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ABSTRACT. Let K be a local non-Archimedean field of positive characteristic and let L be
the degree-n unramified extension of K. Let 6 be a smooth character of L* such that for
each nontrivial v € Gal(L/K), 6 and 6/67 have the same level. Via the local Langlands
and Jacquet-Langlands correspondences, 6 corresponds to an irreducible representation pg
of D*, where D is the central division algebra over K with invariant 1/n.

In 1979, Lusztig proposed a cohomological construction of supercuspidal representations
of reductive p-adic groups analogous to Deligne-Lusztig theory for finite reductive groups.
In this paper we prove that when n = 2, the p-adic Deligne-Lusztig (ind-)scheme X induces
a correspondence 6 — H,o(X)[0] between smooth one-dimensional representations of L*
and representations of D* that matches the correspondence given by the LLC and JLC.
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1. INTRODUCTION

Deligne-Lusztig theory gives a geometric description of the irreducible representations of
finite groups G of Lie type. In [DL76], Deligne and Lusztig introduce certain locally closed
subvarieties X in flag varieties over finite fields and prove that the irreducible representations
of G occur with multiplicity one in the f-adic étale cohomology groups H:(X,Q,). The
variety X has an action by G xT', where T' is a maximal torus in G, and the G-representations
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can (more or less) be picked off by considering the subspaces Hi(X,Q,)[6] of the cohomology
groups where 1" acts by some character 6.

In [L79], Lusztig suggests an analogue of Deligne-Lusztig theory for p-adic groups G. He
introduces a certain infinite-dimensional variety X which has a natural action of G x T,
and defines /-adic homology groups H;(X) respecting this action. One can then study the
correspondence 0 — H;(X)[f] between characters 6 of T and representations of G arising
from the subspace H;(X)[0] of H;(X) on which T acts by some character 6.

Consider the following set-up. Let K be a local non-Archimedean field of positive odd
characteristic and let L O K be the unramified extension of degree n. In the situation
that T = L* and G = D1X/nv where Dy, is the central division algebra over K with
invariant 1/n, the local Langlands and Jacquet-Langlands correspondences (LLC and
JLC) give rise to a correspondence between characters of T and representations of 7.
Indeed: To a smooth character 6: L* — @EX , one can associate a smooth irreducible
n-dimensional representation gy of the Weil group Wg of K, which corresponds to an
irreducible supercuspidal representation 7y of GL,,(K) (via LLC), which finally corresponds
to an irreducible representation py of D, (via JLC).

1/n
The main theorem of this paper is:

Theorem 1 (Rough Formulation). Let n = 2. For a broad class of characters 6: L* — @Z,
there exists an r (dependent on 6) such that

H(X)[6) = {’” si=r

0 otherwise.

In pictorial form, we have

0 6 X
1 2
o9 Gr(n)
p-adic Deligne-Lusztig 1 | Local Langlands
o Ag(n)
1 \L Jacquet-Langlands
Ho(X)l0] = pp  Ak(n)
where
X := {characters L* — Q, with trivial Gal(L/K )-stabilizer}
Gk (n) := {smooth irreducible dimension-n representations of the Weil group Wy}
Ag (n) := {supercuspidal irreducible representations of GL,,(K)}
A (n) := {smooth irreducible representations of Dlx/n}
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1.1. What is Known. In [B12], Boyarchenko presents a method for explicitly calculating
the representations H;(X)[f] and does so for a special class of characters 6 in the case when
G is the multiplicative group of the central division algebra with Hasse invariant 1/n over
a local field K, and T = L*, where L is the unramified degree-n extension of K. The
approach is to reduce the computation to a problem involving certain finite unipotent groups
and then develop a “Deligne-Lusztig theory” for these groups.

Before we continue, we must introduce some terminology. Let D/, denote the central
division algebra with Hasse invariant 1/n over K = F,((m)) for ¢ a p-power and let
L =TFg((m)). The level of a smooth character : L™ — Q, is the smallest integer h such
that @ is trivial on Uﬁ =14 7"0 C O;, where Oy is the ring of integers of L. The set
of characters of L* has a natural action by Gal(L/K). We say that 0 is primitive if for
any v € Gal(L/K), both 6 and /67 have the same level. (Equivalently, # is primitive if its
restriction to Uf_l has trivial Gal(L/K)-stabilizer.)

In Section 1 we recall the unipotent situation established by Boyarchenko in [B12]. We
describe a unipotent group scheme U ,TLL ! over F,, together with a subscheme X, C U, }? 7 that
comes with a left action by U} /Ul and a right action by U;"?(F4n). This unipotent group
depends on three parameters that are determined by the set-up in the following way. If 6
is a character of level h, then the computation of the eigenspaces H;(X)[f] for Dlx/n
K =F,((r)) will reduce to a computation of H:(Xp,,Q,)[x] for U;"!(Fyn), where x is the
character of U ]f / Uf induced by 6. To be completely clear, the three parameters n, g, and h
correspond respectively to the Hasse invariant of the division algebra, the size of the residue
field of K, and the level of 6.

In [BW11], Boyarchenko and Weinstein give a complete description of the Uy (Fyn)-

over

representations HE(Xs,Q,)[x]. They prove the following

Theorem (Boyarchenko and Weinstein). Given a character x: U} JU? — @EX , there exists
a unique r such that H'(X2,Qy)[x] vanishes when i # r and is an irreducible Uy (Fyn)-
representation when i = r. Furthermore, every irreducible representation of Uy (Fyn) occurs
with multiplicity one in @,c, HL(X, Q).

It turns out that the scheme Xj is very closely related to certain open affinoid of the Lubin-
Tate tower (see [BW11]), and in op. cit. Boyarchenko and Weinstein use the above theorem
to give a purely local proof of the local Langlands and Jacquet-Langlands correspondences for
a broad class of supercuspidals (those whose Weil parameters are induced from a primitive
character of an unramified degree-n extension). In [BW13|, Boyarchenko and Weinstein use
this result to give a geometric realization of the local Langlands and Jacquet-Langlands
correspondences in this class of supercuspidals.

The analogue of the above theorem of Boyarchenko and Weinstein for U;"?(Fgn) when
h > 2, however, was almost completely unknown. Indeed, the only higher level situation
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known was the case h = 3 and n = 2, which Boyarchenko computed in [B12] (see Theorem
5.20 of [B12]). The following conjecture appears in [B12].

Conjecture 1.1 (Boyarchenko). Given a character x: Ui /UM — Q,, there exists 1 > 0
such that HY(Xp, Qp)[x] vanishes when i # r and is an irreducible U, (Fgn)-representation
when 1 = 1.

Assuming Conjecture 1.1 holds, Boyarchenko gives a complete description of the D1X/n‘
representations H,(X)[0] based on the U;"!(F4n )-representations HZ(X)[x] (see Proposition
5.19 of [B12]). Thus, the problem of determining the representations H;(X)[f] arising from
Lusztig’s p-adic analogue of Deligne-Lusztig varieties, depends only on the Deligne-Lusztig
theory of the finite unipotent group U;"?(Fgn).

Remark 1.2. The varieties constructed in [L79] are not the affine Deligne-Lusztig varieties.
In [I13], Ivanov shows that there are no nontrivial morphisms from the cohomology of the
affine Deligne-Lusztig to Dlx/Z—representations of level > 1. This is not true for the varieties
in [L79] associated to division algebras (see Theorem 4).

1.2. Outline of this Paper. In this paper, we prove these two conjectures when n = 2 and
X: Ui/Ui‘ — @éx has the property that its restriction 1) := X|U£*1/U’g has trivial Gal(FF 2 /IF,)-
stabilizer. (In this situation, we say that ¢ has conductor ¢2.) Using Proposition 5.19 of
[B12]|, we can then describe the representations H;(X)[#] for primitive 8 of arbitrary level.

Let Ay denote the set of such x and let G, denote the set of irreducible representations
of U z’q(qu) restricting to a multiple of 1. In Section 2, we prove

Theorem 2. There exists a bijection
Ay <— Gy, X > Py

Using an explicit description of this bijection, we prove a certain character formula in
Section 3 that plays a crucial role in Section 5.

In Section 4, we prove that there are no nontrivial morphisms from p, to H(Xp,Q,) if
i # h — 1. This allows us to apply a variant of a Deligne-Lusztig fixed point formula (see
Lemma 2.13 of [B12]) in order to compute subspaces of intertwines in H(X}, Q). These
computations, done in Section 5, allow us to prove

Theorem 3. The cohomology groups Hi(Xp, Qp)[x] vanish when i # h — 1 and
Hy (X, Qo)X = py

In Section 6, we show how to carry out the arguments of Section 3, 4, and 5 in the special
case h = 3. This allows us to illustrate the structure and flavor of the proofs in a simpler
setting. It also gives a different proof of Theorem 5.20 of [B12].
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It is worth noting here that Theorem 3 is stronger than Conjecture 2; it requires consid-
erably more work to prove H"1(X),, Q,) & py than to prove its irreducibility (compare the
proofs of Theorems 5.1 and 5.2). Because we have an explicit description of the U i’q(qu)—
representations H(Xp, Q,)[x], we can use Proposition 5.19 of [B12] to explicitly describe the
Dlx/z-representations H;(X,Q,)[f]. The final theorem in this paper, whose rough formulation
was stated in the main introduction (see Theorem 1), compares the correspondence

to known correspondences between characters of L* and representations of division algebras.

We can now formulate Theorem 1 more precisely.

Theorem 4. Let 0: L* — @Z be a primitive character of level h and let pg be the DIX/2
representation corresponding to 6 under the local Langlands and Jacquet-Langlands corre-
spondences. Then H;(X,Q,)[0] =0 fori#h—1, and

Hp,1(X,Qp)[0] = po.

1.3. Acknowledgements. [ am deeply grateful to Mitya Boyarchenko for introducing me
to this area of research, and also for his support and advice. His work on Deligne-Lusztig
constructions for p-adic groups inspired most of the ideas of this paper. I am also extremely
thankful for his careful comments, corrections, and suggestions on early drafts of this paper.

1.4. Notation and Set-Up. Let K = ((7)) and let L be a degree-2 unramified extension
of K. We will work with the algebraic group U, 2’q, the higher unipotent group described in
[B12] and [BW11]. This group has a natural filtration

{1} C Hg(h_l) C H2(h—1)—1 Cc---CHyCH; = U}?’q,

where Hy := {1+ > a;7" :i > k}. We will also make use of the subgroup
H:={1+ Zaﬁi : 4 is even}.

We will work with a subscheme X} C Ui’q that is defined in [B12]. We restate this here.

For an Fy-algebra A and ay, ..., ays—1) € A, we will associate a matrix
; 1+aom+agm®+ -+ ay+agm+asm? + -+
1 T =
al +Zan) < a(fw+ag7r2—|—-~ 1—|—ag7r—|—a37r2+~- ’

which determines a map ¢y, from U, E’Q(A) to the set of matrices over A[[x]]/(7"). The p-adic
Deligne-Lusztig construction X described in [L79] can be identified with a certain set X
described in [B12], which has an ind-scheme structure given by

X =] lmx”.

meZ h
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By construction (see op. cit. for details), ¢t,(1 4+ > a;7%) is in the A-points )NCISO)(A) of )21(10)
if and only if its determinant is fixed by Fr,. We define X} C Ui’q to be L,;l()Z,go)).

The map ¢, has the following property, which we will refer to as Property 1. If A is an
[ 2-algebra, then ¢4 (2y) = tp(x)in(y) for all x € Us’q(A) and all y € Us’q(qu). Moreover,
forye U, i’q(qu), we have det(y) € F,[x]/(7"). It therefore follows that X, is stable under
right-multiplication by U,f’q(]Fqg). We denote by x - g the action of g € Ui’q(qu) on x € Xp.

We now describe a left action of H(FF,2) on Xj. We can identify H(F,) with the set
th(H(F2)). Note that by Property I, the map ¢, actually preserves the group structure of
H(F,2). Since v, is injective, then we in fact have a group isomorphism H (IF;2) = 15 (H (F,2)).
Explicitly, this isomorphism is given by

2% 1+ Z aog; " 0
1—|—Za2i7' — < 0 1+Zagi7ri> .

We already observed that det ¢, (H(F2)) C Fy[n]/(7"). Thus for any F-algebra A, the
natural left-multiplication action of ¢, (H(F,2)) on the set of matrices over A[[x]]/ (")
stabilizes X} (A). This defines a left action of H(F,2) on Xj." We denote by g *x the action
of g€ H(Fp2) on x € Xj.

An observation which will be frequently used throughout this paper is that we have
canonical isomorphisms

h—1 h—1
UL/UE = H(F ), 1+ e’ = 14> ar™
1=1 =1
Fp2 5 UP~H UL S Hygoy) (F2), ar1+ar 1+ ar?h-D,

Thus the left action of H(F2) can be interpreted as a left action of U7 /U " Because the
study of U, E’Q(an) and the cohomology groups H:(X}, Q) arose because of the interest
in computing the representations arising from Deligne-Lusztig constructions for division
algebras, we will often refer to the left H(F2)-action as the left (U} /Ul)-action.

2. THE REPRESENTATION THEORY OF Uf’q(Iqu)

In this section, we will describe a class of irreducible representations of U 2"1(qu) that
are in bijection with certain characters y: U} /U — @Z . Recall that we have canonical
isomorphisms U} /U = H(F2) and F 2 & Uhtjuh = Hy(p—1)(Fg2).

The additive characters of Fy» have a natural action by Gal(Fg/F,). We say that a
character ¢: Fgn — Q, has conductor m if its stabilizer in Gal(Fyn /Fy) is Gal(Fgn /Fgm).
In this paper we will only work with the case when n = 2 and only work with characters

IWarning: This is not the same as the left-multiplication action of H(F,2) C H(A) on UZY(A).
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:Fpe — @Z that have conductor 2. In this case, this just means that there exists some
x € Fy2 such that ¢ (z?) # ¢(x).

Let Ay denote the set of all characters x: Ui /UF — @Z whose restriction to U]’f_l/ up
is equal to 9. Let G, denote the set of irreducible representations of Ui’q(qu) wherein
Hy(j,—1)(Fg2) acts via ¢. In this section, we will prove the following theorem (see Propositions
2.10 and 2.18):

Theorem 2.1. If ¢ has conductor ¢, then there exists a bijection between Ay and Gy.

Furthermore, every rep of Gy, has dimension g1

The first subgroup of importance is the following:
Hy:={1+Y a7 :i=2(h—1) ORi> (h—1)is odd} C Uy
For an additive character 1) of 2, define the character ¥ of Hy(F,2) as
Ui Hy(Fe) > @, 14> ai = d(agg_1))-

Lemma 2.2. Let ¢ be an additive character of Fg2 with conductor q>. If p is an irreducible
representation of Ui’q(qu) where Hyg,—1)(F2) acts by 1, then the restriction of p to Hy(F2)
must contain @Z .

Proof. We prove this inductively. Let
Gp={1+ CL2(h—1)—17'2(h D=Lt ay 2(h— 2=,
Gy = {1 +a2(h71)7372(h71)7 +a2(h71)717' 2h—1)= +a2(h nT 2h=Dy,

Gl(n-1)2) = Ho.
Since
1+ ay(1)—1 72" D7+ ag TP = (14 agm 1 PP (L + agoy ™),
then every extension of 1 to G1(F,2) is of the form
1+ ag(—1y— 172"+ a1y 2P = vag-1y-1) ¥ (as-1))
for some additive character v of F2. Let ¢); denote the extension of ¢ to G1(FF,2) given by
1(1 + ag_1)_ 172" agg ) T20TY) = g (agg 1)
Forg=1-birand h=1+>Y a;7° € Gl( 2), we have
Sapr(h) = 1(g1hgy ) = i () (bral,, 4,y — blagp-1)-1).

Since v has conductor ¢?, every character of F,2 is of the form y +— ¥ (zy? — 29) for
some x € F2. Thus for any additive character v of F 2, there exists an g; such that
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Iiapy (h) = b1 (h)v(agp—1)—1). We may therefore conclude that the restriction of p to G1(Fg2)
contains 1.
We now work on extending 11 to G2(F2). Since

h = ho(1+ ag(_1y_3m>""D73),
where h € G2(F,2) and hg € G1(F2), then every extension of ¥ to G2(F,2) is of the form

h = v(agn—1)-3)¥1(ho),

where as before, v is some additive character of F 2. Let 2 denote the extension of 91 to
Go(F2) given by

2(1+ Y air) i= P1(1+ aguon)—1 7" 4 an_) 7Y = Pag-ny).
For go=1—bsr3 and h=1+ Y a;7" € G2(F,2), we have
Paho(h) = a(gahgy ') = 7/12(h)7l}(b3€lg(h_1)_3 — bias(h—1)—3)-

As before, this shows that the restriction of p to G2(F,2) contains )o.
Continuing this for each G;, we see that the conclusion of the Lemma holds. O

Now consider the subgroup H'(Fp2) C U, z’q(qu) defined as follows:

H(F.2) e {1+> a7 :iis even OR i > h — 1 is odd} if h is odd,
I {14+Y a;r*:iiseven OR i > h —1is odd; ap,_1 € F,} if h is even.

