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Abstract

Let G be a k-regular graph, k > 3, with girth g. We prove that every embedding f : G — £ has
distortion €2(y/g). Two proofs are given, one based on Markov Type [1] and the other on quadratic
programming. In the core of both proofs are some Poincaré-type inequalities on graph metrics.

1 Introduction

Finite metric spaces and their embeddings in other metric spaces have been intensively investigated
in recent years. For metric spaces (X,dx) and (Y,dy), and an embedding f : X — Y we define the
distortion of f by:
: dy (f(x), £ () dx(z,y)
dist(f) = sup ——F———="=- Sup —— -
D= 00 "ty S & U@, 1G)

We denote by cy(X,d) the least distortion with which (X,d) may be embedded in Y. For p > 1
we denote c,(X,d) = cg,(X,d). A special case of interest is when Y is the Euclidean space £>. In this
case, a fundamental result of Bourgain [5] states that ca (X, d) = O(logn) for every n-point metric space
(X,d).

One natural source for examples of metrics comes from graphs. A graph G induces a metric dg on
its vertex set, where dg(u,v) is the length of the shortest path in G joining u and v. Special families
of graphs define special families of metrics, e.g. expander graph metrics are studied in [5, 14, 13], tree
metrics in [2, 6, 12, 15], metrics of graphs with forbidden minors in [17, 9, 10] and many more. Here
we consider regular graphs with constant degree, and wish to study the Euclidean distortion of these
graphs as a function of their girth.

In [11], Bourgain’s upper bound for the Euclidean distortion was shown to be tight. In fact, the
Euclidean distortion of an n point constant degree expander is Q(logn). This fact is striking since for
any graph G, the trivial bound c¢3 (G, dg) < diam(G) follows by embedding G as a simplex in £5. When
G is an n-point expander, diam(G) = O(logn), so that up to constant factors, the best way to embed
an expander in Hilbert space is to ignore its structure altogether and embed it as if it were a clique! A
new proof of this phenomenon follows from the results presented in this article.

In most examples we know, metrics are far from being Euclidean, since they include ”too many”
triples for which the triangle inequality holds as (a near) equality. The simplest example is K; 3 that
cannot be embedded isometrically in Euclidean space, since there cannot be three geodesics between
three different points that meet in their interior. For the hypercube of dimension m, there are m!
geodesics between every pair of antipodes, and consequently we get a large Euclidean distortion [8, 13].
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It is known that for a tree T on n vertices, co (T, dr) = O(y/loglogn), and this is bound is tight, as the
Euclidean distortion of the complete binary tree on n vertices is 6(y/loglogn) (see [6, 15, 12]). Motivated
by this, Linial, London and Rabinovich considered regular graphs with constant degree (bigger than 2)
and with girth g. Any such graph contains isometrically a tree of depth g/2 — 1, which immediately
gives the lower bound c¢2(G,dg) = Q(+/logg). Unlike the complete binary tree example, every vertex in
the graph is a root of such a tree. In [11], Linial et. al. conjecture that ca(dg) = Q(g). In this paper we
prove ca(dg) = Q(,/9)-

A key ingredient (sometimes stated explicitly and often implicit in the proofs) in all the existing
proofs of lower bounds for the Euclidean distortion of graphs is a Poincaré type inequality. Let G
be a graph, and take any function f : V(G) — f2. A Poincaré type inequality bounds the average
size of {[|f(u) — f(v)ll2}uwev(a) in terms of its average “gradient” {||f(u) — f(v)l|}{u,v]eE(q)- Such
an inequality measures how often an equality holds in the triangle inequality. A lower bound on the
Euclidean distortion of an n-point k-regular expander with conductance ®, G, can be derived from the
following Poincaré inequality for functions f : V(G) — R (see [14]):

S -l <=L S ) - f)

u, eV (G) [u,v]€E(G)

For the embeddability of the Hamming cube D, = {0,1}" in a metric space (X,dx), the following
Poincaré inequality is relevant.

