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Abstract

For p > 2 we consider the problem of, given an n X n matrix A = (a;;) whose diagonal entries vanish,
approximating in polynomial time the number

n n 1/p
Opt,(A) := max Z aijxixj: (x1,...,x,) €ER" A [Z Ix,-lp) <1

ij=1 i=1
When p = 2 this is simply the problem of computing the maximum eigenvalue of A, while for
p = oo (actually it suffices to take p =~ logn) it is the Grothendieck problem on the complete graph,
which was shown to have a O(log n) approximation algorithm in [27, 26\ [15]], and was used in [15] to
design the best known algorithm for the problem of computing the maximum correlation in Correlation
Clustering. Thus the problem of approximating Opt,,(A) interpolates between the spectral (p = 2) case
and the Correlation Clustering (p = oo) case. From a physics point of view this problem corresponds to

computing the ground states of spin glasses in a hard-wall potential well.
We design a polynomial time algorithm which, given p > 2 and an n X n matrix A = (g;;) with zeros
on the diagonal, computes Opt,,(A) up to a factor § + 301log p. On the other hand, assuming the unique

games conjecture (UGC) we show that it is NP-hard to approximate (2)) up to a factor smaller than f + %.
Hence as p — oo the UGC-hardness threshold for computing Optp(A) is exactly f (1 + o(1)).

1 Introduction

In this paper we consider the problem of maximizing a multilinear quadratic polynomial over a convex set
K C R". Namely, given a symmetric n X n matrix A = (a;;) whose diagonal entries vanish, the goal is to
approximate in polynomial time the number

n

max Zaijxixj: (x1,...,x,) €K}, (1)
ij=1

In recent years there has been a lot of work on approximating such polynomials in the special case where K
is the hypercube (by convexity, it makes no difference if one considers the solid hypercube [—1, 1]* or the
discrete hypercube {—1, 1}"). The case of optimizing over the hypercube has a wide range of applications
to combinatorial optimization, and also has connections to topics in classical Banach space theory such as
Grothendieck’s inequality. We refer to [27, 261 14, [15] 3,5, 23] 2] and the references therein for both positive
and negative results in this case, as well as for their applications.
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Optimization over other bodies K is interesting as well. The case where K is a simplex has been in-
vestigated in [20, [16], partly in connection to problems in computational biology. The case when K is
a polytope with polynomially many facets is classical, and is among the most important non-linear opti-
mization problems, with a wide range of applications in operations research, computational biology and
economics (see [[17,[10,[13] for more information on the computational complexity of such problems).

In this work our focus is on cases where K is the unit ball in £}, for some parameter p. The specific
case mentioned above where K is the hypercube is obtained by setting p = oo, and it is computationally
hard: an O(logn) approximation algorithm is known (it was discovered independently in [29], [28]], [25]],
and [15]), but it was shown to be NP-hard in [31]], it was shown NP-hard to approximate within some
constant factor in [4], and in [5] it was shown to be NP-hard for any constant factor approximation. The
latter paper also showed that getting an approximation factor better than (log n)” is quasi-NP hard for some
universal constant y > 0, and that even improving on the O(logn) approximation can be ruled out under
some plausible complexity assumption.

Setting p = 2, on the other hand, corresponds to the case where K is the Euclidean unit ball, and is much
easier computationally. In this case the value in (1)) is the maximum eigenvalue of the coefficient matrix
A = (a;;), and can be computed efficiently with arbitrarily good precision.

1.1 Our results

It is natural to ask what happens for values of p that lie between 2 and co. Roughly speaking, this set of
problems can be viewed as a smooth interpolation between Spectral Partitioning and Correlation Clustering
(the connection between (I) when K is the hypercube and the Correlation Clustering problem was discov-
ered in [15[]). In this paper we investigate these problems and give both new algorithms and complexity
lower-bounds (the lower bounds being based on the Unique Games Conjecture). We note that the proofs
of our results use the assumption p > 2, and therefore do not apply to the case 1 < p < 2, which we did
not investigate. The case p = 1 was studied in [20, [16]], and apart from that nothing seems to be known for
1<p<2.

The following theorem contains the approximation factors that we can achieve for 2 < p < oo, as well
as the hardness factors that we can prove.

Theorem 1.1. There is a polynomial time algorithm which, given p > 2 and an n X n matrix A = (a;;) whose
diagonal entries vanish, computes the number

n

n
max Zaijxixj . (xl,...,xn)ER” A lej'r]S 1 (2)
i,j=1 j=1

up to a factor 5 + 30log p.
On the other hand, assuming the unique games conjecture, it is NP-hard to approximate (2)) for any
constant p > 2 up to a factor smaller than g + i.

Hence, assuming the unique games conjecture, as p — oo the NP-hardness threshold of the quadratic
program (@) is £ (1 + o(1)).

The unique games conjecture (UGC), which has been put forth by Khot [22], is a commonly used
assumption in complexity theory. We describe it formally in Section [2, The UGC has been used in the
context of hardness results for quadratic programs such as (I) in [23]]. In Section ] we also prove a hardness



result for parameters p which depend polylogarithmically on 7, based on a strengthening of the UGC. For
readers that are not familiar with the UGC let us say at this point that the hardness result in Theorem [I.1]
should be viewed as evidence that efficiently computing (2) up to a factor smaller than % + 4—11 is hard.

When p is close to 2.  Theorem [I.T]is stated asymptotically as p — oo, but our hardness result actually
shows that for every 6 € (0,1) and p > 2 it is UGC hard to approximate (2)) up to a factor smaller than
a- 6)7127, where vy, is the p’th norm of a standard Gaussian random variable. Since

ZP/ZF(pTH) 1/p
Vp:(T) > /1 +c(p-2),

where c is universal constant, we also obtain a non-trivial hardness of approximation result for every p > 2.

