Notes on Distributions

Functional Analysis

1 Locally Convex Spaces

Definition 1. A vector space (over R or C) is said to be a topological vector
space (TVS) if it is a Hausdorff topological space and the operations + and
- are continuous.

For a subset A in a vector space E and A € C we denote
M ={y=Xa| a € A}
and for two subsets, A, B we denote
A+B={a+b| a€ A, be B}.

Definition 2. A C E, E wvector space, is
balanced if €A C A, for all |of <1,

convex if (1 —t)A+tA C A for all t € [0,1],
absorbing if Vo € E, 3t > 0, x € tA.

Definition 3. We denote by Uy the collection of neighborhoods of 0 in a
TVS E. A subset A of a TVS E is bounded if for any neighborhood of zero
V e Uy there exists t > 0 such that A C tV.

Definition 4. E TVS is locally convex (l.c.) if there exists a basis of Uy
formed with convex sets.

We recall that a basis B C U, is a collection of neighborhoods that has
the property that for any V' € U, there exists B € B such that B C V.

Definition 5. A TVS is said to be metrizable if its topology is given by a
translation invariant metric.



Definition 6. If X s a vector space, a seminorm on X is a function

p: X —>R
obeying
p(Az) = |A|p(z), VA€C zeX,
plx +y) <plz)+ply), Vr,yelX.

Note that p(0) = 0 and p(—z) = p(z) and then p(x) > 0 follow from the
definition.

Proposition 1. (Minkwoski seminorm). Let A C E be a convex, balanced
and absorbing subset of a vector space E. Let

pa(z) =inf{t > 0| = € tA}.
Then pa is a seminorm and
{z] palx) <1} CAC{z] pa(z) <1}

Proof. If t7'x € A and s~'y € A then, by convexity

t
_11' +

t slye A
t+s t+s

which proves pa(xz +y) < pa(z) + pa(y). Also

A
M = NSt
z ||W z

shows, in view of the fact that A is balanced, that pa(Az) = |A|pa(z). The
first inclusion {z| pa(z) < 1} C A follows from convexity and the fact that
any absorbing set contains (. The second inclusion follows from definition.

Definition 7. A family P of seminorms on X is said to be sufficient if for
any x € X there ezists p € P such that p(x) # 0.

Let P be a sufficient family of seminorms on X. The lc. topology
generated by them is the coarsest l.c. topology on X such that all p € P are
continuous. A basis of U, in it is formed with the sets

V={x| pi(z) <€, i=1,...n}

where n is arbitrary, p; € P and ¢; > 0.
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Proposition 2. A TVS E is l.c. if and only if it has a basis of Uy formed
with convex, balanced and absorbing sets.

Proof. “Only if”: if U is a convex neighborhood of zero in E, there exists a
balanced neighborhood of zero W € U, such that W C U. Indeed, because
of the continuity of the map (8,z) — fz at (0,0), there exists § > 0 and
V€ Uy such that BV C U for all [B| < §. Clearly W = U8V is
a balanced neighborhood of zero included in U. Now let A = Njq=1aU.
Because aWW = W it follows that A is nonempty and it is easy to see that it
is balanced, convex and absorbing (all neighborhoods of zero are). The “if”
part of the proof follows from definition.

Note that if B is a basis of U, formed with absorbing, convex and balanced
neighborhoods then P = {py | V € B} is sufficient.

2 Examples

Let © C R™ be an open set and let us consider, for m € NU {0}
C™(Q) ={f:Q— C| 0“f continuous, ¥ |a| < m}
Here o = (ay, ..., ) € (NU{O})", |a| =1 + -+ - + a, and

o — ala\f

025t Oxon

Definition 8. Let K CC R" be a compact set. (The notation A CC B will
be used always to mean A compact subset of B). Let m > 0 be an integer or
zero. We define the seminorm pr ., on C™(Q) by

Prm(f) =sup Y |0°f(x)l

zeK la|<m
Definition 9. The l.c. topology on C™(QY) is generated by the seminorms
Pr.m s K CC Q runs through all compact subsets of (). This is the topology
of uniform convergence together with m derivatives.

Definition 10. When m = oo we denote by E(SY) the vector space C*(§2)
endowed with the l.c. topology generated by the seminorms pg ,, as K CC €}
runs through all compact subsets of Q1 and m € N runs through all nonnegative
mntegers.



Definition 11. If K CC () is a compact set in ) we denote by Dk the set
Dk () ={f € C°(Q) | supp(f) C K}
endowed with the l.c. topology generated by pr ., as m € N.

Proposition 3. Let X be a l.c. space with topology generated by a counatble
family of seminorms. Then X s metrizable.

Proof. If p, are the seminorms in question, set

o0

d(ZJZ, y) = Z 9—n pn(T —y)

A metrizable l.c. space which is complete is called a Fréchet space.
Proposition 4. C™(Q2), £(R2), Dk () are Fréchet.

