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1 5 September 2012: Two Toy Examples and First Motiva-
tions

The theme of this course will be to construct various group representations geometrically.
We begin the course by going through two toy examples that will give the flavor of what we
will do throughout this term.

1.1 Toy Example 1

In this example, we will construct the irreducible representations of the general linear group
GL,(E) =:T.

Let B be the Borel subgroup consisting of upper triangular matrices in I', and let T be
the split torus inside I consisting of diagonal matrices. Note that T = ¥ x Ex.

The irreducible representations of a product group G x H are, up to isomorphism, of
the form p; ® py, where pg and py are irreducible representations of G and H, respectively.
Hence for T 2 F* x £¥ = Z/(q - 1)Z x Z/(q — 1)Z, the irreducible representations are given
by x1 ® x» where y; and y; are irreducible representations of the cyclic group Z/(g —1)Z.

Given an irreducible representation of T' = ¥ x X, we may construct a linear (that is,
one-dimensional) representation of B as follows. We have a natural surjection

B-F xE 2T, (o,)~ (%)
Then using x; and x», we obtain a map E* x F* given by

ExE = C (xy) = n()x0)

Let y be the composition

B E xE > C (0y) = (xp) = n(x)r(y)
This is a group homomorphism B — C* and therefore defines a linear representation of B.
Now consider the induced representation Indy ().

Remark. The process described above can be more succinctly said. The described homomor-
phism y is the inflation of y; ® x, from T to B.

Using this language, we can state the following fact.

Fact 1.1. For an irreducible representation y of T, either Indy(Inf}(y)) is irreducible or is a
sum of two irreducibles.
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SECTION1 5 SEPTEMBER 2012: Two Toy EXAMPLES AND FIRST MOTIVATIONS 7

Extending the above linearly to the entire representation ring, we obtain a functor
B Ho(T) > Ho(T), Vo> Indi(Inf(V)).
This functor is called Harish-Chandra induction. We can alternatively think of Z as
Hc: H(T) > Hy(T), Ve C[T/U]&cir V,

where U is the set of unipotent matrices (§ 7).
Using this language, we may restate Fact 1.1 as: For an irreducible representation y of T,
either Z¢ () is irreducible or is a sum of two irreducibles.

Definition 1.1. If V is an irreducible representation of I' that appears in the Harish-Chandra
induction of an irreducible representation of the split torus T, then V is a principle series
representation.

Definition 1.2. If V is an irreducible representation of I that is not a principle series repre-
sentation, then we say that V is a cuspidal representation.

The cuspidal representations are harder to construct. To do this, we will look at the
¢-adic homology of a particular plane affine curve X.

Let X be the plane affine curve cut out by the polynomial (x7y — xy1)4-! — 1. Note that T
acts on X by multiplication on the coordinates. We may check explicitly that for A € I', we
have

((x"N1y' = x'(y")1)71 -1, where (;:) =A(5).
In this computation one sees that the exponent g - 11is important because det(A) € E and
hence det(A)47! = 1.

Remark. One may wonder where the polynomial above comes from. It turns out that

(xTy —xy?) " = —[[(ax + By),

where « and 8 vary over the elements of If, and are not both zero. The proof of this is
straightforward. We prove it via a series of claims.

Claim 1. Using the notation above,

H(ocx +By) =—(xy(x+y)-(x+ (q—l)y))q_l,

MaTtH 711: THE LocAL LANGLANDS CORRESPONDENCE
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Proof. This is not so hard to see. Indeed, everything of the form (ax + ) is of the form
m(x + ny) for some m € F. Furthermore, m varies over all elements of . and it is a fact
from elementary number theory that [],,z« m = —1in F;. (Note that x4~' —1 = 0 for all
x € ) Hence this completes the proof. ]

Claim 2. We have
H (x+ny)=xT1-yr

X
ne]Fq

Proof. This is also not so hard to see. Note that x4 — y4-! = 0 whenever x = ny for some
n € [ The result follows. O

This gives some motivation for why we want to study this particular plane affine curve
X. <&

Remark. If we were working with SL,([F;) =: G instead of with GL,(F;) = T, then we would
consider the affine algebraic variety cut out by x4y — x y4 instead. We no longer need the
exponent g — 1 because det(A) =1for A € G, by definition.

I think there should be a more intrinsic motivation to why we consider the so-called
Drinfeld variety when working out the representations of SL,([,), but 'm not sure at the
moment. &

The action of T on X induces an action of I' on H*(X).

Fix a prime € # p = char(F,) and let K be a sufficiently large algebraic extension of Q.. (A
field K is sufficiently large if it contains the |T|th roots of unity.) Rouquier proved that there
exists a bounded complex of KI'-modules who's cohomology groups are, as KI'-modules, the
cohomology groups with compact support of the variety X (with coeflicients in the constant
sheaf K). To simplify notation, we will denote by H' (X)) the KI'-module H (X, K).

Fact1.2. H'(X, @p) decomposes into a direct sum of all of the cuspidal representations of T,
each with multiplicity 1.

We can actually decompose H'(X, @p) explicitly. I acts on X by scaling (x,y) € X.
Indeed, this is an action since we may interpret X as the affine plane curve cut out by
[T(ax+By) +1, which gives that scaling by A yields a factor of A4°~! = 1in the first term. Note

MaTtH 711: THE LocAL LANGLANDS CORRESPONDENCE



SECTION1 5 SEPTEMBER 2012: Two Toy EXAMPLES AND FIRST MOTIVATIONS 9

that the actions of % and I' commute. Now take any group homomorphism y : F; - Q,.
Let
H'(X,Q)[x]:={ve H(X,Q,):t-v=x(t)vforall t e g2

This is the subspace of H'(X, Q,) such that the £-adic linear representation y of I acts as
the trivial representation.

Fact 1.3. If x(t) # x(t1), then the Q,T-module H'(X,Q,)[x] is an irreducible cuspidal

representation of T'.

1.1.1 Questions

1. What happens if y(t) = y(#1)?

2. What happens to H"(X, Q,)[ x] for n # 12

3. What is dim(H'(X, Q,))?

4. How can we be sure that these are all the representations?

5. I want to know more about the representations. From the above construction, I would
like to actually compute the character table of I

1.2 Toy Example 2

This second example will have a similar flavor to Toy Example 1, though it may feel different.
Also, if one wants to make some real sense out of this example, one would have to set up the
example very differently. In other words, there are lots of lies in this example, but the point
is to explain why formal groups appear in this area of study.
Let E be an elliptic curve over C. Thinking of E as an algebraic group, we may define,
forany N e N,
Entors = {x € EENx =0} = (Z/NZ)*.

(Remark: Topologically, E is a product of two copies of S.) Now let’s consider a family of
elliptic curves instead of just one elliptic curve. Let

n:E—-B

MaTtH 711: THE LocAL LANGLANDS CORRESPONDENCE
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be a smooth morphism of algebraic varieties whose fibers are elliptic curves. Then for each
N ¢ N, we have an étale covering Xy — B where a point of Xy over b € B is an isomorphism
(of abelian groups)

(Z/NZ)* - 77 (b) N-tors-

Then GL,(Z/NZ) acts on Xy by acting on (Z/NZ)?; in fact, GL,(Z/NZ) is the group of
deck transformations of Xy — B. (This is actually true if Xy is connected. But if Xy is not
connected, then we in fact have many more deck transformations than just GL,(Z/NZ).)
This then gives an action of GL,(Z/NZ) on H*(Xy, C).

We can look at the relationship between these actions and N. If N, N, e Nand N; | N,,
then we have a natural map Xy, — Xy,. More explicitly, this means that the following
diagram commutes:

(Z/NZZ)Z - > Esztors

|

(Z/NIZ)Z - ? ENl-tors

This natural map is compatible with the surjection

given by reduction modulo Nj.
Now look at H*( Xy, C) and get, by a pullback,

H*(Xy,,C) — H*(Xy,,C)
O O

Now we take the direct limit of and get the space
li_r)n H” (XN, C)
NeN

on which we have an action of

lim GL,(Z/NZ) = GLy(Z) = ] GLy(Z,).

NeN p prime
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SECTION1 5 SEPTEMBER 2012: Two Toy EXAMPLES AND FIRST MOTIVATIONS 11

Something like the above can be used to construct representations of GL,(Q,). In our
case, we will be replacing the role of the elliptic curves with formal groups.

Surprisingly, although this is primarily developed in the areas of number theory, repre-
sentation theory, and algebraic geometry, there are some serious applications to algebraic
topology by way of homotopy theory.

Some references for this class:

For cohomology theory, look at SGA 41 and possibly Deligne-Lusztig’s original 1976
paper. It is a long paper but in Section 2, he works out some examples.

For the finite field stuff, look at Digne and Michel’s Representations of Finite Groups of
Lie Type.

For Q, stuff, look at Gross and Hopkins (as suggested in the syllabus).

Also look at the paper of Drinfeld where he gives the original definition of the Lubin-
Tate tower. This paper is called something like “Elliptic modules” or similar.

A paper that I found: http://math.harvard.edu/archive/126_fall_98/papers/

mahill.pdf. This gives the construction of the irreducible representations of GL,(IF,)
discussed in Section L.1.

MaTtH 711: THE LocAL LANGLANDS CORRESPONDENCE
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2 7 September 2012

Our plan for this term will be the following topics:
1. Background on representations
2. Examples for GL,(F,) and GL,(Q,)
3. Formal groups
4. The Lubin-Tate tower

5. The local Langlands correspondence and Deligne-Lusztig theory

2.1 Representation Theory Background

Let G be an abstract group and let H be a subgroup of G.
Given a representation p : H - GL(V), we may form the induced representation
Ind$;(p) given by

Indgi(p) = {f:G - V: f(hg) = p(h)f(g) forallg e G, h e H}.
The action of G on Ind{;(p) is given by
(- )(x) = fxy) forall y,x€G.
Remark. Let m be any representation of G. Then
Homg (7, Ind%(p)) = Homp(Res% (1), p).

NEED TO TYPE 7 Sept - 12 Sept Notes
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3 14 September 2012: The General Theory of Smooth Rep-
resentations

Recall: G is an ¢-group means that G is a topological group satisfying:
(i) G is Hausdorff, locally compact, totally disconnected

(ii) 1 € G has a basis of neighborhoods consisting of open locally compact Hausdorff
subgroups.

(iii) G is an open pro finite subgroup.

All of the examples that we will see in this course will be where G is a closed subgroup of
GL,(F), where F is alocal non-Archimedean field, with topology induced from the topology
onF.

3.1 Compact ¢-groups
Example 3.1. Let K = GL,(0F) < GL,(F).
Proposition 3.1. Let K be a compact €-group. Then
(a) Every smooth irreducible representation of K is finite dimensional.
(b) Every short exact sequence in 7 (K) splits
(c) Every smooth representation is a direct sum of irreducible representations.

Remark. It follows from the above proposition that every compact ¢-group is a profinite
group. &

Proof. We leave (a) and (c) as exercises. We need to check that if 7: M - N is a surjective
morphism in %Z(K), then 7 splits. That is, we have a K-invariant section. First take any
linear section s : N - M of m. We would like to change s so that it is K-equivariant. Let py
be the unique Haar measure on K with px(K) = 1. Then define

0= nglosogdﬂx(g)-

This is a K-equivariant section of 77, which gives a splitting for the surjection 7. [
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SECTION 3 14 SEPTEMBER 2012: THE GENERAL THEORY OF SMOOTH REPRESENTATIONS 14

Alternative Proof of (b). There is an alternative interpretation for o that is more elementary
(as in, there is no measure theory involved). Here is a more concrete description. Take any
finite dimensional K-subrepresentation Ny ¢ N. Then M, := span(K - s(Ny)) is a finite
dimensional subspace of M. So this is a subrepresentation and 7 restricts to a surjection
M, - Ny. The K-action on M, and N factors through the quotient K - K/H =:T. Then

1

o=—
IT]

Z)ﬁl OS‘NO o y:N0 - M,
yel

is a K-equivariant section of 7|y;,. From here, the last thing to check is that all the different
sections that we get from considering different finite dimensional K-subrepresentations of
Ny are compatible with each other. The reason we have this compatibility is because the
original linear section s: N — M was globally defined. [

3.2 Schur’s Lemma
Let G be an ¢-group and let M € Z(G) be an irreducible representation.

Lemma. Let K be an algebraically closed field of characteristic 0. Then
Endg(M) = K,
assuming that K is uncountable and G is second countable (as a topological space).

Remark. G is second countable if and only if (G : K) is at most countable for all compact
open subgroup K c G. &

Example 3.2. Take G = Q(t)*. This is a discrete group and acts on Q(t). This is an
irreducible representation over Q.

Proof of Lemma. This is very similar to the proof of the Nullstellensatz in algebraic geometry
(assuming uncountability of the field).

Consider D = Endg(M). This is a division algebra over C. We will show that the
dimension of D is at most countable. This will imply that D = C.

Pick a € D \ C. This means that a = A # 0 for all A € C. Look at the inverses of these
elements. We know {ﬁ} \ec 18 uncountable and hence they are linearly dependent. But
then this means that a has to satisfy a polynomial condition over C, and this contradicts the
algebraic closedness of C.

MaTtH 711: THE LocAL LANGLANDS CORRESPONDENCE
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Choose v € M, v # 0. Then by irreducibility, this vector v generates M as a representation.
So any endomorphism of M is determined uniquely by v; that is, the map D — M, f ~ f(v)
is injective. But dim¢ (M) is at most countable because G - v is at most countable (by the
assumption that G is second countable). This completes the proof. [

3.3 Induction Functors

Let G be an ¢-group and let H c G be a closed subgroup. Then we have a restriction functor
Res$: Z(G) - %Z(H).
This functor has a right adjoint
Ind$: Z(H) - Z(G).
This means that for any representation M of G and any representation N of H, we have
Homy; (Res% (M), N) = Homg (M, Indy(N)).

Consider Z(G) = Rep(G), where Rep(G) denotes all representations of G. This inclu-
sion has a right adjoint

M — M*™ := {v € M:stabg(v) is open}.
Explicitly, this means that for N € Z(G) and M € Rep(G), then we have
Homg(N, M) = Homg(N, M*™).

On the other hand, the restriction functor Rep(G) — Rep(H) has a right adjoint, namely,
old-Ind$,. It follows formally that the smooth induction is defined to be

Ind$(N) = (old- Ind$(N))*™.

This is right adjoint to Res%: Z(G) — Z(H).

Explicitly, Ind%;(N) is the set of all f: G — N such that f(hx) = h- f(x) forallx € G, h
H and such that the stabilizer of f in G under the action (go f)(x) = f(xg) is open. The
second condition means that f locally constant. Note that f locally constant does not imply
the second condition.
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3.4 Compact Induction

This is easy, drawing from our discussion of smooth induction. Define
c-Indfj(N) = {f € Ind§;(N): “support of f modulo H” is a compact subset of H\G} .

Here, we can check that the second property in our definition of smooth representations is
equivalent to saying that f is locally constant.

Remark. 1. If H\G is compact, then c-Ind$;(N) = Ind$;(N). Here, a typical example
is when G = GL,(F) and H = B (or a subgroup containing B). (Even if H\G is not
compact, sometimes the above happens for a representation N. These representations
are important.)

2. If H is open in G, (for instance, take G = GL,(F) and H = GL, (%)), then c-Ind$
is left adjoint to Res%. Otherwise, Res® has no left adjoint (EXERCISE). (Can check
(think about infinite products in this category) that Z(G) — % (H) does not preserve
infinite products. (Need to work out how infinite products work in this category.)
(Right adjoints preserve products, and left adjoints preserve coproducts.) &
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4 17 September 2012: Smooth Irreducible Representations
of GL,(F)
We will discuss this topic when F is a non-Archimedean local field. There are two categories:
o Principal Series representations

o Supercuspidal representations (in the literature, these are also called cuspidal, or
absolutely cuspidal, etc.)

We will describe the principal series representations completely and give some examples of

the supercuspidal representations.

4.1 Construction of the Principal Series

We will basically do what we did in the finite-field case.
Let G = GLy(F) andlet B={§ ; } € G. Consider the surjection

B—>»T=F"xF~.

Choose a smooth character y : T — C* (that is, ker(y) is open). Note that this is the
same as choosing two characters of F*, say y;, y» : F* = C*. Let ¥ : B — C* be the inflation
of x and form p, = Indg (¥) = c-Ind5 (). As a topological space, G/B = P'(F) and hence
is compact.

4.1.1 First Observations

We get the following for free: If y; = x», then p, contains x; o det : GL,(F) > F* > C*asa
subrepresentation. Indeed,

Homg (y; o det, p,) = Homg(x; o det |, X)
is one-dimensional. This is the only thing we get for free.
Claim 3. Endg(p,) = C.
We will find that we have three cases:

(1) If y1 = x2, then p, has a 1-dimensional subrepresentation with irreducible quotient.
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(2) p, has al-dimensional quotient with irreducible kernel.
(3) py isirreducible.
Our technique will be to analyze the restriction of the representation p, to {§ i } ¢ B.
Notice the duality between the first two cases. We now turn our attention to this.

