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SEMI-INFINITE DELIGNE-LUSZTIG VARIETIES
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ABSTRACT. We prove a 1979 conjecture of Lusztig on the cohomology of semi-infinite Deligne—
Lusztig varieties attached to division algebras over local fields. We also prove the two conjectures of
Boyarchenko on these varieties. It is known that in this setting, the semi-infinite Deligne-Lusztig
varieties are ind-schemes comprised of limits of certain finite-type schemes Xj. Boyarchenko’s two
conjectures are on the maximality of X} and on the behavior of the torus-eigenspaces of their
cohomology. Both of these conjectures were known in full generality only for division algebras with
Hasse invariant 1/n in the case h = 2 (the “lowest level”) by the work of Boyarchenko—Weinstein
on the cohomology of a special affinoid in the Lubin—Tate tower. We prove that the number of
rational points of X, attains its Weil-Deligne bound, so that the cohomology of X, is pure in a
very strong sense. We prove that the torus-eigenspaces of HCi(X ) are irreducible representations
and are supported in exactly one cohomological degree. Finally, we give a complete description of
the homology groups of the semi-infinite Deligne-Lusztig varieties attached to any division algebra,
thus giving a geometric realization of a large class of supercuspidal representations of these groups.
The techniques developed in this paper should be useful in studying these constructions for p-adic
groups in general.
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1. INTRODUCTION

The seminal work of Deligne and Lusztig on the representations of finite reductive groups [DL76]
has influenced an industry studying parallel constructions in the same theme. Classically, one begins
with a reductive group G over F, together with a maximal torus T C G, and writing G := G(IF,),
T :=T(F,), one considers the G-representations arising from the torus-eigenspaces H, é()?TCg,@@)[H]
of the cohomology of the Deligne—Lusztig variety )N(Tcg. The Deligne—Lusztig variety is a T-torsor
over a subvariety of the flag variety, and can be defined to be

Xrcg = (UNF Y U)\{geG: Flg)g ' €U},

where T = T(F,), G = G(F,), U C G is the unipotent radical of a Borel B C G containing T', and
F: G — G is the group automorphism induced by the Frobenius element in Gal(F,/F,,).

Following this philosophy, it is natural to ask whether a similar construction can be used to
study representations of reductive groups over finite rings or over local fields. Both of these set-ups
have been studied by Lusztig—for reductive groups over finite rings, see for example [L04], and for
reductive groups over local fields, see [L.79]. In the present paper, we study the latter situation
using the construction proposed by Lusztig in [L79]. We recall Lusztig’s construction now. The
analogy with the classical Deligne—Lusztig varieties )?TcG will be apparent.

For a reductive group G over a non-Archimedean local field K with residue field Fy, let T C G be
a maximal unramified torus anisotropic over K, and write T' := T(K), G := G(K ) and T := T(K™),
G:= G(K nl”) Assume that there exists a Borel subgroup B C G defined over K™ and containing
T and let U be its unipotent radical. Let F': G — G denote the group automorphism induced
by the Frobenius element in Gal(K /K. Lusztig’s construction, which we call the semi-infinite
Deligne—Lusztig set, is the quotient

=(UNF Y U)\{geG:Flg)g ' €U}

In [L79], Lusztig suggests that X should have the structure of an infinite-dimensional variety over

F, and that for a fixed character 6: T — Q,, the subspace H;(X,Q,)[] wherein T acts by 0 should
be zero for large 7 and be concentrated in a single cohomological degree if 6 is in general position.
The long-term goal is to give a uniform construction of supercuspidal representations of p-adic
groups by realizing them in the cohomology of X.

We make this precise and realize this goal in the case when G = D* for an n2-dimensional
division algebra D = Dy, over K and T = L*, where L is the maximal unramified extension of
K. Following Boyarchenko [B12], we define an ind-scheme structure on X together with homology
groups HZ()Z ,Qy) that yield smooth representations of T x . We now state the main theorem,
which gives a complete description of the subspaces H;(X,Q,)[6].

Main Theorem 1. Let 0: T — @Z be a smooth character.
(a) There exists an rg € Z>o such that

Hi(X, Q0] #0 <<= i=r,

Furthermore, T9 can be determined in terms of the Howe factorization of 6, which measures
the extent to which 0 arises from characters that factor through norm maps.
(b) For any very regular element x € OF C G,

T (o Hy (£, Q)000) = (1) > 6'(a).

vEGal(L/K)

(¢) If 0 has trivial Gal(L/K)-stabilizer, then the G-representation H,,(X,Q,)[0] is irreducible.
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Remark 1.1. When 6 has trivial Gal(L/K)-stabilizer, the corresponding induced representation
of the Weil group Wy is irreducible. In this setting, by the work of Henniart [H93], part (b) of
the Main Theorem implies that as we vary the division algebra D and its semi-infinite Deligne-
Lusztig variety X, the irreducible D*-representations H,, (X, Q,)[6] correspond to each other under
Jacquet—Langlands. %

The proof of the Main Theorem 1 splits into two parts:
(1) Prove that if ng =1 where U} = 1 + 7Oy, then

Hy(X, Q0] = “Ind (B2~ (X, QX)) 7,
where X}, is a finite-type variety of pure dimension d and x := 9|U£ .

(2) For any x: UL /UM — Q/, characterize H'(X},,Q,)[x] as a representation of a certain finite
unipotent group Uy (Fgn).

Part (1) was proved by Boyarchenko in [B12], where he made two conjectures about Part (2) (see

Conjectures 5.16 and 5.18 of op. cit). In light of this, the obstruction to understanding H;(X, Q,)[6]

reduces to the study of Hi(X},Qy)[x]. For the reader’s convenience, we recall the two conjectures
on these cohomology groups here.

Conjecture 1.2 (Boyarchenko). Xp, is_a mazimal variety in the sense of Boyarchenko—Weinstein
[BW16]. Equivalently, we have Hi(Xp,Qp) = 0 unless i or n is even, and the geometric Frobenius
Fryn acts on H(Xp, Q) by the scalar (—1)'q™/2.

Conjecture 1.3 (Boyarchenko). Given a character x: UL /UM — @EX, there exists vy, > 0 such that
H{(Xp,Qp)[x] = 0 for all i # ry. Moreover, H.*(Xn,Qy)[x] is an irreducible representation of
[Uh7k(IFqn).

Remark 1.4. A finite-type Fg-scheme S is a mazimal variety if S(Fg) attains its Weil-Deligne
bound. More explicitly, by the Grothendieck—Lefschetz trace formula and Deligne’s work on the
Weil conjectures [D80, Theorem 3.3.1],

#S(Fq) =Y _(=1)' Tr(Fr, HJ(S. Q) < D Q"% dim H{(S, Q).

€7 €7
Observe that this bound is realized exactly when Frq acts by the scalar (—1)'Q"/2, O

We now describe the progress on these two conjectures prior to the present work. Under the
assumption k£ = 1, Conjectures 1.2 and 1.3 were proved in the h = 2 case by Boyarchenko and
Weinstein in [BW16], where they show that the perfection of X3 is the special fiber of a particular
open affinoid V in the Lubin-Tate tower, and then prove that the cohomology of V realizes the local
Langlands and Jacquet-Langlands correspondences by calculating H:(X2, Q,)[x]. For h > 2, the
results are more sparse. Nearly nothing was known about Conjecture 1.2, and the only work on
Conjecture 1.3 required the assumption that y is a primitive character (that is, the restriction of x
to U 2_1/ U = Fyn has trivial Gal(Fn /F,)-stabilizer). For primitive x, Conjecture 1.3 was proved:
in [B12] for k =1, h =3, n = 2, and char K > 0; in [C16] for k, h arbitrary, n = 2, and char K > 0;
and in [C15] for k, h,n arbitrary, and char K > 0. In these works, it was also shown that Frq» acts
on H:(Xp,Qy)[x] in the predicted way for x primitive, and this is the extent to which Conjecture
1.2 was known for h > 2.

The approach of this paper is of a somewhat different nature to the earlier work towards
Boyarchenko’s conjectures. Before this paper, the idea was to define a unipotent group scheme U ,7; ’,g

over Fgn such that U,/ (Fgn) is a subquotient of O}, and stabilizes a Fgn-subscheme X}, C Uy via
the natural multiplication action. This approach has the disadvantage that U;: ’,3 does not arise
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naturally from the set-up and also does not have a mixed characteristic analogue. (Only when
h = 2 does the unipotent group scheme work in mixed characteristic, and [BW16] makes use of
this.) In this paper we work with a unipotent group scheme Uy, j, over F, that arises naturally from
the set-up and has the feature that Uy j(F,) is a subquotient of O}y and stabilizes a Fgn-subscheme
X}, C Up g via the natural multiplication action. There is a subtle issue that X}, is not defined over
[F,, but this can be dealt with by relating the cohomology of X}, to its Weil restriction Requn JFq Xhs
which can be realized as the union of g-Frobenius translates of X} in Uy, .

Main Theorem 2. The two conjectures of Boyarchenko are true.

The proof of the two conjectures of Boyarchenko comprises most of the present paper. We
expect that the techniques we develop and use to prove these conjectures should be applicable to
studying the cohomology of Deligne-Lusztig varieties over finite rings and the homology groups of
semi-infinite Deligne—Lusztig varieties for more general reductive groups.

Remark 1.5. The term “semi-infinite Deligne—Lusztig variety” is intended to be reminiscent of the
following analogies:

Deligne—Lusztig variety : flag variety
affine Deligne—Lusztig variety : affine flag variety
semi-infinite Deligne-Lusztig variety : semi-infinite flag variety

Here, we use the term “semi-infinite” in the sense of Feigin-Frenkel [FF90]. We also remark that
there is a close relationship between semi-infinite Deligne-Lusztig varieties and affine Deligne-Lusztig
varieties of higher level in the sense of [I15]. This is ongoing work with A. Ivanov. %

1.1. Outline of the paper. Fix coprime integers k,n > 1. In Section 2, we define semi-infinite
Deligne-Lusztig sets and recall the (ind-pro-)scheme structure on the set X attached to a division
algebra. This naturally leads us to study a family of finite-type Fyn-schemes X} that arise as
subschemes of a unipotent group scheme Uy over F,. There is a natural subgroup scheme
T C Uy analogous to T C G as in the introduction, and the natural left- and right-multiplication
actions of Ty, 1 (Fy) and Uy (F,) on Uy, stabilize Xj,. In Remark 2.9, we discuss how Uy, differs
from the unipotent group schemes Uﬁ’,g appearing in [BW16, B12, C16, C15].

We also define the notion of the Howe factorization of a character of T}, ;,(F,) in the sense of
[H77]. The Howe factorization gives rise to a pair of sequences ({m;}, {h;}) from which one can
define a stratification of an indexing set A" (see Section 3). One of the most important features of
AT is that it is normed and satisfies Lemma 3.9. As a quick application, we prove in Section 3.3
that X}, is smooth, affine, and has dimension (n — 1)(h — 1).

In Section 4, we prove several general results on the cohomology of constructible Q-sheaves
coming from pullbacks of local systems. Proposition 4.1 is a generalization of [B12, Proposition
2.3] that allows one to calculate spaces of homomorphisms between representations of G(F,) and
cohomology groups of X C G even if X is not defined over F,. Proposition 4.4 relates the cohomology
of a scheme S to the cohomology of a subscheme of smaller dimension, and Proposition 4.5 is a
particular specialization of this proposition which will be one of the main structural techniques
used in the proof of Theorem 5.1. We remark that one can view [B12, Proposition 2.10], [C15,
Propositions 3.4, 3.5], and Proposition 4.5 as variations of the same theme under the umbrella of
Proposition 4.4.

The content of Section 5 is Theorem 5.1, and this is really the heart of the proof of Conjectures
1.2 and 1.3. In this theorem, we prove

Up g (Fgn P— .
Homy, , (7,n) (IndTZ::((Fqn))(x),HC(Xh,Qg)> #£0 = i=ry,
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where 7, can be given explicitly in terms of the Howe factorization of x. The driving idea of the proof
is to calculate certain cohomology groups by inducting along linear fibrations (using Proposition
4.5) determined by the stratification of AT associated to the Howe factorization of .

We begin Section 6 by proving (Theorem 6.1) that the alternating sum

> (=1) H (X, Qo) [X]

is an irreducible representation of Uy (IF,). This is very close to results of Lusztig [L79, L04] and
Stasinski [S09]. This result together with Theorem 5.1 immediately implies Conjecture 1.3. There is
a subtlety that occurs here: while it follows from Theorem 5.1 and Theorem 6.1 that the cohomology
groups H.(Xy,Qy)[x] are concentrated in a single degree, it requires a nontrivial argument to show
that this non-vanishing cohomological degree is the 7, from Theorem 5.1. This is the content of
Theorem 6.5. In Section 6.1, we show that r, indeed specializes to the formulas obtained in [BW16]
and [C15].

We also prove related results in the same theme. We prove a multiplicity-one statement (Theorem
6.3): the association y — H*(X}, Q)[x] defines an injection into the set of irreducible representations
of Up(Fy). In addition, we compute the character of H(Xj,Q,)[x] on the set of very regular
elements of L™ (Theorem 6.4), which we utilize in the proof of Theorem 6.5. Finally, we give an
explicit formula for the zeta function of X}, (Theorem 6.6).

In the concluding section, Section 7, we use the discussion of semi-infinite Deligne—Lusztig varieties
in Section 2.1 and the theorems of Sections 5 and 6 to prove the Main Theorem.

The techniques of this paper should be directly applicable to studying the homology groups of
semi-infinite Deligne—Lusztig varieties attached to an arbitrary pair T' C G, where T is a maximal
unramified torus of a reductive group G over a non-Archimedean local field. For example, this can
be done when G is any pure inner form of GL,,, and this is part of ongoing work with A. Ivanov.
See Remark 5.5 for a more technical discussion.

Acknowledgements. I'd like to thank Bhargav Bhatt for several helpful conversations and Alex

Ivanov for helpful comments on an earlier draft. This work was partially supported by NSF grants
DMS-0943832 and DMS-1160720.

2. DEFINITIONS

We fix, once and for all, an integer n > 1, a non-Archimedean local field K with finite residue field
IF, of characteristic p, and a uniformizer 7 of K. Let L be the unique degree-n unramified extension
of K whose ring of integers O, has a unique maximal ideal denoted by P;. Write U ﬁ =1+ Pf.
For a division algebra D over K, we denote by Op its ring of integers (i.e. its unique maximal order)
and denote by Pp the unique maximal ideal of Op. Write U g =1+ Pg. If D has Hasse invariant
k/n € Q/Z, where (k,n) = 1, we sometimes write D = Dy, ,.