Recall that
2) = {1+ Zaﬂi :1=2(h—1)ORi>h—1isodd} C U,?’q(qu)
and in the case that h is even, define

(Fg2) = {14 air" :i=2(h—1) OR i >h—1is odd; ap_y € Fg} C Up9(F ).

The behavior of the representation theory of U s’q(qu) depends on the parity of h. At the
core of this distinction is the following.

Lemma 2.3. Let v be an additive character of F 2 with conductor q>. Then

(a) If g € H'(F,2), then gag~' € H}(F,2) and U(gag™t) = ¥(a) for all a € Hy(Fg2).

(b) Let h be odd If g ¢ H'(Fp), then there exists an a € H)(F,2) such that gag™" €
Hy(Fy2) but d(gag™ )#UJ( )-

(c) Let h be even and let 6 be any extenswn of ¥ to H) 1(Fp2). If g ¢ H'(F2), then there
exists an a € H{(F,2) such that gag™' € H{(F,2) but «9(gag DY £ 6(a).
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Proof. We handle (a) first. Con31der a=14Y a;7" € H)(F,2)and g = 1—|—Zb e H/(IF 2).
Then write gag™* = 1+ ¢;7". It is clear that if in fact g € H)(F2), then U(gag™) = ¥(a).

When h is odd, we can write g = ¢'¢g"” where ¢’ € H(F2) and g" € H)(Fpz). Thus all
that remains to show is that if g € H(F2), then U(gag™) = Y(a). Now, g = 14+ 3 b7
has the property that b; = 0 for ¢ odd. Since a; = 0 for all ¢ even, with the exception of
when i = 2(h — 1), we see that the only contribution of ¢ to the product gag—' occurs in ¢;
for i odd and i > h — 1. Thus gag™' € HO(IF' 2) and since the changes only occur in the odd
coefficients, we have that 1(gag™!) = ¢(a).

When h is even, we can write g = ¢'¢” where ¢’ € H(Fp) and ¢" € H{(Fpe). If
g=1+br""1¢e H{(F,2), then the coefficient of 7 2(h=1) in gag—! is equal to bal | —ap_1b7+
az(h—1) = Ag(h—1) Since ap—1,b € Fy. It follows that 1; is centralized by g. By the same
argument as in the previous paragraph, we see that H(IF,2) centralizes 1;, and this completes
the proof that H'(F2) centralizes V.

We now show (b) and (c). Suppose that g = 1+ > b;7% € Ui’q(qu) N H'(Fp). Let r
be the smallest odd integer such that b, % 0. By assumption, r < h — 1. We may write
g = (1+b7")g’, where the coefficient of 7" in ¢’ vanishes.

First assume that » < h — 1 and consider a = 1 + a2(h_1)_r7_2(h—1)—r € H)(F,.). Note
that gag~ € H)(F,2). We have U(g'a(g)) ™) = P(a), so

P(gag™") = P +b,7) (L + agp1) "D (1= b))
= (1 + a2 4 (bragg, 1y, — blas(p_1)—r)m2")
= ¢(a)w(brag(h_1)_r - bga2(h71)fr)7

Since 1) has conductor ¢2, then it follows that we can find az(h—1)—r such that the above
-+ 1p(a). Thus we have shown the desired conclusion with the assumption that r < h — 1.

If his odd, then g € U}?’q( 2) N H'(F2) forces 7 < h — 1, and thus (b) follows from
the above. Now let h be even and let 6 be an arbitrary extension of w to H| (Fg2). By
the above, we see that if » < h — 1, then there exists an element a € H{(F,2) such that
gag~' € H{(F,2) but 8(gag") # 6(a). Therefore all that remains to show is the case when
r=h-—1 Conmdera—l—l—ah 17"=1 € H{(F,). Then

0(gag™") = 0(a)p(bp—1al_, — b an—1) = 0(a)¥(an—1(bp—1 —b}_,)),

where the last equality holds since a1 € Fy. Since g ¢ H'(F2), we have b,y ¢ Fy, then
we see that we arrange for ay;,—1)—, € Fy to be such that the above # 6(a) (since 1 has
conductor ¢ and thus its restriction to ker Trp 5 /F, 18 nontrivial). This proves (c). U
q
, , -~ Uy (Fy2)
Corollary 2.4. Ifv is any extension of Y to H’(F 2), then the representation IndH,(]F 2) (v)

1s irreducible.
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Proof. By Lemma 2.3(b), we can apply Mackey’s criterion and conclude irreducibility. [

In Section 2.1 and 2.2, we will describe all such extensions v. We will also analyze
the following question: Given distinct extensions v and v’ of ¢ to H'(FF,2), when are the

U9(F UpY(F
representations Ind H}}(IF( 2‘1)2)(1/) and IndH}f(]F( 2q)2)
q q

question, we will need the following lemma. In the next two subsections, we will give a

(') isomorphic? To begin answering this

complete answer.

Lemma 2.5. The normalizer of H'(F2) in Us’q(qu) is equal to the subgroup
K:={1+ Zaﬂ'i 1 is even OR i > h — 2 is odd} C Ui’q(qu).

Note that when h is odd, then H’(qu) is an index-q*> subgroup of K, and when h is even,
then H'(F2) is an inder-q subgroup of K.

Proof. Let K be as in the statement of the lemma.

Let h be odd. To show that K normalizes H'(F;), we need only show that for b =
1+ Y biri € H'(Fpe) and g = 1 — ap—27"72, we have gbg~! € H'(F,2). But this is clear
since g only contributes to the coefficients of 7* for i > (h —2) +2 > h — 1.

Let h be even. To show that K normalizes H'(FF;2), we need only show that for b =
1+ Y b7 € H(Fpe) and g =1 — ap_17""!, we have gbg~' € H'(F,2). Again, this is clear
since g only contributes to the coefficients of 7* for i > (h — 1) +2 > h — 1.

Thus all that remains to show is that no other elements of U, Z’q(qu) normalize H'(F,z2).
Consider g = 1+ Y a;7° € Ui’q ~ H'(Fg2). Let r be the smallest odd integer such that
ar # 0. Then we may write g = (1 + a,7")g’ where the coefficient of 7" in ¢’ vanishes. Note
that by assumption 7 < h—2. Let s be the largest even integer such that 14+a7""* ¢ H'(F )
for a ¢ Fy. (If h is even, then s = h — 1 —r, and if h is odd, then s = h —r.) Then for any
beFpe, x:=(¢) (1 +br%)g € H(Fp) and

grg ' =1 +a )1 +br)A —apm" +---) =14 b7° + (a,b? — a,b) T + - -

In particular, we can pick b ¢ F,, and this implies grg~! ¢ H'(F,2). Thus we have shown
that K is contains the normalizer of H'(FF ), and this completes the proof. O

2.1. Case: h odd. Recall that we have
H :={1+ Zaﬁi 24 is even; or i > h — 1 and ¢ is odd}.
For x € Ay, consider the character on H'(F2) defined as

1+ Zaﬂi) =x(14+am+---+ ag(h_l)wh_l).
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Lemma 2.6. Let v be an additive character of F2 of conductor ¢%. If v is an extension of
¥ to H'(F2), then v = Xt for some x € .Aw Moreover,

In dH’(IF2 @X

X€A¢

Proof. The maximum number of extensions of ¢ to H’ (F,2) is equal to the index of Hy(IF2)
in H’(qu). That is, the maximum number of extensions is q3(h_1)/qh"'1 = @2(h=-D=2_Op
the other hand, it is clear that x! is an extension of ¢ and varying x € Ay gives g?(h=2)

distinct extensions v. Therefore in fact every such v is of the form . O

Lemma 2.7. Let ) be an additive character of Fg2 with conductor q?, and let x € Ay. The

representation
2 ,q
(Fy2)
Px = IndH,(F 2) (Xﬁ)

is irreducible and hence py € Gy.

Proof. Since x* is an extension of {/; to H'(FF;2), this lemma is just a special case of Corollary
2.4. O

Lemma 2.8. For x1,x2 € Ay, we have py, = py, if and only if x1 = x2
Proof. This follows from Corollary 3.2. 0

Corollary 2.9. Let v be a character of F,2 with conductor P Ifpe Gy, then p occurs

UPUF 2) , ~
with multiplicity one in the representation Vy, 1= IndH7 (I; 2‘7)2)(1@.
0\ q

Proof. Let p € Gy. It follows from Lemma 2.2 that the restriction of p to H(’)(IF 2) must

F
contain 1/} Therefore p is a direct summand of V,,. Lemma 2.6 implies that Ind (( 2))(w) =

D, < Ay x*. Thus
Upi(F2) = o 1 URI(EF ) N
IndH()(]Fq;) (¢) In d H'(F 2 ) @ X ) = @ Px-
XEAy XEAy
By Lemma 2.7 and Lemma 2.8, this a direct sum of nonisomorphic irreducible representations,
and this completes the proof. O

We have now shown the following.

Proposition 2.10. Let ¢ be a character of F,2 with conductor q®. There is a bijective
correspondence

.Aw — gw
and this correspondence is given by

X < Px-
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Furthermore, every representation in Gy has dimension gt

Proof. Injectivity follows from Lemma 2.8. Surjectivity follows from Lemma 2.9. Thus every
representation of Gy, is of the form p,, which has dimension equal to \Us’q(quN JIH'(Fpe)| =
gD Bh=1) = gh1, 0

2.2. Case: h even. We first recall some general facts about group representations. Suppose
that G is a group and H, K, N C G are subgroups such that H = K - N. Note that if y is a
character of K and 0 is a character of N such that x = 6 on the intersection K N N, then
the function f(k-n) := x(k)f(n) is well-defined. Now let x and 6 be multiplicative. If K
normalizes N and K centralizes #, then in fact

f(k‘lnlkgng) = f(k‘lk‘z(kglnlkgng)) = X(k‘lkg)@(nlng) = f(klk‘gnlng),

so f is multiplicative.
We now apply the above to the situation when K = H(F,.), N = H{(F;) and H =
H'(F,2). Recall that we have

H(Fp) = {1+ Zal ;1 is even}

H{(Fpe):={l+» a7’ :i=2(h—1)ORi>h—1lisodd; ap_y € Fy}

H'(F,2) —{l—l—Zal :iis even OR i > h —11is odd; ap—1 € Fy}

Note that H|(F) is an abelian subgroup of Us’q(qu) containing Hy(F,2) as an index-q
subgroup. Thus there are g extensions of 1; to H{(F,2). Given such an extension § and
given x € Ay, we wish to construct a character y of H’ (F42) that extends both x and zz
(This is the analogue of x* in the case that h is odd.)

We see that H(Fg2) N H{(Fg2) = Hyp—1)(Fg2) and that x and 6 agree on this intersection.
Now define

Xo(kn) = x(k)8(n)  for k € H(F,2) and n € H{(F ).
This is well-defined.

Lemma 2.11. The map Xg: H'(F.2) — @Z is a group homomorphism.

Proof. It is enough to show that H(IF,2) normalizes Hl( ,2) and that H(FF;2) centralizes
6. Write k =14 > a;7' € H(F2) and n =14 > b;7* € H{(F2). Since the only nonzero
terms of k are as; 7%, then n only differs by knk~! in the coefficients of 7¢ for ¢ odd and
> h—1. Thus H(qu) normalizes H1(F2). Moreover, the coefficient of r2h=1) iy knk—1n~t
is equal to by(;,_1). Since 0 is an extension of zz, then it follows that H(F ) centralizes 6.
This completes the proof. O
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Lemma 2.12. Let v be an additive character of Fp2 of conductor ¢>. If v is an extension
of¢ to H'(F2), then there exists a 0 and x € Ay such that v = Xg. Moreover,

Ind fﬂ(Fz €£9 efa Xo-

0 xeAy

Proof. The maximum number of extensions of ¢ to H’ (Fp2) is [H'(Fpe) : H)(Fp)| =
PO gt — g2(h=1)=1 (Op the other hand, it is clear that Y is an extension of ¥ and

2(h—2)+1

varying x and 6 give rise to ¢ distinct extension v. Therefore in fact every such v is

of the form . O

Lemma 2.13. Let 01 and 0y be extensions 0f1/1 to Hl( 2). Let X; := Xxp, fori=1,2. Then

Upi(Fg2) | o1 (Un(Fg2)
IndH,(F S = Ind G, q)(XQ).

Proof. Suppose that 6; and 65 are any extensions of 1/) to H{(F,2). Recall that the corre-
sponding characters Y1 and Y2 of H’ (Fg2) are defined as

Xi(kn) = x(k)bi(n),
where k € H(F,2) and n € H|(F;2). Note that for any g € U}?’q(lﬁ‘qz), we have

b= (gkg™")(gng™").

Now consider the element g = 1 — ar"! € Ui’q(qu). Since h is even, h — 1 is odd, and
X1(gkg™1) = x(k). Therefore

gkng~

IX1(kn) = x(k) - 901 (n).
We thus see that to show that X1 and Yo are Ui’q(lﬁ‘qz)-conjugate, it suffices to show that
there exists a g = 1 — ar"~! € UP(F2) such that 96; = 6,.
Now, for any n =1+ Y b;7" € H{(F,2),

gng~t = (1 - arh_1> (1 + Z bﬂ‘i) (1 +arh™t 4 aq+17'h_1)

h—1<i
=1+ ( Z bi7i> + (bz(h—l) + bp_1a? — ab?hl)TQ(h_l).
h—1<i<2(h—1)
Thus
961 (n) = 01(n)(bp—1a? — abj_,).
From here, we need only show that #{90 : g = 1 — a1} = ¢, where 6 is any extension of

1 to G.
Noting that b, € Fy since b € G, the above computation shows that

01(gng™") = 01 (n)p(bp—1a? — aby_1).
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Since ¢ has trivial Gal(F,2 /F,)-stabilizer, then in particular it is nontrivial on ker Trg , /. It
q

is not difficult to show that every additive character of F; can be written as b — 1 (b(a? —a))

for some a € F 2. This completes the proof. O

Lemma 2.14. Let ¢ be an additive character of ¥y with conductor q?, and let x € Ay .

The representation
U2’q(F 2) .
Px = IndH};(Fqu) (X@)

is irreducible and hence py € Gy.
Proof. This is a special case of Corollary 2.4. (|

Remark 2.15. Note that by Lemma 2.13, the chosen extension 6 does not change the

Upi(F o), -
H/

representation Ind (F 2) (Xo). This justifies the suppression of # in the notation p,
q

introduced in Lemma 2.14.
Lemma 2.16. For x1, X2 € Ay, we have py, = py, if and only if x1 = Xe.

Proof. From Lemma 2.5, we know that there are at most ¢ characters v of H'(F,2) such

U>Y(R
that IndH}ﬁ(F( 2‘1)2)(y) = py. From Lemma 2.13, we have found ¢ such characters, namely
q

2,9 2,9
Xo. Therefore we have Indg{} F 2)(1/) = Indgﬁ(F 2)(u’ ) if and only if there exists x € Ay,
q q

and extensions 6 and @’ of ¥ to H{(F,2) such that v = Xy and v/ = Xj. The desired result
follows. O

Corollary 2.17. Let ¢ be a character of Fp with conductor . Ifpc Gy, then p occurs
. o . . _ Upd(F2) ~

with multiplicity q in the representation Vy, 1= IndH()(qu;) (¥).

Proof. This follows from Corollary 3.2. U

We have now shown the following.

Proposition 2.18. Let ¢ be a character of F,2 with conductor q>. There is a bijective
correspondence

Aw < gw
and this correspondence is given by

X < Px-

Furthermore, every representation in Gy has dimension 1.

Proof. Injectivity follows from Lemma 2.16. Surjectivity follows from 2.17. Thus every
representation of Gy is of the form p,, which has dimension equal to |U§’q(IFq2)| JIH'(Fpe)| =
gD B = gh1, 0
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3. A CHARACTER FORMULA

In this section we establish a character formula for certain representations of U, i’q(qu).
The main consequence of this formula is that we will be able to decompose the irreducible
representations p, of Ui’q(IF‘qﬂ as representations of the subgroup H(F,) C U, ,3"1(1qu).
Moreover, we will show that for an additive character ¢: F2 — @Z of conductor ¢2, the
elements of G, are uniquely determined by their restrictions to H(F,2). The character
formula (Theorem 3.1) and its consequences (Corollaries 3.2 and 3.3) play a fundamental
role in Section 5

We establish some notation first. Recall the subgroup H C U ,?’q and, abusing notation,

define
h—1

H:=H(Fz)= {1+ anr®} CUFgp).
i=1
We will also need the subgroups
k—{l—kz:aZ zevenORz>k5}CU’q( 2),
K: =N, C Uh’q( 42)-

Given a character x: H — @Z . let x* be the character of K defined in Section 2 (note that
K = Hy(F;2)). Let py be the irreducible U, z’q(qu)—representation constructed in Section 2

and recall that
o d Qq( )(Xﬁ) ~ Px if his Odd,
q-py if hiseven.
Define
G ::{l—i—ZanieH:agiqu for1<i<k}CH.

