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Abstract

A metric space X has Markov type 2, if for any reversible finite-state Markov chain {Z;} (with
Zy chosen according to the stationary distribution) and any map f from the state space to X,
the distance Dy from f(Zy) to f(Z;) satisfies E(D?) < K2tE(D?) for some K = K(X) < oo.
This notion is due to K.Ball (1992), who showed its importance for the Lipschitz extension
problem. However until now, only Hilbert space (and metric spaces which embed bi-Lipschitzly
into it) were known to have Markov type 2. We show that every Banach space with modulus
of smoothness of power type 2 (in particular, L, for p > 2) has Markov type 2; this proves a
conjecture of Ball. We also show that trees, hyperbolic groups and simply connected Riemannian
manifolds of pinched negative curvature have Markov type 2. Our results are applied to settle
several conjectures on Lipschitz extensions and embeddings. In particular, we answer a question
posed by Johnson and Lindenstrauss in 1982, by showing that for 1 < ¢ < 2 < p < o0, any
Lipschitz mapping from a subset of L, to L, has a Lipschitz extension defined on all of L.

1 Introduction

K. Ball [2] introduced the notion of Markov type of metric spaces, defined as follows. Recall that a
Markov chain {Z;}$2, with transition probabilities a;; := Pr(Zyy1 = j | Z; = i) on the state space
{1,...,n} is stationary if m; :== Pr(Z; = i) does not depend on ¢ and it is reversible if 7; a;; = 7 aj;
for every 7,7 € {1,...,n}.

Definition 1.1 (Ball [2]). Given a metric space (X,d) andp € [1,00), we say that X has Markov
type p if there exists a constant K > 0 such that for every stationary reversible Markov chain
{Zi}32 on {1,...,n}, every mapping f: {1,...,n} — X and every time t € N,

Ed(f(Z), f(Z0))? < KPtEd(f(Z1), f(Z0))"-

(Here and throughout, we omit some parentheses and write EaP for E(aP), etc.) The least such K
is called the Markov type p constant of X, and is denoted My(X).
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Ball introduced this concept in his profound study of the Lipschitz extension problem [2] (see
Section 2), and the notion of Markov type has since found applications in the theory of bi-Lipschitz
embeddings [46), 4]. The main theorem in [2] states that Lipschitz functions from a subset of a
metric space X having Markov type 2 into a Banach space with modulus of convexity of power
type 2 (see the definition in (3)) below) extend to Lipschitz functions defined on all of X. Ball showed
that My(Le) = 1, yet apart from Hilbert space and spaces which embed bi-Lipschitzly into Hilbert
space, no other metric spaces were known to have Markov type 2. Ball asked in [2] whether L, for
2 < p < oo has Markov type 2, and more generally, whether every Banach space with modulus of
smoothness of power type 2 has Markov type 2. Recall that X has modulus of smoothness of
power type 2 if for all ,y in the unit sphere of X, we have ||z + 7y|| + ||z — 7y|| — 2 < Ks7?
for some constant Kg = Kg(X) < oo and all 7 > 0 (see also (5) below). Here we answer Ball’s
question positively, and prove:

Theorem 1.2. Every normed space with modulus of smoothness of power type 2 has Markov type
2. Moreover, for every 2 < p < oo, we have My(Ly,) < 4y/p — 1.
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In conjunction with Ball’s extension theorem [2], this implies the following non-linear version
of Maurey’s extension theorem [49] (see below), answering a question posed by Johnson and Lin-
denstrauss in [29].

Theorem 1.3. Let X be a Banach space with modulus of smoothness of power type 2 and let Y be a
Banach space with modulus of convexity of power type 2. Then there exists a constant C = C(X,Y)
such that for every subset A C X and every Lipschitz mapping f : A —'Y, it is possible to extend
ftof: X —=Y such that ||f|Lip < C| fllLip-

In particular, for X = L, and ¥ = L, with 1 < ¢ < 2 < p < oo, we can take C' =
O(v/(p—1)/(g—1)) (but even the finiteness of C in this case wasn’t known). Additional geo-
metric applications of Theorem [1.3! will be discussed later in this introduction.

Our methods yield Markov type 2 for several new classes of spaces; in particular we have the
following result, which answers positively a question posed in [56].

Theorem 1.4. There exists a universal constant C > 0 such that for every tree T with arbitrary
positive edge lengths,
My(T) < C.

In this theorem, as well as in Theorem [1.5/ and Corollary [1.6 below, one can take e.g. C' = 30.
On the other hand, we show in Section [§ that the infinite 3-regular tree satisfies My (T") > /3.

In fact, Theorem [1.4/is a particular case of the following result which holds for arbitrary Gromov
hyperbolic spaces. One of many alternative definitions for Gromov-hyperbolic spaces is as follows
(background material on this topic can be found in the monographs [23] 8, 24, [64]). Let (X, d) be
a metric space. For x,y,r € X the Gromov product with respect to r is defined as:

d(z,r) +d(y,r) — d(z,y)

For § > 0, the metric space X is said to be d-hyperbolic if for every z,y, z,r € X,

(zly)r = min {(z[2), (ylz)r} =9, (2)

and X is Gromov-hyperbolic if it is §-hyperbolic for some § < oco.




For trees, (z|y), is precisely the distance of the least common ancestor of x and y from the root
r. It is easy to conclude (and is well known) that every tree is 0-hyperbolic. Thus, the following
theorem generalizes Theorem [1.4

Theorem 1.5. There exists a universal constant C' > 0 such that for every d-hyperbolic metric
space X, every stationary reversible Markov chain {Z:}2, on {1,...,n}, every f: {1,...,n} — X
and every time t > 1,

Ed(f(Z:), [(Z0))* < C*tEd(f(Z1), f(Z))* + C* 8% (log t)*.

Hyperbolic groups are finitely generated groups on which the word metric is §-hyperbolic for
some 0 < § < oo (see [23]). Since the minimal distance in such metric spaces is 1, we have the
following corollary of Theorem [1.5:

Corollary 1.6. There exists a universal constant C' > 0 such that for every d-hyperbolic group G
equipped with word metric,

M>(G) < C(149).
In Section |5/ we also prove the following result:

Theorem 1.7. Let X be an n dimensional, complete, simply connected Riemannian manifold
with pinched negative sectional curvature, i.e., its sectional curvature takes values in the interval
[-R,—7], where 0 < r < R < co. Then X has Markov type 2 and Ms(X) can be bounded by a
function of n,r, R.

This paper is organized as follows. In Section 2/ we discuss the history and motivation of Ball’s
Markov type 2 problem, as well as the background we require from the geometry of Banach spaces.
In Section 3 we briefly describe some applications of our results to the extension problem for
Holder functions and bi-Lipschitz embeddings. Section 4 deals with the behavior of Markov chains
in smooth normed spaces, and contains the solution of Ball’s Markov type 2 problem. Section 5
deals with the case of trees and hyperbolic metric spaces. Section [7 proves that the Laakso graphs
have Markov type 2. It is also proved there that doubling spaces and planar graphs have a weak
form of Markov type 2. Finally, Section |8 contains some open problems.

2 Linear and non-linear type and cotype; the linear and Lipschitz
extension problems

The classical Jordan-von Neumann theorem [31] states that Hilbert space is characterized among
Banach spaces by the parallelogram identity ||z + y||*> + |z — y|> = 2[|=||*> + 2||y/|>. Induc-
tively it follows that the generalized parallelogram identity 27" > _ (~1,41} leiwy + ... +enzn]® =
S 1 |l@i]|* encodes the rich geometric structure of Hilbert space. In the early 1970’s, the work
of Dubinsky-Pelczynisky-Rosenthal [15], Hoffmann-Jgrgensen [27], Kwapien [36], Maurey [48] and
Maurey-Pisier [52] has led to the notions of (Rademacher) type and cotype, which are natural re-
laxations of the generalized parallelogram identity. A Banach space X is said to have type p > 0 if
there exists a constant T > 0 such that for every n and every z1,...,x, € X,

n n
v 3 e <Y e
=1

EiG{—l,l} =1




The least such constant T is called the type p constant of X, and is denoted T),(X). Similarly, X is
said to have cotype q if there exists a constant C' > 0 such that for every n and every x1,...,z, € X,

1 "~ 7 1 <
E ¥ [Sanl> &3t
=1

gie{-1,1} i=1
The least such constant C' is called the cotype ¢ constant of X, and is denoted Cy(X).