If K has characteristic p, we let W(A) = A[r] for any F4-algebra A. If K has characteristic 0, we
let W be the ring scheme of Og-Witt vectors. As usual, we have the Frobenius and Verschiebung
morphisms

¢: W —W, lai]i>o0 — [af]ix0,
V:W-—->W, [ai]¢20»—> [0,&0,&1,...].
One also has a morphism
r: A— W(A), a— [a,0,...]
for any F,-algebra A. Note that

™ [ailiso = [0,a0,a1,...] if char K >0,
2070 00,08, 0%, ] if char K = 0.
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For any h € N, let W), := W/V"W be the corresponding truncated ring schemes. For any r € N,
consider the group schemes

W =14+ V"W c W*
W =1+ VW, C W
These are all defined over F,.

For any integer m, define [m] to be the unique integer with 1 < [m] < n such that m = [m]
modulo n.

2.1. Semi-infinite Deligne—Lusztig varieties for division algebras. Let G be a connected
reductive group over K and write G = G(K) and G = G(K™) so that G = GF, where F: G — G

is the Frobenius map induced by the arithmetic Frobenius in Gal(K "/K). Let T C G be an
anisotropic maximal torus over K and assume that there exists a Borel subgroup B of G defined
over K™ such that T(K™) C B(K™) =: B. Let U denote the unipotent radical of B.

Definition 2.1. The semi-infinite Deligne—Lusztig set associated to G := G(K) = GF and T :=
T(K) = TF is the quotient
=(UNF ' (U)\{geG:F(g)g~' €U}

It is clear that X is endowed with a left-multiplication action of T and a right-multiplication action
of G.

Remark 2.2. Definition 2.1 is due to Lusztig [L79], where he defined X to be
{9eG:g7'F(9) €U}/ (UNF (D)),

which has a right-multiplication action of 7" and a left-multiplication action of G. In this paper, we
follow the convention set in [B12], where the quotient is taken on the other side. O

The Brauer group of the local field K is isomorphic to Q/Z. Hence for any integer 1 < k <n
with (k,n) = 1, there is a corresponding division algebra D}, of dimension n? over K. The group

L* is an unramified anisotropic torus in D:/n, and we can realize L* — Dkx/n in this framework in

two ways. Set G := GL,(K™) and consider the automorphisms

~ ~ _ 0 1,_—

F:G— G, g Wy lw(g)wk, W = (ﬂ'k 0 1) , (2.1)
N A —k k 0 1p—

F:G— G, g—w “p(g)w”, w={_ "5 ) (2.2)

where 1,,_; denotes the identity matrix of size (n — 1) x (n — 1) and ¢(g) is the matrix obtained
by applying the arithmetic Frobenius ¢ € Gal(IA(nr/K) to each entry of g. Then for i = 1,2, the
morphism F; is a Frobenius relative to a K-rational structure and we denote the corresponding
algebraic group by G;. Consider the diagonal torus T C G and let B C G be the standard Borel.
Since F; stabilizes f, it defines a K-rational structures on 7' , and we can denote the corresponding
algebraic group by T;. Note that neither F} nor F5 stabilizes B and we have

Gi(K) — Go(K),  Ti(K) —> To(K),

where the isomorphism is given by f: g + 771 g-~, where v = g - diag(7',...,7) for a

permutation matrix 9 and for some Aq, ..., A, € Z. Since the image of w in the Weyl group has
order n, we may assume that ey - 79 = e1, where e; is the first elementary row vector. For i = 1,2,
set Gz = GZ(K) D) TZ(K) =:1T;. We have G1 Gg DX/ and 77 =Ty = L*.

Let X denote the semi-infinite Deligne-Lusztig set associated to G1 and T;. We now recollect how
to realize X as the F,-points of an infinite-dimensional scheme using a method suggested by Lusztig
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in [L.79] and formalized by Boyarchenko in [B12]. By [B12, Corollary 4.3], X can be identified with
the set

X = {g € G:F(g9g ‘e ﬁﬁﬂ(ﬁ_)},

where U~ is the unipotent radical of the opposite Borel to B. By [B12, Lemma 4.4], a matrix A € G
belongs to X if and only if it has the form

ay a9 as cee Ay,
T o(an) o(ar) plag) - @lan-1)
A=z(ay,...,ay) = 7rk902(an71) Wksz(an) 902(‘11) e 902(6%%2) , (2.3)
" lag) e Nag) whe M an) e ¢ i(a)

where a; € K™ and det(A) € K*. (Note the indexing difference between Equation (2.3) and [B12,
Equation (4.5)].) We may therefore write

K= || X,
meZ
where X (™) consists of all A € X with det(A4) € m™Oj;. Note that the action of wy, takes each
X (m) isomorphically onto X (m+k) and the action of 7 takes each X (™) isomorphically onto X (m+n)

Since (k,n) = 1 by assumption, the X (™) are all isomorphic. It is therefore sufficient to show that

X© can be realized as the F,-points of a scheme. To do this, we use Lemma 2.3, whose proof (see
[C15, Lemma 7.1]) is nearly exactly the same as that of [B12, Lemma 4.5].

Lemma 2.3 (Boyarchenko, [B12, Lemma 4.5]). Assume (k,n) = 1. If a matriz A of the form (2.3)
satisfies det(A) € OF, then aj € 7~ LU=VE/MOW for 1 < j < n and a; € (OF)*.

We have now shown that X }(10) consists of matrices of the form

Alay, a9, ..., a,) = x(a),db, ... al)

for some a; € ((5?{’“)X and a; € (/9\}? for 2 < j < n, where we write
a;- = W_L(j_l)k/waj, for1 <j<n.

Note that the (L* x D*)-action on X induces a (Of x OF)-action on X ). (The stabilizer of X(©
in L™ x D* is actually slightly bigger, but we save this discussion for Section 7.)

For each integer h > 1, define X ,(10) to be the set of matrices

X\ = {Aar,a2,...,an) : a1 € (OF /O,
a; € O /zh =10 for 2 < j < n,
det(A(ay, ... a,)) € (O /7"OK)*}.

This can be naturally viewed as the set of F -points of a scheme of finite type over F, (see [B12,
Section 4.5] for k = 1 and [C15, Section 7.1] for the completely analogous general case).

Note that X ,(LO) has a left-multiplication action of OF /U and a right-multiplication action of
05/ Ug(hfl)ﬂ, and these actions are defined over Fyn. Because of this, from now on, we regard X }(Lo)
as an Fyn-scheme. By Lemma 2.3, we have X0 = @h )Z',(LO), so that X© is the set of Fq—points of

a (pro-)scheme over F,n. Having this, we now define ¢-adic homology groups of X0,
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Lemma 2.4 (Boyarchenko, [B12, Lemma 4.7]). Set W}, := ker(Wp(Fgn)* — Wy_1(Fgn)*) for
h > 2. The action of Wy, on )Nfigm) preserves every fiber of the natural map X}(L m o, X,(l_%, the
induced morphism Wh\)N(,(Lm) — )Z'}(fﬂ is smooth, and each of its fibers is isomorphic to the affine
space A1 over Fq.
For a scheme S of pure dimension d, set H;(S, Q) := sz_i(S Q). By Lemma 2.4,
Hi(X\™, Q) = Hi(X™, Q)"
and in particular, we have a natural embeddmg H; ( h 1, Q) — H;j(X (m),@g). We set

Hy(X™, Q) = gﬂﬂ ™0,  H(X,Q): QBH

For each ¢ > 0, the vector space H, ~(X Qy) inherits commuting smooth actions of L* and Dkx/n.

We will need a slightly different incarnation of X (0).

-1

The morphism f: Gy — Go given by

gyt g induces a (O /UM x (OF/ UD n(h=1)+1 )-equivariant isomorphism of F,»-schemes
(0) _> X/( )
where if we write A’(ag, D A(ag, eeyQp_1) + 7, then

Xh = {A'(ao, sy Qp_1) i ag € (Anr/wh(/’)\nr *
a]eO Vrh O for 1< j<n—1,
det(A'(ao, ceey an_l)) < (OK/ﬂ'hOK) }
Observe that the determinant condition holds by multiplicativity. This proves:

Lemma 2.5. For all i > 0, as representations of (’)X/Ui1 x OE/UB”‘_”“,

L ~0) =
H(X,", Q) = Hi(X; 0, Q)
In the next subsections, we will define a subvariety X, C X ,’L(O) satisfying the following: the

stabilizer of X}, in OF /U? x (QE/Ug(h_l)+1 is equal to the subgroup

Du = {(C710) - (UL/UE < Ub/UR" ™,
and )Z',’L( ) is equal to the (OF /UP x OD/Un(h 1)H) translates of Xj. This implies that

~ O U @) U”(h 1)+ . J—
H(RLO, Q) = mafi OB (i(x,, @),
The bulk of this paper is devoted to studymg the cohomology of X, and we only return to the
setting of the semi-infinite Deligne-Lusztig variety X in Section 7, the final section of this paper.

2.2. The unipotent group scheme Uy, ;, and the subscheme X;. For r € N, let I, denote the
rth subgroup in the standard Iwahori filtration for GL, (W) over F,. Explicitly, for any F,-algebra
A, let bo(A) be the preimage of the standard Borel subalgebra of M,,(A) under the reduction
M, (W(A)) — M,(A). Consider the morphism

Vi ML) ML), oo (3 s

where if g = (a;;)}';_;, its image has (4, j)th coordinate

ai+1,; ifi=1,...,n—1,
Vaij=14 "7 .
Vay; ifi=n.
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For integers r > 1, define b,./,, := V"bg. Then the Iwahori subgroup Iy := by has a filtration given
by I, := 1+ b,, and for any 0 < r < s, we may consider the quotient I, ; := I,/I;. We write
I,r.+ = US>7’I8'

Let F' = Fy from Equation (2.2). Note that I, is stable under F' since wbyw C by.

Definition 2.6. [ ;_1)+ admits an Fy-rational structure with associated Frobenius F'. We denote
by Gy, the resulting group scheme defined over F,. Define T;h i C Gp 1 to be the subgroup consisting
of diagonal matrices and define

Unk := Io+ (h—1)+ C Ghk,

T}, = {diagonal matrices in Up 1},

so that we have group schemes

T;%k — Gh,k

J I

Thi — Ung

all defined over F,. We view the determinant as a morphism
det: Gy — W;;

Remark 2.7. Over F,, the above groups have the following explicit description:
q
(i) Gp can be identified with the group of n x n matrices (M;;) with My € W, M;; € Wy,
forz<j,and ij € VW for 7 > j.

(ii) T;z,k is the subgroup consisting of matrices (M;;) € Gy, with M;; = 0if i # j.

(iii) Up, is the subgroup consisting of matrices (M;;) € Gy with My; € WS).

iv) Tp x is the subgroup consisting of matrices (M;;) € Uy with M;; = 0 if ¢ # j.

9 ] b ]

In addition,
1

Gh #(Fq) = OF UKV,
i (Fq) = OF UL,
Upi(F,) = Ub/Upt=D+
Th(Fy) = UL /UYL
Observe also that Gy, (Fy) = Fn x Up i (Fy). O

By construction, X, x )( F,) C Gp, x(F,). Moreover, it is stabilized by F™ (but not by F!) and the
v (0)

resulting Fyn-rational structure agrees with the standard Fg»-rational structure on X,”’. Hence

X ,(LO) is a subscheme of Gy, j, defined over Fyn.
Definition 2.8. For any [F n-algebra A, define
Xn(4) = X7 (A) N Upi(A).
The finite group T}, 1 (Fy) X Gp i (Fy) acts on Uy g by:
t,(Cg)xx=C" -t zg-(,  teThr(Fy), (C,9) € Gpi(Fy).
This action stabilizes the Fyn-subscheme X}, C Uy, .

Remark 2.9. Note that the unipotent group scheme Uy, is a rather different object to the unipotent
group schemes appearing in previous work.
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In [BW16, Section 4.4.1], the unipotent group U™ over Fyn is defined to be the group
consisting of formal expressions 1+ ay - e1 + -+ + ay - €, which are multiplied according to
the rule ¢; -a = a? -¢; for all 1 <4 <n and

€itj if ¢ + j < n,
€; - ej = .
0 otherwise.

This can be viewed as the unipotent group associated to the parameters: h = 2, k = 1,
arbitrary n, and char(K) arbitrary.

In [B12, Definition 5.5], for any Fp-algebra A, the unipotent group U,"?(A) is defined
to be the elements of A(7)/(7"(*~1+1) with constant term 1. Here, A(r) is the twisted
polynomial ring with the commutation relation 7-a = a9 - 7 for a € A. This can be viewed
as the unipotent group associated to the parameters: arbitrary h, kK = 1, arbitrary n, and
char(K) = p. Note that Uy*? = U™? and h = 2 is the only h such that U;"? can be used
when char(K) = 0.

The unipotent groups in [C15] and [C16] are specializations of those in (ii). In [C15], we
define a unipotent group U, ,? 7 together with a subscheme Xj, C Ul?, . The unipotent group

is isomorphic to U, ;LL i described in (ii) where [ is an integer with [k = 1 modulo n, but the
variety X}, depends on k (and hence [).

When char(K) = p, one can prove the theorems of this paper using U: ’,3 instead of Uy, and
the proofs are very similar. However, it does not seem possible to formulate a characteristic zero
analogue of U}TZ ’g . The upshot of the unipotent group scheme Uy, ;. over F, defined in Definition 2.6

is that

it removes all hypotheses on the parameters, and in particular, we are able to work with

arbitrary h over K of arbitrary characteristic. Furthermore, the definition of Uy ; seems to lend
itself to generalizations to other reductive groups over local fields. %

2.3. An explicit description of Xj,.

Definition 2.10. We define three bijections associated to F := Fy and F' := F} (see Equations
(2.1) and (2.2)).

(1)

(2)

3)

Let o: {1,...,n} — {1,...,n} be the permutation such that
F(diag(y1, -, yn)) = diag(e(¥s(1)s - - -+ Yo (n)))-

Let o': {1,...,n} — {1,...,n} be the permutation such that
F'(diag(ys, - -, yn)) = diag(@(¥or(1))s - - - » P Wor(n)))-

Let 7: {1,...,n} — {0,...,n — 1} be the bijection such that

Yo L diag(yi, - yn) Yo = diag(Yr(1) 115 - - - > Yr(n)41)-

By the assumption that e; - y9 = e, we have 7(1) = 0.

The following lemma is an easy calculation.

Lemma 2.11. For each 1 <1i<mn,

T(o(@)+1=0'(7(i) + 1) = [7(i) + 1 — 1] = [7(i)].