S BF@), f@) <KEnmE Y dk(fu), f(v),

du(u,v)=n [u,v]€E(Dxy)

where dg is the Hamming metric, and f : D,, — X is any function. When such an inequality holds, for
some p > 0, for every n and with K independent of n and f, we say that (X, dx) has metric type p with
constant K. This fundamental notion was introduced in [7], where it was proved to essentially control
the growth of c¢x(D,). When X is a Banach space, metric type is studied via an important Poincaré
inequality due to Pisier (See [16]. See also [21] for a different proof, and [20] for an improvement when
X is the real line). We refer also to [7, 16] for a related Poincaré inequality known as Enflo-type, or
roundness.

Let T be the complete binary tree of depth N. The following Poincaré inequality is implicit in
[12], where a new proof of the estimate ca(Tn) = Q(y/log N) is obtained. Denote by r the root of T,
and for every integer k let Fj be the set of all unordered pairs of vertices {u,v} C V(T) such that
dr(u,r) = dr(v,r) and dr(u,v) = 2%. Then, for every f: V(T) — R:

[log, N|

Yo Y 2R f) - fP <0 Y 2V i) - f)P,

k=1 {u,v}€F% [u,v]€E(T)
where C' is an absolute constant.

This paper further develops the above theme. We introduce two Poincaré type inequalities which are
useful in the search of lower bounds for Euclidean distortion of graphs with large girth. The first is the
notion of Markov type, due to K. Ball [1], which concerns the wandering of symmetric Markov chains
whose state set is a metric space. We refer to section 2 for the definition. We also prove the following
theorem, which can be viewed as a new Poincaré type inequality :

Theorem 1.1 Let H be a Hilbert space and G be a k-regular graph, k > 3, with girth g. Fix some
1< s<g/2. For every f : V(G) — H the following inequality holds:

Yo M@= f@IP<Csk=1)" - > NIf(w) = F@)IP,

dg(u,v)=s [u,v]EE(G)

where C is an absolute constant.



If, in addition, the graph G has a spectral gap, we can prove a stronger inequality. This leads to a new
simple proof of the tightness of Bourgain’s embedding theorem:

Theorem 1.2 Let H be a Hilbert space and G be a k regular graph, k > 3, with girth g and spectral gap
€>0. Fiz some 1 < s < g/2. For every f : V(G) — H the following inequality holds:

_ o—Ces/k
3 ||f(u)—f<v)||2s0<k—1)8-1+- 3 @) - f@)I,

dg(u,v)=s [u,v]€ E(Q)
where C is an absolute numerical constant.

We apply the above inequalities to prove our main result:

Theorem 1.3: There is a universal constant C > 0 such that cz(G) > C/g for every k-regular (k > 2)
graph G with girth g. If, in addition, G has a spectral gap € > 0 then:

s (G) > Gy

B 4/ min {g,%}‘

Remark: It is well known and not hard to show by probabilistic arguments that for every integer k > 3,
there is an € = ¢ > 0 and ng = no(k) such that if n > ng and kn is even, there exist k-regular graphs
of order n, spectral gap greater than € and girth Q(logn). In view of Theorem 1.3 these graphs show
that Bourgain’s upper bound is tight. A curious feature of our estimate is that the lower bound for the
Euclidean distortion of constant degree graphs with girth g, does not depend on the graph’s degree.

This paper contains two proofs for the first part of Theorem 1.3. We first present a proof based on
the notion of Markov type. Next, we prove the inequalities in Theorems 1.1 and 1.2 to deduce the full
statement of Theorem 1.3. This proof is based on quadratic programming. In section 4 we discuss the
interrelations between the two methods.

2 A proof based on the concept of Markov Type

The first proof we present is based on the important notion of Markov type, due to K. Ball [1]. This
concept is a Lipschitz invariant of metric spaces. It is related to other “types” that are central to the
modern theory of Banach spaces. The basic assumption of this concept can also be viewed as a Poincaré
inequality on metric spaces. Although we will see later that the Markov type method cannot yield the
second statement in Theorem 1.3, it does give a simple and conceptual proof of the first statement. We
first recall some definitions from [1].