1.2 The relation to spin glass models.

The problems described above are natural from the point of view of solid state physics, since they are
intimately related to the problem of efficient evaluation of ground states of spin glasses. In the spin glass
model we are given n particles, denoted by {1,...,n}, each of which has a spin, or magnetization, x; € R.
The energy corresponding to each pair i, j in the system is proportional to x;x;: we are given an n X n matrix
of pairwise interactions A = (a;;) € M,(R) (the diagonal entries are zeros), and the total energy of the system
is given by >/ j=1 QijXiXj. The system is constrained to be in a potential well, or equivalently, there is an
external magnetic field acting on the particles. A “hard wall” potential WCI][I would simply correspond to
imposing the constraint (xi, ..., x,) € K for some K € R".

Since nature seems to seek the state where the energy is minimized, many physicists are interested in the
computational complexity of computing the ground state, i.e. the configuration which minimizes the total
energy of the constrained system. This is precisely the problem described above (with the matrix A replaced
by —A). One reason why physicists would be interested in the computation complexity of a ground state is
that if this state is hard to find computationally, it may explain (or even predict) why certain systems cannot
settle in their ground state. On the other hand, if a system does settle in a computationally-hard ground state,
this would imply that it can somehow perform a hard computation.

There is a vast amount of literature on the computational aspects of the evaluation of ground states
of physical systems, as this corresponds to understanding efficient mechanisms for pattern formation (see
for example [33], 24]). The Ising case of the spin glass model corresponds to the assumption x; = =+1.
Computing the ground state in this famous simplified version clearly corresponds to (I) when K is the
hypercube. Rigorous algorithmic results on the Ising case were obtained in [12) 9, [7, 3, [8]. The Ising
model was introduced as a more tractable simplification of the original spin glass model, and in physically
realistic scenarios the magnetization of the particles should be allowed to take real values (actually the most
interesting case is when the spins are elements of the 2-dimensional sphere S ?).

Our results give strong evidence of a threshold behavior of the computational tractability of the ground
state, when the hard wall constraint corresponds to the £, ball, p > 2. We believe that this phenomenon holds

!Physicists often also consider “soft constraints”, in which we are given a potential V : R” — R and we wish to minimize
ZZ_/:I a;jxixj + V(xi,..., x,) (note that this has a similar effect to requiring that (xi, ..., x,) is in the set where V(xy, ..., x,) is not
very large). The case when V(xi,...,x,) = ¥, v(x;) is called the case of one body potentials, and it is studied explicitly in the
physics literature, including the especially important case v(x) = |x|”, which corresponds to the problems studied here (for example,
the L, case is studied in [30, [L1]]).



true for more general potentials (see the “Discussion and open problems” section). It would be interesting
to find a physical explanation of this computational phase transitiorﬂ

1.3 About the techniques

The algorithm that we design in Theorem [I.T|departs from the standard semidefinite programming approach
that was used in [26, 4} [15} [3] by considering the convex program (which is not an SDP for finite p) that
computes the quantity

n

Vecy(A) = max{ > a;j(vi,vjy: vi,...,val CR" A (va,n”] <1

ij=1

This program can be solved with arbitrarily small error in polynomial time using Grotschel-Lovész-Schrijver
theory [18].

Let vq,...,v, € R" be the the output of this program. In the case p = oo, which corresponds to the
constraint max< <, [[vjll2 < 1, one can proceed as follows. Since the value of Vecs,(A) depends only on the
scalar products {(v;, v J')}Zj:l’ we may replace vy,...,v, by Uvy,..., Uy, for any orthogonal matrix U. A
standard computation shows that if we choose U uniformly at random among all n X n orthogonal rnatrices
then for each 1 < j < nand ¢ > 0 the probability that (Uv;), (the k™M coordinate of Uv ) is greater than —= ‘f is

at most e~ Hence we can use the union bound to select with positive probability an orthogonal matrix
U such that xj; := /cn/logn - (Uvj) < 1 forall 1 < i, j < n, where c is a universal constant. Since by
definition

n n
logn
Veceo(A) = Z aijvi, vj) = Z ai{Uvi, Uvj) = ~= Z Z Qi jXikX ji
i,j=1 i,j=1 =1i,j=

there exists some 1 < k < n for which ZZ =1 QijXikXj 2 @Vecw(A). We therefore get the required O(log n)
approximation algorithm (originally obtained in [29, 28] 25, |15]]) by rounding v; to x; € [-1,1].

For bounded p we wish to obtain a constant factor approximation, so there is no hope to use a union
bound. We overcome this problem via a bootstrapping argument which is a non-trivial adaptation of the
Gaussian Hilbert space approach to Grothendieck’s inequality [21] (this approach was previously used for
algorithmic purposes in [4} [3]). Namely, we take a standard Gaussian vector G € R" and consider the
scalars (v, G),...,{vy, G). Rather than truncating each of the numbers (v;, G) separately, we consider the
event & = {Z;’:l [(vi,GH)P <M } for some appropriately chosen M > 0. Our rounding algorithm rounds the

vector v; to the number x; := Mll 7(vj, G)1g. We show that this rounding procedure works by bounding the
expectation of the error term Z _1 @i Vi, vj) — Z _, aijx;xj using Holder’s inequality. This error term is
shown to be a small proportion of Vec,(A) for an approprlate choice of M and the exponent used in Holder’s
inequality. A careful optimization of these two parameters yields the optimal [e’ (1 + o(1)) integrality gap.
The details are presented in Section 3]

The hardness result in Theorem is achieved via a reduction from the Unique Label Cover problem.
While the reduction is similar to the one used in [S]], we need to reduce from the Unique Label Cover
problem (and hence use the UGC) rather than from the Label Cover problem. This complication, as well
as the fact that the soundness analysis is substantially more involved, stems in essence from the following

21t should be pointed out here that this type of “static” complexity phase transition is different from another popular research
direction in statistical physics—the relation between statistical phase transitions and average case hardness in random models. We
refer to [[1]] and the references therein for more information on this topic



technical fact: if )" | &;a;, where the &; are i.i.d. symmetric Bernoulli random variables, is bounded in
Le, then 37, |a;| is bounded, while a bound on E |Z?:1 aisi|p does not imply a bound on }!" , |a;| which is
independent on n. This issue raises significant technical difficulties in the case of bounded p, analytic ideas
that we use to overcome them might be of independent interest in the context of computational hardness
results. See Section [ for more details (specifically, the remark on the difference from the L, case on

page [14).

