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1. INTRODUCTION

This paper is concerned with the following general problem. For
Jj=1,2,...,k let A; be invertible integer coefficient polynomial maps
of Z" to Z™ (here n > 1 and the inverses of A;’s are assumed to be
of the same type). Let A be the group generated by A, ..., A and
let O = O, = b- A be the orbit of some b € Z™ under A. Given a
polynomial f € Q[xy,...,z,] which is integral on O our aim is to show
that there are many points z € O at which f(x) has few or even the
least possible number of prime factors, in particular that such points
are Zariski dense in the Zariski closure', Zcl(O) of O. Let O(f,7)
denote the set of x € O for which f(z) has at most r prime factors. As
r — oo the sets O(f,r) increase and potentially at some point become
Zariski dense. Define the saturation number r4(O, f) to be the least
integer r such that Zcl(O(f,r)) = Zcl(O). It is by no means obvious
that that 70(O, f) is finite or even if one should expect it to be so in
general. If it is finite we say that the pair (O, f) saturates.

Many classical results and conjectures are concerned with this prob-
lem in the case that A is a subgroup of Z" acting by translations,
that is Aj(x) = x + b;. For example if A = ¢Z, O = b+ A and
f(z) = x one checks that Dirichlet’s Theorem [18] is equivalent to
ro(O, f) = 1+ u((b, q)), where v(m) is the number of prime divisors
of m. Another example is A = Z, O = Z and f(z) = z(z + 2). Brun
[12] invented the combinatorial sieve to show that this pair (O, f) satu-
rates; the twin prime conjecture is equivalent to 74(O, f) = 2. One can
use the classical combinatorial sieve in Z" along the lines of Section 3
below, to show that any pair (O, f) with A C Z™ acting by translations
saturates. One of the main goals of this paper is to study the case that
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WUnless indicated otherwise, the Zariski closure is in affine space A™.
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A acts by affine linear transformations (A;(z) = a;z +b;). By increas-
ing the dimension of the underlying space we can assume without loss
of generality that A C GL,(Z). We develop tools to attack the problem
of (O, f) saturation at least if the radical of G, the Zariski closure of
A in GL,, contains no tori?. It turns out that in this context multipli-
cation is much more problematic than addition and in extending the
elementary combinatorial sieve to this affine-linear setting a number of
novel problems present themselves. The most interesting and difficult
being the proof that certain graphs (see Section 4) associated with re-
duction of the orbit mod ¢, form an expander family. A large part of
the paper is concerned with proving this expander property in cases of
the simplest semisimple groups. As a consequence we prove that (O, f)
saturates when G = Zcl(A) is a Q-morphic image of SLy or the unit
group of a quaternion algebra over Q. This already has a number of
classical applications (see Section 6).

In investigating the finer aspects, such as the exact value of r¢(O, f),
we need to take possible local congruence obstructions into account. If
q > 2 is an integer and there is no x € O such that (f(z),q) = 1, then
any f(z) is divisible by at least one of the prime factors of ¢. Since
we demand Zariski density in the definition of the saturation number
(and we assume that f is not constant when restricted to Zcl(O))
it follows that rq will be larger than expected. For example, in this
case 19(O, f) > 2. We say that (O, f) is primitive if there is no such
local obstruction, that is if for every ¢ > 2 there is x € O such that
(f(x),q) = 1. We will show (see section 2) that in our setting this
condition is easy to check and only involves finitely many ¢’s. Note that
being primitive is stronger than the condition that ged(f(O)) = 1. We
give examples demonstrating this (see section 2), and for this reason
we will henceforth assume that (O, f) is always primitive.

In dimension 1, the affine linear motions preserving Z are r — +x +
m, m € Z and a set is Zariski dense iff it is infinite. Hence Dirichlet’s
theorem [18] asserts that if A is a nontrivial (infinite) group of such
motions of A and O an orbit and f(z) = Az + 3 with a, 8 € Q, a # 0
and primitive for O, then r¢(O, f) = 1. For f of degree 2 or higher rq
is not known but there is the following strong conjecture of Schinzel:

Conjecture 1.1 (Schinzel [55]). Let O be an orbit of a nontrivial sub-
group N of Z acting on Z by translations. Let f € Q|x] with f inte-
gral and primitive on O. If f has t irreducible factors in Qx| then

7”0(0, f) =t.

2The difficulties with tori are discussed in Section 2.
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Note that this implies that if f(x) = fi(z)... fi(z) with f; € Q[x]
and irreducible, then if there are no local congruence obstructions then
there are infinitely many = at which f;(z) are simultaneously prime.