Let (X,d) be a metric space. A symmetric Markov chain on X is a Markov chain {Z;}32, on a state
space {z1,...xm} C X with a symmetric transition matrix and such that Zy is uniformly distributed on
{21, ...,2m}. In other words, there is a m x m symmetric stochastic matrix A = (a;;) such that for all
k, P(Zr41 = x;|Zx = 7;) = as; and P(Zo = ;) = +. For p > 0 and an integer T let M,(X,T) be the
smallest constant C' > 0 such that for every symmetric Markov chain on X, {Z;}2,

E d?(Zr, Zo) < CPTE dP(Z1, Zo).

We say that (X, d) has Markov type p if M,(X) := supy M,(X,T) < oo. In this case M,(X) is called
the Markov type p constant of X.

The space L, has Markov type 2 with constant 1, as shown in [1]. For the sake of completeness,
we prove here a somewhat stronger and rather intuitive claim. We first observe that the Markov type
2 property for R implies, by integration, the same conclusion for Ly. For symmetric Markov chains on
R we prove the following negative correlation inequality that implies Markov type 2. Let {Z;}32, be



a symmetric Markov chain with transition matrix A and state space {z1,...,Zm} C R. The symmetry
assumption makes it intuitively plausible that Zr — Zr_; and Z7_; — Zy must be negatively correlated.
To prove this, notice that Z, is uniformly distributed on {1, ...,z }, for every k. Since A is symmetric
and stochastic, its spectrum is in [—1,1], and we deduce that (I — A)(I — A*) is positive semi-definite
for every k. Therefore,

E(Zr — Zr-1)(Zr—1 — Z0) = EZrZr—1 —EZrZo — EZ3_, + EZr_1Z0 =

1 m m m m
= m Z (A)ija:i:cj — Z (AT)ij:cia:j - ZZ‘% + Z (AT_I)ij.'L'i.’L‘j =
i,j=1 i,j=1 i=1 i,j=1

1 . 1 .
= (T + AT = A= AT, 0) = — (T = A)(T — AT )z, 2) <0,

where z = (21, ..., ;). Hence :
E(Zr — Z0)? = E(Zr-1 — Zo + Zr — Zr—1)* =

=E(Zy-1 — 20)? + 2E(Zy — Zy_1)(Zy—1 — Zo) + B(Zy — Zp_1)* <
<E(Zp-1 — Zo)* + E(Z1 — Z)*.

By summing this inequality over T' = 1,..., N, we deduce that the real line has Markov type 2 with
constant 1.
The following simple consequence of the above analysis will be useful for us:

Corollary 2.1: For every metric space (X,d), co(X,d) > My(X).

Proof: Fix some embedding f : X — Ly such that 1/D < ||f(z) — f(y)||/d(z,y) < 1 for every z,y € X.
For every symmetric Markov chain {Z;}72, on X, the Markov type 2 property of L, applied to the
Markov chain {f(Z)}32, gives:

éE d*(Z1, Zo) < El|f(Zr) = f(Zo)|I* < TE|f(Z1) = f(Z0)|I* < TE d*(Zy, Zo),

so that D > M»(X).
1

The first assertion in Theorem 1.3 follows from the following:
Proposition 2.2 Let G be a k-regular graph with girth g. Then

e > 1527 ]

Proof: Consider the symmetric Markov chain {Z;}{2, that corresponds to the canonical random walk
on G. Namely, Z, is uniformly distributed on V(G) and P(Z¢41 = v|Z; = u) equals 1 if u and v are
neighbors, and 0 otherwise. Note that every vertex v € V(G) is the root of a k-regular tree of depth
g/2 (or more precisely, as a metric space, each ball of radius smaller than ¢g/2 in G is isometric to such
a tree, whose root is the center of the ball). As long as T < g/2, each step of the random walk {Z;}]_,
moves away from Z with probability at least £22 (if Z; = Z then this probability is 1) and towards it
with probability at most % In other words, as long as T' < g/2, the random walk has a positive drift
away from Zy. To quantify this, for every 1 < T < g/2 we have:
k-1 k—2