Definition 2.12. A useful description of X}, is the following. A matrix M € X}, is of the form

M = M, + Myw"® + -« + M, wFC=D] (2.4)
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where
Mo'j(l) = diag(Ml,aj(1)7 MQ,aj(Z)a s 7Mn,0j(n))7 for 1 <j <mn,

M ; = {[17M(i,j,1)> s 7M(i,j,h—1)] S ngl) if 1 = j7
,] —

ap - . fOTlSZ,an
(Moo Mjn-n] € Waoa it i 7,

By definition, this implies
Mipj(i) = QOT(i)(Ml,Uj(l)), for 1 <j <n. (2.5)

In particular, M;; = cpT(i)(MLl) for 1 <i < n. For any Fyn-algebra A, we have M € X,(A) if and
only if M is of the form (2.4) satisfying the condition (2.5) together with ¢(det(M)) = det(M),
where det(M) € Wg)(A). We call (2.4) the standard form of an A-point of X,.

2.4. The Howe factorization. Let .7, ; denote the set of characters x: WS)(Fqn) — Q, . Recall

that we have natural surjections pr: Wg) — Wg}l and injections G, — Wg) given by z —

[1,0,...,0,z]. Furthermore, for any subfield F C L, the norm map L* — F* induces a map
Nm: W;Ll)(kL) — W;Ll)(kp). These maps induce
pr: T = Tnhs for b’ < h,
Nm*: T —= T, for m | n.

By pulling back along G, — Wg),x — (1,0,...,0,z), we may restrict characters of Wg)(Fqn) to

characters of Fgn. We say that x € 7, 5 has conductor m if the stabilizer of x|r . in Gal(Fgn/Fg)
is Gal(Fgn /Fgm). If x € 1, has conductor n, we say that x is primitive. We write Zgh C Tnn
denote the subset of primitive characters.

We can decompose x € 7}, , into primitive components in the sense of Howe [H77, Corollary after
Lemma 11].

Definition 2.13. A Howe factorization of a character x € 7, is a decomposition
T
X = H Xi where x; = pr* Nm* x{ and xj € 7). ..,
i=1

such that m; < m;y1, m; | miy1, and h; > h;y1. It is automatic that m; < n and h > h;. For any
integer 0 <t <1, set xo to be the trivial character and define

.
xot =[] xi € Fune-

i=t

Observe that the choice of y; in a Howe factorization x = []._; x; is not unique, but the m; and
h; only depend on x. Hence the Howe factorization attaches to each character x € 7, a pair of
well-defined sequences

I=mog<my <mo <---<mp <Myy1:=n
h=thg>hy>hy>--->hy > hpy1:=1

satisfying the divisibility m; | m;4+q for 0 <i <.

Example 2.14. We give some examples of the sequences associated to characters x € 7, 5.

(a) If y is the trivial character, the associated sequences are

{mo, m1,ma} = {1,1,n}, {ho, h1,ha} = {h,1,1}.
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b) We say that y is a primitive character of level h’ if x|,,,» = 1 and x 1, has trivial
U JU
L L

U£/7
Gal(Fgn /F,)-stabilizer. In this setting, x € 7,5, if we have h > h/, and then the associated
sequences are

{mOamlamZ} = {lvnan}v {h(]ahla h2} = {ha h,a 1}

The case h = k' is studied in [C15, C16].
(c) If x| p2 =1 and X v1 vz has conductor m, then the associated sequences are

{mo,m1,ma} ={1,m,n},  {ho,h1,ho} = {h,2,1}.
The case h = 2 is studied in [B12, BW16].

3. INDEXING SETS

We first recall some basic facts about the ramified Witt vectors, which we will need to work
with to handle the char K = 0 setting. In Section 3.2, we define indexing sets and prove some
fundamental properties of these indexing sets that will be heavily used in Section 5. As a quick
application of Section 3.2, we calculate the dimension of X} in Section 3.3.

3.1. Ramified Witt vectors. In this section, we assume K has characteristic 0. We first defined
a “simplified version” of the ramified Witt ring W.

Definition 3.1. For any F,-algebra A, let W(A) be the set AN endowed with the following
coordinatewise addition and multiplication rule:

[aili>o +w [bili>0 = [ai + bili>0,
i i—j i
[as)i>0 *w [bili>0 = [Z af Jb;]j] .
J=0 i>0
It is a straightforward check that W is a commutative ring scheme over F,. It comes with Frobenius
and Verschiebung morphisms ¢ and V.
Lemma 3.2. Let A be an F,-algebra.
(a) For any [a] = [ai]i>0, [b] = [bi]i>0 € AY,
[a] +w [b] = [a] *w [b] +w [d],
€1 b€2

where [c] = [ci]i>0 for some c; € Alag! bS]
(b) For any [a] = [ai)izo, [b] = [bi]i>0 € AV,

[a] +w [0] = [a] +w [b] +w [d],

where [c] = [¢i]i>0 for some ¢; € Ala;,bj: j < 1].
(c) For any [a] = [a;];>0 € AY,

111+ 12 <1, 61,63 € ZZO]'

mayy [a] = [0,1,0,...] xw [a] = [0,ad,a],..].

Lemma 3.3. Let A be an Fy-algebra.

(a) For any [ai],...,|an] € AN where la;] = [aji]i>o0,
IT @l=| II la]|+wld,
1<j<n 1<j<n
w.r.t. W w.r.t. W

€n

where [c] = [¢i]i>o for some ¢; € A[aili1 ceayy vt i <Oy €1, en € Z>0).
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(b) For any lai],...,[an] € AN where la;] = [aj.i]i>o0,
Yoolal=1 Y Il | +wld,
1<j<n 1<j<n
w.r.t. W w.r.t. W
where [c] = [¢ili>o for some ¢; € Alayj,. .., anj:j <1l

We call the portion coming from W the “major contribution” and [c] the “minor contribution.”

3.2. Normed indexing sets. We define indexing sets associated to the unipotent group Uy, ;, that
will be crucial to the proof of Theorem 5.1.

Define
to={0,5,0):1<i,j<n,1<I<h-—1},
A:={(i,5,1) € AT : i # 5}
To={(,4,0) e Ai=1}.
We fix an identification Uy, = A[AT] as follows: Every point of Uy is of the form (A; ;)1<i j<n
where
,J—;Vr (i,j,0%)) 5 Wherel*::{§+1 iiii;’ (3.1)

Thus the element (i,7,1*) € AT corresponds to the coefficient of 7! in the (i,j)th entry of an
element of Uy, ;. Continuing this dictionary, A corresponds to the elements of Uy ;, with 1’s along
the diagonal, and A~ corresponds to the elements of Uy, ;, with 1’s along the diagonal and zeros
everywhere else but the top row.

Definition 3.4. Define a norm on A™:
AT = {1,2,...,n(h— 1)},
(&, 5,0) = (i, 5, )] == [j — 1] + n(l = 1).
Given two sequences of integers
l=tmg<mp <mg < <my <Mypyq 1=, m; | mig1, (3.2)
h=1hg>hy>hy> -->hy > hpy1 =1,
we can define the following subsets of A for 0 < s,¢t < r:
As i :={(i,5,1) € A: j =i(mod ms), j Zi(mod mgi1), 1 <1< hy — 1},
Agpi=As e NA™L
For the proof of Theorem 5.1, we will need to consider the following decomposition of Ag,:
Top i ={(1,5,0) € Ay, (L5, D] > n(hy — 1)/2},
Tsp =A{(1,5,1) € Ay [(L, 4, D) < nhy —1)/2}.

For any real number v > 0, define

Asy = |_| Ast, Isppi= |_| Lst, T>vt:= |_| Tspy AS, = AsNAT,
s=[v] s=[v] s=[v]
and observe that
Asse ={(i,7,1) € A:j=i(mod ms), 1 <1< hy —1}.
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Remark 3.5. Recall that the Howe factorization of x € 7, 5 gives rise to two sequences of integers
exactly of the form (3.2) and (3.3), where (3.2) corresponds to the conductors appearing in the
Howe factorization and (3.3) corresponds to the levels in which the conductor jumps. O

Lemma 3.6. There is an order-reversing injection Ls; — Jsi that is a bijection if and only if
#As ¢ is even. Explicitly, it is given by
Lor = Top,  (Lo7(1),0) = (1,0™7(1), hy — 1),

where o is the permutation defined in Definition 2.10. Note that #As; is even unless n and hy are
both even.
Proof. 1t is clear that if ms | j and msi1 1 j, then ms | (n — j) and msiq 1 (n — 7). By assumption,
|(1,07(1),0)| =0?(1) =14+ n(l —1) > n(hy — 1)/2. Then

(1,6 (1), by = )| = (n—o? (1) + 1) +n(hy =1 — 1) =n(hy — 1) — |(1,07(1),1)]| < n(hy —1)/2.
It is clear that the map is a bijection if and only if ;s + contains an element of norm n(h; —1)/2. O

Remark 3.7. Note that the divisibility condition on J,; implies that there is at most one s such
that (1, 0"/2(1)7 hi/2) € Js+. Hence outside this s, the sets Z,; and J; are in bijection. O

Definition 3.8. For A\ = (i, ,1) € A", define

N (jyi,hy —1=1) ifi=j.
T G he = 1) if i # j.
Lemma 3.9. Write A = (A;j)1<ij<n € Upg, where A;j is as in Equation (3.1). Assume that for

A1, Ay € AT, the variables Ay, and Ay, appear in the same monomial in det(A) € WS) for some
h < h.

(a) Then |Ai|+ |Ao] < n(h —1).
(b) If |\1] + [Xe] = n(W — 1), then Ao = XY .
Proof. By definition,
1) =
det(A) = Y T] Airiy € WY (F,).
vES, 1<i<n

Let | < A — 1. If K has characteristic p, then the contributions to the m!-coefficient coming from
~v € S, are of the form

where (l1,...,1,) is a partition of . Then

(4,7(2), )| = [v(8) — il + n(l; = 1) =~(i) — i+ nl;,
and therefore

> @), ) =D (@) —i+nli =Y nli=nl <n(k' - 1). (3.4)
1=1

=1 i=1

If K has characteristic 0, then by Lemma 3.3, the major contributions to the 7‘-coefficient coming

from ~ are of the form
n

L1460

i=1
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where the e; are some nonnegative integers and where (I1,. ..

D@ (@), 1) = nl < n(h' = 1).
i=1

,ln) is a partition of [. Hence

(3.5)

/
7

The minor contributions to the 7!-coefficient coming from ~ are polynomials in I, A:V(i) ;= Where

li + -+ 1, <l and the €} are some nonnegative integers. Hence Y ;" | [(i,7v(4),1)] < n(h' —1).
Suppose now that A\ = (i1, j1,11), A2 = (42, ja,l2) € A" are such that Ay, and A,, contribute

to the same monomial in det(M) € Wl(ll,) Then there exists some v € S,, such that vy(i1) = j; and
v(i2) = j2, and by Equations (3.4) and (3.5),
A1+ | Ae| < n(h' —1).

Observe that if K has characteristic 0 and A\; and Ay occur in a minor contribution, then [A;|+|A2| <
n(h’—1). This proves (a) and furthermore, we see that if |A;|4+|\2| = n(h’—1), then the simultaneous
contribution of Ay, and Ay, comes from a major contribution. But now (b) follows: since |A| > 0 for
any A € A, it follows from Equations (3.4) and (3.5) that if [A;| + |\2| = n(h’ — 1), then necessarily
the associated v € .S, must be a transposition. O

Example 3.10. We illustrate a way to visualize the indexing sets A>s; in a small example. Consider
the sequences
{mo, m1, ma, m3, ma} = {1,2,4,8,8}, {ho, ha, ho, hs, ha}.

This corresponds to a character of the form

0 0 0
X = Xl(Nqug/FqQ) : XQ(Nm]Fqg/Fq4) * X35

1 =X . C .
where x9: Wgt)(}qut) — Q, 1is primitive. Then we have:
1 % % % x % % % 1 * x %
* 1 % % % % % % 1 * x %
* % 1 ok % % % % * 1 % %
Asop= | | Fixiisii |, depth Ay A>1y Lt | depth By
* ok x ok k 1 ok % * 1 %
* ok ok ok ok x| ok *  ox 1
* ok x ok k % x| *  ox 1
1 *
1 *
1 * 1
AZQ’t: * 11 * |, depth hy Azg,t 11 , depth hy
* 1 1
1 1

In Section 5, we will calculate certain cohomology groups H:(X, F) inductively:

X+— A= Azo,o ~ ./42071

3.3. Dimension of Xj,.

Proposition 5.12

~ Asq Proposition 5.13
~ A1 Proposition 5.12
~ Aso o Proposition 5.13
~ A>3 Proposition 5.12

~ Ass 3 =@ «— {*}

Proposition 5.13

Proposition 3.11. X}, is a smooth affine scheme of dimension (n — 1)(h —1).
Proof. By Definition 2.12, X}, C A[A™] is defined by the following polynomials:

Toi ) = Moi)n) —

g1 = pry(det(M)) — pry(det(M))7,

g ®
(Lo (1),0)?

for2<i<n,1<j<n, 1<I<h-1,

for 1<1<h-—1,
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where

pr;: Wg) — Al 1,a1,...,ap—1] — a.
This gives us n(n — 1)(h — 1) + (h — 1) equations and #A" = n?(h — 1), and so to prove the
proposition, it suffices to find a submatrix of size (n? —n + 1)(h — 1) x (n? —n + 1)(h — 1) of the
Jacobian matrix that is nonsingular for every point of Xj,.

Consider the submatrix Jy of the Jacobian corresponding to the partial derivatives with respect
to the following subset of AT:

Ag = {(i,07(i),l) € AT :i A1} U{(1,1,]) € AT}.

Since we are working in characteristic p, we have

ofy 1 A=, 3.6)
OMy |0 otherwise. '

1 i =1

a b
5Wﬂ—f= 0 il >1, (3.7)

A T )

Reorder the rows of Jy so that the first n(n — 1)(h — 1) rows correspond to the f\ for A € Ay
and the remaining h — 1 rows correspond to gi,...,gn_1. Reorder the columns of Jy so that the
first n(n — 1)(h — 1) columns correspond to the M) for A € Ay and the remaining h — 1 columns
correspond to My 1 1), .., M1,14-1). Then

A B
JO — (C D) )
where A is a permutation matrix of size n(n — 1)(h — 1) x n(n — 1)(h — 1) (by Equation (3.6)),
B is the zero matrix of size n(n — 1)(h — 1) x (h — 1) (by Equation (3.6)), and D is a unipotent
lower-triangular matrix of size (h — 1) x (h — 1) (by Equation (3.7)). Hence for any point in X}, the

matrices A and D are nonsingular, and so Jy is as well. This shows that X}, is a smooth complete
intersection of dimension n?(h — 1) — (n> —n+1)(h—1) = (n — 1)(h — 1). O

4. ON THE COHOMOLOGY OF CERTAIN Q;-LOCAL SYSTEMS

In this section, we prove some general results on the cohomology of constructible Q,-sheaves.
Proposition 4.1 is a generalization of [B12, Proposition 2.3] that allows one to study the G(F,)-
representations arising from the cohomology of a variety X C G defined over F_ ~. From this
perspective, [B12, Proposition 2.3] is the N = 1 setting of Proposition 4.1.