2 Preliminaries and notation

In this section we describe some definitions, notation, and basic facts that will be used throughout this paper.
We start with a formal definition of the L, Grothendieck problem, which we also call the L, Quadratic
Maximization problem.

Definition 2.1 (L, Quadratic Maximization problem). The Quadratic Maximization problem over L,, de-
noted QM(p) for short, is defined as follows. For a given parameter p > 1 (which is possibly a function of
n), an instance of the QM(p) problem is a square matrix A = (a;;) € R™" with zero diagonal entries. The
goal is to compute

n

n
Opt,(A) = max{ > aijxixj : (x1,.... %) ER" A Y |xlP <1
ij=1 i=1

Our hardness results will be based on the Unique Games Conjecture (see [22]]). We shall now briefly
present the necessary background on this topic.
In what follows, for an integer r, we denote the set {1,2,...,r} by [r].

Definition 2.2 (Unique Label Cover problem). An instance £ of the Unique Label Cover problem, which
we denote ULC for short, is a tuple .Z = (V, E, r, {n.}.cg), Wwhere V is a set of nodes, and E C Vx Visa
symmetric set of directed edges, namely if (u#, w) € E then also (w,u) € E. For anode v € V, we define d(v)
to be the number of edges of the form (v, w) in E. We assume that E contains no loops, and that d(v) > 1 for
everyveV.

For every edge e = (u,w) € E a permutation m, : [r] — [r] is given such that 7, = ﬂ(_v‘}’u) for every
edge (u,w) € E. A function o7 : V — [r] is called an assignment for .. We say that an edge e = (u, w) is
satisfied by &7 if &/ (w) = n.(<7(u)). The goal in the Unique Label Cover problem is to find an assignment
which maximizes the fraction of satisfied edges. We denote the maximum fraction of satisfied edges in an
instance .Z by Opt(.Z’). The number r is called the number of labels in .Z.

Conjecture 2.3 (unique games conjecture). For any constants 0, > 0 satisfying 6 + € < 1 there is an
integer r = r(6, €) such that it is NP-hard to distinguish between ULC instances £ with r labels for which
Opt(Z) < 6, and instances with r labels for which Opt(¥) = 1 — &.

As noted in the introduction, the unique games conjecture was put forth by Khot in [22]], and it is a
commonly used complexity assumption. Despite some recent works that tried to refute it (see the table
in [[14]] for a description of the known results), the unique games conjecture still stands. Moreover, even the
following stronger hypothesis has not been contradicted by any result so far.

Hypothesis 2.4 (The strong unique games hypothesis). There are positive constants c, ca, c3 for which it is
NP-hard to distinguish between ULC instances £ of size n with ci logn labels for which Opt(.£) < lo‘gn,
and instances with c1 log n labels for which Opt(£) > 1 —

3
logn'



We shall now record some moment bounds for Gaussian random variables and sums of independent
random variables. These bounds will be used extensively in what follows.

Let g be a standard Gaussian random variable. Recall that we denote its p’th moment by y,, i.e. y), =
(Elg|")!/?. Then

00 _ o) p/2 P_+1
2 f M S T G ) r(% )
V2r Jo Vi Jo \r

The following version of Stirling’s formula [6]],

Vo) rws ()

p/2 p/2
g(P+l) , %(P+1) e(’(”l”)l- 3)

e e e e

Yy

implies that

D
Yp €

In fact the following stronger lower bound holds true for p > 2 (This bound is optimal in terms of the second
order terms as p — 2 and p — oo. Since we will not use it here, we shall not include its elementary, though
tedious, proof):

P=-2),=+— “)
e e

+1In2 In2
7§2max{1+(1—y 2n ) L },

where vy = 0.5772... is Euler’s constant.

Lemma 2.5. Let Xy, ..., X, be independent random variables such that EX; = 0 and Z;’: | EX? = 1. Assume
also that for some 6 € (O, e_4) we have Z’}:] ]Elle3 < 0. Then for every p > 1,

[E S,
=1

Proof. By the Berry-Esseen theorem (see [[19]. The constant we use below follows from [32]), for every
u > 0 we have

PI’[ Z Xj
j=1

Therefore, for every a > 0 we have
n 0o n
>ixi| = f pu~ Prf > X;
=1 0 j=1
2 _u2/2 p 2 0 _u2/2
N u’e du —26a’ =y, — [ = ue du—26a’. (5)
T Jo T Ja

Choosing a = 7y, /log(1/6) yields the required result, where we use the bound fa S uPe 2 dy < 2aP1e 12,
which holds whenever a*> > 2p—this estimate follows from the inequality

(o) (o) _ 1 00
f uPe Py = gP=1e=4"12 4 (p - l)f W2y < gple @2 4 P 5 f uPe 2y,
a a a a

n1/p
] >y, - (1-4(log (1/6))"?5).

n

n
> u} > Pr(|g| > u) — 22 EIX,® > Pr(lg| > u) - 26.
j=1

P
E

'l
> u] du > f puP ! Pr(g| > w)du — 26a”
0

The proof of Lemma [2.5]is complete. i



For large p we will need a better bound, which is contained in the following lemma. Recall that a random

variable X is symmetric if X and —X have the same distribution.
Lemma 2.6. Let X4, ...
and assume that maxi<j<p ,/EXJZ. < %. Then

. p\1/p 5
p
E Xj Z\/j——.