4.1.2 Duality and Induction for Finite Groups

For finite groups, given a finite I' > H, then given p : H - GL(V), we obtain p* : H —
GL(V*) given by h — p(h7')*. Also,

Ind;(p*) 2 (Indy; p)*.
More generally, if H c T are abstract groups, then
Indy;(p*) 2 (indg(p))*
Reminder: we will construct a pairing
() : Indgy(p*) x indy; *(p) » C

given by the following. For ¢ : T — V* and y : I' - V satisfying some properties, we obtain
a function y — (¢(y) | w(y)) € C. This function is invariant under left translations. So it
descends to a function H\I' » C with finite support. Then set

(pw):= 2 (p(x) [y(x)).

xeH\T

So we have obtained a I'-equivariant linear isomorphism Indj;(p*) - (ind};(p))*. (Note:
(-] -) is the usual evaluation V* x V - C.)

4.1.3 Duality and Induction for ¢-groups

Let G be an ¢-group and let H ¢ G be a closed subgroup. Then given p : H - GL(V) a
smooth representation, we have p¥ : H - GL(V"), the smooth dual of p and V'V := (V*)sm,
(In the Zelevinsky paper, they write p = pV.)

The naive expectation is the that Ind$;(p¥) = (c-Ind(p))V. This is FALSE. There is a
statement similar to this, but we need to replace p with something else.
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We would like to imitate the previous argument. Take ¢ € Ind5(p¥) and v € c- Ind$;(p).
This function is invariant under left multiplication by H, and hence descends to an element
of C=(H\G). Note that C* means locally constant and ¢ means compact support. We give
H\G the quotient topology.

Now we would like to define (¢, v). Then we get

(9= [, (o]v)dx

Question: What is dx? It is a right-translation invariant measure on H\G which is invariant
under the right G-action. BUT: dx doesn't always exist. For instance, it doesn’t exist when
G = GLy(F) and H = B as in our case.

We would like to figure out under what assumptions this measure does exist and if it
doesn’t exist we want to know how to salvage the situation so that it works out.

Sketch. Suppose dx is a right-invariant measure on H\G. Then we get

f dx:C*(H\G) - C,

a linear functional invariant under right translation.
Introduce

avi: C=(G) ~ C2(H\G), [ (g~ [ flhg)duiy(h)),

where y}, is a chosen right Haar measure on H. It turns out that this map avy is surjective
(EXERCISE). Also, avy commutes with the right translation action of G.

Remark. The function avy(f) is invariant under LEFT translation by H, so it descends to
the quotient on the left by H. &

So C*(G) - C, f ~ |, G @vi(f) dx is a right-invariant linear functional, so there

exists ¢ € C such that
[ avH(f)dxchfdy’G
H\G G

for all f € C(G) (where uf; is a right Haar measure on G).
Remark. Space of right-invariant linear functions on C°(G) is one-dimensional. &

Let f € C>(G) be arbitrary. If y € H, consider

L)) = f(y'g).
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Then
aviu(,0)(@) = [ (A,f)(hg) duy(h)
= [ £ hg) duiy ()
=fo(hg)d#L(yh)
= 8u(y) - avu(f).

The character 8y (y) : H - QZ, is called the modulus character or moduli character.
The upshot is that

(Af) = 0u(y) - f e ker(avy).
Hence we must have

[ Ouf = 8u(y)- £) dui =0,
But

[ ounauz=octr)- [ faus.

So the upshot here is that if dx exists, then dg(y) = 8g(y) for all y € H. So the restriction of
the modulus character of G to H is the modulus character of H.

Warning: But this does not work in general. In our situation when G = GL,(F) and B is
the Borel subgroup , the modulus character for G is trivial but the modulus character for B
is not trivial.

Remark. It turns out that the reverse implication is true. That is, if dx exists, then dg|g = Og.
&

Why is the modulus character rational valued? Take K € G a compact open subgroup.
Then the modulus character §;(y) can be computed as follows: We have

f 1k dug = pg(K)

and so

f Lycdug = 06(y)ug(K).
Now,

f 1L, Ky dug = u(yKy™),
so finally,

(yKy™: KnjKj™)
(K:KnjKj™)

dc(y) = uy(h).
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5 19 September 2012

(Optional exercises for this class can be found at www.umich.edu/ " mityab/teaching/
m711£12.)

Let y : T - C* be a smooth character. We may inflate this to y : B - C*. Then set

p, = Ind§ (¥) = c- Ind§ (7).

Definition 5.1. A principal series representation of G is a subquotient of p, for some y.

5.1 Classification Theorem for Principal Series Representations
Theorem 1.
(a) There are three mutually exclusive possibilities:

(i) py is irreducible.

(ii) p, has a I-dimensional subrepresentation with irreducible quotient. (This happens
if and only if y1 = x.. EXERCISE.)

(iii) p, has a I-dimensional quotient with irreducible kernel. (This is obtained by

applying smooth duality to the previous.) (This happens if and only if 22 = ||a|2,

x2(a)
where || - || is the normalized absolute value.)
(b) Classification of irreducible principal series representations
(c) If p is a smooth irreducible representation of G, then p is a principal series representation

if and only if Homy (p|y, 1y) # 0.

5.1.1 Strategy for (a)

We outline the proof of (a). The statement follows from the following steps:

1. Prove that py = p. -1, where v- (§ 7)) = % (Think about Haar measure and also the
quotient B\G.)

2. Res§(p,) has a filtration by B-subrepresentations Wy € W, € W; = p, |5 such that W;
is irreducible (and infinite-dimensional) and W,/ W;, W5/ W, are 1-dimensional.
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3. Every smooth finite-dimensional irreducible representation of GL, (F) is 1-dimensional.

Idea. If p : G - GL(V) is a smooth finite-dimensional representation, then ker(p)
is open. Furthermore, (} 1) € ker(p) when x € F is “small enough” This means
that ker(p) contains SL,(F). It follows then that if p is irreducible, then p must be
one-dimensional. O

4. py has al-dimensional sub representation if and only if py has a 1-dimensional quo-
tient. Also, p, isal-dimensional quotient if and only if p has a 1-dimensional quotient.
(These two statements are the same if we restrict our attention to admissible repre-
sentations. In general, the square of the duality is not the identity, and so these two
statements may not be the same.)

Proof. EXERCISE: Duality is an exact functor on Z(G) (where G is any €-group).
Let V — W be an injection of smooth representations. This induces a surjection
W* = V*. It requires proof to show that (W*)sm — (V*)sm,

Using the above, then we get both implications (=) in the statement of (4). Then
(<) follows because py = p,-1.,. O

Step 2 of the above outline gives that p, cannot have an infinite-dimensional subrepre-
sentation with an infinite-dimensional quotient. Hence if p, is irreducible, then either p,
has a finite-dimensional subrepresentation or a finite-dimensional quotient. And finally this
means that it either has a one-dimensional subrepresentation or a one-dimensional quotient.
This completes the proof.

5.2 Haar Measures and Examples

Let G be any ¢-group. There are two viewpoints on a left Haar measure:

« Analytic. There exists a nonzero Borel measure . on G which is left-invariant. It
is finite on compact sets, and hence we may integrate on functions with compact
support.

« Algebraic. There exists a nonzero linear functional I, : C2*(G) — C which is invariant
under left translations. This functional is unique up to scaling.

MaTtH 711: THE LocAL LANGLANDS CORRESPONDENCE



SECTION 5 19 SEPTEMBER 2012 23

Theorem 2. There exists a nonzero linear functional I, : C*(G) — C which is invariant
under left translations. This functional is unique up to scaling.

Proof. Choose a compact open subgroup (c.0.s.) K c G, prescribe I (1) arbitrarily, where
1k is the indicator function of K. Then for any open subgroup H c K, we must have
I£(1y) = I5(1k) /(K : H). Therefore for any c.0.s. H € G, then

(H:KnH)

lo(1n) = (K:KnH)

IE(1k).

This determines I, on all of C2*(G). O
Example 5.1. Let G = (F, +). Then there is a unique Haar measure dx such that dx(0r) =

Example 5.2. What about G = F*? Observation: if a € F, dx(a - Of) = ||a||. Notation: if
a € F*, we may write a = n" - u, where 7 € O is a generator of the maximal ideal, n € Z, and
u € 0. Then define ||a|| = g, where q = |0F /()| Indeed, a0y = n" - Op. If n >=> 0, then
n"Op C Of with index ¢", and if n < 0, then & < 7" OF with index g~". Then % dx js a Haar

TIxll
measure on F*.

Example 5.3. G = GL,(F). If A ¢ F" is measurable, then for all g € GL,(F), then

(dx")(gA) = || det(g)]l- (dx")(A).

Let dg be the “Lebesgue” measure on Mat,(F) = F"’. Then i~
Haar measure on GL, (F).

Taet( t( 7 is both a left and a right

Remark. For some groups, the left Haar measure and the right Haar measure are different. For
instance, for the Borel subgroup, we need different formulas for the left- and right-invariant
Haar measures. <&
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6 21 September 2012

Recall: On GL, (F) we have a left and right Haar measure: Hdefﬁ’ where dg is the restriction

of the Lebesgue measure on Mat, (F) = F"’.

Take G to be the Borel subgroup {(; )} inside GL,(F). Then under the left multiplica-

‘ _ dxdyd
tion action, we have a left Haar measure TRl ‘sz}hzﬁc .

20

Under the right multiplication action, we have the right Haar measure %, so Bis

& D 6—7FZ
0 ©

not unimodular.

6.1 The Module/Modulus/Modular Character

Let G be any ¢-group. Let I : C=(G) — C be a nonzero linear functional invariant under
the left G-action. This is unique up to scaling.
Given y € G and f € C>(G), define a right representation

(pyf)(8) = f(gy)-

Then f + I(p, f) is also left-invariant and so by uniqueness, there exists a unique §¢(y) € C*
such that I(p, f) = 6g(y)™ - Is(f). We therefore get a map d5: G - C*, which is called the
modulus of G.

In terms of u’, we have that

ff(g)d#c (g7 ff (87) duc(8) = 8 1(Y)ff(g) dpc(g)-
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So
duc(gy) = 0c(y) dug(g) forallyeG.
Example 6.1. Let G = B € GL,(F). Write g = (572),y = (&]). Recall that we have

dut(g) = —ﬁf‘?y‘éﬁ, and so

det(y)||-|bl] d dy dz
d 14 — ” .
Ko (&Y) = R ol TlP - Tl

Therefore the modulus character of B is

8s(y) = %-

Claim 4. Let G be any € group and fix K € G to be any compact open subgroup. Then

_ (K:KnyKy™)
0= Gy KKy )

Proof. Without loss of generality, we may assume that I(1x) = 1. Then
86 (y)™" = 1(pylk) = I(1gy) = I(1)xpm).
The result follows. DETAIL ]

Consequences.

. 8|k =1, and in particular, ker(J;) is open.
2. 8G H G g Q>O

3. If G has a normal compact open subgroup, then §¢ = 1. In particular, if G is compact,
then 65 = 1.

Claim 5. 87 - uf, is a right Haar measure.

Proof. If f € C=(G), then for all y € G,
[ 1(en8d () dutie) = [ £(@)8 (™) dut(ey™)
=560 860) [ f@de(0) dub(e). O

By a similar computation, we have that if uf, is a right Haar measure on G, then for all
feCx(G).
[ 1079 dui(9) = 8() [ (9 dui(e)

Now back to the question about what happens to induction under duality...
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6.2 Induction and Duality

Let G be any ¢ group and let H ¢ G be a closed subgroup. Choose p € Z(H), a smooth
representation.

Claim 6.
Ind7;(p" ® 8;/0) = (c-Indy(p))”. (1)

Corollary 6.1. If G = GL,(F) and B ¢ G is the Borel subgroup, then

(Indg(j{))v > Indg(f‘1 ® 65').

6.2.1 Construction of the Isomorphism in 1

We have a map
Ind§(p" ® 87166) ®c c-Ind§(p) — c-Ind5(p” ® p ® 8718¢) — c-IndF(8786),

and wed like to construct a map from the rightmost object to C.
The idea of this construction is the following.

av’

C=(G) ———— ¢ Ind$(6;106)

fG du;(g) EI'

){"‘

C

The key point is that ker(av};) is contained in the kernel of [, du’(g).
avy, is equivariant with respect to the right action of G and surjective.
Formula for av};: For f € C(G),

(1)) = [, 21 (hg) i ()

It is easy to check:

e av};:C2(G) - c-Ind$(8;16¢)
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« avy commutes with the right G-action

« Givenany y € G, define (A,f)(g) = f(y™- g). Then forall y € H,

aviy (A f) = 86'(y) - aviy (f).

Then
(4 f) = 85 (y) - f eker(avy).

« A, f =85 (y) - f isalso in the kernel of [ duf.

Medium difficulty to check:
* avy, is surjective

o ker(avy,) is spanned by {(A,f) - 65 (y) - f: f € C=(G)}.

« we actually get an isomorphism between Indf;(p¥ x 8;18¢ and c-Ind;(p))V.
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7 24 September 2012

71 Set-Up

Given a character y of T = F* x F*, we obtain its inflation ¥ to the standard Borel subgroup
BcG:= GLz(F)

Proposition 7.1. The representation Ind$ (Y) has a filtration by B-subrepresentations W; C
W, € W;, where Wy is irreducible and W3 | W,, W,/ W, are I-dimensional W is the whole space.

From this, we obtain a complete description of what it means for this induced represen-
tation is.

Proof. Let us try to analyze the space Indj (¥) = {f:G — C : properties}. Recall that we
have a Bruhat decomposition

G=BuBwB, wherew=(%}).
Also, if U ¢ B is the unipotent subgroup, then the map
BxU - BwB, (b,u)~ bwu

is a homeomorphism. This means that for any function f € Ind§ (¥), then f is determined
by f(1) and {f(wu) : u e U}.

Let us analyze the first condition—the image of f at the identity. We have Ind§ (¥) - C,
and this map is B-linear if we let B act on C via ¥. Let W; = ker(Ind§(}) - ).

Let us analyze W,. (Here is a question: Look at the space C*(IP!(F)) (locally constant
functions on P!(F)). Consider the surjection C*(P!(F)) - C. What is the kernel? It is
C(F), i.e. the space of locally constant, compactly supported functions on F.)

Exercise 1. We have a linear isomorphism W, — C*(U) given by f ~ f(w---?). The inverse
of this is h ~ h, where h: bwu — ¥(b) - h(u) and b ~ 0. These two conditions define /& on
all of G. &

Now we need to analyze how B acts on C=*(U). We have B = T x U, where T = F* x F*
is the maximal torus consisting of diagonal matrices. So we can analyze the action of U and
T to obtain the action of B. Now, U acts on C°(U) by (right) translations. If t € T, then for
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all h e C>(U), then

(t-h)(u) = (t-h)(wu)
= h(wut)
= h((wiw ™ Hw(t ut))
= x(wtw ™ )h(t ut)
= x"(t) - h(t'ut).
This gives us the action of T, and hence we have now described the action of B on C°(U).

Consider the linear functional [, du: C2*(U) — C. Let us determine the action of B on
C for which [, du becomes B-linear. U acts trivially and we may identify

U={({%¥)}=2(F,+), du=dx=Lebesgue measureon F.

a‘IOIan_lba‘lx
o v'J\lo 1/\o ») \0o 1 J°

Soif he C(U) = C(F), thenfor t = (2 9), then we have

We have

fF(t-h)(x)dx:XW(t)/Fh(ba-lx) dx:XW(t)-H/Fh(x)dx.

The upshot is then that
f du: Wy - 7 - 85!
U

is B-linear and we will take W, to be the kernel of this map.

It remains to show that W, is irreducible as a representation of G. It is enough to look at
the mirabolic subgroup M = {(; 1)} € B. Notice that M = F* x F, where F* acts on F by
scaling. We have that

Wi {feC=(F): [ f(x)dx=o0},

and on this space, F acts by translations and F* acts by scaling. (Jake: does this imply that
it’s irreducible? You need more argument than we've given, I think?) O

Remark. This is the only infinite-dimensional representation of M! All others are one-
dimensional. &
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Remark. There is a different way of thinking about this statement so that this is obvious.
This is, in some sense, the actual reason why this representation is irreducible.

The category Z(F, +) is equivalent to the category of sheaves of C-vector spaces on F.
This equivalence is given by the Fourier transform. In the same line of thought, Z(M) is
equivalent, as a category, to the category of F*-equivariant sheaves on F (where F* acts on
F by scaling. Then F = {0} U F*, where F* acts trivially on {0} and acts freely on F*. Then
the only equivariant sheaf is just the constant, which is exactly the sheaf corresponding to
W in our proof. <&

7.2 Co-Invariants

Let G be any ¢-group. Consider the Jacquet functor Jg : Z(G) — C — vect given by V
V/spanc{g-v-v:geG,ve V}.

Example 7.1. J5(C>(G)) (with C(G) a representation of G via right translation action of
G) is 1-dimensional, namely: [, duZ(g):C(G) — C.

Remark. IMPORTANT: If G is a compact £-group, then J5: Z(G) — C-vectis exact. &

We can in fact say more.
Lemma. If G is a filtered union of its compact open subgroups, then ] is exact.
Example 7.2. F has this property and F* does not. Indeed, F = U, 77 OF.