These seemingly simple parameters turn out to encode a long list of geometric and analytic
properties of a normed space X, and in the past three decades the theory of type and cotype has
developed into a deep and rich theory. We refer to the survey article [51], the books [44) 53], [60),
60, [14] and the references therein for numerous results and techniques in this direction.

A fundamental result of Maurey [49] states that any bounded linear operator from a linear
subspace of a Banach space with type 2 into a Banach space of cotype 2 extends to a bounded
linear operator defined on the entire space. More precisely:

Theorem 2.1 (Maurey’s extension theorem). Let X,Y be Banach spaces, Z a linear subspace
of X and T:Z —Y a bounded linear operator. Then there exists a linear operator T': X — 'Y
such that Tz =T and |T|| < T2(X) Co(Y) || T

The extension problem for linear operators between Banach spaces is a linear variant of the
classical Lipschitz extension problem which asks for conditions on a pair of metric spaces X,Y
implying that every Lipschitz function defined on a subset of X taking values in Y can be extended
to a Lipschitz function defined on all of X, with only a bounded multiplicative loss in the Lipschitz
constant. Formally, let X, Y be metric spaces and denote by e(X,Y’) the least constant K such
that for every Z C X every Lipschitz function f : Z — Y can be extended to a function f: X — Y
satisfying || f||Lip < K||fllLip (if no such K exists we set e(X,Y) = co). Estimating e(X,Y") under
various geometric conditions on X and Y is a classical problem which dates back to the 1930’s.
We refer to [65, 6, [41] and the references therein for an account of known results on Lipschitz
extension.

The modern theory of the Lipschitz extension problem between normed spaces starts with the
work of Marcus-Pisier [47] and Johnson-Lindenstrauss [29]. In [29] it is asked if there is a non-
linear analog of Maurey’s extension theorem. To investigate this question it is clearly necessary
to develop non-linear variants of type and cotype. While there has been substantial progress in
the past 20 years on non-linear notions of type, a satisfactory notion of non-linear cotype remains
elusive. Enflo [17, (18, 19] studied the notion of roundness of metric spaces and subsequently in [20],
generalized roundness to a notion which is known today as Enflo type. Let X be a metric space
and fix n € N. An n-dimensional cube in X is a mapping € — z. from {—1,1}" to X. X is said to
have Enflo type p with constant K if for every n and every n dimensional cube z : {—1,1}" — X,

Z d(-rea x—e)p < K? Z d(l'g, xs’)p7

ee{-1,1}" erve’

where e ~ &' if ||e — €|l = 2.

In the case of normed spaces X, Enflo type p clearly implies Rademacher type p — this follows
by considering cubes of the form z. = > | €; y;, where y1,...,y, € X. A variant of Enflo type
was introduced and studied by Bourgain, Milman and Wolfson in [9] (see also [59]). In [56], it was
shown that for a wide class of normed spaces, Rademacher type p implies Enflo type p. Despite



the usefulness of these notions of non-linear type to various embedding problems, they have not
yielded extension theorems for Lipschitz functions.

A breakthrough on the Lipschitz extension problem was obtained in the paper of Ball [2], where
he introduced the notion of Markov type p (which, as shown in [56], implies Enflo type p).

To state the main result of [2] we need to recall the notions of uniform convexity and smoothness
of normed spaces (see [44] for a detailed account of this theory). Let (X, || - ||) be a normed space.
The modulus of uniform converity of X is defined for € € [0, 2] as

. T+
axte) =it {1 B2 oy e x ol =yl = 1, o -l = 2 Q

The normed space X is said to be uniformly convex if §x(g) > 0 for all € € (0,2]. Furthermore,
X is said to have modulus of convexity of power type ¢ if there exists a constant ¢ such that
d(e) > ce? for all € € [0,2]. It is straightforward to check that in this case ¢ > 2. By Proposition
7 in [3] (see also [21]), X has modulus of convexity of power type ¢ if and only if there exists a
constant K > 0 such that for every z,y € X

2
22| + 5o IylT < llz + yll* + [lz = ylI. (4)

The least K for which (4) holds is called the g-convexity constant of X, and is denoted K (X).
The modulus of uniform smoothness of X is defined for 7 > 0 as

T+ 1Y+ ||x—TY
pr) = sup { LTIy e = ol = 1 (5)
X is said to be uniformly smooth if lim,_o X" (T) — (. Furthermore, X is said to have modulus of

T

smoothness of power type p if there exists a constant K such that px(7) < K7P for all 7 > 0. It is
straightforward to check that in this case necessarily p < 2. By Proposition 7 in [3], px(7) < K7P
for every 7 > 0 if and only if there exists a constant S > 0 such that for every xz,y € X

[z +yl” + llz = yll” < 22" + 257 |y[|”. (6)

The least S for which (6) holds is called the p-smoothness constant of X, and is denoted S,(X).

It was shown in [3] (see also [21]) that Ko(L,) < 1/y/p—1for 1 <p <2, and So(Ly,) <+p—1
for 2 < p < 0o (the order of magnitude of these constants was first calculated in [25]).

In [22 21] (see also [44], Theorem 1.e.16.) it is shown that if a Banach space X has modulus of
convexity of power type ¢ then X also has cotype ¢. Similarly, if X has modulus of smoothness of
power type p then X has type p. Observe that L; has cotype 2 (see [44, [53]), but it is clearly not
uniformly convex. There also exist spaces of type 2 which are not uniformly smooth [28, [61], but
these spaces are much harder to construct. For all the classical reflexive spaces, the power type of
smoothness and convexity coincide with their type and cotype, respectively.

Thus, in the context of uniformly convex and uniformly smooth spaces, one can ask the following
variant of the Johnson-Lindenstrauss question: is it true that e(X,Y’) < oo whenever X is a Banach
space with modulus of smoothness of power type 2 and Y is a Banach space with modulus of
convexity of power type 2? This is precisely the problem studied by Ball in [2], who proved the
following theorem:

Theorem 2.2 (Ball’s extension theorem). Let X be a metric space, and Y a Banach space
with modulus of convexity of power type 2. Then e(X,Y) < 6 May(X) Ka(Y).



In particular, Ball showed that My(L2) = 1, whence e(Lg,Ly) < 6/y/p—1for 1 < p < 2.
Subsequently, in a difficult paper that is not based on the Markov type approach, Tsar’kov [63]
showed that every Banach space X with modulus of smoothness of power type 2 satisfies e(X, La) <
00.

Here we prove the following result:

Theorem 2.3. Fiz 1 < g <2 and let X be a normed space with modulus of smoothness of power-

type q. Then
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My(X) < ] Sq(X).

In particular, for every 2 < p < oo,

M(Lp) < 44/p— 1.

In conjunction with Ball’s extension theorem, we obtain a non-linear analog of Maurey’s exten-
sion theorem:

Theorem 2.4. For every two Banach spaces X,Y,

In particular, for 2 <p < oo and 1 < g <2,

—1
e(Lyp, Lq) < 24, /%.