Proof. Let k € N be the largest integer such that 2k < p. Denote a; = /EXJZ., so that Z;?: |

write § = maxj<j<, la;| < 2 —. Note that
n
_ (2k)! (2k)‘ 2
E(ZXJ - Z " (25.)11_[EX Z l_[aj'
j=1 l1,,0ENU{O) + =180 Sc(l,...n} jeS
b+t =k IS |=k

On the other hand

£1,...,L,eNU{0} L Lj=1 j=1
O +-+C=k
ko (k=D o
< k! , 2ri
<k |4 +Z 2 1l
Scil,...n} jeS Flyes rneNU{O} Fj i=1 i=1
|S|=k ri+e+r,=k—-1
I‘jZI
| ko> . (k=D 17 2n
< k! l_[a +7 Z |{1§]§n:rjzl}| — r.‘l_[ai
Scil,...n} jeS Pl e Fn ENU{0} e
|S|=k ri+etr,=k—1
k(k — 1)62 (k- 1)! )
< kl 2. 7 i
< k! na]+ 5 Z 7! ;
Scil,...,n} jES Flontn€NU{0) L= 707 =]
IS |=k ritetr,=k—1
Kk 5 ( k-1
-1)5
_ | 2 ( 2
=k Y []g+=—F— [Z“i]
Sc(l,...n} jeS j=1
IS|=k
k(k — 1)6>
= k! 2, 7
= k! r[aj-i- > .
Sc(l,...n} jeS
IS|=k
Hence,
k(k—1)82
s 175 1
> l_[ajz—k. Z 50
Sc(l,...n) jeS : :
IS|=k

, Xy, be independent symmetric random variables such that Z?:] EXJZ. =1L Fixp>2

a? =1, and

(6)

(N



Combining ([7) with (6) we get that

Py R TRt S 2
EY X | =|B| > X z((kl)') SR L
= = 2kl e avk e P
where we used Stirling’s formula and the fact that p > 2k > p — 2. O

3 A Z(1+0(1)) approximation algorithm for QM(p)

Let A = (a;;) € My(R) be an n X n matrix with zeros on the diagonal and fix p > 2. Recall that

n

n
Opt,(A) = max{z aixix; X1, CROA Y il < 1}, (8)
i=1

ij=1
We define the following parameter:

n

Vec,(A) = max{z aijviv) s i,oval Lo A il < 1}. ©9)

i,j=1 i=1
Claim 3.1. There is a PTAS for computing Vec,(A).

Proof. Let P, denote the space of all n X n matrices P € M,(R) which are positive semidefinite. We
also write K = {(m,-.,-) eM,R): X, Imi|P? < 1}. Since p > 2 the set K is convex. Moreover, K has a
polynomial time membership oracle (more generally, any body given by 3'7 | f(Im;]) < 1, where f is convex
and computable, has polynomial time membership oracle). It follows from the Grotschel-Lovasz-Schrijver
convex optimization theory [18]] that there is a PTAS for computing the maximum of the linear functional
ZZ j=1@ijmij on P, N K. This maximum is precisely Vec,(A). O

Theorem 3.2. We have the following inequality:
Optp(A) < Vec,(A) < (2 + 301log p) . Optp(A).
e

Therefore there is a polynomial time algorithm which computes Opt,(A) up to a factor of (1;’ + 301og p).

Proof. The left hand inequality in Theorem is obvious. As is often the case with Grothendieck-type
inequalities, we will work with the Gaussian Hilbert Space—this approach to Grothendieck’s inequality
first appeared in print in a paper of Johnson and Lindenstrauss [21]], and was used extensively in [4} [3]. Let
g1,82, ... beii.d. standard Gaussian random variables, and assume that they are defined on some probability
space (€2, Pr). The Gaussian Hilbert space H is the closure in L,(€2) of the linear span of {g1, g2, ...}. By the
definition of Vec,(A) (and a simple compactness argument) there are Ay, ..., h, € H such that

Zn: E2) <1 and E Z aishih; = Vec,(A).
i=1 ij=1



Fix M > 1 which will be determined later, and consider the event

/21 ( P+l
ZIhI”>M 7 iﬁ r) . (10)

The crucial point to note here is that since each h; is a Gaussian random variable we have the identity
2
Elhi|P = y’; (Eh?)p/ . Markov’s inequality implies that
" Elh|P 1 & 2
R ke L o 7
wer(t) T M !
M- —
Now (T1)), and an application of Holder’s inequality, implies that for every ¢ > 1,

P
2q
B = Z E (h; IS) < Z Eth Zq (Pr[ST) (gql) Z[qu q+ hiz)q] q @
2
ya A
2T (g +3) )" & e (2T(a+3))"
[ M‘Hﬁ] 2,(5") S( Mq—lv%]

i=1

<

1
<< an

i=1

Hence, an application of the definition of Vec,(A) to the vectors € L,(Q) implies that

Bl/p
hh < B2lr <|—"—’ .
EZ aijhihls < B¥PVec,(A) _( TV Vec,(A). (12)
i,j=1
On the other hand, the definition of Opt ,(A) implies that
n 2p/2r ﬂ 2/p h ]’l
5 .
E Z a,‘j/’li/’ljlg\g = (M #] E Z aijj ! IQ\S
ij=1

2[)/21‘(%) 1/p 2[,/2F(p+1) I/p
\r

\/7
P12 (pT) 2/p
<|M- \/_ Optp(A). (13)

Combining (12) and (I3) we get that

n n n
VCCP(A) =E Z a,-jh,-hj =E Z a,-jh,-hjls +E Z aijhi/’ljlg\g

i1 ij=1 ij=1
2’1F( 2) 1/q 2P/2F(p7) 2/p
S TTEN NE - Vec,(A) +| M " Opt,(A4). (14)

The right-hand side of (14)) is mimimized for

Mz{pw—l)_(2"F(q+%)]”q,[ Vi

2q v 2012 (257)

Pq
2/p pa+2q-p
Vec,(A

Ve, )] )

Opt, (4)

9



Plugging this value of M into (I4) we get the inequality

plg=1)

Vec,(A) < [Vec (A)] m+2q P [Opt (A)] s

1
2(g-1) ’

2
(2qr (q + %)}I)qﬂq P [217/21“(%)]/%#261 P {( 2q )pi;i-qz_ql—)p (p(q _ l))pq+2qq—p“
. _— + _— y

\r \r plg—1) 2q
which simplifies to give the bound,
20 (PP N
Vee,(4) _ (2" r(z) 29T (q + 1)
Opt,(A) \r \r