Remark. The word “filtered” is important. For instance, take any counterexample to Burn-
side’s problem—that is, a finitely generated group wherein every element is torsion but the
group is not finite. This would be a counterexample to the lemma if we had not required G
to be a filtered union. O

Proof of the Lemma. If K € G is a compact open subgroup, then Jx: Z(G) — C-vect is
exact. (This is the composition with the restriction to % (K) and then taking coin variants
to C-vect.) This is because any smooth representation of K is a direct sum of irreducibles.
In fact,

11_1')1'1 ]K = ]G >
and the fact that taking filtered colimits preserves exactness gives the result (and exactness

is not preserved if we do not have the word “filtered”). The isomorphism above is given by
the following. Let K € K’ € G be compact open subgroups. Then Jx (V) - Jx/(V). these
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are the maps via which we define the above direct limit. To define a map in the reverse, we
have a canonical map Jx(V) - J(V). WORK THIS OUT IN DETAIL. O
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8 26 September 2012

Continuation from last time:

Lemma. Consider C>°(F) as a representation of the mirabolic group M = F* x F. Then
W =ker( [, dx:C>(F) — C) is irreducible as a representation of M.

Proof. Recall that the Jacquet functor Jp: Z(F,+) — C-vect is exact. More generally, if
6 : F — C* is any smooth character, then J%: %Z(F, +) - C-vect given by V ~ Jz(V ® 0)
is also exact. If 0 + V € Z(F, +), then V has an irreducible subquotient, which must be
1-dimensional. From the exactness of J%, we may conclude that if V € Z(F, +), then V is
nonzero if and only if J%( V') is nonzero for some smooth 6: F — C*.

Now we are ready to prove that W is irreducible. Suppose, for a contradiction, that W
is not irreducible and let W’ be a nonzero subspace of W that is an M-subrepresentation.
Then there exist smooth ), 6,: F — C* such that J% (W’) and J% (W /W) are both nonzero.
Then, again by exactness, Jz(W) = 0. Hence 6, and 6, are nontrivial.

The key point here is that F* acts (simply) transitively on the set of nontrivial smooth
characters F — CC*. F “self-dual” Fix a nontrivial y: F - C*. Then every 0: F - C* has
the form x — y(ax) for a unique a € F.

Hence J% (W /W) is nonzero. So J9' (W) has dimension 2, which implies that dim J% (C*(F)) =
2, which is a contradiction because C>*(F) ® 6; 2 C=°(F). O

Remark. Detail of the justification that F is self-dual. F 2 0% 5> . Then we have a chain

"‘ﬂzﬁp c ﬂﬁp c ﬁp c ﬂ_lﬁp c---

The level of 0 is the unique # such that 6|,.-19, # 1and 6
we may assume # = 1. Then 0 induces a character of Op/n 0 = I, and this is self-dual. Then

there an a € O such that 6(x) = y(ax) for all x € 0. &

What is the upshot of all this work? (Work since last Friday.)
Recall we had y = (y1,x): T = F* x F* > C* and p, = Indj(¥). We had three
possibilities:

o, = 1. Without loss of generality,

(i) p, isirreducible
(ii) p, hasal-dimensional subrepresentation (which happens if and only if x; = y,)

(iii) p, has a 1-dimensional quotient (which happens if and only if y,(a)/x2(a) = ||a||* for
all a € F¥)
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8.1 Classification of the Irreducible Representations
Proposition 8.1. If x, & T — C* are smooth characters, then

‘ 1 ifé=yof&=yx" 8

dimc Homg(py, pe) = f X' fe= X" %
0 otherwise.

(Note that xV means the inflation of y to W.)

Proof. Adjunction gives that

Homg(p,» pe) = Homp(py s, €).

Also, we have a filtration W, ¢ W, c¢ W3, where W;s = pX| B, W is irreducible over B, and
W3/ W, 2 Y and W,/ W, = ¥V - 651
Hence _ _
Homp(p, s> £) = Homy(Ws/ Wi, £) = Homy(Ws/ Wi, &),

where U acts trivially on W3/ W, (and Jy(W;) = W5/ W.
Now, W3/ W, is an extension of y by x" - 3'. Then we have two cases.

Case 1. If y # y" - §5'. EXERCISE: the extension splits because T is commutative. (Cannot
have a nontrivial extension of two different one-dimensional representations?) This
implies the proposition.

Case 2. If y = "' - §;'. Then p, is irreducible and the proposition follows from Schur’s lemma.

This completes the proof. O

Definition 8.1. The Steinberg representation St is the irreducible quotient of Ind§ (1),
which is C*°(P'(F))/{constants}.

Remark. For G = GL,(E,), Stg = Fun(P!([;)/{constants}). &
Claim 7. The Steinberg representation is self-dual.

Proof. We have showed that (Indj(1))¥ = Indj (85'). By the previous proposition, there
exists a nonzero G-linear map

¢:Ind§ (1) - Ind§ (835).

Note that Ind§ (1) is an extension of St by 1 and Ind§ (83') is an extension of 1 by St.. So ¢
has to induce an isomorphism Stg 2 St. O
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More generally, consider x = (v,v): T - C* coming from v: F* — C*. Then p, is an
extension of Stg ® (v o det) by (v o det). Indeed,

py 2 (vodet) ® Indj(1).

This means that p = p,-1.51 is an extension of (v~! o det) by Stg ® (v~ o det).
Putting everything we’ve done together, we get the following statements as corollaries.

Corollary 8.2. The irreducible principal series representations of GL,(F) over a local field F
are

o vodet (wherev: F* — CX),
o (vodet)® Stg, and
« and those p, that are irreducible.
The only “overlaps” are py = p,w.s-1 (when p, is irreducible).

Corollary 8.3. Let p is be any smooth irreducible representation of GL,(F). Then p is principal
series if and only if p is isomorphic to a subrepresentation of Ind§ (¥) for some y, which happens
if and only if Ju(p) # 0. (Indeed, p is isomorphic to a subrepresentation of Indj (¥) for some x
if and only if p|p has a 1-dimensional quotient, which happens if and only if p|y has a trivial
quotient.)
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9 28 September 2012: Fairy Tales

Fix some notation. Let k be either a finite field F, or a local field F. G = GL, (k) and B the
standard Borel in G. We have a projection to the diagonal B - T = (k*)".

9.1 The Steinberg Representation St;

For n = 2, the Steinberg representation has a nice presentation:
Stg = C*(P!(k))/{constants}.

For n > 2, the Steinberg representation is a subquotient of Ind§ (1). If k = F, St is the unique
irreducible quotient of Ind§ (1). So the nonsemisimplicity of the local field case actually
gives us enough rigidity to say this. If k = [, then 15 and St are exactly the two irreducible
summands of Ind§ (1) that appear with multiplicity 1.

Remark. We have Endg(Ind$§(1)) = S,. This is a subtle thing. This isomorphism is not
natural and by no means canonical. This would make a nice research project to figure out
where this comes from. The proof of this is quite unsatisfactory.

From this, we get a bijective correspondence

{irreducible summands of Ind$ (1)} < {irreducible representations of S, }.

But the non-canonical-ness of the isomorphism of algebras above makes it very hard (im-
possible?) to pin down what this correspondence is.

9.2 More General Principal Series

Take any (smooth) y: T — C* and form p, = Indj; (¥). When k = F,, then we may compute
Endg(p,) using adjunction. The “size” depends on the stabilizer of y in S,,. In particular,
py is irreducible if and only if ¥ # y for all nontrivial w € S,,. When k = F, it is possible
to use induction on 7 to study p,. The analogue of the mirabolic is: M, = MATRIX =
GL,_,(F) x F"1. We can describe all smooth representations of M, in terms of GL,_(F)
and M,,_;. (The best reference for this is Bernstein and Zelevinsky’s paper.)

9.3 Other Irreducible Representations of G?

For n = 2, we only have two types: principle series representations and (super)cuspidal
representations. In general, however, we have more. We first need to generalize the standard
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Borel to the standard parabolic:
P = {(block upper triangular with a structure given by some partition of n)} .
Each such standard parabolic has a decomposition as a semidirect product
P =Lpx Up.

We call Lp the “Levi factor of P” (it is the block-diagonal part of P and is a product of GL,,’s)
and Up the unipotent radical of P (we look at the image of the block structure with I's along
the diagonal and control the rest). Note that the unipotent radical is the kernel of the natural
projection P — Lp.

If p = a is a smooth irreducible representation of Lp, we can inflate it to a representation
p of P via the aforementioned quotient map P — Lp and then form IndS$ (p).

This gives us a characterization of supercuspidals.

Definition 9.1. A (smooth) irreducible representation V of G is (super)cuspidal if it is not a
subquotient of Ind$ () for some proper (standard) parabolic P.

Equivalently, V' is a supercuspidal representation if and only if Jy, (V') = 0 for all proper
parabolic subgroups P € G.

Fact 9.1. If 7 is any smooth irreducible representation of G, then m is a subquotient of Ind$ (p)
for some parabolic P ¢ G and some supercuspidal irreducible representation p of L.

9.4 Admissibility

This is a very important notion, though it is a bit technical.
Let G be any ¢-group.

Definition 9.2. If p: G - GL(V) is a smooth representation of G, it is called admissible if,
for all compact open subgroups K ¢ G,

dim@(VK) < 00.

The upshot: Admissibility is equivalent to self-duality. We can form the smooth dual
pY:G - GL(VV) and then p¥V: G — GL(V""). We have a natural map V - V"V.

Exercise 2. V is admissible if and only if this is an isomorphism.
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Why should you believe in this? V' is the union of all dim¢ ( VX), ranging over all possible
K. Then we may reduce the above to the statement that if W is an abstract vector space, then
dim(W) < oo if and only if W — (W*)* is an isomorphism.

Remark. Note that the principle series representations of GL, (F) are “obviously” admissible.
This follows from a more general fact:

Claim 8. Let G be any ¢-group and let H € G be a closed subgroup such that H\G is compact.
Then for all smooth admissible representations p of H, Ind$;(p) is also admissible.

Idea. Let K € G be any compact open subgroup. We may bound dim¢ (Ind$;(p))X in terms
of two quantities:

o dim p(XnH) and

o the number of K-orbits on H\G.
This is basically the idea of the proof. ]
Theorem 3. Any smooth irreducible representation of GL,(F) is admissible.

The same is try for any reductive group over F, though it isn’t true for groups in general.
For instance, it fails for the mirabolic subgroup. The BLAH representation is not admissible.
(FIGURE THIS OUT.)
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10 1October 2012: Hecke Algebras

Recall that for any abstract group I' and we consider Rep(T'), the category of all representa-
tions of T, then we have that Rep(T') is isomorphic to the category of C[I']-modules (where
C[T'] denotes the group algebra).

From now on, we will fix an £-group G. If G is not discrete, then Z(G) is not equivalent
to the category of A-modules for any (unital) ring A. The Hecke algebra is the next best
thing you can get. With this perspective, the Hecke algebra is the analogue of the group
algebra in this setting.

10.1 Definition and Construction
Definition 10.1. The Hecke algebra of G is
H(G) = C2(G)

together with the multiplication

i*£)() = [ ANAO) dut (),

where u& is a chosen left Haar measure on G. (We can define this canonically as well by
taking locally constant measures instead of locally constant functions.)

Here is the construction of a ##’(G)-module from a representation. Let p: G - GL(V)
be a smooth representation. Given f € 77 (G) and v € V, define

fev= [ 1(R)p(e) ) du(g).

This integral can be rewritten as a finite sum. This turns V into a left .7 (G)-module which
is nondegenerate, i.e. 7 (G) - V = V. Indeed, if v € V, then there exists a compact open
subgroup K ¢ G with v € VK. Then ex * v = v, where ex = m -1k € H(G). Note that
ex * ex = ek, so that ex is an idempotent with respect to convolution.

Fact 10.1. This construction also gives an isomorphism of categories between %(G) and
nondegenerate 7 (G )-modules.
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10.2 Why are these algebras useful?
10.2.1 Reasonl

Suppose p: G - GL(V) is a smooth representation. Then p is admissible (recall that this
means that dim V?(¥) < oo for all compact open subgroups K ¢ G) if and only if for all
feH(G),

p(f)V =V, v fa
has finite rank (is of “trace class”).

So if p is admissible, we get a linear functional ®,: 7#(G) — C given by f ~ tr(p(f)),
and this is called the character of p. (One should think of this as a sort of generalized function
on G.)

Here is a deep nontrivial theorem (due to Harish-Chandra).

Theorem 4 (Harish-Chandra). If G = GL,(F), where F is a non-archimedean local field, and
p is a smooth irreducible representation of G (so p is admissible), then ®, is represented by a
locally constant function on G™* ¢ G (where G™* means the regular semisimple elements of
G, i.e. G'5 = {g € GL,(F) : g has n distinct eigenvalues over F}.)

This means that there exists a locally constant function 6,: G*** — C such that

(N = [ F(@)0,(g)du(e)  forall f . #(G).

10.2.2 Reason 2: Structure theory of smooth representations
Definition 10.2. Let G be any ¢-group. Fix a compact open subgroup K ¢ G. Define
H(G,K)={feH(G): f(kigk,) = f(g) forall g € G, ki, k, € K}

= {functions K\G/K — C with finite support}
=ex *» H(G) * eg.

Recall that ex =
unit ex.

PaT] 2 o Lk (normalized indicator function). So 7 (G, K) is an algebra with
G
How are these used to study representations?

Remark. If p: G — GL(V) is any smooth representation, then VX = e » V becomes a unital
(G, K)-module. O
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Remark. So #°(G) =lim (G, K ), where the limit ranges over compact open subgroups
K as K gets smaller and smaller. &

Proposition 10.2. We will state without proof some key facts about Hecke algebras.

L IfV € Z(G) then V is irreducible if and only if for any compact open subgroup K ¢ G,
either VX = 0 or VK is a simple module over 7 (G, K).

2. Fix a compact open subgroup K € G. Then V ~ VX is a bijection between isomorphism
classes of irreducible representations V of G for which VX # 0 and simple modules over

(G, K).

Question: When is VK = 02

10.3 Examples
10.3.1 Satake Isomorphism

Take G = GL,(F) and take K = GL,(OF). The Cartan decomposition says that K\G/K
has the following representatives: diag(n®, ..., 7% ) (where 7 is a chosen uniformizer and
a, > -+ > a, are integers).

(This next thing is very pretty!)

Corollary 10.3. 77 (G, K) is commutative.
The above is called the spherical Hecke algebra.

Proof. On 77 (G), the map

0:A(G) > A(G), f(g)~f(g)

is an anti-involution:
o(fi* f2) = (f2) * p(f)-

It is clear that ¢ preserves 7 (G, K) and ¢| (g k) = Id since diagonal matrices are invariant
under transposition. The result follows. ]

Corollary10.4. Let V € Z(G) be irreducible. It follows from the above that dim V(%) < 1.
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Now we can talk about the Satake isomorphism. Consider the polynomial algebra
C[x1,...,x,][x;"']. The claim is that there is an isomorphism

Clxis...,x.][x,'] = 22(G, K),

where G = GL,(F) and K = GL,(0F). This map is defined by mapping x; to the indicator
function of the double coset of diag(, ..., 7,1,...,1) where there are j 7’s and (n — j) Is.
In the case that n = 1, we have

H(F,0%) = C[F*/0%] = C[Z] = C[x, x71].

Remark. There are analogues of the Satake isomorphism for when you have a different
reductive group in place of GL,(F).

QUESTION FROM JOHN: Is there a natural grading on .7#(G, K) in the Satake iso-
morphism without knowing the isomorphism? Look at the differences in the power of
the uniformizer on the diagonal. Note that f, is the indicator function of K - diag(---) - K.
fa* fo = fasp + “lower order terms”

10.3.2 The Iwahori-Hecke Algebra

Consider
I={geGL,(0OF) : g is upper-triangular modulo 7}.

This is called the standard Iwahori subgroup. The Iwahori-Hecke algebra is .77(G, I). It is
very well understood and there is a very explicit presentation of .7°(G, I) and the simple
representations over this algebra are classified. For a reference, see Chriss-Ginsburg.
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11 3 October 2012: Supercuspidal Representations

Recall the definition. Let G = GL,(F). A smooth irreducible representation p of G is called
supercuspidal if Ji;,(p) = 0, where P is any (standard) parabolic subgroup P ¢ G and Up is
the unipotent radical of P.

We have a nontrivial theorem.

Theorem 5. (For general G.) p is supercuspidal if and only if every matrix coefficient of p has
compact support modulo Z = Z(G).

Remark. Let p:G - GL( V') be any smooth representation. Choose v € V, vV € VV (where
V'V is the set of linear functionals on V whose stabilizers are...) and form

fow:G =G, g (v p(8)())-

These are the matrix coeflicients of p. If p is irreducible and G is second-countable, then by
Schur’s lemma, the center has to act by scalars (i.e. p(Z) consists of scalars). Thus it makes
sense to consider supp(f -v,v*)/Z.

We will not prove or justify this theorem and just take it as a black box. From now, we
will take the above theorem’s description of supercuspidals to be the definition.

Let G be any ¢-group. Let K € G be any compact open subgroup. Let p be any smooth
irreducible representation of K. Obstruction: the center of G.

How to deal with Z = Z(G). By Schur’s lemma, Z n K acts on p by scalars. Extend this
action to Z and call the resulting homomorphism 6: Z — C*. (Note that any such extension
is smooth.) We obtain a representation py of Z - K where K acts via p and Z acts via 0.

Define

R(p, ) := c-Ind7 (ps).

We have a Mackey irreducibility criterion:
(M) If g e G\ ZK, then
Homg gk g1 (plkngkg s P kngkgt) = 0
where p$(y) = p(g7'yg)-
Now we state the main theorem for this week.