We define G := H. Note that the center of Ui’q(qu) is exactly Gj,—o. We thus have a tower
of subgroups
Z(Ui’q(F(f)) =GpoCGps3C---CGiCGy=H
In this section, we will often write 1 + > a;7° = 3 a;7%, where it is understood that
79=1and ay = 1.
The main results of this section are the following theorem and its corollaries. All proofs
are in Section 3.1.

Theorem 3.1. Let x be a character of H whose restriction to Hyj,_1) has conductor q>.

Let py denote the irreducible representation of Uz’q(]qu) constructed in Section 2. Then as
elements of the Grothendieck group of H,

px = (=1) ( X+Z q+11ndH()>-



16 CHARLOTTE CHAN

Since H is abelian, Theorem 3.1 allows us to easily read off the decomposition of p, as a
representation of H.

Corollary 3.2. Let x be as in Theorem 3.1. Let A(x) be the collection of all characters
0: H— @Z such that, for some even k, 0 agrees with x on Gp_o_ but not on Gp_9_p_1.
(a) If h is odd, then the restriction of py to H comprises

1 copy of X,
q+ 1 copies of 0, for 0 € A(x).

(b) If h is even, then the restriction of py to H comprises
q copies of x,
{q + 1 copies of 0, for 6 € A(x).
An immediate consequence of Corollary 3.2 is

Corollary 3.3. Let p be an irreducible representation of Uz’q(qu) wherein Hyg,—1)(Fq2)
acts via a character v of conductor ¢>. Then p is uniquely determined by its restriction to
H(F).
3.1. Proof of Theorem 3.1 and Corollary 3.2. The proof of Corollary 3.2 hinges upon
Theorem 3.1, whose proof hinges upon the following proposition.
Proposition 3.4. Let s € H.

(a) If s € Gp—a, then

Tr py(s) = ¢""x(s).
(b) If s € Gp—o— ~ Gp—o—k+1 for some 1 < k < h—2, then
Tr py(s) = (=1)F¢" 1 Fx(s).

The organization of this section is as follows: we will prove a sequence of lemmas (Lemmas
3.7 to 3.16), which will allow us to prove, in quick succession, Proposition 3.4, Theorem 3.1,
and Corollary 3.2.

U YR
Remark 3.5. The representation Ind Kh ( qQ)(Xﬁ) is a sum of copies of p,; it consists of 1
copy when h is odd and ¢ copies when h is even. Thus, to prove Proposition 3.4, it suffices
to compute the sum

U>9(F 1
Trind," C%(xF)(s) = Tl >, xi(st™h)  forseH,
tEUi’q(]FqQ)

where

Ag) = {xﬁ(g) if g € K,

0 otherwise.
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Since G, is the center of Ui’q(Fqg), Proposition 3.4(a) is easy. Lemmas 3.7 through 3.16
build up to the proof of Proposition 3.4(b).

Remark 3.6. Note that
h—1

s=1+ Z 50,7 € Gpoogy N Ghoo_k41
=1

is equivalent to the conditions
S9; € Fq ifit<h—2-k, and 89(h—2—k+1) ¢ Fq.

Lemma 3.7. Fvery element of Ui’q(qu) can be written in the form

hfl)fl) .

(1—arm)(1 —azm®)--- (1 - az(h,l),lTQ( g for some g € H.

Proof. We prove this inductively. It is clear that every element of Ny, _1)_o can be written
as

(1— aTQ(hfl)*l) g for some g € No(j_1)—1 = H.
We now show that every element of Np_; for £ odd can be written as
(1—at®)-g for some g € Nj.

If we write
(1 art) g = (1—ar) - (g = ot
then we have
S; = i ifigk‘—l,
s; =gi—agy , ifi>kandqis odd,
Si = G; if i > k+1 and i is even.
Note that in this notation, we automatically have gy = sg = 1. From here, we see that if

we pick any 3 s;7° € Nj_1, then we can pick an a and g;’s satisfying the above so that
3" gitt € Ni. Explicitly, we can let

gi = S; ifigk—l,
a4 = — Sk,
gi = Si ifi>k+1,ieven

gi=s;+ag! , ifi>k+2, iodd

Note that go; and go;41 are defined independently and that the go;11’s are defined recursively.
This completes the proof. O
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Lemma 3.8. Let s =) s;7' € UE’q(FqQ) and let r be an odd integer with 1 < r < 2(h —1).
Then if we let s =Y sit' = (1 —ar")s(1 — at") ™! for some a € F2, we have

, Ly =1 ... 1
S, = Sp + E —q4 +q¢" gt <ng _ 32m)
r(l+1)+2m=n
>0
L L S S W q
+ E —a (as3,,41 — a¥s2m11).
r(l+1)+2m+1=n
>0

Proof. Let b= b;7" = (1 —a7") ! for a € F2. Then it is easy to see that

1 if 1 =0,
-1 -2 ep -
b = ad TOHHeRL g i = >0,
0 otherwise.
This implies that
o —as® b b —as? b b?
Sy, = Sp + 89,010 + S2m0(141)r + AS9m410r + S2m4100 ¢,
r(l+1)+2m=n r(l+1)+2m+1=n
>0 >0
Lygl—14... 1
=t D> T — )
r(l+1)+2m=n
1>0
R L R W q
+ Z —a (as3,,41 — a¥s2m11).
r(l+1)+2m+1=n
>0

In the last step, we used the fact that a? T +¢ = (q¢' '+-+1)a* = a7 ++1 gince
a € qu. O

For the next few lemmas, we need an auxiliary definition.
Definition 3.9. If s€ 1+ a;7° € Us’q(]Fqg) is such that
SQiGFq ifigh—Q—k‘,

sy ¢Fy ifi=h—-1-k, (Property *)
si=0 ifiisodd and i <2(h—1)—k,

then we will say that s satisfies Property x for k.

Remark 3.10. It is implicit in the formulation of Property * that we must have k < h — 2.
Thus the second condition (regarding which odd coefficients vanish) implies that s € K.
Note further that if s € H satisfies Property %, then s € Gp_o_ N~ Gp_1_p.
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Lemma 3.11. Suppose that s € U,f’q(Fqg) satisfies Property x for k. Then for any g € H, the

1

element gsg~" also satisfies Property x for k. Furthermore, if we write gsg™' = 5" = s;Ti,

then
S’Qi = S9; for all .
Proof. By Lemma 3.7, we can write s in the form

2h=1)=1y g for some ¢’ € H.

(1—arm") (1 —agr®)-- (1 — ag(h—1)-1T
By assumption, we can take a; = 0 for i < 2(h — 1) — k. Since H is abelian, then for any
geH,

2(h—1)—

959~ =g(1 —arm") (1 —asr®) -+ (1 = ag(p1y17 Ng -4

Thus all we need to show is that for 7 > 2(h—1) —k odd and a € F2, g(1—ar")g~! satisfies

-1

Property * and that the coefficients of 72/ in g(1 — a7")g~! vanish. But this is clear since

the only contribution of g to this conjugated element appear in the coefficients of 77+2¢. [

Lemma 3.12. Suppose that s € Ui’q(FQQ) satisfies Property x for k. Then for any odd r > k
and a € F 2, the element (1 — at")s(1 — at") ™" also satisfies Property * for k. Furthermore,
if we write (1 —a7")s(1 —ar")™t =8 =" slr', then

8,22- = S9; for all 1.

Proof. Consider the element 1 — a7” € Ny with r odd. Combining Property x and Lemma
3.8, we know that if we write s’ = (1 — a7")s(1 — ar”)~!, we have

/ l -1 ... 1
S, = Sp + E —a4 +q¢" "+ +g+ (ng _ SQm)
r(l+1)+2m=n
>0
m>h—1—k
¢ Vg 2tgr 1y, g q
+ E —a (as3,,41 — a¥s2m11).
r(l'+1)+2m+1=n
I’>0

2m+1>2(h—1)—k+1
Using that n =141 (mod 2) and n =1’ (mod 2), the above implies, in particular,

{s% =s, ifnisoddand n <min{r +2(h—2—-k),2r+2(h—1)— k}, (1)
/

=s, ifniseven and n < min{2r +2(h —2 —k),r+2(h — 1) — k}.
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If k is odd, then by assumption » > k + 2 and
min{r + 2(h—2 —k),2r + 2(h — 1) — k}
>min{k+2+2h—2—-k),2(k+2)+2(h—1)—k}
=2h—-1)—k,
min{2r + 2(h—2 — k), 7 + 2(h — 1) — k)

> min{2(k +2) +2(h — 2 — k), k+2+2(h — 1) — k}
=2(h—1)+2.

Thus Equation (1) implies

S

s =8, ifnisoddand n <2(h—1)—k,
! =5, ifnisevenandn <2(h—1)+2.

If £ is even, then by assumption » > k£ + 1 and
min{r + 2(h—2 — k),2r + 2(h — 1) — k}
>min{k+14+2h—-2—-k),2(k+1)+2(h—1)—k}
=2(h—1)—k—1,
min{2r 4+ 2(h—2 —k),r +2(h — 1) — k}
>min{2(k+1)+2h—2—-k),k+1+2(h—1)—k}
=2(h—1).
Note that if n is odd and n < 2(h — 1) — k for k even, then in fact n < 2(h —1) — k — 1.
Thus Equation (1) implies
{sgzsn if nis odd and n < 2(h —1) — k,
Sn

=s, ifniseven and n <2(h—1),

Therefore we have shown that for s’ = (1 — a7")s(1 — a7")~!, we have

sh=8,=0 ifnisoddand n <2(h—1)—k,
$p =sn €F, ifniseven and n <2(h—2—k)
sp =5n ¢ Fy ifniseven and n=2h—1—k)
s = sn if n is even.
Thus s’ satisfies Property *. O

Lemma 3.13. Suppose s =1+ 5,7 € Us’q(qu) satisfies Property x for k. Then for any
t € Ni, the element tst™1 also satisfies Property  for k. Furthermore, iftst™t = s =" sirt
then

7

Sh; = 89 for all 7.
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Proof. By Lemma 3.7, we can write ¢t € N in the form
(1—am™)(1 —azr3)--- (1 - az(h_l)_172(h—1)—1) g for some g € H.

By assumption, the coefficient of 7% in ¢ vanishes for odd ¢ with i < k. Thus we take a; = 0
for i < k. Furthermore, by Lemma 3.11, proving that tst~! satisfies Property  for k is
equivalent to proving that gsg~' has Property % for k& and that for any r > k odd and
a€Fp, (1—ar")s(l—ar")~! has Property * for k. But we already know from Lemma
3.11 and 3.12 that this holds. Furthermore, Lemma 3.11 and 3.12 imply s}, = s9; for all i.
This completes the proof. O

Lemma 3.14. Let s € Gp_o_ ~ Gp_9_k11. Then
o (tst™h) = xF(tst™h) = x(s) for any t € N.

Proof. Let t € Nj. The assumption s € Gp_o_ ~\ Gr_1_; implies that s satisfies Property
% for k. Thus by Lemma 3.13, the element tst~! also satisfies Property x for k and the
even-degree coefficients of tst~! agree with the corresponding coefficients of s. The desired
conclusion follows. O

Lemma 3.15. Suppose s satisfies Property x for k where k is odd. Then
> (1 —ar)s—arh) ™) = ~(g+ Dx¥(s).
aEIE‘:2

Proof. The first half of this proof is very similar to the proof of Lemma 3.12. Assume
a€ FqXQ and write s’ = 3" 87! = (1 — a7*)s(1 — a7*)~!. Combining Property x and Lemma
3.8, we know

/ ! -1, ... 1
S, = Sn + E _— +q" gt (ng _ 32m)
k(l4+1)+2m=n
>0
m>h—1—k
¢ g 2 tg 1y, g q
+ E —a (as3,,41 — a¥s2m11).
kE('+1)+2m+1=n
>0

2m+1>2(h—1)—k+1

Using that n =1+ 1 (mod 2), we see that the above implies, in particular,

{s;1 =s, ifnisoddand n <min{k+2(h—2—k),2k+2(h—1) — k},
Sn

=5, ifniseven and n <min{2k +2(h —2—k),k+2(h—1) — k}.

In the min expression, the first expression comes from the vanishing of terms in the first sum
and the second expression comes from the vanishing of terms in the second sum. Simplifying
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these expressions gives us

)

and also tells us that when n = 2(h — 1) — k and when n = 2(h — 1), the contributions to
s — s, come from terms in the first sum only. More precisely, we have

sty =58n —a(s? | —sn_k) ifn=2h-1)—k,
sl =sn—al™(s? . —sn_9r) ifn=2(h-1).

=5, ifnisoddandn <2(h—1)—k—2,
=5, ifnisevenandn <2(h—1)—2.

(2)

3T 3T

3)

Since k < h —2, then 2(h — 1) — k > h. Thus since s € K, Equation (2) implies that s’ € K.
Recalling the definition of X&, Equations (2) and (3) imply

XQ(S/) = Xﬁ(s (11— anrl(Sg(h—l)—k - 52(h—1)*k)7'h71))

1
= Xﬁ(s) : ¢(—aq+ (sé(h,l),k - SQ(h—l)—k))-
Note that since s satisfies Property = for k and a # 0, then —aq“(sg(h,l),k — So(h—1)—k) F
0. Furthermore, this element is in ker(Tr]Fq2 /Fq). Since ¢ has conductor ¢?, we know
that its restriction to ker(Tr]Fq2 /]Fq) is nontrivial. Notice that ranging a € IF‘qX2 allows

_aq+1(sg(h71)ik — S9(h—1)—k) to take each nonzero value of ker(TJrng2 /F,) exactly ¢+ 1 times.
Therefore, for any s satisfying Property x for k,

S A —art)s(—arh) ) = xi(s) 3 w(—at (s — s2tne1)

a€]F:2 aeIF:Q
= —(g+1) - X (s). O
Lemma 3.16. Let s € Gp_o—j ~ Gp_o_k1+1. Let ni,...,n, be a decreasing sequence of

consecutive odd numbers starting from ny = 2(h — 1) — 1 and assume that n, < k. Then

Z (1 =apr™) - (1 —arm™)s(1 —arr™) - (1 —a, ™) = 0.
al,...,arquz
ar#0

Proof. Let g= (1 —a,7")--- (1 —aym™). lf n, +2(h—1—k) < h — 1, then we see from
Lemma 3.8 that the coefficient of 77 T2(h=1-k) i gsg=1 is

_ar(sg(h_l_k) - 52(h—1—l<;)) # 0.

Thus gsg~! ¢ K and Xg(gsgfl) = 0. We may therefore assume that n, > 2k — (h — 1).
Let f be such that n, +ny = 2k (so that n, +ny +2(h —1—k) = 2(h — 1)).Note that
such an f exists by the assumption n, < k. To prove the lemma, we will prove the following
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sum identity. Fix a; € Fp2 for 1 <i <7, i # f, and assume that a, # 0. Then

(@ =ar™) (1= am™)s(1 —arr™) e (1= apm™) ) = 0. (4)
afe]FqQ
It is clear that once this is established, the lemma follows immediately. We thus focus the
rest of the proof on proving Equation (4).

Write g = (1 —a,7"") -+ (1 —a;7™). We must study the contribution of as in gsg~!. By
construction ny is odd and s € H. Thus ay can only contribute to the coefficient of 72l in
conjunction with (at least) one of the other a;’s for 1 <i <r.

For convenience, let gsg™' =1+ Y ¢;7%. First observe that since s € Gj,_o_j, we have
Sgi —59; =0 for 1 <4< h—2—k, and thus the smallest odd 4 such that ay has a nonzero
contribution to ¢; is when i = 2(h —1—k)+ny >2(h—1—k)+2k—(h—1) = h— 1. Thus
we see that gsg~! € K for ay = 0 if and only if gsg~! € K for any ay € Fy2 (remember that
g depends on ay).