Choosing ¢ = 2 in (16)), and using the bounds in (3], yields the required result. But, if we optimize over
g we get better bounds. This yields in particular much better approximation factors for small p. For large p
the correct choice of g is ¢ = O(log p), and the bound that we get becomes

pg=1) 1+,,(:‘11)
+2 — +2
2C] pa+2q-p N p(q ]) Pa+2q-p . (16)
pg=1) 2q

2 2
Vec,(A) < (3 + Zlogp+ Zloglogp + O (1)) Opt,(A).
e e e

In any case, the proof of Theorem [3.2]is complete. O

Remark 3.3. As described in the introduction, the above algorithm does not only compute an approximation
to Opt,,(A)—it also rounds the vectors vy, ..., v, € R" for which Vec,(A) is approximately attained to scalars
X1, ..., X, satisfying 377, [x;|” < 1 and Z _1 GijXiXj < ( + 301og p) Optp(A). Indeed, we can concretely
realize the Gaussians /; that appeared in the proof of Theorem [3.2] as h; = (v;, G), where G is a standard

Gaussian vector in R"”. We then define x; := Ml - —=—(vi, G)1q\s, where analogously to (15),

1\ /4 2/p P
M:{p(cz—l) .(2‘1F(q+z)] [i)] .(§+30logp)] ,

2q v 20/2T (25

~ logp and § is as in (I0). By repeating the argument in the proof of Theorem |3 n with the value M
Ccp(A) .
p(A)
which we already proved, shows that this rounding procedure yields the desired approximation factor.

1nstead of the value M in (13)), i.e. by replacing the term o) 1N the definition of M with its a priori bound

4 UGC hardness

In this section we will make use of the notation and definitions in Section[2] We also require the following
definition.

Definition 4.1. For p > 2 and € > 0 let ¢(p, €) be the smallest ¢ > O such that for alln € N if (a1, ...,a,) €
R" satisfy 3.7, al.2 = 1 and maxepy) a? < ¢ then

&

n

2, e

PA\1/p
] 2 (1 _S)Vp,
i=1

10



where €1,...,&, are i.i.d. symmetric £1 Bernoulli random variables. The existence of ¢(p, €) follows from
Lemma[2.5] Moreover, Lemma|2.6] combined with (3)) implies that

10 4
¢(p, —) <. (17)
p p

It will be convenient to introduce the following notation. Given p > 1 and a function f : X — R defined
on a finite set X, we write Exex f(X) = g Daex S () and [|fll, = (Byex]| F(x)I")!P (thus in what follows L,
norms will correspond exclusively to uniform distributions on finite sets). If u is a probability distribution u
on X then we use the notation E,, f(x) = fX f(x)du(x).

The main result of this section is the following reduction.

Theorem 4.2. There exists a reduction algorithm from ULC to QM(p) which, given a ULC instance £ =
(V,E,r,{n.}.cE), outputs an instance A of QM(p). The reduction algorithm runs in time polynomial in |V|
and 2", and has the following properties:

1
o Completeness: Opt,(A) > Opt(Z) — %

e Soundness: For every € > 0 it holds that

4y)? P oes3 V] 1
Opt,(A4) < | ——L— . Opt(.2) + L/Z" +— (18)
eP(p,e) (1 -e)y; V|

The proof of Theorem [4.2] spans the rest of this section, but before we commence with it, let us prove a
corollary that follows from it if we assume the unique games conjecture, and one that follows if we assume
the strong unique games hypothesis.

Corollary 4.3. Let p > 2 be any constant, and let 5 > 0 be a constant such that (1 —6)7?) > 1. Then assuming
the unique games conjecture, it is NP-hard to approximate QM(p) within a factor (1 — 6))/[2). Using @) it
follows that assuming the unique games conjecture it is NP-hard to approximate QM(p) within a factor

Ly 4—11 (note that we are using a crude, sub-optimal in terms of the additive constant term, version of (@)
e
here).

Proof. Set&’ =& =6/8, and pick 6’ > 0 small enough so that &’ < 1 — &’ and

-2
( 4),}’2 '6,](17 )/ p j i
e*¢(p, e)? 4y2

From the unique games conjecture we have that there exists an integer r, such that it is NP-hard to
distinguish between instances . of ULC with r labels for which Opt(.Z’) > 1 — &', and instances with r
labels for which Opt(.Z) < §’. The reduction stated in Theorem maps instances . of the first kind
into QM(p) instances A with Optp(A) >1-¢& —-1/|V] = 1-6/8 — 1/|V| (note that the reduction runs in

polynomial time). We call such instances ‘yes’ instances.

By the soundness property, it maps instances .£ of the latter kind into instances A satisfying
1+2e+3/|V 1 0 1+6/2+3/|V 1

Optp(A)s—2+8—é||+—s—2+#+—.

a3 (U-end VI 43 v Vi

These are called ‘no’ instances.
Thus the ratio between the values of Opt,,(A) for ‘yes’ and for ‘no’ instances tends, as [V goes to infinity,
to a number which is greater than (1 — 6)75,. This completes the proof of Corollary O

11



Corollary 4.4. Let p = p(n) be a parameter such that p(n) = o ((log n).%z). Then assuming the strong unique
games hypothesis, it is NP-hard to approximate QM(p) within a factor g - 0().

Proof. This is proved similarly to Corollary using 6 = 100/p and using Hypothesis [2.4] instead of
the unique games conjecture. Also, when following the proof of Corollary 4.3] one should use the bound
from (I7) so that the value needed for 6’ is not smaller than @, where c¢; is as in Hypothesis m]

4.1 The reduction

Let us begin by describing the reduction algorithm. Let .Z = (V, E, r, {n.},cg) be an instance of ULC. The
reduction will make use of the following parameters:

D :=|VP-|E|- 2% and  B:=|V]|E|-2%. (19)

Some notation. Given .Z, the reduction should output a square matrix A with zero diagonal entries. Equiv-
alently, we prefer to think of the output of the reduction as a multilinear form defined on vectors F, and to
write A(F) instead of (AF, F) (multilinearity, i.e. linearity in each of the coordinates of the vector, is equiv-
alent in matrix notation to A having zero entries on the diagonal).