1
E dg(Zr, Zy) > T(]E da(Zr-1,Zg) + 1) + E(E da(Zr-1,Zp) — 1) =E dag(Zr_1,Zo) + %



Hence, for every T' < g/2:

_9\?2
E dé(ZT,ZO) > (IE dg(ZT,ZO))2 > (kT) T2,

On the other hand:
E d%(Z7, Zo) < M2(G)*TE d%(Z1, Zo) = Ma(G)?T.

The proposition follows by taking T = [£ —1] . I

3 Bounding the distortion via Poincaré inequalities

In what follows G is a k regular graph with girth g.

Semi-Definite Programming has proved to be a central tool in establishing lower bounds on c3(-).
Our proof of Theorems 1.1 and 1.2, and our second proof of Theorem 1.3 are all based on this point of
view, together with an analysis of the algebraic properties of the graphs in question. We first present
the necessary background.

Let PSD,, be the cone of positive semi-definite symmetric n x n matrices. Define B, to be {Q €
PSD,|QT =0}, and let

1
Y jiar 50 C:)Qi;
Eiaj:Qi,j<0 d2(7’aJ)|Qz,]| ’

if the denominator is not 0, and 1 otherwise.
The following lemma gives a formula for c;.

5(Q,d) = <

Proposition 3.1: (Linial, London, Rabinovich [11]) Suppose X is finite, | X| = n, then

c2(X,d) = sup §(Q,d)
QEB,
In order to make use of the algebraic properties of G, we turn to some background on the following
very useful concept.

3.1 Geronimus Polynomials

Let G be a k-regular graph with girth g and let A be its adjacency matrix. We define A*) as G’s distance
t matrix. Namely, AE? =1 if the distance dg (7, j) = t and 0 otherwise.

There exist polynomials P;, such that P; has degree t and P;(4) = A® for every t < g/2. The
conditions that define these polynomials easily translate to a simple recurrence relation. Clearly Py(z) =
1, and P,(x) = z. Note that A® — A - At~V equals —kA*=2) = —k-T for t = 2, and —(k — 1)A*—2)
for 2 < t < g/2. Therefore,

Py(z) = 2Py (z) — kPy(x) = 2* — k,

and
Pi(z) =xPi—1(x) — (k — 1)P,_o(x) for every ¢t > 2.

These polynomials are often called in the literature “Geronimus Polynomials”, a name that we adopt.
Basic facts about Geronimus polynomials can be found in [3, 18] (but note the different normalization
used in these references). To make this discussion self contained, we briefly review some of the necessary
facts and sketch their proofs.



In order to understand the analytical properties of the Geronimus polynomials, one first solves the
recursion and finds an explicit formula for them. The following trigonometric expression is obtained:

t/2-1 (k—1)sin((t + 1)8) — sin((t — 1)8) (1)

sin 6

V>0 Py(2vVk—1cosf) = (k—1)

To verify this identity, check the cases t = 1,2 and note that for ¢ > 2 the recursion relation holds.

Our next observation is that all the roots of P, are real and they all lie between —2v/k — 1 and
2k — 1. This can be derived from the general theory of orthogonal polynomials (e.g. [19]), but we
provide a direct proof. By identity 1 it suffices to show there are ¢ distinct real values of 8 in [0,7) for
which the above expression vanishes. Indeed, define 8, = (§ +¢mn)/(t+1) for ¢ =0,1...,t —1. Now, it
is not hard to see that P;(2v/k — 1 cos8,) is positive for even g, and negative for ¢ odd. Therefore, there
is a zero for some value of § between 8, and 0,1, yielding ¢ zeros in the desired interval.

The last two facts that we need are easily verified by induction:

Py(k) = k(k—1)!™* vt >0,

and
Fi(k) = ﬁ(t(k — M — 2k — 1)t —t(k — 1) +2).