If gsg~' ¢ K, then we are done. Now assume gsg~ ' € K. By construction, the value of
x*(gsg™") depends only on the coefficients cg; for 1 <i < h — 1. If ay contributes to some
c2i, then we must have

2i >ng+n,+2(h—1—-k)=2(h—1).
Thus ay only contributes to ¢y, —1). Furthermore, its contribution to co;—1) is
ara‘}sz(h_l_k) - cLW'sg(hilik)ajP - afsg(hflfk)a? + So(h—1—k)asas
= —(araﬁc + a?@f)(sg(h,l,k) — 89(h—1—k))-

One can see this by computing (1 — a, 7" )(1 — arr™)s(1 —apr™ )" (1 — a7 )~L.) Thus
f f

Xa(gsg™") = XF(gsg™") = XF () - (—(araf + afag)(s§, 4 g — S2h-1-8))s

where v does not depend on the choice of ay € Fy2. Thus

Z XE(QSQ_I) = Xﬁ('V) : Z w(—(ara(} + agaf)(sg(h_l_k) - 52(h—1—k)))'

(IfE]FqQ afqu2

Note that for any ¢ € Fy, any solution = to a,2? 4+ ajx = ¢ must satisfy 27 = z. Thus

varying ay € F 2, the quantity ara; + afay takes the value of each element F, exactly ¢

times. Since sg(p_1_g) ¢ Fy, then —(ara‘} + a?af)(sg(h_l_k) — So(h—1-k)) attains each value

of ker Try , /g, exactly ¢ times. By the assumption that ) has conductor ¢?, the restriction
q

of ¢ to the subgroup ker TrIFQ2 /F, 1s nontrivial, and thus

Z w(_(aragf + agaf)(sg(h_l_k) - 32(h—1—k))) =0.
afGFqQ

Equation (4) follows. O
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We are now ready to prove Proposition 3.4, Theorem 3.1, and Corollary 3.2.

Proof of Proposition 3.4. 1t is easy to see that

g h=1)—k if k£ is even,
| Nl = A(h=1)—(k+1) ¢ 1. ; (5)
q if £ is odd.

We will use this at various points in this proof.
If s € Gj—9, then s is central in U,f’q(IFq2). Thus for any ¢ € Us’q(Fqg), tst! = s and

1 Z st = WX o) = "' x(s) if hisodd
K| °

- h . .
1URE ) K| q" - x(s) if h is even.

Thus by Remark 3.5, we have

Lox(s).

Trpy(s) = q"
This proves (a).
Let s € Gj—o— ~ Gp_o_+1. We first handle the case when k is even. We have
dooxdsth =) xhstTh+ Y At
teUpI(F 2) tEN, t¢ Ny,

(1) (2

By Lemma 3.14, we know
(1) = |[Ng| - x(s). (6)
By Lemma 3.7, we know that every element ¢ € U, h’2(qu) can be written in the form

(1—arm")(1 = ast®) -+ (1 = agg_1y—1 72"V g

for some g € H. Since H is abelian, this implies that gsg~! = s, and the assumption ¢ ¢ N

implies that there exists ¢ odd with i < k such that a; # 0. Thus

(2) = [H]|- > Xb(asa™t) =0,
aiEqu
Ji < k, with a; #0

where a = (1 — ay7)(1 — az73) - (1 — a2(h_1)_172(h_1)_1), and the last equality holds by
Lemma 3.16.
Therefore,
1
= Xh(tst ™)

K|

_ N ) = {qh‘l"“-x(S) h odd,
tEU}QL’q(FQQ)

K] " %-x(s)  heven.

Recalling Remark 3.5, this finishes the proof of the proposition in the case k is even.
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Now let k£ be odd. By Lemma 3.7, we have

S st = S st )+ S A (1 —artytst (1 — o))

2,q tEN teN,
tel, (qu) €Nk € L
a€lF7,

(1 !

@)
+ > Xo(tst™).

t¢ N
Ji<koddst.t; #0

-~

3)
By Lemma 3.14, we know
(1) = [Nkl - x(s)- (7)

By Lemma 3.13, we know that given s € Gp—o_ \ Gp—2—k+1 and t € Ni, we have that
tst~! satisfies Property % for k and that y*(tst~') = x(s). Thus by Lemma 3.15, we have

> @ —arfytst T (1 —am?) T = —(g+ DxP(Esth) = —(g+ Dx(s).
aEFXQ
Therefore
(2) = —[Nkl(g+ 1) - x(s). (8)

By the same argument as the case when k is even, it follows from Lemma 3.7 and Lemma
3.16 that

(3)=0
Therefore,
1 |
K] > XhstTh) = K ([ Nk - x(s) = [Nk|(g + 1) - x(s))
teUPY(F 2)
=g x(s)  hodd,
| =g x(s) h even.
By Remark 3.5, this finishes the proof of the proposition when k is odd. O

Proof of Theorem 3.1. Consider the (virtual) H-representation

p=(-1 (q X+Z q+11ndc()>
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Since H is abelian, its trace is very easy to calculate: using |H|/|G;| = ¢', for any s € H,

h—2

(—1)'(¢ + 1) TrIndg, (X)(5)>

(=1)'(a+1)q" - Le;(s) X(5)> :

Therefore:
(a) If s € Gp_2, then

Trp(s) = (-1)" - <q+z )'(q+1)g ) ¢" - x(s).

(b) If se Gpo r~Gp_9 k11, then

h—2—k
Trp(s) = (-1)" - x ( > (=g +1)q )Z(—l)"”qh‘l"“-x(S)-

=1

Comparing this with Proposition 3.4, we see that
py(s) = p(s) for all s € H(F2).

Therefore p, = p as elements of the Grothendieck group of H. 0

Proof of Corollary 5.2. Given a character 6: H(F,2) — @Z, we can read off its multiplicity
from the result of Theorem 3.1. Indeed, since H is abelian, then if 6 is an H-character
that agrees with x on some subgroup G,, but not on G,,_1, then it occurs exactly once in
Indgi(x) for every i > m and does not occur in Indgz_ (x) for i < m — 1. Therefore:

(a) The character x occurs in p, with multiplicity equal to

(1" (q —(q+ D)+ (+1) =+ (=)' 2+ 1))
J(=D(@—(g+1) =1 if hisodd,
- q if h is even.

(b) Let 6 be a character of H such that, for some odd k, 6 agrees with x on Gp_o_
but not on Gj_2—k—1. Then 6 occurs in p, with multiplicity equal to

(U (D2 g+ 1)+ ()2 (g 1) =0,

since this is an alternating sum of k£ 4+ 1 terms and & is odd.
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(c) Let 0 be a character of H such that, for some even k, 6 agrees with x on Gp_o_,
but not on Gj_2_;—1. Then 6 occurs in p, with multiplicity equal to

(D" ("2 g+ 1)+ (<) 2+ 1)
= (-D)"=)"(g+1) =q+1.
(d) Let 6 be a character of H that does not agree with x on Gp_9. Since Gp_3 is in

the center of Us’q(Iqu), then the restriction of p, to G—_2 must be a sum of x|q, ,-
Therefore the multiplicity of 6 in p, must be 0.

This completes the proof. O

4. MORPHISMS BETWEEN H!(X}) AND REPRESENTATIONS OF U}f’q(qu)

Let HS(Xp) = @D,y Hi(Xn, Q). The aim of this section is to compute the space
Homy 2.0 2)(V,/,, H?(X}p)). Recall that
h q

UPUF o), ~
Vy = IndHZ(]quq) (¥),

where ¥ is the extension of ¢ to Hy(F,2) defined in Section 2.
In the following theorem, we prove a clean way to express the equations cutting out the
scheme X, C U, 2"1. This will be heavily used in this section, as well as in the next section.

Theorem 4.1. The scheme X;, C Ui’q is defined by the vanishing of the polynomials

2k—1

2 . 2
for = (a3 — azk) + E (—1)'af(a3;,_; — azx—)
i=1

for1<k<h-1.

Proof. Tt suffices to verify this claim at the level of F,-points. Recall that we have an
embedding of U i’q(Fq) into the set of matrices over Fy[r]/(7") given by

2(h—1) ) )
; 1+aem+aym*+--- ar+az3m+asm+---
01 T .
i L ; it ( alm +adn? + - 1+adr +am?+ -

The determinant of ¢, (1 + 3" a;7%) is a polynomial in 7 with coefficients in F,. Let ¢; be
the coefficient of 7* in this determinant. By definition, 1+ 3" a;7% is in X}, (F,) if and only
if cz =ci for k=1,...,h — 1. Note that ¢ is a polynomial in ay,...,as—1). We wish to
find a clean way to write down ¢ — ¢; as a polynomial in the a;’s.

The coefficient ¢y, of 7% is equal to the coefficient of 7% in (1 +agm + - )(1 +adr +---)
minus the coefficient of 7* in (a3 + azm + -+ )(afm + afw? + -+ ). Thus the coefficient of 7%
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in the determinant is
k

— 4 ol
Ck += E :a2]a2k—2j A2j+19k_(2541)
Jj=0

where it is understood that ag = 1 and a_,, = 0 for n € N. We can now focus our attention
on the terms in ¢ involving a;. We see that if ¢ = 27, then the terms in ¢ involving a; are

q q
2509y _o; + A2k—2505;,

and that if i = 25 + 1, then the terms in ¢ involving a; are

) q _ . 4q
TA2j+109,_(2541) T 2k—(2j+1)%2j5+1-
Therefore the terms in cZ — ¢, involving a; are

(—1)i[(aiagk7i + agi—ial)? — (a;ad, , + agk_;al)],

which simplifies to
2

. 2
(fl)z[ag(agk_i — agk—;) + agk_i(a? —a;)].

Setting for := CZ — ¢ completes the proof. O
The following theorem is the main result of this section.
Theorem 4.2. Let ¢ be an additive character of F 2 with conductor ¢%. If h is odd, then

"D ifi=h-1,
0 otherwise.

dim HomUivq(qu) (Vy, H(X3,Qy)) = {

If h is even, then

P fi=h—1,

dim Hom, 2, Vi, HA( X3, Q) =
Uﬁq(Fq2)( v (Xn: Q) {() otherwise.

Moreover, the Frobenius Frp» acts on Hom Vi, HA1( X3, Qy)) via multiplication by

the scalar (—1)h g1,

Ui’q(FqQ)(

This is proven in Section 4.1. As a corollary to Theorem 4.2, we have the following.

Corollary 4.3. Let ¢ be an additive character of F 2 with conductor . If x: Ui/UiL — @Z
is a character that restricts to ¢ on Ur=t/UP, then H(Xp,,Qp)[x] = 0 for all i # h — 1.

Proof. The left action of U} /U and the right action of Us’q(]qu) on Xj, agree on Up—! /U =
Hy(j—1)(Fg2). Therefore, since UB=/UD acts by 1 on HY(Xp,, Qp)[x], then Hy(p—1)(Fg2)
also acts by 1. We know from our analysis of the representations of U, ,?’q(lﬁ‘qz) that every

irreducible component of H'(X},,Q,)[x] appears in Vy, so this forces HX(Xp,, Q)[x] = 0 if
i h—1. 0
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This will allow us to compute intertwining spaces using Lemma 2.13 of [B12]. This will
be exploited in Section 5.

4.1. Proof of Theorem 4.2. The structure of the proof is as follows. We first use
Proposition 2.3 of [B12] to reduce the computation of Hongvq(Fqg)(vaHé(th@Z)) to
the computation of the cohomology of a certain scheme S with coefficients in a certain
constructible Q; sheaf .#. Then, to compute H:(S,.%), we apply (a slightly more general
version of ) Proposition 2.10 of [B12]| inductively. This will allow us to reduce the computation
of H{(X,.7) to a computation involving a 0-dimensional scheme in the case that h is odd,
and a computation involving a 1-dimensional scheme in the case that h is even. Because the
computation is identical until this final step, we treat these to cases simultaneously until
the very last step.

We start with a slight generalization of Proposition 2.10 of [B12] that has been tailored
for our purposes.

Proposition 4.4. Let q be a power of p, let n € N, and let p: Fgn — @Z be a character
that has conductor ¢". Let Sy be a scheme of finite type over Fyn, put S = Sy X Al and
suppose that a morphism P: S — G, has the form

P(z,y) = f(@)"y — f@)"y" " +ale,y)?" — a(z,y) + Po(a).

Here, j is some integer j not divisible by m; f,Py: So — G, are two morphisms; and
a: Sy x A = G, is a morphism. Let Sz C Sy be the subscheme defined by f =0 and let
Py = Ps|g,: S5 — Gy. Then for all i € Z, we have

HY(S,P*Ly) = H.?(S3, Py Ly)(—1)

as vector spaces equipped with an action of Fryn, where the Tate twist (—1) means that the
action of Frgn on H.72(Ss, P;Ly) is multiplied by q".

Proof of Proposition 4.4. Let P'(z,y) = f(m)qjy — f(x)qnyqn_j + Py(z) and P"(z,y) =
a(z,y)?" — a(z,y). We show that the pullbacks P*L,, and (P')*L,, are isomorphic. Since 1
has conductor ¢, the pullback of £y by the map z — 24" is trivial, and so thus (P” )Ly
is trivial. Since Ly is additive, then we have shown that P*L,, and (P")*L,, are isomorphic
and thus by Proposition 2.10 of [B12],

HY(S, P*Ly) = H(S, (P')" Ly) = H?(S3, P Ly)(—1)
as vector spaces equipped with an action of Fr. O

We now return to the proof of Theorem 4.2.
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Step 0. We first need to establish some notation. I have tried to make this notation
reminiscent of that used in the proof of Proposition 6.5 in [BW11].

Let I' denote the set of integers j such that h —1 < j < 2(h—1) and 2 { j. Put
I=Tu{2(h-1)}.

e Put J=[2(h—1)]\ I, where [n] = {1,...,n}.
e Put Iy :=I" and Jy := J. Then define I; := Iy \ {2(h — 1) — 1} and J; := Jp \ {1}.

This describes a recursive construction of I and Ji; namely, one obtains I}, from Ij,_4
by removing the largest odd number and one obtains Ji from Ji_; by removing the
smallest odd number. This defines indexing sets I}, and Ji for 1 <k < [(h —1)/2].
Note that if A is odd, then

Ii(h-1)72) = L(h-1)/2 = 9,
Jih=1)/2) = Jh-1)2 = {2,4,...,2(h = 2)}.

If h is even, then

Nin-vy2) = Lin=22 = 2,
Jih-1)2) = Jh-2)2 = {2,4,...,2(h = 2)} U {h — 1}.

This distinction is exactly why our inductive argument reduces to a 0-dimensional
scheme in the case that h is odd and a 1-dimensional scheme in the case that h is
even.

Note that H) = {1+ > a;7" : i € I}.

For a finite set T C N, we will write A[T] to denote affine space with coordinates x;
forieT.

. We apply Proposition 2.3 of [B12] to the following set-up:

G =U}% and H = H}), both defined over F

the morphism s: Ui’q JH) — U,?’q defined by sending the ith coordinate to the
coefficient of 7¢%; that is, identify U, z’q /H{, with affine space with coordinates indexed
by J, and set s: (z;)ieg — 1+ ey 2"

the algebraic group homomorphism f: H) — G, given by projection to the last
coordinate. That is, f: 1+ Y,c; aim" — agp_1). (From the definition of Hy, it is
easy to see that this map is a homomorphism.)

an additive character ¢: F2 — @Z

a locally closed subvariety Y, C U, ,?’q which is chosen so that X = Lq_Ql(Yh)

Since X}, has a right-multiplication action by Ui’q(qu), the cohomology groups H:(Xp, Q)

inherit a U>%(F,2)-action. For each i > 0, Proposition 2.3 of |B12| implies that we have a
h q
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vector space isomorphism

Hom Qq(]F )(V¢, (Xh,@ﬁ)) (Bil(yh)ﬂp*‘cw)

compatible with the action of Fry.. Here, £y is the Artin-Schreier local system on G,
corresponding to v, the morphism §: (U2?/Hp)x Hjy — U} is given by B(z, g) = s(Frp2(x))-
g-s(x)~1, and the morphism P: 571(V;) — Gy is the composition 8~ 1(Y},) < (U29/Hp) x
Hy 2 H) L5 G,

We now work out an explicit description of 371(Y},) € A[J] x H{, (keep in mind that

we identified Uh’q/H0 with A[J]). For 1 <[ < (h — 1), recall the polynomial described in

Theorem 4.1
201

Jar = agl as +Z agl i~ 021—).

Write x = (z;)ics € A[J] and g =1 + Ziel z;7" € H(F,). (Note that I N J = &; the z; in
x and x; in g are independent of each other.) For each i € I, we can write x; = ng —y; for
yi € Fy, so that g = L2(y), where y := 14>, y;7". Therefore

Blx,9) = Fre(s(2)) - Ly2(y) - s(2) ™" = Ly (s(2) - ).
We see that 3(z,g) € Y}, if and only if s(x) -y € Xj. Let s(x) -y =1+ Y. ;7" = a. By
Theorem 4.1, we know that s(x)-y € Xj, if and only if fo(a) =0 for all I with 1 <1 < h—1.

Step 2. This is a necessary preparation step before we apply Proposition 4.4. As in Step 1,
let x = (z;)ies € A[J] and s(x) = 1+Zi€J Tt € Us’q(Fq). Let g = 1+Zie[ Tt e H(’)(E])
and let y; be such that z; = ygz —y; for i € I so that g = L,2(y), where y =1+ 3, yi™"
Recall that we wrote s(z) -y =1+ > a;7" = a.