Theorem 6. (a) Assume G is second-countable. Then R(p, 0) is irreducible if and only if
(M) holds.
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(b) Assume in addition that every smooth irreducible representation of G is admissible. If
(M) is satisfied, then c-Ind$(pg) = Ind5.(pe) and R(p, 0) is supercuspidal.

Proof of (a). We will prove the equivalence between the following conditions:
(i) R(p,0) isirreducible
(ii) dimcEndg(R(p,0)) =1
(iii) p satisfies (M)
We will show (ii) = (iii) = (i).
Remark. Recall that this is quite different form the principle series representations. Indeed,

in the principle series representations, (ii) is always true, but (i) is not. &

The idea of the proof is the following. Let H € G be any open subgroup and choose
m € Z(H). Suppose W is a nonzero G-subrepresentation of c- Ind; (7). Then we have a
nonzero map W — Ind(7), i.e. Homg(W,Ind$ (7)) # 0. We can use injunction from
here: That is,

Homg (W, Ind$;(7)) & Homy( Wy, 1) = Homy (7, Wly),

where the last isomorphism holds since Wy and 7 are semisimple and finite-dimensional
as representations of H. (What we actually care about is the one is nonzero if and only if the
other is nonzero; the isomorphism is actually stronger than what we want.)

Remark. If H = ZK and 7 = py as above, then Z acts on c- Ind5x (pg) by the scalar 6. So
ZK-subrepresentations of W|zx are the same as K-subrepresentations. But K is compact! <&

We need to understand c- Ind§;(7)|;. Because H is open in G,

c-Ind$(n) = {f:G - V: f(hg) = n(h)(f(g)), f is supported on a finite union of right cosets of H}
= @ {f:C->V:f(hx)=n(h)(f(x))forall h € H, x € C, and support condition}.

CeH\G/H

The last isomorphism is an isomorphism of H-representations. On the right-hand side, C
ranges over double cosets HgH, H acts by right translation. We will call the summand on
the right-hand side We.

Choose a double coset C = HgH. We get an injection W¢ — {functions H — V'} via the
map f > (h~ f(gh)).

EXERCISE. This is an isomorphism of H-representations Wy — c-Indj gt (778),
where 78: gHg™! - GL(V) is given by y — (g7 yg).
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Proof.

The upshot of all of this is the following:

Res® (c-Ind$ (7)) = EBS(C- Indjingrg-1 (%)),
g€

where S is a set of representatives of the double cosets of H in G.

We have essentially proved that the stated three conditions are equivalent.

Corollary 11.1. If m is irreducible (or finitely generated),

Homy (7, c-Ind$; (7)) = @ Hompy (7, c- IndgngHg_l (7%)).
ges
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12 5 October 2012
Recall:

M) If g € G, g ¢ ZK, then Homgqgke1 (plkngrgts PE|kngket) = 0. The following are
equivalent:

(i) Z(p,0) = c-Ind5x(py) is irreducible
(i) dimcEndg(Z(p,0)) =1
(iii) p has property (M)

Recall the set-up. Let G be any ¢-group and let H € G be an open subgroup. Consider
n € #(H) finitely generated. Then

c- Indf (1) |y = € c- IndﬁmgHg—l(T[g),
geS

where § is a set of representatives of double cosets of H in G. Assume that H n gHg ™! has
finite index in H for all g € G.

Remark. If H = ZK where K € G is a compact open subgroup, then this does hold. This
assumption implies that

Homy (7, c- Ind¥;(7)) = D Hompgrig-1 (7] mngrig-1> 8 |HngHg1 ) -
ge$

The right-hand side contains Endg (7).

Corollary12.1. Assume that 7t is irreducible and G is second countable. Then Endg(c-Ind% (7))
is one-dimensional if and only if i satisfies the standard Mackey criterion: for all g € G \ H,
Homyjngpe1 (7, 7€) = 0.

Now we specialize to the case when H = ZK, 7 = pg, where p € Z(K) is irreducible, pg
is an extension of p to ZK.

In this case, (M) for p is equivalent to the standard Mackey criterion for py. So (ii) and
(iii) in (M) are equivalent.

Proof of (ii) and (iii) implies (i). Let W ¢ Z(p, 8) be a nonzero G-subrepresentation.
Then Homg (W, Indg(pg)) # 0 so Homzx (W, pg) # 0 so Homyx(pg, W) # 0.
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On the other hand, (ii) implies that Homzx (pg, Z(p, 0)) is one-dimensional. So there
exists a unique ZK-stable subspace W, ¢ Z(p, 0) that affords the representation pg. So
Woc W.

EXERCISE. W, generates Z(p, 6) as a G-representation.

Proof. O

Hence W = Z(p, 0).

Theorem 7 (b). Same assumptions and notation as in (a). Also, assume that every smooth
irreducible representation of G is admissible and (M) holds for K and p. Then c-Ind$%(p) =
Ind$(p) and is supercuspidal.

Proof. Note that p" also satisfies (M). Hence c-Ind; K¢(py) is irreducible by (a) and hence
admissible. (Remember that admissibility is exactly the condition we need to make duality
work.) Therefore c- Ind5y (py)" is irreducible.

Now, c- IndgK(pg)V = ¢-IndS, (pg) because 8z = 1and 8g|zx = 1. (The latter follows
from the properties of §; that we proved earlier.) So

- IndgK(PQ) = IndgK(PG)-

(Note that py means (pg)".)

Now for the proof of supercuspidality.
STEP 1. R(p, 6) has one nonzero matrix coefficient whose support equals ZK. Take a
nonzero v € V and nonzero v¥ € V*. Define f: G - V to be

0 gt ZK

Je)- {Pe(g)(") geZK.

Then f € c-Ind5x(pp). Similarly, v¥ gives an element f¥ € c-Indgx(pY) = (c- Ind5x (po))"-
Then g~ f¥(g- f) is a nonzero matrix coefficient of ¢- Ind5 (pg) with support contained
in ZK.
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STEP 2. Let G be any ¢-group and let p be any admissible irreducible smooth representa-
tion W of G.

CLAIM. If W has a nonzero matrix coeflicient with compact support modulo Z(G),
then all matrix coefficients of W have compact support modulo Z(G).

The proof of this is actually quite simple. We have a map

Wec WY - C*(G) 2 X = {functions with compact support modulo Z}

defined by matrix coefficients. View all of these as representations of G x G. It turns out that
this is a map of Gx G representations. But W®¢ WV isirreducible as a (G x G )-representation,
and so this completes the proof. [

IN GENERAL: Let G, and G, be ¢-groups and let W; be an admissible smooth irreducible
representation of G;. Then W; ®c W, is irreducible as a representation of G; x G,.

Remark. If K; ¢ G; is a compact open subgroup, then 77 (G; x Gy, Ky x K;) = 7 (G, K;) ®
J(Gy, Ky).

Counterexample to the remark when.......

Consider the semi direct product M = F* x F and let W = ker([: C*(F) — C). Then
consider W ® W as a representation of M x M. There is a good chance that this is not
irreducible.
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13 8 October 2012: Supercuspidal Representations of GL,,(F)

13.1 Invariant Approach

Let W be an n-dimensional vector space over F and let G = Autp(W) = GL,(F). Fix a lattice
(i.e. an Op-submodule with F ® 5, A > W an isomorphism) A € W. Let K := Autg, (A) =
GL,(OF) be a maximal compact subgroup of GL, (F).

Fix a uniformiser 7 € 0. Then Op/(m) = F,. Look at the quotient A/ A. This is an
n-dimensional vector space over F;. Then Autg (A/7A) = GL,(I).

We have a natural surjection K — GL,(I;). Choose a cuspidal irreducible representation
p of GL, (I, ), inflate it to a representation p to K and then extend p to a representation py
or ZK. Note that Z = F*-Idy € Gand ZnK = 0}--1dw. So Z = (Zn K) x (n%-1dyw). (So
picking 6 is the same as picking a choice of 8(7) € C* and this determines 8 completely.)

Claim 9. If g € G, g ¢ Z - K, then Homggxo1(p]..., p¥|..) = 0. Hence

c- IndgK(ﬁé?) = IndgK(ﬁ)
is an irreducible supercuspidal representation of G.

Remark. This has depth 0, and every depth 0 supercuspidal for GL, (F) arises in this way.

Recall that a representation p: GL,(E,) - GL(V) is called cuspidal if, for any proper
parabolic subgroup P ¢ GL,(E,), we have V?(Ur) = 0, where Uy is the unipotent radical of
p.

We identify GL,(F,) = Autg (A) where A = A/mA. Choose any flag

0+A CA, GG A, CA.
The corresponding parabolic subgroup is
P={gecAuty(A): g(A;) = A, forall i}

and
Up = {g € P:gactstriviallyon A;/A,, for all i}.

Proof of Claim. To prove the claim, it suffices to look at representatives of ZK-double cosets
in G.
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QUESTION: What is G/K?

Remark. G = Autp( W) acts transitively on the space of all @x-lattices in W. We may identify
the space of all O-lattices with G/K. This is the affine Grassmanian for GL,(F). Hence
K\G/K can be identified with K-orbits on the affine Grassmanian G/K (this is the correct
approach for proving the Cartan decomposition). Similarly, G/ZK can be identified with
the space of homothety classes of O-lattices in W. Then ZK\G/ZK is the set of K-orbits in
G/ZK.

Now assume that ¢ ¢ ZK. Without loss of generality, g(A) € A (can multiply) and also
that g(A) ¢ nA. Then g(A) # A, so by Nakayama’s lemma, g(A) + 7A # A. Hence the
image of g(A) in A = A/mA is a proper F,-subspace 0 # A ¢ A. Define P to be the stabilizer
of Ain Autg, (A).

First note that K n gK g is the stabilizer of g(A) in K. The idea is that we would like to
find a subgroup H ¢ K n gKg! with two properties:

(1) Under the surjection r:K — Autg (A), then H maps onto the space Up = {y ¢
Autg (A) : y acts trivially on A and on A/A}.

(2) g'Hg cker(r) = {y € K: y acts trivially on A/mA}.

Recall that p is the composition of r: K - Autg, (A) with p: Autg (A) > GL(V). If H is
a subgroup that satisfies (1) and (2), then

yvPH) — yeUe)

and on the other hand, p2|y is trivial. So finding a subgroup H that satisfies (1) and (2) is
really the main idea of this proof.

Let us take H to be the largest possible subgroup satisfying (2). Introduce U* = ker(r) =
1+ 7-Mat,(OF) € GL,(OF). Take H = gU'¢g ' nKnr'(Up). Then H € Kn gKg' and (2)
holds automatically. Hence we need only check that r|;: H — Uy is surjective.

Itis clear that r(gU'g'nK) ¢ r(gKg'nK) = P. So it suffices to show that the restriction
Up € 1lguigink- Now,

gU'¢'nK={yeG:y(A)=A, y(g(A)) = g(A), y acts trivially on g(A)/mg(A)}.

We postpone the check that Up € r(gU'g™ n K) for next time. ]
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14 10 October 2012

14.1 Leftovers

We first complete the proof from the proposition last time.

Recall from last time that we had A a free &z-module of rank # and &’r-module of rank
nand A’ ¢ m- A. g(A) = A’ ¢ A. We have a reduction homomorphism GL, () = K =
Autg, (A) — Autg (A). We have A = A/mA a n-dimensional vector space over I, = 0y /().

Let A be the image of A’ in A. Wehave 0 #+ A ¢ A.

Claim 10. If ¢ € Autg (A), ¢(A) = A, and ¢ acts trivially on A and on A/A, then there exists
ay e Kwith r(y) = ¢, y(A’) = A’ and y acts trivially on A’/ A’

Proof. Findan Or-basise,,..., e, of Asuchthatei,..., e, € A’and (ey,. .., e) is a basis for
Aover [f,. Define y € K = Auty, (A) by y(e;) =e;for1 <i<kandfork+1<j<n,y(e;) =
ej+(suitable O-linear combination of e, ..., e) to ensure that y(e;) — e; = ¢(€;) — ;.

We need to check the following. If w € A’, then y(w) — w € - A’. (If we can show, this,
then p has all the required properties. Indeed, this gives y(A’) € A’ and then the result on
the quotient gives the desired result by Nakayama’s lemma.) This is straightforward. For

w € A/, there exist a,, ..., ay € O such that w — a;e; — --- — arex € mA since the reductions
form a basis for A. Then there exist by,...,b, € OF such that w = b;e; + - + b,e,, and
bis1s ... b, € mOp. Hence y(w) —w = Y7, bi(y(e;) — e;). In this summand, b; € 70r and
y(e;) —e; € A" and hence y(w) —w e TA'. O

14.2 Summary

From an irreducible cuspidal representation of GL, (I, ), we produced a family of supercusp-
idal irreducible representations of GL, (F), parametrized by C*. Let’s return to the story of
irreducible cuspidal representations of GL, ().

14.3 Construction of Irreducible Cuspidal Representations of GL,(I,)
We begin by describing a generalization of the Drinfeld curve. Consider the affine subvariety
X ¢ AL defined by

(ax; + --anx,) =L
(a15...,an ) €By"~{0}
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On X, we have commuting actions of GL,(I;) and E; = {1 € [, : 297! = 1} (acting by
dilations).
Let € be a prime different from char([,).

Fact 14.1. Given y:E — Q, with trivial stabilizer in Gal(E/F,). Then H (X, Q,)[x]
is an irreducible cuspidal representation of GL,(I,). Moreover, every irreducible cuspidal
representation arises in this way.

Remark. Hi = (H*-1)x,
There is a (more complicated) analogue of this for GL,(F).

14.4 Lubin-Tate Tower

The Lubin-Tate Tower gives a geometric realization of supercuspidals for GL,(F). (The
Drinfeld curve was discovered as a corollary of this.) The plan for the rest of the semester is
the following.

1. Vague comments about the Local Langlands Correspondence
2. Formal groups and modules
3. Construct the Lubin-Tate tower
- non-Arthimedean analogues of analytic geometry
4. Relationship with the Drinfeld curve X

5. Complements

To motivate the local Langlands conjecture, we will repackage our discussion of depth 0
supercuspidal representations of GL, (F) so that it looks more similar to the aforementioned
construction of the cuspidal representations of GL, ([, ).

« x> Q, with trivial Gal([, [, )-stabilizer.

« This gives rise to p, the corresponding cuspidal representation of GL, (IF,).

GL, (F)

2.0L,(6r) (po), where choosing 6 is the same as choosing 0(7-1,,) €

o Then we can get Ind

Q.
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 Then we combine 6 and y in the following way.

 F, 2 F is the unique unramified degree n extension. Let O, be the integral closure
of Or in F,. Unramified means that 7 also generates the maximal ideal of &F,. Then
we get a picture [insert picture]. (Note that we can obtain F, by adjoining (¢" — 1)th
roots of 1. We have Fy; = 0y x n”. We have a surjection 0y — F~ LS Q,. Then we

get, combining y with 0, F — Q, and this has trivial stabilizer in the Galois group.

More generally, for any separable degree-n extension E 2 F with smooth character
v: EX — Q; satisfying some property, then we may construct a supercuspidal irreducible
representation of GL,(F) from the pair (E, v).

Some remarks:

« Nobody knows how to do this geometrically. Lubin-Tate doesn’t directly answer this
question.

« Also, this doesn't give all possible supercuspidal irreducible representations. Perhaps
the most interesting supercuspidal irreducible representations are the ones that do
not come from this construction!

Weil group and Local Langlands next time!
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15 12 October2012: What is the Local Langlands Correspon-
dence About?

From our perspective, we can think of it as a “classification” of smooth irreducible repre-
sentations of GL, (F). Very roughly speaking, these things correspond to n-dimensional
representations of the Galois group Gal(F/F) =: Gp.

15.1 The Weil Group of F

This is a subgroup % ¢ Gp. Consider the finite unramified extensions of F. For all d >
1, there exists a unique such extension F; 2 F of degree d and we have isomorphisms
Gal(F4/F) - Gal(0OF,/OFr) — Gal(E./F;). We have a surjection Gz - Gal(F,/F). Put
these together and we get a surjection

Gr — lim Gal(F,./F, ) = Gal(E,/F,) = Z.
d

We have a short exact sequence
lﬁjpﬁGpﬁzﬁo,

where .7 is the inertia group. We take the Weil group #; to be the preimage of Z ¢ Z. The
topology on #% is such that . is open in #% and the induced topology on .#; is the usual
one induced by the Galois group Gg. In particular, #% is an £-group.

15.2 Structure of the Inertia Group .

This fits into an exact sequence

1-> M > 7 > []Z; -1
L#p
#1d is a pro-p group.
We have F 2 0F and we may choose a uniformiser 7 € Op. Let £ # p be a prime. Let
m >1be an integer. Then

f(x)=x"-n
is an Eisenstein polynomial over 0. So it is irreducible and E := F[x]/(f(x)) is a field
extension of F of degree £ and x gives a uniformizer in E. So E 2 F is totally ramified.
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BACK UP FOR A SECOND. SOMETHING DODGY HERE. E doesn’t have to be Galois
over F. So we'll amend our set-up as follows. .%; = ker(Gp - Z) = Gal(F/F™) where
Fur = (F)”r = Ugs,F,. This is the extension of F generated by all roots of unity whose order
is prime to p. Then

ﬁFur = Uﬁpd

d>1

is still a DVR with uniformizer 7. Then let us take E := F¥[x]/(f(x)). Then E is a degree-£™
Galois extension of FUr.