3 Some additional geometric applications

In [55] the extension problem for Holder functions was studied. Let X, Y be metric spaces. Recall
that a function f : X — Y is o Holder with constant K if for every x,y € X, d(f(z), f(y)) <
Kd(z,y)®. Following [55] We denote by A(X,Y") the set of all & > 0 such that for all D C X
any « Holder function f : D — Y can be extended to an a Holder function defined on all of X
with the same constant. Analogously, B(X,Y") denotes the set of all & > 0 for which there exists
a constant C' > 0 such that for all D C X any function f : D — Y which is a Hélder with
constant K can be extended to a function defined on all of X which is « Holder with constant C K.
In [55] the following theorem was proved, which shows that the isometric and isomorphic extension
problems for Holder functions between L, spaces exhibit a phase transition: for 1 < p,q < 2 we
have A(Ly, Ly) = (0,p/q*] while B(L,, Lq) = (0, p/2], where ¢* = ¢/(q—1) (note that for 1 < ¢ < 2
we have p/q* < p/2). Additionally, for any p/2 < a < 1 there is an o Hélder function from a subset
of L, to Ly which cannot be extended to an o Holder function defined on all of L,,.
The sets A(Lyp, Ly) were calculated in [65] for all values of p, q. It is shown there that:

(0,p/q*], if1<pqg<2,
_ ) (O,p/q], fl<p<2<g<oo,
ALy, Lq) = (0,p*/q], if 2<p,q< oo,
(0,p*/q*], if2<p<ocandl<q<2.



As noted in [55], the solution of Ball’s Markov type 2 problem (i.e., Theorem [2.3) completes the
computation of the sets B(Ly, Ly):

(0,p/2], if1<p,q<2,

(0,p/q], if1<p<2<g<oo,
B(Lp, Lq) = (0,2/q], if2<p,q< o0,

(0,1], if2<p<ooand1<q<2.

We end with some applications of our results to the theory of bi-Lipschitz embeddings of finite
metric spaces into normed spaces. Given two metric spaces X,Y and a one-to-one mapping f :
X — Y, its distortion is defined as dist(f) = || f|lLip - |/~ |Lip- In [46} 4] it was shown that if G is
a finite graph with girth g (i.e., the length of the shortest closed cycle in G is g) and average degree
d > 2, then every embedding of G (with the graph metric) into Hilbert space incurs distortion at
‘52_52 V9. In fact, the same proof shows that any embedding of G' into a metric space X of

Markov type p incurs distortion at least 5 AJ/[;(QX) g(p_l)/ P, We thus obtain new classes of spaces into
which large girth graphs cannot embed With low distortion. In particular, any embedding of G into
L, for p > 2, incurs at least the distortion & W q/D-

In [4] the metric Ramsey problem for the Hamming cube €4 = {0,1}? (with the L; metric)
was studied, and it was shown that if A C 4 embeds in Hilbert space with distortion D, then
|A| < |Qq|'—e/P . (Here, ¢, is a universal constant. This estimate is shown in [4] to be optimal up
to logarithmic terms.) The proof of this fact is heavily based on the analysis of Markov chains on
subsets of the cube, and on the fact that Hilbert space has Markov type 2. The same result holds
true for embeddings into any metric space X of Markov type 2, with the constant ¢ replaced by
Cx /MQ (X) 2.

In [56] it was shown that any embedding of the Hamming cube {0,1}% into L,, p > 2, incurs
distortion at least cp\/g, where ¢, depends only on p. Using Theorem 2.3 it is possible to obtain the
optimal dependence of ¢, on p, namely any embedding of {0, 1} into L,, p > 2, incurs distortion
at least 1 5 max{l, \/7 /p}. This follows directly from Theorem 2.3 by considering the Markov chain
correspondmg to the standard random walk on the Hamming cube. The fact that this lower bound
is optimal follows from the following embedding. Let e1,...€4 be ii.d. symmetric +1 valued
Bernoulli random variables and map = € {0,1}? to the random variable Y, := Zle zig;. It is well

1/p
known (see e.g. [39]) that for every integer k < d, (E ‘Ele € p) = O (min{k, /pk}), implying

that for p < d and @,y € {0,1}%, c\/p/d - |z — ylly < (B|Zs — Z,|)"/? < ||z — y1, where c is a
universal constant. Thus the embedding z — Z, incurs distortion Q(\/%) An application of
having good bounds in terms of p on the L,, distortion of the Hamming cube is the following. In [42]
it was shown that if {0,1}¢ embeds into /£, with distortion D then k > 2%4/D*)  This fact easily
follows from the above discussion via an argument similar to that of [40]: By Hélder’s inequality
(%, and £F are O(1) equivalent when p = logk. Thus, the fact that {0,1}? embeds into ¢%, with
distortion D implies that D > Q(+/d/p) = Q(+/d/log k), which simplifies to give the claimed lower
bound on k.

4 Markov chains in smooth normed spaces

We begin by recalling why the real line has Markov type 2. Let {Z;}7°, be a stationary reversible
Markov chain on {1,...,n}, with transition matrix A = (a;j), and stationary distribution 7. The



Markov type 2 inequality (with constant 1) for R simply says that for every z1,...,z, € R, we
have >, . m; (AY)j (zi — x5)2 < £ i (T — z;)%. In fact, the stronger inequality

Zm )ij (zi — x5)* < A(t Za”m z; — x;)? (7)

7.]

holds, where A(t) := 1= )\ =1+ A+---+ A1 and X is the second largest eigenvalue of A. (Recall
that —1 < A < 1.) Indeed, since m; (A )ij = mj (A")}i, expanding the square in (7) shows that
inequality may be rewritten

(I =AYz, 2) < A@) (I — A)a,z)_, (8)

where z is the column vector (z1,...,2,), and (-, ), refers to the inner product in L?(x). If x is
an eigenvector, then (7) is clear; the general case follows by a spectral decomposition (note that A
is self-adjoint on L?(7r)).

The proof of the following lemma is a slight modification of the proof of Lemma 3.1 in [2]. Let
L,(X) denote the collection of Borel measurable f : [0,1] — X with E|/f[|9 = fol If]l? < oco. It is a

Banach space with norm (E| f Hq)l/ 7. (Of course, the choice of the interval [0, 1] as the domain for
f is rather arbitrary. It may be replaced with any probability space equivalent to [0, 1].)

Lemma 4.1. Fiz 1 < ¢ <2 and let Z € Ly(X). Then
Bz < B2 + S0 gz - Ez)n
Proof. Let 6 > 0 be the largest constant such that for every Z € Ly (X),
0 (2] - |BZ|) < E|Z - BZ"
Our goal is to show that 6 > (2971 — 1)5,(X) 9. To this end, fix ¢ > 0 and Z € L,(X) such that
(0 +¢) (E[| 2] = [[EZ]*) > E[ 2 - EZ]]*.

By the definition (6) of S,(X) applied to the vectors z = (Z + EZ)/2 and y = (Z — EZ)/2, we
have the pointwise inequality:

1Z]|9 + |EZ]| <2H 7+ IEZH +28,( Z——IEZH

3
Taking expectations, we find that

1
—E[Z-EZ||? < E|Z|!-|EZ]|
0+e

< ( H2Z+ EZH HE( 7+ EZ)H>+2S qEH Z——EZH
< fIEHQZ—fEZH +28,( qEHQZ—qEZH

It follows that 0%: - < % + 25,(X)?. Letting € tend to zero, and simplifying, yields the required

result. O



The following theorem, first proved in [57] (without the explicit constant), is a simple corollary
of Lemma 4.1/ (see also Proposition 3.3 in [2]).

Theorem 4.2 (Pisier). Fiz 1 < q <2 and let {My}}_, € Ly(X) be a martingale in X. Then

S (X)q n—1

E[| My — Mol < h Y B[ Mgy — M|,

k=0

Proof. Assume that {M}}7_, is a martingale with respect to the filtration o C F; C --- C Fp_y;
that is, E (M;11|F;) = M; for i = 0,1,...,n — 1. By Lemma 4.1/ with conditioned expectation
replacing expectation,

Sq(X)4
E ([| My, — Mo||?| F—1) < [[Mn—1 — Mo||* + 2:1(1—(1_)1 E([[ My — My || Fn-1)-
Hence
q g, Sq(X)1 q
E[[ My, — Mo||? < E || Mp—1 — Mol|* + Y] B[ My, — My—1]|?,
and the required inequality follows by induction. ]

The following lemma is motivated by the continuous martingale decompositions of Stochastic
integrals constructed in [45].

