QUANTITATIVE AFFINE APPROXIMATION FOR UMD TARGETS
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ABSTRACT. It is shown here that if (Y, ]| - ||y) is a Banach space in which martingale differences
are unconditional (a UMD Banach space) then there exists ¢ = ¢(Y) € (0, 00) with the following
property. For every n € Nand ¢ € (0,1/2], if (X, ||-||x) is an n-dimensional normed space with unit
ball Bx and f: Bx — Y is a 1-Lipschitz function then there exists an affine mapping A : X =Y
and a sub-ball B* =y + pBx C Bx of radius p > exp(—(1/¢)°") such that ||f(z) — A(z)|ly < ep
for all z € B*. This estimate on the macroscopic scale of affine approximability of vector-valued
Lipschitz functions is an asymptotic improvement (as n — o) over the best previously known
bound even when X is R" equipped with the Euclidean norm and Y is a Hilbert space.

1. INTRODUCTION

In what follows, the unit ball of a normed space (X, ||-||x) is denoted Bx o {reX: |z|x <1}.

For p € [1,00] and n € N, the space R" equipped with the £, norm is denoted as usual by ;. Given
two metric spaces (U, dy) and (V,dy ), the Lipschitz constant of a mapping f : U — V is denoted
| fllLip- Throughout this article, given a,b € (0,00), the notations a < b and b 2 a mean that
a < ¢b for some universal constant ¢ € (0,00). The notation a < b stands for (a < b) A (b < a).

For n € Nand € € (0,1) let r,(¢) > 0 be the supremum over those r € [0, 1) such that for every
Lipschitz function f : Bgy — {2 there exists a linear mapping 7" : {5 — {2, a vector a € {3, and a
sub-ball B* = g + pBg C Byy of radius p > r, such that

1f(z) = (a + T,
p

Thus, all the Hilbert space-valued 1-Lipschitz functions on the Euclidean unit ball of R™ are
guaranteed to be e-close to some affine function on some sub-ball of radius at least r,(¢), where
e-closeness is measured relative to the scale of the sub-ball. A lower bound on r,(e) corresponds
to a differentiation-type theorem asserting that any such function is macroscopically close to being
affine rather than being infinitesimally affine. Crucially, the macroscopic lower bound on the scale
of affine approximability is independent of the given function.

The basic question in which we are interested is that of determining the asymptotic behavior of
rn(e) as n — oo. Qualitatively, we ask for an asymptotic understanding of those Hilbert space-
valued Lipschitz functions on By that are hardest to approximate by affine functions.

YV x € B*, < el fllLip- (1)

There is a big gap between the known upper and lower bounds on 7, (). We have r,,(g) < e~/ e
where ¢ € (0, 00) is a universal constant; see Section [2.2] below. The only known lower bound [57] on
n(€) is rp(e) = e~/ E)an where C' € (0, 00) is a universal constant. For concreteness, by choosing,
say, € = i and denoting r, = rn(%), the best known bounds on r,, become

e <rp<Le (2)
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for some universal constants «, K € (0,00). An illustrative special case of the main result that
is obtained here (to be described in full below) is the following asymptotic improvement over the
leftmost inequality , which holds for every n € N and for some universal constant K € (0, 00).

T = e, (3)
1.1. The modulus of L, affine approximabilty. Despite the fact that the above question was
phrased in the context of Hilbert spaces, a setting which arguably best highlights its fundamental
nature, it is important to study it in the context of mappings between more general normed spaces; it
is in this setting, for example, that it becomes relevant to Bourgain’s discretization problem [13] [35],
as explained in [57, Section 1.1] (see Remark [3| below).

Definition 1. Fizn € N and let (X = R",|| - ||x) be an n-dimensional Banach space. Also, let
(Y, || - lly) be an inifinite dimensional Banach space. For p € (0,00] and ¢ € (0,1) define rg(ﬁy(s)
to be the supremum over those r > 0 with the following property. For every Lipschitz function
f:Bx =Y there exists y € X and p € [r,00) such that y + pBx C Bx, and there exists a € Y
and a linear operator T : X —'Y whose operator norm satisfies ||T||x—y < 3| f||Lip, such that

! :
(erromm Jo ()= @+ T2 ) <l @)

We call 1";(_”/(') the modulus of L, affine approzimability corresponding to X and Y.

Using the notation of Definition [l the quantity r,(¢) that we defined above can be written as
ra(e) € r 7 o).

Indeed, the Lo requirement implies that || T||lep e, < (1 + 26)|f[lLip < 3||f||Lip- For finite p,

the L, bound does not automatically imply a bound on ||T||x—y, which is the reason why we

added the requirement || 7| x—y < 3| f||Lip as part of the definition of X 7Y (e).

P
The case p = oo of Definition [1} for which we shall use below the simpler notation

def
rX () E T (o),

was introduced by Bates, Johnson, Lindenstrauss, Preiss and Schechtman [6], who proved that
rX=Y(g) > 0 for all € € (0,1) if and only if Y admits an equivalent uniformly convex norm; see [6]
for beautiful geometric applications of this result. The best known lower bound on 7Y (¢) (in
terms of n, ¢ and the modulus of uniform convexity of Y) was obtained in [57]. This bound is

T,X—)Y (6) > e—(n/a)c(y)",

()
where ¢(Y) € (0,00) depends only the modulus of uniform convexity of the target Banach space
(Y, - |ly)- An explicit estimate on ¢(Y') appears in [57, Thm. 1.1]. Here we obtain an estimate
that is asymptotically better than as n — oo provided that Y-valued martingale differences are
unconditional (Y is a UMD Banach space). Note that all the classical reflexive Banach spaces have
this property, but one can construct [67] uniformly convex Banach spaces that are not UMD.

Formally, a Banach space (Y, | - ||y) is said to be a UMD Banach space if there exists 8 € (1, 00)
such that if {M; };?‘;0 is a Y-valued square-integrable martingale defined on some probability space
(©,P) then for every n € N and every choice of signs ¢1,...,&, € {—1,1} we have

n 2
[0+ 32 e 0ty = ) | ap < 8 [ 1 o (6)
j=1

If Y is a UMD Banach space then the infimum over those 8 € (1,00) for which (6]) holds true
for every square-integrable Y-valued martingale {Mj}?io is denoted below by 5(Y). Examples of



UMD Banach spaces include all L,(u) spaces when p € (1, 00), in which case B(Ly(1)) < p*/(p—1).
See [I4] and the references therein for more information on UMD spaces.

Theorem [2] below asserts an improved lower bound on the modulus of affine approximability
rX=Y (), provided that Y is a UMD space.

Theorem 2. There is a universal constant ¢ € [1,00) such that for every n € N and € [2,00),
if (X, |lx) is an n-dimensional normed space and (Y, || - |y) is a UMD Banach space satisfying
B(Y) < B then for every e € (0,1/2) we have

XY (&) > exp (- (8 ")cﬂ> .

gc(n+pB)

Remark 3. By substituting Theorem [2|into equation (12) of [57] one obtains a bound on Bourgain’s
discretization modulus in the special case of UMD targets that improves over the bound that was
deduced in [57, Section 1.1] and matches Bourgain’s original bound [I3]. Specifically, one obtains
the refined estimate that appears in equation (2) of [35]. This yields a new proof of the best known
general bound in Bourgain’s discretization problem via an approach that is entirely different from
Bourgain’s method, albeit in the special (though still very general) case of UMD targets. We note
that due to the recent progress in [35] a stronger bound is available here when the target is L.

The main reason why we study here the modulus of L, affine approximability T;( ~Y(¢) is that
it relates to 7X =Y (¢) through Lemma [4] below, whose simple proof appears in Section The
advantage of working with finite p is that it allows us to use a variety of analytic tools, such as

vector-valued Littlewood—Paley theory and complex interpolation.

Lemma 4. Fizn € N and p € [1,00). Suppose that (X, | - ||x) and (Y, || - |ly) are Banach spaces
with dim(X) = n. Then for every € € (0,1) we have

XY xoy [((ENYTR
7"_>(5)>7“p_> ((9) )

Due to Lemma[4] Theorem [2]is a consequence of Theorem [5] below, which is our main result. Its
proof is based on a vector-valued variant of an argument of Dorronsoro [26], combined with a wide
variety of additional analytic and geometric ingredients of independent interest.

Theorem 5. There exist universal constants k,C € [1,00) such that for every 8 € [2,00) and
n €N, if (X,]-x) is an n-dimensional normed space and (Y,|| - |ly) is a UMD Banach space
satisfying B(Y') < B, then for every e € (0,1) we have

r’i(ﬁﬁY(E) > exp <_ (/8:2;5/3> .

1.2. Previous work. Over the past several decades, research on quantitative differentiation has
proceeded roughly along two lines of inquiry, one of which arising from functional analysis and
metric geometry and the other arising from rectifiability questions in harmonic analysis. The
present work belongs to the former direction, but its main contribution is the use of methods from
the latter direction in this new context while incorporating various Banach space theoretic tools.

Bates, Johnson, Lindenstrauss, Preiss and Schechtman studied [6] quantitative differentiation in
order to prove the rigidity of certain classes of Banach spaces under nonlinear quotients. The same
notion was used in [57] for metric embeddings, namely as an alternative approach to Bourgain’s
discretization problem [I3] when the target Banach space is uniformly convex. The methods in this
context fall under the category of (extensions of) “approximate midpoint arguments,” as initiated
by Enflo [7] to prove that L is not uniformly homeomorphic to ¢;, and further developed in [13] 27,
46, [65] (see also Chapter 10 of [§]). As examples of the many related applications to quantitative
embedding theory and rigidity questions, see also [60, 54, 20}, 27, [19] [64], 55] [56].



Parallel developments of a different nature arose in harmonic analysis, as part of the quest
to develop a quantitative theory of rectifiability, with applications to singular integrals. Notable
contributions along these lines include classical works of Stein (see the monograph [72]), through the
works of Dorronsoro [26], Jones [48] [49], David and Semmes [22, 23], 24], as well as the more recent
work of Azzam and Schul [2]. The work of Dorronsoro [26] directly influenced the present article,
and we were also greatly inspired by the works of David and Semmes [22] 23] 24]. These works
introduced and studied quantities that correspond to Definition [I| when X is the Euclidean space
R™ and Y is the real line. Such methods also yield results for mappings from R" to R™, but with
statements that include implicit parameters that are allowed to depend on m,n. In [24] David and
Semmes compare their work to that of Bates, Johnson, Lindenstrauss, Preiss and Schechtman [6],
noting that the latter methods are different, and even yield results for infinite dimensional spaces.

Our contribution here follows the harmonic-analytic methodology, while overcoming several diffi-
culties. Firstly, the literature on quantitative rectifiability ignores the dependence on the dimension
n, while this dependence is the main topic of interest in the present context. In fact, a direct exam-
ination of the dependence on n that is implicit in the above cited works reveals that it is insufficient
for the purpose of obtaining improved bounds on XY (¢). Secondly, in our setting the domain X
is a general n-dimensional normed space X rather than a Euclidean space, and our arguments ad-
dress this point. A final important difference is that we treat infinite dimensional Banach spaces Y
as targets. Overcoming this requires substantial effort, because the infinite dimensional arguments
of Bates, Johnson, Lindenstrauss, Preiss and Schechtman [6] do not seem to be applicable in our
setting. The present work yields an infinite dimensional version of an inequality that Dorronsoro
obtained [26] for real-valued functions. Such an infinite dimensional extension of Dorronsoro’s work
is not routine, and in particular it does not hold true for arbitrary infinite dimensional Banach space
targets Y. In fact, the geometry of Y influences the structure of the inequality thus obtained, while
stronger inequalities hold true for real-valued functions. The assumption that Y is UMD is used
several times in our argument through a rich UMD-valued Fourier-analytic toolkit that has been
developed by many authors over the past four decades.