So we get
I = Gal(F/F"") - Gal(E/F") = yen (F™),

where pon (F) := {1 € Fur : A\¢" = 1}. Varying € and m, we obtain

3 ury ~ X
jF_»Hl(in‘L{gm(F ):HZ,
eEp m L+p
where the first surjection is canonical and 1(£1 en (Fr) = Z73 (1), but the second isomor-
m
phism is non-canonical.

Fact 15.1. We have 9" = ker(¢: F5 - [l,.,Z}) is a pro-p group. This kernel is quite
difficult to understand.

15.3 Upshot of Local Class Field Theory

One way to formulate local class field theory is that it gives a “canonical” isomorphism (of
topological groups) between the abelianization of the Weil group #/®® = #; /[ #r, #3] — F*
and F*. This is known as local Artin reciprocity. Later, when we talk about formal groups,
we will mention one way to construct this isomorphism explicitly. An alternative way
to formulate this is to say that we have a bijection between the one-dimensional smooth

irreducible representations of the two sides of the aforementioned isomorphism.

15.4 The Local Langlands Correspondence

We would like to generalize local class field theory. The LHS is replaced by the collection
of isomorphism classes of smooth irreducible representations of GL, (F) over Q,, and the
RHS is replaced with n-dimensional continuous representations of #; over Q, that are
Frobenius-semisimple. Frobenius-semisimple means that for all g € %} with g — +1 under
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Wr — Z, the action of on the representation is diagonalizable. This is very important! This
definition knows about the topology of Q.

A different way to look at this is the following. Consider the set of n-dimensional
Frobenius-semisimple Weil-Deligne representations of #%. This is a more algebraic way of
viewing the RHS.

15.5 The Meaning of Continuity

Let V be a finite-dimensional Q,-vector space and consider an abstract representation
p: W — GL(V). We say that p is continuous if and only if there exists a finite extension
E 2 Q and a basis (vi,...,v,) of V such that p(#}) preserves span,(vi,...,v,). The
resulting homomorphism %% — GL, (E) is continuous.

15.6 Remarks and an “Example”

Remark. The irreducible representations of % correspond exactly to the supercuspidal
representations of GL, (F). &

Example 15.1. Say that for all m > 1 you have a smooth action of #% on (Z/€"7Z)" by group
automorphisms. Suppose that they are compatible with the reduction maps between the
m’s. Then we get an action (that might not be smooth in general, but will be continuous)
of % on the inverse limit, which is exactly Z. So we get a continuous homomorphism
W — GLy(Zy) = GL,(Qe) > GL,(Q).

This construction works if we replace Q, with E and Z, with 0%. In this set-up, we
replace the cyclic groups with (O /m}')".

(This is somehow a more natural way to view these representations. That is, we construct
it form the action on finite things instead of an action on a vector space directly.)
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16 17 October 2012: Weil-Deligne Representations

No class on Friday. No office hours tomorrow.
Set up:

o Falocal field

p = char(0k/(n))
¢ + pisaprime
q=0r/(m)|

I = Gal(Fsep | Fnr)

o F C Fr C F5¢P, where F™ is a maximal unramified extension and F*P is the separable
closure.

We have the following diagram:

1 Iy —s Wy s 7 0

L

Le

Let E 2 Q, be a finite extension and let p: #% — GL,(E) be a continuous homomorphism.
We would like to understand how far this homomorphism is from being smooth; i.e. we
want to understand how far the kernel is from being open. This naturally creates the notion
of a Weil-Deligne representation.

Consider K = 1+ Mat,,,(Pg), where Pg is the maximal ideal of &. This is an open
subgroup of GL, (0) and hence an open subgroup of GL,(E). From here, we have that

pW(K) N I €

is an open subgroup.

Recall that t,: % - Z, is constructed using the canonical map % - Gal(F™[7'/¢"]/Fr)
with the non canonical isomorphism Gal(F*[#'/¢"]/F™) = Z/€"7Z. The key fact here is the
following.

Fact 16.1. ker(t,) has no finite quotients whose order is a power of €. (This is an exercise in
Kummer theory.)
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Hence:
Main Observation. p~!(K) nker(t,) < ker(p).
This is the main observation that makes this whole thing work! This means that we have

a commutative diagram

p~(K) N Ir L GL(E)

N

U, = te(p_l(K) n j) E Z[

The map p, is a continuous homomorphism.

Claim 11. There is a unique N € Mat,(E) such that p,(x) = exp(x - N) for all x € U, that
are sufficiently close to 0.

Proof. If m > 1, then we get well-defined maps

log:1+ Mat, (Py') - Mat, (P}'),
exp: Mat, (P}') - 1+ Mat, (P}').

ACTUALLY: Revise:

log:1+ Mat,(Py') — small open additive subgroup of Mat, (%),
exp: small open additive subgroup of Mat, (0%) — 1+ Mat, (P}').

If0 # xy € Uy, then p,(x0)%" € 1+ Mat,(PJ') for a large enough d. Define N =
eidlog(ﬁg(xo)fd). By construction, if k € Z and ¢4 | k, then p,(k - xo) = exp(kxoN).
By continuity, p,(x) = exp(x - N) for all x € Z - €4x, (the closure inside Z,). But this closure
is open on U,! []

The upshot of all this is the following. We started with a continuous homomorphism
p: #¢ - GL,(E). We showed that there is an open subgroup U (this will be ¢,'(open subgroup in U,))
inside p~!(K) n % such that p(h) = exp(t,(h)-N) forall h € U. So p is smooth if and only
iftN=0.
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Fact16.2. 1 p(y)Np(y)'=||yl|- N forall y € #%, where ||y|| = ¢~ Call this ().

Remark. This follows from the uniqueness of N and the fact that (EXERCISE!)
te(yhy™) = ||y|| - te(h) for all y € #% and h € #. Call this (**).

2. N is nilpotent.

Remark. This follows from (*) by choosing y € #% such that ||y|| is not a root of 1. (In
this case, same thing as saying ||y|| # 1.)

Corollary 16.3. If p is irreducible, it is smooth.
Proof. ker(N) is p(#r)-invariant by (*). So it must be the whole space. O

In general, construct a smoooth homomorphism p”: #;z — GL,(E) as follows. Fix
¢ € #p with v(¢) = 1. Then for all y € #%, y = ¢ h for unique k € Z, h € Fr. Set
p'(y) = p(y) - exp(~t,(h)N). Then () and (*x) imply that p’ is also a homomorphism.
Moreover, p’(y)Np’(y)~t = ||y||- N for all y € #% and ker(p’) is open by construction. (Call
this (* * *).)

Definition 16.1. A Weil-Deligne representation is a pair (p’, N), where p": # - GL,(E) is
a smooth homomorphism and N € Mat,,(E) is a nilpotent operator such that (* * *) holds.

Remark. Note that this makes sense for any field E of characteristic # p.

This process can be reversed and does not depend on the choice of ¢. (This should be
clear from the construction.)

Fact 16.4. We get a bijection between n-dimensional continuous representations p of #r
over Q, and n-dimensional Wel-Deligne representations of #y over Q,. (Of course up to
isomorphism.)

Remark. There is something called the Weil-Deligne group. It is a group scheme over Q.
Vaguely... there is a natural notion of tensor product in the category of finite-dimensional
Weil-Deligne representations over Q. This has an obvious forgetful functor. And then you
continue....
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17 22 October 2012: Motivation for Formal Groups

Talk tomorrow. It will be (sort of) a summary for the rest of the course.

Recall: We have a bijection between n-dimensional continuous representations of #
over Q, (up to isomorphism) and n-dimensional Weil-Deligne representations of # over
Q, (again up to isomorphism). The second notion is completely algebraic and does not use
the topology on Q,.

Remark. If p: # — GL,(Q,) is a continuous homomorphism, then p(#%) < GL, (E) for
some finite extension E 2 Q.

« Q, with the standard absolute value is not complete. This is because
Q¢ = UZEs,

where Q, € E, C --- are finite extensions. Each E; is closed in Q, and has empty interior.
Baire category theorem (for compact Hausdorft) gives that Q, is not complete.

« p: W - GL,(Q,) is a continuous homomorphism. It is enough to show that p(.#;) ¢
GL, (E) for some finite extension E of (Q,. Now, the inertia subgroup .# is a profinite
group, so it is complete. So

T = UE(Ie 0 p7(GL(E)).

(Reason that this is enough: Pick an arbitrary lift of the Frobenius.) Now, each guy
on the RHS is closed in .%, and either the interior is empty or it is open and has
finite index. Applying Baire category, we get that at least one of the guys on the RHS
must be open, so some .%r N p~'(GL,(E;)) has finite index in .# for some i. Pick a
representative on each coset and apply the same argument. &

Corollary 17.1. Let € and €' be prime numbers not equal to p = char(O¢/(m)). We have
a field isomorphism f:Q, - Q,. We get a bijection “induced by f” between continuous n-
dimensional representations of the Weil group %y over Q, and n-dimensional representations
of the Weil group Wy over Q,.

Remark. One should not take the above for granted.

The local Langlands correspondence is a bijection between smooth irreducible represen-
tations of GL, (F) over Q, and continuous n-dimensional Frobenius-semisimple representa-
tions of #r over Q,. The former also corresponds to n-dimensional Frobenius-semisimple
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Weil-Deligne representations of #% over Q,. In the first set, we have the supercuspidal
representations. Under the local Langlands correspondence, these correspond to the smooth
irreducible representations of #r over Q,.

171 Examples

Let E be a separable degree-n extension of the local field F. Then #; € #% is an open
subgroup of index n. We can try to induce one-dimensional characters of #% to #;. What
are the one-dimensional characters of #;:? This is what local class field theory is about. We

have
Wi > Wi = W[ W, W] > B,

where the rightmost isomorphism is given by the local Artin map. We will call the com-
position rec. Given a smooth 6: EX — Q,, then Ind:,/Z (0 o rec) is a smooth n-dimensional
representation and it is sometimes irreducible. In general it is not so easy to check that this
is irreducible. However, we can say something.

Proposition 17.2. The induced representation is irreducible if E 2 F is Galois and 0 has trivial
stabilizer under the action of Gal(E/F).

Remark. In the above, this is basically the Mackey irreducibility criterion. &
Remark. In general, IndZZ (@ orec), assuming its irreducibility, corresponds to some smooth
irreducible supercuspidal representation of GL,(F). The question is: Which one? &
Remark.

1. There are algebraic constructions, but these are very messy in general!

2. The underlying geometry is completely unknown. The Lubin-Tate tower is (very
roughly) a parameter space for the space of formal groups. It gives a geometric
realization of irreducible supercuspidal representations of GL,,(F).

Final comment: I gave an answer to this question in the following special case: If E 2 F
is unramified and 6 has the property that 6|, () is trivial, then we gave a construction of
the corresponding supercuspidal representation of GL,(F) on the righthand side, from
Ind;fz (0 o rec).

Remark. From y:F — @;, we get a cuspidal irreducible representation of GL, (I,). It is
completely unknown how to generalize this for the case of local fields.
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17.2 Some First Words about Formal Groups

Let G be a Lie group and let 4: G x G - G be the multiplication map. Pick a coordinate chart
centered at the identity. That is, we have (U, xy, ..., x,) where U is an open neighborhood
of 1 € G. Pick a coordinate chart so that 1 — 0 in R”. That is, we have U ~ V ¢ R" open and
1~ 0.

Expand y into a Taylor series p = (yy, . . ., o) Wwhereeach p; € R[[X1, ..., X0 Y15+ -5 Ya] |-
This collection of power series satisfies the following properties:

L. Associativity: u(u(x,y),z) = u(x, u(y,z))

2. u(x,0)=x=u(0,x)

These are the axioms for an n-dimensional formal group law. On Wednesday, we will give
the definition. We will focus our attention on the one-dimensional case.

This has as much information as the Lie algebra, thought the Lie algebra is a much more
manageable object. In the positive characteristic case, this gives you the correct analogue of
Lie theory in the characteristic 0 situation.
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18 24 QOctober 2012

18.1 Remarks for Last Time

1. E 2 F is a degree n separable extension. Then 0: E* — Q, smooth gives a smooth
n-dimensional representation Ind% (0 orec).

Fact18.1. If p + n, then every n-dimensional smooth irreducible representation of W
arises in this way! (Proof on the HW exercises.)

2. For p = n = 2, then this is not always the case. A reference of this is Weil’s 1974 paper
in Inventiones Math.

18.2 An Introduction to Formal Groups

Technically: Actually, we are going to study formal group laws, i.e. choose coordinates. The
ones we discuss in this course will be one-dimensional. So here, when we say “formal group,”
we mean a one-dimensional commutative formal group law. Last spring, Mitya gave a lot of
lectures about this.

Definition 18.1. A formal group over a commutative ring R is F € R[[x, y]] satisfying:
e F(x,0)=x=F(0,x)
« F(F(x,7),2) = F(x, F(y,2))

« F(x,y)=F(y,x)

Remark. Commutativity follows from the other axioms unless there exists an element r € R
such that r is nilpotent and is killed by some nonzero integer. Hence the third property
(commutativity) is not really much of a restriction. <&

Remark. Existence of inverses is automatic. Indeed, there exists a unique formal power series
1(x) € R[[x]] that has constant term 0 and ¢(x) = x + O(x?) such that F(x,:(x))=0. <

18.3 Examples
L Galx,y)=x+y.

2. @m(x,y):(1+x)(1+y)—1:x+y+xy.
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Remark. Side comment: Consider a functor a,: {F,-algebras} — {abelian groups} taking
Aw {aeA:af=0}. Then SpecF,[x]/(x?) is a non-reduced group scheme. &

18.3.1 Construction of a Formal Group: Formal Completion

Let E be any one-dimensional algebraic group over a field k = R. Let E be the corresponding
formal group. Let O, = k[[x]]. Let u: E x E — E be the multiplication map. From this, we
get an induced map k[[t]] = Op1 — Op,®x O, = k[[x, y]] given by t > F.

18.4 Fairy Tales about Formal Groups

There is a connection to algebraic topology here. Assumption: singular cohomology, sim-
plicial cohomology, etc. There are also generalized cohomology theories which is something
that gives a functor from the category of topological spaces to the category of graded abelian
groups. So X = @, Hy,, (X).

€.

Some assumptions:

« multiplicativity (so that we can upgrade the graded abelian groups to graded super-
commutative rings)

« complex-oriented (roughly, the practical consequences is that this allows us to define
chern classes of line bundles, i.e. we have a notion of ¢;(L) € Hg,,(X), where L is
a complex line bundle on X) (if this cohomology is the usual one, when this is the
usual first chern class) (if L and M are complex line bundles on X, then ¢;(L ®c
M) = F(ci(L),c(M)). to have a universal formula like F that does not depend
on X, this means that F is going to be a formal power series in two variable with
coefficients that come from the cohomology of the point. note that F € R[[x, y]]
where R = H,, (point).)

(S

(a) (:53) For safety, let us impose the condition that Hy,,(*) = 0 if n is odd, so R is

(&
actually commutative and there is no problem.)

(b) F(a(L), a1(M)) makes sense in [, Hg, (X).

en

Remark. Side comment. X — * induces a map Hg,,(*) - H;

en(X)' CI(L ®c M) € H? (X)
&

gen
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KEY POINT: F is a formal group law over R.
(Maybe there will be an informal seminar to go over this kind of thing in the Winter
2013 term.)

MaTtH 711: THE LocAL LANGLANDS CORRESPONDENCE



SECTION 19 9 NOVEMBER 2012: THE LUBIN-TATE CONSTRUCTION OF LocAL CLASS FIELD THEORY 65

19 9 November2012: The Lubin-Tate Construction of Local
Class Field Theory

Let F be as usual. We have FseP 5 Fab
(missed 20 min here)

Fact 19.1. There exists a collection of isomorphisms reci: G — F* for all possible F such that
the following diagrams commute: (see john’s notes for (1) and (2)).

19.1 Local Kronecker-Weber

Q% = Q) - QYf, where Q}F =_@P([/lp/), Uy =1{ae @p : @™ =1for some p + m}, and Qj =
Qp(pp=) where pyee = {a € Q, : a?” =1for some m > 1}.
Gal(Q}/Qy) ~ Gal(Q}'/Q,) x Gal(Q;/Q,)
Gal(Q}'/Q,) ~ Z
Gal(Q;/Qy) ~ Z;
We have the obvious map Gal(Q};/Q,) — Aut(upe).

ALso, pp~ = Q,/Z, (non-canonically) as abelian groups. This implies that for Aut(Q,/Z,) =
Z, we have a canonical isomorphism Aut(Q,/Z,) = Aut(p,=~ ).

19.2 The General Lubin-Tate Construction

Choose f(x) € Or[[x]] such that f(x) = m-x + O(x?) and f(x) = x7 (mod 7). Take
F2b = F to contain roots of f o---o f (composed m times) for all m > 1.

Example 19.1. Take F = Q,, f(x) = (1+ x)? — 1. Get local Kronecker-Weber.

Let X be the unique formal r-module over O such that [7]s(x) = f(x).

Informally: Look at the 7#”-torsion points of . Consider £(0;7) as a set, m g,
equipped with operations (x, y) = Z(x,y) and a:x — [a]s(x) for a € Or. So we get
an honest &r-module.

S0 X(Opsw ) is an Or-module in the usual sense.