From direct computation, we can write down an explicit description of each coefficient a;
in terms of x and y. For convenience, let 7 = 2|h/2]. Then

ZTj if 4 < T,
s . .
yi + acgyl 5+ x4yl At T T Y if r <4 and 7 is odd,
i—(r+41)

a; = zyl | + xgyl N R T (r+1)yr+1 +ax; ifr<i<2h—1)andiis even,
Y2(h-1) +x1y2(h71) +x3y2(h gt

2(h—1)—(r+1)

TT2h—1)—(r+1)Yr+1 ifi=2(h—1).

(9)
Fix 1 <1 < h — 1. The polynomial fy(a) is a priori a polynomial in z; for i € J and y;
for ¢ € I. In this step, we show that, after setting x; = ygz —y; for ¢ € I, the expression
fai(a) is actually a polynomial in z; for i € I U J.
First observe that the monomials occurring in fo(s(x) - y) can involve y; for at most one
i. More precisely, a monomial occurring fy;(a) takes one of the following forms:
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(i) It is a product of powers of z;’s.
(ii) It involves yo(p—1)-
(iii) It is of the form xo‘x’gyk, where ¢ > 0 is even, j < 2|h/2] is odd, and k > 2|h/2| +1
is odd. (As usual, we set xo = 1.)

We need to show that setting z; = ny —y; for ¢ € I allows us to write the monomials in (ii)
and (iii) as expressions involving only x;’s for i € T U J.
The term yy(;,—1) only occurs in the polynomial fy(a) for I = h — 1. Its contribution to
fatn—1y(a) is
2
yg(h_l) — Y2(h-1) = L2(h-1),
so this takes care of (ii).
Now pick 4, j, k with ¢ + j + k = 2l so that ¢ > 0 is even, j < 2|h/2] is odd, and
k> 2|h/2] is odd. Then yg, x;, and z; occur in fy(a) in the terms
2 2 2 2
af(af,y — ajir) + aj (0] —ai) —aj(afy — aivk) — af 4 (a] —ay),
and are exactly
I\ a2 J J 2 i 2 i 12 2
i (g ) — oy )+ (g )1 (=] — @) — 2f((wayp )T — iy, ) — (@ayy ) (2§ — ;).
Note that monomials of the form z%z yz do not occur in af (a gij — aj+j) or aj, ;(aj — ay)
(see Equation (9)). The above sunphﬁes to
J+2 i+1 j+1 i j i+1 g+1 i+2
dlal (" ) T — ) —alayf ) el a2yl gl ).

By assumption, i is even and j is odd, which means that each expression involving ¥.’s is of

m-+2n m . 2
the form yZ — yg for some n. Since yg — Y = T}, we then have
qm+2n qm o om m . q2n—2 q2n—4 q2 m
Y, —yp ="~y = (2}, + Ty +oay + )

This takes care of (iii) and thus we have shown that for any 1 <1 < h — 1, fy(a) is a
polynomial in terms of z; for i € T U J. We will write Fy to mean the polynomial fo(a)
viewed as a polynomial in z; for : € T U J.

Step 3. Let P(O) = To(p—1) — Fon—1). By Step 2, P© is a polynomial in terms of ; for
i€ IpUJ = 1IyUJy. Recall from Step 1 that 5(x,g) € Y} if and only if s(z) -y € Xj,. If

s(z) -y € Xp, then we must have Fy,_1) = fopu—1)(s(z) - y) =0, so PO = To(h—1)- Thus
we see that the 2(h — 1)th coordinate of B L(Y3,) € A[T U J] is uniquely determined by the
other coordinates. We can therefore rewrite this scheme as a subscheme S of A[Iy U J).
Furthermore the morphism P©): SO — G, is exactly the restriction of the morphism
P: 371Y};,) — G, introduced in Step 1. Thus

Hi(5™' (Ya), P*Ly) = HI(SO, (PO) Ly).
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Step 4. In the next two steps, we describe an inductive application of Proposition 4.4.
We apply Proposition 4.4 to the following set-up:

o Let SO be as in Step 3. Explicitly, it is the subscheme of A[Iy U Jy] defined by the
equations Fy = 0 for [ < h — 1, where A[Iy U Jy] is the affine space A2P=D=1 with
coordinates labelled by x; for i € Iy U Jp.

o Let Séo) denote the subscheme of A[I; U Jy] defined by the same equations.

e Note that S = Séo) x A[{2(h — 1) — 1}], since xy(;_1)—1 has no contribution to
Fy forl < h—1.

e Let f: Séo) — G, be defined as the projection to xi.

(0)

e For v € S5 and w = wy(,_1)—1, We may write
PO (v,w) = f(v)"w = f(0)"w" + P (). (10)

(We justify this later.)
o Let S(O) C S(O) C A[I U Jy] be the subscheme defined by f = z; = 0 and let
B = B g0 . 59 5 G,

Then by Proposition 4.4, for all i € Z,

Hi(SO, (PO £,) = H2(SP, (P)Ly)(~1)

as vector spaces equipped with an action of Fr 2, where the Tate twist (—1) means that the
action of Fry. on Hg_2(5’§0), (Péo))*ﬁw) is multiplied by ¢>.

Before we proceed, we must show that one can indeed decompose P into the form
described in Equation (10). Using Theorem 4.1 together with the explicit equations for the
coordinates of the product s(x) -y =: a described in Equation (9), we see that the only
terms in o1y — fan—1)(a) involving ys(,—1)—1 occur in the expression

2 2 2
_(ag(h_l) - CL2(h71)) + a?(ag(h_l)_l — A2(h—1)-1 ) + a 2(h—1)— (a(f - al)
and are exactly
2 2 2
_(($lyg(h,1),1)q - (xlyg(hfl),l)) + w‘f(yg(h,l),l - yz(h—l)—l) + yg(h,l)fl(ff —x1).
Thus the only terms involving zy(,_1)—1 in PO are
2
TTa(p-1)-1 — 7] ‘Tg(h—l)—l'
Moreover, the remaining terms in P(9) only involve indices in I; U Jy. This proves that the
decomposition in (10) exists.

Remark 4.5. Note that since S:go) was defined to be the subscheme of S’éo) C Al U Jy] cut
(0)

out by x1, we can actually view S;’ as a subscheme of A[/; U J;]. Thus what we have done
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in this step is reduce a computation about a subscheme of A[IyU Jy] to a computation about
a subscheme of A[l; U Jy].

Step 5. We now apply Proposition 4.4 again. We apply it to the following set up.
o Let SM := 8 c Al U
o Let Sél) be the subscheme of S cut out by Ty(p—1)—3 so that we can in fact view
Sgl) as a subscheme of A[ly U Jyp].
e Note that S = Sél) x A[{2(h — 1) — 3}] since x1 = xy(,_1)—1 = 0 implies that
Ty(p—1)—3 does not contribute to Fy for I < h —1.
e Let f: Sgl) — G, be defined as the projection to x3.

e For v € Sél) and w = Ty(j,—1)—3, We may write

PO (v,w) = P (v,w) = f(v)iw — f(0)Tw! + (fo)w? — (f0)w)?) + PN, (11)

(We justify this step later.) Note that in the notation of Proposition 4.4, we have
a(v,w) = —f(v)w.
o Let S?()l) C Sél) C A[Iy U Ji] be the subscheme defined by f = z3 = 0 and let
1 1 1
P3( )= PQ( )‘Sél): S?() ) 5 G,

Then by Proposition 4.4, for all i € Z,

Hi(SD, (PO £,) = H2(S, (P) Ly)(~1)

as vector spaces equipped with an action of Fr2.

As before, we must verify that one can indeed decompose P(Y) into the form described
in Equation (11). This computation will turn out to be very similar to the computation
in Step 4. Again using Theorem 4.1 together with Equation (9), we see that once we set
71 = 0 and zy(4—1)—1 = 0, the only terms in wy,_1) — for—1)(s(z) - y) involving ya,_1)—3
occur in the expression

2 2 2
—(ag(h,l) - a2(h—1)> + ag(ag(hfl),g - a2(h—1)—3) + ag(h,l),g(ag - a3)

and are

3 2 3 2 2
—(($3yg(h_1)_3)q - ($3?Jg(h_1)_3)) + xg(yg(h_l)_g - y2(h71)73) + yg(h_l)_;;(xg - x3)'

Thus the only terms involving zg;,_1)_3 in PO are

2 2 3
q _ 47,9 q _ 97,4
T3T2(h—1)-3 — T3 To(,_1)_3 T ¥3Tg(,_1)_3 ~ ¥3 Ty(_1)_3-

Moreover, the remaining terms in P(!) only involve indices in I; U Jo. This verifies (11).
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Remark 4.6. Each time we iterate Step 5, it will be of the following form. Let k& be a positive
odd integer < (h —1). We will have S = Sy x A[{2(h — 1) — k}] with f: Sy — G, defined
as the projection to zy. For v € So and w = xy(,_1)_j, We may write

P(v,w) = f(0)w — f(0)Tw? + (f(v)g(w) — (f(0)g(w))T) + Py, (12)

where g(w) = w? * 4+ w? ' + -4+ w. (In the notation of Proposition 4.4, (v, w) =
—f(v)g(w).) Let Sg C Sa be the subscheme defined by f =z, = 0 and let P3 = P3|g,: S3 —
Gg. Then by Proposition 4.4,

Hi(S, P*Ly) = H. ?(S3, Py Ly)(—1)

as vector spaces equipped with an action of Fr,2. To see (12), observe that once we set
x; = Ty(h—1)— = 0 for [ odd and [ < k, the only terms in xo(,_1) — fo(n—1)(s() - y) involving
Yo(h—1)—k Occur in the expression

2 2 2
q

—(a2(h—1) — ag(h-1)) + az(“g(h—n—k — ag(h—1)-k) aj 2(h—1)— k( — ag).
Thus we see that the only terms involving yy(,—1)—y are

k 2 k 2 2
_((xkyg(h—l)—k)q - (xkyg(h—l)—k)) + m%(yg(h—l)—k — Ya(h—1)—k) T yg(h_l)_k(w% — k),
which simplifies to
2 k+2 k 2

—(zf yg(h 1)—k xk?/g(h—n—k) + mzﬂ%(h—l)—k + yg(h_l)_k(l’i — )

k
= x% (yQ(h 1)— yg(h_l)_k) + xk‘(yg(h_l)_k - y2(h—1)—k) + x%x2(h—1)—k
— 29, o l,quq
= LEt2(h-1)—k kE Y2(h—1)—k

qk72 qk74
+ (mk(m2(h—1)—k Tyt Tt 5‘72(h*1)*k)
q2 qk qk72
— T (x2(h71)7k T Tyttt 'y (h 1)— k))
This verifies (12) and allows us to use Proposition 4.4 to iterate the induction.

Step 6, Odd Case. Iterating Step 5, we reduce the computation about the cohomology
of SO to a computation about the cohomology of S((h=1)/2) .— Sé(hfg)/m, which is the
subscheme of A[j,_1)/2 U J(,—1)/2] defined by the equations

q° @ 'S
Ty —22=0, x4 —24=0, ..., To(h—2) = T2(h-2) = 0.
These equations come from the equations given in Theorem 4.1 together with setting x; =0

for all odd i. Recalling that I(,_1y/0 U J—1)/2 = {2,4,...,2(h — 2)}, we see that S((h=1)/2)
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is a O-dimensional scheme with ¢2»~2) points and Fry2 acts trivially on the cohomology.
Therefore

2(h=2) i § =0,

dim Hi(S((r=1/2) (p((h=1/Dysp y — q
¢ 0 otherwise.

Step 6, Fven Case. Iterating Step 5, we reduce the computation about the cohomology
of SO to a computation about the cohomology of S(("=2)/2) .— Sé(h_4)/2), which is the
subscheme of A[I(,_2)/o U J(,—2)/2] defined by the equations

g @ s
5y —x2=0, wy —xa=0, ..., Top_g) ~ T2(h-2) = 0.

Recalling that I(,_2y/o U J—2)/2 = {2,4,...,2(h —2)} U{h — 1}, we see that S((h=2)/2) g
a one-dimensional scheme. Moreover P(("~2)/2) i the morphism

— _ 2
P2/ gD/ G (@)ier i ay = T (@ — @hy).

The above shows that
Hé'(S((h—Q)/Q)’ (P((h—2)/2))*£¢) o Hg(Gm P*Ew)®q2(h—2)’
where the morphism P is defined as
P: G, — Gy, x»—>xq(fcq2 — ).

We now compute the right-hand-side cohomology groups in the same way as in Sections 6.5
and 6.6 in [BW11]. We may write P = pj o ps where p;(z) = 29 —x and py(z) = 297!, Since
p1 is a group homomorphism, then piLy = Lyop,, Where Ly, is the multiplicative local
system on G, corresponding to the additive character ¢ opy: Fpa — @Z . By assumption, v
has trivial Gal(F ;2 /IF,)-stabilizer, and so v o p; is nontrivial. Furthermore, v o p; is trivial
on F,. Thus the character ¥ opy: Fp2 — @ZX satisfies the hypotheses of Proposition 6.12 in
[BW11], and thus
. ; . ; {q ifi=1,
dim H(Gq, P*Ly) = dim H (G, p3Lepop, ) = .
0 otherwise.
Moreover, the Frobenius Fr,. acts on H, LGy, P*L,) via multiplication by —g.
Putting this together, we have

2(h—2)+1 ifi=1,

dim Hi(S((h=2)/2) (p((h=2)/2)ysp ) = q
¢ 0 otherwise,

and the Frobenius Fr . acts on HN(G,, P*L,) via multiplication by —g.
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Step 7. We now put together all of the boxed equations. We have
HomUi’q(]Fqg)(Vw7HZ(Xha@Z)) = Hy (671 (Ya), P*Ly)

— Hé(S(O), (P(O))*ﬁw)

~ B2 (P L4)(-1)

= H7H(SW, (PU) Ly)(-1)

o~ Hé—QL(h—l)ﬂJ (S(L(h—l)/%)’ (P(L(h_l)/2J))*£¢)(—L(h —~1)/2))

Therefore if h is odd, then

, o 2h=2) ifi=h—-1
. 7 q e ’
dim HomUi,q(FqQ)(Vw, H!(Xn, Qp)) {

0 otherwise.
If h is even, then

' 2(h—2)+1 ifi=h—-1
. — q ifi = ,
dim Homy 2, Vi, H( X}, Qyp)) =

h q(Fq2)< ¥ C( h Z)) {0 otherwise.
Moreover, the Frobenius Frg: acts on Hom

the scalar (—1)"1¢m1.

U2 (F 2)(Vw, Hi(X},Qp)) via multiplication by

h q

5. THE REPRESENTATIONS H?(X},)[x]

Let K := H'(F,2), where H' is defined as in Section 2. Let t: F 2 — @Z be a character
of conductor ¢? and let y € Ay. In this section, we will compute the representation
oy = H!' (X}, Qp)[x] by computing its restriction to H := H(F ). It will turn out that
oy is irreducible and therefore by Corollary 3.3, determining o, as a representation of H
will be enough to determine o as a representation of Us’q(qu).

Recall that the left action of U}/UP and right action of Ui’q(qu) on Xj induce a
(ULJUr x Ui’q(qu))—module structure on H"~1(X},,Q,). The primary object of interest in
this section is the subspace H" ™1 (Xp, Qp)y, v, C H 1 (X5, Q) wherein U} /U x H(Fz2)
acts by x1 ® xa. Here, x1 and o are characters of U} /U = H(F,).

We first present the main theorems of this section.

Theorem 5.1. Let¢: Fp2 — Q, be a character of ¢* and let x € Ay. Then H'1(X,, Q) [x]

is an irreducible representation of Ui’q(FqQ).

Theorem 5.1 proves Conjecture 5.18 of [B12]| (this was restated in Section 1 of this
paper). We prove this in Section 5.2. However, it will be important to know exactly which
representation H"~'(X,,Q,)[x] is. Thus we need the following finer statement
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Theorem 5.2. Let ¢: Fp2 — @Z be a character of conductor ¢* and let x1 € Ay. Then for
any character xo: Ut JUD — @Z,

h—2

dim H* (X5, Qp)yy e = (—1)" (q' (x1:x2) + > _(=D"(g+1)- <X1,X2>Gi> :

i=1

We prove this in Section 5.1. Note that Theorem 5.1 is a consequence of Theorem 5.2.
However, because the proof of Theorem 5.2 is complicated, we hope that proving Theorem
5.1 independently (in Section 5.2) will illustrate the flavor of the computation in a simpler
situation.

As a consequence of Theorem 5.2, we have

Theorem 5.3. Let ¢: Fpo — @Z be a character of conductor ¢*> and let x € Ay. Then

; — P fi=h-—1,
HY(Xn,Qo)lx] =4 % .
0 otherwise.

Proof. We know from Theorem 4.2 that Hi(X,,Q/)[x] = 0if i # h — 1. Let o, =
HM1(X},Qy)[x]. By construction, o, is a representation of U, i’q(Fqg) wherein Hyj,_1)(Fg2)
acts by some character ¢ with conductor ¢?.