Lemma 4.3. Let X be a normed space, {Z;}72, a stationary reversible Markov chain on {1,...,n}
and f :{1,...,n} — X. Then for every t € N there are two X -valued martingales {M}._, and
{N}t_ (with respect to two different filtrations) with the following properties:

1. For every 1 < s <t —1 we have that
f(Zs1) = [(Zs—1) = (Msp1 — M) — (Ni—s1 — Ni—s). (9)
2. For every0 <s<t—1andq>1,
max {E[| M1 — M|, Bl Nop1 — N[} < 27E[ £(Z1) - f(Zo)|*. (10)

Proof. Let A = (a;;) be the transition matrix of Z;, and let m; := Pr(Zy = 4). Define

LEG) =Y aglf(i) — F@] =D aii f(j) — f(i).
j=1

j=1

Then
E(f(Zs)’Zm s Zs—l) = E(f(Zs)|Zs—1) = Lf(Zs—l) + 25 1.

Since {Z,}22 is reversible, we also have that for every 0 < s < t,

E(f(Z)|Zst1, - -+, Zt) = Lf(Zs1) + [(Zstr)-
It follows that if we define My = f(Zy) and for s > 1:

s—1
M, = f(Zs) = Y _Lf(Z).
r=0

9



then
E(M;|Zo, ..., Zs—1) = Lf(Zs—1) + f(Z ZLf M1,
ie., {M;}22, is a martingale with respect to the natural filtration induced by {Zs}32,.
Now, define Ny := f(Z;) and for 1 < s <t

t

No:=f(Zi-s)— > Lf(Z).

r=t—s+1

Then for s > 1,
E(NS‘Zt—S-f—la ceey Zt) = NS—17

ie., {Ns}t_, is a martingale with respect to the natural filtration induced by Z;, Z;_1,...,Zp (in
probabilistic terminology, {N;—s}._, is a reverse martingale).
The identities

Merl - Ms = f(Zerl) - f(Zs) - Lf(Zs)a Ns+1 - Ns = f(thsfl) - f(ths) - Lf(ths)

imply (9). To prove (10) observe that for every s > 0 and ¢ > 1,

E|Lf(Z,)]7 = Zm

z% FON" < 303 masl ) - FOIT = ENA(Z1) ~ £z

i=1 j=1
Therefore,

EHMS—H - MSH‘I - EHf(ZS-&-l) - f(ZS) - Lf(ZS)Hq
<27V f(Zs1) — f(Zs)|T+ 27 ELF(Z)||? < 29E| £(Z1) — f(Zo)l|Y,

and similarly, E||Ngy1 — Ng||?7 < 29E|| f(Z1) — f(Zo)||?. O
Proof of Theorem 2.3. Let {Zs}t_q, f, {Ms}_y and {Ns}._, be as in Lemma 4.3. Assume first
that ¢ is even, and write t = 2m. Summing the identity (9) over s = 1,3,5,...,2m — 1 we get
t/2 t/2
F(Z) = [(Zo) =Y (Mo, — Maj—1) = > _(Nog — Noj1).
k=1 k=1

By Theorem 4.2 (applied to the martingales > ;_,(Mag — Mog_1) and Y ;_; (Nog — Nog_1)), we
conclude that

t/2 t/2
q q
2*"'E HZ(M% - M2k—1)H +277'E HZ(N% - NZk—l)H

E|f(Z) - f(Zo)|? <
715 t/2
S St ZEHM%—M2k71\|q+EHNzk—Nzk,lny)
k=
2715y (X)T t g .
< ot oq 52" Elf(Z) - f(Zo)]*
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When ¢ is odd, apply the above reasoning at time ¢ — 1, to get

E|lf(Z) = f(Zo)ll* < 297'E|f(Zerr) = F(Z0)|7 + 207 B £(Z) = f(Zea) |

< (T w2 ) R1E) - e

20-1 -1
23126, (X)4

T IV EAREATD

O]

There are various natural variants of the notion of Markov type. The following theorem deals
with other moment inequalities for Markov chains in uniformly smooth normed spaces:

Theorem 4.4. For every p € (1,00) and q € (1,2] there is a constant C(p,q) € (0,00) with the
following properties. Let X be a normed space with modulus of smoothness of power type q. Then
for every reversible Markov chain on {1,...,n}, {Z:}°,, and every f : {1,....,n} — X, if p < g,
then

Ef(Z:) = f(Zo)|P < Clp, q) Sy(X) L E [ f(21) — f(Zo)”,
1.e., X has Markov type p. If p > q, then

E|f(Z) = F(Zo)IP < Cp,q) Sg(X)P 1| f(21) = f(Zo)|IP-

Proof. Observe that by the definition of S, (X), for every 7 > 0, px (1) < Sy(X)?79. Since px (1) <
7, assuming p < ¢ and px(7) < K77, where K > 1, we have px(7) < K7P. By (the proof of)
Proposition 7 in [3], it follows that for 1 < p < ¢, S,(X) < C S, (X)%?, where C depends only on
p,q. The first result now follows from Theorem 2.3.

Assume now that p > ¢g. To prove the second assertion, observe that by a theorem of Figiel [21]
(combined with [3, Proposition 7]), Sq(Ly(X)) < CSy(X), where C depends only on p,q. Recall
that a sequence of elements x1, o, ... in a Banach space Y is called a monotone basic sequence if
for every ai,as,... € R and every integer n,

n n+1
H E a;zi|| < H § a; T
i—1 i=1

By a result of Lindenstrauss [43] (see also [57, Proposition 2.2]), for a Banach space Y, if py (1) <
K79 for all 7, then for every monotone basic sequence {x;}i>o in Y,

n
[ >
i=1

Let {M;}i>0 € Lp(X) be an X-valued martingale. By convexity, it follows that {(M; — M;_1)}i>1
is a monotone basic sequence in L,(X). Moreover, py (1) < Sy(Y)?7¢ for every normed space Y.
Hence, for every n,

n
q
<4TK S [fai].
=1

1My = Mol ) < ACS(X))® D IIM; = Micallf, -
=1
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In other words,

n p/q
E | M, — Mo|l? < [ACS,(X)]P (Z(E ;- Mi_lupw/”) = [ACS,(X)PP P E | My — MolP.

i=1
We now conclude the proof exactly as in the proof of Theorem 2.3l O
We now state the case X = R, ¢ = 2 of the second part of Theorem 4.4 with explicit constants.

Theorem 4.5. Let p € (2,00). for every reversible stationary finite Markov chain {Z:}5°, on
{1,...,n} and every f : {1,...,n} — R, we have for all t > 1:

(EIf(Z) — F(Z0)P)P <16 T (E|f(Z1) — f(Zo) )P

The proof follows from the above argument, using Sa(Ly,) < y/p — 1 for p > 2 ([3], see also [21]).
By considering the standard random walk on {1,2,...,n} it follows that the dependence on p in
Theorem 4.5 is optimal, up to a universal multiplicative factor.

5 Markov chains in trees and hyperbolic metric spaces

In this section we prove Theorem (1.5 and Theorem [1.7. We do not attempt to optimize the
constants. In particular, in the case of trees a more careful analysis shows that one may take C' = 8
in Theorem [1.4. Since we do not believe that this is the optimal constant, we use rougher estimates.
In Section 8 we show that the infinite 3-regular tree satisfies Mo(T) > /3.

Lemma 5.1. Let {Z;}2, be a reversible Markov chain on{1,...,n} and f : {1,...,n} — R. Then
for every time t > 0,

E max [f(Zs) = f(Z0)]* < 100t E[f(Z1) = f(Z0)]*.

Naturally, the proof relies on Doob’s L? maximal inequality for submartingales

E max M? < 4E|M;|*. (11)
0<s<t

See, e.g., [16, §4.4].

Proof. Let {M;}._, and {Ns}._, be as in Lemma 4.3. Observe that

max [f(Zs) = f(Z0)? < 2 max[f(Z) — f(Z)] +2 max[f(Zs) - f(Zs-1)]".