Consider M = {x € Z(Ops» : [1?]5(x) = 0 for some d > 1}. This is an &p-submodule.
Key claim: M  F/ O as an Or-module.

Exercise 3. It is enough to prove that for any d > 1, {x € mpse : [79]5(x) = 0} has size g%.
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Proof of Exercise. Without loss of generality, assume that f(x) = 7x + x9 (i.e. f(x) =
[7]z(x)). Then

S @) =m f7U ) + f7H ()T = f7 )+ £ ().
The rightmost factor is an Eisenstein polynomial of degree (g —1)g. ]

Gr = Gal(F*?/F) acts on M and we get a canonical homomorphism Gy — Autg, _mea(M) =
AutﬁF_mod(F/ﬁp) = ﬁ; .

FACTS. Gy - O} and if K is the kernel, then the fixed field of K is a maximal abelian
totally ramified extension. That is, F®® = For- (FsP)K and (F*P)K is a maximal abelian totally
ramified extension of F. Then we get an isomorphism Gal((F*P)X/F) - O7}.

(send frobenius to -1 in order to make it compatible with the above.)
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20 12 November 2012: Deformation Spaces of Formal Mod-
ules

Our goal is to find geometric objects that carry a natural action of GL,,(F) x #%.

20.1 Analogy

Let E be an elliptic curve over a number field K ¢ C. If N > 1, then E(C) y_torsion 2 (Z/NZ)*
as groups. In fact, Gx = Gal(K/K) acts naturally on E(C)y-torsion-

Xy = Isom((Z/NZ)*, E(C)N-torsion) carries an action of GL,(Z/NZ) x Gx. If M |
N, then we get a natural surjection Xy — Xj; compatible with GL,(Z/NZ) x Gx —
GL,(Z]/MZ) x Gk. Therefore lim X carries a continuous action of GL,(Z) x Gg. We can
do the same in families of elliptic curves.

This is an analogue to our situation in that we would like to replace K with F and E with
a formal &'r-module.

20.2 The Idea of Deformation Theory

Let = be a formal &z-module over F,. This corresponds to a collection of “structure constants”
(the coefficients of all the power series) satisfying certain polynomial relations. Deforming a
constant g € E means replacing it with a polynomial ay + a;& +--- + a,,¢"” where ¢ is a formal
symbol with e"~! = 0. This is a formal deformation of level .

This naive approach would suggest replacing F, with F,[e]/(e"*!). The correct analogue
is the following notion.

Definition 20.1. Let R be any local 0x-algebra. Recall that this includes the assumption
that the uniformiser 7 € O map to something in mp, the maximal ideal of R.

Suppose X is a formal Op-module over the residue field k = R/mpg. A deformation of =
with base R is a pair (%, i), where .% is a formal 0z-module over R and i is an isomorphism
of formal r-modules between ¥ and .# mod myp.

Remark. 1. Canalso ignore the isomorphism i and instead require that £ =.% mod m.
2. Special case: m}y = 0 for some n > 1. This corresponds to deformations of order n — 1.

3. The notion of a morphism of deformations is clear. If ¥ has finite height, then all
deformations of X are rigid. &
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Lemma. Let R be a local separated Og-algebra. (Separated means that n,;mpy = 0.) Let F
and .7 be formal Or-modules over R such that .# mod my is a formal Or module over the
residue field k = R/mpg > I, and has finite height (over the maximal ideal).

Then Homg, (%, #') = Homg, (:# mod my,.#' mod my). (The claim is the injectiv-
ity of this map.)

Proof. By induction, we are reduced to showing that if m}* = 0 for some n > 1and ¢:.% —
' is a morphism of formal &r-modules such that ¢ =0 mod m}, then ¢ = 0. We have:

p(F(x,9)) =F'(¢'(x),9'(¥)) = 9(x) + 9(y)
¢([alz(x)) = [a]7(9(x)) =a ¢(x), forallae Of.

Now, mj = m}/mp*! is a vector space over the residue field k = R/my. Let A: m} — k be any
linear functional. Then A(¢) is a morphism of formal &r-modules from .# mod my and

G, over k. So A(¢) = 0. O
(There are no morphisms between two formal modules of different height.) (What was
the definition of height again?)
Here is our main definition.

Definition 20.2. Let % be the category of complete local &"-algebras R such that & /() —
R/mp is an isomorphism. The morphisms are local homomorphisms of &x-algebras. Fix £
to be a formal 0r-module over F, of height i > 1. We get a deformation functor ¢ — Sets,
R — {deformations of X with base R}.

Remark. Recall that F™* is the maximal unramified extension of F and O7}" is its ring of
integers (a DVR with the same uniformizer as ). The residue field is 02/(n) = F,. 03" is
the completion of O}". <&

Remark. Note that complete means that R — lim R /ml is an isomorphism. &
n

Remark. This functor is representable. This is essentially the level 0 of the Lubin-Tate tower.
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Recall that we have ¢ = {local, complete &™-algebras R such that 6/(7) = F, = R/mg}.
Let T be a formal 0z-module over F, of height > 1.
We have a deformation functor

Def§: ¢ — Sets, R~ {(F,9)}/ =,

(level n <> level ") where .# is a formal &r-module over R such that (% mod mp) =2
and ¢: (m7"Op| Op)" — % (R)" is a morphism of &p-modules such that:

[I (G-e@)l[r]z(x) inR[[x]]. (2)

ae(n1 Ok [ Op)"

Lemma. If R is an integral domain and m + 0 in R, then (2) holds if and only if ¢ is an
isomorphism onto F (R) un_sorsion-

Proof. Assume that (2) holds. Note that .7 (R) ;n s consists of the roots of [ 7" ] #(x) in mp.
Recall that Weierstrass preparation says that [7” ] #(x) = w,(x)-v,(x), where deg(w,) = ¢"",
v € R[[x]],v4(0) = 1.2 So | F (R)nrtors] < " = |(m"Or/OF)"|> Hence it is suffices to
show that ¢ is injective.

It is enough to prove that ¢[(,-14,/¢,)n is injective. So it is enough to prove that if B € mp
and [7]#(B) = 0, then [7];(B) # 0. We have

[1]5(F (5 )) = Z([x) 5 (), [1] () in R[[x:y]].
Now,
a—ay: (7] (F (x,9) %x,w - [T () %mm), (71 ()).

Setx =3, y=0:
[7])5(B)*=m-1%0. O

LZ (R) is mp as a set, but the addition is the usual addition coming from .#

Ha" )z (x) = A" x + 42 X1 4 O(xq"h“), where the ? is not in mp but all coefficients of preceding
terms are in mp. So [7]s(x) =2~ xT 4 O(th“).

3:(n"Op| Op)" - F(R). a € (n7'Or/Or)" implies that ¢(a) is a root of [7] #(x). This shows the
right to left implication...?!
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Theorem 8 (Drinfeld). Def;: € — Sets is representable by A, € €. Moreover, A, is a
regular (Noetherian) local ring, and if ¢*"V:(n"Op|Op)" — F"v(A,) is the universal
thing, then (@' (e;), 94 (e,), ..., 94" (ey)) is a regular sequence generating m,, where
e; =(0,...,m7",...,0), where the only nonzero slot is in the ith place.

Ag=OF ([ ..., up]] R

In general, we get a surjection «,: OF'[[X1,...,x,]] > A,. A, has dimension h and the
first guy has dimension / + 1 and they are both regular. So the kernel has to be a principal
ideal that is generated by some element in m \ m?, where m is the maximal idea of the
domain.

Example 21.1. Let F = F;((7r)) and n = 1. We have: o"V: (710 Op)" = ' — F v (A,) =
m ,. (This last equality as a set.) Assume that 3(x, y) = x + yand [a]s(x) = ax forall a € [,
and [7]3(x) = x7". Also assume that Z"(x, y) = x + y and [a] zww (x) = ax forall a € F,
and [ 7] guniv (x) = 71X + U x + UupxT + - + upx? " + x1" (over Ay = 5;“[[%, e up]])
We know that [T,z (x—¢(a)) divides [7] zwiv(x) and « = aje; + -+ + ayey. This implies

,,,,,

.....

On Monday, we will begin rigid analytic spaces.
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22 19 November 2012: Rigid Analytic Spaces

22.1 Tate’s Original Motivation

Let E be an elliptic curve over C. We may consider its group of complex points E(C),
which has the structure of a complex Lie group and is isomorphic to C/A for a lattice
A c C. Without loss of generality, we may assume that A has a basis consisting of 1, 7, where
the imaginary part of 7 is positive (J(7) > 0). So C/A = (C/Z)/(image of 7). The map
C — C~, defined by z ~ exp(2miz), identifies C/Z = C*, so we get E(C) =z C*/q%, where
q = exp(enit). So 0 < |gq| < 1. (E(C) is algebraic and C* is G,,(C).) R

A simplified version of Tate’s result is the following. Let A € C, = @p and A # 0,1. Let
E be the projectivization of {y? = x(x —1)(x — 1)} ¢ A%p' Then E(C,) = C;/q* for some
g € C, with 0 <|g| <1, provided that |A| <1.
Remark. This is not a very good way to state this result because we want the non-algebraically-
closed case. In this case, we want the absolute value of the J-invariant to be bigger than
one.

22.2 What makes non-Archimedean analysis more difficult?

Let K be a field that is a complete with respect to a nontrivial non-Archimedean absolute
value. (Example: Let K = F as before, or K = 2 P\“P,f.)

The notion of an analytic function on an open set U € K makes sense. The problem is the
following: An analytic function on D= {x € K : |x| < 1}, in general can not be represented
by a power series converging on 5 The obstruction? There are too many open sets. For
example, U = {|x| <1/2}and V = D\U-= {1/2 < |x| < 1} are both open, and so we can take
f:B%Ksuchthathlon Uand f=z0on V.

The moral of this discussion is that we need to restrict the collection of open sets that we

allow in this theory. But even this is not enough. Namely, we need to restrict the notion of
an open covering that we allow.

Example 22.1. Consider the case K = Q,. Then Z, = {x € K : |x| <1} can be covered by p
disjoint closed discs of radius 1/ p. We will not allow these.
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22.3 Analogy

Rigid analytic spaces over K behave a bit like schemes that are locally of finite type over K.

(PICTURE)

Definition 22.1. The set

Klzi,....za)={ > aiz':a;€K,a;~>0asf(I)—> oo}

is the K-algebra of restricted power series.

Definition 22.2. An affinoid K-algebra is a K-algebra isomorphic to a quotient of K(zy, ..

for some n > 1.

Properties 22.1. 1. Affinoid K-algebras are Noetherian.
2. On K(zy,...,z,), we have the Gauss norm:

|3 ar2'] = max|a]
1

This makes K(z, ..., z,) into a Banach K-algebra, and || - || is multiplicative.

2 Zn)

Remark. For f € K{z,...,2,), ||f]| = max|f(x)| where x = (x1,...,%,) € K and

|x;| < 1for all i.

3. Allideals in K(z, ..., z,) are closed with respect to || - ||.

4. Every affinoid K-algebra has a norm that makes it a Banach K-algebra. The resulting
topology on B is independent of the choice of the presentation V = K(z,...,2,)/].

5. Every homomorphism of affinoid K-algebras is automatically continuous.

6. (Nullstellensatz) If L is an affinoid K-algebra and L is also a field, then L is a finite

extension of K.

Now we need to discuss the corresponding analytic objects.

Notation. Fix an algebraic closure K of K. If B is an affinoid K-algebra, the set of maximal

ideals Max(B) can be identified with

U Hompg a4(B, L)/ Autk (K).
KCSLEK,[L:K]<oo
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Example 22.2. Consider B = K(z, ..., z,). Then any homomorphism B — L is determined
by the image of the (topological) generators z; and hence

Homg.q4(B, L) = D"(L)={xeL":|x;| <1foralli}.

The consequence of this (i.e. the upshot) is that we can now say concretely what the set of all
maximal ideals looks like. That is,

Max(K(zi,...,z,)) = D" (K)/ Autg(K).
More generally, if B = K(z1,...,2,)/(fi»---> fm), then
Max(B) = {common zeros of fi, ..., f,, in D (K)/ Autg(K)}.

Remark. If x € D" (L), we get ¢:K(zi,...,2,) - L where ¥, a;z! = ¥ a;x!. Conversely,
if ¢ € Homg_qg(K(215...,24), L), then {z"}, is a bounded sequence and therefore the
image {¢(z;)™} ms1 is a bounded sequence in L. Hence |¢(z;)| < 1.

(If V is a topological vector space, then we say that X ¢ V is bounded if for any open
neighborhood U around 0, there exists A € K* such that A - X c U.)
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23 21 November 2012: Affinoid Spaces

23.1 Definitions

Let K be a non-Archimedean field with an absolute value | - |. Recall that

K(zl’...’zn> = {Z a[ZI ta; —> 0 as |I| d +00}a
I

Affx = {K-algebras that are quotients of K(zy,...,2,)}.

Definition 23.1. The category of affinoid spaces over K is the opposite of Affx > B < Sp(B).
Let Max(B) denote the “underlying set” of Sp(B).

Remark. If f: B — C is a morphism in Affx, we get an induced map f*: Max(C) - Max(B)
given by m — f~1(m).

The difficulty is the following: Let A be a finitely generated K-algebra and endow Max(A)
with the Zariski topology. If B € Affk, there is no direct analogue of this (topology) for
Max(B).

So suppose f:B — C is a morphism in Affx. Then we get Sp(f):Sp(C) — Sp(B).
QUESTION: When should we call Sp(f) an open immersion?

The following are equivalent:

(i) Given any morphism ¢: B — R in Affy, there exists y: C — R such that ¢ = yo f if
and only if f*(Max(C)) > ¢*(Max(R)) inside Max(B). Moreover, v is unique if it
exists.

Remark. (analogue) Recall that if U — X is a morphism of K-schemes of finite type,

PICTURE

(open immersion)

(ii) f*:Max(C) — Max(B) is injective and for any m € Max(C), the induced map
B Flm) C,, is an isomorphism.
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Proof that (i) = (ii). We analyze some cases.

1. B has a unique maximal ideal

In this case, (i) says that f: B — C is an isomorphism. Hence (ii) also holds. (Yoneda’s
lemma)

2. General case

If m € Max(B) such that f(m)C # C, then property (i) also holds for B/m —
C/f(m)C, and more generally, for B/m" — C/f(m)"C for all n > 1. So each of
these is an isomorphism. This is equivalent to (ii).

]

Remark. The proof that (ii) implies (i) is quite difficult. It is a theorem of Gerritzen and
Grauert.

23.2 Examples and Non-Examples

Consider B € Affx. f € B is a “function” in the following sense: If m ¢ Max(B), then
[B/m : K] < oo and so B/m < K. Then for x = m (think about m as a point), we will
set f(x) to be the image of fg in B/m = K. Because we need to pick an embedding,
the “function” f(x) is only well-defined up to the action of the Galois group Autg(K). In
particular, x — |f(x)]| is a well-defined function Max(B) — Ry,.

Definition 23.2. A subset U c Max(B) is called an open affinoid subdomain if there exists
an open immersion (i.e. satisfying (i) and/or (ii)) Sp(C) — Sp(B) such that U is the image
of Max(C) in Max(B).

Caution. The set {x € Max(B) : f(x) # 0} is not an open affinoid subdomain. (f(x) # 0 if
and only if f ¢ m)

Example 23.1.
Claim. Let U = {x € Max(B) : |f(x)| < 1}.

Proof of Claim. Let C = B(z)/(z— f). We claim that Sp(C) — Sp(B) is an open immersion
whose set-theoretic image is {x € Max(B) : |f(x)| < 1}.
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The universal property of B(z) is the following: Given a morphism B(z) — R is the same
as specifying a morphism B — R together with specifying that z — a € R where {a"} is
bounded in R. Hence the universal property of the quotient B(z)/(z — f) is that specifying
B(z)/(z - f) — R is the same as specifying B - R with f — a power-bounded element of R.

Here is a technical ingredient that we need for this proof: For R € Affx and a € R, {a"} 5,
is bounded if and only if |a(x)| < 1 for all x € Max(R).

Given this fact, the rest of the proof is clear. [

Similarly, {x € Max(B) : |f| 21} <> B(z)/(zf — 1) is also an open affinoid subdomain.
Example 23.2.

Claim. Take B = K(z), so Sp(B) is the closed unit disc. The open unit disc U = {x €
Max(B) : |z(x)| < 1} is not an affinoid subdomain. In fact, there does not exist a morphism
Sp(C) — Sp(B) whose image equals U.

Remark. In fact, there does not exist a morphism Sp(C) — Sp(B) whose image equals U.
Indeed, if it exists, then we have B = K(z) - C, z — f. This means that for any x € Max(C),
|f(x)] < 1. But there is a maximum principle which says that the function x — |f(x)| gives a
maximum on Max(C) (uses Noether normalization). But this is a contradiction because
z(x) does not achieve a maximum on the open unit disc. (We are secretly using the fact that
the absolute value of K is nontrivial.)

We may also show that the punctured disc is not an affinoid subdomain.
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24 26 November 2012: Rigid Analytic Spaces

We fix some notation, as usual.

(K,|-]) a non-Archimedean field

Affx = {K-algebras that arise as quotients of K(zy, ..., z,)}

AffY, the opposite category of Affk

+ We have a map Affy — Aff} given by B ~ Sp(B).

