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spanned by the expressions Gij(z) and the 10~dimensional linear subspace

spanned by products of triples of the Abelian differentials wi(z) . /@
Proof. Since it is quite well known that the subspace of @

spanned by products of triples of Abelian differentials is 10-dimensional,

it is only necessary to show that the expressions Uij(z) span a 5~

dimensional sub and that no nontrivial element of

this subspace can be written as a linear combination of products of triples

of Abelian differentials., These assertions are easily seen to be
independent of the particular basis chosen for the space of Abelian
differentials, and for the proof it is convenient to use another basis.

In particular, represent M as the Riemann surface of the function.
Zﬁ_l 1/2 .
£(z) = [z 1 (z-aj)] » where O’al""’azg-l-l are distinct comp;ex

numbers, and take tle basis

2 3
1 = 82 ' = 242, 1 - 28z . zdz
wl(z)dz " F(z) * wz(z)dz £(z) w3(z)dz- () wa(z)dz £ °

1/2 at the point of M lying

In terms of the local coordinate t = cz
over the origin z=0 the functioms w.; (t) evidently have local power

series expansions of the fomm

2 2 3 4

faj Wi(t) = 1+ c1t+ czt does wi(t) = +clt +C2t FYY s
4 5 6 6 7 8

W'B(t) = ¢ +C1t, +C2t 4500 » w‘:.(t) = £ +C1t +c2t 4 coe R

if the constant ¢ f 0 4s chosen appropriately, and AFI8E<HIRIEhd-the

(3)| it follows easily that thé. functions cij(t) kave local

power series expansions of the form



T e i e e ———— e

e L Y Wl 5

b

the polynomials ,f and g alone, since the latter define the canonical

curve and hence determine the Riemann surface together with the canonicsl
Abelian differentials To describe these polynomials it is convenient to

introduce the polarized forms of the polynomials and g , namely the

miltilinear funetions

4

6) L) fxy) =T g Xy glx,5,2) = L ¢
e TR e I P LR PR N A T

and to write

4

(1) D &) =Lay,, gxy =5 by, ,
. 3 ' 3

where aj (x) are linear polynomials and bj (x) are quadratic polynomials,

5

Lerma 3, If M ig a non-hyperelliptic Riemann surface of genug g=4

then the & expressious (z) for i< J are linearly independent elements

o
y the polynomials Eij (x) can be taken as

01p = ¢:(a3 4-a4b3) , '6'13 = c(-a2b4+a4b2) s Opp = c(a2b3-a bz)
Cpy = c(alb4-a4b1) ’ '6’24 = c(-alb3+33b1) , 3"34 = c(a b 2"%, b )

for some nonzero complex constant ¢ ,

Proof. The proof of the first assertion of thig lemma is much the game

as the proof of the corresponding Tesult in the preceding lemma, by examining

the orders at a Weierstrass point of an appropnately chosen basis for the

Abelian differentials, As shown by T, Kato in » #&ny non-hyperelliptic

surface of genus 4 has s Welerstrass point for which the first non-gap is

4, hence for which tle gap sequence is either (1,2,3 s3), (1,2,3,6), or

(1 2,3,7). For the natural basis for the space of Abelian differentigls

y i N . - V i
ﬁmf%jiwl I, &)mﬁnmﬂwm L fe W mga_{}w/ Ol ﬂt/w/
T, . Math. zi¢ I 107
J. Iate omges (/TM i




T e s e T N

T et ot A e Bl e e d e a.,_.—_....,_-.....:—.;;--._.;-u.....-;....,__,.1‘,.,-..4_,-.““;-..».....-_‘,«;.4._..”,._ gk e SR T

(3) @ rmelyer e = sxmm - 0 cut

G
with the notation as in (). On the other hand, the tangent space to V

at & point X = w'(z) contains the vector w'(z) , since V ig a cone,
and differentiating with respect to the local coordinate 2z shows that it
also contains the vector w"(z) ; these 2 vectors are alvays iinearly
independent for a non-hyperelliptic Riemann surface, so this tangent

space can also be described as
Tw'(z) V) = {y € E4 : y,w' (2),w"(2) are linearly dependent] .

The condition that the 3 vectors %' (z) , w'(2) be linearly dependent
Just amounts to the vanish:’.ng_ of all 3X3 subdeterminants of the §x3
matrix with these 3 vectors as columns, ch this tangent space can

evidently be described equivalently as

. 71930 + 7,03 () + y,0,(2) = 0 |
(1) 8 W =4 gert, 192 F 50,0 + 50,02 = 0 ¢
v (=) 9393402 + ¥30,1(2) + 5,0, ,(2) = 0
5994, (2) + y3042(Z) *y0=0}

Since the tangent space has dimension 2 the matrix describing this system
of linear equations must have rank 2; it is = straightforward matter to
verify that this rank condition is equivalently that the functions Oij(z)

have no common zeros on M and satisfy the identity

(8] &) 0),(2003,(2) - 0,3(2)0y, () + 0y, ()0,,(2) = 0 .

It is also quite easy to see that aside from a common nonzero factor {?}
there is a unique system of linear equations of the form appearing in ()
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