0<s<t 0<s<t lgsdgdt
< 2qux(f(Z) - [@P +2 3 1) - f(Z)
S even Siosdid
Therefore,
B max|f(Z) — f(Zo)} < 2Emax[f(Z) - f(Zo) + (¢ + DEF(Z) - f(Zo)F. (12

S even

12



For even s we have as in the proof of Theorem 2.3 that

s/2 s/2
£(Zs) = f(Zo) = > (Mo, — Mop_1) — Y _(Na — Nop_1).
k=1 k=1

Thus, Doob’s inequality gives

i 2 i 2
E max [f(Z) — f(Zo))> < 2E max [Z(M%—Mzk_l) +2F max !Z(Ngk—zv%_l)]

ggeflg 0<i<t/2 P 0<i<t/2 P
1t/2] 2 1t/2] 2
< 8E Z (May, — My —1)| +8E Z (Nog — Nog—1)
k=1 k=1
1t/2] 1t/2]
= 8> E(My — Max1)*+8 Y E(Naj, — Noj_1)” (13)
k=1 k=1

< 32tE[f(Z)) — f(Z0)]2

where in (13) we have used the fact that the martingale differences are orthogonal and for the next
inequality we used (10).
Together with (12), this concludes the proof. O

In what follows we use the notation of the Gromov product (I)).

Lemma 5.2. Let X be a §-hyperbolic metric space. Then for every m > 1 and r,zg,..., T, € X
2 _ 2 _ 2
d(zo, xm)” < 402213”[d(z0, r) —d(zj,7)]° + 401<njz%>§n[d(xm,r) d(zj,r)]° +
m—1
+4 Z d(zj,z541)* + 16 6*[logy m]>.
§=0

Proof. Suppose first that m is a power of 2, m = 2¥. Then (2) gives
(xo|Tm)r > min {<x0|xm/2>r, (xm/2|xm>r} — 0.
Hence, induction gives,
(zo|Tm)r > min{(z|ziy1)r 1 =0,1,...,m—1} —kd. (14)

This also holds when m is not a power of two, provided we take k := [log, m| (for instance, define
x; i= xy, for m < i < 2%). Let j be the index i € {0,1,...,m — 1} giving the minimum in (14).
Then

d(xo, xm) = d(zo, 1) + d(Tm, 1) — 2 (X0, Tpy)
<2k +d(zo,7) +d(zm, ) — 2(zj|jt1)
=2kd+ (d(zo,7) — d(z;,7)) + (d(@m, ) — d(zj11,7)) + d(z), Tj11) -
This implies
d(l’o, xm)Q <4 (2 k 5)2 +4 (d(an T) - d(:Eja r))Q +4 (d(l'ma T) - d(xj+1a T))z + 4d($j> l'jJrl)Q .

The lemma follows. O
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We can now prove Theorem [1.5:

Proof of Theorem|1.5. Fix r € X. By Lemma 5.2 for every ¢t > 1,

Ed(f(2)./(Z0)* < AE max [d(f(Z).r) = d(F(Z;),) +

+4E max [d(f(Z),r) — d(f(Zj1), 7)) + 4tEd(f(Z1), f(Z0))* +

0<j<t—1
+ 16 6%[logy t]2.

By Lemma 5.1 applied to the function g(i) := d(f(i),r) we get

Eog?gf_l[d(f(zo),r)—d(f(Zj),r)]2 < 100t E[d(f(Z1),r)—d(f(Zo),r)]* < 100t Ed(f(Z1), f(Z0))*.

Similarly, since the Markov chain is reversible,

E max[d(f(Z0),r) = d(f(Z)), )] < 100t Ed(f(21), [(Z0))"

The proof of Theorem [1.5/is thus complete. O

5.1 A lower bound for the Markov type constant of trees

The following example shows that the infinite 3-regular tree I's satisfies M>(I's) > /3. Fix an
integer h and let T} be the complete binary tree of depth h rooted at r. For z € T} denote
|z| = d(z,r). Consider the following transition kernel on T},. If z has three neighbors, it goes to its
neighbor closer to r with probability 1/2 and to each of the other two neighbors with probability
1/4. Otherwise (z has a single neighbor or z = r), it goes to any of its neighbors with equal
probability. This is the transition kernel for a stationary reversible Markov chain {Z;}{2, with
stationary distribution Pr(Zy = z) = 271#1 /(h 4+ 1). Denote S, = |Zo| — | Z| and observe that for
every positive integer n, conditioned on the event {n < |Zy| < h—n}, the sequence {§t}t<n has the
same distribution as {St}t<n, the simple random walk on Z starting at 0. Denote M,, := max;<y, S¢
and Mn = maX;<p S;. By a theorem of Pitman [62], {2M,, — Sy, }»>0 has the same distribution as
{Sn}n>0 conditioned on S;, > 0 for all n > 0 (which is defined as the limit as m — oo of {Sy}n>0
conditioned to hit m before revisiting 0). Let S,, denote this conditioned walk, which is a Markov
chain with transition probabilities p(z,x £ 1) = (z + 1)/(2z). Induction easily gives ES2 = 3n,
and therefore, .
E((2M,, — Sp)? | n < |Zo| <h—n) =3n.

Since Pr(|Zy| € [n,h —n]) =1 — hQ—]:l, we get
2n
E — 1-— . 1
(20, = 5,)° 2 3(1 - 7= ) (15)

Let v be the (unique) vertex in {Zy,...,Z,} closest to the root, so that |Zy| — |v| = M,. Note
that v need not be on the geodesic connecting Zyp to Z,. Nevertheless, it is unlikely to be far
from this geodesic. We now make this precise. Conditioned on Zj,v, M,, and §n, the vertex Z,
is distributed uniformly among the vertices u such that |u| = S, that are descendents of v (that
is, the simple path in T}, from u to the root contains v). Therefore conditioned on Zj, v, Mn the
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random variable d(Zy, Z,,) is distributed as follows: d(Zy, Z,) = 2 M, — S, — 2k with probability
27%=1 for integers k satisfying 0 < k < min{M,,, M,, — S,} and the conditioned probability is 27*
for k = min{M,,, M,, — S, }. Thus, setting ¢ = min{M,,, M,, — S,,} we have that

-1
E(d(Zo, Zn)? | Zo,v, My, Sn) = Y 27¥ Y2 M, — S, —2k)* + 272 M, — S, — 20)?
k=0
~ = ~ - X4k
> (2M, —S,)*— (2M, — S,,) - 227
k=0
= (2M, —5,)? —8(2M, — S,).
Taking expectations and applying Jensen’s inequality gives
=~ \on1/2

Ed(Z, Zn)? > B(2 M, — S)? — 8 (E(2 M, — 5,)?)

Now, (15) yields

2n
Ed(Zo, Zn)? > 3(1 - 1>n —8v/3n.
By considering, say, h = n?, we deduce that sup;, Mo (T},)% > 3. It follows that M2 (T'3)? > 3 for the
infinite 3-regular tree I's, since it contains all the finite trees Tj,.

6 Embeddings in products of R-trees and proof of Theorem 1.7

In what follows, given two metric spaces (X,dx) and (Y,dy), the metric space X x Y is always
assumed to be equipped with the metric d((z,v), (2/,y')) = dx(x,2') + dy (y,v').

A metric d on a space X is a path metric if for every z,y € X there is a path in X from x to y
whose length is d(z,y).

An R-tree is a path metric space (T, d) such that for every two distinct points x,y € T there is
a unique simple path from x to y in T (see [13, 54]). (Some definitions appearing in the literature
also require the metric to be complete.) Equivalently, an R-tree is a 0-hyperbolic metric space
whose metric is a path metric.

An r-separated set A in a metric space (X, d) is a subset A C X such that d(z,z") > r for every
x # 2" in A. An r-net is a maximal r-separated set. If A C X is an r-net, then X C |J .4 B(a,r).
Clearly, every metric space has an r-net for every r > 0.