The other main result of this section is Proposition 4.4, which is a general result on the cohomology
of constructible Q/-sheaves coming from pullbacks of local systems. Its proof is similar to that of
[B12, Proposition 2.10] and [C15, Proposition 3.4]. We then apply Proposition 4.4 to the special
case when the local system is an Artin-Schreier-like sheaf (see Proposition 4.5).

Throughout this paper, we choose the convention that Fr, is the geometric Frobenius so that Fr,
acts on the Tate twist Q,(—1) by multiplication by gq.

q

Proposition 4.1. Assume that we are given the following data:
- an algebraic group G with a connected subgroup H C G over F, with Frobenius Iy;
- a section s: G/H — G of the quotient morphism G — G/H;
- a character x: H(Fq) — Q,;
- an affine scheme Y C G defined over F v such that for any 0 < i # j < N — 1, the
intersection F;(Y) NEJ(Y) =S for a finite set of points S.
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Set X := L;l(Y), where Ly is the Lang map g — Fy(g)g~* on G. The right multiplication action

of G(F,) on X induces linear representations of G(F,) on the cohomology H:(X,Qy), and for each
1 > 0, we have a vector space isomorphism

Homge,) (Indj(e) (), HA(X, Qp)) = BB (V), PLy)
compatible with the action of Fryn on both sides, where Ly is the rank 1 local system on H
corresponding to x, the morphism B: (G/H) x H — G is given by B(x,h) = s(Fy(x)) - h-s(z)™,
and the morphism P: B~Y(Y) — H is the composition 31 (Y) — (G/H) x H 23 H.
We will need a couple of lemmas in the proof of Proposition 4.1.

Lemma 4.2. Let F be a pure rank-1 lisse sheaf. Let X be a smooth affine curve over Fy and let X
be a compactification of X. Let j: X — X. Then

HY(X, F) = HO(X ~ X, j.F)/H'(X, j.F) & H'(X, j.F)
as Fry-vector spaces.
Proof. The open/closed decomposition
X XXX
implies that we have the following short exact sequence of sheaves on X:
00— nF —>F =i F—0.
Since X is affine, H°(X, F) = 0, so the first part of the induced long exact sequence is
0— H'(X,j.F) = H' (X \ X, juF) = H{(X,F) — H' (X, j.F) — 0,

which implies

0— HY (X N\ X,j.F)/H (X, 5. F) = H (X, F) = H' (X, j.F) = 0. (4.1)
We now show that this sequence splits. By Deligne’s work on the Weil conjectures [D80, Corollary
3.3.9 and Theorem 3.2.3], H*(X \ X, j.F)/H°(X, j.F) has weight wt(F) and Hl(/\Y, j«F) has
weight wt(F) + 1, and so the extension H} (X, j.F) is classified by an element of H'(Z, V), where
Vi=HY(X \ X, F)/H" (X, j.F) ® H (X, j.F)* has weight —1. Now,

HYZ,V)=Z"Z,V)/BNZ,V),
where
ZNZ, V) ={f: Z— V| f(gh) = gf(h) + f(g) for all g, h € G},
BYZ,V) = {fe ZNZ,V) | there exists v € V such that f(g) = ga = a for all g € G}.
Observe that R R
ZYz,v)y=Vv, BYZ,V)=(Fr,-1)V.
Since V' has weight —1, this implies that (Fr, —1)V =V and so
HYZ,V) =0.

Thus the short exact sequence in (4.1) splits, and the desired conclusion follows. ]

Lemma 4.3. Let F be a rank-1 Qq-sheaf. Let X be an affine curve over F, and let S be a finite
set of points. Then the short exact sequence

0— HYS,F) - H{(X S, F) - H{(X,F) =0

of Frq-vector spaces splits.
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Proof. First assume that X is smooth. Let X be a compactification of X. Then it must also be a
compactification of X \ S. Therefore by Lemma 4.2,
Hy (X, F) = HY(X N X, j.F)/H(X, j.F) & H' (X, j.F),
HY(X NS, F) = HY(SU(X N X),5uF)/H (X, j.F) & H (X, j.F)
= HO(S, F) ® HY(X \ X, j.F)/H (X, . F) ® H'(X, j.F)
= HJ(S. F) & Hy(X, F).
Thus the desired short exact sequence splits. _
Now assume that X is not smooth and let X be the normalization of X. Then X is a smooth

affine curve and by the previous paragraph, the upper short exact sequence of Fry-vector spaces of
the following commutative diagram splits:

e N
0 —— HYS,F) —— H{(X S, F) —— H{X,F) —— 0

| T T

0 —— HYS,F) —— HYX \ S, F) —— HYX,F) —— 0

Here, where we view F as a sheaf on X by pulling back along the morphism X > X , and this
morphism induces the upward vertical maps. Restriction gives the dotted downward arrow. The
composition

HYX NS, F) = H{(X ~ S, F) = HY(S,F) — H(S, F)
gives a splitting of Fry-vector spaces of the lower short exact sequence. ]

We are now ready to prove Proposition 4.1.

(Fq)

Proof. For convenience, set V, := Indg(ﬁi)(x). Consider the scheme

Yt =YUF®{Y)u--UENY(Y)cG

and note that it is locally closed and defined over F,. (Note that Y+ 2 Resp, ,, /v, (V). We work with

Y as it is a subscheme of G by construction.) By [B12, Proposition 2.3], we have Fr,-compatible
vector-space isomorphisms

Homgr,) (Vi H;’(Xt@)) =~ BN Y, (P L) for all i > 0, (4.2)

where X+ = L' (Y") and P* is the composition (Y1) < (G/H) x H — H. We will use
open/closed decompositions and the associated long exact sequences to relate the cohomology of
X+ to the cohomology of X, and the cohomology of 371 (Y1) to the cohomology of 5~1(Y).

Let Y'* :=Y* \S. The open/closed decomposition

B D ) & prl(s)
induces a short exact sequence of sheaves
0= H(PH)*Ly = (PT) Ly — in(PT)*Ly — 0
whose associated long exact sequence in cohomology gives rise to Fry-compatible isomorphisms
H(B YN, FH = H(B (Y, F"),  fori>2, (4.3)
and an exact sequence
0— HJ(B™H(Y'™), F5) = HO(BT (Y™), F1) — HA(B™H(S), F*) =
= Ho(BHY'™ ), FF) = Ho (BT (YH), FF) —» H (B71(S), FF) =0. (4.4)
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Here, we write F* := (P*)*L, for convenience and abuse notation by writing F* for (P |g-1(y/+))*Ly
and (Pt |g-1(9))* 'Cx as well. The same argument applied to the F y-scheme Y’ := Y \ S shows that
we have Fqu—compatible isomorphisms

H(BNY'), P*Ly) 2 H(B YY), P*Ly),  fori>2, (4.5)
and an exact sequence
0— H (B~ (Y'), F) = HJ(B~1(Y), F) = HJ(B71(S), F) —
— Ho (67 (Y"), F) = Ho (B7H(Y), F) = Ho (871(S), F) =0, (4.6)
where P = P*|3-1 (v) and we write F := P*L, and abuse notation as before.
Applying the same argument to X'* := X+~ L1(S) and X’ := X ~\ L;'(S) together with the
constant sheaf Q; gives Fr,-compatible isomorphisms
HY(X'™, Q) = HY(X T, Q) (4.7)
exact sequences
0 — HY (X', Q) = HJ(XH,Qp) = HY (L (S), Q) —
= Ho(X',Qp) = Ho(XT,Qp) — He(Lg(5), Q) =0, (4.8)
Fr,~-compatible isomorphisms
HU(X',Q) = H(X,Q),  fori>2, (4.9)
and exact sequences
0— H)(X',Qp) = HI(X, Q) — HX(L,'(S), Q) —
— HY(X', Q) = HY(X, Q) = H (L;'(S), Q) =0. (4.10)
By construction, F*(8~1(Y")) N F/(~1(Y")) = @ forall 0 < i # j < N — 1, and hence we have
Fr,~-compatible isomorphisms

N-1

Hé(ﬁ YI+ g @ )) ‘7: ’FJ l(y}i)))
=0

for all ¢ > 0. For any 0 < j < N — 1, we have a commutative diagram

Lo
<
il

BY) —— pI(Y') —— H

| | i

Fi(B7 (V") —— 7' (") Lo H
and so it follows that .7-"+\Fj(5_1(y,)) = (F]),F and
q

HiE™ ('), F) = HAE (B (V) FF Ly 51y
Thus
HiB YY), FH 2 H(B YY), F)®N  foralli> 0.
We first prove the proposition for i > 2. By Equations (4.3) and (4.5), for all ¢ > 2, we have
Hy(B~H(YH), Fr) = H(B (Y'), FH) = HUB™ (V') F)N = Hy(B87H(Y), F)*N.
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Similarly, by Equations (4.7) and (4.9), for all ¢ > 2, we have
HI(XT, Q) = H(X'™, Q) = H(X',Q)*N = HI(X, Q)™
Combining this with Equation (4.2), we have Fr,~-compatible vector-space isomorphisms
Homgp,) (Vi, He(X, Q)" = Homgr,) (Vi He(X T, Q)
= HA(B~ (Y™), P*Ly)
~ H(BH(Y), P*L,)®N for all i > 2.
It remains to prove the proposition for ¢ = 0,1. Since X is an affine scheme, we see that
HY(X,Q)#0 = dimX =0, and H}X,Q)#0 = dimX=1.
First observe that S is defined over F, and by [B12, Proposition 2.3], we have
Homgr,) (V. HO(L; ' (5), Q) = H)(B7'(S), F) (4.11)

as Fry-vector spaces. We will use this to complete the proof.
Assume dim X = 0. By Equations (4.4), (4.6), (4.8), and (4.10), we have

HY(B(Y ), FH = HX(BH(Y' ), Fr) @ H)(B7H(S), F 1),
and similarly for 5~1(Y), X+, and X. Thus we have

Homg, ) (Vy, HY (X', Q0))*N ® Homer, ) (Vi He (L7 (S), Q)
= Homg,) (Vx, He (X, Q)
> H(B~ ( ),f+)
= H(B7H(Y"), F)™N @ HY(B7(S), F).
The last summand of the first and last lines are isomorphic by Equation (4.11). Therefore as
Fr n-vector spaces,
Homgr,) (Vy, He (X', Q) = HY (B~ (Y), F),

and the desired conclusion now follows.
Finally, assume that dim X = 1. Since X is an affine variety, Equations (4.4), (4.6), (4.8), and
(4.10) reduce to short exact sequences, and by Lemma 4.3,

Hy (B7H(Y'™), F5) = H (B (Y ), FF) @ H(B71(S), F),

and similarly for 371(Y), XT, and X. Using Equation (4.11), we have Fr,~-vector space isomor-
phisms

Homgr,) (Vi HH(X,Qy))? Mo HOBT(S), )
=~ HOmG(F ) ( XI Qe))
= Homgr,) (Vi, He (X', Q)
= H (B (Y )f+)

=~ HY(BH(Y), F)®N
~ H(BHY), F)®N @ H)(B1(S), F)*N,

and this completes the proof of the proposition. O
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Proposition 4.4. Let G, G' be algebraic groups over Fy, let F be a multiplicative local system
on G, and consider a filtration of finite-type F-schemes S5 C Sy C S. Assume that H{(G',Qy) is
concentrated in a single degree i = r and assume S = Sy x G'. Letn: So x G' — G and Py: Sy — G
be any morphisms, set Py := Py|g,, and define

P:SZSQXG/—>G, (I,Q)HU(%Q)‘Pz(x),
ne: G — G, g n(z,9), for x € Ss.

If n has the property that n*F|s,xc is the constant local system and n}F is a nontrivial multiplicative
local system on G’ for every x € So(Fy) ~\ S3(F,), then for alli € Z,

Hz(Sa P*‘F) = HéiT(S& P§f® Hg(le@f))
as Frg-vector spaces, where HI(G',Qy) is a constant sheaf.

Proof. Consider the following commutative diagram, where () and (+*) are Cartesian squares and
x is any point in S3(F,).

s
G’%ngaj%ssz’LG -
J (x4 g (%) b GxG "5 @
(2} i S5 : Sy g e
\/

By construction,

P*F=(n"F) @ pr* (P F),
hence by the projection formula,

Rpr,(P*F) = PsF @ Rpry(n*F) i D(S2,Qy).
Since N*Flgyxar = Q by assumption, the proper base change theorem applied to () implies that
V' Ropry(n*F) = Rgi f* (1" F) = Rgir(Qy).
For any z € S3(F;), the proper base change theorem applied to (x*) implies that
(R'91Qp). = i3(R'9Qy) = R'g/f*Q, = R'g{Q, = HJ(G', Q).

It therefore follows that ' ' B

R pr(n*F) = Hy(G', Qy),
where the righthand side is a constant sheaf on Ss.

We now show that R’ pr,(n*F) is supported on S3. Now let z € S5(F,) \ S3(F,). Then by the
proper base change theorem applied to the Cartesian square

AN N

_
9@ lpr
{z} — Sy

we have

inRg(n*F) = Rg)' f"* (n* F) = Ry (n;.F).
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On the other hand, by [B10, Lemma 9.4], we have
H{(G n:F)=0 for all ¢ > 0.
Therefore
(R'gi(n" F))a 2= R'g (0, F) = HAG' ;. F) =0, foralli > 0.
Combining all statements above, we obtain

Ripr(P*F) = P F @ H(G', Q). 0

In this paper, the most important application of Proposition 4.4 is Proposition 4.5, which we will
use repeatedly to prove Theorem 5.1.

Proposition 4.5. Let x: Wg)(lﬁ‘qn) — @Z be a character of conductor m and let L, be the

corresponding local system on WS). Let S5 be a finite-type scheme over Fyn, put S = Sy x Al and
suppose that a morphism P: S — Ty, ), has the form

P(z,y) = gy® " (f(@)T" — f(@)? + fla)?" 7 (4

n

—y)7) - Py(z)
where

- 3,0,7 > 0 are integers and m does not divide j,

- f: 8y = Al and Py: Sy — Wl(ll) are morphisms defined over Fyn, and

cgr Al — Wg) is the morphism z — (1,0,...,0, z).
Let S3 C Sy be the subscheme defined by f(x)?" — f(z) =0 and let Py = P2|s,: S3 — Z. Then for
all i € Z, we have

H(S,P*L,) = H."%(S3, P{Ly)(—1)

as vector spaces equipped with an action of Frgn.