The coordinates. It will be convenient to use meaningful indices for the coordinates of F'. For every node
v € V there will be D - d(v) sets of coordinates {Cé} Each such set CJ will contain 2" coordinates,

J
labeled {C)(x)] _ Ly
assignment i for v, it should satisfy

JeID-dv))’
. These coordinates serve as encodings of assignments for v: For F to encode the

Yje[D-dW)], Yxe {-1,1} ch(x) = X;.
Given a vector F' with coordinates indexed as above, we define a function fvj : {-1,1}" — R for every
ve Vand je€[D-d(v)], by setting '
Ty = F
fv (x) - FC{(X)

(for simplicity of notation, we keep the dependency of fvj on F implicit). We also define for every v € V a
function f, : {—1, 1} — R by taking

F@) = Ejepao [ 1) (20)

The distribution . Before we proceed to define the value of the multilinear form A on F, let us note that
for every g > 1 we can write the L, norm of a vector F as follows. Let u be the probability distribution on
V defined by u(v) := % (recall that we defined d(v) to be just the outgoing degree of v, and therefore this
really is a probability distribution). Then for every g > 1,

j q 1/‘]
IFll, = (EVN,IE,E[D.M f: q) . @1

Equation (21)) follows directly from the definition of the functions fvj . Since ¢ > 1, it now follows from the
triangle inequality in L, and from (20)) that

(Bvmill519) " < 1F,- 22)

12



The inner and outer forms. We are ready to define the quadratic form A. Although A is defined over
the coordinates of the vector F, it will be easier to describe it as a form over the Fourier coefficients of the
functions {f,},cy- Such a quadratic form is also a quadratic form over F since each of these coeflicients can
be written as a linear combination of the coordinates of /. We shall deal with the multilinearity of the form
later.

The form A will be a sum of two terms, one called the inner term and the other, the outer term. The
inner term will serve to prevent A from taking large values unless the functions {f,},cy associated with F are
very close to being linear homogeneous. The role of the outer term is, roughly, to allow A to obtain large
values on vectors F' which encode assignments for . that satisfy a large fraction of the edges.

For each v € V, we define a quadratic form A, on F' by

AWF)==B- ) fuS)
it

‘We take the inner term to be
Ainner(F) = Ev~,u [A,(F)].
For every edge e = (u,w) € E we let

AF) = ) Fulfulmeli),

i€[r]

and define the outer term to be
Aouter = EeEE [Ae(F)] .

The quadratic form. We define A’(F) = Ajner(F) + Aourer(F). We would have liked to take A" as the
output of the reduction algorithm, but it turns out to have some non-multilinear terms (i.e. some non-zero
diagonal entries in matrix language). For simplicity of analysis, we therefore first establish the completeness
and soundness properties for A” as it is defined here. In Subsection |4.4] we slightly change A" to remove the
diagonal entries, obtaining the final quadratic form A, and show that for every vector F with ||F||, < 1,

1
A"(F) - A(F)| < 7k (23)

Running time. It is obvious from the construction that the form A’ can be constructed in time polynomial
in |[V| and in 2" as required. This will also hold for the actual form A, that is defined in Subsection 4.4

Our next step is to establish, in the next two subsections, the completeness and soundness properties of
A’, and therefore, assuming ([23)), also of A.
4.2 Completeness

To get the completeness property we start with an assignment <7 : V — [r] for .Z which satisfies an Opt(.Z)
fraction of the edges, and use is to get a vector F' with [|F||, < 1 such that A’(F) = Opt(.Z). Assuming (23),
this gives the completeness property.

13



The vector F. We define F by

YveV,¥YjelD-dW)], ¥ xe{-1,1}, F x

Cly = Yoo

Itis clear that ||F||, = 1, since all of its coordinates are either 1 or —1, and that the functions {f,},y associated
with F satisfy
YveV, xe{-1,1}, Fo(X) = x - 24)

The functions f, are therefore linear, which implies that A;,.(F) = 0. It also follows from (24) that for
every edge e € F, the value of A, (F) is 1 if o7 satisfies e and 0 otherwise, and therefore

Aputer(F) = Be € E[A(F)] = P%[szi satisfies e] = Opt(?).
ec

Overall, we thus have A’(F) = Ajner(F) + Aourer(F) = Opt(Z), as desired.

4.3 Soundness
To establish the soundness property, let F be any vector with ||F]|, < 1. We shall prove that

12 (p-2)/p

A'(F) < | S - Opi(L)

_ 1+2e+3/IVI
e ¢(p, e)

: 25
(1-e)y; 2

and then the soundness property will follow from together with (23). We assume w.l.o.g. that A’(F) > 0.

Our aim is to use the vector F to define an assignment for .°, which will prove that Opt(.Z’) is large
enough to make hold.

On the difference between the L, case and the L., case. Our definition of the assignment for . is dif-
ferent than that in [S)]. In that paper every v € V was given a multi-assignment by taking all the elements
i € [r] for which |ﬁ(i)| was greater than a certain threshold. The assignment for v was then chosen randomly
from among the elements of its multi-assignment. Since in [5] the L, norm of F was bounded by 1, it was

possible there to get a bound on 7, Iﬁ(i)l, and therefore on the size of the multi-assignment (using the fact

that the Lo, norm of a linear function f equals 3!, |}T(i)|). Since here we only have a bound on the L, norm

of F, that approach does not work and the definition of the multi-assignment, as well as its analysis, are
more involved.

Before we define the assignment for .2 we make the following definitions and observations.

Claim 4.5. Suppose that a real number t, is associated with every node v € V. Then

Ee=umyet [futw] < By [I6]. (26)

Proof. Consider the set of pairs {(v, )}y, jeld(v) @s aset of indices, and define a vector X by X, ;) = #,. Then

the r.h.s. of equals || X||. The Lh.s. of is the inner product of X with a vector whose coordinates
are simply a permutation of the coordinates of X (this follows from the fact that £ is symmetric). Hence
follows from the Cauchy-Schwarz inequality. i

The following claim follows by the same argument as in Claim 4.5}

14



Claim 4.6. Let S C E be a symmetric subset (that is, if (u,w) € S then also (w,u) € S), and let {t,},cy be

any real numbers. Then
2
D tte< D Il
(u,w)es (u,w)eS

The linear part of the functions f, play an important role later on. Let us set a notation for them.