1.3. Open questions. We list below some open questions that arise naturally from our work.

Question 6 (Asymptotics of 7X7Y (¢)). Obviously, the most tantalizing open question in the
present context is to determine the rate at which r, tends to 0 as n — oo, even roughly: say, is
this rate exponential, doubly exponential, or of some intermediate behavior? More importantly for
potential applications, it remains open to obtain sharp bounds on the quantity r~ =Y (¢) when X
is a finite dimensional Banach space, Y is a uniformly convex Banach space or belongs to some
important class of Banach spaces (e.g. UMD spaces or uniformly convex lattices), and € € (0, 1).

Question 7 (Infinite dimensional domains). The question of characterizing those pairs of Banach
space X,Y for which rX=Y(¢) > 0 for every e € (0,1) was solved in [6] also when dim(X) = oo
and dim(Y) < oo: this happens if and only if X admits an equivalent uniformly smooth norm.
It remains open to understand the asymptotic behavior of XY (¢) in the setting of uniformly
smooth infinite dimensional domains and finite dimensional ranges. In particular, the rate at which
r27% (1) tends to 0 as n — oo is unknown. An explicit lower bound on r*=Y(¢) in terms of the
modulus of uniform smoothness of X and dim(Y") can be deduced from an examination of the proof
in [6], but we believe that this bound is far from being optimal.

Question 8 (Uniformly convex targets). As stated earlier, by [6] we know that if dim(X) =n < oo
and dim(Y) = oo then XY () > 0 for every ¢ € (0,1) if and only if Y admits and equivalent
uniformly convex norm. However, the best known lower bounds on r*Y(¢) in this (maximal)
generality remain those of [57], and these bounds are weaker than Theorem [2| (as n — o), which
does not cover all uniformly convex ranges Y because Pisier [67] proved that there exist uniformly



convex Banach spaces that are not UMD (even such uniformly convex Banach lattices exist, as
shown by Bourgain in [I1]; see also the recent example by Qiu [69]). It would be interesting to
obtain an improved bound as in Theorem [2| under the weaker assumption that Y is uniformly
convex. Our proof of Theorem [2 definitely uses properties of Y that imply the UMD property (e.g.,
we rely on the boundedness of the Y-valued Hilbert transform, which was shown by Bourgain [11]
to imply that Y is UMD). However, the conclusion of Theorem [2| or even Theorem |5, may be
valid when Y is uniformly convex, and the same holds true for some of our other results, such
as Theorem below. Certain aspects of vector-valued Littelwood—Paley theory are known to
hold true for uniformly convex targets (see e.g. [59]), so it would be interesting to investigate the
extent to which the UMD property is needed for our results. If, on the other hand, Theorem [5| or
Theorem [19] imply the UMD property then this would be a new characterization of UMD spaces.

Question 9 (Asymptotics of rﬁ‘v—}Y(e) for finite p). It would be interesting to understand the
asymptotic behavior of the modulus of L, affine approximability rff ~Y(¢), even in the special case
when X and Y are both Hilbert spaces, p = 2 and, say, ¢ = 1/2. A careful examination of the proof
of Theorem [5|in this Hilbertian setting (in which case some of the steps that we perform below are

not needed, and several estimates can be easily improved) reveals that for some ¢ € (0, c0),

1oz m)2

VneN, Vee (0,1), rd370(e) > E (7)
We do not know the extent to which is best possible; it seems plausible that with more work one
could improve the dependence on n in the exponent, but we do not presently have an upper bound
that comes close to the lower bound in (7). Note that while the moduli rl)f ~Y(¢) are interesting in
their own right, we do not have geometric applications of them as in the case p = co. So, as a more
amorphous research direction, it would be interesting to find geometric applications of bounds on

XY (e) (other than as a tool to bound r3 7Y (¢), which is the application that we present here).

2. GEOMETRIC PRELIMINARIES

Fix from now on an integer n and an n-dimensional normed space (X, | - ||x). We shall also fix
a normed space (Y, | - ||y). In later sections we will need Y to be a UMD Banach space, but the
statements of the present section hold true when Y is a general normed space.

By John’s theorem [45] there exists a scalar product (-,-) on X with respect to which we can
identify X with R™ and we have

Ve eR",  lzfz < [lzllx < vz, (8)
where || - [lo = || - |lz. We shall also use the standard notation B" o By and S © opn.
This Euclidean structure will be fixed from now on. Despite the fact that X is now endowed
with two metrics (those induced by || - ||x and || - ||2), we shall tacitly maintain throughout the

ensuing discussion the convention that whenever & C R™ and f : Q@ — Y then || f||1ip) denotes
the Lipschitz constant of f with respect to the metric induced by || - || x, i.e.,

w o 15@ = W)l

fllni =
I lipe = sup =20 =
7Y

When Q = R" we shall also use the shorter notation || f||Lip = || f||Lip(rn)-

We shall use standard notation for vector-valued L, spaces. Specifically, for every measurable
subset 2 C R™ of positive Lebesgue measure and p € [1,00], we let L,(£2,Y) denote the space of
all measurable functions f : 2 — Y such that

£l 2, 2,) wf </Q Hf(:r)||€dx> ' < .



Given f:Q — Y and z € R" we denote by f*:Q —x — Y the translate of f by z, i.e.,

z def
VyeQ-z,  f'(y) = flz+y). 9)
For u € (0,00) and f € Li(uB™,Y) let T, f : R® — Y be the linear operator defined by
e 2

VweR' L) @R ez, (10)

Vnu Bn

where
n/2
Vi, D volBry = .
I(2+1)

The operator norm of Ty, f can be bounded in terms of the Lipschitz constant of f as follows.
Lemma 10. Fiz u € (0,00) and a Lipschitz map f :uB™ — Y. Then

ITufllx =y < | fllLip(uBr)-

Proof. By rescaling we may assume that u = 1. Take w € R™ \ {0}. For every ¢t € R consider the

following affine hyperplane.
o, {yeR”: <y,w> :t} C R".
[[w]|2

Then by the definition and Fubini’s theorem we have
2 o0
T f(w) = m)”w”2/ t/ F(2)dzdt
Vi —oo JHNBr

S A R (R G M

Consequently,
n+ 2)||w & 2tw
T3 f (w)ly < ()|H2/ t/ flz)—f <z - ) dzdt
V 0 HyNB" [wll2 / {ly

2 + 2 i n o
_ 2 wmmwmwx/twmlwﬁw%&
USSP T

Vi n

= lflLip(emllwllx- O

We also record for future use the following simple estimate.
Lemma 11. For every u € (0,00) and p € [1,00] we have the following operator norm bound.
| Tull £y (uBr )= Ly(uBr,y) S min {y/pn,n} .

Proof. By rescaling we may assume that u = 1. If f € L,(B",Y) then

n+ 2
T3S lyconry < "5 [ s (2 w) £l ) 42 (1)
1
n+ 2 P
=2 ([ oae)” [ gl U@ lva: (12)
n Bn Bn

5 min{vpnvn} ||f||Lp(B",Y)a (13)



where in we used the definition and the triangle inequality in L,(B",Y"), in we used
rotation invariance, and follows from Holder’s inequality combined with the following fact,
which can be verified by a direct computation and is also, say, a special case of inequality (4) in [5].

1
1 » . p
— Pd = —1,. (I
(5 forae) = {51}
For u € (0,00) and f € Li1(uB™,Y) define

POf def i fluz)dz €Y. (14)

B’ﬂ
Thus, for every Q CR™ and f € L1(92,Y), 1f x € R™ and u € (0, 00) satisfy  + uB™ C Q then the
vector PYf* € Y is the mean of f over x + uB". The following simple estimate will be used later.

Lemma 12. Fiz p € [1,00), q € (0,00) and x € R™. Every measurable f : R™ —'Y satisfies

£ (uy) — P2F7]l5 2 1f*(y) — f@)I5
dydu d
/ /n q+1 n+q/ ||yHn+q

Proof. Recalling , it follows from the triangle inequality in L,(B",Y) and convexity that

voe¥, [ st - P Ay <2 [ ) ol .

By choosing here v = f(x), we see that for every u € (0,00) we have
|y = P ay <2 [ e = F@IR dy.

Hence, denoting the surface measure on S®~! by o, by integrating in polar coordinates we get

[ DRI g [ W) S0y,
/ / /Sn 1 - P UMZZH (x)HI;/dU(w)drdu
B / / /s i SZ]/)T)ﬁf M o) S

P x p
L2 [ W sel,, -
n+q lylla™
Define an affine mapping Pl f : R® — Y by
Pif < PYf +Tuf. (15)
By a simple change of variable, for every y € R™ we have

n
Pif*) " (y) =PIt + o / (2 — 2;) f(2)dz. (16)
( “ ) ( ) “ ]z: fm+uB(wj _xj)de z+uB ! !

Consequently, if f were a real-valued function then (P! f*)~® would be the orthogonal projection
in Lo(x + uB™) of f onto the subspace consisting of all the affine mappings. Lemma below
shows that for every p € [1,00], if f € Ly(x +uB",Y) then the distance between f and (P} f¥)~*
in Ly(z+uB",Y) is controlled by the distance of f to the subspace of L,(x+uB",Y’) consisting of
all the affine mappings. Such a statement was previously proved in [26], but since the dependence
on n and p is important in the present context, and is only implicit in [26], we include its proof.



Lemma 13. Fiz p € [1,00], u € (0,00) and = € R™. Suppose that f € Ly(z +uB",Y) and that
A:R"™ =Y is affine. Then

fo - PifoLp(uB”,Y) = Hf - (Pifx)_m

< mi / . _A ; '

Proof. By translation and a rescaling we may assume that © = 0 and u = 1. Since PLA = A,

Hf - PllfHLp(Bmy) < Hf - AHLP(B”,Y) + lel(f - A)HLP(B",Y)

@
< N~ Aoy + 1P = Dl oy + 1T = Dl ey -

2

It remains to note that ||PP(f — A)|lL,(sny) < [I[f = AllL,(Bn,y) since P is an averaging operator,
and to apply Lemma ]

We end this section by recording for ease of later reference two consequences of Lemma
Corollary 14. Fizp € [1,00), q € (0,00) and x € R™. Every measurable f : R™ — 'Y satisfies
1 p : p 1
([ [ Lot =Bl ) < min { /P ) ([ s,
0 " ud*t - (q—l—n)p n lyll5 "

Proof. Fix u € (0,00). Lemma |13|implies that every affine mapping A : R” — Y satisfies

1 1
p P
([ - Prrlan)” S minfyamond ([ 15 - sl an) " a7
An application of when A is the constant P? % shows that for every u € (0,00) we have
1 1
T 1 rx P P < mi T 0 px ||P P
([ 1) = Phrlgan)” S wintymmnd ([ )7 - Por | an)

This implies the desired estimate due to Lemma g

Corollary 15. Fizp € [1,00), q € (p,o0) and x € R™. Suppose that f : R™ — 'Y is smooth. Then

([ Lot - Pt dydu>i
commlym

q(n+q— p) =

of of
oz, ~—(r+y) - oz, = (z)

1
p d -
y>p (18)
vyl TP

Proof. Suppose that x € R"” and u € (0,00). For every j € {1,...,n} define

1
)
a;(u,z) < / PO fidseY,  where f; % af . (19)
0 Lj

Also, define an affine function A, , : R" — Y by setting

VY ER",  Aeu(y) € F@)+ D yya(u, ) (20)



An application of with A = A, ,, shows that

o0 fz _ PJ fx p %
(/C [\ -F <“y”hfdydu>

< min{y/pn,n} </ / I7(u) uqﬁf’“(“y)”@dyduf. (21)

Observe that
x (20) CC x
[ (uy) = Agu(uy) D /0 2/ (suy)d Zuyﬂy u, ) ! Z / uy; (f7 (suy) — P, fF)ds

By the triangle inequality in L,(B",Y"), this 1mphes that for every u € (0, 00),

ijwwmmwm@) XM“QQMHW@M_%ﬁm@yﬁ
S (v ) n-: [ o

where we used the crude estimate max,epn maxjcqy . ny [yj| < 1 and introduced the notation

V(.)€ {l,...,n} x (0,00),  hj(t) % (/B 1 £2(ty) — POFE dy>”. (23)

A combination of with the triangle inequality and Hardy’s inequality [72, Section A.4] yields

</ / — uqﬁuwy)”gdyd“y < i (/ooo </ou hj(t)dt>pz;z1>;

