended to a Lipschitz mapping that takes values in span(f(C)) but cannot be extended to
a Lipschitz mapping that takes values in conv(f(C)). To see this, let {e j}‘]’il be the standard basis of ¢.
For n € N set m(n) = n(n—1)/2 and let X,, be the span of {€;;(5)+1,---)€mm+1)} in . Thus, X, is iso-
metric to ¢ and £, = (eaglexn)oo. By [Sob41], there is a linear subspace V;, of X, such that every linear
projection Q : X, — V,, satisfies [|Qllx,—v, 2 v/7. By the method of [JL84], it follows that there exists{f]
Ay € By, = V,,n By with |A,| < n%" such that | Ey llLipx,;v,) = V7 for any Ey, : X, — V,, that extends
the formal identity Id 4, .y, : A, — V,,. By compactness, there exists 6, € (0, 1) such that if we define

Ch=Anu {6nem(n)+1y . -;6nem(n+l)} u {0},

then also [|Dy|lLipx,x,) < V7 for any mapping @, from X, to the polytope conv(C,) that extends the
formal identity Ide, _x,. Consider the subset

e=JE€,<lw.
n=1

If ®: ¢y — conv(C) extends lde_.,_, then for each n € N the mapping R, o (®[x,) : X, — X, extends
Ide, -, and takes values in conv(C,), where Ry, : £, — X, is the canonical restriction operator. Hence,

19llLipee.,x,) = IR 0 (@Ix,) ILipx,x,) = V7.

Since this holds for every n € N, the mapping @ is not Lipschitz. Consequently, econy(¢c0, C; €c0) = 00. At
the same time, by construction we have span(C) = span({e j}‘]’.‘i D=0 (recall that ¢ commonly denotes
the subspace of ¢, consisting of all those sequences that tend to 0). So, any 2-Lipschitz retraction p
of ¢, onto ¢y extends lde_,_ and takes values in span(C); the existence of such a retraction p is due
to [Lin64] (see also [BLOO, Example 1.5]). If espan (£ 0, C; £ o) were finite, then this example would answer
the above questionF_SI but we suspect that in fact espan (£ oo, C; £o0) = 00.

Proposition is a convenient characterization of the quantities e(/71, €) and econy (771, ©); while it was
not previously stated explicitly in this form, its proof is based on well-understood ideas.

Proposition 135. Suppose that (111, dy) is a metric space, C is a Polish subset of 111 and sy € C. Fix two
nonnegative functions 9 : 111 x 111 — [0,00) and ¢ : € :— [0,00). Then, the following two equivalences hold.

(1) The following two statements are equivalent.

The subset A n can be taken to be any £,-net of the unit sphere of V,, for any ¢, < n3/2, Note, however, that the bound
that follows from [JL84] (and also [MM16, Appendix C]) is £, < n~2, and this suffices for the present purposes; see [NR17,
Theorem 23] for the above stated weaker requirement from ¢,.

15And, it would show that for arbitrarily large k € N there exist a metric space (171, dyy;), a Banach space (Z, || - ||z) and a subset
& € 1M with |S| = k such that econv(nl,S;Z)/espan(m,S;Z) 2> y/(logk)/loglogk. It would then remain an interesting open
question to determine the largest possible asymptotic dependence on k here.
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o For every Banach space (Z, | - l|z) and every mapping f : € — Z that is 1 -Lipschitz with respect
to the metric dyy there exists F : 111 — Z that satisfies the following two conditions.
- F(s) = f(s)z < e(s) foreveryseC.
- |F(x) - F(»llz < 0(x,y) forevery x,y € NNl.
o There exists a family {¢p .} xem of elements of the free space §(C) with the following properties.
= llps =65+ 5 <e(s) foreveryseC.
= lpx—Pylize <0(x,y) forevery x,y € Nl.
(2) The following two statements are equivalent.
o For every Banach space (Z,|| - ||z) and every mapping f : C — Z that is 1-Lipschitz with respect
to the metric dyy there exists F : 111 — conv( f(C)) that satisfies the following two conditions.
- |F(s) = f(s)lz < e(s) foreveryseC.
- IF(x) - F(y)llz <0(x,y) foreveryx,y e 1.
o There exists a family {u} xem of probability measures in P1(C) with the following properties.
- Wf”” (s, 05) < &(s) foreveryse C.

- Wf”” (1, y) <0(x,y) forevery x,y € 111.
In the setting of Proposition if £(s) = 0 for every s € C and also ? = Kdjyp for some K > 1, then
in [AP20, Definition 2.7] a family {¢}xem < $(C) as in part (1) of Proposition is called a K-random
projection of 771 onto €, and in [Oht09, Definition 3.1] a family {uy} e < P1(C) as in part (2) of Propo-

sition is called a stochastic K-Lipschitz retraction of 771 onto € while in [AP20, Definition 2.7] it is
called a strong K-random projection of 711 onto C.

Proof of Proposition[I135, Suppose first that {¢} xem S F(C) and {tx} xem S P1(C) are as in the two parts of
Proposition Let (Z, | - 1z) be a Banach space and fix a 1-Lipschitz function f: € — Z. Since C is Polish
and hence separable, by replacing Z with the closure of the linear span of f(C) we may assume that Z is
separable. Recalling the notation and the discussion immediately following it for the (integration)
operator J7 : My (111) u§ (M) — Z, define two (linear) mappings

Extdf,Exthf: 1M —Z

by setting for every x € 171,
Ext?f0 % fro) +Tp(¢)  and  Ext! (0 €0 () / Fduy. (293)
e

Observe that since pi, is a probability measure, Ext’é f(x) belongs to the closure of the convex hull of f(C).
For every x, y € 11l we have

|Exts £ () —ExtS f )| = |13 bx — b))l < b = bylizie) <Ox, 1),

and similarly (using Kantorovich-Rubinstein duality),
| Exth £ — Exth F(0)]|, < WP (pae, ) <0, ).
Also, for every s € C we have
IEXtSF(5) = F(8)]l = [ T7 (s — 85 +8) |l < llps — 85+ By I 3y < £(9),
and similarly,
|Exthf(9) = F9)] = |35 (s =89, < Wi (1,8 < ().
Conversely, define f : € — §(C) by setting f(s) = 65— 6, for each s € €. Then f is 1-Lipschitz. Fix

F: 1M — §(C). Writing F(x) = ¢« for each x € 171, the assumptions of the first half of part (1) of Proposi-
tion|135|coincide with the assertions of its second half. As € is Polish, P; (C) is closed in §(C). Therefore,

conv(f(C)) =P1(C) -6y,
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where the closure is in §(C). Thus, if F(171) < conv(f(C)), then p d:QfF(x) +65, € P1(C) and the assump-
tions of the first half of part (2) of Proposition|135|coincide with the assertions of its second half. O

The proof of Proposition shows that even though in the first parts of the two equivalences in
Proposition [135| one assumes merely the existence of an F with the desired properties, it follows that
such an F can in fact be chosen to depend linearly on the input f, per (293).

Due to Proposition[135} the following question is closely related to Conjecture [133] though we think
that it is also of independent interest.

Question 136. Characterize those Polish metric spaces (171, dj;;) for which there exists a Lipschitz map-
ping p : §(MM) — P (M) (recall that by default P, (771) is equipped with the Wasserstein-1 metric) and
Xo € M such that p(6,, —6,) =6, forevery y € 1.

5.3. Barycentric targets. Following [MN13], say that a metric space (171, djp) is W1 -barycentricwith con-
stant B > 0 if there is a mapping 5 : P (1711) — 171 that satisfies B(d) = x for every x, € 171, and also

ViveP ), dm(Bw,BMm) < W (u,v).

The infimal § for which this holds is denoted B, (171). This notion (and variants thereof) were studied in
various contexts; see e.g. [ESH99,[LPS00,[Gro03}[Stu03} LN05}/0ht09, Aus11,MN13}Nav13}Lim18, Bas18].
Any normed space X is W -barycentric with constant 1, as seen by considering 8 (u) = fx xdu(x). Other
examples of spaces that are W, -barycentric with constant 1 include Hadamard spaces and Busemann
nonpositively curved spaces [BH99], or more generally spaces with a conical geodesic bicombing [DL15].

Thanks to Proposition[135} convex hull-valued (approximate) extension theorems automatically gen-
eralize to extension theorems for mappings that take value in W, -barycentric metric spaces.

Proposition 137. Let (111, dy) be a metric space and suppose that C < 111 is a Polish subset of 111. Fix
0: 1M x 1M — [0,00) and € : € — [0,00). Assume that for every Banach space (Z, - |z) and every f : C — Z
that is 1-Lipschitz with respect to diy there is F : 11l — conv(f(C)) that satisfies | F(s) — f(s)llz < &(s) for
every s € C and |F(x) — F(y)llz < 0(x,y) for every x,y € Il. Fixn:C — (1,00) and 1 : M x 11l — (1,00),
as well as > 0 and a concave nondecreasing function w : [0,00) — [0,00) with w(0) = 0. If (N,dp) isa
W -barycentric metric space with constant B and ¢ : C — 11 has modulus of uniform continuity w with
respect to dm, namely dn (f(s), (1)) < w(dm(s, 1)) for every s, t € C, then there is ® : 111 — 11 such that
dn (D(s),P(s)) < wn(s)e(s)) for every s € C and dy (P (x), D(y)) < w(T(x, ¥)0(x, ) forevery x,y € 1.

Proof. By Proposition[135] there is a collection of measures {f,} xeyn < P1(C) such that
VseC, W’f’” (Us,05) < €(5) and Vx,yel Wf’” (px, pry) <0(x, ).

Hence, for every s € C and x, y € 171 there are couplings 75 € I1(us, 6 5) and 7y € IT(y, ) such that

f dm(u,v)drs(u, v) <n(s)e(s)  and f dm(u,v)dmy y(u, v) <T(x, Y)0(x, ),
CxC CxC

Since (¢ x P75 € Iy, p#bs) and (P x P)pTy, y € I1(Pgfix, P#ity), it follows that

W (ytts, pus) < f fn dn(a,D)d(@x Pamsia,b)
=[f dn (pw),p()) dms(u, v)
M%7
<ff o(dn(u,v))dng(u, v)

(ff dn(u, v)dns(u,v)

<w(n(9e(s)),
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where the penultimate step uses the concavity of w. For the same reason, also

W (pypar, papty) < (T (x, y)O(x, 1))
Since (11, dp) is B-barycentric there is ®8 : P; (11) — 1 satisfying B(6 ;) = z for every z,€ 11, and

Vv, v2 €P1D,  dp(BO1), Ba)) < W (v, v2).

Define ®: 1711 — 11 by

Ve, @) CBpuu.

Then, for every s € C we have

dn (@), p(5)) < PWIT (pppis, p45) < w(n(s)e(s)),
and for the same reason also dy (®(x),p(y)) < w(7(x, y)d(x, y)) for every x, y € . O

Because (as we will soon see) all of our new Lipschitz extension theorems are in fact bounds on ey (+),
the following immediate corollary of Proposition (with ? a multiple of dj;; and w linear) shows that
they apply to barycentric targets and not only to Banach space targets.

Corollary 138. Fix 8> 0. Suppose that 111 is a Polish metric space and that 1l is a complete \W1 -barycentric
metric space with constant B. Then, econy (111, 1) < Becony(111).

Another noteworthy special case of Propositionis when w(s) = s? for some 0 <0 < 1, i.e., in the
setting of Holder extension that we discussed in Remark [15/and Section Analogously to (18), we
denote the convex hull-valued 6-Hélder extend modulus of a metric space (171, dij) by

ef (m) = econv(m’ dfn)

conv

Corollary 139. Suppose that 111 is a Polish metric space. Then, for every0 <6 < 1 we have
&7 (11) < Qe M) < econy (M)’

conv

Because the upper bound on e(¢) that we obtain in Theorem (14| is actually an upper bound on
econv(¢), Corollary (I39) implies (I9). More generally, Proposition[137/implies that

nyd
ceom (T, 0 dp) < sup 2o !1D)
d>0 w(d)

for any concave nondecreasing function w : [0,00) — [0,00) with w(0) = 0.

Remark 140. The question of how Lipschitz extension results imply extension results for other moduli of
uniform continuity was studied in [Nao01] and treated definitively by Brudnyi and Shvartsman in [BS02]
using an interesting connection to the Brudnyi-Krugljak K-divisibility theorem [BK81] (see also [Cwi84])
from the theory of real interpolation of Banach spaces. In particular, by [BS02] we have e/ (177) < e(117)?,
which remains the best-known bound on e (777) in terms of e(71) and it would be interesting to deter-
mine if it could be improved. As Corollary shows that a better bound is available in terms of 7 (177),
Conjecture and Question[136|could be relevant for this purpose.

5.4. Gentle partitions of unity. The following definition describes a numerical parameter that underlies
the extension method of [LNO5].

Definition 141 (modulus of gentle partition of unity). Suppose that (11, din) is a metric space and that
C < M is nonempty and closed. Define the modulus of gentle partition of unity of 11 relative to C, denoted
GPUMN, dm; ©) or simply GPU(11; C) when the metric is clear from the context, to be the infimum over
those g € (0,00] such that for every x € 111 there is a Borel probability measure uy supported on C with the
requirements that if s € C, then us = 6, and also for every x, y € 11l we have

/ dm(s, x)dlpx — pyl(s) < gdm (x, y).
¢
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The modulus of gentle partitions of unity of 111, denoted GPU (111, diyy) or simply GPU(111) when the metric
is clear from the context, is the supremum of GPU(111, dy; C) over all nonempty closed subsets C < 111.

The nomenclature of Deﬁnitionis derived from [LNO5], though we warn that Deﬁnition con-
siders objects that are not identical to those that were introduced in [LN05]. In [LNO5] the measures
{x} xem~c were also required to have a Radon-Nikoym derivative with respect to some reference mea-
sure p. This additional requirement arises automatically from the constructions of [LN05] but it is not
needed for any of the known applications of gentle partitions of unity, so it is beneficial to remove it
altogether. The formal connection between [LNO5|] and Deﬁnitionwas clarified in [AP20].

In anticipation of the proof of Theorem 65} one can generalize Definition [I41]to the case of general
profiles, analogously to what we did in Definition

Definition 142 (gentle partition of unity profile). Suppose that (111, dyy;) is a metric space and that C < 171
is nonempty and closed. A metric 0 : 111 x 111 — [0,00) is called a gentle partition of unity profile for
(M, diy) relative to C if for every x € 111 there is a Borel probability measure p1, supported on C with the
requirements that if s € C, then us = 6 5, and also for every x, y € 11l we have

/ dm (s, %) dlpx — pyl(s) <(x, y).
¢

If0 is a gentle partition of unity profile for (111, dm) relative to every closed & # C < 111, then we say that d
is a gentle partition of unity profile for (11, diy).

Note in passing that if 0 is a gentle partition of unity profile for (171, dj;;) relative to C, then for every
x € 1M the probability measure p in Definition[142]has finite first moment. Indeed, for any s € C,

/ dm (so, 8) dpix(s) = / dm (s0,8) d(px = 85,)(8) < / dm (50, 8) d|pix — sy | () < (50, %) <00, (294)
e (¢ e

where we used the fact that p,, = §,, since s € C.
Suppose that (171, dj;;) is a Polish metric space. The following estimate is implicit in [LNO5].

econv1D) < 2GPUI). (295)
In fact, the same reasoning as in [LNO5] leads to the following more general lemma.

Lemma 143. Suppose that (111, dyp) is a Polish metric space and that € < 111 is nonempty and closed.
Assume that 0 : 11l x 111 — [0,00) is a gentle partition of unity profile for (111, diy) relative to C. Then, for
every Banach space (Z, || - |lz) and every 1-Lipschitz mapping f : C — Z there exists

F:M — conv(f(©)
that extends f and satisfies | F(x) — F(y)llz < 20(x, y) for every x,y € 1.

Proof. Let {uy}xem be probability measures as in Deﬁnition Then, {u}xem € P1(C) by (294). So, by
Proposition|[135| (with & = 0) it suffices to check that Wi (y, 1)) < 20(x, ) for every x, y € 171. To this end,
fixn > 0 and sg € C such that dj; (x, so) < dm (x,C) +n. Then,

VseC, dm (s, s0) < dm(s,x) +dm(x, 50) < dm(s,x) +dm(x,C) +n < 2dm (s, x) +1.