Lemma 6.1. Fiz an integer n and let Z be an n-dimensional normed space. Let (X,d) be a metric
space and D,e > 0. Assume that every ball of radius € in X embeds bi-Lipschitzly in Z with
distortion at most D. Then there is an integer N = N(n, D), a constant A = A(n,e, D) < 0o and
a mapping F : X — ZN which is Lipschitz with constant A and for every z,y € X

da,y) < ¢ = d(a,y) < |F() = F(y)].

Proof. Write Xy := X. Having defined X; C X, let A; be an e-net in X;. Define X;y1 =
Xi\ Uyzea, B(z,e/4). Observe that if x € X; then for all j € {1,...,i + 1} there is a point
aj € Aj such that d(z,a;) < e. Moreover, for j # j', d(aj,a;) > /4. Our assumption is
that for every x € X there is a function v, : B(x,e) — Z such that ¢,(z) = 0 and for all
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y,z € B(x,e) we have d(y,z) < ||[¢2(y) — ¥2(2)|| < Dd(y,z). Then [|¢5(a;)|| < eD and the

balls B(5(aj;),e/8)C B(0,e (D + 1/8)) C Z are disjoint. Comparison of volumes therefore gives

i+1<(8D+1)". We have shown that there exists an integer N < (8D + 1)™ and disjoint subsets

Ay, ..., Ay € X such that for each j, if a,b € A; then d(a,b) > ¢ and X C U;VZI UaeAj B(a,e/4).
For every j < N define for a € Aj and = € B(a,¢/2),

fi(x) = Ya(x) if d(z,a) < 3¢/8,
= (4—8etd(z,a)) Yo(z) if 35/8 < d(z,a) <e/2.

We also set f; to be 0 on X \ UaeAj B(x,e/2). (Observe that this defines a function on X since the
balls {B(a,&/2)}qca, are disjoint.) It is straightforward to verify that f; is Lipschitz with constant
4D.

Now define F : X — ZN by F = fi® fo® - - & fy. Then F is Lipschitz with constant
4N D. Moreover, fix z,y € X with d(z,y) < ¢/8. There exists 1 < j < N and a € A; such that
d(z,a) < e/4. Hence d(y,a) < d(z,y) + d(z,a) < 3¢/8; so that =,y € B(a,3¢/8) and

1F(x) = F(y)ll = [1£i(z) = i)l = lda(z) = ba(y)l| = d(z,y).
O

In what follows, a subset A of a metric space X is called e-dense, if for every x € X there is an
a € A such that d(z,a) <e.

Corollary 6.2. Let ¢ € (0,1]. Let X,Y be metric spaces, Z an n-dimensional normed space,
A C X an € dense subset and ¢ : X — Y a 1 Lipschitz mapping such that for every a,b € A,
d(p(a), (b)) > cd(a,b). Assume that every ball of radius %2 in X embeds bi-Lipschitzly in Z with
distortion at most D. Then there exists an integer N = N(n, D) and a K = K(n,e,c, D) such that
X embeds bi-Lipschitzly with distortion K into Y x ZN.

Proof. Let F, N and A be as in Lemmal6.T/applied with € replaced by 64¢/c. Define g : X — Y xZV
by g(z) = (¢(x), F(x)). Then g has Lipschitz constant bounded by A + 1. Moreover, if z,y € X
are such that d(x,y) < 8¢/c then d(g(z),g9(y)) > ||F(x) — F(y)|| > d(z,y). If, on the other hand,
d(z,y) > 8¢/c, then take z’,y’ € A satisfying d(z,2') < e and d(y,y’) < e. It follows that

d(g(z),9(y)) > d(e(a’),o(y") —d(p(x), p(z') — d(e(y), ¢(¥))
> cd(@,y') —d(z,2') — d(y,y')
> cld(z,y) —d(z,2") = d(y,y")] — d(z,2") — d(y,v)
> cd(z,y) —2¢e(c+1) > gd(x,y).

O

The following lemma is known (it follows, for example, by specializing the results of [33]).
However, since we could not locate a clean reference, we will include a short proof.

Lemma 6.3. Let X be a metric space, and let ¢ : A — T be a Lipschitz map from a subset A C X
to a complete R-tree T. Then ¢ may be extended to a map ¢ : X — T that agrees with ¢ on A and
has the same Lipschitz constant as ¢.
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Proof. With no loss of generality, assume that the Lipschitz constant of ¢ is 1. We will use dx and
dr to denote the metrics in X and 7', respectively. Consider first the case where X contains only
one point that is not in A. Say, X = AU {zo}. For any point a € A, let B, be the closed ball
B(¢(a),dx(zo,a)) in T. Then any point in (,. 4 Bs may be chosen as #(x0). Thus, we have to
show that this intersection is nonempty. Consider a,a’ € A. The triangle inequality in X shows
that the sum of the radii of the two balls B,, B, is at least as large as the distance between the
centers. Thus, B, N B,/ contains a point on the unique simple path joining ¢(a) and ¢(a’) in T.

We claim that R-trees satisfy the following Helly-type theorem. If F is a nonempty finite
collection of convex subsets of T' and every two elements F, I € F intersect, F N F’ # (), then the
whole collection intersects, (\per F' # 0. (Here, F' convex means that the metric of T' restricted to
F is a path metric.) Indeed, suppose first that F = {Fy, Fy, F3}. Let t; € Fo N F3, to € F1 N F3 and
t3 € F1 N F5. Since there are no cycles in 7', it follows that the three paths, one joining t; to t9, one
joining to to t3 and one joining t; to t3 intersect. This intersection point will be in F} N Fy N F3.
Now, suppose that F = {Fy, Fy,..., F,}, where n > 3. By the previous case, we know that any
two sets in the collection F' := {Fy N Fy, F3 N Fy,..., F, N F} intersect. Induction then implies
that the whole collection F’ intersects, which implies that F intersects.

Since balls in 7" are clearly convex, it follows that every finite subcollection of { B, }4c 4 intersects.
To prove that (), 4 Ba # 0, we must invoke completeness. Suppose now that B(t,r) and B(t',r")
are two closed balls in 7" which intersect and none of these contains the other. Observe that
B(t,r) N B(t',r’") is also a closed ball in T whose center is the unique point in 7" at distance
(dr(t,t') + r —1')/2 from ¢ and at distance (dr(t,t') + ' — r)/2 from ¢/, and whose radius is
(r+r'—dr(t, ")) /2 (here, a single point is considered as a ball of zero radius). Thus, the intersection
I(A") := (Nyear Ba, where A’ C A is finite, is a nonempty ball. Let ro be the infimum radius of
any such ball, and let aj, as,... be a sequence in A such that the radius of the ball I({a1,...,a,})
converge to 7. Let ¢, be the center of I({ay,...,a,}) and let r,, be the radius. If 7o > 0, then
the above formula for the radius of the intersection of two balls shows that ¢, € B, for every
a € A and for every n such that r, < 2r.. Thus, clearly, (,c4 Ba # 0 in this case. In the case
oo = 0, we have r, \, 0, and it follows that ¢, is a Cauchy sequence. Invoking completeness, we

conclude that the limit ¢ := lim, ¢, exists. It follows that ¢, € B, for every a € A, because
I({a,a1,...,a,}) # 0 for every n. This completes the proof in the case X = AU{zo}. The general
case follows by transfinite induction. O

Theorem 6.4. Fiz d > 0, and assume that X s a §-hyperbolic metric space whose metric is a path
metric. Assume that there exists D,e > 0 and n € N such that every ball of radius € in X embeds
in R™ with distortion at most D. Then there exists an integer N and a K > 0 such that X embeds
bi-Lipschitzly into a product of N R-trees with distortion at most K.

The trees in the statement of the theorem are infinite degree simplicial trees whose edge lengths
may be taken as 1. Though we will not need this, one can actually prove this with bounded degree
trees [5] of edge length 1.