3.2 Technical lemmas

Even though the Geronimus polynomials are not convex throughout [—k, k], we now prove an inequality
that reflects the fact that their non-convexity is restricted to the relatively small range [-2vk — 1, 2k — 1].
The proof uses the classical Markov inequality (see [4]): [|[P'||L_—1,1] < n?[|P|lz_[-1,] for every real
polynomial P of degree n, where ||f||z.[—a,a] = SUP ;<4 |f(7)|- A more direct proof can be given by
differentiating formula 1, but use of Markov’s inequality eliminates a tedious calculation which leads,
essentially, to the same estimate.

Lemma 3.2: Let s > 40 be an even integer. For every e >0 and z € [k, k — €,

Pu(k) = Pk =) _ P(k) ~ Pi(2)
€ = k—2x ’

Proof: Define: P, (k) — Py(x)
f@) ==

We need to show that f is non-decreasing on [—k, k]. By taking a derivative of the right hand side and
expanding, this follows from the claim that for all z € [—k, k],

h(z) := Ps(z) + (k — z)Pi(x) < Ps(k).

Note that h(k) = P;(k) and, since P; is an even function (for s even), it follows that h(—k) = Ps(k) —
2kP!(k) < Ps(k) (since Pl(k) > 0). It is therefore enough to show that h(zg) < P,;(k) whenever
h'(zg) = 0. Now, h'(z) = (k — z) P} (), so that the zeros of h' coincide with the zeros of P)'. Since
P, has all its roots in the interval, [-2v/k — 1,2v/k — 1], the same holds for P}. It therefore suffices to
show that h(z) < P,(k) throughout the interval [-2v/k — 1,2v/k — 1]. Every point in this interval has
the form z = 24/k — 1 cos @ for some 0 < 6 < 7. Using the trigonometric expression 1 we get:

k —1)sin((s + 1)8) — sin((s — 1)8)
sin 6 ’

Py(z) = Py(2 cos:%/ﬁ) =(k— 1)3/2—1(

It is easily verified that sinra < rsina for a € [0,7) and r > 1. Therefore,

1Psllp o=t ovimny < (= D27 (k= ) (s + 1) + (s — 1)).



Markov’s inequality implies that
2

S
||Psl||L(,o —2vVk—1,2Vk—-1 S —F" ||Ps||L<,o —2vVEk—1,2vVk—1]?
[ ] Qm [ ]

so that:
”h”Lm[—Q\/k—l,%/kf_l] < ||PS||L°°[—2\/k—1,2\/k—1] + 2k||PsI||L°o[72\/k71,2\/k71] <

A I (P E

<k(k—1)""! = P,(k).
It is not hard to verify the last inequality for every k > 3 and s > 40. 1

We need one more fact concerning Geronimus polynomials:

Lemma 3.3: For every integer s and € < k/20,

Py(k —€) > k(k — 1)51 . ¢ 150es/k

Proof: Let yi,...,ys be the roots of P;. By the mean value theorem there is some a € (k — €, k) such
that:
Py (k) ] Pi(a)
lo =< =
g[PS(k_e) Ps(a)

s

1 €8 150€es
—€- < < ,
izzla_yz’_k—e—2\/k— - k

where we have used the facts that y1,...,yn € [-2vVEk —1,2vk — 1], € < k/20 and k > 3. This yields
the required result since Ps(k) = k(k — 1)*~ 1.

|
Corollary 3.4 Let s > 40 be an even integer and 0 < € < k. Then:
Py(k —¢) —Ces/k
1- 222 2 <01 —eCcs/k),
iy <O )

for some absolute constant C' > 0.

Proof: When e < k/20 this follows from Lemma 3.3. When € > k/20 the right hand side is bounded
from below by an absolute constant. The left hand side is at most 2, since the minimum of P; is
attained in the interval [-2v/k — 1,2v/k — 1], and the bound obtained in the proof of Lemma 3.2 implies
in particular that Ps(x) > —Ps(k) for every z in this interval.