Consequently, every 1-Lipschitz function v : € — R satisfies
/ v - / wdu, = / (w(s) —w(50)) At — 1) (5) < / 1w (5) — w(so)l dlpty — py ()
e e e e

</dm(s,80)d|ux—uyl(s)</(de(s,x)+n)d|ux—uy|(s)<20(x,y)+277-
e ¢

The desired conclusion follows by letting 7 — 0 and using the Kantorovich—-Rubinstein duality (288). [
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5.5. The multi-scale construction. Suppose that (171, dj;;) is a Polish metric space and fix another metric
0 on /7. In this section we will show that there is a universal constant « > 1 with the following property.
Assume that either (771, dypp) is locally compact and 9 is a separation modulus for (171, dy;) per Defini-
tion[63} or the assumptions of Theorem[113]are satisfied. We will prove that either of these assumptions
implies that ad is a gentle partition of unity profile for (777, dj;;). By Lemma [143]this gives Theorem
and Theorem[113] and will show that in fact these extension results are both convex hull-valued and via
alinear extension operator. This also implies that every locally compact metric space 111 satisfies

GPUM) <SEP(M). (296)

Remark 144. The bound need not be sharp. Indeed, it was proved in [LNO05] that if 771 is finite, then
log|1M|

GPUM) £ ———. 297

UDBS loglog 171] (297)

However, by [Bar96] sometimes SEP(771) 2 log|111| (and always SEP(171) < log|171|). A shorter presen-
tation of the proof of can be found in [Naol5], and a different proof of will appear in the
forthcoming work [MN21]. Also, in the forthcoming work [MNR21] it is proved that (297) is optimal.

The following theorem is a precise formulation of what we will prove in this section.

Theorem 145. Let (171, diy) be a Polish metric space and fix another metric0 on11l. Suppose that for every
A > 0 there is a probability space (Qa,Proba) and a sequence of set-valued mappings {Fﬁ :Qp— 27/”}‘,’;’:1
such that one of the following two measurability assumptions hold.
* Either (I, dyy) is locally compact and Fg is strongly measurable for each fixed k e N and A > 0,
o or Q, is a Borel subset of some Polish metric space Za and Proby is a Borel probability measure
supported on Qp, and FZ is a standard set-valued mapping for each fixed k e N and A > 0.

Suppose that the following three requirements hold.
1) PR = {Fg(w)}z"zl is a partition of 111 for every w € Q,,
(2) diamyy (PR (x)) < A for every x € 1l and w € Qy,
(3) AProby[w e Qp: PY(x) # PL())] <0(x, ) forevery x,y e M.
Then, ad is a gentle partition of unity profile for (111, diy;) for some universal constant a € [1,00).

Suppose from now on that € is a nonempty closed subset of 771. We will first set notation and record
basic properties of a sequence of bump functions that will be used in the proof of Theorem (145); this
part of the discussion is entirely standard and has nothing to do with random partitions.

Fix a 1-Lipschitz function y : [0,00) — [0,00) such that supp(w) < [1,4] and w(#) = 1 for every t € [2,3]
(these requirements uniquely determine v, which is piecewise linear). Define for each n € Z,

Ve,  ¢n®=¢Sx Ey2 " dn(x,0).

Then l[pnliLipony < 27" and if ¢, (x) # 0 then necessarily 2" < dpp (x, C) < 22 We also denote

viel, owx=0%0% Y ¢,
mezZ
For each x € 171, at most two summands in the sum that defines ®(x) do not vanish. If x € 171 \. €, then
since C is closed we have djy; (x,C) > 0, and therefore there is 1 € Z for which 2" < djy; (x, €) < 2**1. For
this value of n we have ¢, (x) = 1, so ®(x) > 1 for every x € 171 \. C. Finally, for each n € Z define
PnlX) e v e M~ G,

def
Vxe, An(x) =28 (x0) S { Oq’(x) el

By design, ) ,,cz An(x) =1 for every x € 171 \. C. Further properties of these bump functions are recorded
in the following basic lemma, for ease of later reference.
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Lemma 146. Suppose that x, y € 111 satisfy dy (x,C) = dm (y,C) > din(x, y). Then foreveryne Z,

2" 1
dm(y,@) ¢ (1'2) = Pn(X) = Pp(y) = An(x) = An(y) =0, (298)
and
271 < dm (v, O < 2n+2 |/1n(x) _/171(,)’)| < dm(x,y) (299)

~dmy,0C)’

Proof. Our assumption implies that dy;(x,C),dmn(y,€) > 0, so x,y € 11~ C. To prove (298), suppose
first that 2" > 2d;(y,C). Then, ¢,(y) = A,(y) = 0 since supp(y) < [1,4] and 27" dy(,C) < 1. Also,
dm(x,C) <dm(x,y)+dm(y,C) <2dm(y,€) <27, s0 27 ""dip (x,C) < 1 and hence ¢, (x) = 1,(x) = 0. The
remaining case of is when dj;(y,C) > 2"""2. Then, 27 "dp (x,©) = 27"d; (y,©) > 4 and therefore
27 "%d (x,©),27"dpm (y,©)} nsupp () = &. Consequently, ¢y, (x) = Py () = A, (x) = A, (y) = 0.

To prove (@299), assume that 27! < dj;(y,©) < 2"+2, Recalling that (point-wise) on 771 ~. C we have
An=¢p/®forall ne Zand ® > 1, and moreover |y llripan) < 27", we conclude as follows.

[0 =¢nW] | _pn)

An(X) = An ()| < *(y-@
M) = An ()| 5 q,(x)q,(y)l (1) = @)
<27dm(x, ) + Z |¢7n(x) _(pn(y)\
nez
_ _ dm(x,y)
< 27" d(xy) + 27" (x, y) = - =
m(x,y) H;Z m(x,y) a3, C)

2 <dy (y,€) <22

The interaction between {1,},cz and the random partitions of Theorem is the content of the fol-
lowing lemma. Note that by reasoning as in (95), the metric ? in Theorem[145|must satisfy

Vx,yeM, 0x,y) =>dnx,y).
Lemma 147. In the setting of Theorem[145, if x € 111\ C and y € N~ {x} satisfy dm (x,C) > dm (y,©), then

Y5 [ A )0 = A0 03] dProbn (@)  ——r )

nezZ k=17 Qan " rzn @) " 1"2,1 @) ~ dm (J/, G) + dm (x, y)
Proof: As ¥pez An(x) = Xpez An(y) = 1 and also 327 | 1k () () = X2, 1k () (y) =1 for each n € Z and

2}1 - zn
w € Qyn, the left hand side of (300) is at most 2. Since 0(x,y) = dm(x,y), it follows that (300) holds if
dm(,€) < dim(x,y). So, we will assume in the rest of the proof of Lemmathat dm(x,y) <dm(y,©)
(thus, in particular, y € 771 \. €), in which case the right-hand side of (300) becomes at least a universal
constant multiple of the quantity d(x, y)/dm (¥, C).
We claim that for every n € Z the following inequality holds for every w € Qy».

(300)

o0

|/1n(x)lrk o) (X) —An(y)lrk n (y)| 5 2_"dm(x,y) +15. . (301)
on (@) on (@) {CP
=1 2m

w 1 i :
) (x);fﬂ’zn(y)}) %<dn]2(y,(f) <2}

Assuming (301), we conclude the proof of (300) in the remaining case dy; (x, y) < dm (¥, C) as follows.

22 [ A1 () () = An (e (o) ()] dProbyn ()

nezZ k=17 Qon
< Y (2‘"dm (x, ) + Proby: [{w € Qpn : P2 (x) # PY, (y)}])
2"*1<d73(€fe)<2"+2
- 0(x, ) 0(x, )
< 27" dm(x, ) +0(x, ) = = ,
n;Z (i (x.y Y) dm(,€)  dm(y,C)+dmn(x,y)

zmn—l <d)']1 (yye)<2n+2
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where the first step uses (301), the second step is where we used condition (3) of Theorem([145] the penul-
timate step uses ?(x, y) = din (x, ¥), and in the final step uses the assumption dyy (x, y) < din (y, C).

It remains to establish (301). By Lemma if it is not the case that 27! < dj;(y,©) < 2"*2, then
An(x) = 1,(y) =0, so both sides of vanish. We may therefore assume that 271 < djy (y,€) < 22,
Under this assumption, if 5, (x) # P4, (y), then the right-hand side of is at least 1, while the left-
hand side of consists of a sum of two numbers, each of which is at most 1. It therefore remains to
establish when P4, (x) = P$,(y) (and still 2"~ < djy (y,€) < 2"*2). In this case, becomes the
inequality [A2n (x) — A2n (V)| < di(x, ¥)/ dim (y, C), which we proved in Lemma|146 ([l

Proof of Theorem[145 By Lemma and Corollary[117} for every A > 0 there exists a Prob,-to-Borel
measurable mapping yg :Qm — Csuch that

VoeQy, T #2 = dn(yk), X ) <dn(Crkw)+A. (302)

(In fact, in the locally compact setting of Theorem[145} the use of Lemma[114]shows that the additive A
term in the right hand side of (302) can be removed).
For every x € 171 \. € define a Borel measure p, supported on C by

def 3 k
Hx = n;zk; An(x) (an)#(Probzn |-{u)€02n: xer, (w)})' (303)

In other words, for every Borel-measurable mapping / : C — [0,00) we have

/ h(s)dpx(s) =Y Y An(x) h(y%: (@) dProby: (w). (304)
(¢

nez k=1 weQyn: xeTk, ()}

w

Since P, is a partition of X for every n € Z and w € Qn, the special case h = 1¢ of (304) implies that

px(© =Y Y A,(x)Probyn [{w €Qon: x€ 1"5” (w)}]
neZ k=1

= ¥ An(Proby [{o e Oz xe JTh @} = ¥ duw =1.
k=1

nez ne”z

Thus uy is a probability measure. Consequently, if we also denote us = § for every s € C, then the proof
of Theorem[145|will be complete if we show that

Vx,yel, /dm(s,x)dl,ux—uyI(S)Sb(x,y). (305)
e

It suffices to prove when x, y € 11 are distinct and {x, y} £ C. Indeed, if {x, y} < C then p, =, and
iy = 6y, so the left hand side of is equal to djy (x, y), which is at most 0(x, y). Hence, in the rest of the
proof of Theorem[145|we will assume without loss of generality that x € 777 \. € and djy (x, C) > din (3, C).

We claim that the left hand side of can be bounded from above as follows.

/ i (5, %) i — 115
¢ (306)

o0
<dmx,y+ Y Y dm (%, (w),x)|/1n(x)1r12cn () = A2 (1, ) ()| dProbas (w).
neZ k=1 Qyn
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Indeed, if x, y € 171 \ €, then py, i, are defined according to (303), so that
/dm(s, x) dlpix — pyl(s)

<y dm(s,x)d((y’gn)#

neZ k=1

=y Z Am (Y50 (@), %) [An ()1t () () = An (1 () ()] dPrOba (),
neZ k=17 Qn 2 2

An(x)Proby: [{wngn: xel“gn (w)}_/ln (y)Probgn L{weﬂgn: yel"fn (a))} |) (s)

thus establishing (306) in this case. The remaining case is when x € 777 \. € and y € C, so that u, is given
in (303) and p,, = ) y. We can then use the following (crude) estimate.

/dm(s,x)dlux—uyl(S)</dn’z(s,x)duy(s)+/dm(s,x)dux(s)
¢ (307)

=dm(x,y)+ ) Z dm (50 @), X) An () 11k () () dProbas ().
nez k=1J Qun 2

It remains to observe that because y € C we have 1,(y) = 0 for all n € Z and therefore the right hand side
of (807) coincides with the right hand side of (306).

Next, we claim that for every (n, k) € Z x N and every w € Qp» we have
dm (Y50 (@), )| An (O Lpe (1) (00 = An()Lpt () )]
2" 2" (308)
S (dm 3,0 +dm 6, 1) [ An (011 (4 () = An( s, () D).

By a substitution of the point-wise estimate (308) into (306) and using dy;(x,y) < 0(x,y) the desired
estimate (305) follows from Lemma[147} thus completing the proof of Theorem|[145

To verify (308), note first that both sides of vanish unless x € an (w)orye Flzcn (w) and also, due to
Lemmal[146} 2"~ < dy; (3, ©) < 2"*2. So, assume from now on that

ynTh@#2 and 2" l<dp(y,e) <22 (309)
Our goal then becomes to deduce that
dm (v5: (@), x) S dm (3, ©) +dm (x, ). (310)

Choose a point z € TX () such that

dn vk @), 2) < d(v5 @), TE @) + 2" 2 a0, 75, () + 271 &2

dm(C, an @) +dm(,0). (311)
Ifxe Fécn (w), then

(309)
dm(€,T5, () < din(x,©) < dm(x, Y +dm(1,€)  and  dp(x,2) < diamy (T5 @) <2" 2 di (3, ©).

By combining these two estimates with and the triangle inequality, we see that
dm (Y5 (), x) < dm (ysn (@), 2) + dim (2, %) S dm (x,9) + dn (7, ©).

Hence, the desired estimate (310) holds when x € 1“’2“,, ().
It remains to check (310) when y € 1“’2“,, (w), in which case we proceed similarly by noting that now

dm (G,Flzcn (w)) <dm,0©) and dm (y, z) < diamp (Fé‘n (a))) <2n

dm (y, G)
By combining these two estimates with (311) and the triangle inequality, we conclude that

dm (y5 (), x) < dm (v5. (), 2) + dim (2, ) + din (3, ) < dm (3, ©) + din (x, ). a
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6. VOLUME COMPUTATIONS
In this section we will prove volume estimates that occur in our bounds on the separation modulus.

6.1. Direct sums. Fix n € N and a normed space X = (R”, | - [|x). Throughout what follows, the (normal-
ized) cone measure [GM87] on 0 Bx will be denoted xx. Thus, for every measurable A < 0B,

def V0l,([0,1]4) _ vol,({sv: (s,v) €[0,1] x A})
kx(A) = =
vol, (Bx) vol, (Bx)
The probability measure xx is characterized by the following “generalized polar coordinates” identity,
which holds for every f € L; (R"); see e.g. [NRO3} Proposition 1].

(312)

f(x)dx = nvol,(Bx) / r"_l( o) dKX(e))dr. (313)
R7 0

0Bx

As a quick application of (313), we will next record for ease of later reference the following computation
of the volume of the unit ball of an ¢, direct sum of normed spaces.

Lemma 148. Fixn,my,...,m, €N and normed spaces {X; = (R™, || - 1, )}?:1. Then
7 T(1+ 5 )vol, (Bx))

_ =t
r(1+ m1+.’;+mn)

Vpell,ool,  VOlyt. +m,(Bx e,..0,X,) = (314)

Proof. This follows by induction on 7 from the following identity (direct application of Fubini), which
holds for every a, b € N and any two normed spaces X = (R4, || - [x) and Y = RY, || - lly).

1 b
V01a+b(BX€B,,Y):/ VOlb((l—||x||§)”BY)dx:V01b(BY)/ (1-lxI¥)? dx
BX BX

1 ) r(1+2)r(1+9)
vol, (Bx)voly (By) / ar™ (1= rP)? dr = vol4(Bx)voly(By) P P 0
0 r(1+ %)
By Lemma|148, for every m € N, every normed space X = (R, || - ||x) satisfies
r(1+2)" L voly,(By) ™

volm(Benx) = —————vol,,(Bxy)" and hence voly,(Box)™ = % (315)

s r(l + %) P ot

In particular, for every m,ne N and 1 < p, g < co we have

: 2T (1+2)""T(1+ )" : \ 1

VOl (Benemy) = = and hence voly,;,(Berem)) " = ——. (316)
e F(1+%) F(1+%) e nrma

The following simple lemma records an extension of the second part of (315) to m-fold iterations of
the operation X — Z;‘,(X), i.e., to spaces of the form

ol (05 00-));
the main point for us here is that the implicit constants remain bounded as m — oo.
Lemma 149. Fix {ni}72, SN and {pi}32, € [1,00]. LetX = (R™, | - |x) be a normed space and define
VEeENU0},  Xpo=/0,f(Xp), where Xp=X

Then, for every m € N we have

1
1, (Bx) "
volng-.n,, (BX,,) o = voln, (Bx)

L
m Pk
M=y
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Proof. With the convention that an empty product equals 1, by applying (315) inductively we see that

. T(1+ Bt e
V01n0'~~nm (BXm) = VOl}’lO (BX) e 1_[ ( nO nk)nk+1“'nm :
k=1 Pk

Hence,

T(1+ 2 ) oy

Pk Pk il 1
=1 fag-mersme |— | (317)
k=1 Pk

vol,, (Bx) k=1 T(1+ tet) O

where for u, v, t > 0 we denote

funtp  LALUDE
ra+ uvt)ﬂ

Since (logl'(2)) = [;° 2= ds for z> 0 (see e.g. [NWW62, Chapter XI1]), if u, ¢ > 0and v > 1, then

dlo Juv(®) =lo v+/oo(e‘”“ e ) se_ ds>0
dr O8Juwit =08 0 l—es 77

Thus, f,,, is increasing on [0,00), and therefore we get from (317) that

1
1
VOl m BX 1o "kH pk no! %n een

o (B) V7 [l 7 ano ()= T

1 1
VOII’ZO (BX) ng ((no e nm)!) ng-nm

The first part of Lemma below is a restatement of Lemmafrom the Introduction. Qualitatively,
it shows that the class of spaces for which Conjecture 10| holds is closed under unconditional composi-
tion, namely, norms of the form below. The second part of Lemma[150]is further information that
pertains to Conjecture(48} i.e., to the symmetric version of the weak reverse isoperimetric conjecture, for
which we want the operator S to be the identity mapping (i.e., weak reverse isoperimetry holds without
the need to first change the “position” of the given normed space).

m
1 = H fn0~~~nk,1,nk (0) <
k=1

Lemma 150. Fixn,my,...,m, €N. LetX; = R"™, | -x,),...,X, = ®R"", || -Ix,) be normed spaces. Also, let
= (R, || - Ilg) be an unconditional normed space. Define a normed spaceX = (R™ x ... xR || -|x) by
def
X= (X1, %) ER™ L xR™, xS || (Ix1llxy - - 1260, )

Then, Conjecture[10| (equivalently, Conjecture[35)) holds for X if it holds forX,...,X,.
More precisely, suppose that there exist a > 0, linear transformations Sy € SL;,, (R),...,S, € SL;,, (R),

(318)

and normed spaces Y1 = R"™, |- lly,),..., Y, = ®R™", || - ly,) such that
1
iq(B vol,,, (B, my
Vke{l,..,n}, By cSiBx, and a(By.) ( i X’“)) <a. (319)
vy \vol,, (By,)
Then, there exist a normed spaceY = R™ x ... x R™n || -||x) and S € SL(R™ x ... x R™») such that
1
ia(B: vol B my+.+mn
By < SBx and CI( Y) ( m1+.,.+mn( X)) 1 5 @ (320)
vmit...+my V01m1+4..+mn (By)

Iffurthermore Sy, ..., S, are all identity mappings (of the respective dimensions), then S can be taken to
be the identity mapping provided the the following two conditions hold:

n n
fal|f el <n
i=1 i=1
and :
n S
m my+..+mn m+...+my 1
m, *vol,,, (B <——0o—— min vol,, (B . 322
kljl k mk( Xk)) ~ n Keilon) mk( Xk) (322)

97



1 1
Note that (322) is satisfied in particular if m; = mj andvoly,, (Bx,) ™ =volp, (Bx,)" foreveryi,j€{l,...,n}.