Proof. 1t is clear that the conclusion holds if we can apply Proposition 4.4 to the situation when:
. G=W" and ¢’ = Al =G,
- F=Ly ' v
S0z Sy x Al = Hiis (2,y) = gy (F(2)7 = F@) 4+ f@)T T (6" —y))
To this end, we must verify that:
(a) 7*Ly|ssxa1 is the constant local system
(b) For any x € S2(F,) \ S3(F,), the sheaf n*L, is a nontrivial local system on Wg)
(a) is clear since S3 = V(f?" — f) by definition and x is a character of Wg)(Fqn). To see (b), we
use the approach of Section 6.4 of [B12]. First, note that n = g o 79 where

n q‘r

mo: S x Al = AL =Ga,  (z,9) = y” " (f@)T — f@)” + f(2) T (" —y)T,

and hence
* ~ * —
Ly = 1oLy, where 9 X’{(l,o,...,o,*)ewg)(]Fqn)}'
Note that Ly is a multiplicative local system on G,. Fix an auxiliary nontrivial additive character
Yo: Fp — @Z , and for any z € ?p, define
L, :=m_Ly,, where m,: G, — G is the map = — zz.

Then there exists a unique z € Fq such that £, = L. Since v has conductor ¢", then the stabilizer

of z in Gal(F,/F,) is exactly Gal(F,/F,n), and hence z € Fym. By [B12, Corollary 6.5], we have
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npLy = L), where
() = S (@)™ pla) T e )T fa)
= )T =) = ST )
= (f@)"TT = Jay T ETT =),

But this is nonzero by assumption, so ;L is a nontrivial local system on G,. U

T o—Jj—T

5. MORPHISMS TO THE COHOMOLOGY

In this section we prove a theorem calculating the space of homomorphisms

U ., . J—
Homy, , (r,) <1Hd ! (( ))(X%Hé(Xh, Qe)) -

This result is crucial to the proofs of many of the theorems in Section 6. The finale of the proof of
Theorem 5.1 is in Section 5.3. Throughout this section, for € A[A"], we write z(;  z) to mean the
coordinate of x corresponding to (4, j, k) € A*. Recall from Section 2.4 that the Howe factorization
attaches to any character of Ty, ;(F,) = W(l)( n) two sequences of integers

IT=tmg<mip <mo <---<mp<mpy1:=n

h=:hy=mh >h2>"'>hr2hr+1 =1
satisfying the divisibility m; | m;q for 0 <i <r.

Theorem 5.1. For any character x: Ty, ,(Fq) — Q,,

f@q"dX/Q /2 d o
U i — _ n/2\ry\deg =71y,
Homy, s,y (Indy 54 00, Hi(X,, @) ) = 4 & @)™ i =
0 otherwise,
where
r+1 n n
dy, = —— | (he = 1),
* t=1 <mt1 mt) ( t )
r+1 n n n
= —— J(he—=1)+2 — 1) (him1 — hy) |-
" t=1 <<mt1 mt>( =D+ (mtl >( o t)>

Moreover, Fryn acts on H:(Xp,, Q) by multiplication by the scalar (—1)'¢™/2.

Notation 5.2. Following Katz [K01], we write ad®® to mean the rank-1 Q,-sheaf with the action
of Fryn given by multiplication by «.

The following corollary is an easy but crucial consequence of Theorem 5.1.
Corollary 5.3. Let 7 be an irreducible constituent of HY (X, Q) for some r. Then
HomUh’k(Fq)(ﬂ,Hé(Xh,@e)) =0, for all i # r.

Proof. The representation 7 of Uy, 1,(Fy) is a constituent of IndUh :((]ng)) (x) for some x. Hence

(F - —
Homy, , (r,) (Ind h::((]FZ)) (x), H; (Xh,Qe)) #0
By Theorem 5.1, it follows that r = r, and
Homy, , v, (IndUh k((]Fq))( ) Hl(Xh,QZ)) 0, for all 4 # ry,.

The desired conclusion now holds. O



24 CHARLOTTE CHAN

As hinted in Proposition 4.1, the spaces of Uy, ;(F;)-homomorphisms in Theorem 5.1 are isomorphic
to the cohomology groups of certain (pullbacks of) Artin—Schreier sheaves. To make this precise,
first recall that over Fy, the quotient Uy, 5, /T, i can be identified with the affine space A[A]. There
is a natural section of the quotient map Uy, — Up, 1 /T4 given by

S: (x(i,j,l))(i,j,l)EA — 1+ .%‘Q?D[k] + -+ xnw[k(”_l)],

where 1 is the n X n identity matrix and

x; = diag(x1 j, Lo [j+1]> - - - >xn,[j+n—1})a Tij = [x(i,j,l)a . 717(i,j,h—1)]7 forj=2,...,n.

Let Y}, := Ly(X}p) and note that since X}, is affine and L, is étale, Y}, is affine. Define
B: (Unk/Thi) X Thi = Upg, (z,9)— s(F(x))-g- s(a;)*l.
The Fyn-scheme 871(Y}) C (Upk/Thi) X Thx comes with two maps:
pry: 87 (Ys) = Uni/Thi = AJA], pry: B (Y3) — Thy.
We know that the Lang morphism L, is surjective. For any y € T}, j, such that L,(y) = g, we have
(z,9) €87 (Ya) = s(x)-ye X (5.1)

Proposition 5.4. For any character x: WELI)(IFqn) = Thx(Fq) — @Z, let L denote the correspond-
ing Q,-local system on Wl(ll). Then for i > 0, we have Frgn-compatible isomorphisms
Uh,k(F i o) ~ i - *
HomUh,k(]Fq) (IndTZ’:((qu)) (X)a Hc(Xha@E)) = Hc(prl (ﬁ 1(Yh))7 P £X)7
where P: A[A] — WS)(Fqn) is the morphism x — Ly(det(s(z))) L.

Proof. By Proposition 4.1, we have Fryn-compatible isomorphisms
Up(F ; ~ N\~ rris e
Homy, , r,) (Inde 5 (), HA(Xn, @) ) = BB~ (V2), pr3 £1),

where E;C is the rank-1 local system on T} corresponding to x and pry is the composition
BHYs) < (Upp/Thi) X Thp — Tpx. By Lemmas 5.6 and 5.7, we have that

U5 (V). B L) = Hipry (571 (Ya), P*Ly),

where £, is the rank-1 local system on WS) corresponding to . O
Remark 5.5. The arguments presented in this section can be applied to more general contexts.
First observe that once an analogue of the Section 5.1 is established, the general result Proposition
4.1 reduces Theorem 5.1 to a statement about the cohomology groups of a pullback P*L, of an
Artin—Schreier sheaf to an affine space S. These cohomology groups can be calculated using an
inductive method on certain linear fibrations of S. To achieve this in the proof of Theorem 5.1, we
use the carefully defined indexing sets A ; determined by a Howe decomposition of the character ¥,
where the main features of these indexing sets are Lemmas 3.6 and 3.9.

It is possible to axiomatize the main steps of the proof of Theorem 5.1 so that we specify exactly
what context one can apply the proof of Propositions 5.12 and 5.13, which would allow us to
reduce the problem of computing the cohomology of certain subschemas of unipotent groups to a
combinatorial problem about defining indexing sets analogous to A ;. However, we choose to forgo
this approach as we feel the present exposition is clearer and more explicit. O

We will prove Theorem 5.1 by combining Proposition 5.4 with a calculation of the cohomology
groups of the Artin—Schreier sheaves P*L,. This calculation is driven by two ideas: the first
(Proposition 5.13) is an inductive argument that can be viewed as an instance of the techniques
established in Section 4, and the second (Proposition 5.12) comes from factoring the morphism P
through appropriate Lang maps (see Section 5.1).
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5.1. Compatibility of the morphism P with the Howe factorization. Recall the morphisms
pry: B7H(Ya) <> A[A] x T i — A[A],
pry: 871 (Ya) = A[A] x Thp — Thg.
Define
Pogy: ¥y = pry(B7 (V) NAMAss,] » WY, 2 Ly(det(s(z))) 7%

Lemma 5.6. 371(Y}) is the graph of P := Psoo: pri(871(Ys)) — W,(ll).
Proof. Let x € A[A] and y € T, ;, be such that s(z) - y € X}. This implies that we have
Ly{det(s(2))) - Lo(det(y)) = Ly(det(s(z) - y)) = (1,0,...,0) € W),

and hence we see that L,(det(s(z)))~! = Ly(det(y)). In the remainder of the proof, we show that

Ly(det(y)) = Lq(y1) for some y; € Wg) and that L,(y) is determined by y;.
By construction, the entries along the diagonal of s(z) -y are y1,...,y, and by Definition 2.12,

yi = "D (y1), for 1 <i<n.
Thus the ith coordinate of

LQ(y) = dlag(gp(ya(l))a @(ya'(Q))a ... a@(ya(n))) ’ diag(yla Y2, - .- ayn)_l'
is the expression
o) v ' = (@™ (1)) - ™y ), (5.2)

where o is the bijection defined in Definition 2.10. By Lemma 2.11, we have 7(o(:)) + 1 = [7(¢)] for
all 1 <14 < n, and therefore

@) (1) = 1 ifi#1,

?(Yo (i) - i O (yr ) = ") - ypt i i =1

L {w» -

Therefore
Lg(y) = diag(¢™(y1)y; 1, ., 1). O

Lemma 5.7. The following diagram commutes:

B~HYy) P Tk
Poh 4/xi'—>diag(x,1,...71)
w)
h
Proof. This follows from the proof of Lemma 5.6. O

Lemma 5.8. The morphism Psg; factors through Ly via the morphism
Qssr: Xooy = W 2 det(s(x)) 7

FEquivalently, we have a commutative diagram
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Lemma 5.9. The projection map
%ZSat - A[A;s,t]

is an isomorphism. Moreover, we have an isomorphism X>.; = A[AS_ , N A t+1] X X>s,t41-

Proof. We will show that this map is surjective and then use a counting argument to show injectivity.
Let x € A[A> ;] and y € T, ;, be such that z := s(z) - y € X},,. Recall that this implies that y is

determined by (1,y1,...,Yn,—1) € W%) Then for any X = (4, 4,1) € A>gy,

- {m\ + (terms with x(; j;y for I <1 and yp for I” <1) ifi < j, (5.3)

xx + (terms with x(; ;) for I’ <1 and yp for 1" <1) if i > j.

This implies that the condition det(s(x) - y) € W;}t) (F,) is equivalent to the vanishing of h; — 1
polynomials in y and z, for v € AS_,. Explicitly, if we write det(s(z) - y) = (1,d1, ..., dp,—1), then
the hy — 1 polynomials are df —d; for 1 <i < hy — 1.

Now fix 2~ € A[A;SJ]. Observe that d; is a polynomial of degree ¢"~*

in y1, so there are at most
q" roots of the polynomial di — d;. Let y; be a root, and observe that ds is a polynomial of degree

¢" ! in ys, so that there are at most ¢ roots of the polynomial dd — dy. Proceeding in this way,

we see that there exists a y € Ty, such that det(s(x) - y) € W;L? (F,) and that there are at most
q""=1 such y.

The existence of such a y € Tp, , now allows us to extend any z~ € A[AJ s’t] to an element
x € X551 C A[Asg ] satisfying s(z) - y € Xp,. This shows surjectivity of the projection.

Recall that z € X5, determines y up to Ty, (IF,)-translates. There are exactly q”(
n(ht—1)

ht=1) guch

translates, and since there are at most g points y satisfying d] — d; for 1 <i < hy — 1, we see
that all these choices of y determine the same extension of = € A[AS_,] to x € X>5; C AlA>q4).
This shows injectivity. O

Lemma 5.10. Let x € X>,¢. If x, = 0 for some v € A;St, then xx = 0 for all A € Az with
Al = vl
Proof. This follows easily from the proof of Lemma 5.9 (see Equation (5.3)). O

q
s,t

For a moment, we write X2 to emphasize the dependence on n,q. For each 0 <t <r+ 1, the

sequences

IT=tmg<mp <mo <---<mp<mypy1:=n
h=thg=hy >hy>--->h > hpy1:=1

induce corresponding sequences

L=my<mj <mh<-<mp_, <mp _, :=n/my, mi_, = m;/my,
W = ho=hy>hy> - >h_, >h__, =1, hl_; = h;.
Under this correspondence, ng sttty Can be matched with %Z/S:Lfffmt. We make this precise in
the next lemma.
Lemma 5.11. The natural projection
Agﬁ,t R A;/O%t,q t’ (4,7,0) — (i, % + l,l) (5.4)

: ; : n,q ~ gen/meg"t ; ng _ pn/mi,gmt
induces an isomorphism XS = X500 under which Py =Psop .
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. . . e _ mey _
Proof. The map in Equation (5.4) induces a bijection (AL/,)™ = (Ag/oirét’q )~ and therefore an
isomorphism between the associated affine spaces. We have a commutative diagram

n,q n/me,q"t
-
ES X200

| |

_ g

AJ(AZF)] — LA "))
where the vertical maps are isomorphisms by Lemma 5.9. It therefore follows that the top map
must be an isomorphism. O

5.2. Calculation of Artin—Schreier sheaves. In this section, we prove the two key propositions
required to calculate the cohomology of the (pullbacks of) Artin—Schreier sheaves at hand. Fix
a character x: W;Ll)(lﬁ‘qn) = Ty, (Fy) — @Z together with a Howe factorization x = [[;_, x; and
recall from Section 2 that this gives rise to associated indexing sets Th,, Zs+, Js,t, As.t-

The main idea behind Proposition 5.12 is to use the conductor-lowering compatibility lemmas of
Section 5.1 to induct according to the Howe factorization. This proposition allows us to reduce a
cohomological calculation about x>; = [[._, x; to a calculation about x>¢y1, as long as everything
is ‘divisible’ by the conductor of x:. Proposition 5.12 is proved in Section 5.2.1.

Proposition 5.12. For 1 <t <r, we have Frgn-compatible isomorphisms
H! (Xsp4, P*Lyzt) = HE (X50041, P Losyy) [260] @ ((—g™/2)% )2,
where ey = F#(A>re N A>t41)-

Proposition 5.13 is essentially proved by applying Proposition 4.5 inductively. The main calculation
is to show that the hypotheses of Proposition 4.5 hold. Proposition 5.13 allows us to ‘get rid of ” all
the parts that are not ‘divisible’ by the conductor of x¢, which returns us to the setting of Proposition
5.12. Proposition 5.13 is proved in Section 5.2.2.