Definition 4.7. Foreveryv € V, let f! denote the linear homogeneous part of f,, namely f'(x) = ielr] f;(i)xi.

Let f' = f, — fL.

We next establish some properties of the functions f! and f7.

. /|E| 1
1 4.8. h <or. =
Claim . ,mxe%z(l,l}’ (va (x)I) 2 Vi

Proof. First, note that

Aouter(F) = Ee:(u,w)eE Z E(l)};}(ﬂe(l))]

i€[r]
< Ee=(u,w)EE [Hfu”z”fw”z] (Cauchy—Schwarz)
< By [IAIB] < IFI3 by Claim@-3]and by (22)
<|IFII} < 1.

Hence, since we assumed that A’(F) > 0, we have from the definition of A;;.,, 1, and the functions fvh
that

2

., Derdolly

-1< Ainner(F) =-B- Ev~;1 [Hf\flni] = |E|

It fOHOWS that
2 E
nlaX(“f;fl“]) S I‘I)la‘g((”f;?” ) < | |’

veV

and therefore that
h r h r |E| _ 1
e (IR < 2max (I47]) <27\ = g
where the last equality follows from the definition of B (19). This completes the proof of the claim. O
1/p 1
: 1P

Claim 49. [B,-[lfl0| <1+ i

Proof. Using the triangle inequality in L, we have

1/p 1/ I/p @22)
1)|P pl/P h||P h
e e e [ = P YO (C B
where the last inequality follows from Claim[4.8]and the assumption that |||, < 1. i
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Influential coordinates. We now identify the influential coordinates in the functions f!, which will serve
as the basis for getting an assignment for .. For this purpose, we pick the parameters

2 4
a:= % and = o
¢(p,e) &2
where ¢(p, €) is as in Deﬁnition We define for every v € V subsets a(v), B(v), y(v) C [r] as follows: a(v)
is taken to be the set of size a of coordinates i € [r] for which Iﬁ(z’)l is largest (ties are broken arbitrarily).
B(v) is taken to be the set of b coordinate with the largest values of If;(i)l among [r] \ a(v), and y(v) is
defined by y(v) =[]\ (@(v) U B(v). N N _
For every v € V, define f(x) = Yicaty frli)xi, £ (x) = Diepy SDxin [(X) = ey SDxi. So that
e =1

>

The assignment for .. We view the sets {a(v) U B(v)},cy as a multi-assignment for .Z’, namely an assign-
ment of several values for each v € V. We say that an edge e = (u, w) € E is satisfied by the multi-assignment
if there exists an i € a(u) U B(u) such that (i) € a(w) U B(w). We define S C E to be the set of edges that
are satisfied by the multi-assignment. Note that S is a symmetric set.

We use the multi-assignment to choose a random assignment .o for .Z, choosing o7 (v) to be a uniformly
distributed element in a(v) U B(v). In this case, each edge e € S is satisfied by .7 with probability at least

1 2
(m) , and therefore
S|
E < (a+b)*- Opt(2). 27)

Bounding A’(F). We are now ready to bound A’(F). We first bound it by a sum of several terms, and then
bound each term separately.

A(F) < Aguier(F) = Bemuprer [Z E(i)fw(ne(i»}
i€[r]

= Beetwer| Y, FaDfulmei) (28)
ica(u)Up(u)
L7 (Dea(w)UB(W)

+ Beemer| ), FOR)| +Bemmer | Y Fuldfulre() (29)
ica(u) i€y(u)
Lo (Dey(w) ] L7 (Dea(w)

+ Bemumer| ), F@DFe@)|+ Bemmer | ), Fuldfulre)|. (30)
i€p(u) i€y(u)
L7 (D)ey(w) ] | . (Dea(w)

We use the following lemmas to bound the above terms.

Lemma 4.10. (28) < ((a + )2 - Opt( g))(p—b/p‘

3To be precise, we should have take the size of a(v) and B(v) to be [a] and [b] respectively. However for simplicity we disregard
this minor issue.
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2
Lemma 4.11. 29) <2- a_z£

by
Lemma 4.12. (30) < L/WJ
-y

Using the bounds from Lemma [4.10, Lemma and Lemma and substituting the values of a
and b, we get (25)) and establish the soundness property of A’ (and assuming (23)), also the soundness of A).
Let us now prove these three lemmas.

Proof of Lemma To prove this lemma we need the following claim.
Claim 4.13. Let S C E be a symmetric subset, and let {t,},cy be real numbers. Then
ﬂ )(p—Z)/ p
|E]

2/p

Ee:(u,w)eE [tutw : 15 (e)] < ( : [Ev~u|tv|p] ’ (31)

where 1g denotes the indicator of the set S.

Proof. ForeveryveV,let s(v) = %. Then by the definition of y,

IS

1
Evop sl =—- ) I(vixV)nS§|=—. (32)
v [E] ZV E]
Now by Claim [4.6]
1
Ee:(u,w)eE [tuty - 1s(e)] = E : Z tuty
(u,w)es
1
< - D P
|E| (u,w)es
1
= 5 24w o)
veV
= By [s0)- 1P
_1(r-2)/ 2/
< [vaﬂs(v)p/(p 2)] p=aip [Ev~#|tv|p] P
(p-2)/ 2/
< [Ev~us(v)] o [Ev~y|tv|p] !
@ |S| (pr-2/p ) 2/p
= m : Ev~p|tv| ] )
and the proof of Claim is complete. O

We are now ready to bound (28)). By our definition of S and by the Cauchy-Schwarz inequality we have
that

@ < Ee=(u,w)EE [IS (6) : ”fu”z : ”fw”z]

S (p-2)/p
< (%) . []Ewnfvng]z”’ (by Claim[#-13)
<(@+5?-0p2) """ - [Bwll )] (by @7))

<((a+b?-opu2)) """, (by @)
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as claimed. O