1

3.3 Proof of Theorems 1.1 and 1.2

Let G be a k-regular graph with girth g and fix an integer 1 < s < g/2. For every two vertices u,v € V(G)
such that dg(u,v) = s there is a unique path of length s joining u and v. In other words, there is a
unique set of vertices {wy,,(4)}_q C V(G) such that wy,,(0) = u, wy(s) = v and for every i > 1,
[Wy,y (1 — 1), wy,,(7)] € E(G). Each edge e € E(G) appears in exactly s(k — 1)*~* such paths. Hence, for
every metric space (X,dx) and every mapping f : V(G) - X

Z d%((f(u)a f(v)) S Z ( dX (f(wu,v (l - 1))7 f(wu,v(z)))> S
1

da (u,v)=s da(u,v)=s \i=



< Y s A (fwanli = D) fwun (i) = k=1 Y d(fw), f).

dg(u,v)=s i=1 [u,v]€E(G)

It follows that the inequalities of Theorems 1.1 and 1.2 are trivially true for bounded s, so that we may
clearly assume that s > 40. By a similar argument, we can also assume that s is even. In addition, in
both statements it is clearly enough to assume that f maps G into H = R.
We begin with the the proof of Theorem 1.2. Let G satisfy the conditions of Theorem 1.2 and consider
the following matrix:
Q=al — A+ BA®,

where 40 < s < ¢/2 is an even integer, and:
ePy(k)

Py(k) — Ps(k—¢)’
€

Py(k) — Ps(k —¢€)

We claim that Q € B,. Now, Q is clearly symmetric. Also, since AT = kI, A®)T = P,(k)T so that
Q@1 = 0. Other than the eigenvalue k, the spectrum of A is in [—k,k — €], so @ will be shown to be
positive semi-definite if for all € [k, k — €]

a=k-—

B =

a—z+ BP(z) >0,

which is precisely the statement of Lemma 3.2.
Now, for every f: V(G) — R we get that:

0<(Qf.f)=
=a Y fw’- Y Awf@f@+8 Y ADf(u)f() =
ueV(GQ) u,vEV(Q) u,vEV(GQ)
=2 Y H@-foP -5 Y WP,
[u,v]€E(G) da(u,v)=s

where in the last equality we have used the fact that o — k + SP;(k) = 0. Hence:

dea(u,v)=s [u,v]€E(G)
k(k—1)*-! Py(k —
MR N BRI S w0 <
[u,v]€EE(G)
1— e—Ces/k 5
<Ck-1)° - ——— Y |f(u)-fO)P,

€ [u,v]€E E(G)

where we have used Corollary 3.4.
The proof of Theorem 1.1 runs along the same lines. We return to the above construction and let
€ — 0. This yields a matrix:
~ Py (k 1
Q — k _ S( )
P(k) P(k)

which by continuity is in B,, as well. Arguing as above, we get the following inequality:

Yo W= f@P <Pk Y 1fw) - fO)P =

da (u,v)=s [u,v]€EE(G)

]I—A+ AG)



_s(k—1)H — 2k —1)" —s(k—1)* ' 42 3 Ifw) - f)P

_ 2
(k 2) [u,v]€EE(G)

which implies the required result. il

3.4 Proof of Theorem 1.3
We now deduce Theorem 1.3 from Theorems 1.1 and 1.2. Let G be a k-regular graph (k > 3) with girth
g. Take any embedding f : V(G) — {2 such that for every u,v € V(G)

L _ [[f(u) = fO)l
D = dg(u,v) st

Set s = [g/2] — 1. Since there are k(k — 1)*~1 vertices of distance s from a fixed vertex we get that:

2 o $7k(k = 1) HV(G)]
> llf ) = f@)IP > oD ,

da(u,v)=s

and

Y W = f@)IP < kY@L

[u,v]€E(G)
Theorem 1.1 now gives that:

s?k(k = 1)°*"HV(G)|
D2

< Cs(k - 1)°[V(G)],

so that c2(G) > ¢’ /g. If in addition we assume that G has a spectral gap ¢, this reasoning gives:

e/k g
e2(G) >cg >
1 — eCye/k . { Bl
\/min {g, %}

which finishes the proof of Theorem 1.3.