Proposition 5.13. For 1 <t <r+ 1, we have Fryn-compatible isomorphisms
. . ndy /2
H} (X201 P*Los,) = H (800, P L) [d] @ ((—g"7)") %,

where dy = #Ai—14-

X>t

5.2.1. Proof of Proposition 5.12. By definition, as characters of Wgt) (Fy4n), we have

X>t = Xt * X>t+1,
where x; has level < h; and conductor my, and x>;41 has level hy11 < hy and conductor ms1 > my
where my | my41. This implies that
‘CXZt =Ly, ®pr* £X2t+1
(1)

hig1®

as sheaves on Wl(llt), where pr: ngt) - W

: : n,q ~ pn/meg™t n,g _ pn/me,q"t
By Lemma 5.11, we have an isomorphism X3 = X0 and Py = Pspg . Therefore,

n,q .
>tt

P*£th =P*L,, ® P*pr* Lyspiy = Q* (Lzmt Ly,) ® P*pr* Lyseins

by Lemma 5.8, we have the following equality of Q/-sheaves on X

where Q = Qg/gjét’qmt. By construction, y; factors through Wgt) (Fgm:) and hence Lym, Ly, is the
trivial local system. By Lemma 5.9,

X = AAS N ASy ] X Xopae
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Since the push-forward of P*pr* L., , to A[A;t’t ~ Agt,tﬂ] is the trivial local system, we have

P*L,.,=Q,RPL
where Q is the constant sheaf on AlAS, NAS, ] and PRL
W Thus by the Kiinneth formula,

hig1”
Hl (X244, P*Ly.,)
= H; (A[«‘Et,t ~ Agt,m] X X1, Qp P*EXZH—I)

= @ HZ (A[Agt,t ~ A;t,t+1]7@f) & Hés (%zt,t+1ﬂp*£)(2t+1)

r4+s=i

X>t X>t+17

is the pullback along P*: X>¢ 141 —

X>t+1

] * — - n Sy NAS deg
= HE (Xora01, P L) ZHAS N AS )] © (g2 A0

5.2.2. Proof of Proposition 5.13. The main ideas in the proof of Proposition 5.13 are Lemmas 5.14
and 5.16. We will need some notation that will be used in these two lemmas and also in the proof
of the proposition at hand. Recall that

A ={,50) € A:j=1(mod my_1), j Z 1 (mod my), 1 <1 < hy — 1},
and define
lo =T ={(L,5,0) € A_y, = [(1,5,D)] > n(he = 1)/2},
Jo =T = {(1,5,0) € A7y, 2 [(1,5,0)] < (ke — 1) /2}.
Recall that these two sets are totally ordered and come with an order-reversing injection
Iop—=Jo,  (1,07(1),1) = (1,07(1),1) == (1,6™ (1), hy — 1)

as in Lemma 3.6. This map is a bijection if and only if (1,0™/%(1), h/2) ¢ Jo, and #Jg — #Ip = 1
otherwise. Given this, there is a natural filtration on Iy by iteratively removing a highest-norm
element, and analogously a natural filtration on Jy by iteratively removing a lowest-norm element.
These filtrations can be specified so that they are compatible under the map Iy — Jy above. Precisely,
fix a labeling vg, v, ..., vg1,—1 of the elements of Iy where |v;| > [v;41] for 0 < i < #1p — 1. We
may define
IK',—‘rl = In N {V,i}, in-‘,—l = J,.i N {I/‘;}

Define

Loi={(,j—i+1,01) € A1 : (1,07(1),1) € L.},
Jei={(i,j—i+1,0) € A1 : (1,67 (1),1) € J.}.
Lemma 5.14. For each xk < #1Iy — 1, we have Frgn-compatible isomorphisms
Hi(Xsp-14 N A5z U (I U )], P Ly..)
> H (X1, N A1 U (L1 U Jq1)], PP Ly, )0 2] ® (g™) 5.

Remark 5.15. A variation of Lemma 5.14 for the equal characteristic case with ({1,n,n}, {h, h,1})
was proved in Lemma 5.11 of [C15]. We give a different proof here that does not refer to juggling
sequences or the explicit equations cutting out Xj. %

Proof. Recall that by definition I, and J, depend on t. This proof is driven by the following simple
goal: to apply Proposition 4.5. To this end, the content of this lemma is the calculation that the
polynomial

P: %o 1 NAAs U (T UJT) » WY 2 Ly(det(s(z))) ™
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has the required form for f(z) = z,, and y = z,, .

Let z € X541 NA[A> U (f,{ U j,{)] and let y € Ty, be such that z := s(z) -y € Xj. Set v :=
ve = (1,07(1),1) € I; and V' := v/ == (1,0" (1), hy — l) € Ji, and note that |v|+ [V/| = n(hy — 1).

Take A := (i,0%(i),1) € I,; so that |A1] = |v|. Let Ao € A4 U I, U J,, be such that both zy, and
zy, contribute to a monomial in det(s(z)). I first claim that necessarily Ao € Ji.. Indeed, if y € S, is
such that (i) = 07 (i), then my { (i) — 4, and hence there must be another ' such that my { y(i’) —i'.
If  corresponds to a nontrivial summand of det(z), then [(¢',~(i"), )| < n(hs — 1) — |(i,7(2),1)| <
n(hy —1)/2 and so (i',v(i’),') € J.. But now |A(| + |(i',v(7),1)| > |v| + || = n(hs — 1) and by
Lemma 3.9, this inequality must be an equality. Thus v must be a transposition, and we see that
X2 € Jy and in fact Ay = (07 (i),i,n — 1) = (09 (i),0™" (7 (i)),n — I). By Equation (2.5), zy, and
z), are powers of z, and z,/, respectively:

(i) (o7 (i) [r(i)—j+1]-1
2, =227, and 2y, =z2J, =z},
Therefore the contribution of A1 and Mg is

qm@ [T(8)—5+1]-1 .

sgn z -z if char K > 0,
(Z1)™"720 20 = =202 = | g+t -1t (5.5)

q .

2] “Z if char K = 0.

The contribution of 2, to Ly(det(z))~! is given by
Z(Zmzm)q — 2\ %) (5.6)
A1

and after writing this sum in terms of z, and z,, as in Equation (5.5), all terms cancel except for
those corresponding to when

7(i) =0, 7(i)=n-1, [7(i)—j+1—-1=0, or [r(i))—j+1—-1=n—1,
which exactly corresponds to when
T(i) =0, (i) =n—1, 7(1) = J, or (i) =7 — 1.

Hence the sum in (5.6) simplifies to

(Zg" _ Zl/) . ng + (»iz; — ZI/’) . 23"_3 o if char K > 0, (57)
(20— 2)" 2 (2% — 2 2T if char K = 0.

We now investigate how Equation (5.7) allows us to understand the contribution of x, and x, to
Ly(det(z)) = Ly(det(s(z) - y)) € Wy,. If z) appears in z),, then |[A| < |\g|. Necessarily Ag does not
sit on the diagonal since A does not, and hence if z), contributes to Ly(det(z)), there must exist
a Ay such that Z also contributes to the same monomial. But by Lemma 3.9, this implies that
Aol < n(he —1) — |Xo| < |N]|. This shows that the contribution of ) and xy is contained in the
contribution of z) and z)/. Now,

zy = ) + (terms that each include a factor of z), for Ny € Jo and |No| < [V]) = 2n (5.8)
zy = x) + (terms that each include a factor of z), for Ao € Jo and || < |v|)

and hence we see that the contribution of x is captured by the contribution of z) which is captured
by the contribution of z,. That is, the contribution of ) is equal to

n h l qJ-H n 1 qn—j+ht—l (5.9)
: ’

(22" — ) z? Tt (J; ;= X)) 20 if char K > 0,
(x,@ —x,)? . + (xz, —x,)? - xf if char K = 0.
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By assumption, m; does not divide j since v ¢ As;;. Since x>+ has conductor m;, Equation (5.9)
shows that P has the form required to apply Proposition 4.5 in the case f(z) = z,, and y = .
Therefore

Hi(Xsp-10 VA U (Ie U J)], P*Lsy) = HY(Ss, P*L3)[2] ® (¢7) 7,
where S3 C X>¢—1 NA[A>; U (I. U J) ~ {v}] is the subscheme defined by f z)?" — f(x) = 0.
Since S3 is the disjoint union of ¢" copies of X>¢—1 N A[A> U (I, U Je) ~ {v,V'}],
H(S3, P*L20)[2] @ (¢")8 2 Hi(Xspm1,6 N AlAs e U (1 U Jo) N v, V)], PPLog)® [2] @ (7)1
= Hi(X>t-1,6 N A1 U (Top1 U Je)], PPL5) % [2] @ (¢7) 1%,
where the last equality holds by Lemma 5.10. O

Lemma 5.16. Suppose #Jo — #Io = 1. Then Jyi, = {v:= (1,n/2+1,h/2) € Jo} and we have
Fryn-compatible isomorphisms

Hi(Xsp-14 N A[Ase U Jgr), P*Lys,) = Hi(Xsio1, N A[As 4], P*ﬁth)@qn/Q 1] ® (—q"/%)8

Proof. For ease of notation, set iy := #1I in this proof. By the divisibility assumption on A>;;, we
see that

Xot14 NAMAs U Jip] = (o1 VA1) X (Xsim1 NA[T]).

Moreover, by Lemma 5.9, the projection
Fo(@sim1a NAMAS]) X (X1 NAG)) = (X100 A[ASL]) x A{v}]

is an isomorphism of varieties. By Lemma 3.9, it follows that any A\ € j,-o can only contribute
nontrivially to the last coordinate of W;L? in det(s(z)). Therefore, for Py = P|x,,, and some

morphism 7: A[{v}] — Wélt), we have

[P Lo, = P Ly, BN Ly,

and therefore
Hé(%Etﬂf N A[*AEM U jio]’ P*LXZt) = Hé(xzt,t X A[{U}]a P(TEXZt X W*Exzt)
= @ Hg(%zt,ta Pékﬁxzz) ® HE(A[{U}], ﬁ*ﬁxzt)-
r+s=t

It now remains to calculate 1, which we do by a similar calculation to the one in Lemma 5.14.
By Lemma 3.6, v = (1,n/2 + 1,h;/2). The contribution of z, to the last coordinate of
Ly(det(s(x))) ! is exactly given by

Z?Zl wgr(i)+l ) mg[r(i)+n/2]+1 B ng(i) ) wg[r(i)-s-n/z] if char K > 0’
Z?:1 $gT(i)+(ht—1)/2+1 ) xg[T(i)+n/2]+(ht—1)/2+1 B xgr(i)+(ht—l)/2 ) mg[r(i)-s-n/z]+(ht—1)/2 i char K — 0.
This simplifies to
(21" — 2,) - ;n%m if char K > 0,
(8 — :ltv)qht/2 . x?,(nJrht)/Q if char K =0,
and it follows that
n: Al{v}] — ngt), T — {(0’ 0 $q:ﬁ£ij§ - :f)) he/2 %f char K >0,
0,...,0,21 (x7 —2)7"") if char K = 0.
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We can now make the final conclusion. By [BW16, Equation (6.5.7)] (or [C15, Step 4: Case 2 of
Proposition 6.1]), we have

‘ n2 o ifi =1
. ) * q e ’
dim H}(Gq,n Exzt) - {() otherwise

Moreover, Fryn acts on H (G, n*Ly-,) by multiplication by —q"/2. O

The desired conclusion of Proposition 5.13 now follows by combining Lemmas 5.14 and 5.16.
Explicitly, by Lemma 5.14,

HY(X>t-10 N A[A>-14), P*Ly,)
= H\(X51-1, N A[Ase U (To U Jo)], P*Ly.,)
= Hi(Xsp-10 NA[Ms 1y U (Le U JL)], PPLy, )27 [26] @ ((—g"%) %) dee

for any k < #1Iy. Clearly Iy, = @. If Jy, = &, then we are done. Otherwise, Jyj, =
{(1,14+n/2,(hy —1)/2)} and by Lemma 5.16,

HY(X51-10 0 A[As 0 U(Tpsy U Jur)], PFLys, ) [2#10) @ ((—g"/?)*#10)des
= Hi(Xs00, P* Ly, )0 (2200 + 1] © ((—q"/2) 20t Tydee,
It remains to observe that if Jyu5, = @, then 2#1Iy = #(lo U Jo) = #(Zi—1,4 U Ji—1,¢), and otherwise,
2#1y +1=#(Ip U Jo) = #(Zy—14 U Jt—1,1). This completes the proof.

5.3. Morphisms: proof of Theorem 5.1. Let y: WS)(Fqn) =Ty p(Fy) — @, be any character,
and let A, ; be indexing sets associated to a Howe factorization of x. By combining Propositions
5.4, 5.13, and 5.12, we have

Up i (F, i _
Homy, , &, (Indquj:((Fj)) (X), He(Xh, @z))

=~ H(pry (B~ H(Yn)), P L) (Prop 5.4)
= H(X200, P"Ly.,) (Lemma 5.6)
= (X500, P Ly, [2e0) (—a2)%0) ™ (Prop 5.12)
~ HY(X>11, P*LXZJ@QMI/Q [d1 + 2eg] ((—qnﬂ)dl”eo)deg (Prop 5.13)
= (X510, P L) s + 2e 4 e)] (/220 e)) (Prop 5.12)

and so forth by iteratively applying Propositions 5.12 and 5.13. Recall that

dt:#At_—l,t
:{(1,j,l)mt_l]]—1,mﬂ[]—1,1§l§ht—1}
:(mf_l—m%)(ht—l), for 1<t<r+1,

et = #(Agt,t A Agt,m)
= #{(L]al) My ‘ J—LJ 7é 1, n(ht—i-l - 1) << n(h’t - 1)}
:(L—1>(ht—ht+1>, fOI‘OStST.

my
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Thus setting
dy =dy+ - +drp1

r+1 n n
= \Tt—1 My

ry = (di 4+ +dry1) +2(e0+ - +ep)

- : ((m?_l - th) (he — 1) +2 (m?_l - 1) (he—1 = ht)) ;

the cohomology groups above are isomorphic to

i " ndy /2 n/ovr ) 468
H(Xsrr, Lo, )" [ (=02 )

Note that X>, , is a single point and hence we obtain

U 1 (Fy) " it
’ i =\ , i=r,,
Homy, , &) (Indwz,:@fﬁ) (), He (X, Q5)> - {0 Z otherwixse.

Moreover, since Fryn acts trivially on HO(%,Qy), then Fry» acts by multiplication by (—1)" g2

on the above space of Uy, ;,(F)-homomorphisms. Since every representation occurs in at least one of

Up i (Fq)
IndTZ,Z(FZ)

action is always by multiplication by (—1)*¢""/2.

(x), the above gives a complete description of the Fryn-action on HY(Xp,Qy), and this

6. DELIGNE—LUSZTIG THEORY FOR FINITE UNIPOTENT GROUPS

In this section, we prove the main theorems of this paper. We first calculate the alternating sum
of the cohomology groups using a technique of [L79]. This is very similar to the results of Lusztig
[LO4] and Stasinski [S09], which study closely related groups in a reductive setting. Combining
Theorem 5.1 and Theorem 6.1 gives Theorems 6.2 and 6.3, which prove Boyarchenko’s conjectures
[B12, Conjectures 5.16 and 5.18] in full generality. Note that strictly speaking, as stated in [B12]
these two conjectures assume that char K > 0 and k& = 1; however, they can be easily extended
and formulated without these assumptions (see [C15, Conjectures 7.4, 7.5]). Theorems 6.2 and 6.3
can be viewed naturally as the higher-dimensional analogues of the results of Boyarchenko and
Weinstein on the cohomology of X5 in [BW16, Sections 4-6].