Prior to proving (150) we will make some basic observations. Firstly, (318) indeed defines a norm
because it is well-known that the requirement that E = (R", || - |g) is an unconditional normed space is
equivalent to (see e.g. [LT77, Proposition 1.c.7]) the following “contraction property.”

Va,xeR", (a1 x1,..., anxn) e < lallen | xllg. (323)

Thus, ||xllg < lyllg if x, y € R” satisfy |x;| < |y;| for every i € {1,..., n}, so the triangle inequality for (318)
follows from applying the triangle inequalities entry-wise for each of the norms {| - [Ix;}?_,, using this
monotonicity property, and then applying the triangle inequality for || - [|g.

It is well-known that condition holds (as an equality) when E is a symmetric normed space (see
e.g. [LT79} Proposition 3.a.6]). More generally, condition holds (also as an equality) in the setting of
the following simple averaging lemma, which shows in particular that Lemma[150]implies Lemmal[52]

Lemma 151. Suppose thatX = (R", || |x) is a normed space such that for every j,k € {1,..., n} there exists a
permutation wt € S;, with n(j) = k such that || Zl Lanieillx =l Zl’.’zl aie;lx forevery ai,...,a, € R. Then,

n n

2 eil [ 2 e

i=1 i=1
Proof. Denote 6(X) = {m € S, : T, € Isom(X)}, where T; € GL,(R) was defined in Example for each
€ S;,. Then, G(X) is a subgroup of S, that we are assuming acts transitively on {1, ..., n}. Consequently,

L =1
X

X
Vi,jell,...,n}, reSX): n(i)zj}|=|6%)|. (324)
For every ay, ..., a, € R we have
1 " H{reSX): n(i) = j} 323 P Lj-14
aile; = e;.
|6(X)|,,E§(,QlZ i Zl(jzl S| 1) P

Hence,

n|| s Lresoo Lizy anieillx

> =

=1 |25 el
o1 Lrcem | 2ty anaeil|x _n| X aiei|y
1=, eillx 127 eillx
where the penultimate step uses convexity and the final step uses the assumption that T} is an isometry

of X for every w € &(X). Since this holds for every ay,...,a, € R, we have [| L}, eillx: <n/l X7 e;lx. The
reverse inequality holds for any normed space X = (R”, | - |x) because (Z?zl e,-,Z?Zl ej) =n. O

(% e arer)|-

X

By combining Lemma[150|and Lemma[151|we obtain the following corollary that establishes Conjec-
ture 48| for the iteratively nested ¢, spaces of Lemma(149} provided it holds for the initial space X.

Corollary 152. Fix {ni}32 <N and {pi}72 | < [1,00]. LetX = (R™, || - lIx) be a normed space and define

VkeN,  Xeo=0p(Xe), where Xp=X (325)
Suppose that a > 0 and there exists a normed spaceY = (R™, || - |ly) with By < Bx and that satisfies
1
iq(By) [ vol,, (Bx) \ 0
iq( Y)( 1o ( X)) 0 (326)
Vi \vol, (By)

Then, for every m € N there is a normed spaceY,, = R™ " | - |y, ) with By,, < Bx,, and

1
iq(By,,) (VOan...nm (me))no...nm .
V0~ Ttm \voly,...p,,(By,,) S
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To see why Corollary [152] indeed follows from Lemma [150| and Lemma observe that if we start
with Eg = R and define inductively Ex; = é;’; (Eg), then for each m € N the space E;, is unconditional
and satisfies the assumptions of Lemma[151] The space Y,, of Corollary[152]is the same space that is
defined in Lemma[150]if we take E = E,;;, and also X; = ... =X, =X, which ensures that holds.

Proof of Lemmal[150 Denote

n 1
MEY me=dim® and Vke{l,..,n},  pr = voly, (Bx,)™. (327)
k=1
Fix positive numbers ¢, Cy,...,Cy, Y1,..., Y0 W1, ... Wy, Wy, ..., Wy, B1,..., Bn > 0 that satisfy the following
conditions (their values will be specified later). Firstly, we require that

n n
” Y wiei|| = ” Y wfei’ =1 (328)
&~ E ~ E
i=1 i=1
Secondly, we require that
Vke(l,..,n), wpw! >k (329)
yeeoyIty, k = .
T yeM
Finally, we require that
1 C
Vke(l,..., nl, <Br<—* (330)
CWkPk WiPk
Denote )
n M
Dd:ef( 11 ﬁZ”‘) : (331)
k=1
Consider the block diagonal linear operator S: R"™ x ... x R"» — R™ x ... x R~ that is given by
1
x=(x1,...,x5) ER™ x ... xR, Sxd—e (:6151361, ,annxn). (332)
The normalization by D in (332) ensures that S € SL(R™ x... x IR’”").
Since Z ek is a unit functional in E*, for every x = (xl, oo X)) ER™ x .. x R™ we have
1S xellx n |18 xelx 579) D 2L ml St xilix
||s-1x||xéz> > ey DUD( Y wie, ) I e ) S Y SO TR
k=1 B E k=1 =1 B M k=1 YkWiPBr

This shows that

nomelS i xellx, M) M
SBxC{xeR™ x ... xR™ : k—<—}:—B o wnbn ¢ v |- 333
< B vewpe DI D sk () O

Using Lemma we therefore have

Nl

&|3M|1 MM n (qu%ﬁkpk k
- |} AR L
( [T me! .
(334)

C k=1 mk
Next, for every x = (xy,..., X,) € R x ... x R we have

n 1S xll
_ 318) A B332) 14D.¢
57Lx]y STPAED | 3 S |
k=1 ﬁk
6D 1S, ! xellx, 678 1S3 i llx,
< D( max ) Zwkek max —k %
ke{l,...n}  wWiPxk ke(l,...ny WP

99



This establishes the following inclusion.

1.1
SBx 2 E 1_[ wkﬂkSkak d—EfQ (335)
k=1

Thanks to (62), the assumption (319) of Lemma[150|implies that

2 B2 = 2
Vke{l,...,n),  A(SkBx.)p2 %= A(SkBx,)Volm, (Bx,) ™ < a’my. (336)
For each k€ {1,...,n} take fi : SyBx, — R that is smooth on the interior of SiBx,, vanishes on 0S;Bx,,
and satisfies A fi, = —A(SiBx,) fx on the interior of SiBx,. Define f: Q — R by

n

1
xX=(X1,...,Xp) €EQ=— H Wi PBr Sk Bx,, fx) = def H fk( )
Dk:1 k=1 kﬁ

Thus f =0 on the boundary of Q and on the interior of Q it is smooth and satisfies

" A(SkBx,)
A :—Dz( —k) (337)
! k; (Wi Br)? !
Hence,
335) (337 n A(SiB; n {336)
A(SX)=MSBX)?MQ) <D (Z(k—xkz)) < (Z (Skak)pi) < (caD)y*M.  (338)
=1 (WiPi) k=1

By combining and (338) we see that
2 n M
A(SX)voly (Bx) M < (]‘[(ykck)mk) a*M.
k=1
Another application of now shows that the desired conclusion (320) holds with Y = ChSX (recall the
definition of Cheeger space in Section|1.6.1) provided

" 1
C( [] (Yka)’”k) T (339)
k=1

To get (320), by the Lozanovskii factorization theorem [Loz69] there exist wy, ... wy, wy,...,wy, >0
such that holds and also wy. wl’; = my/M for every k€ {1,...,n}. Thus holds (as an equality) if
we choosey) =...=y,=1.If wetakec=C; =...=C, =1 and By = 1/(wypy) foreach ke {1,..., n}, then
both and also hold (as equalities). With these choices, holds.

Suppose that the additional assumptions and hold. Denote n = || Z?zl eilel Z?:l eillg/n.

So, n = O(1) by (32I). Take w; =...= wy, = 1/||Z?:1 eilgand wi =...= wy, = 1/||Z?:1 e;llg*, so that (328)
holds by design. This choice also ensures that if we take y; = m/(nM) for each k € {1,..., n}, then (329)
holds (as an equality). Next, choose Cy = py for each k€ {1,...,n},aswellas f; =... =B, = | Zl ¢6illE

and ¢ = 1/mingeq, n pk- This ensures that (330) holds, and also that (339) commdes with the assump-
tion (322), sincen = O(l) The desired conclusion (320) therefore holds with Sx = (S1x1,..., S, Xx,) in (332).
In particular, if Sk = Id,;,, for every k € {1,..., n}, then we can take S = Idgm «__xgm» in (320). O

The following lemma provides a formula for the cone measure of Orlicz spaces. Fix a convex increasing
function v : [0,00) — [0, 00] that satisfies 1 (0) = 0 and lim_.o, ¥ (x) = oo (s0, if lim_. 4- ¥ (x) = co for some
a € (0,00), then we require that ¥ (x) = oo for every x > a). Henceforth, the associated Orlicz space (see
e.g. [RR91b]) 3 = R™, || - I ¢n) will always be endowed with the Luxemburg norm that is given by

n

VxeR",  lxle _1nf{s>0 Zw('iz|)<l}. (340)
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Lemma 153. Suppose thaty : [0,00) — [0,00] is convex, increasing, continuously differentiable on the set
{x €(0,00) : w(x) < oo}, and satisfies y(0) = 0 and limy—_.o, ¥ (x) = co. Then, forevery g € L, (kgn) we have

n!
—vol,,(Byn / g(0)dxn (0)
2n Vl( W) 0B/n v

341
Y v iy (v ) o

Iy v/ (w " (rah)

For example, when /() = t” for some p > 1 and every ¢ > 0, in which case £}, = ¢}, Lemma gives

r(1+2) goM! (1)
/ gd’K&l}/: pl n/ ! pl T dK[;‘(T),
0B,y n!l"(1+5) OB |71+ P

=/ gy ' (rihsign(ry),...,y " (Tal)sign(r,)) dcgn (7).
034111

where M., : R" — R" is the Mazur map [Maz29] from ¢} to £}}, i.e.,

L, 1
VxeR", ML ,(x1,..., xn) = (Ix1]7sign(x1), ..., |1 X, 7 sign(x,)).
As another special case of Lemma consider the following family of Orlicz spaces Qg =R |- ”Qg):
1 1)
ndef def Blog(ﬁ) ifo<r<l,
V>0, Q= en where  Vi>0,  yp(n= { 3 . (342)
Observe that by considering the case g = 1 of we obtain the following identity.
_ . _ . oyt rhy ap ()
faBg? gy (rihsign(ry), ...,y (IT,aD)sign( ) L ‘lﬁ’jy:ll;,(w"fl(lu;ﬂ))r dx 2 (1) 1)
4

dxon =
/63 ) gdxey f Y v Ny w (T dxpn (1)
o L LI () 4

When y = yj for some f > 0 (we will eventually need to work with < n), for every 7 € 0B,» we have

i v (riDylvp (mid) B, (1-e )R gty (ol 1)

I wplwy Az s L

Consequently, gives the following identity, which we will need later.

,Bn_l n
= Y (P -1). (344)
i=1

/ JoB,, g((ePml —Dysign(zy),..., (P! - Dsign(z,,)) L1, (P71 = 1) dicpn (1)
gdxkgn = — -
0By " Joby Tica (P! =1) dicgy (1)

(345)

Proof of Lemmal153 For each i €{1,..., n} define f; : R"” — R by setting f;(0) = 0 and

il
Iyllen

Consider f = (fi,..., fn) :R* = R". Then, || f() ez =1yllen for every y € R". Hence, f(B¢n) = Byr. Now,

1 1
/ 8O drgy (0) =" —— s / g(——x)dx
9By, volu(Bey) FBm) Ixlen

1 1 BI3)
S — —_ detf'(y)|dy “=
/qu(llf(y)llegf(y))l ety

VyeR"~ {0}, fin= IIyIIz;ll//_l( )sign(y,-).

VOln (Bg;l)

VOln (Bgir;/)

- detf'(7)|dxn (1),
VOln(Bg{lz/) /03,{; g(f(T))| etf (1)l Kor (1)

101



where in the final step we used the fact f is positively homogeneous of order 1, and hence its derivative is
homogeneous of order 0 almost everywhere (f is continuously differentiable on {y € R"; y,..., v, # 0}).
Since the volume of the unit ball of £} equals 2"/, it remains to check that the Jacobian of f satisfies

Y v Aniby! (v (D)
M, v/ (w=tdriD)

forevery T € OBgiz with 71,...,7, # 0. This is so because for every such t and i, j € {1, ..., n} we have

detf'(r) =

6ij—1isign(t;)
v (y i)
Hence, f'(1) = A(1) + u(t) ® v(r), where A(r) € M, (R) is the diagonal matrix Diag((l/l//’(z//’l(Iril)))?zl)

and u(t) = (W~ L(|7;Dsign(r;) — 7 /1y’ (@™ (7N, v(r) = (sign(r;))}_, € R". By the textbook formula for
the determinant of a rank-1 perturbation of an invertible matrix (e.g. [Mey00, Section 6.2]), it follows that

0 fi(r) = +1//_1(IT,'I)Sign(Ti)sign(Tj).

detf'(r) = (1+(A@) (1), v(r)))detA(r)
T;
w' (i) YRy my (T (TaD)
T2, v (v (7)) e, v'(v=tdmh)
Another description of kx is the fact (see e.g. [NR03, Lemma 1]) that the Radon—-Nikodym derivative
of the (n — 1)-dimensional Hausdorff (non-normalized surface area) measure on dBx with respect to the

(non-normalized cone) measure vol, (Bx)xx is equal at almost every x € 0Bx to n times the Euclidean
length of the gradient at x of the function u — ||ul|x. In other words, for any g € L, (0Bx),

1+ X% o/ (w (i) (v (riDsign(r;) — sign(7;)

/ g(x)dx = nvol,(Bx) / g || VI Ix () || pn dicx (x). (346)
0Bx 0Bx z
The special case g = 1 of (346) gives the following identity.
vol,—1(0Bx) IVIF-lIx (o) Ml gz
Pn-1W0X) _ n/ VI 1x(0) || pn dx (x) :][ Tzdx, (347)
vol,,(Bx) By 2 B  lxlg

where the second equality in (347) is an application of (313) because it is straightforward to check that
VI - llx(rx) ||/£z =Vl - lIx(x) ||[;t for any r > 0 and x € R" at which the norm || - | is smooth.