Proof. Since balls of radius € embed in R™ with distortion at most D, there is an upper bound
(depending only on n and D) for the cardinality of any /2-separated set in X whose diameter is
less than . In the terminology of [7], this means that X has bounded growth in some scale. By
a theorem of Bonk and Schramm [7], there exists an integer m such that X is quasi-isometric to a
subset of the m dimensional hyperbolic space H™. This means that there are constants a,a’,b > 0
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and a mapping f : X — H™ such that for all x,y € X,

ad(z,y) —b < d(f(z), f(y) < ' d(z,y) +b.

(Actually, one may even take a = a’.) By a theorem of Buyalo and Schroeder [11], there is an
R-tree T such that H™ is quasi-isometric to a subset of T™. It follows that there is some R > 0,
an R-net A of X and a bi-Lipschitz embedding g : A — T"". Since the completion of an R-tree
is an R-tree, we may as well assume that T is complete. Lemma 6.3 implies then that there is a
Lipschitz extension ¢ : X — T™ of g. By scaling the distances in T" we may also assume that ¢ is
1 Lipschitz and for every z,y € A, d(¢(x),¢(y)) > cd(z,y) for some constant ¢ > 0.

Let A’ be an €/8 net in X. Set W(r) := sup,ca |A' N B(a,r)|. We claim that ¥(r) < oo for
every r > (. This holds true for r = ¢, because balls of radius € in X embed in R™ with distortion at
most D. Now let a; € A’, and let € B(ay,r). Since X has a path metric, there is a point 2’ € X
satisfying d(z/,a1) = d(2',z) = d(a1,2)/2 < r/2. Let a’ be a point in A’ satisfying d(a’,2’) < /8.
Then o' € B(a1,r/2+¢/8) and x € B(d',7/2 + ¢/8). Thus,

B(ay,r) C U B(d',r/2+¢/8).
a’€A'NB(a1,r/2+€/8)

Consequently, ¥(r) < ¥(r/2 + £/8)2, which now implies that ¥(r) < oo for every r.

We now show that for every r > 0 there is an n’ = n/(r) and a D' = D’'(r), both finite, such
that every ball in X of radius r embeds in R” with distortion at most D’. Indeed, let z € X. Set
Al = Al (r):= A'n B(x,r). Clearly, |AL| < U(r +¢/8). For every a € A’ let ¢, : B(a,e) — R™ be
a bi-Lipschitz embedding with distortion at most D satisfying 1¥,(a) = 0, and let

Ya() if d(a,z) < /2,
ba(x) =121 —etd(a,2))Ya(z) ife/2<d(a,r) <k,
0 otherwise.

Now the required bi-Lipschitz embedding from B(z,r) into R™ is given by z — (¢alx)), e (with
a padding of zeros to make n’ independent from z). It is immediate that this maps satisfies the
requirements. Now an application of Corollary 6.2 completes the proof of the theorem (since the

real line R itself is an R-tree). O
The following corollary contains Theorem [1.7:

Corollary 6.5. Let X be an n dimensional complete simply connected Riemannian manifold with
pinched negative sectional curvature (i.e., its sectional curvature takes values in the compact interval
[-R,—r] C (—00,0)). Then there is an integer N = N(n,r,R) and D = D(n,r, R) > 0 such that
X embeds bi-Lipschitzly into a product of N trees with distortion D. In particular, by Theorem|1./,
X has Markov type 2 and My(X) can be bounded by a function of n,r, R.

Proof. 1t is a standard fact [8] that X is ¢ hyperbolic (with § proportional to 1/7). The fact that
there exists € > 0 such that all the balls of of radius € in X embed bi-Lipschitzly in R™ follows from
Rauch’s comparison theorem (see [12] and Chapter 8, in [24]). Thus the required result follows
from Theorem 6.4. O
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Figure 1: The Laakso graphs.

7 The Laakso graphs, doubling spaces and weak Markov type

Recall that a metric space X is said to be doubling with constant A if every ball in X can be
covered by A balls of half the radius. Assouad’s theorem [1] states that if (X, d) is doubling with
constant \ then for every ¢ > 0, (X,d'~¢) embeds in Hilbert space with distortion C'(\, &) < oco.
Thus X has Markov type 2 — ¢ with constant depending only on A and e. Similarly, it is shown
in [42] that if G is a planar graph equipped with the graph metric d¢, then for every ¢ € (0,1),
(G,dg; ©) embeds in Hilbert space with distortion O(1//2) (and the dependence on ¢ is optimal).
Thus G has Markov type 2 — e with constant O(1/+/¢). Is it true that a metric space with doubling
constant A has Markov type 2 with constant depending only on A7 Similarly, is it true that planar
graphs have Markov type 2 with a universally bounded constant (this would be a generalization of
our theorem on trees)? More generally, is it true that a Riemannian surface of genus g has Markov
type 2 with constant depending only on g7 The above embedding results are all optimal, so a proof
of the Markov type 2 property for such spaces cannot go through embeddings in Hilbert space. The
standard example showing that in both embedding results we must pass to a power of the metric
is the family of graphs known as the Laakso graphs [37, 38], which are planar graphs whose graph
metric is uniformly doubling, yet they do not uniformly embed into Hilbert space. These graphs
G, are defined recursively as in Figure [1.

Proposition 7.1. The Laakso graphs are uniformly of Markov type 2; that is sup; Ma(Gy) < oo.

This proposition may be viewed as some very limited indication that doubling spaces and planar
graphs have Markov type 2.

Proof. Fix k € N. Let r be the leftmost point of G, and for an arbitrary vertex v in G} set
|v| := d(v,r). We claim that if v, v1,...,v; is a path in Gy, then there is some j € {0,1,...,¢}
such that

d(vo, vr) < [Jvo| — [vj]] + [lv;| = [vel|. (16)

Indeed, let 7" be the rightmost endpoint of Gj. Note that for every vertex v in Gy we have
d(v,r’) = |r'] = |v|. If vy and v, are on a geodesic path from r to r/, then d(vo,v¢) = ||vo| — |v¢],
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and hence we may take j = 0. We now assume that there is no geodesic from r to r’ containing
{vo,v¢}. Let 8 be a geodesic path from vy to r, and let v be a geodesic path from v; to r. Let u
be the vertex in 3N~ at maximal distance from r. Similarly, we define v’ in the same way with r/
replacing r. It is easy to verify that {u, '} separates vy from vy and separates {vg, v} from {r,r'}.
Consequently, there is some j € {0,1,...,t} such that v; € {u, v} and that j satisfies (16).

Now suppose that Zy, Z1, ..., Z; are steps of a reversible stationary Markov chain on {1,...,n}
and ¢ is a mapping from {0,1,...,n} to the vertices of G}. Set W; := g(Z;). For each i =
1,2,...,t, consider a path in Gy from W;_; to W; whose length is d(W;_1, W;). Putting these
paths together gives a path (vg,v1,...,v,) passing through the points Wy, ..., W; whose length
nis St d(Wi,Wi_1). Set j; := S2'_ d(Ws,W,_1). Then v;, = W;. Let j satisfy (16) and let
io € {1,...,t} be such that j;,—1 < j < j;,. Then we have

d(Wo, We) < [[Wol — |vsl| + [lvj] — [WAl|

< [Wol = [Wig—al| + d(Wig—1, Wiy) + || Wio| — [W2]|
< 2||[Wol = [Wig—t|| + d(Wig—1, Wig) + | [Wo| — [W4].
Thus
2 2
d(Wo, W)* < 3(2||Wol — [Wig—1l])” + 3d(Wig—1, Wiy)? + 3| [Wo| — [Wi|
t

< W2 : N2
< 15 max {(|Wo| = [Wil)*} +33_ d(Wier, W)

i=1
Consequently, the proof is completed by two applications of Lemma 5.1, one with f(Z) = |g(Z2)|
and the other with f(Z) = —|g(Z)]. O

It turns out that in many situations a similar argument proves a weak version of Markov type 2.