The idea of the proof here is based on the existence of an exhaustion of
Q2 by compacts
Int(K,) C K, CC Int(K,4+1) C 2

with Int(K) meaning the interior of K and with
QN =UK,

Then clearly pg, m is a cofinal countable set of seminorms in C™(2) and £(€2),
meaning simply that for each K CC 2, there exists n such that px ., < px, . m-
Then the topology generated by px, » is the same as the topology generated
by the whole family px,,. Cauchy sequences in the metric are sequences of
functions such that for every e and for every seminorm p in the sequence
of sufficient seminorms, there exists a rank N such that p(fy, — f;) < € if
l,k> N.

3 Strict inductive limits and the space D((})

The space C§°(§2) has a a more complicated topology. As a point set we see
that
CSO<Q) = UKCCQDK(Q)'



Moreover, if K C L CC € it is clear that the inclusions
iK,L : DK(Q) — DL(Q)

are injective and continuous and the restriction of the topology of Dy (£2) to
Dk (Q2) (i.e. the collection of preimages of open sets) gives the topology of
Dk (£2). Moreover, an exhaustion with compacts K, gives a countable cofinal
family,

C(Q) = U, D, (2).

Definition 12. The topology on D(2) = C§°(2) is the finest l.c. topology
that makes all the inclusions

continuous.

In general, if we have a nondecreasing sequence of l.c. spaces X, (or
a partially ordered family (under inclusion) with a countable cofinal chain)
with the property that if X; C X, then the topology on X, is exactly the
topology induced from X; we can put the strict inductive limit topology on
the union X = UX,, by demanding that all the inclusions i, : X,, — X be
continuous.

Lemma 1. If X is l.c. andY is a closed linear subspace and if B € Uyy, B
convez, (B is a convexr neighborhood of zero in the induced topology in'Y')
and if v € X \ B then there exists A € Uy x a convex neighborhood of zero in
X such that B=ANY and xy ¢ A.

Proof. Let B =W NY with some W € Uy x. For each V € U x consider
Ay =co(BU (W NV))

the convex hull of the union of B with the intersection V N W. Clearly Ay
is convex, Ay NY = B. (Indeed, if y = (1 — )b+ tw if t = 0 then y € B but
ift#0thenw e WNY =Bsoye B.) Now Ay € Uy x. If zg € Ay for all
V then o € Y =Y, which is absurd because ¢ B.

Now if X = liﬂXn is a strict inductive limit of l.c. spaces then the family

{co (UU,)| U, C X,, convex, balanced nbhood of 0}



is the basis of zero in a locally convex topology. Clearly, ¢, : X,, — X are
continuous with this topology on X. Conversely, if all 7,, are continuous then
for any convex neighborhood of zero in X there exists U,, C X,, a balanced
convex neighborhood of zero in X,, such that i, (U,) C V, i.e. U, C V and
then co(UU,) C V. The lemma above shows that the topology is Hausdorff
and furthermore we can take a basis of topology on X formed with

B ={U C X |U convex, balanced, U N X,, nbhood of 0 in X, }

Proposition 5. (a) If X = lian is the strict inductive limit of the l.c.
spaces X, then a linear map T : X — Y with Y lc. is continuous if and
olny if T oi, : X, = Y are all continuous.

(b) If a set F is bounded in X, there exists n such that F' C X,, and F is
bounded in X,,.

(c) A sequence x,, € X converges in X if and only if there exists k such that
the sequence belongs to Xy and converges there.

In particular, a sequence of C§°(2) functions converges in D(f?) if, and
only if there exists a compact K CC (2 such that all the functions have
compact support included in K and the convergence of the sequence takes
place in Dk ().

4 Distributions

Definition 13. A distribution u in the open subset Q of R™ is a linear con-
tinuous functional

u:D(Q) — C.
In other words, a distribution is an element of the dual of D(Y), u € D'(Q).

Because it is continuous, a distribution obeys: VK CC €, dm, 3C
depending on K, m, such that

[u(@)] < Cprm(9), V¢ € Dk(Q).

We recall now some properties of the convolution

(f*g)(z) = . flx —y)g(y)dy

defined for instance for f,g € D(R").



Proposition 6. (i) fxg=g=* f

(it) (f*g)*h=fx*(g*h)

(i) ([ +.g) = [+ g = [ » 07

() supp(f * g) C supp f + supp g

() 1 * gller < flleoligllo, 2=24%-1.

If ¢ € DR"), ¢ >0, [z, d(x)dz = 1 then, if f € CJ(R") (compactly
supported, continuous functions) then ¢, * f — f uniformly, as ¢ — 0, and
if f e LP(R"), ¢ * f — [ in norm in LP. Here ¢ (x) = ¢ "¢(%).

Proposition 7. Let K CC 2, with 2 open in R™. Then there exists x €
D(Q) such that x(z) =1 for all x € K.

Proof. Consider
K. ={z| dist(x,K) < €},
dist(K,0Q
3

take € < ) and take

X = gbe * 1K6
where 1k, is the indicator function of K., equal to 1 on K, and equal to 0
outside it. We take ¢, to be a standard mollifier with ¢ supported in |z| < 1.

Proposition 8. (Partition of unity subordinated to a cover). Let
0= UaEAQa

a union of open sets ), C R™. There exists a sequence 1, € D()) such that
(1) >, Un(x) =1, with the sum being locally finite, and
(i) for each n there exists a such that supp ¥, C Q.