Jj=1

S ([ ) @25 [ st )’ o

By applying Lemma (12| to each of the functions {h;}7_; (with ¢ replaced by ¢ — p), we conclude
from that the following estimate holds true.

| ) — wwwwdd>i< p "< wn>—(>wd>i
</ /" utt! . Nq(n+q—p);j§=‘z /R" i )

Recalling the definition of f; in , the desired estimate now follows from . O

2.1. Proof of Lemma |4. Fix ¢ € (0,1) and denote § & (£/9)1+"/P. Fix also 0 < r < XY (6)
and a 1-Lipschitz function f : Bx — Y. By the definition of rff_’y(é), we can find y € X and

p = r such that y + pBx C By, and there exists an affine mapping A : X — Y with ||A||Lip < 3,
such that

L [ - Al dus o = S0 (2

vol(pBx) Jy+pBy you s gptn °

We claim that (25]), combined with the fact that ||f — AllLip < [|flluip + [[Afluip < 4, yields
Vzey+pBx,  [f(z) = A2)lly <ep, (26)

thus completing the proof of Lemma [d]



Assume for the sake of obtaining a contradiction that fails. Then there exists z € y + pB,
such that || f(2) — A(2)|ly > ep. Write A = /9 and define w = Ay + (1 —X)z. Observe that we have
|lw—z||lx = Al|ly — z||x < Ap. Supposing that u € X satisfies |[u — w||x < Ap, we therefore obtain

lu = yllx = [l(u—w) = (1 =My = 2)llx < llu—wl+ 1 =Ny-zlx <p. (27)
Moreover, since || f — Al|Lip < 4 we have
1 (u) = A(w)lly = [[f(2) = A2)ly — 4llu — z[[x
>ep—4flu—w||x —4llw—z|lx =ep—8Ap=Ap. (28)

It follows from that w+ A\pBx C y+ pByx, and it follows from that for v € w+ ApBx the
integrand in the left hand side of is strictly larger than Ap. Hence, yields the following
contradiction.

PP vol(ApBx)
Ay = AP P = AP, O
4 gptn ” vol(pBx) " 4

2.2. An upper bound on the modulus of affine approximability. The example that is
constructed below was obtained in collaboration with Charles Fefferman; we thank him for agreeing
that we include it here. A simple construction from [57] shows that if p € [2,00) and € € (0, 1) then

o 1/(ce)P
v
where ¢ € (0,00) is a universal constant. We shall now show how the example of [57] can be

tensorized so as to yield an improved dependence on n, and we shall also briefly discuss the problem
of bounding T‘X ~Y () for finite ¢ > 1. The following lemma is an L,-variant of Lemma 4.1 of [57].

P (e) < (20)

Lemma 16. There exists a universal constant C € (0,00) with the following property. For every
e €(0,1) and p € [1,00) there exists a 1-Lipschitz function f : R — €, such that for every q € [1, o0]
and every affine mapping A : R — £, if a,b € R satisfy —1 <a < b < 1 then

1
b— q h—
5 @5 ge(Cro7 ( / | f(x ||qu> >e— ‘. (30)

Consequently,
T]}qe—wp () < e @/,

Proof. Let ¢ : R — R be the piecewise affine (“sawtooth”) function defined by ¢(2Z) = {0} and
¢(1+2Z) = {1}. Fix m € N that will be determined later. Denoting the standard basis of £}’ by
{ej}?";l, define f : R — £77 by setting for every z € R,

m ko
flay s~ e, @)

2k
k=1

Since ¢ is 1-Lipschitz, it follows from (31] . ) that also f is 1-Lipschitz.

Fix a,b € R satisfying —1 < a < b < 1and b—a > 4/2™. There exists k € {1,...,m} such that
4/2% < b—a < 8/2%. Hence there is j € {0,...,2F~ v — 1} for which [j/2F1 (5 + )/2]“’1] C [a,b].
Then, since b — a < 8/2%, for every affine mapping A : R — £, we have

§ (j+1)/2k=1
z)|fdx 2 2 1f(z) — A()||] da. (32)
j

/2k—1

10



Writing A = (Ay,...,Ap), where Aj, ..., Ay, : R — R are affine, it follows from and that

(j+1)/2k1 ok q
(2 x
/ e o)l do 2 2" /’/2k1 m(l/q2’3 = Ag(z)| dao
1 1
— i [ 1)~ £ 3)

where £ : R — R is the affine function given for every y € R by L(y def mP2kE AL ((y 425 +1)/2F).
Recalling and , we have Ply = 1/2. Hence, by Lemma

(/_11 p(y) —L(y)!qdy>é 2 (/_11

Since b — a < 27%, by combining and we see that

i b—a
(72 [ 150 - awigar) > 10 0o )

where 1 € (0,00) is a universal constant. Suppose that ¢ < n and choose m to be the largest
positive integer such that m < (n/e)P. Then (35 implies the conclusion of . The requirement
here is that b—a > 4/2™, and since m+1 > (77/5)1‘7 thls requirement is satisfied if b—a > 8/2(7/)"
which follows from (b —a)/2 > 4e~(/()”  Thus ([30) holds true with C' = 7/2. Note that, with
this choice of C', the implication holds vacuously When e=n. g

1

o(y) — )

q q
dy) 2 1. (34)

Lemma |17] below tensorizes Lemma [16| to improve over , obtaining exponential decay.

Lemma 17. There exists universal constants K,eo € (0,1) such that for every e € (0,g¢], every
p € [1,00) and every n € N we have

PB=02l) () < oK/ (36)

Proof. By Lemma (with ¢ = oo) we can fix K,e9 € (0,1) such that for every ¢ € (0,¢eq]
and p € [1,00) there exists a 1-Lipschitz mapping f : [-1,1] — ¢, such that for every interval
[a,b] C [~1,1] with (b —a)/2 > e~ (B/9)” and for every affine mapping A : R — £, there exists
x € [a,b] such that || f(z) — A(x)||, > e(b—a)/2.

Define F': R™ — ¢3(¢,) by setting for every = (z1,...,2,) € R",

K/, =D/
F(z) % (f(xl),f( 2) A )> € 03(L,).

e(K/s)P ’ ’ e(n—l)(K/e)P

By applying the 1-Lipschitz condition for f coordinate-wise, we see that F is 1-Lipschitz as a
mapping from £5 to ¢5(¢,). Fix € B™ and r € (0,1) such that z +rB"™ C B". Suppose from
now on that r > e ™&/9)” and let j € N be the largest integer for which r < e~ (U—DE/e)?,
Then j € {1,...,n} and eU-DE/EPp 5 o=(K/&)  Tet A : R* — 03 (£y) be an affine mapping,
and write A = (Ay,...,A,), where Ay,..., A, : R" — {, are affine. Consider the affine mapping
AL R — £y given by Al(y) = Aj(@1,.. ., Tj-1,Y, Tjt1,- -+, p). Set a = xjeU~ DK/ _peli-1)(K/e)?
and b = :cje(j_l)(K/g)p + reU=—DE/E?  Then (b — a)/2 = relU-DE/E ~ o=(K/e) g5 by our
assumption on f there exists w € [xje(jfl)(K/E)p — re(jfl)(K/s)p,m~e(j*1)(K/5)p + re(jfl)(K/E)p] with

Hf =K /e)? A/< —(j=1)(K/e)P )H S ereli—DK/eP
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Setting y = we~U~DE/9)” this is the same as asserting that there exists y € [z —r,z; + 7] with

He—u—l)(K/a)P f (e(j—n(K/a)Py) _ A;(y)Hp > er.

Hence, writing z = (z1,...,2j-1,Y,Zj+1,...,Tn), we have that z € x + rB"™ and
IF () = A@lggieyy > |00 g (006797 ) — pj(y)|| > e, (37)
»
Since (37) holds true for every affine mapping A : R" — (5(f,) whenever x + rB"™ C B" and
r > e MK/ the proof of is complete. O
Remark 18. An upper bound on rﬁg_%(ep )(5) is a consequence of Lemma and Lemma

It seems likely that a significantly stronger upper bound holds true, but the above tensorization
procedure does not seem to yield such an improvement. We leave the investigation of upper bounds
on the modulus of L, affine approximability as an interesting question for future research.

3. A UMD-VALUED DORRONSORO-TYPE ESTIMATE
The main ingredient of the proof of Theorem [5| (hence also Theorem [2)) is the following result.

Theorem 19. There exists a universal constant k € [2,00) with the following property. Suppose
that (Y, ||-|ly) is @ UMD Banach space and write 8 = (Y'). Suppose that f : R™ — Y is a Lipschitz
and compactly supported function. Then

T _Pl T KB }% 5 s
(L O i)™ < o sosumm( ) e 5

In the case of real-valued functions on R", such a statement was first proved by Dorronsoro [26],
with an implicit dependence on the dimension n. Extensions and variants of Dorronsoro’s theorem
have been further studied within the theory of functions spaces, where norms like the one that
appears on the left of define what is called local approxzimation spaces. See [75, Section 1.7] for
some discussion of the subsequent history and [75, Section 3.5.1] for a different proof of a similar
statement. There, the dependence on n is perhaps even more implicit, since it also depends on a
non-canonical choice of resolutions of identity used to define some general function spaces.

This dependence on dimension is crucial for us here; specifically, we desire polynomial growth
in n in the right hand side of (B8], while a naive examination of the proof in [26] reveals that it
yields a much worse (super-exponential) dependence on n. Note also that in [26] the L,z norm that
appears in can be replaced by an L, norm for any p € (1, 00), while in the present vector-valued
setting the geometry of the target space Y influences the value of p. In fact, we shall prove a more
refined (and stronger) version of Theorem see Theorem [40| below, in which the L, norm that
appears in can be replaced by an L, norm provided Y is a UMD Banach space of Rademacher
cotype p (see Section below). These refinements are not important for our purposes, i.e., for
proving Theorem [5, but they do imply sharper results, e.g. when Y is itself an L,(u) space. In the
same vein, the exponent 15 of £ in is not sharp (for the purpose of Theorem [5| we only desire
a polynomial dependence on f3).

The bulk of the ensuing discussion is devoted to the proof of Theorem Our argument roughly
follows the strategy of Dorronsoro in [26], combined with substantial additions and modifications in
order to obtain good dependence on n and also overcome difficulties that arise in the vector-valued
setting and are not present in the real-valued setting of [26]. As explained in the Introduction,
these complications reflect a genuine difference between the vector-valued setting and the real-
valued setting, as such results do not hold true for general Banach space targets Y, so the geometry
of Y must somehow enter into the argument. We did not investigate the extent to which Theorem [19]

12



(and Theorem [40| below) are sharp in terms of the assumptions that are required from Y and the
L, norm that could appear in (or . ) below).

3.1. Proof of Theorem [5| assuming the validity of Theorem Here we shall prove The-

orem [5| while using Theorem This will allow us to focus later on Theorem itself in order

complete the justification of Theorem |5 and hence, by Lemma 4} also and Theorem
Recalling our setting, we are given a n-dimensional normed space (X = R", || - || x) such that (8]

holds true. We are also given a normed space (Y ||-||y’) that satisfies the assumptions of Theorem

Suppose that f: Bx — Y is 1-Lipschitz. Without loss of generality assume also that f(0) =0
Define ¢ : [0, 00) — [0,00) by

oo L
def : 3 Tf S
YVu € [0, 00), opu) =< n+1l—nzu 1f7< <(1+2 )T
0 if u > ( ) %
Then ¢ is supported in [0, (1 4+ 1/n)/y/n| and it is elementary to verify the following inequalities.
Vu € (0,00), max {¢(u), vVnug(u)} < 1. (39)
and
Vu,v € (0,00), |¢)(u) — ¢(v)| - min{u, v} < (n+1)ju —vl. (40)
Since by (8)) we have ﬁB" C By, by we know that every = € R" satisfies ¢(||z|]2)x € Bx.