Proof of Lemma[.11] By the symmetry of E, the two terms in (29) are equal. Using the Cauchy-Schwarz
inequality we thus have that

1/2
@D = 2Be—rer | Y, FuDIme)| < emqumer [Ilfullz-| > Fulme@?| | (33)
ica(u) i€a(u)
me(i)ey(w) me(DEy(W)

We now consider the sum inside the square-root in (33). From the definition of y(w), we know that whenever
7.(i) € y(w),

Hf’ll2 [
Fume())? < S

(this is because larger coefficients would have gone into a(w) or S(w)). Also, since |@(u)| = a, the number
of summands in the sum in (33) is at most a, and so for every w,

1/2
>, hm@?| < ==l < @ full (34)

ica(u)
T (DEy(W)

Substituting (34) in (33), we get
a
@D <2 \/; : IBe:(u,w)eE [”fu”z : ||fw||2]
a 2 . .
2 /7 B [I413] (using Claim fi.3)
a ) .
<25 IFIB (using (22))

IA

2
<2. \/E - (by the definition of @ and b)
b 2
This completes the proof of Lemma 4. 11] mi

Proof of Lemma Using Cauchy-Schwarz and (22) we have that

(13;01) < Ee=(u,w)€E Z

i€p(u)Uy(u)
| 77, (D)EBW)Uy (W)

72+ 2,1+ 22| < B

< Ee:(u,w)eE

Ju| |Futaretin)|

2 (35)

Y
v+

2
) by considering two cases. If

1
_2 ”fVHZ (36)

+fv
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then by the choice of the parameter a and the definition of S(v) and y(v), we have that all of the squares of

2
the Fourier coefficients of fvﬂ + £ are smaller than % . ||fvl||§ = @ . ||fVlH§ < éd(p,e) - fvﬂ +f) . So the
P

definition of ¢(p, ), together with the fact that f* is a symmetric random variable which is independent of
the random variable f;g + f7, we deduce that

2 2 2
WAl =l + £+ 2] = |+ 2] 2 ey 4 27 37)
On the other hand, if does not hold, then
poolP o Lo L e
AR, = Al = 5 e 7L (38)

and thus (38) hold in both cases. Continuing (35]), we therefore have that
1 > 1 P 1+3/V
60 < —— B [IA] < — - [Bll 2] < 00
a —8)’)/12, vV~ || Hp a —8)’)/[2) ¢ /J“ ”p (1 —8)')/%

where in the last inequality we used Claim .9 This completes the proof of Lemma.12 O

4.4 Removing diagonal entries

To complete the proof of the Theorem[d.2] it remain to define the actual form A, which will have no diagonal
entries (that is, no non-multilinear terms), and to prove that it satisfies (23).

Identifying the source of diagonal entries. Let us begin by identifying the source of diagonal entries in
A’. First, note that all the terms in A, are multilinear. This is true since it contains sums of terms of the
form f;(i e ]/‘:v(iz), where (1, w) € E. Since by definition there are no loops in E, ]/‘,;(i 1) and ]";V(iz) are linear
combinations of disjoint coordinates in F', and thus their product is multilinear in the coordinates of F'.

As for Ajyper, it is a weighted sum of terms of the form

A(F) = =B Y fuS),

Sclr]
IS %1
where from the definition of f, we have that
e — (. e\ = , Y
87 = (Biewann [FS)]) = 5o FSFES).

J1.j2€[D-d(v)]

Here the only terms that may contribute diagonal entries are those for which j; = j,, which are of the form
2Igy2
[ (8)”.

Defining A. Let us therefore define for every v € V

APy = =B Y TSP+ s DT 3 SR

Sclr] JjelD-d(v)] Sclr]
IS1%1 IS1%1
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and set

Al (F) =B, [A5(F)] and A=A"  + Aputer

mmner

Now A does not have nonzero diagonal entries. Let us verify that it satisfies (23). For every F such that

IFl

<1,

|A"(F) = A(F)| = |Ainner(F) = Ay, (F)|

JelD-d(v)] SC[r

NED!
B —
< 5 BvsBjetpaon | D FS)
Sc(r]
IS1#1
(dropping a factor of 1/d(v) inside the expectation)
B 2 B 1
< 5 EvBjepaon| ||, < 5 = Tk

where the last inequality follows from (21)), and the last equality is from the choice of the parameters B and
D. This gives (23), and concludes the proof of Theorem §.2]

5 Discussion and open problems

Several open problems arise naturally from our work. We list some of them below.

Both our algorithm, and our hardness result, do not yield anything non-trivial when 1 < p < 2. It
would be interesting to understand QM(p) in this case as well. When p = 1 it is easy to see that
Opt;(A) is up to a factor of 2 the same as max; je(,) la;;|. Thus there is a trivial factor 2 approximation
algorithm for QM(1). We have recently learned from Elad Hazan and Nimrod Megiddo (personal
communication) that they obtained a PTAS for QM(1).

We did not try to prove an integrality gap lower bound for the convex program that we used in Sec-
tion [3] though we believe that a matching integrality gap should follow from an adaptation of the
method used in [J3]].

Is ylz, the true hardness threshold for QM(p) for every fixed p > 2 (i.e. not only asymptotically as
p — 0)?

It would be interesting to study the complexity of correlated quadratic programs on more general
bodies K € R". Although our methods give non-trivial results in other cases, we did not pursue this
research direction. In particular, if K = {x eR": YL v(xi < 1}, where v : R, — R, is convex
(and computable), i.e. in the case of general one body potentials, a tempting conjecture would be that
if v(\/f) is convex then the hardness threshold is (Ev(g))z, where g is a standard Gaussian random
variable.
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o [s it possible to remove the UGC assumption in Theorem Is it possible to prove a standard NP-
hardness result in this context? Perhaps the complexity assumptions that appear in [S]] can be used
here as well.

e Is there a sharp hardness threshold in the Ising case (i.e. the Ly, problem in (I)))? Currently the gap
between the known upper and lower bounds in this case is large, and it would be interesting to get
sharp results as in the case of finite p.
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