24.1 Reminders
1. If B € Affg, then Max(B) is the “underlying set” of Sp(B)

2. For a morphism ¢: B — C of affinoid algebras (i.e. a morphism in Affy), then we get
an induced morphism ¢*: Max(C) — Max(B), given by m — ¢~1(m).

3. If ¢ is as above, then j:Sp(C) — Sp(B) is an open immersion if it satisfies one of the
following:

(i) Given any morphism f:Y — Sp(B) in Affy’ whose image is (set-theoretically)
contained in j(Sp(C)), there exists a unique factorization Y — Sp(C) such that
the composition with j gives f: Y — Sp(C) — Sp(B).

(i) ¢* isinjective and for all m € Max(C), ¢ induces an isomorphism §¢—l(m) - Cpp.
Definition 24.1. If X ¢ Aﬂ;p, a subset U C X is an (open) affinoid subdomain it U is the

image of an open immersion Y — X in Aff’. (The map Y — X is unique up to unique
isomorphism.)

Notation. We will write Y = Sp(Ox(U)).

Theorem 9 (Tate’s Acyclicity Theorem). The assignment U ~ Ox(U) satisfies the sheaf
axioms for finite covers of open affinoid subdomains by open affinoid subdomains. (The Cech
complex is acyclic.)
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Why is the class of open affinoids stable under finite intersections? That is, why is the
intersection of two open affinoids again an open affinoid?

Proposition 24.1. Given morphisms A — B, A — C in Affy., the pushout exists and
Max(B®,C)— Max(B) Xpax(a) Max(C).

(This is an isomorphism if K = K. In general, it is an isomorphism if we assume that one of
Sp(B) — Sp(A) or Sp(A) — Sp(B) is an open immersion.)

Sketch of Proof.
Stepl. A=K,B=K(z,...,2,), C=K(wy,...,w,,) implies that

BRxC =K(zi,. s 2y Wi e e s Win).

Step 2. If A = K and B, C arbitrary, then we may write B and C as quotients of K(z, ..., z,)
and K(wy, ..., wy,).

Step 3. In this general case, construct B 4C as a suitable quotient of B®C. []
Remark. If Sp(C) — Sp(A) is an open immersion, then so is Sp(B®,C) — Sp(B).
Corollary 24.2. 1 By dualizing, we get that Affy’ has fiber products.

2. Open immersions in Affy. are stable under pullbacks.

3. If X € AffY, then the class of open affinoid subdomains of X is closed under finite
intersections.

Remark. The finiteness condition in the acyclicity theorem is very important! Here is a
counterexample. Assume K = K and take X = Sp K(z). Then the underlying set of X is
Max K(z) = {x € K : |x| < 1}, the closed unit disc. If xy € K, |xo| <1, and ¢ € K*, |¢| < 1, then
Usoe = {x € K : |x — xo| <|c|} is an affinoid subdomain. In fact, these form a covering over
X. That is, X = Uy ex Uy, . But these sets are either equal or do not intersect, and hence
this covering does not have the acyclicity property. Indeed, Ox(X) = K(z) is a domain, and
hence it cannot be written as a product of rings.
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24.2 Main Definitions
Let X ¢ A

1. Asubset U C X is admissible if given any morphism f: Y — X in Affy’ with f(Y) c U,
there exist affinoid subdomains V;,. .., V, € X such that f(Y) c Vju---uV, c U.

2. If U, U; € X (i € I) are admissible subsets such that U = u;;U;, the cover {U, } ;s of
U is called admissible if given a morphism f:Y — X in AffY with f(Y) c U, there
exists an open affinoid cover Y = Wj u --- U W,, such that for all j, there exists an i
such that f(W;) c U,.

3. We may now define connectedness for admissible subsets. The precise formulation is
left as an exercise.

Example24.1. 1. If B € Affy, fi,...,f, € B, U; := {x € Max(B) : fi(x) # 0}, and
U = U, U;, then U and each U, is admissible in X = Sp(B), and the cover {U;}", of
U is also admissible.

Proof. Choose a sequence ¢y, ¢y, €3, . .. € K* such that M; = |cj| — 00 as j — oo. Write
U/ = {x e U |fi(x)] 2 M;'}. Ttis clear that U; is the union of all of these and that
Ul = SpB(z)/(z- ¢ - fi —1). (Reason: The inequality is the same as |¢; - fi(x)| > 1.
Bounded inverse.) Each UZ is an affinoid subdomain of X. O

EXERCISE: If a: Y - X = Sp(B) is a morphism in Aff}} such that a(Y) ¢ U, then
there exists j >> 0 such that a(Y) € U/ u---u Uj,.

2. Take X = SpK(z). Then U = {x € X : |z(x)| < 1} is also admissible. Use a similar
argument, except choose ¢, ¢5,... € K* such that |¢| < |¢y| < |cs] <---and |¢;| - L.
A small problem is that this might not be possible (e.g. in Q,). The solutions is to
instead choose ¢ € K with 0 < |¢| < 1and use U" = {x € X : |z(x)"| < |c|}. Then we do
have the increasing union U = U' U U? U ---. Then use the maximum principle.
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25 28 November 2012

Definition 25.1. A G-topology on a set X consists of the following data:

I. A collection .7 of subsets of X, called admissible subsets, such that @, X € .7, and .7
is closed under finite intersections.

II. For each U € .7, a subcollection of the set of all possible covers U = u;;U; (where
each U, € .7), called admissible covers.

This data satisfies the following axioms:
L. If U € 7, then {U} is an admissible cover of U.

2. If Ve T,V =uU;;V;isan admissible cover,and U € V isa subset suchthat UnV; €
forall i, then U € 7.

3. If U,V € 7 and V = UV, is an admissible cover, then U NV = uU;;(U N V;) is also
an admissible cover.

4. If U = Ui U; is an admissible cover and U; = Ujj, U;; is an admissible cover for all
i € I, then U = u; ;U;; is an admissible cover.

5. fVeZ, Ve T,and V = UV has an admissible refinement, then the cover itself is
admissible.

This allows us to have a good theory of sheaves on these spaces.

25.1 Main Example

Let B € Affx and X = Max(B) “=” Sp(B). A subset U < X is admissible if given a morphism
f:Y - X in AffyY with f(Y) ¢ U, there exist affinoid subdomains V;, ..., V, € X such that
f(Y)cViu--uV,cU.

If U, U; ¢ X are admissible and U = u;;U;, this cover is admissible if given f: Y - X
with f(Y) ¢ U, the cover Y = U;; f~'(U;) has a finite refinement consisting of affinoid
subdomains of Y.

Remark. 1. All G-topology axioms are satisfied.

2. Suppose U < X is admissible and let {U,};; be all the affinoid subdomains of X
contained in U. Then U = u,;U;, and this cover is admissible.
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3. Given affinoid subdomains V;, Vs, ..., V, € X, then their union V = Vju---u V, is

admissible and this cover is admissible.

4. A finite cover of an admissible subset by admissible subsets may not be admissible.
(Read on for a counterexample!) <&

Here is a counter example to 4. Indeed, we may take X = SpK(z), U = {x € X : |z(x)| <
1}, V.= X\ U = SpK(z,z!). Note that V is already an affinoid subdomain of X. U is
admissible. (Choose ¢ € K* with |¢| < 1. Then U = u>, U, where U, = {x € X : [c7!-2"(x)| <
1}. This is the closed disc of radius |c[/”. Then we use a theorem about the image of...?)
However, U, V do not form an admissible cover of X.

Recall that for X € AffY}, for any affinoid subdomain U ¢ X, we have Ox(U) € Aff.
By Tate’s acyclicity theorem, this assignment U — Ox(U) satisfies the sheaf axioms with
respect to finite covers (of affinoid subdomains by affinoid subdomains).

Corollary 25.1. If B € Aff,, then X = Sp(B) is connected if and only if the algebra B has
exactly two idempotents.

Proof. X is connected if and only if X # @ and there does not exist an admissible cover
X=UuVsuchthat U,V+@and UnV =g.

Suppose f € B is a nontrivial idempotent. Then U = {x € X : f(x) # 0} and V = {x ¢
X : f(x) # 1} are both affinoid subdomains of X.

Conversely, suppose that X = U u V is an admissible cover by admissible sets U, V with
U,V #@and UnV = @. Apply the definition of an admissible cover to the identity map
X — X. Then this cover {U, V'} has a finite refinement consisting of affinoid subdomains:
U=Uu---uU,and V = Viu---uV,. Apply Tate’s theorem to the cover X = Uyu---u U, U
Viu---u V,. Hence there exists f € Ox(X) = B such that f|y, =1forall i and f|y, = 0 for al
j. Thus f is a nontrivial idempotent. O

Remark. Beware of stalks of sheaves! In general, stalks do not determine everything. On
the other hand, Ox(X) = [1,cx Ox.. The reason: if x € X = Max(B), then 0, - B, and
it follows that B = [T,emax(B) B,. <&
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26 30 November 2012: Definition of Rigid Analytic Spaces

Definition 26.1. 1. A G-space is a set equipped with a G-topology.

2. A sheaf on a G-space is a presheaf on the collection of all admissible subsets satisfying
the sheaf axioms with respect to admissible covers.

Example 26.1. For X € Affy, the assignment
{affinoid subdomains of X} — K-algebras, U~ Ox(U)

extends uniquely to a sheaf on X. (The stalks are local rings (hopefully artinean), so we get a
“locally ringed G-space” over K.)

Definition 26.2. A morphism X — Y of G-spaces is a map f: X — Y such that for all
admissible U ¢ Y, f7!(U) < X is admissible, and for all admissible covers U = U;;U; in Y,
the corresponding cover f~1(U) = U;; f~1(U;) is admissible in X.

Remark. Here are some obvious things to notice:

o The functor f,:Sh(X) — Sh(Y) has a left adjoint f~':Sh(Y) — Sh(X).

o Also have R"f,: Ab(X) — Ab(Y), and hence in particular, we have cohomology for
sheaves of abelian groups.

« Also have the notion of a morphism of locally ringed G-spaces.
The above allows us to make a definition of a rigid analytic space. &

Definition 26.3. A rigid analytic space over K is a locally ringed G-space (X, O ) over K
such that there exists an admissible (!) cover X = U;¢;U; such that each (U;, Ox|u,) = Sp(B;)
for some B; € Afix.

26.1 Connection to Usual Notions of Algebraic Geometry

We will next discuss schemes that are locally of finite type over K. We would like to under-
stand a functor

(schemes locally of finite type over K) — Rig,, Y — Y*".
This is very similar to the functor (schemes over C) — (complex-analytic spaces).

Caution. Y*" is almost never an affinoid space over K. In particular, can only get Y*" to be
an affinoid space over K if Y is spec of a finite K-algebra.
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Remark. We have an embedding
Rig, — Functors(Affy, Sets), X + the functor B — Homyg;, (Sp(B), X).
Proposition 26.1. If Y is a locally finite type K-scheme, the functor
Affi — Sets, B~ Hom(Spec(B),Y),
with Hom meaning as K-schemes, is representable by Y*" € Rig,..

Proof. Everything reducesto Y = A} (so get A%) and then we get all affine schemes of finite
type over K and then finally, we glue to get everything else.
(A} ) has to represent Affy — Sets, B — B.
(For comparison, Sp K(z) represents the functor B — B°, where B° = {b € B: {b"}>, is bounded in B}.)

n=1
Remark. For any b € B, there exists ¢ € K* such that ¢b € B°.

Choose a sequence ¢}, ¢, ... € K such that 1 < |¢|| < |cy| < -~ and |¢;] = o0 as i —> oo.
Consider A; = K(z/c;) € K[[z]]. Each Sp(A;) is an affinoid space over K, and A;;; € A;
induces an open immersion Sp(A;) = Sp(A;;1).

Now take X = lim Sp(A;). Then Homg;, (Sp(B), X) = B for all B € Aff. O

Remark. We have a canonical morphism of G-spaces Y*" — Y which set-theoretically is a
bijection onto the set of closed points of Y.

Pick an admissible affinoid subspace U ¢ Y. So U = Sp(B). We have j: Sp(B) < Ya»
and a corresponding K-scheme morphism Spec(B) — Y. Then Sp(B) — Spec(B) and
we can glue. How do we construct Sp(B) — Spec(B)? There is an obvious inclusion
f:Max(B) < Spec(B) and this is a morphism of G-spaces. Reason: Recall that we proved
(on Monday?) that f~! takes finite covers by basic affine opens in Spec(B) to admissible
covers in Max(B). The rest of this justification is left as an exercise. (Use the maximum
principle!)

26.2 Things That Also Work

1. Coherent sheaves on rigid spaces

2. Cartan’s Theorems A and B on affinoid spaces. (Theorem A says BLAH and Theorem
B says BLAH.)

3. Theorems of GAGA
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27 7 December

Recall from last time: Let (K, | -|) be a complete non-Archimedean field (discretely valued).
Have a uniformiser 7 € O € K. Nice formal schemes over Ok: Start with X a scheme
that is locally finite type over Ok, f: X — Spec(Ox) = {(0), ()} a structure morphism.
Complete X along the special fiber. Take Y = f~!((7r)) € X (a closed subspace). The formal
completion Xy is the space Y with the structure sheaf given by the obvious inverse sheaf, i.e.
with structure sheaf 1<i£1’1 Ox(m" - Ox). This is a nice formal Ok-scheme.* (This is the same
as Hartshorne’s completion of a noetherian scheme (sheaf?).)

We need to handle things like Xy where Y ¢ f~!((7)) is a closed subset (but not
necessarily the whole fiber).

Example 27.1. Take X = Spec Ok[t]. Then )?f-l((ﬂ)) = Spf(Ox(t)) (this is nice). Also,
X\ideal(m) = Spf(Ox[[t]]) (this is not nice).

Generalize (the construction Y = Y ®4, K from last time) to special® formal schemes
over Ox.° An affine special formal schemes correspond to O-algebras of the form A =
Ox(z1,...,zZ)[[W1, ..., Wm]]/I, where I is a closed ideal and the topology comes from the
ideal (7, wy, ..., wp).

Given such an A, we can form the rigid generic fiber Spf(A) ®4, K as a rigid analytic
space over K. (can never get an open unit disc from this construction.)

271 Very ad hoc construction

Define D = Sp(K{x)) (closed unit disc) and let D be the open unit disc inside D. Then
Spf(A) ®g, K is the closed subspace of D" x D cut out by the equations coming from 1.

27.1.1 Motivation

Consider Ox(z) ® 5, K = K(z) (because coeflicients of higher powers of z are already
in Ok by definition of restricted formal power series). That is, K(z) = {f € K[[z]] :
f(a) converges for all & € K with |a| < 1}. Also, Ox[[w]]®, K = {f = 275 aiw’ € K[[w]] :
{|a;|}e, is bounded} = {f € K[[w]]: f(a) converges for all & € K with |a| < 1}.

*This terminology— “nice”—is not used in the literature.
5Berkovich
®References: Berthelot (not published, but available online), and de Jong (Crystalline Dieudonne theory...).
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27.2 Lubin-Tate Tower

Let F be a local field. In this story, we will take K = Fr,
Earlier, we constructed “moduli spaces” Spf(.e7,) where n = 0,1,2, ... as follows.

1. Fix Z to be a formal &z-module over F, = Oy /() of height h (unique up to 2).
2. Deformation functor Defy: € — Sets taking R — {(.%, ¢)}/ 2, where:

(a) Z isaformal Op-module over R such that (.# mod mgy) = X.

(b) If n =0, there is no ¢.

(c) Ifn > 1, then ¢ is a level n structure on .#, i.e., an Or-module homomorphism
(7" Op|OF)" - .7 (R) such that [],(,-16,/0,)1 (X — ¢(a)) divides [7] 7(x) in
R[[x]].

Here, % is the category of complete local k-algebras R such that F, 5 R/my.
Then Def} is representable by <7, € €.

Remark. Recall that o7y = Ok|[[u, ..., up-1]] (noncanonically) and for n > 1, we have
o, = Ox[[x1,...,x,]]/(principal ideal) (canonically).

We have @7, - @ - — 7, and each of these maps is finite and flat.

Definition 27.1. Define X,, := Spf(.<7,) ®,, K. These are rigid analytic spaces over K = Fr,

We get Xy < X; < ---. This is called the Lubin-Tate tower. X, is an open polydisc of
oh

dimension n — 1. For n > 1, X,, is a closed subspace of D cut out by one analytic equation.

Relation between X; and the Drinfeld curve! (Discuss on Monday:.)

27.3 Group actions on the tower

1. GL,(OF) acts” on each X, through the quotient GL;, (O /(n")). In fact, GL,(Ok/(n"))
already acts on &7, by changing the level structures: ¢: (7710 Of)" - F(R).

In fact, X, - X, is an étale cover and a torsor for GL;,(0r/(n")) acting on X,,.

"We ultimately want GL;, (F), but GL, () is a pretty big open subgroup of GL;,(F), so this is getting
there).
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2. Aut(Z) acts on each Defy and hence also on 7, and on X,.. In fact, Aut(X) = 0.
What is 052

Notation. Take E 2 F to be the unique unramified degree-h extension of F. Then
Gal(E/F) = (), where ¢ is the Frobenius. Then take & = Ox{I1}/(I1" — 7). The
ring O {I1} is the twisted polynomial ring with relation IT-a = ¢(a)-II for all a € OF.
So D = Op[n7], and this is a central division algebra over F of dimension k2.