We can therefore define F' : R™ — Y by F(z) = f(é(]|z||2)x). Then, F(z) = f(x) if ||z|2 < 1/v/n,
and F(z) =0if ||zl = (1 + 1/n)/+/n. Also, every x,y € R™ with ||yHX < ||z||x satisty

IF@) = Flly < Iflussollezlz)e = ¢llyl2)y|
< olzl)llz = yllx + [olzll2) — ollyll2)|llyll x

BEABD
< llz—wlix +[ol2ll2) — ledlyll2)[valyllz
< e —ylx + Vo + Dllz =yl
< (Mi+vas)le-vlx

Thus || F||ripmn) S n2. Since supp(F) C (1+ 2) ﬁB", it therefore follows from Theorem (19| that

~

F(uy) — PLF®(u "8 1\ 5
(/// H ) 1418 !y HY dxdydu) < K515ng <1 + > (Vé) n2
R" x B" x(0,00) Vau n n?2

1
< K3 (V) i (41)

where K € (0,00) is a universal constant. Note that

1 1 1 1
_ ) __RBn _ ncC___B".
(:E,u)€<<1 n> \/ﬁB>X<O’n3/2> = x+uB _\/ﬁB

Since F' coincides with f on %B", it follows that

1 1 1
(x,y,u) € ((1 = n) \/HB"> X B™ x <0, n:’>/2> — PIF*=Plf" and F*(uy) = f*(uy).
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These observations in combination with imply that

|77 uy) — P ()5 ) 15 4<v >%
</// 1—7 -+ B" ><B"><(() 3/2> Vyultsb dzdydu <Kp ns - (42)

Fix M € (1,00) whose precise value will be specified later. It follows from that there exist

1 1 1 1,
such that
1
1 . . B 26K615n4u
(V/ 77 uy) = PLF* (u)|J} > S (44)
n JB" (log M) w5

Indeed, we would otherwise have

{/—— )fo(uy PO g0,

1 .3/2

n_ 1 n—3/2 % 15 4 1

1\ «B w\ 8 d 2e K wB

. <1_> <V> (// U> KB ko 4<Vn> 7
n n2 s (log M) =8 n2

thus contradicting . Observe that by Lemma (10| we have

(15))
1PL ¥ ey 2 1Tl x oy < 11 ipn) < 1

Hence, if we set A = P1 f¥ then A : R" — Y is affine, ||Al|piprn) < 1, and by a change of variable
one can rewrite as follows.

1 B KB =8 26K615n4u
<v01(:): + uB™) /a:+uB” 17(z) = A=)y dZ) (log M)%@ . (45)

This is not quite the type of conclusion that we desire, because the averaging in OCCUrs over a
Euclidean ball rather than a ball in (R, || - |[x). We overcome this via another averaging step.
Observe that

U 1
37—}—(1—) B"+gBX§x+uB” an BX (46)

I

Indeed, if a,b € R™ satisfy ||all2 < (1 — 1/n)u and ||b]|x < u/n then,

1 U
o+ oz < el + ol < fala + Jollx < (1= )t % =
Now, define A C R"™ x R” as follows.

1
dﬁf{(y,w): yG:r—l—(l—n)uB" A w€y+ZBX}
1 U 1 U
Z{(y,w): w€m+<1—>uB"+BX A yE <:B+<1—>uB”>ﬂ(w+BX)}.
n n n n
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By (46), f(w) is well-defined for every (y,w) € A. It therefore follows from Fubini’s theorem that

J] 1) = A away

w) — Aw) || dw
-/ » dey /MBX I£w) — Aw) [

S (S W)

<vol (UBx) [ If(w) - M@ dw.

r+uB™

Hence,

— 5 —A d
vol (z + (1 — ) uB") A—i—(l—i)uB“ vol (y + #Bx) Jyrupy I (w) = A}y duw

1 (26K615n4u) B (46K515n4u) w8
< —AW)|Pdw < _ <
AT AT [ ) = A e o

This implies that there exists y € x + (1 — %) uB™ such that

1

1 o w7 46K515n4u 46K/815n5 U
(1“B/ [f(w) — A(“’)Hyﬁdw> T
vol (y + % Bx) y+%Bx (log M) =5 %5 (log M)rs T

Recalling Definition (T]), since by (3] we are ensured that u > 1/(Mn?/?), it follows that

4e K 15,.5 1
VM e (1,00), 5V [ b s — (47)
(log M )5 Mn2

For € € (0,1) choose M = e(4eKBn?/e) i) . thus yielding Theorem I 5| as follows.

1 4eK 15,,5\k0
Vee (0,1), 57 (e) > exp (—(e*@w”)) . 0
n2 €

4. PRELIMINARIES ON UMD BANACH SPACES

This section is devoted to the presentation of several analytic properties of UMD Banach spaces
that will be used extensively in the proof of Theorem [5]

Let (Y,| - [[y) be a UMD Banach space and fix p € (1,00). Denote (as usual) by 8,(Y) the
infimum over those 3 € (1, 00] such that if {M;}52, is a Y-valued p-integrable martingale defined

on some probability space (€2,P) then for every n € N and every ¢1,...,e, € {—1,1} we have
|0+ e; (01, = 2a-0) ||| aB < 87 | 7R, aP. (48)
Q , Q
Jj=1

Thus, using the notation of the Introduction, we have 2(Y) = B(Y'). The following inequality
is well-known; see [17] for its proof.

By(Y) S 2 B(Y). (49)




We also record for future use that implies (see [63, Thm. 4.4]) that for every ag, a1,...,a, € R,

- P
aoMo+ S a; (M; — M;_; H dPg( max aw’)ﬁ Xp/ M, |2 dP. 50
L Do 0= 050 [P < (g sl ) 007 [l ap. (o0
In [33] Garling introduced two parameters 5 (Y'), 8, (Y'), defined to be the best constants in the
following inequalities, which are required to hold true for every martingale {M; }‘;‘;0 as above.

- P
E. [/ HMO + 2571 (Mj — Mj—1) H d[[D} < 5;(3/)1’/ [ My ]ly- dP,
Q = 14 Q
and

n p
/| ||Mn\|€dP<BP<Y>PEa[ [ o+ <M]~—M]~_1>Hydr@}
j=1

where E.[] denotes the expectation with respect to € = (e1,...,&,) chosen uniformly at random
from {—1,1}". Garling’s inequalities are weaker than (48), which is required to hold for every
e € {—1,1}" rather than only in expectation with respect to €. Hence,

max {8} (Y), 8, (V) } < Bp(Y), (51)

but there are examples of Banach spaces Y for which 8,5 (Y) or 8, (Y) is markedly smaller than
Bp(Y); see [33, [34]. Some of the ensuing estimates can be stated in terms of the parameters
Bp(Y), B; (Y), By (Y), but in order to avoid cumbersome expressions we will sometimes state our
bounds in terms of the quantity S(Y) := 52(Y’), by invoking and . In fact, in our setting we
will always choose 2 < p < (Y'), in which case by using and we will sometimes bound from
above the quantities 3,(Y), 3} (Y), 3, (Y') by a universal constant multiple of p 8(Y) < 5(Y)?. This
choice has the advantage of simplifying some of the ensuing discussion, but it yields bounds that
could be improved for some (quite exotic) UMD Banach spaces Y by a straightforward inspection
of our proofs.

4.1. R-boundedness. Let (X, ||-||x) and (Y, ||-|ly) be Banach spaces. The space of bounded linear
operators from X to Y is denoted £(X,Y"). Following [10} 21], a set of operators 7 C £(X,Y) is

said to be R-bounded if
N P N p
Ea“zgijjxjHY] < C”Ea[ ’ z;gjxjux]’ (52)
j= j=

for every N € N, every x1,...,2y € Y and every T1,...,Tn € T, and some (equivalently, by
Kahane’s inequality [50], for all) p € [1,00). The infimum over those C' in is denoted R, (7).
The following result is due to Bourgain [12]; see also [30] for a proof.

Proposition 20 (Bourgain’s vector-valued Stein inequality). Suppose that (Y, | - ||y) is ¢ UMD
Banach space and fiz p € (1,00). Let {F;}jez be an increasing sequence of sub-o-algebras on
some probability space (2, F,P). For every j € Z let &; € L(Ly(P,Y), L,(P,Y)) be the conditional
expectation operator corresponding to F;, i.e., £;f = E[f|F;] for every f € L,(P,Y). Then

Ry ({€5}jez) < B (V).

By a classical representation theorem for positive self-adjoint semigroups of contractions due to
Rota [70] (see also [73, Sec. VI] or [59, Thm. 2.5]), Proposition [20] implies the following dimension
independent R-boundedness estimate for the heat semigroup. Here and in what follows, A denotes
the Laplacian on R™.
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Corollary 21 (R-boundedness of the heat semigroup). Let (Y, || - |ly) be a UMD Banach space,
neN, and p € (1,00). Then

Ry ({e" }e(o,00)) < B (Y).

Proof. For any § > 0, the operator ) = 292 satisfies the assumptions of Rota’s theorem as for-

mulated in [73 Sec. VI| or [59, Thm. 2.5]. Thus there exists a measure space (2, F, ) with an
increasing sequence of sub-o-algebras {F;}cz and yet another sub-o-algebra ¥ with the corre-
sponding conditional expectation operators €; and &’ such that

VjeNuU{0}, 0N =Q¥ =Jlele
where J : Ly(R",Y) — L,(Q,F,Y) is an isometric isomorphism. Thus

:Rp({ejM}jeNu{o})

= pr({JEIE—jJ}jeNU{O})

< M@ v)— i@ y) - 1€ L5 m—L,0.5 0 - Rp({E—itienvior) - 11|, ®n v)—1, @57 .v)
< B+(Y),

where we used Proposition [20| together with easy properties of R-bounds and the contractivity of
conditional expectations.

Using basic properties of R-bounds (cf. [76, Proposition 9.5]), if T = (Jp—; T% is a union of an
increasing sequence T, C Tj.1, and T is the closure of T in the strong operator topology, then
Rp(T) = Ry(T) = limyyo0 Rp(Tp). With T = {e/2 "2} jengoy, we have T = {e®},c(g ) by the

tA

strong continuity of ¢ — e*2, and this proves the claim. O

Our next goal is to prove Theorem [24] below, which is a useful bound on the norm of operators on
UMD Banach spaces that admit a certain integral representation in terms of the heat semigroup.
Results in this spirit have been implicitly used for a long time; see for examples the probabilistic
treatment of the Riesz transforms by Gundy and Varopoulos [37], and of the Beurling—Ahlfors
transform by Banuelos and Méndez-Hernandez [4]. Formulations in the UMD-valued setting appear
in [41], [42], [43]. The version below is essentially a combination of some of these earlier results but
it does not appear as stated in the literature, so its proof is included here.

In what follows, we will use some aspects of the theory of vector-valued stochastic integration
with respect to a Brownian motion {B(t) = (Bi(t), ..., Bn(t)) }1e(0,00) in R”, starting at 0. Here
and below, a Brownian motion in R” is always understood to be a standard Brownian motion.

It should be noted that for our purposes it is enough to consider finite-dimensional-valued func-
tions, in which case the stochastic integrals can be defined coordinate-wise in the classical sense.
We refer to [51, Chapter 3] for the relevant background (and much more). It might be helpful to
note that the formulae in [51], which often involve the quadratic variation (M, N), of two stochastic
processes M and N, take a simpler form in the Brownian case of our interest, by using the identities
(Bi, Bj)t = dijt (see [51, Theorem 3.3.16]).

In particular, Itd’s formula (see [51, Theorem 3.3.6]) is valid in our setting, since it holds true
for each scalar-valued coordinate function. For a comprehensive theory of vector-valued stochastic
integration, whose full strength is not needed here, see [78] [77].

Before stating Theorem [24] we describe some preliminary background and simple estimates that
will be used in its proof. First, we recall the following decoupling inequalities due to Garling [32].