One can formulate the Hardy-Littlewood k-tuple conjectures [30]
which are concerned with simultaneous linear equations for primes in
two or more variables as follows:

Conjecture 1.2 (Hardy-Littlewood [30]). Let A be a subgroup of Z"
acting by translations on Z". Assume that for each j the j-th coordinate
function x; is nonconstant when restricted to A. If O = b+A is the orbit
of b under A and f(z) = z122... 2, is O primitive then ro(O, f) = n.
That s, the set of v € O for which x; are simultaneously prime, is
Zariski dense in the affine linear subspace b+ Zcl(A).

The general case of Conjecture 1.2 follows from its special case when
rank(A) = 1, which is the exact from in which it was formulated in
[30]. Moreover this rank one case is equivalent to the special case of
Conjecture 1.1 when f factors into linear factors over Q. Progress in
this rank one case has been very slow. However, if rank(A) > 2 there
has been significant progress. Vinogradov’s fundamental method of
bilinear forms, introduced in [62] allows one to establish Conjecture 1.2
for a nondegenerate (if z € A and x has two coordinates equal to 0 then
r = 0) rank two subgroup of Z3. Recently Green and Tao [27] have
established Conjecture 1.2 for a non-degenerate rank two subgroups
A of Z*. In Section 6 we give an application of [27] to compute the
saturation number of the pair (O, f), where O consists of Pythagorean
triples in the affine cone in A® and f is the area of the corresponding
triangle. The case of rank one A in Z? is a much sought-after case of
Conjecture 1.2 since it implies the twin prime conjecture.

Before putting forth our general conjecture concerning primes in or-
bits of a linear action we explicate the simplest such case, one which
could be viewed as an “Sly(Z) analogue of Dirichlet’s Theorem”.

Conjecture 1.3. Let A be a non-elementary subgroup of SLa(Z) (equiv-
alently, Zcl(A) = SLy), b a primitive vector in Z*, O =b- A the corre-
sponding orbit and w(O) the points © € O with x1 and x5 both prime.
Then

Zcl(m(0)) = Zcl(O)(= A?)
iff f(z) =129 is O primitive.

The non-elementary condition in the above formulation is necessary.
Clearly we must avoid finite subgroups of SLy(Z) (and finite orbits O
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more generally) but Conjecture 1.3 can be false for cyclic toral sub-
groups. We give counterexamples in section 2 and explain the connec-
tion in the torus action case to Mersenne and Fibonacci primes. The
methods of this paper don’t apply to such torus actions and we need to
avoid them. In fact, even the question of saturation is questionable for
tori; see the discussion in section 2. In a forthcoming paper [9] we will
give a quantitative version of Conjecture 1.3, as well as some numerical
evidence.

We turn to our general setting. The study of the pair (O, f) with
O = DA reduces, by passing to the universal covering group, to the
fundamental case that G = Zcl(A) is simply connected and the orbit
is a subgroup of the group variety G. In this case we put forth a
prescriptive Conjecture (or Hypothesis). We assume that G C GL,
is connected, simply connected and is absolutely almost simple and
defined over Q. The coordinate ring Q[G] is a unique factorization
domain [20]. Fix f € Q[G] which is neither a unit nor zero and which
factors into ¢ irreducibles in Q[G]. The following is a generalization of
Schinzel’s Conjecture 1.1 above.

Conjecture 1.4. Let A, G, [ be as above and O = A (in the affine space
of nxn matrices). Assume that (O, f) is primitive. Then ro(O, f) = t.

As with Conjecture 1.1, this Conjecture implies that if f = fifo... fi
with f; irreducible in Q[G] and integral on O, then the set of x € O,
fj(x) are all prime, is Zariski dense in G.

Conjecture 1.4 implies Conjecture 1.3 by a general pull back ar-
gument. The group G = SLy C Matsys is realized in the standard
way with coordinates z;;,4,7 = 1,2. If ¢ : G — A? is the morphism
©(g) = (b1, b2)g then by composition ¢* maps Q[A?] — Q|[G] and, in
particular,

©*(21) = bix11 + baxar, @ (x2) = biz1a + bowoy,

which are prime in Q[G], and one applies Conjecture 1.4.

In Section 2 we give examples which show that Conjecture 1.4 need
not hold for G’s which are not simply connected. The analysis in such
cases can be reduced by pull back to the universal cover G. Also in
Section 2 we investigate the local obstructions in Conjecture 1.4 and
show that there is a ¢ = ¢(O) such that if the local condition is valid
for ¢(O) than it is valid for all ¢ > 2.

We should clarify at this point that in the above Conjecture, as well
as elsewhere in this paper, by f(x) being a prime number we mean
that f(z) generates a prime ideal in Z (i.e. f(x) = £p where p is
a positive prime). The reason for this is that in the several variable



AFFINE LINEAR SIEVE, EXPANDERS, AND SUM-PRODUCT 5

context we cannot restrict to f(z) > 0 since otherwise Conjecture 1.4
and the theorems below can be false. This is related to the negative
solution of Hilbert’s tenth problem and we explain this in Section 2.