Definition 7.2. A metric space X has weak Markov type 2 if there is a finite constant C such that
for every reversible stationary Markov chain Z on {1,...,n} and every map f : {1,...,n} — X,
we have

VEEN, (>0 Pr(d(f(Z), f(Z))* = t¢) < C* ¢V E(d(f(Z0), f(Z1))?) -

The least C satisfying this inequality will be called the weak Markov type 2 constant of X and will
be denoted M3 (X).

Note that Chebyshev’s inequality gives My (X) > M3 (X).

Theorem 7.3. Let X be a metric space with doubling constant A < co. Then X has weak Markov
type 2, and M3’ (X) is bounded by a finite function of A.

Proof. Let R > 0 and let A be an R-net in X. Set F = {(a,d’) € Ax A:d(a,a’) <16 R}. Then
G := (A,E) is a graph. Since every ball of radius 16 R in X can be covered by A’ balls of radius
R/2, it follows that the maximal degree in G is at most A\>. Thus, the chromatic number of G is
at most \° 4+ 1. Consequently, there is a partition A = U;VZI A; of Ainto (16 R)-separated subsets
with N < A% + 1. Define fj(z) := d(z, A4;), j = 1,2,...,N. Then f;(x) — f;(y) < d(z,y) holds for
T,y € X.
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Now suppose that x,y € X satisfy d(z,y) € [3R,4R]. Let a € A be such that d(a,z) < R
and let j € {1,...,N} be the index such that a € A;. Then f;(z) < d(a,z) < R. Note that
d(a,y) < d(a,z) +d(z,y) <5 R, and since A; is (16 R)-separated, it follows that f;(y) = d(a,y) >
d(y,z) —d(a,x) > 2 R.

Let (Z;) be a reversible stationary Markov chain on {1,2,...,n} and let f : {1,2,...,n} —
X. Set W; := f(Z;). Fixt € N. Let A be the event that d(Wo, W;) > 4R, let B; be the
event that d(W;_1,W;) > R, let C; be the event d(Wy, W;) € [3R,4R], and let C] be the event

|f;(Wo) — f;(W;)] > 2 R. Clearly,
)
i=1 i=1

The previous paragraph shows that
N
el
j=1

Consequently,

t N
Pr(A) < Y Pr(B) + ) Pr (mx £5(Wo) = ()] 2R) .

=1

The first of these sums is bounded by t E(d(Wy, W1)?) R~2, while Lemma 5.1 shows that the second
sum is bounded by 50 N t E(d(Wy, W1)?) R=2. The theorem follows by choosing R to satisfy 16 R? =
tC, 0

Let (X,dx), (Y,dy) be metric spaces. We shall say that (X, dx) embeds weakly into (Y, dy)
with distortion K if for every A > 0 there is a 1 Lipschitz mapping ga : X — Y such thatif z,y € X
satisfy dx (z,y) > A then dy (ga(x),ga(y)) > A/K. Observe that in this case M3’ (X) < KMy (Y).
Indeed fix a reversible stationary Markov chain Z on {1,...,n} and a map f : {1,...,n} — X.
For every time t € N and every ¢ > 0,

Pr(dx (f(Zo), f(Z1))* > t¢)

IN

P oy () oy F(20)7 2 15 )

< MPOORPCVE (dy (9, (F(Z0), 9,12 (£(Z0))?)
M3 (YK E (dx (£(Z0), f(Z0))?) -

It follows from the results of [42, 35] that if X is doubling with constant A then X embeds weakly
into Hilbert space with distortion O(log \). This yields an alternative proof of Theorem 7.3, with
the concrete estimate M3'(X) = O(log\). Moreover, the results of [42) [35] (specifically, see the
proof of Lemma 5.2 in [42]) imply that any planar graph embeds weakly into Hilbert space with
O(1) distortion. More generally, in combination with Corollary 3.15 in [41], any Riemannian surface
S of genus g embeds weakly into Hilbert space with distortion O(g + 1). Thus M3’(S) = O(g + 1).

IN
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8 Discussion and open problems

1. In [59] (see also a related previous result in [9]) it is shown that for every p > 1, if a Banach
space X has Rademacher type p then it also has Enflo type ¢ for every ¢ < p. No such result
is known for Markov type. In [56] it is shown that if X is a UMD Banach space (see [10]
for details on UMD spaces) of Rademacher type p, then X also has Enflo type p. It would
be desirable to obtain a result stating that for a certain class of Banach spaces, the notions
of Rademacher type p and Markov type p coincide (or almost coincide). The most daring
conjecture would be that for every Banach space, Rademacher type p implies Enflo type p, or
even Markov type p. This amounts to proving that for Banach spaces of type greater than 1
(also known as K-convex space. See [58] for the geometric and analytic ramifications of this
assumption), the Rademacher type and Enflo type (or Markov type) coincide.

One simple example of a class of spaces for which we can prove that there is a strong connection
between Rademacher type and Markov is Banach lattices. A Banach lattice is a Banach space
(X, ]| - ||) which is partially ordered and satisfies the following axioms. For every z,y,z € X,
if x <y then x + z < y + z, and for every scalar « € [0,00), > 0 implies that ax > 0. It is
also required that for all x,y € X there exists a least upper bound z V y and a greatest lower
bound z A y. For x € X denote |z| = 2 V (—x). The final requirement is that the partial
ordering is compatible with the norm in the sense that if |z| < |y| then [|z| < ||y||. Examples
of Banach lattices are the classical function and sequence spaces, with the point-wise partial
order. We refer to [44] for an account of the beautiful theory of Banach lattices.

A combination of a theorem of Figiel [21] and a theorem of Maurey [50] (see Theorem 1.f.1.
and Proposition 1.£.17. in [44]) implies that a Banach lattice X of type 2 can be renormed to
have a modulus of smoothness of power type 2. Thus by Theorem 2.3 X has Markov type 2.

2. Under what conditions on a metric space does Enflo type p imply Markov type p?

3. Is it true that if a metric space has Markov type p then it also has Markov type ¢ for every
q < p? For normed spaces this is indeed the case, by a straightforward application of Kahane’s
inequality [32].

4. We conjecture that the factor of 24 in Theorem 2.4 is redundant. In particular it seems likely

that for 2 < p <occand 1 < ¢ <2, e(Ly, Ly <+/(p—1)/(¢g—1). If true, this would be a
generalization of Kirszbraun’s classical extension theorem [34] (see also [65, [6]).

5. Since L; has cotype 2 but isn’t uniformly convex, there is no known non-linear analog of
Maurey’s extension theorem for Li-valued mappings. In particular, it isn’t known whether
e(Lg, L1) is finite or infinite.

6. What is the best Markov type 2 constant for trees? More precisely, define My(tree) to be
sup My (T) over all trees T. (It is clear that this sup is a max.) One can show using the
methods of the present paper that My (tree) < 8. The example in Subsection 5.1 shows that
Ms(tree) > V3.

7. As discussed in Section [7, we believe that planar graphs and doubling spaces have Markov
type 2. Also, it seems likely that CAT(0) spaces have Markov type 2 (see [§] for a discussion
of CAT(0) spaces).
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8. Say that a metric space X has maximal Markov type p, if there exists a constant K

such that for every finite stationary reversible Markov chain {Z;}{°, on {1,...,n} and every
mapping f: {1,...,n} — X, we have

E max d(f(Zs), f(Z0))" < KPtEd(f(Z1), f(Z0))"

for all t € N. In all the cases in which we proved that a metric space X has Markov type 2, the
argument actually shows that it has mazimal Markov type 2. This was explicit in the proofs
for trees and hyperbolic spaces. To see this in the setting of Banach spaces with modulus of
smoothness of power type 2, it suffices to note that Doob’s Ly maximal inequality (11)) is also
valid for a martingale { M;}s>0 in a Banach space, since by Jensen’s inequality, {||Ms||}s>o is
a submartingale for the same filtration. We do not know whether in general, Markov type p
implies maximal Markov type p.

Acknowledgement. We are grateful to Russ Lyons for helpful discussions at an early stage of
this work, and to Terry Lyons for sending us his paper [45] with T. S. Zhang.
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