Remark 154. By applying Cauchy-Schwarz to the first equality in (347), we see that

vol,,—1(0Bx) ) 3 n
——< . . _(_n '
Vol (By) \n( /0 N (N RE] de(x)) (Voln B /a N VI lIx(x)

where the final step of is an applications of with g(x) = [Vl Ix(0)llzg. If |- Ix is twice continu-
ously differentiable on R” ~\ {0} and ¢ : R — [0, 00) is twice continuously differentiable with ¢’(1) > 0 and
¢"(0) = 0, then because for every x € dBx the vector V|| - [|x(x)/ | V] - lx(x) ||g£l is the unit outer normal to
0Bx at x, by the divergence theorem we have

V(poll- VI -
/ A((pOII-IIX)(x)dx:/ divV(<p0||-||X)(x)dx:/ (V(goll-lx)(x), VI - lIx(x))
0Bx dBx dBx [V lIx ()

1
2
adx|,  (348)
2

&

_ /0 I E AN

X

pdx=¢'1) / VI Ix G| ¢ dox.
0Bx

A substitution of this identity into (348) give the following bound.

1

VOln—l (an) \/ﬁ ( ][ ) !
S Algoll- axl’ o
vol, (Bx) Vo' \Jon, (poll-lx)(x) dx (349)
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In particular, for every p > 2 we have

vol,,—1(0Bx) n ) ) !
volp1008x) _ [n . |
vol,,(Bx) \/;( ]iXA(II llsc) (x) dx 350)

It is worthwhile to record separately because this estimate is sometimes convenient for getting
good bounds on vol,,_;(0Bx). In particular, by using when X is an ¢, direct sum one can obtain
an alternative derivation of some of the ensuing estimates. Another noteworthy consequence of is
when there is a transitive subgroup of permutations G < S, such that ||(xz(1),..., Xz()lIx = lIx]x for all
x €R™ and 7 € G. Under this further symmetry assumption, the first inequality of becomes

vol,_1(0Bx) _ 3 l-lIx )2 2
—_ < n: .
vol,(By) (/63( o1 (x)) dK"m)

The following lemma provides a probabilistic interpretation of the cone measure which generalizes
the treatment of the special case X = ¢ Z by Schechtman-Zinn [SZ90] and Rachev-Riischendorf [RR91a].

Lemma 155 (probabilistic representation of cone measure). Fix n €N and letX = (R", | -|x) be a normed
space. Suppose that ¢ : [0,00) — [0,00) is a continuous function such that ¢(0) = 0, ¢(t) >0 when t > 0
and fooo r"lo(r)dr < oco. LetV be a random vector in R" whose density at each x € R" is equal to

1
nvol,(Bx) [;° " (r)dr
where we note that in indeed a probability density by (313). Then, the density of |V x at s € [0,00) is
equal to s" ' @(s)/ [;° " (r)dr. Moreover, the following two assertions hold:

o V/||Vlx is distributed according to the cone measure xx,
e |Vlx andV |V |x are (stochastically) independent.

o(lxlx), (351)

Proof. The density of |V||x at s € [0,00) is equal to

d d( 1 / )
—Prob||V[x <s| = — = xlx)dx
ds [IVIix < 5] ds \ nvol, (By) [ L (r) dr SBX(P(H lx)

d (fos tr"‘lq)(r)dr) sl
ds\ [°r*lerdr) [ rm e dr
The rest of Lemma[155|is equivalent to showing that for every measurable A < 0Bx and p >0,

V
" ea|vix=
IV [IVix=p

To prove this identity, observe first that for every a, b € R with a < b we have

Prob =xx(A).

vol,([a, b A) = Voln(b(([o, 114) (% [0, 1]A))) = (b" - a")vol,, (0, 1] A).

Hence, it follows from the definition (312) that

ey = Yol DA o
X Vol (@, bI0By)
Consequently,
Prob[V € |[V|ixA —e<|IVIx <
Prob EA‘||V||X=P] _ i PrOPIVEIVixAand p—e < [VIx < p+e]
IVix e=0 Problp—¢ < IVIx< p+e]
= lim Jw0.00mntp-epreiong PUxIX) dx i YOln(lp—&,p+£14) — ()
0 f[p—s,p+£]63x ¢lxllx) dx e—0vol,([p—¢€,p+¢€]0Bx) ’

where the penultimate step holds as ¢ is continuous at p and ¢(p) > 0, and the final step uses (352). [
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Lemma 156. Fix m,n€N and p € (1,00). Suppose thatX = (R™, || - |lx) is a normed space. LetR;,...,R, be
i.i.d. random variables taking values in [0,00) whose density at each t € (0,00) is equal to

Lt#z—le—tz”%_ (353)
2(p-1r(%)
Then,
Volum-1(0Beng) — pI(1+57) n 2 \2
= [E R V * ] m d 2" IAREE) . 354
Volum(Bryoo)  T(1+22) /(aBX)n [(; A0 x5 )7 | g™,y ). (354)
Furthermore,

nm m+2p-2
nl (3 p )T( +2P . / VIl x
P(H)T(===) Jom

2 2
erem dK[;(X) e d’Kx. (355)

/ [V lenx
0B x)

Proof. For almost every x = (x1,...,X,) € fZ(X) we have

1 -1 -1
vnwu;(xﬂx):'—(nxln,’z VI lIx(n), oo 1l VI IxGen)).
;X

Consequently,

1
2 )2
5 11
2
(Z 12 91 ) :
where we used the straightforward fact that the gradient of any (finite dimensional) norm is homoge-

neous of order 0 (on its domain of definition, which is almost everywhere).
LetV = (Vy,...,V;) be arandom vector on ZZ(X) whose density at x = (x,...,X) € EZ(X) is

n
2p-2 Xi
, (Zmu” [vn-ix(z=——]],
2@\ 3 Il enx)

Pl Hv Ngn (—)
”x”ZZ(X) IR V'S 15l
g (356)

Ilxi ||X)

1 5l 1 T oIl
o Mg _ 3 (357)
T(1+ 22)vol,n (Bryx) - T(1+ 22 )volum (Bryw) i- e

By combining Lemma[155|with the first equality in (347), we see that

VOlnm_l(aB["(X))
P — nmE ||V||-||é;§(X)(—) oo ] (358)
volym(Benx)) IVlleneo Mz ez
Also, using the formula from Lemma for the density of |V ¢2x), for every g > —nm we have
f §m+q-1,-s" 4¢ r(nm+q)
O p
E[IVIfy 0] = “somamorg = TEOR (359)
p
Consequently,
\Y \Y
VI 90 U0 g e | = £ 90D ) |
E|IVIZ L V11 (X)(”V”[Z(X)) ey | =E[ VWi [ |91 ||z,,m(”\,”[z(x)) e
-1 (360)
B F(—nmpp ) VOlnm_l(aB[;(X))

)

B nml“(%) . VOlnm(B[;;(X))
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where the first step of (360) uses the independence of ||V||[n(x) and V/||V]|| %), by Lemmaﬁ and the
final step of (360) is a substitution of (358) and the case g = p — 1 of (359). Hence

VOlnm_l(aB[;(X)) an(1+ P) V
- T E [ IV oo [ 91 1ego0 (=) |, m]
VOlnm(B[Z(x)) F(1+T) IVllenexy 7 ez @5 61
1
pF(1+ ) 2p—2 V 2 %
—r(1+"’” y [(Zuv o (=)o) ]

where in the last step we used the identity (356).

The product structure of the density of V in means that Vi,...,V, are (stochastically) indepen-
dent. By Lemma for each i €{1,..., n} the random vector V;/||V;|x is distributed on 6 Bx according
to the cone measure xx, and it is independent of the random variable

VA (362)

whose density at ¢ € (0,00) is equal (using Lemma(155/once more) to

i . T _i/tzp2 e = p ezl *IZ”%
grProb[ Vil <177 | = o Prierar 2p-vr(®m) ¢
Hence, the identity which we established above coincides with the desired identity (354).

To prove the identity (353), let R be a random variable whose density at each ¢ € (0, 00) is given by (353),
i.e,, Ry,...,R, are independent copies of R. Then, for every a > —m/(2p — 2) we have

o _p_ I'2a + m=2a
[R?] = Lm/ el =t g (—m”)_ (363)
2(p-0r(%) Jo r(y)

Using Lemmal(155| (including the independence of V;/||V;lx and [|V;]x), we have

Vi 2
[va e M| 8 =n[ElR1/aB 91 1xz;dxx
X
nr(m+2p—2 (364)
i [ Il
= X[ gm AKX,
(%) x ’
where we recall (362 m and the last step of (364) is the case a = 1 of (363). At the same time,
V; 2p-2 \ 2
O M T B R R e P
V 2
=E[IV s E||v — ]
Vi Il m(”\,”m) . (365)
1_‘(nm+2p—2)
p 2
= Tram VI Nepoo [n ey dxeps
(7) 0Bnx)

where the first step of (365) uses the identity (356), the second step of (365) uses the independence
of ||V||gz(x) and V/||V||(Z(X) per Lemma ‘ and the final step of uses the case g = 2p —2 of (359) and
Lemma(155| The desired identity (355) now follows by substituting (365) into (364). ]

The following lemma will have a central role in the proof of Theoremﬂ 24]and Theorem[47

Lemma 157. Suppose that n,meN and B > 0 satisfy f < Z5—. Then, for every1 < p < m we have

iq(B[Z(QZZ)) =v/nm=,/dim (BZ(QZ’)),
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where we recall that the normed space QZ’ =R™ |- IIQ;;) was defined in (342).

Prior to proving Lemma[157} we will show how it implies Theorem[47} and then deduce Theorem [24]

Proof of Theorem[47 assuming Lemma[157 By the assumption of Theorem[47} write n = km for some

k, m € N with max{2, p} < m < eP. Then (m—1)/2 > 0 and m > p, so we may apply Lemma [157|with n

replaced by k and = (m—1)/2. DenotingY = ¢ f, (QZ’), the conclusion of Lemma is thatiq(By) = /n.
Y is canonically positioned (it is a space from Example[41). To prove Theorem[47] it remains to check

that || lly = |- IIg;;, where, since n = km, we identify R” with M, , (R), namely we identify [Z with l';,((,’;‘).
In fact, for any > 0 (not only our choice § = (m —1)/2 above) we will check that

_B
vxeR™,  (1-e7n)Ixlay < Ixlen < lxloy. (366)
It follows from (366) that || - ||ng =|l-llgmw when f=m.But, |- llgz = |- [l by the assumption e” > m. So,
p=n=|-lly=I- ”[f;(g;}n) =" ”ﬂ;’(gorg) = ||g§([pm) = ”l;.

Fix x € R™. To verify the second inequality in (366), the definition (342) gives 7" | yp(|x;]/5) = co when
0<s< lxllgm, so |lx] ay > |l xllgm by (340). For the first inequality in (866), by direct differentiation it is
elementary to verify that the function u — log(1/(1 — u))/u is increasing on the interval [0, 1). Thus,

1 ) log ()
< t.
—t ap

1
0<t<a<]l = Wﬁ(t)zﬁl‘)g(l

Hence, for every fixed0 < a < 1,

1 mo il log () mlog (=)
> - m — < 7 < m,
52 gholey = Youp( ) < X =L bl < == ey (367)

Provided a > 1-e A/ the choice s = mlog(1/(1-a))llxllgm/(apP) satisfies the requirement s > || x| om / ,

so we get from (340) and (367) that

mlog ()
Ixllay < ———=llxlg. (368)
ap
The optimal choice of a in (368) is a = 1 — e~#'™, giving the first inequality in (366). U

Having proved Theorem (47| (assuming Lemma which we will soon prove), we have also already
established Theorem 24| provided n € N and p > 1 satisfy the divisor condition (74). Indeed, the space Y
that Theorem[47|provides is canonically positioned and hence by the discussion in Section|[L.6.2]it is also
in its minimum surface area position, so by [GP99} Proposition 3.1] we have

MaxProj(By) vol,—1(0By) (iq(By) ) 1 1 G5 1L
= = 1 = 1 = nr ’
vol, (By) vol, (By)vn v Jvol,(By)n  voly( Byn)n
where the penultimate step uses the fact that iq(By) = v/n by Theorem and also that by Theorem
we have | - ly = || - ¢z, which implies that the n’th root of the volume of the unit ball of Y is proportional

to the n’th root of the volume of the unit ball of £};.
The deduction of Theorem [24]for the remaining values of p > 1 and n € N uses the following identity,
which we will also use in the proof of Proposition[163|below.

Lemma 158. Fix n,meN. Suppose that K <R" and L < R™ are convex bodies. Then,

MaxProj(K x L) _ (MaxProj(K)? MaxProj(L) 2
volim(K xL) ' vol,(K)2 vol,, (L)2

106



Proof. Fix ze §"*™~1 By the Cauchy projection formula [Gar06] that we recalled in 30), we have
. 1
Vol m—1(Proj,. (K x L)) = —/ |<z, Nk xr(w))| dw,
2 JawxD
where Nk« (w) is the (almost-everywhere defined) unit outer normal to 8(K x L) at w € (K x L). Now,

OKxL)=0@KxL)UKx0L) and  volys+m-1(0K x L)N (K x L)) = 0.
Consequently,

. 1 1
VOl s m-1(Proj,. (K x L)) = 5/ |<z, N (w))| dw + 5/ |<z, Nix (w))| dw.
OKxL Kx0L

If we write each w € R" as w = (w,, w») where w; € R” and w, € R™, then for almost every (with respect
to the (n + m — 1)-dimensional Hausdorff measure) w € 0K x L we have Nk« (w) = (Nx(w;),0). Also, for
almost every w € K x 0L we have Nk (w) = (0, N (w>)). We therefore have

vol,, vol, (K)

L
()/ |(z1, N (x))|dx + / |<z2, NL.(3))|dy
2 0K 2 oL

= Vol (L)vol—1 (Proj LK)l z1 ll ¢z + voln (K)volym—1(Proj_: L) zzll ey,

volys m—1(Proj,. (K x L)) =

where the last step is two applications of the Cauchy projection formula (in R” and R"). Hence,

vOlp4m—1(Proj . (K x L)) i Vol m—1(Proj,. (K x L))

Vol (K x L) vol, (K)vol,, (L)
vol,_1 (Projzf K) vol,,—1 (Pron;_L)
= VoL (K) lz1llep + vol,. (1) I Z2ll .
Consequently,
MaxProj(K x L) _ o Vol m—1(Proj,. (K x L))
Vol (K x L) zegn+m-1 voly 4 m (K x L)

VOl m-1(Projiuxs vy (K x L))
= max max max
(u,v)€S! xe§n-1 ye§m-1 vol,, 4 m (K x L)

vol,,_1(Proj. K) Vol (Proj,. L)
vol, (K) voly, (L)
MaxProj(K) MaxProj(L)
max lul + vl

wwest\  vol,(K) vol, (L)
~ (MaxProj(K)2 . MaxProj(L)z)é
| vol,(K)? vol,, (L)?

We can now prove Theorem[24]in its full generality using the fact that we proved Theorem[47]

[v]

= max max max
(u,v)eS! xeS"~1 yeSm-1

Proof of Theorem[24, Let m be any integer that satisfies max{2, p} < m < e” (if 1 < p < 2, then take m = 2,
and if p > 2, then such an m exists because e’ —p > e?—2 > 5). Write n = km+ r for some k € NU{0} and
r€{0,...,m—1}. If r =0, then m divides n and we can conclude by applying Theorem[47]as we did above
(recall the paragraph immediately before Lemma[158). So, assume from now that r > 1.

By Theorem47|there is a canonically positioned normed space Y = (Rkm, [I-ly) such thatiq(By) = Vikm
and [|-ly = |I- ||él;m. Define YZ = YEBOOQ;;, where § = r and iq(Qg) = /r; such f exists trivially if r = 1, and if
r > 2, then its existence follows from an application of Lemma (with the choicesn=1and p=m =r).

Since f=r, by we have | - IIQ/g = |- llgr,- Also, I - llzr, = || -l 7, since e” > m > r. Consequently,

1
VoY) eR xR, max{llxly, 1yliagh = max{ldl g, 1vley} = (1510, + 117,
p
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Recalling the definition of Y}, this means that || - lly; = |- | zz-
Since both Y and Qg are canonically positioned and hence in their minimum surface area positions,

MaxProj(By) _ (iq(BY)) 1 _ 1 = (km)?
= T 1 ’
volj, (By) Vkm ) volgy, (By) % volgy, (B im) ¥
p
and .
MaxProj(Bqy) (iQ(QB)) 1 1 1
= - = T = 1=rr.
vol, (BQ/Q) VT vol(erj) r o vol(¢r)”

Consequently, since By, = By x BQ;, by Lemma we conclude that

=

< =
O

) . 2\
MaxProj(By;) (1\/[31XPY0]'(BY)2 MaxProj(Bay) )2 = ((km)% + r%) = (km+1)7 =n

vol, (Byz) volim (By)?* vol, (BQZ)Z
The following lemma will be used in the proof of Lemma[157

Lemma 159. Suppose thatmeN, r e NU {0} and > 0 satisfy f < %"2 Then

00 k k oo Rk k r —_1)!
/ (emm_ $ 0 le ) ey (1) = / (Z p le ) dign(r) = DU DL 36,
aB[{n : aB[i" '

el & (m+r =1

Proof. Let Hy,...,H,, be independent random variables whose density at each s € R is equal to e™'*/2.
Then, |H1l,...,|H;;| are exponential random variables of rate 1, and therefore if we denote

def &
r'sY [Hil,
i=1

then I has I'(m, 1) distribution, i.e., its density at each s > 0 is equal to s"*~ e~/ (m - 1)!; the proof of this
standard probabilistic fact can be found in e.g. [Durl9]. By [SZ90, RR91a] (or Lemma|155), the random
vector (Hy,...,Hp)/T is distributed according to x4 and is independent of I'. Thus, for every k € N,

k C[IHil®] E[IHR] Jooskesds _ Km-1)!
71l dK[;ﬂ(T) =L | = = T T 3
OBy I E[T¥] mfo N e~Sds (k+m-1)!