Theorem 22 (Garling’s decoupling inequalities). Forn € N, let {B(t) = (B1(t), ..., Bn(t)) }te(0,50)
be a Brownian motion in R", starting at 0. Also, let {C(t) = (C1(t),...,Cn(t))}te(0,00) be an
independent copy of { B(t) }1e(0,00)- Suppose that (Y, | -||y) is a UMD Banach space and p € (1, 00).
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Let V.= (V1,...,V,) : (0,00) = Y™ be a stochastic process that is adapted to the same filtration as
{B(t)) }te(0,00); takes values in a finite-dimensional subspace of Y™, and satisfies

5|( [ OOZ V0ldr)* | <oc (53)

The finite dimensionality assumption and the integrability assumption guarantee the existence
of the stochastic integrals below by the scalar-valued theory. Then

|l [ S neamol] <sove|] [~ vwnacol]

and

e|| [~ S vwac|, gﬂ;(Y)pE: /Ooogvj@)dzaj(t) 7;

Continuing with the notation of Theorem for every (operator-valued) measurableﬂ mapping
®: (0,00) — L(Y,Y) we have

[H | DD HdC;( H WE[H /Ooogjle-(t)dcj(t)H’;} (54)

where we use the notation
def
Ry (®) R, ({20 e ) - (55)

The estimate follows directly from the definition of R-boundedness by approximating the
integrals by Riemann sums; see Exercise 4 in Section 9.4 of [76]. Alternatively, inequality
follows by combining Theorem 6.14 and Theorem 9.13 of [76]. By and T heoremwe see that

[H/ Zcb HaB; ()| } By (Y8, (Y prp(CD)pE[H/OOOJZi;Vj(t)dBj(t)Hi]. (56)

In the same vein as the above discussion, by approximating the integrals by Riemann sums it
follows from (p0) that if ¢ : (0,00) — R is measurable then

{H/ Z<f> t)dB;( H} p(Y)P\|¢||pm(07w)E[“/Ooogxg(t)dBj(t)Hi]. (57)

We record for future use the following simple estimate.

Lemma 23. Firn € N and let {B(t) = (Bi(t),..., Bu(t)) }tej0,00) be a Brownian motion in R,
starting at 0. For every Banach space (Y, || -||y), every p € (1,00) and every smooth and compactly
supported h : R™ — 'Y with a finite-dimensional range, we have

. N R p ,
lim sup (/RE[HZ/O 3¢ Ah(B(t)—Fx)dBj(t)Hy} dx> <hllo,@ryy  (58)
j=1

T—00

'Here, and in what follows, given two Banach spaces (X, || - |x) and (Y] - |ly) and an open subset © C R",
when we say that an operator-valued mapping ® : Q — £(X,Y) is measurable we mean measurability in the strong
operator topology, i.e., we require that for every x € X the mapping w — ®(w)z from Q to Y has the property that
the inverse image of every Borel subset of Y is Lebesgue-measurable.
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t

Proof. If ¢ € L1(R™) then E[p(B(t) + )] = e22¢(z) for every t € [0,00) and z € R". Hence,
/n E[(B(t) + 2)]dz = / 50 () da = / o(z)da. (59)

e

For (z,t) € R™ x (0,00), let u(z,t) = 62Ah( ) denote the heat extension of h. By It6’s formula
(see [51, Theorem 3.3.6]) applied to the function ¢ — u(B(t) + x, 7 —t), for every x € R" we have

Z/O aa;j (B(t) + z,7 — t)dB;(t)

j=1
=u(B(r) + z,0) —u(x,7) — /OT ( - % + ;Axu> (B(t) +x, 7 —t)dt (60)
= W(B(1) + x) — e22h(z). (61)
Consequently,

(/R [H Z/ OB >+x>d3j<t>1m d"”);

4 (/Rn E [|h(B(r) + 2)|2] dx>; + (/Rn E H e;Ah(aﬁ)Hi] dx>’1’
(5

— h n lAh‘ . 2
1Al @®ny) + ||€2 1Y) (62)
To deduce the desired bound from , it remains to note that
. A .
Vp € (1,00), 711_>H010 le2=h L, @wn,y) = 0. (63)
Indeed, by Young’s inequality we have the following point-wise estimate
VzeR", 55p H :‘k; h ‘ < ||k- [T 64
x e52n(@)|, = [[bg « 2@, <[k, o, IP0z0cen1) (64)

where k : R"” — R is the heat kernel and ¢ = p/(p — 1). Since ¢ € (0,00), the Lg,-norm of the heat

kernel k, /o converges to 0 as 7 — oo. Moreover, lez®h]ly is dominated point-wise by the Hardy—
Littlewood maximal function M||h|y € L,(R™). Hence follows from by an application of
the dominated convergence theorem. O

The following theorem is the main result of the present section: it establishes an estimate that
will be used several times in the ensuing discussion.

Theorem 24. Fizn € N and p € (1,00). Suppose that for t € (0,00) we are given a bounded
operator A(t) : Y — Y such that the mapping A : (0,00) — L(Y,Y) is bounded and measurable.
Also, suppose that T : Ly(R™Y) — L,(R™,Y) is a linear operator that has the following dual
representation. For every sufficiently nice f in a dense subspace of Ly(R™,Y), and g* in a dense
subspace of Ly(R"™,Y™), where ¢ =p/(p — we have

/R “(z) (Tf(x dx—Z/ / (ax, m)) (A(t)(;zje%f(x))dxdt. (65)

Then, recalling the notation ,

||T”Lp R )Ly RY) < By (V)8 (Y)Ry(A). (66)
Moreover, in the special case A : (0,00) — C we have
1Tz, & y) =L@ y) < Bp(Y) ([ All L (0,00 - (67)
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Proof. By duality and the identity , the desired estimate would follow if we show that for
every sufficiently nice f € L,(R",Y) and ¢g* € Ly(R",Y™),

— [T 0 s 0 s
liin_)sing/o /n (6%62Ag*(x)> <A(S)8xj62Af(x)) dzds
j:
< By (V)B, (V) Rp(A)If I, o ) 197 | 2y vy (68)

Let us consider f,g smooth and compactly supported, and taking values in finite-dimensional
subspaces of Y and Y*, respectively.
For every (z,s) € R™ x (0,00) denote for the sake of simplicity

* € a 2 * € a s
V3 (x,s) def %ezAg (x) and oj(x,s) def A(s )81’ ezAf(x).
J J

Let {B(t) = (Bi(t),- -, Bu(t)) }tc[0,00) De a Brownian motion in R", starting at 0. It follows from
the identity (59) that for every 7 € (0,00),

Z/ / " (axj 3«“)) <A<8)(£j65Af(w)> dads

:/nE[Z/OTﬁ(B()m,T—t) (¢j(B(t)+:c,T—t))dt]dx:/ E [G3(x)(Fy(2)] dz, (69)

n

where we introduce the notations

aet N~ [T a0t 2)dB;
SO | At =55 A0 + 2B ), (10)
and
il defZ [ e T B0 £ 45,0 )

is a well-known identity (see [51, Proposition 2.17]) for scalar-valued functions, and it follows
from this for the vector-valued functions with a finite-dimensional range that we consider here.
By Hoélder’s inequality it follows from that

Z/ / . (ax wal >> <A(S)aij65Af(x)> dads
< ( /R CE[IF @)1 dx)é ( / CE[G: @)

Recalling , by Lemma [23| we have

1

7.] dx) "7

1
lim sup </Rn E[||G5 ()] dw) < Ng* Il e y+)- (73)

T—00

Recalling (70), it follows from and that if we set K = 8, (Y)8, (Y)Ry(A) if Y # R, and
K = B,(Y)||All £ (0,00) if A is scalar-valued, then

/]Rn E[IFr(@)ly] de < K'E [H ;/0 aij@T?tAf(B(t) + :r)dBj(t)Hi].
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Another application of Lemma [23] now implies that

1
. P
lim sup ( [ ElFR@IE] dm> < 1y @y (74)
T—00 R™
The desired estimate is a consequence of , and . O
4.2. Vector-valued multipliers. Let (Y, || - ||y) be a Banach space. The Fourier transform of

f € Li(R™Y) will be denoted below by Ff : R" — Y, where we use the normalization
dif 1 —i<I,y>
Fi) o [ e

A possible formulation of Parseval’s identity in this vector-valued setting is to say that for functions
f:R" - Y and ¢* : R" — Y™ that are either smooth and compactly supported, or Fourier
transforms of such functions, we have

fg*(w)(ff(ﬂv))dHSZ/ 9" (@)(f(==z))da. (75)

n

R?’L
If (X,||-]|x) is an additional Banach space and m : R” — £(X,Y) is measurable then the multiplier
associated to m is defined as usual by considering for every smooth and compactly supported
f:R™ — X (or the Fourier transform of such a function) the function T, f : R™ — Y given by

Tof < (F'm) s f = F ' (z = m(z) Ff(2)).
If m is smooth and locally bounded at least away from the coordinate hyperplanes, and the Fourier
transform of f : R™ — X is smooth and compactly supported away from these hyperplanes, then
also Ty, f has a smooth and compactly supported Fourier transform. Hence, for such f and smooth
and compactly supported ¢g* : R™ — Y™* (or the Fourier transform of such a function), Parseval’s
identity applies and gives
| g @Tnsa@)de = [ Fg'(a) (=) Ff(-a))do. (76)
Also, under our choice of normalization of the Fourier transform, —A = Ty, for m(z) = ||z|3.
Theorem [24] can be used to bound the following multipliers, which arise as Laplace transforms of
—A. (Another approach to such multipliers appears in the recent survey [25, Section 2.2.1]; while

it is presented there for scalar-valued functions, it is based on principles that are valid in any UMD
space.) Suppose that A : (0,00) — £(Y,Y) is measurable and define ao: R — L£(Y,Y") by

Vyey, a(s) & s/ e SLA(t)ydt.
0
Then Theorem [24] applies to a(—A), i.e., to the operator Ty, where m : R™ — L(Y,Y) is given by
V(r,y) eR" XY,  m(z)y = a(lzl3)y = ||$|%/ e~l3 A (t)ydt. (77)
0

Indeed, by Parseval’s identity , the representation is a direct consequence of ([77). We
therefore have the following dimension independent bound, which holds true for every p € (1, 00).

‘A / D A(t)dt
0 Lp(R™,Y )= Lp(R™,Y)

where we recall the notation . Also, if A takes values in C then

A / e D A(t)dt
0

< Bp(Y)?Ry(A),

< BrYAN Lo (0,00)- (78)

LP (Rn 7Y)*>LP (Rn 7Y)
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Later we shall use as a source of dimension-independent bounds for multipliers that corre-
spond to imaginary powers of the Laplacian. Specifically, for every s € (0,00) and u € R,

. ' . o
S — 5_(1—zu)3 = / i sty
F(l — zu) 0
It therefore follows from ([78) that
51;( ) e\ularctan\u\ w\u|

[
_ < =
H( A) ‘}Lp(R"7Y)—>Lp(Rn’Y) ’1’\(1 _ zu B ( ) \/ﬁ \/m (79)
where the penultimate step in is a consequence of Stirling’s formula. For ease of later reference,
we record the bound that we have just proved as Corollary 25| below. The reverse implication, i.e.,
that the boundedness (—A)*™ on L,(R™,Y") implies that Y is UMD, is also true; in fact it was pointed
out in [41] that [36] implicitly contains the estimate 8,(Y) < liminfy o [|(=2)™| 1, &n v)—L,®"y)-

Corollary 25. Suppose that p € (1,00) and (Y, | - |ly) is a UMD Banach space. Then for every
u € R and n € N we have

m|ul

I <
12y s ) 5o 0) s

Our next corollary of Theorem [24]is a dimension-independent bound for a multiplier that will be
used in the ensuing proof of Theorem [5} We shall use below the following integral representation.

1 sin(r6) ! ds
V(0 0,1 0 = . 80
( ,OZ)E( ) )X[ 700)7 (1—|—Oé)0 T A 81_0(1—8)9(1+0é5) ( )
To verify the validity of (80]), simply apply the change of variable s = ¢/(1 + a — at).

Corollary 26. Fiz a € (0,2] and n € N. Define m, : R — R by setting

Vo= (o) BT (0], ma(o) ST (31)
2
Suppose that (Y,|| - ||y) is a UMD Banach space and that p € (1,00). Then
[ Tona ll 2, (& )=y < B (Y)?B, (V) < Bp(Y)?. (82)
Remark 27. When Y = C in Corollary [26, Banuelos and Bogdan [3] obtained the bound
p
T |l 2, (R R) = L, (R7 R) < MaAX {P, — 1} -1 (83)

Note that 8,(C) = max{p,p/(p—1)} —1, by a theorem of Burkholder [16]. We are unable to recover
the better estimate for the scalar-valued case of Corollary 26| using our method.