We remark that in all previous work (i.e. the h = 2 work of Boyarchenko—Weinstein [BW16]
and the primitive-x, equal-characteristic work of the author in [C15], [C16]), pinning down the
nonvanishing cohomological degree i = s, of H!(X,,Q,)[x] was a trivial consequence of (the
analogues of) Theorem 5.1. This is because the central character of H!(Xp, Q,)[x] determines s, in
these cases and so s, agrees with the 7, appearing in Theorem 5.1. However, in the general setting,
this no longer holds, and it is a nontrivial theorem that the equality s, = r, is still true (Theorem
6.5). The proof is an application of the Deligne—Lusztig trace formula [DL76, Theorem 3.2] and is
given in Section 6.3.

The trio of theorems 6.2, 6.3, and 6.5 gives us a complete description of the T}, (IF,)-eigenspaces
Hi(Xp,Qp)[x] together with the Frobenius action on HE(X},, Q). Combining these theorems with
Theorem 5.1 and the fact that the multiplicity of an irreducible p in the regular representation is
equal to the dimension of p, we may write down an explicit formula for the zeta function of Xj,.
This is done in Theorem 6.6.

In Section 6.1, we demonstrate how to realize the main theorems of [B12], [BW16], [C15], and
[C16] as corollaries of the theorems in this paper.
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Theorem 6.1. Let R, = Y.(=1)'Hi(X),, Q))[x]. For each x: Tpi(Fy) — Q;, the Uy (Fyn)-
representation £ R, is irreducible. If x # X', then £Ry,+R,s are nonisomorphic.
Theorems 6.2 and 6.3 now follow from Theorem 5.1, Theorem 6.1, and Corollary 5.3.

Theorem 6.2. X}, is a mazimal variety in the sense of Boyarchenko—Weinstein [BW16]. That is,
for each i > 0, we have HY(Xn,Q,) = 0 unless i or n is even, and the Frobenius morphism Frgn
acts on HY(X},,Q,) by the scalar (—1)%q"™/2.

Proof. By Theorem 5.1, Fryn acts on H!(Xp,Q,) by multiplication by (—=1)iq™/?. To finish, we
show that H(Xp,Q,) = 0 if i and n are both odd. Assume that n is odd. By definition of r,, it is
enough to show that the sum dy + - -- + d,41 is always even. We have

n n
dt:< —) (hs = 1),
mi—1 my

and since n is odd by assumption, then n/m;_1 and n/m; must also be odd, and hence d; is even.
This completes the proof. ]

Theorem 6.3. For any x € np, the cohomology groups Hi(Xp,Qy)[x] are nonzero in a sin-
gle degree i = sy, and H:X(Xp,Qp)[x] is an irreducible representation of Uy x(F,). Moreover,

HX (X3, Q)] = He¥' (Xn, Q)[X'] if and only if x = X'.
Proof. Let 7 be an irreducible constituent in HeX (X}, Q,)[x] for some s,. Then by Corollary 5.3,
HomUhyk(Fq)(ﬂ, Hg(Xh,@g)[X]) =0, for all i # s,.

But this implies that the alternating sum +R, = >".(—1)*H(X),,Q,)[x] can have no cancellation,
and m = £R,. By Theorem 6.1,

irreducible, if i = s,

0, otherwise.

Hi(Xn, Q)] = {
Moreover, if x # x/, then =R, and £R,/ are nonisomorphic by Theorem 6.1 and it follows easily
that HX(Xp,, Q,)[x] and HoX' (X, Q,)[x'] must also be nonisomorphic. O

For any ¢ € Fy» and any g1,92 € Ty r(Fy), let ((,g1,92) denote the map X} — X, given by
e C(hxx-g)¢C L

Theorem 6.4. If ( € T has trivial stabilizer in Gal(Fyn /Fy), then for any g € Ty, 1 (Fy),

Tr (¢, 1,9)% Ho (Xn, Qp)[X]) = (=1)**x(9).

Proof. This is identical to the proof of Proposition 6.2 of [C15]. The argument is very similar to the
proof of Lemma 6.9 in the present paper. O

Up to now, we have only shown that HE(Xj, Q,)[x] is concentrated in a single degree s,. It is
natural to expect, based on Theorem 5.1, that s, = r,. We resolve this question in Theorem 6.5,
whose proof we give in Section 6.3. The proof uses purely cohomological techniques and essentially
is a combination of Theorem 6.4 together with the Deligne-Lusztig fixed point formula.

Theorem 6.5. For any x: Ty, (Fy) — @fx,
U F =
HomUh,k(Fq) (IndT:::E]FZ)) (X)v HCSX (Xha Qﬁ)bd) ;é 0
In particular, s, = ry.

Our last theorem of this section gives a formula for the zeta function of Xj,.
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Theorem 6.6. The Hasse—Weil zeta function of Xy is

2dim X, P
' (1) dim H(Xp,Qp)
Z(Xh,t) _ H (1 - (_qn/2)z_t> im R Qp ,
=0
where
dim H(Xp, Q) = > g2,
X: Th,k(Fq)%@Zy
=1

Moreover, if n is odd, then Z(Xp,t)~! is a polynomial.

Proof. By the Grothendieck—Lefschetz trace formula,

2dlth

Z(Xnt)= [ (det((1 —tFrgn); H(X @)
i=0

By Theorem 6.2, we know that Fryn acts on H:(X}, Q) by multiplication by (—¢"/?)", so
det((1 — t Frgn); Hi(Xp, Q) = (1 — (—g™/2)" - ¢)8im HelXnQn),
It remains to prove the dimension . formula. o
Let H? (X}, Q) = D, H.(X}, Q). By Theorem 6.3, H?(X}p,Qy) is a direct sum of distinct
irreducible representations of Uy, x(F,) (parametrized by x: Ty x(Fy) — Q). Write
H(Xn, Q) =min &+ & g,
where the 7;; are nonisomorphic irreducible representations of Uy ,(IF4). Recall that the regular

representation Reg := Ind?ﬁk (Fq)(l) has the property that an irreducible Uy, ;(F,)-representation 7

has multiplicity dim 7 in Reg. Then

k;
dim Homy, , r,) (Reg, Hﬁ(Xh,@Z)) = dim Homy, , (r,) (Reg, @mj> = Zdim ij-
j=1

On the other hand, by Theorem 5.1,
dim HomUhﬁk(Fq) (Reg7 Hé(Xhu @Z))

. Up, i (F i o)
= dim HomUh’k(]Fq) <@ IndT:::éFZ)) (X)7 Hc(Xha Qf))

. Uy, . (F i _
=dim @  Homy,,w, (IndT:::((FZ))(X),HC(Xh,@E))

X: 71‘}1,19(117z1)_>@2<
=1

— Z q”dx/2

X: ’]Th,lc(Fq)_>@z<

rx=1

This proves the dimension formula. The final assertion now follows from Theorem 6.2 since if n is
odd and H!(Xp, Q) # 0, then ¢ must be even, and hence Z(Xj,t) has no nontrivial factors in the
numerator. ]

Example 6.7. We demonstrate how to calculate the Hasse—Weil zeta function in the case that n is
prime. First observe that the Howe decomposition of a character of Wg)(lﬁ‘qn) must be of the form

X = X1(Nmg_, /r,) - X5,
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where x{ is a character of WELI)(IF(]) and X3 is a primitive character of W;L%)(Fqn). After fixing a level
h' with 1 < A’ < h, the number of such Y is equal to

Nw = ("' ="+ 1) ("D =D — g+ 1), (6.1)

and
dy = (n—1)(h —1), ry=Mm-1)(h—-1)+(n—1)(h—H).
Thus by Theorem 6.6,

h—1 T
dim Ho(X3, Qo) = {;]vh P i 1) 10 ),
We can now write down explicit formulas for the zeta function of Xj. For example:
Corollary 6.8. If n =2, then
(14 ¢3 - t)@—atD)(@*~a)a
(1—q2-t)0 - (1 — ¢4 t) @'~ —atD)d®’

Z(X37 t) =

6.1. Examples. Prior to this work, the only cases in which the Uy, x(F,)-representations HZ(Xp, Qg)[x]
had been studied were in the following cases:

(1) For h =2 and k = 1, this was done by Boyarchenko-Weinstein in [BW16, Theorem 4.5.1].
(2) For h, k arbitrary, x primitive, and char K > 0, this was done by the author in [C15]. Before
this some smaller cases were done:
(a) Then =2, h =3, k=1, char K > 0 case was done by Boyarchenko in [B12, Theorem
5.20].
(b) The n =2, h arbitrary, k = 1, char K > 0 case was done by the author in [C16].

We explain how to specialize Theorems 5.1, 6.2, and 6.3 to recover these results.

Note that in previous work, the unipotent group schemes are called U, ,? ’,g and are defined over
Fn, whereas the unipotent group schemes in this paper are called Uy, j, and are defined over F, (see
Remark 2.9 for a more detailed discussion). However, U. ,:L A (Fgn) = Up x(Fy), and there is a natural

way to realize W;Ll)(Fqn) as a subgroup of each, so the distinction between working in the ambient
U ;Z 7 and Uy, i, only appears in the proofs and not in the theorem statements.

6.1.1. The case h = 2,k = 1. In this setting, the subquotients of the multiplicative group of the
division algebra in equal and mixed characteristic are isomorphic, and so one does not run into the
mixed characteristic difficulties that arise when h > 2.

Note that Ty (F,) = Wg)(lﬁ‘qn) = Fgn. Let x: Fgn — Q, be a character. If x is trivial, then it
corresponds to ({1,1,n},{2,1,1}), and if x is nontrivial of conductor m, then it corresponds to
({1,m,n},{2,2,1}). Then by Theorem 5.1, 7y, = (n — %) +2(;x —1) =n+ - —2 and

HomUzyl(]Fq) (IndF[FJj;ll(Fq)(X)v Hé(X27@€)) ?é 0 e 7/ =N + n/m — 2

The center of Uy 4(F,) is T2 1(F,) = Fyn. Since the actions of Ty 1 (F,) and Uz 1(F,) on X, agree on
the center of Uy 1(IF,), the above equation implies that

H{(X2,Q)x] #0 <= i=n+n/m—2.

The centrality of Ty 1 (F,) in Ug 1 (F,) (which is not true for h > 2) allowed us to obtain Theorem 6.5
from Theorem 5.1 automatically. We now see that maximality of Xs holds by Theorem 6.2 (this is
[BW16, Theorem 4.5.1(b)]), and the irreducibility and multiplicity-one properties of H:(X}, Q,)[x]
follow from Theorem 6.3 (this is [BW16, Theorem 4.5.1(a)]).
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6.1.2. The case h,k arbitrary, x primitive, char K > 0. Let x: T ,(Fq) — @EX be primitive. Then
the sequences {m;},{h;} associated to the Howe factorization of x are ({1,n,n},{h,h,1}). By
Theorem 5.1, ry = (n = 2) (h — 1) +2 (2 = 2) (h— 1) = (n — 1)(h — 1) and

Up ke (F i = .
Homy, , =) (Inde () (0, Hi(Xn, Q) £0 = i=(n—1)(h-1).

The subgroup T}, x(IF4) is not central in Uy, 1 (F,), but the center of Uy, (F,) contains Hy(FF,), where

Hy is the subgroup of Uy, ;, consisting of diagonal matrices with entries in {(1,0,...,0,%)} C Wﬁll).
Moreover, x is primitive if and only if its restriction to Ho(F,) is primitive, and it therefore follows
that r, only depends on x| Ho(F,)- Hence

Hy(Xp, Q)] #£0 <= i=(n-1)(h-1)

Note that again, it was the fact that the restriction of x to the center of Uy, 1 (F,) determines r,
(which is not true for non-primitive x), which allowed us to immediately pinpoint the nonvanishing
cohomological degree of H!(X},,Q,)[x] from Theorem 5.1. The irreducibility and multiplicity-one
properties of H:(X},Q,)[x] follow from Theorem 6.3. In this generality, this is [C15, Theorem 6.3],
in the case (2a), this is [B12, Theorem 5.20], and in the case (2b), irreducibility is [C16, Theorem
5.1] and multiplicity-one follows from the trace formula given in [C16, Theorem 5.2].

6.2. Alternating sums of eigenspaces: proof of Theorem 6.1. It is enough to show that the
(Thk(Fq) x Ty 1 (Fy))-eigenspaces of the cohomology of ¥ = (X}, x X})/Up, ,(IF,) satisfy

. L if x =,
—1)*d H! Ev -1 =
> (=1)"dim Hy( Qe)x,x ! {0, otherwise.

We follow a technique of Lusztig demonstrated in [L79] wherein we construct an action of an
connected torus 7 over F, on ¥ and then use the fact (see, for example, [DM91, Proposition 10.15])
that

Y1) HUE, Q) = X (-1 HUET, Q).
Recall that N B
X ={9 € Uni(Fy) : F(9)g~" € Uy N F(U, )}
It is clear that the map

Xp x Xp = {(z,2",y,9") € (U, N F(U;)) x (U, N F(U;)) X Upi(Fy) x Up x(Fy) :

(9,9") = (F(9)g " F(g")g " 9,97")

is an isomorphism. Since the (Upx(F,))!" = Up(F,), then for any g € X;, and h € Uy (F,),
we have gh € X},, and the image of (gh,g'h) is (F(9)g~ ', F(¢')g' ', gh,h"1g’~!). Moreover, the
F(gh)(gh)™' = F(g)g~! if and only if h € Uy, x(F,). It follows from this that the map

S = {(z,2',y) € (Uy N F(U;)) x (U, N F(U;,)) x Up o (Fy) : 2y = F(y)a'},
(9:9") = (F(9)g " F(g")g " 99"

is a bijection.
We have

~ - 1
U, NF YU, = {(8
1

U,NnFYU;) = {(
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Hence we see that y € Uy, x(F,) can be written uniquely in the form

Y = Yiyhyiyh, yi €U, NF YU,  yhe DU, nFHU,)),
yi/EﬁhﬂF_lﬁhﬂ ygéﬁhﬂF_lﬁh,

where l~)h C TUth(Fq) is the subgroup of diagonal matrices. Hence ¥ is in bijection with the set of
(2, 2", 91, 95,91, y3) satistying
2y yoy1Ys = F(yiyayiys)a’.