Theorem 5.2 implies that

h—2
oy = (=D)"gq-x+ > _(-1)'(g+1) - Indf, (x)), (13)
=1

which implies that dimo, = ¢"~!. By Theorem 2.1, we know that if p is an irreducible

representation of U i’q(qu) such that Hy(;,_1)(Fg2) acts by 9, then dim p = ¢"~!. Therefore
oy is irreducible. (Note that instead of the reasoning in this paragraph, we could have
referenced Theorem 5.1.)

Thus Corollary 3.3 implies that the isomorphism class of o, is determined by o,. Fi-
nally, Equation (13) and Theorem 3.1 allow us to conclude that o, = p, as Ui’q(qu)-
representations. O
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5.1. Proof of Thoerem 5.2. By Theorem 4.2, we can apply Lemma 2.13 of [B12] to our
situation and get

dim H (X5, Q)i xe = Sh-1) Z x1(9) " 'x2(7) - N(g,7) (14)
q gyeEH
1 —
= > xi(9) x2() - N(g,y)  (15)
q gv€H
92i = hg; for 1 <i<h—-2
1 —
T I ) > x1(9)"'x2(7) - N(g,7), (16)

gyeH
Jk < h—2s.t. hop 7# gok

where

9=1+Zgﬂi
’y:1+2hi7'i

N(g,7) = #{z € Xn(Fy) : g+ Frpo(x) =z - v},

We compute line (15) in Proposition 5.4 and line (16) in Proposition 5.11.
In both of these situations, we need to analyze the set of solutions to a large system of
equations. These equations are:

2k—1
xg?c — L2k = Z (—D“*”w?(ang — Tok—i) for1<k<h-1 (%)
i=1
) k
oy — ook = > [(h2i — gai)war—2i
i=1
2
- g2i($§k721 - $2k72i)] for1<k<h-1 (%)
k
2
l’ng — T2k+1 = Z [(h’gi — 2i)T2%+1-2i
i=1
2
- g2i($gk+1_% - x2k+172i)] for1<k<h-2 (* * >|<)

The equations of Type (x) are equivalent to the condition that € X, (IF,) (this was proved
in Theorem 4.1). The equations of Type (%) and Type (* * *) are equivalent to the condition
that g x Frp2(z) = x - h, where we write g = 1 + Z?;ll g2;7%" and similarly for h. (These
two actions were defined in Section 1.4.) We will call the above equations the Type (x)
equation for 2k, the Type (xx) equation for 2k, and the Type(x * ) for 2k + 1, respectively.
Furthermore, when we refer to these equations as polynomials, we view them as multivariate
polynomials in the x;’s.
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5.1.1. Computation of Line (15). We prove a sequence of lemmas that build up to the
following

Proposition 5.4. Let ¢: Fp — @ZX be a character with conductor ¢* and let x1 € Ay .
Then

Line (15) = (=1)" (xmcz q+z “x1,x1)e (Q+1)> :

Lemma 5.5. Assume that ho; = go; for 1 <i < h—2. Then x%i—x% =0forl <k<h-2.

Proof. This is just a simple execution of induction. It is clear that this is true for £ = 1.
Now assume that it is true for k < h — 2, and we can show that it is true for k 4+ 1. Indeed,
by assumption, he; = g9; for 1 < i < h — 2, so the induction hypothesis implies that the
Type (#x*) equation for 2(k + 1) simples to

, k1 k1
Ty 1) — T2(k+1) = haiTop_2; — G20y _g; = = (hai — gai)wok—2; = 0. [
1=1 i=1

Important Remark 5.6. The key observation that we will capitalize on in the next few
lemmas is the following. The Type (x) equations “intertwine” the equations of Type (xx)
and Type (* x *). Using Lemma 5.5 and substituting Type (%) and (* * %) equations into
Type (*) equations, we have, for 1 <k < h —1,

2
_ q q A (o .
hok — 9ok = E £y E (92k—i—j = 92k—i—j)Tj — G2k—i—j (xj - ;)
1 odd j odd
1<i<2k-3 1<j<2k—2—1

2
= > 4 Yo Gy e | = Y ga(a] — ).

i odd j odd 2<I<2k—2
1<i<2k-3 1<j<2k—2—1

Thus:

hok — gor = Z ] Z (955 —i—j = G2k—i—j); for1<k<h-1 ()

7 odd j odd
1<i<2k—3 1< <2k—2—i

Recall that hop, — gop, = 0 for 1 < k < h — 2 by assumption.

Lemma 5.7. Assume that ho; = go; for 1 <i < h—2. If go, € Fy for 1 <k < h —2, then

N(g,) = {CI if 92(h—1) = han-1)

0 otherwise.

4(h—1)
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Proof. 1f go, € Fy for 1 < k < h—2, then all the coefficients in the Type (1) equations vanish,
imposing no further conditions on the x;’s but forcing hy,—1) — ga(n—1) = 0. Therefore
the number of solutions to the equations of Types (x) through (x * %) are the solutions to
x'fQ — 1 = 0 together with the the solutions to (%) and (x * *). Thus we have ¢? choices
for each xy, and so

PE*h=1) 92(h—1) = ho(n—1);

0 otherwise.

N(g,’y):{ O

Lemma 5.8. Assume that ho; = go; for 1 <i¢ < h—2. Pick k > 1 and suppose that go; € F,
for 1 <i < h—(2k+1) and gy—op) & Fq. Then

q2(2(h—1)—k) if h2(h—1) = 92(h—1)>

N(g,7) =4 (g4 1)?Pn=D=F) i 0 £ hy,_1) — ga(h—1) € ker Trg ,

0 otherwise.

Proof. All the coefficients in the Type (1) equations for 2 < 2j < 2(h — 2k) vanish so we get
the empty conditions hz; — g2; = 0, yielding no additional restrictions on any of the x;’s.
The first nontrivial restriction comes from the Type (f) equation for 2(h — 2k + 1):

ha(n—ok-+1) = 92(h—2k+1) = 1(95(,_op) — J2(h—2k))T1-

By assumption, the left-hand side vanishes and the coefficient of z; on the right-hand side is
nonvanishing, which forces 1 = 0. This extra condition implies that the subsequent Type
(1) equation (i.e. the Type (t) equation for 2(h — 2k 4 2)) simplifies to

ho(h—2k+2) — Go(h—2k+2) = 0,

imposing no additional constraints on the x;’s. The subsequence Type (}) equation simplifies
to

ha(n—2k+3) — G2(h—2k+3) = T5(950_op) — J2(h—2k)) T3,

which forces x3 = 0 since the left-hand side vanishes. This continues until the equation

ho(h—1) — 92(h—1) = xSk_l(gg(h_%) - 92(h72k))$2k71-

Thus we see that regardless of whether hy,_1y and gy,—1) agree, Equations (1) force
w1 = 0,73 =0,...,79,3 = 0. Note that equation (x * x) for 2k—1 implies that x5, _1) € Fe.
Thus we see that if hy_1) = go(n—1), then this last displayed equations implies that we
have the additional constraint that z9r_1 = 0. Furthermore, this gives ¢ + 1 choices for
Tog—1 if ho—1) — gon—1) € ker Tl"]Fqg/IFq and no choices for xo,_1 otherwise. We see from
equations of Type (+) and (* * *) that regardless of whether hy(,_1y and gy(,—1) agree, we
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have ¢? choices for the remaining x;’s (i.e. for even i < 2k — 2 and all i > 2k — 1). Therefore

221 22h=2%-1) if ho(n—1) = g2(h-1)>

N(g,y) = @2 (a+1) - @250 i 02 hygory — gagnry € ker Trgym,, O

otherwise.

[an}

Lemma 5.9. Assume that ho; = go; for 1 <i < h—2. Pick k > 1 and suppose that go; € Fy
for 1 <i < h—(2k +2) and go(h—(2k41)) & Fq. Then

4= {qm(hl)k) if ha(h—1) = G2(h—1)s

0 otherwise.

Proof. We argue as in the proof of Lemma 5.8. All the coefficients in the Type (1) equations
for 2 < 2j <2(h — 2k — 1) vanish so we get the empty conditions hg; — g2; = 0, yielding no
additional restrictions on any of the z;’s. The first nontrivial restriction comes from the
Type () equation for 2(h — 2k):

ha(n—ak) = 92(h—2k) = T1 (9o _(apr1)) — J2(h—(2k-+1)))T1-

Thus, for odd ! with 1 <1 < 2k —1, the Type (}) equation for 2(h — (2k + 1) 4 1) reduces to

ha(h—(@k+1)+1) = 92(h—(@k+1)+1) = L7 (93— (2k1)) — J2(h—(2k+1)))ZL;
which forces z; = 0. But then this implies that the Type () equation for 2(h — 1) simplifies
to
hath-1) = go(h—1) = 0.

Thus there are no solutions if hy,—1y # gagn—1)- If hagh—1) = ga(h—1), then we get q¢? solutions
for each of the z;’s other than the odd 7, 1 < i < 2k — 1. Therefore
2%k—2  2(2h—2k—1) i}, _
q q L Roh—1 92(h—1),
N(g,7v) = { ) =

0 otherwise.

O

Lemma 5.10. Assume that ho; = go; for 1 < i < h—2 and let ¢ be the restriction of x1 to
Ug_l/U}j. By assumption, we can write v = g - (1 + er?("=1). Then

g*th=1 if g € Gha,
Z ¥(€) - N(g:7) = —q- PPV if g € Gopnonr1)) ~ Gan—k+2)), k> 1,
«cFy2 P21 =k) if 9 € Go(h—(2x+2)) \ Go(h—(2k13)), k = 1.

Proof. By assumption ¢ is a nontrivial additive character Fo — @Z . Recalling the definition
of G; from Section 3, it is easy to see that the first and third cases of the lemma follow from
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Lemmas 5.7 and 5.9 respectively. To see the second case, recall from Lemma 5.8 that we

have
q2(2(h71)7k) ife=0,
N(g,7) = { (g +1)Cr=D=F) if 0 +£ ¢ € ker Try , /7,
0 otherwise.
Thus
S (0 N(g.y) = —q-@CEDP 4 3 (o) (g 12D
6€]Fq2 ecker Tr]pq2 /Fq
=—q- q2(2(h—1)—k). Il

We are now ready to prove Proposition 5.4.

Proof of Proposition 5.4. First notice that by the assumption hg; = go; for 1 < ¢ < h — 2,
we can write Line (15) as

X2 g
5(h— 1) E g N(977)7
geH
€€F2

where v = g - (1 4 er?("=1). Also notice that

YoX 4 ¥ e ¥4 ¥

geH geG)_o g€GH_3~\Gp_o geG1\G2 gEH\G1
We first analyze each of the summands. Pick k£ > 1. Then:

X2 Zw )

geG_o EEIF

2(h=1)) — g5(h=1)

= (X1,X2)Gp_5 - |Gh—2| - q (X1, X2)Ghs " 4

Eng )

g e€IF2

>

9EGHL_(2k+1)
9¢Gh—2k

X1

2(2(h—1)—k)

Il
/N

<X17X2>Gh7(2k+1) ’ |Gh—(2k+1)’ - <X17X2>Gh,2k : ‘Gh_gk‘) -—q-q

2(9)
2 Sl 2 V@ Ng)
9€GL_(2k+2) €€l 2
9EGh_(2k+1)

- (<X1’X2>Gh*(2k+2> ) ’Gh_(2k+2)’ o <X1’X2>Gh*(2k+l) ’ ’Gh—(2kz+l)‘> 'q2(2(h_1)_k)

Now we put this together. From the definition, it is easy to see that

‘Gh—n| — qh—2+n‘
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We now analyze the coefficient of (x1,x2)a,_, -
e We first handle the border cases. Recall that H = Gy. If h is odd, then from the
above we see that the coefficient of (x1, x2)q, is

If h is even, then from the above we see that the coefficient is
1Gol - g*PD-(r=2) — 5(h-1)

e Now for the middle cases. Let k > 1. The coefficient of (x1, X2>Gh—(2k+1) is

|Ghe (o) - (—q - PR — 2CRD=RY — =1 (g — 1),

The coefficient of (x1, X2>Gh—(2k+2) is

G anagy| - (PCHD8) 4 g 2CE=D=(+1)) _ 5= (g 4 1),

The desired result follows. O

5.1.2. Computation of Line (16). In this subsection, we prove the following

Proposition 5.11. Let ¢: Fp — @ZX be a character with conductor ¢* and let x1 € Ay .

Then
Line (16) = 0.

Here is the idea of the proof. First let
Agyi={x € Xp(Fp) : gxFrpo(z) =z -~}

We will show that a partial solution (z, ... ,xg(h,z)) extends to a full solution (z1, ... ,xg(h,l))
if and only if the partial solution satisfies an equation of the form ax? — a%z + ag = 0 for
some nonzero a € Fy2. The z in this equation will be one of the z;’s. The main work is
in giving a nonvanishing condition for coefficients for certain zp’s which will allow us to
find such an a. This will give us a bijection between A, j; and Ag’h+5T2(h71). Once we have
established this, we will be able to prove Proposition 5.11.

Lemma 5.12. Let (x1,...,Zy,—1)) be a solution to the equations of type (x*) and (x * *).
Then (1, ..., Tomn—1)) also satisfies the equations of type (x) if and only if, for every k, the
tuple satisfies the equation

(2k—i—1)/2
how —gar = > al | Y (hd; — goj)Ton—i 2
1<i<2k—1 =1
i odd
(2k—i)/2 k-1

_ Z xf Z (hgj — ggj)xgk_i_zj - (hQi - 92i)x2k—2i- (J”L)

1<i<2k—1 j=1 i=1
i even
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Proof. First note that a tuple (21, ..., Zy,—1)) satisfying (+*) and (* * *) can be constructed
as follows: pick any 1,22 € F 2 and then notice that the equations of type (+*) and ( * *)
allow us to choose x given x1,...,xk_1.

Now we substitute (#*) and (x * %) into (x).

2k—1
2 . 2
Ty, — Tok = Z (—1)”15’5?(3331@4 — Tok—i)
i=1
(2k—i—1)/2
2
= Z 953{ Z ((hgj - gzj)fUQk—i—Qj - 92j(15gk_i_2j - ka—i—Qj))}
3 odd j=1
(2k—3) /2
2
- Z $3[ Z ((hQJ' — 92j)%2k—i—2j — g2j(xgk—i—2j - m2k—i—2j))}
i even j=1
= Z = Z(hgj — 92j)Tok—i-2; | — Z ] Z(h2j — 92j)T2k—i—2;
i odd J i even i
k-1
q2
- Zg2j(372k—2j — Tok-2;)-
j=1

On the other hand,

k
2 2
xd — xop = Z ((hai — g2i)ok—2i — 92i(x3,_o; — Tap—2:))
i=1
k-1 k-1 ,
= (hor — gor) + Z(hm‘ — §2i)Tok—2i — ZQQi(Sng_gi — Tog—2;).
=1 i1
Therefore
(2k—i—1)/2
hok, — gor = Z ! (h3; = 927)T2k—i—2j
1<i<2k—1 =1
i odd
(2k—i)/2 k-1
- Z a} Z (hoj — g25)Tok—i—2j | — Z(h% — §2i)T2k—2i-
1<i<2h—1 =1 P

1 even
This shows that the above collection of equations imposes the same conditions as the
equations of type (). O

Lemma 5.13. Let k be the smallest k such that hop # gor and assume that k < h — 2. If
(z1,...,Ta—1)) 8 a solution to the equations (x) through (x * x), then:

(a) If gos € Fy for 1 <i <k —3, then gyj—2) € Fy and 21(93;,_ — gar—2) # 0.
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(b) If goi € Fy for 1 <i <k —3 and gy—3) ¢ Fy, then :cg(gg(k_3) — ga(k—3)) # 0.
(c) If n is odd and go; € Fy for 1 < i < k —n and gog—n) & Fy, then Tn(ga

gQ(kz—n)) 7é 0.
(d) If n> 2 is even and g2; € Fy for 1 <i <k —n and got—n) & Fy, then # = 0.

(k=n) ~

Proof of (a). If go; € Fy for 1 < <k — 3, then by Lemma 5.12, the tuple (z1, ..., Zop—1))
must satisfy

0= h2(k—1) — 92(k-1) = wi’((gg(k_g) - 92(k—2))951)
0 # hog — gor = w‘{((gg(k,l) — 92(k—1))T1 + (gg(k,g) — o(k—2))%3)
+ $§((9§(k_2) - 92(#2))951)-

If ;1 = 0, then this automatically implies that hop — gop = 0, which contradicts the
assumption that hor # gor. Therefore x1 # 0. The first equation above then forces
go(k—2) € Fyq, and so the second equation simplifies to

0 # hor — g2k = 21 (g5 _1) — G2(k—1))%1- O
Proof of (b). If g2i € Fy for 1 < i < k — 3 and gyx—3) ¢ Fy, then by Lemma 5.12, we

necessarily have

0=how—2) — G2(k—2) = w‘{((gg(k,g) — go(k—3))T1)
0=how-1) — G2(k—1) = wi’((gg(k_g) — 92(k-2))71 + (954 _3) — 92(k—3))23)
+23((95_s) — 9206-3))21)
0 # hop, — gox = wi’((gg(k_l) — 92(k—1))T1 + (QS(M) — G2(k—2))T3 + (Qg(k_g) — Go(k—3))T5)
+ x%((g;’(k_g) — G2(k—2))T1 + (gg(k_g) — go(k—3))T3)
+ (<9(21(k73) — Ga(k-3))71).