Proof of Corollary[26., Write each z € R™ as x = (x1,2’), where 2/ = (z2,...,2,) € R""!. For
every s € (0,1] define 75 : R” — R by

Vs eRY,  ya(z) 2907?2 _ /OO 2o (@Sl Bt gy (84)
zf + s|2’|[3 0

Then 71 = mg, and if a € (0,2) then by with 0 = a/2 € (0,1) and « = ||2’||3/2} we have

1
ma:/o Ysdpta(s),

where p, is the probability measure on (0,1) Whose density is proportional to s271(1 — s)7%.
Therefore, in order to prove the desired estimate it suffices to show that for every s € (0, 1),

1Ty || 2,y (&)=L, Ry < By (V)28 (V).

22



Consider the UMD Banach space Z def L,(R"1Y). By the identification L,(R™,Y) = L,(R, Z),
the multiplier T’,, can be thought of as an operator from L,(R, Z) to L,(R, Z); this is how Theo-
rem [24| will be applied next, i.e., with Y replaced by Z, while noting that 5§(Z) = Bpi(Y)

We consider a test function f : R™ — Y that is finite linear combination of functions of the form
x = fi(xr) fa(xa) -+ fu(zn)y, where y € Y and each f; has a smooth Fourier transform, compactly
supported away from 0, and a similar function g* : R” — Y*. Note that such functions are dense in
L,(R,Z) = L,(R",Y) and in Ly(R, Z*) = L (R, Ly(R"1,Y*)) = L, (R",Y*), respectively, where
g =p/(p—1). Then by the Parseval identity we have

o @@ et = [ g, )i = fg*(as)(

n R'I’L
Consequently, by the second equality in ,

/ “(21)(Ty, f(21))dar = / /nme lefg (x )<e_ts”$’”gacle_%z%]:f(—x)) daxdt

/ /n < o) g*> (z) (f <—etSA/({£le§<f’i1>2f>> (—z)dzdt,

where A’ denotes the Laplacian on R~ i.e., with respect to the variable z’. By the vector-valued
Parseval identity , we therefore have

[ e, saan - [~ [ (fmeé‘(@ffg*(xl)) (A(a)fme“@i)?f) (1),

ot

fo(—x)) dz.

i + slla'|3

where A(u) dof_usa’ Ly(R,Z) — Ly(R,Z). Recalling Corollary it therefore follows from
Theorem 24] that
1Tyl Ly &2 )= Ly e y) = 1Ty, R, 2)— 1, (R, 2)

< @5 @% ({ LE Y S LE) )< g . o

4.3. Littlewood—Paley decomposition. We need to introduce notation for the usual multi-scale
bump functions that occur in Littlewood—Paley decompositions. Let ¢ : R — [0,00) be smooth
and supported on [—2,—1/2] U [1/2,2]; for concreteness we can take

1
def | ¢  FI72E-RD if |z] € (1/2,2),
VreR, = 85
v o) { 0 if [2] € [0,1/2] U 2, 00). (85)
For k € Z define ¥y, : R — R by
def  9(2Fx)
VeeR,  op(z) ™ 22T 86
(x) S o 0(@i) (86)

We also define wy : R — R by

VeeR,  wple) Y i (2) + vr(@) + v (@), (87)

Thus wyyr, = 1y, and therefore the corresponding multipliers satisfy the identity 1o, Ty, = Ty, -
For every k € Z define ¥, : R — [0, 00) by

4ok
def sin*(2"x)

Like v, the function 9 is roughly localized around |z| < 2%, but unlike 1, it has long tails that
are supported over all of R. The importance of the special “pseudo-bump functions” {9 }rez stems

(88)
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from the fact that they can be directly related to averages of dyadic martingales, which leads to
the following form of the Littlewood—Paley inequality with a good constant.

Proposition 28. Suppose that p € (1,00) and let (Y, || -|ly) be a UMD Banach space. Then

Vfe LP(R7Y)7 (EEG{—I,l}Z

1
p p
> il f| < BE Oz, @y) < Bp OIS ey
jEZ LP(Rzy)

Proposition 28| is due implicitly to Bourgain [I2], where it is proved as an intermediate step to-
wards a more usual form of the Littlewood—Paley inequality involving the localized bump functions
{¥x }kez in place of {¥k}kez, but with a more complicated dependence on the UMD constant. The
above formulation of Proposition 28 appears explicitly as the special case h = k = 19 1/9) — 1[1/2,1]
of Proposition 5.10 in [40] (where we are using here the notation of [40, Proposition 5.10]).

In subsequent arguments we shall use Proposition in addition to some auxiliary estimates
concerning the bump functions {1y }rcz, which are valid for arbitrary Banach space targets. These
estimates rely on the fact that if m € L;(R) then by Young’s inequality we have

VfeLyRY), 1T f |z, y) = || (F~'m) = fHL,, RY) S < ||F- mHL1 @ 1L, @y)- (89)
Lemma 29. Suppose that p € [1,00] and that (Y, |- ||y) is a Banach space. Then for every k € Z,
VfeLyRY), 1Ty fllz,®yy S N To flln,®y)- (90)

Proof. Since for every z € R and k € Z we have 9y (z) = 9(2Fz) and ¢y (x) = 1o(2¥2), we also
have Ty, f(z) = Ty, (y — f(2%y))(27%z) and Ty, f(z) = Ty, (v — f(2Fy))(27*z). Consequently,
it suffices to prove when k£ = 0. Since ¥y is nonzero on the support of 1y, we can write
Typof = Ty 90T f- The function /g is smooth and compactly supported, therefore its inverse

Fourier transform g = F~!(¢)0/¥0) belongs to the Schwartz class of test functions §(R), and in
particular g € L1(R). Thus follows from with m = ¢/ and Ty, f in place of f. O

In order to facilitate the next two applications of , we record the following simple observation.
If m € L1 (R) is smooth then for every a € (0,00) we have

dz
7w < / ) sl %) (7 (o)

LT
~ |77 (m — a*m”) HLOO(]R Hm —a’m HHLl(R HmHLl(R +ma|[m” HLl(R) - (91)

Choosing a = \/ w2, ®)/ [Tz, () in and substituting the resulting estimate into (89)) yields

VieL,RY),  [[Tufl,my) < 277\/”mHM(R)Hm”HLl(R) A,y (92)

Lemma 30. Fiz k € Z and p € [1,00]. Let (Y,| - |ly) be a Banach space. Then for every
feL,(RY) and y € R we have

(/ | Ty f( +y) = Ty ) f (2 Hyd:c> <m1n{ |y|}||kaf|prRY (93)

Proof. Write g(x) &f Ty, f(x+y)—Ty, f(z). The fact that the norm of g in L,(R,Y’) is at most twice
the norm of Ty, f in L,(R,Y) follows from the triangle inequality in L,(R,Y"). For the second esti-
mate in (93)), note that g = T}, «, Ty, f, where p,(z) = e~**¥ —1. Hence, it remains to show that for
every h € L,(R,Y) and y € [—2%,2¥] we have y\prwthLP ry) S W27 KRl L, ®y)- By (92), this will
follow if we prove that || pywi ||z, ) - | (Pywr)” |2, @) S (27 y) Since py(z)wi () = (pa-r,ywo)(2"y)
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and for every smooth m € L;(R) the product ||z — m(Az)||L, (&) - [[(z = m(Az))"||1, ®) is indepen-
dent of A € (0,00), it suffices to show that

Vze[-1L1,  llpewollnym Szl and  [[(pzwo)”llz, ) S l2l- (94)

The point-wise estimate |p,(x)| < |zz| combined with the fact that the function = — xwp(zx) is
in L;(R) implies the first assertion in (94)). For the second assertion in , compute directly that

(powo)” () = —22e 2 wo(z) — 226 ®2wh () + (7% — 1wl (z).
We therefore have the following point-wise estimate, which holds true whenever |z| <1
|(pzw0)" (2)] < [2Pwo(@)] + 22w ()] + |eawg ()] < |2](Jwo(@)] + 2lwp(2)] + |zwg (2)]).

The second assertion in is now a consequence of the fact that the three functions wp,w(, and
x — zw((x) all belong to L;(R). This concludes the proof of Lemma O

Lemma 31. Fix k € Z, p € [1,00] and o € (0,00). Let (Y,|| - |ly) be a Banach space. Then for
every smooth and compactly supported f : R =Y we have

1To gy S L+ @22 [Ty (<A, - (95)

Proof. Recalling the definition of wy, : R — [0, 00) that is given in , since 1., Ty, = Ty, we have
T¢kf = (—A)_akaka(—A)D‘f = Tngd,k(—A)af, where

def Wk(T) _ opawo(22) o k
Va e R~ {0}, &(z) = FE 9Zka P = 9%kag, (2ky).
It therefore suffices to show that &y is the Fourier transform of a function in L;(R) of norm at most
a constant multiple of (1 + «)2%*. To this end, we will again apply the estimate . First, since
|z| 7! < 4 on the support of wy and wg € L1(R), we have [[&l|r, &) < 2%, Also,

2020 +1) wo(z) 4o wy(z)  wf(@)
Ve R~ {0}, & (x) = lzPPe 22 |z |z |2

Using again that |z|~! < 4 on the support of wg, combined with the fact that the three functions
wy, © + wo(x)/2? and x — wi(x)/x are all in Li(R), it follows that |||, &) < (2o + 1)224*. So,

92
1Tl 2, (R, y)— L (R,Y) \/||§0||L1 &L ry < V420 - (2004 1)2420 < (1 + )4, O

4.4. Type and Cotype. For p € [1,2) and ¢ € [2,00), the type p constant and the cotype ¢
constant of a Banach space (Y| - |ly), denoted T),(X) and Cy(Y'), respectively, are defined to be

the infimum over those T',C € [1, 00| such that for every n € N and every z1,...,2, €Y,
1 n 1 n n 1
()" < EU\ Zijij} <T( Y llasly)" (96)
j=1 j=1 j=1
where the expectation is with respect to € = (e1,...,&,) € {—1,1}" chosen uniformly at random.
The smallest T, C' € (0, 00] for which holds true are denoted T,(Y), Cy(Y), respectively. Any
UMD Banach space (Y, ]| - ||y) admits an equivalent uniformly convex norm [61], [I], and hence it

has finite cotype [29, 66]. The following lemma makes this qualitative statement quantitative in
the case of cotype. A similar (and simpler) argument yields a quantitative bound in the case of
type as well (see Remark 33| below), but in what follows only the case of cotype will be used.