Consequently,

00 ﬁk|T1|k) _(m—l)! 00 ﬁk+m—1 ~ ﬁr(m—l)! /1 Bty omir—2
/aB[m(k; m ) e = ,C;,(k+m—1)!_(m+r—2)! M- dr,  (370)

where the last step is the integral form of the remainder of the Taylor series of the exponential function.
Itis mechanical to check that (369) holds for m € {1,2}, so assume for the rest of the proof of Lemmal159
that m > 3. We then see from (370) that our goal (369) is equivalent to showing that

1

1

/ Pl — ™24 = ) (371)
0 m+r

For the upper bound in (371), estimate the integrand using (1 — ¢)"*" 2 L emmFr=21 ¢ get
1— e—(m+r—2—ﬁ) 1

1 1
/ eﬁl’(l _ t)m+r—2 dt < / e—(m+r—2—ﬁ)tdt — - ,
0 0 m+r—-2-0 m+r

where we used f < Z%I=2 For the lower bound in @71), since (1 - )™*"2 > 1when0< t < %

m+r-2’

1 1 5 1 5 B
m+r— m+r— em+r-2 — 1 ]_
/ eﬁf(l—t)m”‘zdt}/ efra - t)m”_zdtZ/ ePldr= = ,
0 0 0 B m+r
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where in the last step we used the assumption 8 < %r—Z once more. O

Proof of Lemmal[157 By combining the case g = 1 of (341) with (344), we see that

'Bm—lzm

voly, (BQ;}V!) = 2p)

Blt1l ASk
m e —1)dkym(t) = .
eﬁm' ann( ) [1 ( ) eﬁm'

(372)

Since we are assuming in Lemma|157|that § < m, in combination with (315) we get from (372) that
B

1
Volnm (BgZ(le)) nm = T , (373)
nrm

At the same time, by applying Cauchy-Schwarz to the identity (354) of Lemma([I56/we have

Vol m-1 (aBZ"(QW’)) pr(l + M) %
pap) " (H(E[Rl])/ IVI-lp©) 15 dicy (9))
volum(Beyam)  D(1+221) 0Bam ?

(374)

1
2
’

= nHm(/ [V oy @)]17, dm;;z(e))
6BQﬁm 2

where the random variable R; is as in Lemma [156} i.e., its density is in (353), and the last step is an
application the evaluation (363) of its moments and Stirling’s formula, using the assumption 1 < p < m.
Recalling (342), even though |- || ar is defined implicitly by (340), we can compute V|- || ar (6) for almost

every 0 € aB%n as the unique vector v € R™ that is normal to aBQZ‘ and satisfies (v,0) = 1. Indeed, since
692” is parameterized as the zero set of the function W : R" — R" that is given by

n def . &
VxeR", W)= 1-Y yp(lxiD),
i=1
the following vector is normal to OBQﬁm for almost every 6 € OBerSn.

vp(©) T VE(0) = (5 (101)sign1), .., Y510, )sign(@m)).

So, V| - ”QB" 0) = Ag(0) vg(0) for almost every 0 € aBQr;, where A4(0) € R is such that (15(0)v(0),0) =1,
i.e., 1p(0) = —1/{vp(0),0). This shows that for almost every 6 € OBQ;;:,

1
V-llan(0) = =———————(w;(1011)sign(01),...,w5(10,,1)sign(@,,)
-l ;';1|9i|w,;(|9,-|>(”’ﬁ' 1Dsign (1), ..., Y50 )sign@m))
B 1 ( sign(07) sign(@,,) ) (375)
B 16;] -6, 1= ’

where the first equality in (375) holds for any v that satisfies the conditions of Lemma and for the
second equality in (375) recall the definition of the specific vp that we are using here. Therefore,

2 .
Z;Zl 2Pl
0Bem ¥ (ePTil-1)

mfaB[In (efiml—1) dxgm (1)

K om (T)

2 p—
/a by VI lap ©) |7y dxap ©) =

Tl . (376)
i= ! 2P|t
fan" ﬁle-"illnl ng;n ) faBz{" € 1 ngin () m

< = = —,
mfann (ePmil —1) dx gy (1) ﬁfaB‘,{n (ePmil—1)dkym(z) 2
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where the first step of (376) is a substitution of (375) into (343) while using (344) and that 1//‘1 (H=1-ePt

for every t > 0, the second step of (376) uses the inequality e’ > ¢+ 1 which holds for any ¢ € R, and the
final step of (376) is an application of Lemma[159] Now, a comblnatlon of (374) and (376) gives

VOlnm—l(aBéﬁ(le)) _ nrtim
volum(Bepam) ™~ P

By combining (373) and (377) we conclude that

Nlw

(377)

Volnm_1(03/g(§2;,")) 1

] Volnm(B[Z(Q;))W <+vnm.

i Boniomy | =
ia(Beyap) volum (Beyar

The reverse inequality iq(ng(Q;jn)) 2 v/'nm follows from the isoperimetric theorem (I2), so the proof of
Lemma|157|is complete. Note that this also shows that all of the inequalities that we derived in the above
proof of Lemma are in fact asymptotic equivalences. This holds in particular for (377), i.e.,

volym-1 (513[;(9;;’)) wrtim

volum(Beyam) B

(NN

0

The following asymptotic evaluation of the surface area of the sphere of £},(¢7') in the entire range of
possible values of p, g > 1 and m, n € N is an application of Lemma by (B16) it is equivalent to (83).

Theorem 160. Foreveryn,meN and p, q € [1,00] we have

1
norma mgmin{%,q},
I
| (aB ) 2 F(1+5) F(1+?) \/ﬁn2+pm2+q %gmgmln{p,q}, (378)
VO -1 onemy ) = ‘ 1,1 1
nm ria T(1+2)"T (1 + 222) Vvpgn: rms  max{Z,qt<m<p,
1.1 1
n2trm!'ty p<m<yq,
1,1 1.1
Van2 rm? e m>maxip, q}.

Proof. By continuity we may assume that p, g € (1,00). Suppose that G is a symmetric real-valued ran-
dom variable whose density at each s € R is equal to

1 1l
e 15",

—_— (379)
1
2r(1+4)

Let Gy, ..., Gy, be independent copies of G. Set U det (Gy,...,Gn) € R™. By the probabilistic representation

of the cone measure on 9B, in [SZ90, RR91a] (or Lemma, the random vector U/ ||U]| ¢ is distributed
according to the cone measure on Onga, and moreover it is independent of U IIg;".
Consider the following random variable.

2g-2
(ST

Zq -2
Zq 2 Z IIUIIW' (380)

N dgf

VIl

)
(18] 22 o (19 A
If we let Ny,...,N,,Ry,...,R, be independent random variables such that Ny, ..., N, have the same dis-
tribution as N, and Ry,...,R;, are as in Lemma then by Lemmawe have

Vol m—-1 (aBgZ(g;n)) B pF(l + %)
Volnm(BgZ(g;n)) F(l+%_l)

E(Z] = pn? mPE[Z], (381)
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where for (381) we introduce the following notation.

def(ZR N; ) : (382)

Let R be a random variable that takes values in [0,00) whose density at each ¢ € (0,00) is given by (353),
i.e., Ry,...,R;, are independent copies of R. We computed the moments of R in (363) and by Stirling’s
formula this gives the following asymptotic evaluations.

E[R7] = 2", (383)
p
[E[R]:max{ﬂ,l}m " (384)
p p
E[R?] vmax{ﬁ 1}ﬂ (385)
pPlop

We also need an analogous asymptotic evaluation of moments of the random variable N in (380).
Observe that the random variables N and ||U||[Zl are independent, since U/ ||U||z;" and IIUIII;" are inde-
pendent and N is a function U/[[U]|sz. Consequently, for every > 0 we have

[E[||U||(2”’ Z)ﬁ][E[N,B] [E[||U||(2,,7 Z)ﬁNﬁ] -[E[”U”/’ z)ﬁ] (386)

Since (e.g. by Lemma | the density of [|U[|,» at s € (0,00) is proportional to s 1e=5" we can compute
analogously to (359) that

2q-2)p fo smIr@aDf s ds r(2p+ '”Z,Zﬁ)
E[1ung ") = = )

Crm-le=ridr I(

<3

Therefore (386) implies that

1—* m
E[NF] = W, m) w7 E[nung 7).
r(2p+ == 7 a
By considering each of the values 8 € {%, 1,2} in this identity and using Stirling’s formula, we get the
following asymptotic evaluations of moments of N in terms of moments of ||U Ilggzq i

EN?] = —LE[ung," . (387)
m q
2q-2
E[N] mm{ }m 2[E[||U||" ] (388)
[E[Nz]zmin{’f;,} ?4[E[||U||4‘7 . (389)
q

Due to (387), (388), (389), we will next evaluate the corresponding moments of || U]| o, Recalling the
density (379) of G, for every 8 > —1/(2g — 2) we have

r(2=2pg+1

r(1+) ql“(1+[—17)

Hence,
E[IGI7] = E[|GP92] =E [IGI4”"4]:$. (390)
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We therefore have

E[1uizs 2| = meliGR-2) %, (391)
and
[E[||U||4" = [E[(ZIG 120~ 2) = mE[|G*94] + m(m - 1)(E[|GI29-2])? © max{%,l}%. (392)
Consequently, using Holder’s inequality we get the following estimate.
D eiurzg ] =e[wigy’ i
(393)

< oy ) elog ) B (o ) (2} 2

This simplifies to give
[E[||U|| ]>mm{ ﬂ,ﬂ}. (394)
q q

At the same time, by Cauchy-Schwarz,
q-1 2q-2 m
ey’ | < (i) = 5 (395)
S

D=

Also, by the subadditivity of the square root on [0, c0),

(ZiG 272)? ]<rE fllGjW‘l

By combining (395) and (396) we see that (394) is in fact sharp, i.e.,

[E[||U||q,;1]:min mmg (397)
b2 q’q

By substituting (397) into (387), and correspondingly (391) into (388) and (392) into (389), we get the

following asymptotic identities.
E[Ni]:min{,/i,l}mi, (398)
m

E[N] :min{%,l}m‘i, (399)

E[IUI7;, ] E = mE[1G”"]

m
—. (396)
q

21_ .. (4 4
E[N?] Amm{W,l}mq. (400)
By combining (384) and (399) we see that
max{m, p} min{q, m}
p?
Using Cauchy-Schwarz, this implies the following upper bound on the final term in (381).

2_2
nma r,

E[Z%] = n(EIRI)(EIN]) =<

pnr’ mP[E[Z] pnr mlﬂ([E[Zz])2 =nitrmi v/max{m, p} min{m, q}. (401)

Also, recalling (382) and using the subadditivity of the square root on [0,00) in combination with (383)
and (398), we have the following additional upper bound on the final term in (381).

= pn"™ P m7 (E[RE])(E[N?]) = ' P m?2* e /minim, g1 (402)

1

pnr’ mrE[Z) < pnﬂmr’[E[ Z RZN?

1

A NI
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It follows from (40I) and (402) that

1 1

pnrmrE[Z] < n%+% m% vmin{m, g} min{\/nm, vmax{m, p}}

1 1
n1+Pm1+‘7 mgmin{%,q},
141 141 p
Jan'imiti q<m<?,
1,1 1,1 .
\/ﬁl’l2+pm2+q %gmgmln{p,q}, (403)

1,1 1

\/an"—pmq max{%,q}gmgp,
1

n2rm psm<y,
1,1 1.1

\/ﬁn2+ﬂm2+q m = max{p, q}.

We will next prove that (403) is optimal in all of the six ranges that appear in (403); by (381) and (316),
this will complete the proof of Corollary Recalling (382) and using (384), (3853), (399), (400), the

fourth moment of Z can be evaluated (up to universal constant factors) as follows.

n n
E[Z*] =E| Y. Y R;R;N;N;
i=1j=1
= n(E[R?])(E[N?]) + n(n— 1)(E[R))*(EIN])?
_ (max{m, p})3imin{m, qh? i1, (max{m, p}I:lin{m, gh? 2, 44 (404)
P p
_ (max{rm, p} min{m, q})* max{nm, p}nm%_%_l
P
By using Holder’s inequality similarly to (393), we conclude that
11 11 ([E[ZZ])%
pnrmrE[Z] = pnrmp -
(E[24])
n e m'ta m<min{Z,q},
Janhmtth gem<?
qn  rm qsmsx 4,
1 1 1 1
EDAEDD 141 Ll y/max{m, pymin{m, q} _ < vpn rm?' e 2<m<minfp,q}, 0
- - 1,1 1 .
v/max{nm, p} ,/lpqlnfrﬁlmﬁ max{Z,q} <m<p,
nitemita p<m<q,
1 1 1 1
\/ﬁn5+5 mz e m>max{p, q}.

Lemma[161]below applies Theorem[160]iteratively to obtain an upper bound on the surface area of the
unit sphere of nested £, norms on k-tensors (the case k = 2 corresponds to n by m matrices equipped
with the £7(¢7") norm). The second part of Lemma namely the conclusion below, is an imple-
mentation of the approach towards Conjecture[9|for the hypercube that we described in Remark[55}

Lemma 161. Suppose that k,ny,...,ng € N and py,..., px € [1,00] are such that ny > max{3, p; — 2} and
mny...nj_1 = pj—2 for every j € {2,...,k}. Define normed spaces Yy,Y1,..., Yy by setting Yo = R and
inductivelyY; = Z;Z (Yj-1) for jefl,...,k}. Then,

voln,..n,-1(0By,) _ o LI AT
<e?yprln, . (405)
VOlnl..J‘lk (BYk) h ]1:[1 /
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Hence, using the natural identification of the vector space that underlies Y, with RIMY® = gmne-ne jfip
addition we have ny = O(1) and p;j =logn; for every j € {l1,...,k}, then

MaxProj(By,) _ o

By, € B amop € €”® By, and <P, (406)
® voldimv,) (By,)
where we recall the notation (52).

Proof. Suppose that n,m e Nand p € (1,00). By applying Cauchy-Schwarz to the right hand side of
while using the case a = 1 of (363), we see that for every normed space X = (R, || - [ x) we have

VOlnm—l(aBZZ(X)) pr(1+n_m) (nr(m+ip—2)
volum(Brgeo) — T(1+220)( T(Z)  Jon

If also m > max{3, p — 2}, then by Stirling’s formula (407) gives the following estimate.

[vIl- IIXIIZW de) : (407)

vol,m—1(0B¢n :
wn1(0Beo0) Fhm{ [ 191l dx (409
VOlnm(BZg(X)) 0Bx z

By continuity we may assume that py, ..., px € (1,00). Denote dy = 1 and d; = dim(Y;) = nyny...n; for
J€{l,..., k}. We will naturally identify Y; with R, | - ly,). As Yy = ﬁzz (Yi-1), we deduce from (408) that

1yl k-1 ) i
Sny pk(l‘[ n])( / VIl ||€g,k_1 dKYkl) . (409)

j=1 0By, ,

VOldk—l (aBYk)
VOldk (BYk)

At the same time, by for every j € {1,..., k} we have

Y

nT(G)r (=)
2 p; p; 2
/63Yj ”V" Iy, ”[;11 dKYj F(L)r(dj+2p]j—2) /03 ”V” v, ”[jj—l dKYf—l' (410)

Pj Pj
Ifalso j > 2, thend;_; > n; > 3 and by assumption d;_; > p; — 2, so by Stirling’s formula (410) gives

2

. 2 i 2
Vjef2,..., k} /GBY IVI-lly, ”l’? dxy, = ”,'-7’ /03Yj_1 IVI- Iy, ||[;,j71 dxy,, . (411)

When j =1 we have dy = 1 and n; > max{3, p; — 2}, and therefore by Stirling’s formula gives

2
/aB ||V||-|Iszl||§§1d1<yl=191nf1 : (412)
Y

1

Hence, by applying (11) iteratively in combination with the base case (412), we conclude that

71

/a ||V||-IIYk71||§;HdKYk1\ e H : (413)
Y :

k-1

A substitution of (413) into (409) yields the desired estimate (405).
To deduce the conclusion (406), note that for every j € {1,..., k} we have the point-wise bounds
1

-
<l

. <I-ly, =11l )
0, < =Dy oy

It follows by induction that

1
Pj k
1l < -l < (Hn )n i = P
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where the final step holds if p; =logn; for every j € {1,..., k}. This implies the inclusions in (406). Fur-
thermore, Y. belongs to the class of spaces from Example[39] Hence Y is canonically positioned and by
the discussion in Section know that By is in its minimum surface area position. Therefore,

MaxProj(By,) _ voly,—1(0By,) eIty \/ﬁﬁ n% = O
volg, (By,) voly, (By,) v/ dx j=1 !

where the first step uses [GP99, Proposition 3.1], the second step is (405), and the final step holds because
p1=0(1) and p; =logn;. This completes the proof of (406). O

The following technical lemma replaces a more ad-hoc argument that we previously had to deduce
Proposition below from Lemma (161} it is due to Noga Alon and we thank him for allowing us to
include it here. This lemma shows that the set of super-lacunary products njn, ... nj that can serve as
dimensions of the space Y in Lemma[161|for which holds is quite dense in N.