Upshot: Not only do we get the local Langlands correspondence, but we also get the
Jacquet-Langlands correspondence (relating representations of GL; (F) and representations
of D*).
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28 10 December 2012: Integral Models

Let (K, |- |) be discretely valued, complete, non-Archimedean field with uniformiser 7. Let
Y be a rigid analytic space over K. Does there exist a (nice or special) formal scheme of X
over Uk such that X ® 5, K = Y? In general, this is hard and there does not exist any good
unique statements.

28.1

Suppose Y = Sp(B) for some B € Affx and we ask for affine admissible integral models, i.e.,
an OUk-subalgebra A ¢ B, which is m-adically complete and topologically finitely generated
over Ok with B=K - A.

Remark. Such an A always exists! Indeed, we may choose a surjection f:K(z,...,z,) =
T, — B (this is the Tate algebra in n variables) and take A = f(Ok(z;, . .., zn)). O

In general, if A C B satisfies the above properties, then A ¢ B° (where B° denotes the set
of power-bounded elements of B, i.e. B> := {b € B: {b*}?° is bounded}).

It is easy to see that if Sp(B) has a “maximal” integral model, then that model has to be
Spf(B°). The problem is that B° is not always topologically finitely generated over .

Example 28.1. Take B = K(z)/(2?). Let B° = Ok + K - z.

Lemma. If B is reduced, then B° is m-adically complete and topologically finitely generated
over Uk.

Proof. Noether normalization implies that there exists an injective K-algebra homomot-
phism f: T,, = B such that B is finite over T,,.

Claim 12. B° is finite over T¢ = Ok(z, . .., 2n).

Proof of Claim. First reduce to the case where B is a domain. We have an embedding
B = [1,c(B/p), where the product varies over minimal primes, and this is a finite product

of domains.
We have a standard fact: B° is integral over T. Also, the field of fractions of B° is a finite
extension of the field of fractions of T. So “clearly;” Ty is Japanese. O
The claim completes the proof of the lemma. [
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28.2 How do you compute B°?

Lemma. Let B € Aff, be reduced. Suppose f: T, — B is a surjection in Aff, and put C =
f(T2) € B°. (Remember that T¢ = Ok(zi,...,z,)[(ker f n T).) If C/nC is smooth over
Ox/(m), then C = B°.

Sketch. First reduce to the case where B is an integral domain. Then C is a domain and C is
formally smooth over 0. This implies that C is normal.
But B¢ is integral over C and they have the same field of fractions. ]

28.3 Application to the Drinfeld hypersurface

(The computation for the curve is exactly the same.)
Let F = F,((r)) and pick n > 2. Recall the Lubin-Tate tower of complete O™ -algebras

’%‘_)M‘_)%‘_)"')

where o7 ﬁ;‘r[[ul, ...>up_1]] (non-canonically) and <% = ﬁ;‘r[[xl, s xh]]/(n—HaE]Fz;\{o}(alxﬁ
-+ apxy)) (canonically).
We have a Lubin-Tate tower of rigid analytic spaces X, = (Spf «7,) ® gw B

%06%16%26”'.

Recall that X, is an open unit polydisc of dimension h — 1 and X; is the closed subspace of
oh
D cut out by the equation Hang\{O}(alxl +etapxy) =TI

We would like to interpret the above geometrically. We do this in two steps:
1. Let Y, = X, n D" where D' = D is the closed disc of radius ||/ (a" D),
Explicitly: The closed unit disc is Sp K(z) and D’ = Sp(z, w)/(w — 771 z471).

Motivation: If we were allowed to make the substitution x; = 71/(4"-D . y,, then we
would get the equation for the Drinfeld curve. But this doesn’t really make sense. Step
2 is to make sense of this.

2. Take K = Fr[w]/(w?"~! - 7). Here, w € K is a uniformiser. We now base change to K.

Now,

Y ®p: K2 Sp(K{(y1, ..o yn)/( [T (auxi+-+ +apxy) - 1)).

aeIE‘g ~{0}
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Let the inside of the Sp be B. And let C be the image of Ok(y,..., y,) in B.

Then C/wC = F,[y, ..., y,]/(same relation). So Spec(C/wC) is the Drinfeld hyper-
surface X and it is clear that X is smooth. The upshot is that the formal scheme Spf(C)
is the canonical integral model of the affinoid Y} ®z. K and the special fiber of this
model is X.

Remark. GL,(Or[(m)) = GL,(IF,) acts on X;. It preserves the affinoid subspace Y; and so
GL,(IF,) acts on Y; and therefore also acts on Y; ® . K and hence on C and the hypersurface
X. Moreover, the action on X given by this construction is the obvious one.

But this is not the end of the story. We also have an action of Gal(K/F™) on X and this
action commutes with the action of GL,(F,;). Now, Gal(K/ For) ]F;h. This is how you see
the full picture for the Drinfeld hypersurface.

H'1(X,Q,) is a representation of the product of these two groups, and this is how one
realizes, geometrically, all the cuspidal representations of GL,(IF,). &
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29 12 December 2012

29.1 Computation of Endg,(X)

Let E 2 F be an unramified extension of degree h (so the residue field of E is F ) and let
f(x) =7 x+x9". There is a unique formal &;-module 3 such that (got erased).

By construction, ¥ is already defined over F, ¢ F, and [7]s(x) = x4". In particular,
o(x) = x7 € Endg,(Z). You also have 0 acting on X by Or-endomorphisms. Also, o acts
in the same way as 7.

Exercise 4. This is an easy exercise. If a € OF, then

oola]y=[g(a)lzeo0,
where ¢ € Gal(E/F) is the Frobenius generator.

So we get an Op-algebra homomorphism Op, , = Or{c}/(c" - m) - Endg,(Z). An
idea for checking that it is an isomorphism: check that you get an isomorphism modulo 7
(nontrivial) and check m-adic completion of both sides (easy). (Checking that you get an
isomorphism modulo 7 involves the following: For aox + a;x4 + arxT + - + ah_lth_l, one
can add higher x7" terms to get an endomorphism.)

Theorem 10. If p is a smooth irreducible representation of G := GL,(F) over C, then there is
a locally constant function ®, on G™ ¢ G such that for all f € C(G™) ¢ C=(G),

t(p() = [ £(8)0,(2)du(s).

Remark. Recall that

p(f)= [ F(@)p(e)du(s).

where y is some Haar measure. This operator has finite rank and hence has a well-defined
trace.

On the division algebra side... Let D be any central division algebra of dimension n? over
F. Then we have D* (this is an £-group), which has center F* and furthermore, D*/F* is
compact. (Hence the representation theory of D is much simpler than the representation
theory of GL,(F)!)
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We have an embedding of the set of conjugacy classes of D* to the set of (semisimple)
conjugacy classes of GL, (F). (This map is very far from being surjective.) This is given by
the following:

1. (Completely general) If a € D, then F[a] € D is a finite field extension of F. Moreover,
the degree [F[a] : F] divides n.

2. (Partial converse) If K 2 F is a finite field extension such that the degree [K : F]
divides n, then there exists an F-embedding K — D. (This is only true for local fields
F.)

(Completely general) Any two such embeddings are conjugate under D*. (Special
case of Skoelem-Noether theorem)

3. The upshot is that we now get a bijection
{conjugacy classes of D*} < {reduced characteristic polynomial} \ {x"},

where by “reduced characteristic polynomial,” we mean a monic degree-n element of
F[x] which is a power of an irreducible polynomial.

Theorem 11 (Local Jacquet-Langlands Correspondence). Let p’ be a smooth irreducible
representation of D* over C. ('This representation has to be finite-dimensional because the
quotient of D* by its center is compact!) Then there exists a smooth irreducible representation
p of GL,(F) over C such that tr(p’) <> (-1)"!- ©,.

More precisely, tr(p’) < (-1)""'- ®, means that the values agree under the bijection

(regular elliptic D*-conjugacy classes) «<— (regular elliptic GL, (F)-conjugacy classes),

where regular elliptic means that the minimal polynomial of your element over F is separable
of degree n.

(" functions are not well-defined. So we look at the locus where the function is locally
constant and then we have an honest function. This locus might actually bigger than G™,
but it certainly contains this.)

(The regular elliptic is not dense because there is no way to perturb a bit to get an
irreducible char poly to become reducible (i.e. have multiplicity > 1).)

(If you have a matrix whose eigenvalues are in F, it is not in the closure of the set of
regular elliptic GL, (F)-conjugacy classes.)
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29.2 Some Remarks

1. The Local Langlands philosophy is the following one. Let G; and G, be reductive
groups over F that become isomorphic over some extension of F. Then the represen-
tation theories of G;(F) and G,(F) are very closely related.

2. Let Dy, D, be central division algebras of dimension n? over F. Then we get a canonical
bijection between conjugacy classes in D and D;. That is, we have a bijection

Dy /conjugacy «<— D /conjugacy.
Then Jacquet-Langlands gives a bijection between
Irr(Dy) «— Irr(Dy),
where Irr denotes the set of isomorphism classes of irreducible representations. (Char-

acters match!)

Look at .77) = C°(Dy). This contains ¢ IDIX , which is where the characters live (uh
oh—this is not true). Take three conjugacy classes C;, C,, C; € D;‘. The “number of
times” that C; appears in C; - C, is ocgf,cz € Zsg.

We get a vector space isomorphism
Dy = D}
TN > I,

Reformulation: This is an algebra isomorphism with respect to convolution. (One
way to check this: If you figure out the right way to define the structure constants, one
way to check the isomorphism is to check that the structure constants agree. (This is
not easy.))

If D, has dimension k? and D, has dimension #?, k | n, then we have an injection
Irr(D5) < Irr(GL,/k(D1)). (No good way to have an increasing system of division
algebras and make sense of the resulting structure.)

3. Going back to the Jacquet-Langlands correspondence. We have
Irr(D*) < Irr(GL,(F)).

What is the image? The answer is: “essentially .#> (mod center) representations” This
class includes all supercuspidals.
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“ #? mod center” means
p:GL,(F) - GL(V)

is a smooth irreducible representation. By Schur’s lemma, it has a central character.

(a) x, is a central character of GL,(F) (F* % C* is a smooth homomorphism) and
takes values in S! ¢ C*.

(b) every matrix coefficient of p is . modulo the center of GL, (F).

(Recall that this means v € V, f € VV := smooth dual, get a matrix coefficient
(i.e. function) g~ f(p(g)(v)).)

Essentially .#”> mod center means that there exists a smooth #: GL,(F) - C* such
that - p is 2> modulo the center.

4. If n is a prime, then it is easy to say what all of these representations are. That is, the
essentially .#”> mod center smooth irreducible representations of G = GL,(F) are the
supercuspidals (matrix coeflicients have compact support modulo the center) and
(x - det) - Stg, where y is a character of F*. (Recall that St is the unique irrep inside
the induced trivial representation from the Borel.)

(“structure constant”?)

GL,(F)-side ‘ D*-side
(yodet)-Stg | yo Nrdp
supercuspidals | smooth irreps of D* of dimension > 1

(Nrd comes from the reduced determinant) (22?)
Note that the picture is only this simple when # is prime!
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30 13 December 2012

Correction of last time. Let D be a central division algebra over F of dimension #n2. Choose
F € E ¢ D, where E is an unramified degree # field extension of F and let ¢ € Gal(E/F) be the
Frobenius generator. Then there exists w € D* such that w normalizes E and waw™ = ¢(a)
forall a € E (*). Then w" € Cp(E) = E, so w" = u - t* for some u € 0%, k € Z.

Assume " € F. Without loss of generality, 0 < k < n — 1. If w with v - w for some v € 07},
then (*) does not change, and w" becomes v - ¢(v) - *(v)---¢"!(v)w" = Ng/p(v) - w™. But
Ng/r: O — O} is surjective and hence we may assume that w” = 7%,

Claim 13. In the above, gcd(k, n) = L.

Proof of Claim. Let A be the F-subalgebra of D generated by E and w. Since w" € F, then
showing gcd(k, n) = 1is equivalent to showing that A = D. (w is a root of the polynomial
x"—7*and k | n, then this polynomial would be reducible.) Clearly, A is a finite-dimensional
semisimple algebra over F and A is a product of simple F-algebras. Also, Cp(A) € E? = F.
In particular, A has center F. Therefore A is simple and A = Cp(Cp(A)) = D. O

30.1 Fairy Tales about the Local Langlands Correspondence

(This will be extremely imprecise.)
The statement gives a certain construction of a map that is a bijection between the Galois
side and the GL,, side:

( n-dimensional Frobenius—semisimple) ( smooth irreducible)
<> .

Weil-Deligne representations of #% representations of GL,,(F)

The correspondence takes a pair (p, N) to a representation p(o, N). Our representations
will be taken over C.
Let 0: #r — GL(V') be a smooth representation over C. We have alinear map N: V —» V
such that a(y)-N-o(y)™' =|y||- N forall y € #%.
Recall:
1> Ir—> Wr— 17— 0.

The geometric Frobenius (1/g) in #; maps to 1 via v: # — Z. Recall that ||y|| = g7 ).
We have a map recg: #r — F* (and hence % — 0}) that makes

1-0p > F - 7Z—-0,
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where F* — Z is the usual valuation. ||y|| = || recg(y)|| where || -|| is the standard normalized
absolute value on F.

Frobenius-semisimple means that ¢ is semisimple.

Question: How to characterize this bijection uniquely? That is, how to define p(a, N).

For n = 2, this is uniquely characterized by meromorphic functions (actually rational
functions in q~°):

1. L-factor:
L((0,N) ® x,s) = L(p(0,N) ® y,5)
for all smooth y: F* — C*.
2. e-factor:
e((0,N)® x,5, ) = e(p(0,N) ® x5, %)
for all y and for all nontrivial smooth y: F — C*.

Properties 30.1. 1. (0, N) is irreducible (N = 0 in this case) if and only if p(c, N) is
supercuspidal.

2. (0,N) ~ p(0,N) is compatible with twists by one-dimensional characters.
3. Compatibility with (smooth) duals

4. det(o) is a one-dimensional representation and corresponds to some character of F*,
and this character is the central character of p(o, N) via local class field theory.

5. (0, N) is indecomposable if and only if p(a, N) is essentially .#> modulo the center.

Remark. Take n = 2. Then (o, N) is indecomposable if and only if either ¢ is irreducible or
N = 0.

If N # 0, then without loss of generality, we may assume that N = ({ { ) and o: #% —
GL,(C) is a smooth homomorphism. The image of ¢ has to normalize the line spanned by

o(v) = xn(y) =+
) ( 0 Xz()’))’

where i, x2: F* - C* (actually characters of the Weil group) are smooth characters.
We have o(y) - N =||y||- N - 0(y), which implies that y,(y) = ||y]| - x2(y)-

N. Hence we may write
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Conversely, suppose y1, x2: F* — C* are smooth and satisfy the property y1/x. = || - ||.
Then we get a two-dimensional Weil-Deligne representation (o, N), where N = ({ §) and

a(y) = (Xlg” XZ(()y) ) In this case, p(0, N) = Stgr, () ® (wodet), where w: F* — C* is defined

by 1=+ [|- 2 o = - - |2 o

30.2 TheLocal Langlands Correspondence for Principal Series Irreducible
Representations of GL,(F)
Consider a non-irreducible two-dimensional Frobenius-semisimple Weil-Deligne represen-

tation (o, N'). What is the corresponding p(o, N)?
We have some cases:

1. N # 0 was done in the previous remark.
2. Now assume N = 0. We may write 0 = x; ® y, where y;, x2: F* — C* are smooth.

3. Suppose the above characters satisfy y1/x2 = ||-||*". Then p(y1® x2,0) = w o det, where
w = /X1 x2 (ish).
4. Otherwise,
pn® 10) =Ind; (5, o ),
where B={(§ 1)} - F* x F* =5 C*and 8 (§ ;) = ||dll/llall.

The correspondence is much harder for supercuspidal representations. It is particularly
hard when the characteristic of the residue field is 2.

30.3 Remarks on the Local Langlands Correspondence for Supercuspi-
dal Representations of GL, (F)

Take F ¢ L C F*% and take L to be a degree-n extension of F. Let @: L* - C* be a smooth
homomorphism. Then reciprocity map gives © o rec;: #; — C*. # is an open subgroup of
index n in #;.

IndZﬁ (@ orecy) = 0p is a smooth n-dimensional representation of #.

Sometimes, og is irreducible.

On the other hand, for certain ®, we can construct an irreducible supercuspidal repre-
sentation pg of GL,(F). Roughly:

1. Embed L* - GL,(F)

MaTtH 711: THE LocAL LANGLANDS CORRESPONDENCE



SECTION 30 13 DECEMBER 2012 97

2. Construct a compact open subgroup Ke € GL,(F)

3. Construct a smooth irreducible representation pg of L - K¢

4. Check that pg := Indfff}éf)(pé) is irreducible. (If it is irreducible, it is automatically

supercuspidal.)

QUESTION: If 0¢ and pg are irreducible, do they correspond to each other under the
local Langlands correspondence?

ANSWER: No, but they almost do. That is, 0g corresponds to pe.¢,, where {g: L* — C*
is a “rectifier”

(Bushnell-Henniart)

Example 30.1. If L 2 F is unramified, then &g

o; =1and §g(m) = (-1)"".

Remark. If p + n (p is the characteristic of the residue field), every smooth n-dimensional
irreducible representation of #% has the form og for some suitable choice of L and ©.

The characteristic 2 story is due to Kutzko.
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