By assumption go(,_3) ¢ Fy, so the first equation forces #1 = 0. Then the second equation
simplifies to 0 = 0 and the third equation simplifies to

0 # ho, — gor, = l“g(gg(k_g) - 92(1@72))333- 0

Proof of (¢) and (d). Now suppose that there is some n > 3 such that go; € Fy for 1 <i <
k —n and go—n) ¢ Fy. Then since hy; = go; for 1 <i < k, the equations (1) simplify to

(2m—i—1)/2
hom — gom = Z CC? Z (ggj — g2j)5132m_i_2j fork—n+1<m<k.
1<i<2m—1 j=k—n

i odd
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So Equation (ff) for 2(k —n+1) is

0= x?(gg(k_n) = 92(k—n))T1,
which forces z1 = 0 since by assumption gy(;_n) & Fy. This implies that Equation (ff) for
2(k — n+ 2) gives the empty condition 0 = 0. Setting x1 = 0, Equation (1) for 2(k — n + 3)
simplifies to
0= fg(gg(k_n) - g2(k—n))x3,
which forces x3 = 0. Continuing this, we see that:
e For 2] +1 < n, Equation (1) for 2(k —n + 2l + 1) yields

h2(k—n+21+1) — 92(k—n+2041) = $gl+1(gg(k_n) - 92(1€—n))$2l+1,

which forces 9,41 = 0if 2I4+1 < n, and x%(gg(kin) — 92(k—n))Tn 7# 0 when 21 +1 = n.
This proves (c).

e For 2] < n, the test equation for m = k — n + 2l gives the condition equation
hok—n+21) — 92(k—n+21) = 0. In particular, if 21 = n, then we have hor — gar = 0,
which is a contradiction. This proves (d). O

Lemma 5.14. Let k be as in Lemma 5.13. Then

(a) If g2 € Fy for 1 < i < k — 3, then Equation (1) for 2(h — 1) is of the form
axg(h—l)—Z(k—l)—l — a%y(h-1)—2(k-1)-1 + a0 = 0, where a = x1(g%_5 — g2k-2)-
Moreover, Ty, _1)—2(k—1)-1 has no contribution to a or ag.

(b) If n >3 is odd and go; € Fy for 1 <i <k —n and gag—n) ¢ Fy, then Equation (11)
for 2(h — 1) is of the form axg(h—l)—Q(k—n)—n — Ty —1)—2(k—n)—n + a0 = 0, where
a= xn(gg(kin) — gg(k_n)). Moreover, Toh—1)—2(k—n)—n has no contribution to a or
ag.

Proof. First note that since k < h — 2, then necessarily 2(h — 1) — 2(k — n) — n # n, which
automatically implies that x5(;,_1)_2(k—n)—n has no contribution to a.
Recall Equation (ft) for 2(h — 1):

(2(h—1)—i—1)/2

ha(h—1) = 92(h—1) = Z ! (h3; — 92)To(h-1)—i-2;
1<i<2(h—1)—1 =1
i odd

(2(h—1)—1)/2
- Z z; (h2j = 92j)Ta(h—1)—i—2;

1<i<2(h—1)-1 7=1
i even

Q

(h—1)—1
- Z (h2i — g2i)Ta(h—1)—2i- (17)
-1

(2
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We prove (a). We need only show that the only terms in Equation (17) involving
To(h—1)—2(k—1)—1 are exactly the terms

ATy, 1) ak_1y-1 — G T2(h-1)—2(6—1)-1,  Where a = z1(g5,_5 — gor—2)-

Clearly any term involving T, —1)—2(k—1)—1 must come from the first sum in the equation.
These terms are

Zw 2] — 92j)P2(h-1)-2(k—1)-1 T x2(h D—2(k—1)— 1(h2y 925)%i,
where the sum ranges over ¢ and j such that i +2j +2(h—1)—2(k—1)—1=2(h—1). In
particular, if 4 > 3, then 2j < 2(k —2). We know by assumption that hy; = go; € F, for
2j < 2(k — 3) and Lemma 5.13(a) implies gy_2) € Fy, so the coefficient hgj — g2; vanishes
for 2j < 2(k — 2). Therefore the sum above simplifies to

w?(gg(k_l) - gQ(k—l))$2(h—1)—2(k—1)—1 + $g(h_1)_2(k_1)_1(gg(k_1) - g2(k—1))$1~

Set a = :cl(gg(k_l) — ga(k—1)) and notice that since r1 € Fj2, the above expression simplifies
to
—a%Ty(h—1)—2(k-1)-1 ‘mg(hq)q(kq)fl’
which is exactly what we wanted to show in (a).
We now prove (b). We need to establish the following statements:
(i) Ty € Fq2
(ii) The only term in the equation for 2(h—1) in Lemma 5.12 that contains oo, —1)—2(k—n)—n
are the terms a:zg(h_l)_2(k_n)_n and a9To(p_1)—2(k—n)—n
In the proof of Lemma 5.13(c), we showed that for odd m with m < n, we have x,, = 0.
Then by the equation for n of type (* * %), we see that we must have

2
q
Ln

— Tp = 07
so this shows (i).

To see (ii), we proceed as in the proof of part (a) of this lemma. Clearly any term
involving Zo(p—1)—2(k—n)—n must come from the first sum in Equation (17). In this sum, the

terms involving Zo(p—1)-2(k—n)—n are

Z x?(h%j - g2j)$2(h—1)—2(k—n)—n + wg(h,l),Q(k,n),n(hgj - 92]')901‘7
where the sum ranges over i and j such that i +2j+2(h—1) —2(k—n) —n=2(h —1).
Equivalently, i + 2j = 2(k — n) + n. Note that this forces i to be odd since n is odd by
assumption. If 4 < n, then z; = 0, and thus any terms involving (hgj — g2j) for j > 2(k —n)
vanish. If j < 2(k — n), then by assumption ho; = g2; € Fy, and so hgj — g25 = 0 when
j < 2(k —n). Therefore the above sum simplifies to

Th (95— ny = 92(k—m))T2(h—1)2(k—m)—n T o0 _1)_2(k—n)—n (Ta(h—n) — 92(k—1))Tn
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Set a = a:n(gg(k_n) — 92(k—n))- By (i), we know that z,, € Fj2, and thus the above expression

a®
simplifies to
q
= Ty(h—1)~2(k—n)—n T OTo(,_1)_o(k—n)—n’
which is exactly what we wanted to show in (b). This completes the proof. O

Definition 5.15. Let § € ker Trr /8, - Given a tuple (21,...,%yp—1)) € ﬁz(h_l) fogether
with g, € H(F,2) satisfying the conditions of Line (16), define a tuple (21, ... ’xl2(h71)> in

the following way:

e Pick z so that 27" — 2 =§

e Pick y such that ay? — aly + § = 0, where a is as in Lemma 5.14.

e Set Yo(h—1)—2(k—n)—n = ¥ and y; = 0 for odd such that i < 2(h — 1) —n and
i #2(h—1)—2(k —n) —n. Here, k is as in Lemma 5.14.

e For each odd i with i > 2(h — 1) — n, pick y; so that

2
vl —yi= Y (hS,, — g2m)yi-2m

2m<i
Finally, define
x; +y; if 7 is odd,
zi=x;+z ifi=2h-1),

T; otherwise.

Lemma 5.16. Let k be the smallest integer such that hop # gor and assume that k < h — 2.
Let (z1,...,Tan—1)) € Agy and J € ker Tl"]Fqg/]Fq' Then the tuple (2}, ... 7$,2(h—1)) defined
in Definition 5.15 is an element of Ag77+57_2(h71).

Proof. Tt is easy to see that a’ satisfies each Type (**) equation. To see that 2’ satisfies the
Type (* * %) equations for the all odd i, amounts to checking that

2 2
2m<i
which certainly holds by the construction of y;. By Lemma 5.12, it remains only to show
that 2/ satisfies each Type (1) equation. This amounts to showing that for each 7,

(2i—j—1)/2 (2i—j—1)/2
q E d . — ’\q q /
Z Zj (h2m - ng)xQZ—]—Qm = g (1']) E (th — ggm)x%fijm
1<j<2i—1 m=1 1<j<2i—1 m=1
J odd j odd

I

Note that by construction, if j is odd and j < n, then T
Lemma 5.13(c) here). Furthermore, since we have h  — gam = 0 if m < k —n, then the only
potentially nonzero terms on the right-hand side are of the form (2)9(h3,,, — g2m)®%;_; oy,
where j > n, m > k—n, and 2(h— 1) — j —2m > n. First assume i < h — 1. Then it follows

xj = 0 (using the proof of



50 CHARLOTTE CHAN

that j,2i —j —2m < 2(h — 1) — 2(k — n) —n, and thus 2, = z; and x5, _; 5, = T2i—j—2m.
Therefore equality holds when ¢ < h — 1.

Finally, let « = h — 1. Then by the above analysis together with Lemma 5.14, showing 2’
satisfies the Type (1) equation for 2(h — 1) is equivalent to showing the equality

(T 1y —a(k—n)—n)? — @1 (To, 1) _a(k—n)—n)) + a0 + 3 = 0.

But since (21, ..., Zy(p—1)) satisfies Equation (1) for 2(h — 1), and since x’Q(h_l)_Q(k_n)_n =
T(h—1)—2(k—n)—n + Y Where ay? — aly + ¢ = 0, then the above equality holds. This finishes
the proof that (a7, ... 737/2(11—1)) €A, 1or20h-1)- O

Lemma 5.17. There is a bijection between Ag and A, 5 20-1), where § € ker Tr]Fqg/]Fq'

Proof. Pick § € ker Trp , /g, First notice is that if g and h satisfy the hypotheses of Lemma
q

5.13(d), then g and ~ + 672"~V also satisfy the hypotheses of Lemma 5.13(d). Thus, by
Lemma 5.13(d), Ay~ and A, s are both empty.

From now on, we assume that g and h either satisfy the hypotheses in Lemma 5.14(a) or
5.14(b). By Lemma 5.14, the Type (1) equation for 2(h—1) is of the form az]
alTy(h—1)-2(k—n)—n + a0 = 0 where @ = T (g5, ) — 92(k-n))-

Let (21,...,2Z9n—1)) € Ag, and let (37,17-”737/2(h_1)) be the element of A . s 2-1)
constructed in Definition 5.15. Then we have a map

(h—1)—2(k—n)—n"

) '
w51 Agy — Ag’,y_i_&_z(h—l), T—x.

Now we check that s is invertible. Using the same notation as in Definition 5.15, it is
easy to see that by Lemma 5.16, setting

x; —y; if 7 is odd
rl =R x;i—z ifi=2h-1)

T; otherwise
defines a map
-5t Ay isr2tni-1) = Agy, z— "
wherein
p_sops =1da,,
poop—s=1ida oy
Therefore s must be a bijection. |

We are now ready to prove Proposition 5.11.
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Proof of Proposition 5.11. From Lemma 5.17, |Ag,| = |A, | sr20:-1)]; 0
!/
D xalgT) #=D xalg ) D w(0) Ny yseme =0,
d€ker Tr

where 3 and Y range over ¢ € H and v € H satisfying the condition that there exists
k < h —2 such that hop # gor, and Z/ has the additional restriction that hg(h_l) € F,. This
completes the proof of Proposition 5.11. O

Proof of Theorem 5.2. This follows directly from Proposition 5.4 and 5.11. O

5.2. Proof of Theorem 5.1. Let ¢ and x € Ay be as in the statement of the theorem.
Let 0 be an arbitrary character of Gj_o C H. To prove Theorem 5.1, we will compute

. _ — 1 _
dim Hél I(thQZ)X,Q = qh_l ] q2(h_1) ] qh Z X(g) 19(7) : N(977)7

geH
vEG2

where the above equation follows by Lemma 2.13 of [B12] and N(g,v) = #{z € X, (F,) :
g*Frpe(r) =2 v} =#A,,, as in Section 5.1. Since G,_ is a subgroup of H, then in fact
r € Ay, if and only if x = (21,...,29,—1)) satisfies Equations () through (* %), where
as before, we write g =1+ > ¢;7" and v =14 > h;7".
Now comes the simplification. It is not difficult to see inductively that since v € Gp_o,

Equations (%) through (* * %) are equivalent to the following:

(i) For 1 <n <2(h —1), we have 2l — xn = 0.

(ii) For 1 <k < h —1, we have hog = gok.-
Thus,
4(h—1)

q if g =1,
N(g,~) =
(9:7) {0 otherwise.

Therefore,

: . —= 1 _

q geH
veG2
_ 1 -1 A(h—1)
T 2D gh Z xX()70(7) -q
v€G2
q4(h71) X ‘G2‘

_ _ h—1
- gh—1. 2(h=1) . gh 606, =4 (X 0)a -

It follows that H"~'(X},Q,)[x] has dimension ¢"~'. Now, H1(X}, Q,)[x] is a rep-
resentation of Uz’q(]qu) wherein Hy,_1)(F2) acts by 1. Therefore, by Theorem 2.1,
H'"1(X},,Q,)[x] is irreducible. This completes the proof.
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6. AN EXAMPLE: LEVEL 3

In [B12] (see Theorem 5.20), Boyarchenko computes the representations Hg(X3)[x] for
characters xy whose restriction to Ug JU z has conductor ¢?. The computational method
presented in this paper generalizes the result Theorem 5.20 in [B12| but differs from its
proof. Specifically, for characters x1, x2: Ui /U 2 — @Z , Boyarchenko computes the subspace
HC.(X3)X1,><§ C H2(X3) wherein U} /U} acts by x1 and H'(F2) acts by Xg.

In this paper (see Section 5), we compute the subspace H?(Xp)y, . C He(Xp) wherein
U} /Ul acts by x1 and H(F ) C Ui’q(qu) acts by x2. Here, the action of U} /U is the
one induced by the left action on X}, and the action of any subgroup of Us’q(qu) is the
one induced by the right-multiplication action on Xj;. We then use the character formula
established in Section 3 to determine the representation Hg(Xp)[x].

In this section, we apply the arguments of this paper to the special case h = 3, thereby
obtaining a different proof of Theorem 5.20 of [B12]. These examples allow us to illustrate
the structure and flavor of the general computations in a simpler setting. The boxed
equations indicate the milestone steps.

6.1. Restrictions of Irreducible Representations of Ug’q(qu). In this subsection,

we describe the computations of Section 3 in our special case h = 3. For a character

x: UL U3 — @EX whose restriction to U? /U3 has conductor ¢2, let p, be the irreducible

representation of Ug “(F ,2) associated to x under the bijection described in Proposition 2.10.
For convenience, we remind the reader of the notation established in Section 3. Let

H = {1—1—&272—1—&47'4 D a; Gqu},
K=A{1 +asr? + a7t +asmt 1 a; € qu},
G = {1—|—a272+a474 ) GFq, a4 GFq2},

A(x) = {characters : H — @EX s.t. x =6 on G1 but not on H}.

We would like to show that as elements of the Grothendieck group of H,

px = (=D(g-x + (=1)(¢ + 1) - Indf, (x)), (18)

and therefore, as a representation of H, the representation p, comprises

(19)
q + 1 copies of 8, for € A(x).

{1 copy of x, and

First note that G is the center of Ug’q(qu), so if s € Gy, then Trpy(s) = ¢* - x(s).
Now suppose s € H \. G1. (Note that if we write 1 = h— 1 — k, we have k = 1.) By a
straightforward computation, one can see that every element ¢ € U?? ’q(IE'qz) can be written in
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the form t = (1—ay7)(1—a373)-g for some g € H. Furthermore, (1—a373)s(1—az7r®)~! = s.
Thus if t € K, then tst™ = s.
Now take a € IFqXQ. Then

(1—a7) (148972 +547) (1—a7) "t = (14+sam?+(—a(s5—52)) T3 +547) (14+(—a?T (s9—52))7),

and therefore, remembering that x*(1 + as7? 4 a3 + as7?) = x(1 + aa7® + a47?) by
definition, we have

Xﬁ((l —ar)s(1—ar)™t) = x(s) - @b(—aqﬂ(sg — 59)).

Since 1) has conductor ¢?, its restriction to the subgroup ker Trp »/F, C Fg2 is nontrivial.
q
Note that for any a € F 3, we have a?l(sd — s3) € ker Try ,/r, “{0} since s; ¢ Fy by

assumption. Therefore if s € H ~\ G1, we have

1
Px(s):’? Z XE(tst™")
teUT(F )

_ ulq (ks + 3 kst ™)

teK t¢K
=x(s)+ Y xb((L—ar)s(l —ar)™")
QEFXQ

=x(s) +(=1)(g+1)-x(5) = —q- x(s).