Notice now that any z € Uy, can be written uniquely in the form yyx' F(yy)~! for some yf € U N
F~'U, and 2’ € U,NFU, . Indeed, it is easy to see that for any 4, we have (U,NFU, )-F(yy) = Uy
and that for any y4 and any z, there exists a unique z’ such that z = 2’ F(y}). In particular, for any
y5 and any z, there exists a unique 2’ such that y5z = 'F(y4). Thus, letting ¥ := zy;, we have
that ¥ is in bijection with tuples (Z, v}, y5, y{) satisfying

Ty € F(y1y5u1) - Un.
Consider the subgroup of Uy, x(Fy) x Uy x(F,) given by
H:={(t, ') : t,t diag; t € Dpt'; F(t) 't = F(t')"'t' centralizes Eh(ﬁ,: N F_lﬁ{)}
For (t,t') € H consider the map
agy: (T 41,y 41) = (FOTF) 7 byt byt = ¢y 171,
We first show that a(, ;) defines a map ¥ — X: if 7y € F(yiyéyi’)ﬁ, then F(t)Zyh € F(t)F (v yhy!)-
F(")7'U,LF(t'), which implies
FOFF() it € F()F () F ) P} F () T,
where we used that F(t)~!'t centralizes ﬁh(ﬁh_ N F~10,) and that F(#) = F(¢t)" /"1, Tt is now
clear that a sy for (t,¢') € H defines an action on ¥.
Observe that H is abelian and contains Ty, 1 (Fy) x Ty, (Fy) as a subgroup. Moreover, the action

of H restricts to the left action of Tj, (Fy) X Th 1(Fy) inherited from the left-multiplication action
of Ty 1(Fq) on X;,. We now pinpoint an algebraic torus 7 C H. By Equation (6.2), we see that

1
a:= ( o ) € Upx(F,) centralizes l~?h((7h_ N Fflﬁh_). If ¢t = diag(t1,. . .,t,) has the property
ao
that ¢t = F(t)a, then

ty o(ts(1))
to o(ts(2))

tn @(to(n)) - ag

In particular, if we set t, = £ € qu, then t(¢) := diag ((p“/(l)(f),gﬁ@)@), e ,@7("*1)(5),5) has
the property that F(t)~!t centralizes ﬁh(ffh_ N F‘lﬁh_). Here, v € S, is the unique permutation
determined by o) = 4. Now

T :={(t¢), 1) : € Fy} C H

is a connected algebraic torus over F, whose action on ¥ commutes with the (T}, (F,) x Ty x(Fy))-
action. One can easily see that the T-fixed point set of ¥ is

ST = {(1,1,95,1) : vy € Dy, vh € F(yb) - Un} = {(1, 1,94, 1) : v € DF} = Ty 1 (F,),
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where under the final identification, Ty, x(F,) x Ty (F,) acts by (t,t') * v = ty4t’~1. Thus
S (=D HUET, Qp)y o1 = (1) Hi(Thx(Fg), Qp)y o
= Hg(Th,k(Fq%@E)x,x’*l

)1 ifx =X,

~ 10 otherwise.
6.3. The nonvanishing cohomological degree: proof of Theorem 6.5. By Frobenius reci-
procity, it is enough to show

Sn’q n I
dim Homyps e, (v HE (X9, Q) [x]) # 0, (6.4)

where we write T, ,, = ']I‘Z’Z, sy = sy'?, and X, = X;Z’q to emphasize the dependence on n, q. It is
clear that once this is established, then by Theorem 5.1, it follows immediately that s, = r,. For

notational simplicity, we write H.(X) to mean H:(X,Q,). We first prove two lemmas.

Lemma 6.9. Let pg be a prime dividing n. For any x € ]F;po Ny and any g € Ty i (Fy),

(D" T (1, 9)s HX (X)) = (1)

Proof. Fix x € IFqXpO ~TF . Recall that the action of x on M = M, +Myw* +- - 4 M, wlkr-1] ¢ X
(recall the standard form of a point of X;¢ in Definition 2.12) is given by

. 7(2) T(n)\ — . 7(2) 7(n)
zx M = diag(z,z? ..., z7 )7L M - diag(z, x4,z ).

n/pg,qP0
Sx

sy n
Te (1,1, ) HE (X777 x])

Note that

el wh . = diag(x

c ey 5

T(2)—7(1) T(n)—7(n—1) 7(1)—7(n)
q a2l " ) - wh

and that
R O :
x =1 = po | J-

Therefore, if z x M = M, then necessarily M; = 0 for j # 1 modulo py and
M = My + Mpy @l o Myt rpol]

For any integer m, let [m]’ be the unique integer 1 < [m]" < -t such that m = [m]’ modulo . I

now claim that there is a T} "/ (Fq)-equivariant morphism

qPo

Fr (G = X5,
_ k/ [k(lfl)]/
M, + MpoJrlwk[Po} 4o Mn,p(ﬁlw[k(” po)l M + MI/;O+1WL/]pO + -4 M;Z_p0+1wn/;)0 )

01n

n 1 .
P ) Using

where Mj’ denotes the top-left-justified p% X o matrix in M; and @, /,, =
Definition 2.12, it is a straightforward check to see that this morphism is well-defined since
f(M) is of the form (2.4), satisfies (2.5), and the determinant condition (det(M)) = det(M)
implies that ¢Po(det(f(M))) = det(f(M)). (This last claim can be seen by observing that the
rows and columns of M can be swapped so that the matrix becomes block diagonal of the form
diag(f(M), ™ @ (f(M)),...,o" P~V (f(M))).) The equivariance under T} ¢ (F,) = ’]I‘Z/Ifo’qm (F,) is
clear. ’ ,

By Proposition 3.11, X;Z’q is a separated, finite-type scheme over F,», and the action of (z,t,g) €
Fon X Thx(Fq) X Thx(Fy) defines a finite-order automorphism. Moreover, (z,t,g) = (1,t,9) - (x,1,1),
where (1,t,g) is a p-power-order automorphism and (z,1, 1) has prime-to-p order. Hence by the
Deligne-Lusztig fixed point formula [DL76, Theorem 3.2], we have

D (U T ((2,t,9)" Ho(X57) = Y (=1) Tr (L, 9)"; H((X5)7)) -

i %
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Therefore
#HTRH(Fg) > (=) Tr (2, 1, 9)% HA(X] ) [x])

7

= > xO D (=D Tr ((2,t, )" HiX))

tET, 1 (Fq) i
= Z x(t)~! Z(—l)iTr (1,8, 9)% HI((X "))
teT) i (Fq) i

= #Th 1 (Fa) D (=)' Tr (1,1, 9)"; HA(X5))[X])
i
, . 40
= HT(F) D (—1) T (1,1,9)5 HAXG ™) )
i
The desired equality now follows since by Theorem 6.3, H.(X,"?)[x] and H, é(XZ/ P O’qpo)[x] are NONZzero

n/po,qP0
X

only when i = sy? and i = s , respectively. O

Lemma 6.10. Let x: T;"1(F,) — @Z Assume that we are in one of the following cases:

(1) n > 1 is odd and py is a prime divisor of n.
(2) n>1 is even and py = 2.

Fiz a ¢ € Fgpo such that () = IFqXpO and consider the extension of x defined by

N — x(9) if q is even,
L F%, x T(F,) — Q) ¢, g9) — noa . /p0waPO
X qPo h,k( Q) l ( ) (—1)3x’q+5></p0 o X(g) ifq is odd.

Then
n/pg,qP0

Yoo Rl ) (=TT L,

:EE]FZPO \IF;<

Proof. Assume that ¢ is even. Then

S Rzt (1)t 3 (—1) s
xe]F:pO ~Fy xe]F:pO ~Fy
For the remainder of the proof, assume that ¢ is odd. If we are in Case (1), then by Theorem 6.2,
we know that sy? and S;/ Po-2"" 41e both even. It therefore follows that

~ n.q_ (n/Po,a"0 ~ 1~
Do X )T ()RR = 3T R )T X 1) > 0
:EE]F;pO ~Fg :L‘E]F;po ~Fg
The same conclusion holds if we are in Case (2) and 77 + s7/7" is even, so assume s79 4 57/ 704"
is odd. If (" € [Fy, then m must be a multiple of ¢ 4 1, which is even. This implies that
# (P NF, NFX) > # (P NF5 NFY)

Aodd Aeven

and hence

Z %(3’:7 1)71 . (_1)S;’q+8;/Po,qp0

{L‘GF;pO \IF;<

= Z 5(4(1171)_1 ’ Y(l‘a 1) + Z >~<($a 1)_1 ) (_%(1'7 1)) > 0. O

$6A0dd meAeven
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We are now ready to prove the theorem. First observe that X i’q = T}L’% (F,) and hence for any
x: Ty4(F,) — Q; , we have

H?l(’q (X}t’q)[x] = HS(T,IZ:%(Fq))[X] =X

so Equation (6.4) holds for n = 1 and ¢ arbitrary. We now induct on the number of prime divisors of
n. Assume that Equation (6.4) holds for any n = H£:1 p; and arbitrary ¢, where the p; are (possibly

non-distinct) primes. We will show that Equation (6.4) holds for any n = Hi‘:o p; and arbitrary gq.
If n is odd, let pg be any prime divisor of n, and if n is even, let pg = 2. Define the character

X: Fopg X Tyh(Fy) — Q, as in Lemma 6.10. Then

> X T (1,9 HY (X))

(x,g)e]FqXpO xT;‘:g(IFq)

= > Xw,g) T (1,90 B (X))

(=,9)
xEFg

- K, 9) 7 T (@1, 9 HE (X))
(

*,9)
xGF:po \F;

n,q

= #(Fy X TZ:Z(Fq)) - dim Homgx XTd (Fq) (Ya HEX (XZ’%[X])

D DR CX) N Y

(z.9)
xGIF:pO \IF;<

sn/;oo,qp0

-Tr ((1, 1,9); H-™

Po
n,q , n/P0q
Sx' Sy

<X,?/P°’q”°>[x}) . (65)

where the last equality holds by Lemma 6.9. By the inductive hypothesis,

n/pg,qP0

T ((1, g BN <X;‘/p°’qp°>[x]> -0,

~ _ n,q , n/pg,qP0
S Rwg) (R

(z,9)
xGF:po \IF;<

and by Lemma 6.10,

n, n/pg,qP0
S Rl 1) (R g

:L"E]F:po \IF;<

It therefore follows that the expression on line (6.5) is the product of two nonzero integers, so it is
positive or negative. If (6.5) is positive, then we have shown

. ~ sty
0 < dlm HomF:PO XTZ:Z(FQ) (Xa Hc (Xh )[X])

Fopo X T, 1t (Fq)

n,q
S dlm HOI’HFX XTZ:Z(FQ) <Ind.11,:,g(]Fq)7 (X)7 ng (X}TLL:lI)[X])

(Xp ) -

q

= dim HOHITZ:Z(FQ) (X, ng
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If (6.5) is negative, then we have shown
. ~ rpsy’? ,
0 < dim Homy - X () (X: HXx (X)) q)[x])

' B T (Fy) n.q
< dim Homp XTI (F,) <Indan(Fq) (), He (X;?’q)[xo

n,q
= dim Homppa s,y (3, HE (X)) -

7. TORUS EIGENSPACES OF THE HOMOLOGY OF SEMI-INFINITE DELIGNE-LUSZTIG VARIETIES

We return our discussion to the semi-infinite Deligne—Lusztig variety X associated to L* < D*.
Our goal is to understand the representations of D* arising from the #-eigenspaces Hl(f{ ,Q)[A],
where 6: L* — @EX . Once we understand the relationship between the (ind-pro-)scheme structure we
defined on X in Section 2.1 and the action of L x D*, the problem of computing the representations
Hl()N( ,Qy) can be reduced to the problem of computing the representations H:(Xj,Q,). This
reduction was already known by Boyarchenko [B12], and therefore, after we summarize [B12, Lemma
6.11, Corollary 6.12], Theorems 7.1, 7.2, and 7.3 follow from the theorems in Section 6.

We first define some terminology. If 8: L* — @EX is a smooth character, then there exists an h
such that the restriction 9’U}j is trivial. We call the smallest such h the level of §. We say that x € L*

is very regular if x € OF and its image in the residue field Fj, has trivial Gal(IFgn /F,)-stabilizer.

Later in this section, we will give a character formula for H;(X,Q,)[f] on the subgroup of D*
consisting of very regular elements of L*. It is known that in many cases, such formulae are enough
to pinpoint irreducible representations.

We give a quick outline of the proof of [B12, Proposition 5.19].

The action of L* x D* on X induces an (L* /UM x (DX/Ug(h_l)H)—action on X = Upez X ™.
Recall that X}, is a subvariety of X }/l(o) ~ X ,(10) X », whose stabilizer is
~ - - h— h—
Fo = ((m,w ) - {(6.¢7Y) - (UL/UE x UBUR" ™) € LUl < D jup*=*,
and X, is equal to the union of (L*)Ub x DX/Ug(h_l)H)—translates of (the image of) Xj. It
therefore follows that there is a natural isomorphism

(LX/Uh) (Dx juph=Hhy

(Xha QZ) = Ind HZ(X}M@Z)) .

By Proposition 3.11, H;( X}, Q) = Hf(”‘”(h‘l)‘i(){h,@) ® (q”(”_l)(h_l))deg. Theorem 7.1 now
follows.

Theorem 7.1. Let §: L™ — @Z be a smooth character whose restriction to UM is trivial and set
X :=0ly1. Then forrg:=2(n—1)(h—1) —ry
Hi(X, Q)] #0 <<= i=r,
Moreover,
o = Hyy (X, Q)[0] = Indlz)ox (m9) »
where 1, is a representation naturally obtained from 0 and He*(Xn, Qq)[x]. Eaplicitly:

(i) HeX (X, Qp)[x] extends to a representation 1y of Gy, i (Fy) = Fon X Up i (Fy) = D/Un(h D+
with Tr(ng(¢)) = (—=1)"0(¢), where ¢ € OF is very regular. We may view 1y as a represen-
tation of OF,.

(i) We can extend nj to a representation nj of 7% - OF, by demanding 7+ 0(r).
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Theorem 7.2. If 6: L* — Q, has trivial Gal(L/K)-stabilizer, then the D*-representation
H,,(X,Q)[0)] is irreducible.

Proof. To prove this, we need to show that the normalizer of the (Z - Oj)-representation nj in D*
is exactly Z - OF. To see this, it is sufficient to show that 7 is not invariant under the conjugation
action of II. Let 2 € O C O} be very regular. Recall that by Theorem 6.4 and the definition of 7,
given in Theorem 7.1,

Trog(z) = (=1)" - 0().
Since IT - x - TI"! = ¢(z), conjugation by II normalizes the set of very regular elements and

Trop(Il - - T171) = (=1)™ - 0(¢()).
Therefore, if § has trivial Gal(L/K)-stabilizer, then Z - O is the normalizer of nj in D*. O

Theorem 7.3. Let x € Of be very regular. Then
Trog(x) = (1) - Y 0(a).
~v€Gal(L/K)
Proof. We have

Trop(x) = > Troplgzg )= Y (1) -07(),

geD* /(Z-O}) Y€Gal(L/K)

ga:gflel-og
where the second equality holds by Lemma 5.1(b) of [BW13] together with Theorem 6.4. O
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