Proof. There exist two sequences of open balls B} and B? such that
B! c Bl cc B U,B.=0

and such that for any n there exists a such that B C ),. Indeed, consider
all the balls with centers with rational coordinates and with rational radii
included in some Q. Let these be B? and let B! have the same centers and
half the radius. Then let any point = € €). there exists a such that x € €Q,.
There exists a positive rational r such that B(z,3r) C Q,, and there exists
g with rational coordinates such that |z — ¢q| < r. Then = € B(gq,r) and



B(q,2r) C Q4. Now take ¢; € D(B?) identically equal to 1 on B_J1 and set

wl = ¢17
Yn1 = ¢n+1H;L:1(1 - ¢j)

Note by induction that

b1t =110 (1 - ¢y).

Note also that the sum is locally finite: if K CC  a finite number of Bj}
cover K, and if n is larger than the largest k£ in the finite cover, then ,, and
the product in the right hand side of the above identity vanish.

Definition 14. IfU C 2 are open sets, the restriction of u € D'(Q2) to D(U),
uy, 18 defined naturally, as the restiction of the linear operator, because
D(U) C D(2). We say that two distributions uy and us in D'() agree on
U if

(w1 —ug)jy =0
Proposition 9. If Q = U,Q, and if u,v € D'(Q?) obey ujq, = v|q, for all a,
then u = v.

Proof. Taking a partition of unity subordinated to the cover we have

u(@) =Y u(tng) = Y v(vnd) = v(9)

n n

for any ¢ € D(12).

Definition 15. A distribution v € D'(R2) is said to be of finite order if Im
such that VK CC §Q there exists C' such that

[u(@)| < Cpxm(¢), V¢ €DQ)
Examples of distributions:

PV G) ) =tm [ Ao /0 " (6(@) - (-,

lz|>e T Zz

1 1
=PV |- 0
x £10 (x) T
Definition 16. The support of a distribution uw € D'(QQ) is the complement
of the largest open set U C ) such that ujy = 0.
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Proposition 10. Denoting E'(Q2) the set of linear continuous functionals on
E(Q) we have that u € D'(Q) has compact support if and only if there exists
an extension v € E'(Q) such that vip) = u.

Definition 17. The derivatives of u € D'(2), 0%u, are defined by

0*u(¢) = (~1)*lu(9%¢)

Proposition 11. (Local structure). Let w be an open set relatively compact
inQ,wCwCC Q. Letue D(Q). There exists f € L>®(w) and m such
that

U, =0"...0'f

Proof. Clearly, if the proposition is to be true, an inequality
ua@] <C [1or. orowlds ()

must hold for all ¢ € D(w) (with C' = || f|| (). Let us assume this inequal-
ity for a moment. Then we consider the linear subspace F' of L!'(w) formed
with ¢ of the form

Y =0"...0/"d
for some ¢ € D(w). We define a linear operator L on F' by

The operator is well defined because of the assumed inequality (*). By Hahn-
Banach L has an extension to L!(w) which still obeys

IL(¥)] < Cll¢llLre)-

ES
Because L'" = L> we can represent

L) = (~1)™ / (o) (z)de

with f € L*(w). This proves the proposition, modulo the proof of (). For
that, let us take the compact K = w. There exists mg and a constant C)
such that

|U|w(¢)| = Copr,mo (@)



holds for all ¢ € Dk (), and in particular for all ¢ € D(w). Now consider
m = mo + 1 and let M be a large enough number so that K C [—M, M]™.
Then

8a¢(l'1, c. $(n>) =
1
Jode) [ A [ Y (O ame) (2)d Y L d

where there are p; = m — oy integrals with respect the first variable, py =
m — am integrals with respect the second variable, etc. This shows that

PEmo(9) < C(M)[[O7" ... 07" || 1)
for all ¢ € D(w).

Proposition 12. Let m be the order of u € £'(2). Assume that b € E(R)
vanishes of order m on suppu. (i.e. 0*Y(x) = 0, for all |a|] < m and
x € suppu.) Then u(y)) = 0.

Proof. Let K = suppu and let € > 0, € < w. Take

Xe = (be * 11(26
Note that x.(z) =1 on K.. Then note that
u(®) = u(xey).

On the other hand
[u(®)| < Cpr.m(9)
holds for all ¢ € £(2). Note that

aBXe = O(€—|/3|)

and

Y = O(€m+1—lvl)

at Ks.. So, for any a with |a] < m we have by Leibniz

0% (xe¥) = O(e)

everywhere and thus

for any smallenough e.
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Corollary 1. Let u € D'(QQ) have singleton support, suppu = {xo}. Then
there exists m and constants c,, || < m such that

=Y a0,
|ao| <m
Proof. Let m be the order of u. For any ¢ € D(2),
v=0— Y (a) 9 d(wo)(x — )"
la|<m

is a function in £(€2) which vanishes of order m at the support of u. Thus,

u(@) = > bad¢(xe) = [ Y (—1)b0%,, | (4)

la|<m || <m

with

by = E=20)) gyl

al
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