Lemma 162. For every integer n > 3 there are k, m € NU {0} and integers ny < ny < ... < ny that satisfy
* n=nnp...N+m,
e mel6,7tandn; 1 <2 < n?+1forevewi e{l,...,k—-13,
e m< (logn)ttol),

Prior to proving Lemma (162} we will make some preparatory (mechanical) observations for ease of
later reference. Note first that the conclusion n;,; < 2™ < n? 1 of Lemma can be rewritten as

Vie{l,...,k—1}, logzniﬂgniglog%niﬂ.
It follows by induction that

Vie{l,...,k, logln <n,<log[\kf” ko (414)

where, as in (I35), we denote the iterates of ¢ : (0,00) — R by @ = ¢ olU=1: (9U~1)~1(0,00) — R for
each j € N, with the convention ¢! (x) = x for every x € (0,00). Since n, € {6, 7}, it follows from @14) that

k=log"ni <log*n. (415)
Consequently,
k k
nilogng = ngng—y < [[ ne <n=m+ ] np < logn)' W + Hlog[\kf”
i=1 i=1
< (log n)% + nk(lognk)(loglognk)o(bg %) < (log n)% + ni(log ni)?.

This implies the following (quite crude) bounds on r.

< . 416
(logn)? ~ T~ logn (416

Note in particular that thanks to (416) we know that (415) can be improved to k =log*n.

Proof of Lemmal[162. LetM =N be the set of all those x € N that can be written as x = n ... ny for some
k,ny,...,ni € Nthat satisfy ny > ng_; >...>n; €{6,7} and
Vie{l,...k=-1}, nu<2"<nl,,. (417)
The goal of Lemma|162|is to show that there exists x € M such that
n—(logn)'*°W < x < n. (418)

By adjusting the o(1) term, we may assume that n is sufficiently large, say, n > n(0) for some fixed n(0) e N
that will be determined later. We will then find x € M with a representation x = ny n, ... n as above and

n—mny...Ng_1 LX< n. (419)
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This would imply the desired bound (418) because

k-1 -k 1 415 m
ni < log[k The < (logny'°W "< (ogn)' oW, (420)
1

i=1 i=
We will first construct {yi}‘i’g1 < M such that y; =7 and y; < y;4+1 < 12y; for every i € N. Furthermore,
for each i e N there are k, ny, ..., ngy e Nwith y; = nyn,...ng such that ng > ng_, >...>n; € {6,7} and

vje{l,..., k—1} <2M <2n? (421)

]+1 ~ ]+1’

which is a more stringent requirement than (417). Note in passing that (421) implies the (crude) bound

H 1+ —) (422)
j=1 nj
To verify (422), note that since {n j}k is strictly increasing and the second inequality in (421) holds, it is
mechanical to check that ny > 6, n, > 7, n3 > 8, ny > 12 and nj41 > 3n; for every j € 4,5,...,k—1}. So,

k
1 1 1 1 1 1\ 1
_ Z o520 255 — - - 8
j]:[1(1+ nj) < (1+6)(1+7)(1+8) 0125 (1+6)(1+7)(1+8) ei <2.
Suppose that y; has been defined with a representation y; = nyny... nj that fulfils the above require-
ments. Define mo, my, ..., my € Nwith mg =6, my = ny+1and mj € {nj,nj+1} forall je{l,...,k—1} by
induction as follows. Assuming that 7, has already been constructed for some j € {1,...,k— 1}, let

def{ nj if mi, <2M,
j =

. nj
nj+1 if ms,, >2"%.

(423)

Definition (423) implies that m; < m;.;. Indeed, nj <njy soif m; = nj, then n; <nj,; < mj, since
mj1 2 nj.1 by the induction hypothesis. On the other hand, if m; = n;+1, then since the first inequality
in (421) holds, the definition (423) necessitates that m;,; = nj + 1, so m; < m;, in this case as well.

Definition (423) also ensures that the requirement [421) is inherited by {m j}];:p ie.,

Viel,..., k-1 <2™ <2mf,. (424)

]+1
Indeed, if m; = nj, then m? L1 <2 =2 by (423), i.e., the first inequality in (424) holds, and the second
inequality in (424) holds because m;,; > n;;; and (421I) holds. On the other hand, if m; = n; +1, then
by (423) we necessarily have mj,; = n; +1 and m? +1 > 2", which directly gives the second inequality
in (424), and in combination with (421) we also get the first inequality in (424) because

mjq (nj+1)° az (n; +1)2<

om; - 2n]+1 \ zn?

X Y

where the final step uses n; > 6, though n; > 1/(v/2—1) = 2.414... is all that is needed for this purpose.

If the above construction produces m; € {6,7}, then define y;1 = mlmz .my. Otherwise necessarily
my = ny+1 =8, so (424) holds also when j = 0 (recall that mg = 6, hence m1 26 = 2) 5o we can define
Yi+1 = Moem;y ... my and thanks to (424) in both cases y;+1 has the desired form. Moreover,

(422)

Yirl o 6]_[ (1+—) < 12
Yi nj
This completes the inductive construction of the desired sequence {y;}72, <M.

With the sequence {y;};2, < M at hand, will next explain how to obtaln for each integer n > n(0),
where n(0) € N is a sufficiently large universal constant that is yet to be determined, an element x € M
that approximates » as in (419). Let i € N be such that y; < n < y;+1 and denote y = y;. Thus, there are
k,ni,...,n eNforwhich y = nyn,...ni such that ny > ng_; >...> ny € {6,7} and holds.
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If y>n—niny...ng_1, then x = y has the desired approximation property, so suppose from now that
y<n—mny...ng_1, or equivalently n/(nyny...ng_1) > y/(nny...ng_1) + 1 = ni + 1. Hence, if we define

,def{ n
e

= —J and  x=niny...ng_1ny, (425)
ning...,Ng_q

Then nj > ni +1 2, n/(log n)?, where we used (@16). Consequently, recalling (@14), there is a universal
constant n(0) € N such that if n > n(0), then n;c > max{144, ny_1}. So, the sequence nl,ng,...,nk_l,n;C
is still increasing. Since by design x satisfies {419), it remains to check that x € M, i.e., that holds.
Since ny, ..., ni are assumed to satisfy the more stringent requirement (@21), we only need to check that

n, <21 < (n))?. (426)

The second inequality in (426) is valid since (421) holds and 7). > ny. For the first inequality in (426), note
that y < n <12y, as y;+1 < 12y;. Hence, n}c <nl(nny...ng-) <12y/(mny...ng_1) = 12ng. Therefore,

L @2, (m?
20 > > (E) > ny,
where the last step uses the fact that n}c > 144, O

We are now ready to extend the conclusion (406) of Lemma to all dimensions n € N. Namely, we
will prove the following proposition, which comes very close to proving Conjecture[9|for the hypercube
[—1,1]" via a route that differs from the way by which we proved Theorem

Proposition 163. For any n € N there is a normed spaceY = (R", || - |ly) that satisfies

. vol,,_1 (Proj 1 By) :
VxeR"{0h  lxllen < lxlly <e®'$™|xlpn  and 1t 2V pOllog'n),
a * vol, (By)

Furthermore, Y can be taken to be an { «, direct sum of nested ¢, spaces as in Lemmal161|

Proof. Let M € N be the set of integers from the proof of Lemma|162} namely m € M if and only if there
are integers ny > ng_1 > ... > n € {6,7} that satisty (417) such that m = nyny ... ny. By Lemma|161} there
exists C > 1 such that for every m € M there is a normed space Y = (R™, || - | y») that satisfies

MaxProj(Byn)

< eClog*m.
vol,(Byn)

Clog*
I-llem < I+ lym < e€8™ - Jlm and

By applying Lemma [162]iteratively write n = m +... + mgy for my,...,ms € M and mg; € {1,2} that
satisfy m;,1 < (logm;)¢ for every i € {1,..., s}, where ¢ > 1 is a universal constant. Denote Y+ = ¢!
and consider the ¢, direct sum

def
YEY" 000 Y™ @0p... 800 Y™ = (R, || - |ly).

Then || gz, < Il Iy < maXieq,.. s+17 €C18 ™ - || oy < eC18 |- | . We claim that “Sa 37 < eOl08™),

Since By = Bym x Bym; x...x Bym,1, by an inductive application of Lemma we have

MaxProj(By) -

= 2Clog* % Clog*
og'm; |” « og'n
vol,(By) L ) ~eT

s+1 MaxProj( By )2); . (
- 9 ~
i=1

i=1 Vol (Bym)”

where the first step uses Lemma([158} the penultimate step is our assumption on Y%, and the final step
has the following elementary justification. Recall that for every i € {1,..., s} we have m;;; < (logm;)¢,
where ¢ > 1 is a universal constant. So, m;.s < c°(loglogm;)¢ for every i € {1,...,s—1}. Fix ny € N such
that c®(loglogn)¢ < logn for every n > ng. Then, m;o <logm; if m; > ng, hence log*m;,» <log*m; —1.
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Let iy be the largest i € {1,...,s+ 1} for which m; < ny. Then, log*my; < log*m, —i < log*n—i and
log*my i1 <log*my — j <log*n-—jif2i,2j+1€{l,...,ip—1}. Also, |{ip,..., s + 1}| = O(1). Consequently,

s+1 o]
Z eZClog m; < eZClog n Z e—ZCk+ o) S eZClog n ]
i=1 k=0

Remark 164. A straightforward way to attempt to compute the surface area of the unit sphere of a normed
space X = (R", | - [Ix) is to fix a direction z € §"1 and consider 0By as the union of the two graphs of the
functions WX, yX : Proj,. (Bx) — R that are defined by setting ¥X(x) and X (x) for each x € Proj,. (Bx) to
be, respectively, the largest and smallest s € R for which x + sz €  Bx. We then have

vol,_1 (0Bx) = / 1+ IVEE (012, dx + / 1+ IVyX(x)l2, dx. (427)
Proj,1 (Bx) 2 Proj,1 (Bx) 2
When X = (Z for some p € (1,00) and z = ey,
. o on 1
Vx€Projoi (Bry) = Bept,  Wel () =~y (1) = (1= lIxl}, ).
P

Therefore (427) becomes
VOln_l(aB[n) _2pp-n =1 IRy
—”=2][ (1+a=nx1l, 077 ¥ 1 PPY) dx.

VOln_l(B[Zfl) Bfﬁ_l P i=1
By [BGMNO05], a point chosen from the normalized volume measure on B[g—l is equidistributed with

(IG11P +...+1G P + Z)‘i(Gl,...,Gn_l) erR"™

where Gy,...,G,-1,Z are independent random variables, the density of G,...,G;,-1 at s € R is equal to
21 + l/p)_le_mp and the density of Z at t € [0,00) is equal to e L. Consequently,

VOln_l (OB%)

=2E
VOln_l (B[z—l )

. (428)

2p-1 =1 1
(142777 Y 1G,PP0)?
i=1

Optimal estimates on moments such as the right hand side of were derived (in greater generality)
in [Nao07|, using which one can quickly get asymptotically sharp bounds on the left hand side of (428).
It is possible to implement this approach to get an alternative treatment of £y, (¢7), though it is signifi-
cantly more involved than the different way by which we proceeded above, and it becomes much more
tedious and technically intricate when one aims to treat hierarchically nested ¢, norms as we did in
Lemma[161] Nevertheless, an advantage of is that it applies to normed spaces that do not have a
product structure as in Lemma[156] which is helpful in other settings that we will study elsewhere.

6.2. Negatively correlated normed spaces. Our goal here is to further elucidate the role of symmetries in
the context of the discussion in Section[1.6.2] Fix n € Nand y > 1. Say that a normed space X = [R", || - |x)
is y-negatively correlated if the standard scalar product ¢:,-) on R” is invariant under its isometry group
Isom(X), i.e., Isom(X) < Oy, and there exists a Borel probability measure p on Isom(X) such that

r
vn
We were inspired to formulate this notion by the proof of Theorem 1.1 in [Sch89]. It is tailored for the
purpose of bounding volumes of hyperplane projections of Bx from above in terms of the surface area of
0By, as exhibited by the following lemma which generalizes the reasoning in [Sch89].

Vx,yeR", / KUx, )1 dp@) < —=lxllzzllyllep- (429)
Isom(X)

Lemma 165. FixneNandy > 1. IfX= (R",| - |x) isy-negatively correlated, then

MaxProj(Bx) < ——vol,_, (3By).

2vn
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Proof. Recall that for every y € 0Bx at which dBx is smooth we denote the unit outer normal to dBx at y
by Nx(y) € S"~!. By the Cauchy projection formula (30) for every x € "~ we have

. 1
vol,—1(Proj,. (Bx)) = = / I<x, Nx ()] dy.
2 JoBy
Since every U € Isom(X) is an orthogonal transformation and Nx o U* = U™ o Nx almost surely on 0B,
. 1
vol,,_1(Proj,.(Bx)) = = / KUx, Nx(»))|dy.
2 JoBy
By integrating this identity with respect to u, we therefore conclude that

1
vol-1 (Proj,. (By)) = 5 /a . ( /| CE Nx(y)>|d,U(U))dy< \Y/ﬁvoln 1(0By),

where we used and the fact that ||x||[g =1and || Nx(y) ||g£t =1 for almost every y € 0Bx. U
By substituting Lemma[165into Theorem|75|and using (97), we get the following corollary.
Corollary 166. FixneNandy > 1. IfX=(R", |- Ix) is y-negatively correlated, then
vol,,_1 (GBX)diamgg (Bx)
vol, (Bx)vn

Corollary[166]generalizes Corollary[44]since any canonically positioned normed space is 1-negatively
correlated. Indeed, suppose that X = (R”, | - |x) is canonically positioned. Recall that in Section[1.6.2]we
denoted the Haar probability measure on Isom(X) by /ix. Fix x, y € R". The distribution of the random
vector Ux when U is distributed according to /ix is Isom(X)-invariant, and therefore it is isotropic. Hence,

/ (Ux, )| dix(U) < ( / <Ux,y>2d/ix(U))
Isom(X) Isom(X)

17l P 1
@ 177 1UxNZ, dhx(U) | = —=lxlzzllylen,
Isom(X) 2

e(X) <SEPX) <2y

Vn vn
where the final step uses the fact that each U € Isom(X) is an orthogonal transformation.
One way to achieve ([429), which is close in spirit to the considerations in [Sch89], is when there are
I'c{-1,1}" and [1 < S, such that U, 5 € Isom(X) for every (¢, ) € I x I, where U, 5 € GL,(R) is given by

def
x=(x1,..., %) €R", UpnX = (€1X701),---EnXnn)»

and also there are a, 8 > 0 such that

YweR", Z Ke, w) < allwllen, (430)
|r| eel’ 2
and -
Vi,jell,...,n}, lmell: n(i)=j}| </3U. (431)
n

Under these assumptions, X is y-negatively correlated with y = a/B. Indeed, we can take y in @29) to
be the uniform distribution over the finite set {U;  : (g,7) € I x IT} < Isom(X), since every x, y € R” satisfy

1
1 1 L 2 L
{Ugnx, | < — a( (x~~)) ( )
Tl Vo™ P S g 2@ L Gy g(lmnen n@)Yi

(Z(m'ZHHEH 7(i) = jHx; )y,)zg \/\/_B”)C”g ol yllen.

i=1
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The condition can be viewed as a negative correlation property of the coordinates of sign vectors
that are chosen uniformly from I'. The condition roughly means that for each i € {1,..., n} the sets
{fmell: n(i) =1},...,{m eIl: (i) = n} form an approximately equitable partition of I1. This holds with
B = 1ifIlis a transitive subgroup of S;,. One could formulate weaker conditions that ensure the validity of
the conclusion of Lemma([165| (e.g. considering bi-Lipschitz automorphisms of X rather than isometries
of X), and hence also the conclusion of Corollary[166} though we will not pursue this here as we expect
that in concrete cases such issues should be easy to handle.