4 The relationship between the two methods

The proof of the Markov type 2 property of Hilbert space in [1], sheds some light on the connection

between the two methods. In Proposition 3.1 we seek the matrix @ with maximal §(Q,d) over all

Q € B,,. We will show how to view Corollary 2.1 as a restriction of Proposition 3.1, in the sense that

only a subset of the matrices in B,, can be used for the lower bound.

Let B be the symmetric stochastic transition matrix defining the Markov chain, and let v € (0,1).
Now define

R= 2y -1

1>0

The spectrum of B clearly determines that of R: If A is an eigenvalue of B, then % -

an eigenvalue of R. This expression is nonnegative for A € [-1,1], and 0 for A = 1. This clearly means
that R € B,,. If z1,...,x, are vectors in Hilbert space then,

> Rijlles — x4l1” <0,

0,3



and so
A=Y OB ijllws — =l < v Bijlles — 4>
ij 1 ij
As Ball shows by taking v =1 — %, this is equivalent to the fact that Hilbert space has Markov type
2. To be more precise, this is the original definition he gives to the metric property “having a Markov
type 2”.

Thus the approach via Markov type can be viewed as a specialized version of the semidefinite pro-
gramming method. This method is incomplete in that not every matrix in B,, is attained from the above
transformation of symmetric stochastic matrices. This method is still very useful, in that it allows one to
draw on geometric and probabilistic intuitions. In contrast, the semi-definite approach greatly depends
on successful clever guesses of the matrix Q.

The Poincaré inequality method can also be viewed as a restriction of the family B,,. Indeed, if G
is a graph and B is any matrix such that B,, = 0 whenever v and v are not neighbors in G, then for
any matrix C' and a € R, the fact that the matrix ol — B + C' is in B, is equivalent to the Poincaré
inequality:

S Culf@—S@P< Y Buliw) - f@)P,
u,veEV(G) [u,v]EE(Q)
for every f : V(G) — R. Thus, all the existing lower bounds for ¢;(-) are based on the study of the above
subset of B,,, which leads to geometrically intuitive, Poincaré inequality reasons for non-embeddability
of graphs in Hilbert space. Hence, in a sense, the full strength of Proposition 3.1 is yet to be fully
exploited.

The second part of Theorem 1.3 cannot be derived from Markov type considerations. Indeed, let
G be any graph. If {Z;}2, is a symmetric Markov chain on G such that P(Zy41 = u|Zp = u) =0
for every u € V(G) then clearly E d%(Zr, Zy) < diam(G)*E d%(Z1, Zo) and by the triangle inequality
E d%(Zr, Zo) < T*E d%(Z1, Zo). Hence, for every T,

1410) < i {8211 7).

which implies that M,(G) = O(diam(G)?/3), while our second proof of Theorem 1.3 showed that there
are graphs with ¢ (G) = Q(diam(G)).

An interesting problem that still remains open is the determination of the worst possible behavior
of c2(G) over all k-regular, k > 3, graphs with girth g. Our present methods seem to break at ,/g. On
the other hand if k-regular graphs, G, with girth g and c(G) = O(,/g) exist, they cannot be expanders
in view of the known lower bound for the Euclidean distortion of expanders. This observation rules out
most known constructions for graphs with large girth. Although examples of k-regular graphs with large
girth which are not expanders are known, these specific examples seem highly complicated and far from
Euclidean.

Another problem worth mentioning is whether the lower bound for ¢2(G) still holds without the
regularity assumptions, i.e. if we only assume that the graph has large girth and the degree of each
vertex is greater than 2. Finally, it would be very interesting to find lower bounds for ¢;(G) as a
function of the girth of G. In particular, we do not know if ¢;(G) must tend to infinity when g — co.
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