Lemma 32 (Cotype in terms of (Y)). There exists a universal constant k € (1,00) such that for
every B € [1,00), if (Y,| - |ly) is @ UMD Banach space with B(Y') < 8 then then (Y,| - ||y) it has
cotype kB3, and moreover Cyz(Y) < K.
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Proof. The proof below is a (somewhat tedious) combination of several results that appear in the
literature. The key step is an examination of the proof of Pisier’s quantitative version [68] of the
Maurey-Pisier theorem [63] for stable type. For p € (1,2) let ST,(Y™*) be the stable type p constant
of the dual space Y*. Namely, ST,(Y™*) is the infimum over those S € (0, 0c] such that for every
n € N, every z7,...,x; € Y* satisfy

[0l ] <s(Z el

where in (97)) the expectation is with respect to i.i.d. standard symmetric p-stable random variables
{6; };?:1, i.e., the characteristic function of 6y is

n)" (o7

VteR, E [eiwl} — It (98)

It follows from that E[|61]] < 1/(p — 1); see e.g. [28, Sec. XVII]. By Jensen’s inequality and
Kahane’s inequality, this implies that T,(Y™*) < (p — 1)ST,(Y™). Since Cy(Y) < T,(Y™), where
qg=p/(p—1) (see e.g. [62, Sec. 6]), we deduce that

Cy(Y)

ST,(*) 2“2 = 0y (Y). (99)

Suppose from now on that p € (1,3/2] (in the argument below we only use that p is bounded
away from 2 by a universal constant). Equivalently, ¢ € [3,00). It follows from the proof of the
main theorem of [68] that there exists a universal constant ¢ € (0, 1) such that if m € N satisfies

mi < gs:rp(y*) < e(p — 1)ST,(YV™). (100)

then Y™* contains a 2-isomorphic copy of £'. Unfortunately, while the dependence of m on ST,(Y™)
that is stated in is also stated explicitly in [68], the dependence on p, which is crucial for us
here, is not computed in [68]. However, one can verify by examining the dependencies on p
of certain constants that appear in [68], and substituting these dependencies into the proof of [68].
Specifically, the constant C), of Proposition 1.3 of [68] was computed in [58] to be

NN EICO R
Cp‘(fo“w ) \VAEaen )

Thus, recalling that p € (1,3/2), we see that C), is bounded above and below by positive universal
constants. The parameter ® of Lemma 1.4 of [68] can be estimated via a direct computation
(e.g., using the last line of page 975 of [31]) to give ® < 1/(p — 1). The proof of [68] uses only
two additional unspecified parameters, denoted K and 7, that appear in Lemma 1.5 of [6§]. In
Proposition 2 of [47] it is shown that one can take K =2 and n = (2 — p)/(8p(q¢ + 1)9). A direct
substitution of these estimates into the proof of Theorem 2.1 of [68] now yields ((100)).

Note that

B(€,") Z min {q, (log m)%} = min {q, (log m)lfé} . (101)
While (101)) is folklore, we did not find it in the literature so we briefly sketch the relevant com-

putation. Let & € N be the largest integer such that 2 < m. Let u be the uniform probability
measure on the discrete hypercube {—1, 1}’“, and think of £]" as containing an isometric copy of

Ly(1). Define My, ..., My : {—1,1}* — L,(u) by setting My = 1 and for j € {1,...,k} defining
de

k
V&,(S S {—1, 1}k, = H 1+ Ee(sg = 2 1{(517“.751.):(51’“.,5”}.
=1

-
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Then {M; }?:0 is a martingale with respect to the natural coordinate filtration of {—1,1}*.

Observe that )
2 k
( /{_ll}k||Mk<s>||i,,<u)du<s>) _ ot ot (102)

For every £,0 € {—1,1}* write j(e,0) = 0 if &1 # §; and otherwise let j(e,0) be the largest
je{l,...,k} such that ; = §; for all i € {1,...,5}. With this notation,

k 1
$(e,0) = (Y- (My(2)(6) = Mja(e)(9)) ) * = 270 — 1. (103)

j=1
Note that for every j € {0,...,k} we have

Y ({(a, 5) € {—1,11% x {~1,1}* - j(e,d) fg}) 21J (104)

Hence, using the triangle inequality in L,(x) and Khinchine’s inequality, we have

k
(/{11}k/{11}k 21 Mj1(e ))‘

+ ([[3)A (@09
() s<e,6>Pdu<e>du<6>) > (
{_171}k {_lrl}k

which, when contrasted with (102)), implies (101]).
A combination of (99), (100) and (10I)) implies that there exist universal a,b € (0,1/2) such that

Vq € [3,00), B(X) éamin{q, (qlog(l—Fqu(X)))l_%}.

For every ¢ > B(X)/a this gives a(qlog (1+bC,(X)))*? < a(qlog (1 4+ bCy(X))' "Y1 < B(X).
Hence, Cy(X) < €3%/(29) /(ba3/?), since ¢ > B(X)/a. By choosing xk = max{1/a, 3%/ /(ba®/?)},
the proof of Lemma [32|is complete. O

N

i du(ﬁ)du(n)>

Ly (1)

1
2j(p_1))p = 24 . min {q,k%} ,

-

1

J

Remark 33. The same argument as in the proof of Lemma without the need to use duality,
shows that THB/(Nﬁ_l)(Y) < K. Since we shall not need this fact below, the details are omitted.

4.5. UMD-valued Riesz potentials, Sobolev spaces and interpolation. Fix n € N and
s,p € (0,00). Suppose that (Y,] - ||y) is a Banach space. If f : R™ — Y is smooth and compactly
supported then its homogeneous (s, p)-Riesz potential (semi)norm is defined as usual by

(R

(Il - &, , (rm,yy is sometimes denoted || - || H,.,(Rn,y)> but we use a simpler notation since nonhomo-

def (105)

A1 e em vy = = HTwansf

Ly(R™Y) LyR"Y)

geneous Riesz potentials do not occur in what follows.) The Banach space H, ,(R",Y") is the com-
pletion of the smooth and compactly support functions f : R" — Y under the norm | - ||z, , (rn.v)-

Throughout the ensuing discussion we shall use standard notation and basic facts from complex
interpolation theory, as appearing in [9]. The following lemma provides quantitative control on the
behavior of the spaces H; ,(R™,Y) under complex interpolation when Y is a UMD Banach space.

Lemma 34. Let (Y,| - |ly) be a UMD Banach space. Fizp € [1,00) and s,0 € (0,00) with s < o.
Suppose also that 6 € (0,1) and define t = (1 — 0)s + 0o. Then every f € Hy,(R™,Y) satisfies

xo=s) /(10

1 ez, (R ¥), Ho ' Y] < Bp(Y)e N ler, vy -
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Proof. Consider the strip = {z € C: Rz € (0,1)}. For every M € (0,00) define an auxiliary
mapping ®pr : S — Hs ,(R™",Y) + H,,(R™,Y) by

t—s—z(o—s)

VzeS, ®y(2) def M (= D)=0(6-1) (L 7y =5 ¢

Then ®); is holomorphic on S and satisfies ®5;(0) = f. By the definition of the complex interpo-
lation space [Hs,(R™,Y), Hy »(R™,Y)]p, we therefore have

1l ' ), (R ) S inf sup max { || ®(ib) m, ,&n v)» | P2 (1 + )|, & yy } - (106)

For every (a,b) € [0,1] x R we have

ib(oc—s)

(—A)M@M(a o bZ) _ eMa(af1)+M9(179)7Mb27M(2a71)bi(_A)T(_A)%f.
Recalling ((105]), we therefore obtain the estimate

1@re(a+ i) 1, o @)

ib(o—s
< eMala—1)+Mo(1—-0)—Mb? ib(e—s)

(-
ol g rlle=2)
< By(Y)eMateDTMOA=0) . oMb+ £l e (e vy (107)

where in (107) we used Corollary [25 The function b — —Mb? + 7|b|(o — s)/4 attains its maximum
on R at b =n(o—s)/(8M). It therefore follows from (107)) that

L (]Rn Y)—}Lp(Rn Y HfHHt’p(Rn,Y)

Y)eMO(-6)+" 2(o—s)?

Sup max {I®@a:(@0) 111, , w2 ), 1901 (1 + D) 11, (R )} S B SO Fll (v -
S

In combination with (106|) we therefore have

. (U S)
Hf”[Hs,P(Rnay)vHo,p(any)]S ’S ﬁp(Y) (Melﬁ)foo)e 6(1-6)+% ) HfHHt,p(R”,Y)

7r(o s)
= Bp(V)e = VOO fll g mnyy (108)
where for (108) the optimal choice of M € (0,00) is M = 7(0 — 5)/(84/0(1 — 0)). O

Suppose that 2 C R” is open (for our purposes 2 will always be either a multiple of B™ or all of
R™). If (Y,] - |ly) is a Banach space and p € [1,00] then for every smooth f :  — Y denote

def || O
1 fllwy @) = Z P : (109)
j=1 JHLy(Q,Y)
Thus [ - lw, (@) is the (homogeneous) first order Sobolev (semi)norm of f. The corresponding

Sobolev space W), 1(2,Y) is the completion of the space of all smooth and compactly supported
functions f : R" — Y under the norm ||-[|y, ,(a,y)- For (s,p) € (0,1) x[1, 00), the order s fractional
(homogeneous) Sobolev (semi)norm of f : Q — Y is defined by

b0 ([ ”ﬁ‘x_y”,fﬁl‘yd d) - (110)

While the notation [| - [|y; L(,y) 18 sometimes used in the literature, we shall use the above simpler

notation because nonhomogeneous Sobolev norms do not occur in what follows.

Our next goal is to relate UMD-valued Riesz potentials to Sobolev norms. The following lemma
treats the case of first order Sobolev norms, and also contains a comparison between Riesz potentials
that will be needed later; it is a simple consequence of the boundedness of the Hilbert transform
on UMD Banach spaces, combined with the method of rotations.
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Lemma 35. Suppose that (Y, | - ||y) is @ UMD Banach space, n € N and p € (1,00). Then every
feWip,(R",Y) satisfies

I £l 21, e, vy < BP(Y)QHfHWLP(R”,Y)-

Moreover, if s € (1,00) and j € {1,...,n} then for every smooth f:R™ —Y we have

|

Proof. Suppose that K : R" — Y is odd, continuous on R™ ~\ {0}, and positively homogeneous
of order —n, i.e., K(tz) = t " K(x) for every t € (0,00) and z € R" \ {0}. For f € L,(R", X)
consider the corresponding Calderon—Zygmund singular integral

< B2, rm ) - (111)
HS,LP(R",Y)

Vo eR  Tif@)® | K-yl (112)

It follows from the method of rotations, as presented by Iwaniec and Martin in [44], that

™

Tl s <5 ([ KE@A0E) IHlLenonen,  013)

where o is the surface area measure on the Euclidean sphere "1 and H : L,(R,Y) — L,(R,Y)
is the Hilbert transform, i.e.,

Veoe Ly(R,Y),  Hep(z)% 1/ 20 g, (114)
R

TJRT—Y

The integrals in (112]) and (114]) exist in the sense of principal values. The estimate (113) is
presented in [44] Proposition 5.1] in the case Y = C, but the same proof applies to the Banach

space-valued setting without any change (the proof is based on an integral identity that is estimated
using convexity of the norm. As such, the vector-valued and scalar-valued cases are identical; here
the Banach space Y can be general and the UMD property isn’t used).

For j € {1,...,n} consider the Riesz transform given by
dof I‘(LH) Tj—
Ve eR", R;f(x) = L?H / n+1f( )dy
w2 Jre |z —yll;

By (113]) we have,

A1) [ |1ldo(2)

1R, (®n v )= Ly (R7y) < .= | H | L, (R,Y)—Ly(R,Y)
T2
= |H|l,®y)—1,®y) < Bp(Y)?, (115)

where the bound || H ||z, & yv)=L1,®y) < Bp(Y )2 that was used in (T15]) is implicit in the important
work of Burkholder [15] and explicit in [32, Theorem 3].
Note that for every j € {1,...,n} we have R; = (—A)~ 1/2 o 88 follows directly by computing

the Fourier transform (see e.g. [72, Chapter IIIJ)). Consequently,
(RN
pp——— Z e < B2 vy

17l ) 22 [ (-2) -2

Lp(R™,Y)
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Finally, to deduce ([111]), proceed as follows.

0 (T05) 1 0 _1 0 s

o B |-y ~cayrt Ly

O Hs 1 ,(R™Y) ax] Ly(R™)Y) O Lp(R™)Y)
= R a2 < B2 -k = 5,002 0
L Ly(R™,Y) =P Lp(R™Y) I Hs p(R™,Y)-

The following theorem asserts a useful comparison between UMD-valued fractional Sobolev
norms and the corresponding Riesz potentials.