Consider the H-representation

p=(=1)(g-x+ (=1)(g +1) - Indg, (x))-
Then since H is abelian,

H|

Trp(s) = (=1)(g- x(s) + (=g + 1757 - La, (s) - x(s))

|G
- x(s) ifse Gy,
—q-x(s) ifse H\Gy.

Thus we can conclude that as (virtual) representations of H, p, = p, and Equation (18)
follows.

Let 0: H — @; be any character. If it agrees with x on (1, then it occurs exactly once
in Imdg1 (x). Moreover, if 6 is a constituent of p,, then it must agree with x on Gi. Thus
by Equation (18), we see that if § = x, then # occurs in p, exactly once (—g+ (¢+1) = 1),
and if 0 = x on G but not on H, then 6 occurs in p, exactly ¢ + 1 times. This proves
Equation (19).
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6.2. Morphisms Between H'(X3) and Representations of Uqu(lﬁ‘q2), Let ¢: Fpo —

@Z have conductor ¢?. Recall from Section 2 that every irreducible representation of

2 4R
Ug’q( 2) that restricts to a sum of 9 occurs in Vj, = Ind (( ;)(w).

Let H?(X3) = @P,cy H.(X3,Qp). The action of Ut (Fs2) on X3 induces a Ug’q(qu)—
module structure on H?(X}). We wish to compute the space of morphisms from Vj, to
HZ(X3). We can show that Frg» acts on HomUz,q(IF 2)(V¢, H(X3)) via multiplication by ¢

3 q

and that

¢ ifi=2,

(20)
0 otherwise.

dlm HOng,Q(]qu)(VwaHé(XS)) = {

If we specialize the proof of Theorem 4.2 to the case h = 3, we recover the proof of
Lemma 6.18 of [B12]. We omit this part of the example and refer the reader to [B12| for
this computation.

6.3. Intertwining Spaces of H?(X3). For characters x1,x2: U} /U — Q/, consider the
subspace HZ(X3,Qp)yy v C Hi(X3,Qy) wherein U} /U x H € U} /U x Uy4(F,2) acts by
X1 @ x2. (Recall that the left action of U} /U3 and the right action of Ug’q(qu) on X3
described in Section 1.4 induce a (U} /U3 x Ug 4(F,2))-module structure on the cohomology
of X3. Recall also that UL /U3 = H.) Assume that the restriction of x1 to U? /U3 is ¢ and
that ¢ has conductor ¢>. Then by Equation (20), we know that H(X3,Qy)y, x» vanishes
for ¢ # 2. We will show that

dim HZ (X3, Q) yy,x0 = (—1)(<X1, x2) g+ (=1)(g+1)- X17X2>G1> (21)

Equation (20) implies that we can apply Lemma 2.13 of [B12], which implies
dim H (X3, Qe = 51— D Xx1(9) 'xa(h) - #{x € X3(F,) : g * Fre(z) = - h}.
¢ -qt-qt =

Tracing through the definitions in Section 1.4, we have

g*Frp(z) = (1+ g7 + g474) * (14 x‘{QT + -+ $?127'4)
— 142l 7+ @ +g2)72 + (@ + 922 + (2F + gzl + ),
z-h=1+x7+ - +x47h) - (1 + hom? + hyt?)
=14 217 + (22 + ho)72 + (23 + x1hg)7' + (x4 + zohy + hy)T?
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Equating coefficients of 7 and combining these equations with the defining equations of X3

(see Theorem 4.1) implies that x € X3(F,) if and only if = satisfies

2 2
rd —xg =2i(z? —x1) (22)
2 2 2 2
xz — x4 = x‘f(:cg —x3) — x%@% —x9) + :Ug(a:(f — 1) (23)
P — (24)
2
.%'% — T2 = hz — g2 (25)
2 2
a:g — 3 = hizy — goxd (26)
q2 q2
xry — x4 = hg — gs+ haxo — g2y (27)
which reduce to the conditions x1,x2 € Fg2, ho = g2, and
@ _ . _ a0, _ 28
ry — w4 =x{(r3 — T3) (28)
2
x§ —x3 = (95 — g2)m1 (29)
2
zl — x4 =hy— ga. (30)

Note that Equations (22) and (23) are of Type (%), Equations (25) and (27) are of Type
(xx), and Equations (24) and (26) are of Type (x  *).

First observe that if g» € Fy, then Equation (29) implies that x3 € Fg 2, which forces
x4 € Fp2 by Equation (28). Thus by Equation (30), we know that
¢® if ga = ha,

#{x € X3(Fg) : g« Frpp(z) =a-h} =
0 otherwise.

(This is Lemma 5.7.)
If go ¢ Iy, then combining Equations (28), (29), and (30), we see that

#{r € X3(Fy) 1 g*Frp(z) =z h} =¢" #{z1 €Fy: ha — g1 = 21(g% — g2)z1}

q6 lf g4 = h4a
_ qﬁ(q + ]_) if g4 ;é h4 and g4 — hy € kerTrFq2/]Fq’
0 otherwise.

(This is Lemma 5.8 for k£ = 1.) Thus if g2 ¢ Fy, then

Z 1/1(6) : #{IL‘ S Xg(ﬁq) :g*Frqz({L‘) = - h} — (]6 _ (q+ 1)q6 _ _(]7~

eEqu
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Putting this together, we have

dim HCZ(X&@Z)Xl,)Q = 10 Z X2 g #{l' S Xg(Fq> Lg% Frqz(x) =x- h}
geH g
GE]F 2
= 10( X29 . {xeXg(Fq):g*Frqg(x)::E.h}
QEGl g
ecF 2

x20) (). #{xexgmq):g*Fw(w):ﬂﬁ'h})

gGH\G1 X1 g

eclF a2

= (;0 <|G1| (X1, x2)e (1) - ¢®

+H| - {x1,x2)1m - —q" — |G1l{x1, x2)6, - —q7>

=(q¢+1)-{x1,x2)a, —q- (X1, Xx2)H
This completes the proof of Equation (21).

Remark 6.1. Note that for h = 3, the arguments in Section 5.1.1 are enough to compute the
intertwining spaces H'(X3)y, x,- The arguments in Section 5.1.2 are needed to compute the
intertwining spaces H.(X} )y, yo for h > 4.

6.4. The Representations H?(X3)[x]. By Equation (21), the dimension of the Ug’q(qu)—
representation H2 (X3, Qy)y, x, is equal to ¢?, which implies by Section 2 (see Lemma 2.7 and
Proposition 2.10) that it is irreducible. Thus by Corollary 3.3, it is uniquely determined by
its restriction to H(F,2). Comparing Equation (21) to Equation (19) allows us to conclude

that if x: U} /U} — @Z restricts to a character of conductor ¢? on U? /U3, then

0  otherwise.

This proves Theorem 5.20 of [B12]| and completes our example.

7. REPRESENTATIONS OF DIVISION ALGEBRAS

Throughout this section, §: L* — @Z will be a primitive character of level h. Recall
that 6 is primitive of level h if for each v € Gal(L/K), both 6 and 6/67 have level h. This
induces a character x: Uj /UP — Q, whose restriction to U 2_1/ U} = F . has conductor ¢
and will be denoted by .
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In this section, we use Theorem 5.3 in order to describe the representations of the division
algebra D* D1 /2 arising from Lusztig’s conjectural p-adic Deligne-Lusztig variety X (see
[L79] and [B]2]) We can write D = L(IT) /(I1? — &), where L(II) is the twisted polynomial
ring defined by the commutation relation IT-a = ¢(a) - II (¢ is the nontrivial element of
Gal(L/K)), and 7 is the uniformizer of L. Write Op = O (II)/(I1? — 7) for the ring of
integers of D. Define P}, = II"Op and U}, = 1+ Py,

There exists a connected reductive group G over K such that G(K) is isomorphic to
D>, and a K-rational maximal torus T C G such that T(K) is isomorphic to L*. We
describe G more explicitly here. Let K™ be the completion of the maximal unramified
extension of K and let ¢ denote the Frobenius automorphism of Ko (inducing = +— 2z on
the residue field). Letting w = (2 {), the homomorphism F': GLQ(K ) — GLQ(K ) given
by F(A) = w 'A%w is a Frobemus relative to a K-rational structure whose corresponding
algebraic group over K is G.

Let G := G(K™) = GLy(K™) and T := T(K™). Let B C G ®x K™ be the Borel
subgroup consisting of upper triangular matrices and let U be its unipotent radical. Note
that T consists of all dlagonal matrices and U := U(K ") consists of unipotent upper
triangular matrices. Let U™ cC GLQ(K ") denote the subgroup consisting of unipotent lower
triangular matrices.

The p-adic Deligne-Lusztig construction X for D* described in [L79] is the quotient

X :=(UNF YU)\{A € GLy(K™) : F(A)A~' € U}.

In [B12] (see Section 4.2 of op. cit.), Boyarchenko proves that X can be identified” with the
set

X :={AcGLy(K™): FIA) A" ¢ UNnF({U")}
and describes how to define the homology groups HZ()Z' ,Qp) (see Section 4.4 of op. cit.). For
cach i > 0, H;(X,Q,) inherits commuting smooth actions of G(K) = D* and T(K) = L*.
Given a smooth character #: L* — Q,, we may consider the subspace H;(X,Q,)[0] C
H;(X,Q,) wherein L* acts by 6.

Using Proposition 5.19 of op. cit., we can now describe the cohomology groups HZ()? ,Q)[0]
as representations of the division algebra D* := Dlx/z. For convenience, we restate the
description given in this proposition.

e Let py denote the representation H2~1(X}, Q,)[x]. (Note that by Theorem 5.3, this
notation is consistent with the representation p, introduced in Section 2.) This is a

representation of U7 (F 2) = UD/UDh R

e This extends to a representation 7, of OD/UI%(h_lH_1

Tr(ng(¢) = (=1)"10(0).

2Since we are in the situation n = 2, the subgroup Un Ffl(ﬁ) is actually trivial. For arbitrary n, the

with the property that

analogous subgroup is not trivial, but then there is more substance to the identification of X with X.
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e This inflates to a representation 75 of OJ.
e This extends to a representation nj, of 72 - O} via setting nj(7) := 0(r).
e Set 7y := IndDZXOX (np) and Proposition 5.19 of [B12] asserts that

™D

H;(X,Q)[0] = ng for i =h—1.

Via the local Langlands and Jacquet-Langlands correspondences, there is a bijection
between smooth characters of L* and irreducible representations of D*. For a character
0: L* — @ZX , let pg denote the corresponding D*-representation. Theorem 2.6 of [BW11]
gives an explicit construction of pg in the case that 6 is primitive using a geometric ingredient
given by the representation H} (X2, Q,)[t] of Ug’q(qu). Note that in [BW11], X is denoted
by X and Uy(F,2) is denoted by U29(F ).

Our work describes a correspondence between L*-representations and D *-representations
arising in Lusztig’s conjectural construction of a local analogue of Deligne-Lusztig theory. A
natural question to ask is whether the map

{primitive characters of L*} ———————— {irreducible representations of D*}

0 H.()Z,@Z)[e]

matches the correspondence given by the local Langlands and Jacquet-Langlands correspon-
dences. It in fact does!

Theorem 7.1. Let 0: L* — @ZX be a primitive character of level h and let pg be the

D*-representation corresponding to 6 under the local Langlands and Jacquet-Langlands
correspondences. Then H;(X,Q,)[0] =0 ifi # h —1 and

P = Hh—1()~(a@z)[9]-

Proof. The first assertion is clear from Theorem 5.3 and Proposition 5.19 of [B12]|. As the
description in Theorem 2.6 of [BW11]| depends on the parity of h, we will handle the even-h
and odd-h cases separately. In the case that h is odd, the heart of the proof is really in the
observation that the image of L* -U% NU} in Uz’q(qu) under the surjection U} — U;%(F,2)
is exactly the group H'(F,2). The case when h is even requires a bit more work as we
must unravel the connection between the U22 “(F,2)-representations H; (X2, Q)] and the
Ui’q(qu )-representations H~1(X},, Q,)[x].

Let h be odd. By Theorem 2.6 of [BW11], there is a unique character 0 of L* - un

that restricts to # on L* and is trivial on 1+ (C’ N P). Here, C' = L -11 C D. Then
DX
Lx.Ub

Notice that 7% - OF, = L* - U}, so that np = Indfxx.U}J (p)-

po = Ind (6). We would like to compare py to the representation ng = Hy_1 (X, Q,)[6)].
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The image of (L* - UL) N UL under the surjection
©: Up — U“(F 2)
-1

1+ all' =1+ Z a;T

i>1

is exactly equal to H'(FF,2) and the pullback of Yo H'(Fp2) — @[X along ¢ is exactly equal
to 6: (L* - Uumynus — Q,. Therefore

Ind(LX UbNUL, (6) = Ind(LX Uk)NUL, (x* o),

and if follows that, viewing H"~1(X},,Q,)[x] as a representation of U}, by pulling back along
©, we have

Ind(Lx Uh)ﬁUl (9) = Hch_l(Xha@ﬁ)[X]'

We may identify OE/U]%UL D+ With the semidirect product (¢) x U}?’q(qu), where
¢ can be viewed as a generator of IFX. By Proposition 5. 19 of [B12], we know that

H!M1(X),,Qp)[x] extends to a representation 13 of OF /U, 2(h=1*+1 hich is characterized by
Tr(n5(¢)) = (=1)"716(¢), where ( is a chosen generator of IFqXQ. We now check that

Ind(Lx Uh)mOX (9) = 7];

It is sufﬁcient to show that the traces agree on (. But this is easy: The representation

- 2,4 -
Imd(LX U0 (0) is the pullback of the representation Indé ;KZ'(F(F )2)(0), whose trace on (

is exactly 6(¢) since any element g € ({) Uh’q(qu) conjugates ¢ out of (¢) x H'(F,2).
Pulling back these representations to (’)B, we see that

(L*- Uh)moX (9)

1

md“? Mg -

It is clear that y
LX0% =
IO

Noting that L* - O = 7% - OF, we may now conclude that

Ind

Po = Inde Uh (0) - IndDZXOX In de Uh (5) =In dDZXOX( é) = Hh—l(jz7@ﬂ)[9]'

Now let h be even. By Theorem 2.6 of [BW11], there is an irreducible representation o
of L* - U™ such that Tro(z) = (—1) - 0(x) for each very regular element z € OF and the
restriction of o to K* - U i U ]’5 is a direct sum of copies of a character that equals 6 on

X . U} and is trivial on 1+ (C' N PP). Then pp = IndLX - 1(0). Just as in the odd-h

case, we would like to compare pg to the representation 7y = Hh_l()?,@e)[ﬁ].
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The image of (L™ - Ug_l) N U}, under the surjection ¢: U}, — Ui’q(qu) is equal to

H"(F,2), where
H" = {1+ Zairi ;4 is even; or i > h— 1} C U9
Note that H"(F,2) contains H'(F,2) as a degree-q subgroup.

By the proof of Theorem 2.6 of [BW11], o is constructed as follows. Consider the
group J = 1+ PP 1 4 (C"NPE ) and J; = 1+ PP + (C' N PA™). Then we have an
isomorphism J/J; = Ug’q(qu) coming from the natural surjection L* x J — ({) x Ug’q(qu).
Consider pullback of H!(X2,Q,)[¢] to L* x J and tensor this representation with 6 to
obtain a representation that descends to a representation o of L™ -U g_l. The representation
H!(X5,Q,)[¥] is constructed as follows. Let 1 be any extension of ¢ to {1 +ar +b7%:a €

_ 2, ~
F,} C U;’q(qu). Then H}(X5,Q,)[¢] = Ind" q(FqQ)(l/J) as representations of U22’q(]Fq2). By
Theorem 2.9 of [BW11], Tr(a(¢)) = —6(¢).
We can realize Uy “(F,2) as a subgroup of U, i’q(qu) via the inclusion

Uyd(Fp2) — U (F,2)

I1+apa7+ 612(;1—1)72 = 14 ap "+ az(h—1)72(h_1)-

— — (h—1) ~
Thus H (X2, Q) [¢)] = IHdEiZ:Z;iZ:;:,;:}aqu}(w) and as representations of (L* -Ug_l) N
H/l(]FqQ)

U, o= IndH,(qu) (X). Therefore,

o PN (F )
(vt (0) FALEy ey Ind s g ) (0

— Ind"? %
= Td2 e ) (X)

= H N (Xa, Qo) X]-
By Proposition 5.19 of [B12], there exists a unique extension of H"~1(X}, Q,)[x] to a
representation of O} characterized by Tr(¢; H 1 Xy, Qp)[x]) = (=1)"710(¢) = —6(¢). This

therefore implies that as representations of O7F,,

o5
Ind(LX-Ug‘l)mog (o)

1

M-
The final conclusion is exactly the same as the argument in the h-odd case, and this completes
the proof of Theorem 7.1. O
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