6.3. Volume ratio computations. Here we will present asymptotic evaluations of volume ratios of some
normed spaces, for the purpose of plugging them into results that we stated in the Introdcution. Due to
the large amount of knowledge on this topic that is available in the literature, we will only give a flavor of
such applications. The main reference for the contents of this section is the valuable work [Sch82].

We will start by examining the iteratively nested ¢, products {Xy}?2; of Lemma in the special case
when the initial space X = Xj is a canonically positioned normed space for which Conjecture |48/ holds.
Thus, we are fixing {n}72, €N and {p}32 | < [1,00], and assuming that X = R™, || - [x) is a canonically
positioned normed space satisfying Conjecture[48] i.e., holds with & = O(1); the case X = R is suffi-
ciently rich for our present illustrative purposes, but one can also take X = E to be any symmetric space,
per Lemmal53] By Lemma[152|and Corollary[78} if we define inductively

VkeN,  Xg =0, (Xp), where Xp=X

then, because {Xi}32, are canonically positioned (they belong to the class of spaces in Remark,

VmeN, SEP(X,,) = evrX;,) v dimX;,) = evirXp) V7o B, (432)

Let{H k}%o:() be the sequence of Euclidean spaces that arise from the above construction with the same
{nk}i"zo cNbutwith py =2 forall ke Nand X = fgo. Thus, for each m € N the Euclidean space H,,, can be
identified naturally with £,°""". Under this identification, by a straightforward inductive application of
Holder’s inequality and the fact that the £, norm deceases with p, the Lowner ellipsoid of X, satisﬁesE]

m l_iyo
b
k=1
Also, by Lemma([149|we have

1
1, (Bx) "o
vOlyg.n (Bx, )™ = voly, (Bx) ™

1
I, gt
These facts combine to give the following consequence of [432).
m  max{l L
SEPXp) =evrX) [ [ n, 7 }.
k=1
In particular, when we take X = R and consider only two steps of the above iteration, we get the follow-

ing asymptotic evaluation of the separation modulus of the £}(£¢") norm the space of n-by-m matrices
M,«m(R) for any n, m € N and p, g > 1; the case of square matrices was stated in the Introduction as (5).

SEP(¢p(07h) = nmax{%’%}mmax{é'%} = max{\/nm, miy/n,nry/m, n%m%} (433)

Next, fix an integer n > 2 and let E = (R”, || - ||[g) be an unconditional normed space. Given ¢ € [2,00]
and A > 1, one says (see e.g. [LT79, Definition1.f.4]) that E satisfies a lower g-estimate with constant A if

167 X is canonically positioned, this holds as an equality, but for the present purposes we just need the stated inclusion.
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for every {uy}7> | < R" with pairwise disjoint supports we have

o0 % o0
(leukllg) <A||Zuk” . (434)
k=1 k=1 'E

Note that by (323) this always holds with A =1 if g = co.
In concrete cases it is often mechanical to evaluate up to universal constant factors the minimum ra-
dius of a Euclidean ball that circumscribes By, but it is always within a O(y/log n) factor of the expression

VIS
Re®  max ($) (435)
225l \ | Xies eillg
More precisely, if E satisfies a lower g-estimate with constant A, then
1_1
Rg < outradiusy (Bx) < A(logn)? 7Rg. (436)

The first inequality in isimmediate because || }_;cs €; ||;;1 Yiesei€ Bpif @ #S<{l,...,n}. Foraquick
justification of the second inequality in (436), note that by homogeneity we may assume without loss of
generality that |le;||g = 1 for every i € N. Therefore, using we see that if x = (x1,...,x,) € Bg, then
max;eq1,...n |X;| < 1. Consequently, if we fix x € Bg and denote for each k € N,

Sk=Se0 E {ie ... n: zik<|xi|<2k—_l}, (437)
then the sets {Sk}‘,’c":1 are a partition of {1,..., n} and in particular Z‘x’_ |Sx| = n. Next,
1 . a1
ARg > ARg| xllg > (Z Y xiei ) (ZR" Y zk e; :)q>(z%)q, (438)
i€Sk i€Sk k=1

where the second step of (438) uses (434), the penultimate step of (438) uses (323) and ([@37), and the
final step of (438) uses (435). Now, for every 0 < 8 < 1 we have

1 1
% I (2 IS 2 Nk _
_ ) Ko\ k 2k0
||x||[g—(];1i§kxi) <(kX—:l 22(k—1)) _2(1; 22k~ 0)|S l ’ )

(439)

q  1-0 1 1
X |Sclz) 7 2kq0 (r* 1-9 a6 (11
gz(kz_"l szkq) (Z |5k|) (Zg EI e)) <(ARp)'%n:z0 (2 q),

where the second step of uses (437), the penultimate step of uses the trilinear Holder inequal-
ity with exponents 1/6, q/(2(1-0)) and 1/((1 —2/¢g)(1 —0)), and the final step of uses (438), the fact
that Y27, ISkl = n, and elementary calculus. By choosing 6 = 1/logn in (439), we get (436).

By the Lozanovskii factorization theorem [Loz69] there exist wy,..., w, > 0 such that

n n 1
| X wiel =1 el

We will call any wy,..., w, > 0 that satisfy Lozanovskii weights for E. They can be found by max-
imizing the concave function w — Z;’zllog w; over w € Bg (see also e.g. [Pis89, Chapter 3]), which
can be done efficiently if E is given by an efficient oracle; their existence can also be established non-
constructively using the Brouwer fixed point theorem [JR76]. By [Sch82, Lemma 1.2] (note that we are
using a different normalization of the weights than in [Sch82]),

2
P

. =vVn. (440)

vol, (Bg) ¥ = % (441)

By combining (436) and (441), we get the following lemma.
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Lemma 167. Fix an integer n > 2 and letE = (R", || - |g) be an unconditional normed space. Suppose that
E satisfies a lower q-estimate with constant A for some q > 2 and A > 1. Then,

VIS
maXg#scil,...,n} (m)

1_1
A(logn)? 4,

evr(E) <
YWy Wy

for any Lozanovskii weights wn, ..., wy > 0 for E. If the Lowner ellipsoid of E is a multiple of Bz, then

S S
MaXg£sc(l,...n) (%) « ou) < maXg#sc(l,...n) (%)
<evr(E) <

n/wl...wn nwl...wn

The following corollary is a consequence of Lemma because if E = (R", || - |g) is a normed space
that satisfies the assumptions of Lemma (in particular, E is unconditional), then by Lemma

Vvn

n=5. .
||el+...+e,,||E

1
q .

Adlogn)?

wy=wy=...=W

are Lozanovskii weights for E.

Corollary 168. IfE = (R", | - |g) a normed space that satisfies the assumptions of Lemmal52, then
ej+...+e vk ej+...+e vk
llex n”E( max )§evr(E)§ lle; n”E( max ) /logn.
Vvn kefl,...nt ler +...+erllE vn kell,...n} ler +...+exlE
Hence, by Corollary[78 we have

||e1+...+en||E( max L)SJSEP(E),S||e1+...+en||E( max L)wlogn,

ke(l,..,n} ler1 +...+erlE ke(l,...n} |ler +...+erlg

More succinctly, this can be written in the following form, which we already stated in Corollary|[6

k
SEP(E):IIel+...+en||E( max L)n"“’. (442)
kell,...n} le; +...+eillEg

By [Sch82| Proposition 2.2], the unitary ideal of any symmetric normed space E = (R”, || - ||g) satisfies
vr(Sg) = vr(E). (443)

This implies that
evr(Sg) = evr(E), (444)

by combined with Sg = Sg-, though a straightforward adjustment of the proof of in [Sch82]
yields directly, without using the much deeper result (72). We therefore have the following corollary.

Corollary 169. IfE = (R", |- ||g) is a symmetric normed space, then

ley+...+ enllg vk ley+...+eqllE vk
——— | SevriSp) S ——F——— ———1y/logn.
vn ke(l,...n} |ler +...+erlE Vn ke(l,...n} |le; +...+erllE
Hence, by Corollary[78 we have

vk

vk
||61+...+€n||]3( m max ————
kefl,...m le1 +...+exllg

ax —)ﬁ§SEP(SE)§ ||el+...+en||E(
kefl,...n le1 +...+exllg

)\/ﬁlogn,

More succinctly, this can be written in the following form, which we already stated in Corollary|6

\/E )n;+0(1).

SEP(SE):||61+...+enIIE( max ———
kefl,..,n} le1 +... +exllE

(445)
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Remark 170. In the above discussion, as well as in the ensuing treatment of tensor products, we prefer
to consider square matrices rather than rectangular matrices because the setting of square matrices ex-
hibits all of the key issues while being notationally simpler. Nevertheless, there are two places in which
we do need to work with rectangular matrices, namely the above proof of Proposition[163|and the proof
of the first inequality in (I18). For the latter, fix p > 1 and n, m € N. As in the proof of Theorem[76] denote
the Schatten-von Neumann trace class on the n-by-m real matrices M xmm (R) by S;*™; recall (120). The
following asymptotic identity implies (recall that in the setting of we have r € {1,...,n}).

evr(Szxm) = (min{n, m})max{%_%’o}. (446)

Volumes of unit balls of Schatten—von Neumann trace classes have been satisfactorily estimated in the
literature, starting with [STJ80] and the comprehensive work [Sch82], through the more precise asymp-
totics in [SR84}, [KPT20]. Unfortunately, all of these works dealt only with square matrices. Nevertheless,
these references could be mechanically adjusted to treat rectangular matrices as well. Since does
not seem to have been stated in the literature, we will next sketch its derivation by mimicking the reason-
ing of [Sch82], though the more precise statements of [SR84,[KPT20] could be derived as well via similarly
straighforward modifications of the known proofs for square matrices. We claim that

[—

VOl (Bsen) ™ = (447)

T .
(min{n, m})» v/max{n, m}
(447) gives (446) since S;;*™ is canonically positioned, so by Holder’s inequality its Lowner ellipsoid is

Lsgxm = (min{n, m})max{%_%’o}Bsgwn.

To prove (447), note first that it follows from its special case p = co. Indeed, as S7*" = (SJ2"™)*, by the
Blaschke-Santal6 inequality [Blal7,/San49] and the Bourgain-Milman inequality [BM87] the case p =1
of (447) follows from its case p = co. Now, (447) follows in full generality since by Holder’s inequality.

1 -1
Bgnxm < Bszxm c (min{n, m})l ”BS?XM.

< =

(min{n, m})

The upper bound vol,, (Bszxm)" "™ < 1/y/max{n, m} follows from Bs-m S v/min{n, m}Bsy<n. For the
matching lower bound, if {¢;}; jen are i.i.d. Bernoulli random variables, then by [BGN75} Theorem 1],

n m
[E[ Zi.zlgijemej’smm < v/max{n, m},
1= ]: o0

This implies the lower bound vol,,,, (Bswm) '™ > 1/\/max{n, m} by [Sch82} Lemma 1.5].

Proof of Lemmal53, By equation (2.2) in [Sch82] we have
L 1
vol,2(Bs; ) ? = .
re(Bs:) ler+...+enllgv/n

(448)

In particular,

|~

1
Vg=1,  vol(Bs)® = ——. (449)
ni
Because Sg is canonically positioned (it belongs to the class of spaces in Example, and hence it is in
its minimum surface area position, by combining [GP99, Proposition 3.1] and we see that

N

Q=

vol,2_;(0Bsn nMaxProj( Bs»
w1(0Bsy) _ i(Bs;) © 245 /minig, n. (450)
VOlnz (Bsz) VOlnz (Bsz)
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Consequently,

Volnz,l(aBsg) ) 1, (@19 A {50) nit é\/mm{q, _ n/minig, .
1 )

1 n 451
Vo]nz (BSZ) A4 n2( S ( )

iq(BSZ) =n
nzta

Because by (323) we have | x|lg < ley+...+exllE llxllen for every x € R", every matrix A € M, (R) satisfies
IAlls, < llex+...+enllel Allsz, < ller +... + enllgll Allsz. Consequently,

1

———Bgs» € Bg.. (452)
ler+...+eullg 7 £
Moreover, )
. @51) -
iq| ——Bsr | =iq(Bs2| = n+y/min{qg, n},
q(llel+...+enIIE s7) =ia(Bs) 9. m}
and

1

( 1 B ),%2 [@49) 1 [@48) vol,2 (BSE) n
T Sn - 1 1 - 1
q 42 1

llex+...+enlle ley+...+epllgn?" nd

By choosing g = log n we get for the normed space Y whose unit ball is the left hand side of (452). [

vol, 2

Remark 171. An inspection of the proof of Lemma[53|reveals that if Conjecture48holds for S, then also
Conjecture[48|holds for Sg for any symmetric normed space E = (R”, || - [|g). Indeed, we would then take
Y = (M, (R), |l - lly) to be the normed space whose unit ball is

1 1

n

ler+...+exlle ° ller+...+enle
where we recall Corollary[42] If Conjecture[48/holds for S, then n = iq(ChS[,) = iq(By'), and also
L @ 1

Nk

BYIZ SX[&,

VOlnz (ChS” ) "2 = VOlnz (Sn )

from which we see that
1
1 VOlnz (Chsgo) n? 1

1 1

vol,2(By) > = = ;: vol,2(Bs, )
. ( ) le1+...+eulle ller +.. +en||E\/_ " ( E)

This proves Conjecture[48|for Sg. Note in passing that this also implies that

1 1 ([@ag) 1
— =vol,2(Sypn ) = .
vn (Srez) ler+...+enllyen v
Therefore, if Conjecture 48] E 8 holds for S, then |le; +...+ epllyen = 1. More generally, by mimicking the

above reasoning we deduce that if Conjecture E holds for Sg, then [le; +... + eullye = ller +... + enllE,
which would be a modest step towards Problem[43]

Fix n e N and p, g > 1. We claim that the volume ratio of the projective tensor product ¢ Z@ﬁ q satisfies

vi(€,800) =@y 4(n), (453)
where
1 if 1<p,g<2,
1 1
n: v if qugpgﬁ,
1_1 .
ni if g<2<;5<p,
def 11 .
D, q(n) =4 e p<2<q<35, (454)
nr:if p<2<h<q,
1 if p,q}Zand%+%>%,
ntra it Lalgl
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Assuming (@54) for the moment, by substituting it into Theorem 3|we get that

1,1 ) q
nr' 2 if ﬁgpgzgq,
3_1
n2"aif p<h<2<q,
1 1
ny pn ny pn\*) _ noapny _ _ 312 e P

SEP(¢,807) 2 nvr((€,8€7)") = nvr(£.&47.) = n®p 4+ (n) = < ﬂ: ? if S5<q<2<p
nrrif < <2<p,
n if p,q<2and%+%<%,
yte3 ae 1,13
nr a2 if E‘f‘a)z

Since for any two normed spaces X = (R”, | - [|x) and Y = (R", || - ly) the space of operators from X* to Y is
isometric to the injective tensor product X*®Y (see e.g. [DES08]), we get from this that

S

if p<2<gq,

S

<= Q= NI® Nw

if 2<p<q,

D= N= Q= S~

if 2<qg<p,

if p<g<2, (455)
if g<p<2,

. 2p

if 25<qg<2<p,

2p
p+2°

+

SEP(Mu(®), Il ll1—en) = SEP(£7.807) 2 3

S S S S
+

Q=

|
=
+
ol

if g<

Observe that the rightmost quantity in (455) coincides with the right hand side of (14). Since ¢;&/7
belongs to the class of spaces in Remark a positive answer to Conjectu for ¢ Zé( g would imply
the following asymptotic evaluation of SEP (¢ Zéf ¢)» which is equivalent to (I4).

n if p,g=2,
1,1
n2'r it G <p<2<yg,
3_1
n: a if pgﬁgzgq,
1.1 .

SEP(¢p&r) =4 n2'd if Jp<g<2<p,
3_1
n7r o if g<;E<2<p,
n if p,q<2and%+é<%,
T3 if Lpls3
nr 4 if p+q>2.