Theorem 36. Firn € N, s € (0,1) and p € [2,00). Suppose that (Y,|| - ||y) is a UMD Banach
space of cotype p. Then every f € H, ,(R",Y") satisfies

Il ey § OOV e, (116

=

Proof of Theorem[36. The proof below proceeds via a reduction to a slightly stronger statement in
the one dimensional case n = 1. So, assume for the moment that we already proved that

Co(Y)B,(Y
Voe Hy®Y),  lolw,an S 2 ol . (117

We shall now deduce the desired estimate (116 from (117)), and then proceed to prove (117)).
For every z € S"~! and w € z+ C R" define 92w : R =Y by setting

VEER,  gew(t) S flw+t2). (118)

By changing to polar coordinates we see that

) If (@ +y) — f@)Y
f ) — dzdy
£ 1%y, o ) Rr xR" lyll5 ™"

I f(a+72) — f(2)]%
_ 1 do(z)dzdr
2///Sn1XRnXR ‘T|1+ps ( )
oA 1
LEL T R A T T
2 Sn71 zl s,p( i )

Hence, using (117) we deduce that

1
Co(Y)B,(Y ;
I£1hw, oy & LD ([ a0 [ el ) (19

For every z € S" !, w € z* and t € R denote

9%\ ?
flw+tz2) (L19) <_8252> Gzw(t).

(11

hew(t) € (=(2,V)?)

With this notation, for every z € S"~! we have

/lelgz,wH%S,pmd = / ozl gy oo = [ (=42, 9%) 7|

(T05)
<

Lp(R™,Y)

= [ 2)F (—ay i -ayi

Ly(R™)Y) H mz ”L (R™,Y)—Lp(R™Y) HfHHS p(R?Y) (120)



where we set m.(z) = |[(z,2)|*/|z||5 for z € R" and z € S"~1. By rotation invariance, it follows
from Corollary |26 . 6|that the norm of the multiplier 77,,, as an operator from L,(R™,Y) to itself is at
most a constant multiple of 8,(Y)3. By combining this bound with and -, we get

Cp(Y)B,(Y ) 4o (S 1)

1fllw, e y) S Si—3) 1 Wl 1, vy -

Since o(S"~ 1) = nV,,, this concludes the deduction of (116]) from (T117).
It remains to prove ([117)). The case Y = R of (117)) is given in [9, Theorem 6.2.5], without

explicit dependence on the relevant parameters. The proof of (117 below consists of an adaptation
of the argument of [9, Theorem 6.2.5] to the UMD-valued setting, while tracking the bounds.
Recalling the Littlewood-Paley partition of unity {t;},cz given in , for every y € R we have

(/R lg(x +y) — g(@)[% dx>; < J% </R Hng(z +y) - T¢j(x)g(x)“i dx)’l’ (121)

<Y win {1 70, . (122)

JEZ
where in we used the fact that Z]ez ®j; = 1 and the triangle inequality in L,(R,Y), and
in (122)) we used Lemma [30] Now,

[22)

r4+1 )
lgllw,,@y) < (72/2 (j%min{ |y|}}| wngLpRy))pm)’l’ (123)
= (D02 ey gl y)) 020

reZ u€EZ
min {1,2P%} v
< D (ZQPT'2 polr=w) HTwr-ugHL(m)p (125)
u€”Z rez
+ ~— min {1,2%}

= (2Tl )T S

]GZ u€eZ
= (Zz Tyl ) (126)

where for use the fact that for each r € Z in the integrand of the corresponding summand
that appears in the right hand side of we have |y| < 2", and make the change of variable
u=r—j, and for use the triangle inequality in ¢,(Z).

Recalling the functions {¥;};cz given in , an application of Proposition [28 shows that

‘Z@Tﬁ %

At the same time, since L,(R,Y") has cotype p with constant Cp(Y),

<A H A)zg = By(Mllgll e, ,my)- (127

L,(R)Y)

56{ 11}Z|: LP(RY]

s 1 s P 1
Ese{il’l}z |: ‘ %ngﬁj( A)Qg LP(R,Y):| Z CP(Y) (JEZZ HTﬁ](iA)Qg LP(R,Y) ) ’
1 s 1 . 1
e (Sr i, ) 2 e (D2 Tl ) 029

JEZ
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where in the penultimate step of (128]) we used Lemma (90| and in the final step of (128) we used
Lemma By combining (127]) and ((128]), we see that

1
(27 L0l )" S CoV B gl - (120)

JEZL
A substitution of ((129)) into ([126)) now yields the desired estimate ((117)). O

Remark 37. The left side of (129) is the Besov norm [l 5 (ry). Hence (129) asserts a quanti-
tative embedding of Hs,(R,Y) into B, ,(R,Y’) when Y is a UMD space of cotype p. A qualitative
embedding statement of this type was recently established by Veraar [79, Proposition 3.1].

Remark 38. One can prove a reverse inequality to that of Theorem [36| under the assumption that
(Y, || - |ly) is a UMD Banach space of type p € (1,2], in which case one obtains an upper bound on
£l &, ,(mn,yy in terms of || fllw, (r»y)- Specifically, we have the following estimate for s > 0.
ips
VP EWap®LY), [ flm, oy S 2RO ey (130)
(p—=1)(nVn) 7
Since is not needed below, we omit its proof (which is available on request). By Remark
one can take in p—1x1/B(Y), in which case T,(Y) < 1 and, by (49), 3,(Y) < B(Y)?. Note
that, by Kwapien’s theorem [52], unless Y is isomorphic to a Hilbert space, its type and cotype do
not coincide, and therefore by combining Theoremwith one does not obtain an equivalence
between the norms | - ||, ,rn,y) and || - |lw, ,&n y) for non-Hilbertian targets Y. See [38] for a
related characterization of Hilbert space.

Recalling the notation that was introduced in Section [2, we end this section by deducing a
corollary of Theorem [36] that will be very important in what follows.

Corollary 39. Fiz p € [2,00) and (s,0) € (0,1) x (1,2). Let (Y,| - |ly) be a UMD Banach space
of cotype p. Then every measurable f : R™ — 'Y satisfies

"(uy) — Py (uy)| z Cp(Y)By(Y)
J. \ )’f ) “ LY ayan)” < YOy, 131)

Voyupstl ~ s(1—s)
and
1 3
£ (uy) = PAr )l b G )EY)
... o B L gy RO e (12

Proof. By integrating the conclusion of Corollary [14] (with ¢ = ps) over x € R™ we see that

1
1 £ (uy) — P (uy)|f}- » NGID
u < S —— 1
<Vn ///Ran"x(O,OO) upstl drdydu | 5 1 171 sp(R™Y) (133)

nVy)r

A substitution of the conclusion of Theorem [36]into (133)) yields (131]).
Next, by integrating the conclusion of Corollary E (with ¢ = po > p) over x € R™ we see that

1 T _ Pl T p i n o
Vn n x B x (0,00) up (nVn)? 5= Oz; Wo—1,p(R™,Y)
By Theorem |36| applied to %fj for each j € {1,...,n} and with s replaced by o — 1 € (0, 1),
1
0 C,(Y )4 (nV,)e || O
Vje{l,...,n}, ’f S pV5 (T V) | 07 (135)
9% llw,_, ,&ry) (0 =1)(2-0) iy, _, @y

32



Moreover, by the second assertion of Lemma [35] we have

of

max |- < BAY "y - 136

jE{l,‘..,TL} ax] Hg—l,p(Rn,Y) ~ Bp( ) HfHHGvP(R :Y) ( )
By substituting (136]) into (135]), and then substituting the resulting estimate into ((134]), we obtain
the desired estimate (132)). O

5. PROOF OF THEOREM
We shall prove here the following theorem.

Theorem 40. Fiz p € [2,00) and suppose that (Y,|| - |ly) is a UMD Banach space of cotype p.
Then every smooth f: R™ =Y satisfies

[ (uy) — Pif*(uy)|]y
<///annx(0,oo) Vup dedydu>

S PGy (Y)Bp(Y) log(B,(Y )n)
N g ;(/}R

5 H dx)l. (137)

Note that Theorem [19| follows from Theorem Indeed, if (Y, - |ly) is @ UMD Banach space
with 8 = B(Y) then by Lemma [32| there exists a universal constant ~ € (0,00) such that if we set
p = kf then C,(Y) < 1 (in particular we necessarily have k8 > 2). Moreover, by we have
Bp(Y) < B2 To deduce Theorem take f : R™ — Y that is Lipschitz and compactly supported.
By convolving f with a smooth bump function whose support has small diameter we may also
assume that f is smooth. It now follows from Theorem [40] that

f:v Plfw é
( /// o |7 (uy) L s dg;dydu>
sptvaoeon Y ([ 5@

j=1

n

dm)“ﬂ < 83 (vol(supp(£))) % | Il

G:U]

where we used the fact that, due to , for every x € R™ and j € {1,...,n} we have

o (@ +tej) — f)]ly

Hax] 7)||,, = lim . < Ifluiplleslix < 1fupvi.

Proof of Theorem [[0. For every s € (0,00) let v be the measure on (0,00) x R™ x B" whose density
is given by

e 1
V(u,z,y) € (0,00) x R™ x B", ws(u, z,y) = = Valapor (138)
Define a linear operator 8 : H, ,(R",Y) = L,(vs,Y) by setting for every f € H,,(R",Y),
V(u,z,y) € (0.00) x R" x B, 8(u.x,y) < [*(uy) — PLf*(uy), (139)

where we recall the notations @ and for f* and P, respectively. In what follows we let M,
denote the norm of § as an operator from H, ,(R",Y) to L,(vs,Y), ie.,

def
Vs € (0,00), Ms = 8]l u, ,(&r,Y)>Ly(we,Y)-

Suppose that s, 0,60 € R satisfy
(s,0,0) € (0,1) x (1,2) x (0,1) and 1=(1-0)s+fo.
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Then @1 = ¢} 7% so by Stein’s interpolation theorem [71, Theorem 2] for every f in the complex

interpolation space [Hs ,(R™,Y'), Hy,»(R"™,Y)]y we have

(o e )

A _
ED2ED (8111, vy < MEOME Fll, v - (140)

We note that Stein’s interpolation theorem is stated in [71] for real-valued function spaces, but the
standard proofs of this theorem (see also [74] or [9, Section 5.4]) work without additional effort
for vector-valued spaces as well, which is what we are using here. Alternatively, the vector-valued
setting is treated explicitly by Calderén in [I8, Section 13.6]. Every f € W ,(R™,Y) satisfies

£ 17z, @y o '3 S BV i, vy S Bo(Y)P Il e v)- (141)
where in (%) we used Lemma and in (xx) we used Lemma Hence,

£ (uy) = Pife(uy)|ly,
<///R"><B”><(O,oo) V, upt1 dxdydu>

< aoe( e ) Y]
(s,0,0)€(0,1)x(1,2)x(0,1) n
(

1-0)s+0c=1 J=1

5 )Him)’l}. (142)

Corollary [39] asserts that

VPG, (Y )3y (Y ) pn2Cp(Y)B,(Y)°
1) x (1,2 M, < M, <

Y(s.0) € (0.1 x (1,2) DS, g YEEGEORE

Hence,
_ 3
e (GBI (G0

(5,0,0)€(0,1)x (1,2)x (0,1)  ° T ™ (5,0,0)€(0,1) % (1,2) X (0,1) s(1—s) (c—1)(2-0)

(1-0)s+00=1 (1-0)s+00=1

< VPCp(Y)Bp(Y ) log(B,(Y)n), (143)

where arises by choosing s = 1 — 1/log(By(Y)n) and o = 2 — 1/log(5,(Y)n), in which
case necessarily § = 1/log(5,(Y)n). We note that these choices essentially yield the best possible
estimate in (up to constant factors), but one could also choose here, say, s = 1/2 and
o = 3/2, yielding a worse dependence on n which is of lesser importance for our present purposes.

A substitution of ((143]) into ((142)) yields the desired estimate (137)). O
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Added in proof. In the forthcoming work [39], Question [§|is resolved positively by showing that
Theorem [2 holds true for any uniformly convex target Y (in which case the parameter 3 is replaced
by a quantity that depends on the modulus of uniform convexity of Y). Also, the dependence on
n that appears in is improved in [39]. This is achieved in [39] by following the vector-valued
Littlewood-Paley strategy that we introduced here to bound 7*~Y (), but while implementing it
via a method that differs markedly from the argument that appears in the present work. Specifically,
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[39] follows more closely Bourgain’s original strategy [I3] for proving his discretization theorem,
though with major differences. In particular, the proof in [39] even yields a new approach to
Dorronsoro’s influential classical work [26] in the scalar-valued setting.

1]
2]

[26]
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