Furthermore, by Theorem 79| the leftmost quantity in is bounded from above by O(log n) times the
rightmost quantity in (455), thus implying the fourth bullet point of Corollary[4]

The asymptotic evaluation of vr(¢ Z@Z g) was proved in [Sch82] up to constant factors that de-
pend on p, g, namely [Sch82, Theorem 3.1] states that

Vp,g>1,  vi(0p807) =pq ©pg(n). (456)

If2 € {p, g} and also min{p, g} < 2, then is due to Szarek and Tomczak-Jaegermann [STJ80]. More re-
cently, Defant and Michels [DMO06] generalized to projective tensor products of symmetric normed
spaces that are either 2-convex or 2-concave. The proof of in [Sch82] yields constants that degen-
erate as min{p, g} tends to 1. We will therefore next improve the reasoning in [Sch82] to get (453).
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Lemma 172. FixneNand p,q > 1. Let {€;}}; jeq,..,ny be i.i.d. Bernoulli random variables (namely, they
are independent and each of them is uniformly distributed over {—1,1}). Then,

n

n
Z Zgijei®ej

i=1j=1

E

1,11
PP dzef{ netaE i maxip,q) <2, s

1
nmnpg if  max{p, g} > 2.

ngpn
12134

Citing the work [Che78] of Chevet, a version of Lemma[172]appears as Lemma 2.3 in [Sch82|, except
that in [Sch82, Lemma 2.3] the implicit constants in depend on p,q. An inspection of the proof
of in [Sch82| reveals that this is the only source of the dependence of the constants on p, g (in fact,
for this purpose [Sch82] only needs half of (457), namely to bound from above its left hand side by its right
hand side). Specifically, all of the steps within [Sch82] incur only a loss of a universal constant factor, and
the proof of in [Sch82| also appeals to inequalities in the earlier work [Sch78] of Schiitt, as well a
classical inequality of Hardy and Littlewood [HL34]; all of the constants in these cited inequalities are
universal. Therefore, will be established after we prove Lemma|172

Proof of Lemmal[I72, Denote the random matrix whose (i, j) entry is £;; by € € M,(R). Then, the goal is
E[I€llgn, gn] = nPPD. (458)
p* 4
In fact, the lower bound on the expected norm in {@58) holds always, i.e., for a universal constant ¢ > 0,
VAEM,(-1,1}), [l Allgn, gn>cnPP?, (459)
P

A justification of appears in the proof of Proposition 3.2 of Bennett’s work [Ben77] (specifically, see
the reasoning immediately after inequality (15) in [Ben77]), where it is explained that we can take ¢ = 1 if
min{p*, g} > 2 or max{p*, g} < 2, and that we can take c = 1/v/2 otherwise.

Next, let {g; j}; jeq1,..,ny e i.i.d. standard Gaussian random variables. By [Che78, Lemme 3.1],

n

n
D D gijei®e;

i=1j=1

E :nma"{%%_%’%} p+nmax{i T%'%}\/ﬁ- (460)

e
Consequently,
n

n
T
[E[ Y Y Eijei®e)|,, <\/3E <nPPD\/maxip,q},  (461)
i=1j=1 p®a

where the first step of is a standard comparison between Rademacher and Gaussian averages (a
quick consequence of Jensen’s inequality; e.g. [MP76]) and final step of uses [60). This proves the
desired bound when max{p, g} < 2, so suppose from now on that max{p, g} > 2.

It suffices to treat the case p > 2. Indeed, if p < 2, then g > 2 since max{p, g} > 2, so by the duality

n n
> D gijei®e;

i=1j=1

e

1ENen, —en = N1E N en,— e,
p q

and the fact that the transpose £* has the same distribution as &, the case p < 2 follows from the case
p > 2. Italso suffices to treat the case g < p becauseif g > p, then |- |2 < |-l 4 point-wise, and therefore

1Elen, —en <NElgn, —p.
p P

Consequently, since B(p, q) = B(p, p) when q > p, the case g > p follows from the case g = p.
So, suppose from now that g < 2 < p. If we denote

r@fﬂp—Z)
p-q
with the convention r =coif ¢ = p, thenr > 1 and
1 1-6 6 2
—= 2, where 0% Zeqo (462)
q r 2 p
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Hence, by the Riesz-Thorin interpolation theorem [Rie27,Tho48] we have

1-6 1-9
0 = 0
g;l) ”8”43_,[? =nr ”8”@1_,[;

1-6 0
”8”[;* -0 < ”8”gln_,grr1 ”8”@1_,5; = ( maxn} ngi

ie{l,

By taking expectations of this inequality, we get that
1-0 1-0 o 10,0 1
E[1€ller 5] <17 E[IENGy_ oy ] <17 (E[IENeg-g5]) Sn'7 72 =17 = PP, (463)

where the second step of uses Jensen'’s inequality, the third step of uses the classical fact that
the expectation of the operator norm from ¢% to £ of an n x n matrix whose entries are i.i.d. symmetric
Bernoulli random variables is O(y/n) (this follows from (@61), though it is older; see e.g. [BGN75]), the
penultimate step of uses ([462), and the last step of uses the definition of 8(p, g) in while
recalling that we are now treating the case p > 2 and g < p. ([l

A substitution of Lemma[172]into the proof of Lemma 3.2 in [Sch82] yields the following asymptotic
evaluations of the n?-roots of volumes of the unit balls of injective and projective tensor products; the
statement of [Sch82, Lemma 3.2] is identical, except that the constant factors depend on p, g, but that is
due only to the dependence of the constants on p, g in Lemma 2.3 in [Sch82], which Lemmal(l72|removes.

vol,z2(Byng ,,)n% = n PPa) and  vol,;2(Bng n)ﬂi2 = pPPHa)-2, (464)
n l,,®€q n [p®lq

Since ¢ Z@f Z belongs to the class of spaces in Remark|39} its Lowner ellipsoid is the minimal multiple
of the standard Euclidean ball Bsy that superscribes the unit ball of £ Zé( ¢» namely

Lengen = R(n, p,q)Bsy,

where, since Byngen is the convex hull of B/ ® Byx,

max3{i-L 0t+maxii-L0
R(n,p,q)=maXle®yIIsg=(maXI|xI|zg)(maXIIyllzg)=n 135 0psmax{=5.0f (465)
xEB[z xEB[g yEB[Z
YeBp

By combining (464) and (465) we get that

1

Ny . vol,2(Bsy) )2
L&0") = 080" =R(n,p, _
V(€. 845.) = evr(¢,8¢7) =R(n, p q)(VOInZ(Bgnégn)
e ' (466)
:nmax{%—%,0}+max{%—%,0}—ﬁ(p*,q*)+l \/ﬁl if max{p,q}>2,
nmapaif  max{p, q} < 2.
A substitution of (#66) into Theorem 3|gives
3
2 if ) 22)
sep(eneenyz{ ", 1 madipal (467)
n  maipal if  max{p, q} < 2.

Furthermore, if Conjecture lds for £3&¢7, then is sharp, namely holds. Also, by Theo-
rem [79]the left hand side of (467) is bounded from above by O(logn) times the right hand side of (467),
thus implying the fifth bullet point of Corollary[4]

Remark 173. The above results imply clustering statements (and impossibility thereof) for norms that
have significance to algorithms and complexity theory. For example, the cut norm [FK99] on M, (R) is
O(1)-equivalent [ANO6] to the operator norm from ¢, to ¢7. So, by the separation modulus of the
cut norm on M, (R) is predicted to be bounded above and below by universal constant multiples of n3/2,
and by Theorem [79) we know that it is at least a universal constant multiple of 73/2 and at most a uni-
versal constant multiple of 73/2logn. As another notable example, we proved that SEP (¢ &¢%%) > n3/2,
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Moreover, if Conjecture [11| holds for ¢ &¢", then SEP(¢-&¢") = n3/? and by Theorem [79| we have
SEP(¢ 8¢ ) < n32logn. Grothendieck’s inequality [Gro53| implies that

VAEM,®R), [l g =v5 *(A), (468)

where y} 7 (A) is the factorization-through-¢, norm (see [Pis86]) of A as an operator from ¢ to /7 i.e.,

e e min IX0e e 1Yl = | min - max o (X) g leolumn; (1) ey

A=XY A=XY
Above, for each i, j € {1,...,n} and M € M, (R) we denote by row; (M) and column (M) the i’th row and
j’'th column of M, respectively. See [LMSS07] for the justification of (468), as well as the importance of the
factorization norm yé_"’o to complexity theory (see [MNT20, BLN21] for further algorithmic significance

of factorization norms). Thanks to the above discussion, we know that
n < SEP(I\/I,Z([R),)/%_’OO) < n’ logn,

and that SEP(M,(R), y}~*) =< n®/2 assuming Conjecture([11} To check that this does not follow from the
previously known bounds (2), we need to know the asymptotic growth rate of the Banach-Mazur distance
between ¢/, & ¢ and each of the spaces ¢ g gz. However, these Banach-Mazur distances do not appear
in the literature. In response to our inquiry, Carsten Schiitt answered this question, by showing that

dem (08,00 &0%) = dgy (01,0780 ) = n. (469)
More generally, Schiitt succeeded to evaluate the asymptotic growth rate of the Banach-Mazur distance
between €Z®€Z and Z;é[; to each of [?2,4512 for every p,q € [1,00] (this is a substantial matter that
Schiitt communicated to us privately and he will publish it elsewhere). Due to (469), an application

of @) only gives the bounds n < SEP (¢4 ¢ ) < n?, which hold for every n?-dimensional normed space.
More generally, Schiitt’s result shows that and do not follow from ().

The volume computations of this section are only an indication of the available information. The
literature contains many more volume estimates that could be substituted into Theorem 3|and Conjec-
ture|6to yield new results (and conjectures) on separation moduli of various spaces; examples of further
pertinent results appear in [Sch82}Bal91a[GJ97},|GIN97, [GJ99} [GP99} \GPS* 17,[DP09, [DV20, KP20, KPT20].

7. LOGARITHMIC WEAK ISOMORPHIC ISOPERIMETRY IN MINIMUM DUAL MEAN WIDTH POSITION

In this section we will prove the results that we stated in Section We first claim that for every
integer n > 2 and every r > 0 we have

1

iQ(Bfgo n (TB(;Z)) =iq([-1,11"n (ng;)) 2 W

~

min{vn,r} (1 - oy 1) vn (470)

Observe that (470) implies (86). Furthermore, (470) implies the direction = in because

>0 Vn

. iq(Ben, N (rBep)) vol, (Bgn) 0
min
)) >0 vn

1
iq|Bgn N (rByn) on n
> min al 0 2 )( )

vol,(Bgz N (rBer voly, (rBgr)

N Lo\7 1
> X - - - -
NI}’LI(I)I(HIIH{ ; ,1}(1 max{l,rz}) - vn=/logn,

where the penultimate step uses and the final step is elementary calculus. Since the K-convexity
constant of ¢/ satisfies K(¢[.) = y/logn (see [Pis89, Chapter 2]), the matching upper bound in will
follow after we will prove (below) Proposition[60] This will also show that Proposition[60]is sharp, though
it would be worthwhile to find out if it is sharp even for some normed space X = (R”, || - ||x) for which
KX) =logn; such a space exists by a remarkable (randomized) construction of Bourgain [Bou84].
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To prove ([@70), note first thatif 0 < r < 1, then rBep < [-1, 1]" and therefore
vo<r<1, iq([-=1,1"n(rBem) =iq(rBer) = vn. (471)
Similarly, note that if r > y/n, then rBepc[-1, 1]™ and therefore

Vr>+v/n, iq(=1,11"n(rBe)) =iq([-1,11") = n. (472)

Both (471) and (472) coincide with (470) in the respective ranges. The less trivial range of (470) is when
1 < r < y/n, in which case the boundary of [-1,1]"n (ngg) contains the disjoint union of the intersection
of r Byy with the 2n faces of [-1,1]", each of which is isometric to the following set.

[_lylln_l N ( V rz - lB[g—l).

Together with the straightforward inclusion

1
-1, 1" N (V2 =1Bg1) 24 /1- ﬁ([—l, 1" 0 (rBgy-1),

the above observation implies that if 1 < r < /n, then
1 0 n > 1 nT_l n-1
vol,1(0(-1,11" 1 (Bep) ) > 2n|1- =] volut (111" nrBy)
n-1

=n (1 - %)2 vol,(((=1,11""" 1 (rBgy 1) x [-1,1]) (473)

n-1
>n (1 - %) * vol,(1-1,11"n (rBen)),
where the final step is a consequence of the straightforward inclusion

(=1, 1" ' N (rBp-1)) x [-1,11 2 [=1,1]" N (rBgyp).
By combining with the definition of the isoperimetric quotient, we see that

n-1

1)z n 1
1——2) vol,([=1,11" N (rBgp))". (474)
r

n(l-% nT_lvoln [(—1,11" N (r Byn)
iq(I-1,11" N (rBgy)) > 1-7) ( ) :n(

n-1

vol,([=1,11" N (rBgp)) *
When r < y/nwehave [-1,1]" N (rBep) 2 [—r/v/n,r/y/n]". In combination with (74), this implies that

n-1

e

Vi<r<vn, iq([—l,I]"ﬂ(rBzg))22’\/5(1‘_2) -
r

Asalsoiq([-1,11"N(rBey)) 2 v/n by the isoperimetric theorem (12), this completes the proof of (470). [
Passing to the proof of Proposition|[60} observe first that for every r > 0 we have
vol, (Bx N (r Bgp)) ~ vol,({xerBe: lxIx < 1})

nr
= =1- xlxdx=1-—MX), 475
voln(rBz;) Voln(ng;) - ]{ng vl n+1 X) (475)

where the penultimate step in (475) is Markov’s inequality and the final step in (475) is integration in po-
lar coordinates using the following standard notation for the mean of the norm on the Euclidean sphere:

Mx) & ][ zlxdz. (476)
sn-
We will also use the common notation M* (X) def M (X*). By setting r = 1/(2M (X)) in we get that

1 n n 1
2M(X)Bf?)) 2(EVOI"(zM(X)B’?)) T MX) VR

Voln(BX n| 477)
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This simple consideration gives the following general elementary lemma.
Lemma 174. LetX= (R", |- |x) be a normed space. Forr = 1/(2M (X)) and L = Bxn (ngg) we have
MaxProj(L
VOln(L)% z— an iﬂ{}il.
MX)v/n vol, (L) =

Proof. The first inequality in (478) follows from @77). For the second inequality in (478), observe that
Proj,i (L) € Proj,1 (ngg) forevery z € S§" L since Lc ng;z. Consequently,

(478)

n-1 n—
MaxProj(L) < MaxProj(rBez) = "~ 'vol,_y (Bg-1) =vol(rBey) ™ < vol, (D)7, (479)

where the penultimate step of (479) is a standard computation using Stirling’s formula and the final step
of ([479) uses the first inequality in (477). O

By (54), the second inequality in implies that iq(L) < /n. Hence, in order to use Lemmain
the context of Conjectureit would be beneficial to choose S € SL,,(R) for which M(SX) is small. So, fix
0 > 0 and suppose that 6 M(SX) < minres,,® M(TX). By compactness, this holds for some S € SL,(R)
with § = 1, in which case the polar of SBy is in minimum mean width position and we will say that SX is
in minimum dual mean width position (the terminology that is used in [GMRO0] is that SBx has minimal
M). By [GMO00], the matrix in SL, (R) at which minres| ,® M (TX) is attained is unique up to orthogonal
transformations. We allow the flexibility of working with some universal constant 0 < § < 1 rather than
considering only the minimum dual mean width position since this will encompass other commonly
used positions, such as the ¢-position (see [BGVV14] Section 1.11]). By [GMO00], X is in minimum dual
mean width position if and only if the measure dvx(z) = | zllxdzon S n=lig isotropic. Since vx is evidently
Isom(X)-invariant, by if X is canonically positioned, then it is in minimum dual mean width position.

Let y be the standard Gaussian measure on R, i.e., its density is u— exp(—u?/2)/v/27. The (Gaussian)
K-convexity constant K (X) of X is defined [MP76] to be the infimum over those K > 0 that satisfy

& 2 2 3
([ Ee [ aroaela™e) <k [ ireka™e),
[RRO i=1 RNO RN

0

for every measurable f:R™ — X with [p, | f(@)115 dy®™ (g) < co. By [FTJ79] there s T € SL,(R) such that
M(TX)M*(TX) < K(X). By the above assumption § M (SX) < M(TX), so 6 M(SX) < KX)/M*(TX). Next,
MX) > (voln(ng)/voln(BX))” . see e.g. [MP89, Section 2] and [HN19| Lemma 30] for two derivations of
this well-known volumetric lower bound on M(X). Applying this lower bound to the dual of TX, we get
M*(TX) > (voln(Bgzn)/voln(BX*))” " The Blaschke-Santal6 inequality [Blal7,[San49] states that

vol, (Bgy) N vol,,(Bx)
vol, (By) ~ vol, (Ber)’

so we conclude that § M(SX)/n < K(X)/ {/vol,(Bx). A substitution of this into Lemma gives:

Proposition 175. Fix 0 < § < 1 and a normed space X = (R, || - |x). Suppose that S € SL,(R) satisfies
OM(SX) < minresy ) M(TX). Then, denotingr = 1/(2M(SX)) we have

VOln((SBX)m(rB@))iz%ml”w"); and  MaxProj((SBx) N (rByz)) S vola((SBx) n (rBey)) ™ .

Furthermore, ifX is canonically positioned, then this holds when S is the identity matrix and § = 1.

By (54), Proposition implies Proposition |60} with the additional information that the conclusion
of Proposition[60/holds with S the identity matrix if X is in minimum dual mean width position, in which
case we obtain an upper bound on MaxProj(L). Hence, by the reasoning in Section ifXis in minimum

dual mean width position, then
diam[n (Bx)
SEPX) < K(X)—Zl.
vol, (Bx)»
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