As with Conjecture 1.2 some special cases of Conjecture 1.4 can be
proven. For example, in [47] the following is proven using Vinogradov’s
methods. Let n > 3 and A finite index subgroup of SL,(Z). The
group A acts on (Mat,x,(Z) 2 Z"°) by left multiplication. Fix A €
Mat,«n(Z) with det(A) = m # 0 and let

Vin=A-G=A-SL, ={X : X € Mat,y,,det(X) =m}.

Then Conjecture 1.4 is true for O = A - A when f’s are coordinate
functions, f;;(X) = z;; fori,j = 1,2,...,n. In particular if O™ consists
of all integral matrices of determinant equal to m, then an analysis of
the local congruence obstructions shows that the subset of O™ all of
whose coordinates are prime, is Zariski dense in V,, iff m = 0(2"71).
Another instance of Conjecture 1.4 was proven recently in [21]. Their
Theorem 5 implies the Conjecture for A = SLy(Z), O = A in A* via the
standard realization of SLy and f(z1, 9, 23, 74) = 23+ 23+ 22+ 23 —2.
Some cases where Conjecture 1.4 is proven for A which are “thin” (see
below for a definition) are given in section 6 in connection with integral
Apollonian packings.

We turn now to what we can prove, that being the (O, f) saturation
in many cases. In the setting of A acting by translations and in partic-
ular Conjecture 1.1, it is well known that one can use the combinatorial
sieve of Brun to prove that ry is finite. The bound for ry depends on the
setting and much effort has gone into reducing this number in special
cases [28], [22]. To prove (O, f) saturation we develop a combinatorial
sieve in the setting of linear actions. To do so in this generality we
need to make a further hypothesis (which as we discuss below can be
established in many cases) about “congruence graphs” associated to A
and O. Let A and G be as in Conjecture 1.4 and choose a finite sym-
metric set of generators S of A. For ¢ > 1 let A(q) be the finite index
“congruence” subgroup of A given as the kernel of the reduction of A
mod ¢g. The following Conjecture is due to Lubotzky; in the special
case that G = SL it has been popularized as his “1-2-3” question [43].

Conjecture 1.5. Let G C GL,, and A C GL,(Z) with A Zariski dense
in G, be as in Conjecture 1.4. Then for q square-free the family of
Cayley graphs G(A/A(q), S) is an expander family.

See Section 4 and [32, 50] for definitions and properties of expanders.
We can now state our main saturation result. For simplicity we
assume that f = fifo... f; with f; irreducible in Q[G].
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Theorem 1.6. Let A, G, f be as in Conjecture 1.4, O = A, and, as
always, assume that (O, f) is primitive. Then, assuming Conjecture
1.5 for A, it follows that (O, f) saturates. Moreover, the bound for
r0(O, f) is given explicitly and effectively in terms of the spectral gap
in the expander family.

From Theorem 1.6 we can deduce (O, f) finiteness when G is almost
simple (but not necessarily simply-connected) as well as for orbits of
such G’s. We don’t state this here as a general Theorem because it
still depends on Conjecture 1.5. This process is carried out in Section
6: see Theorem 6.2 for the cases where we have established Conjecture
1.5.

We turn to Conjecture 1.5. Progress on the general Ramanujan Con-
jectures for G(Q)\G(A) (see [57, 16, 51]) establish Conjecture 1.5 when
A is a congruence subgroup of G(Q). When A is Zariski dense in G but
of infinite index in G(Z) it is apparently much more difficult to estab-
lish the Conjecture as we cannot appeal to the theory of automorphic
forms. We call this the “thin case”. A large body of this paper is
devoted to doing so for G = SLy and A a thin subgroup of SLy(Z) or a
subgroup of G(Z) where G C GL,, is a form of SLy,. We expect these
methods will eventually settle the general case of Conjecture 1.5.

Theorem 1.7. Let A be a subgroup of SLa(Z) which is Zariski dense
in SLg and let S be a finite symmetric set of generators for A. Then for
q square-free the family of Cayley graphs G(A/A(q),S) is an expander
family?.

In the recent paper [8] Theorem 1.7 is proven in the case that ¢ is
restricted to be prime. For the application at hand it is crucial to allow
q to be square-free and we need, among other things, the following sum-
product theorem in Z/qZ, a result which is of independent interest.

Theorem 1.8. Let 1 > 0y > 6, > 0 be fized. Let q = szlpj be a
product of distinct primes. Let my denote the projection Z/qZ — Z/q'Z
for d'|q. Let A C Z/qZ and assume that

(1.1) 4] < ¢

and

1.2) |m, (A >q‘152 for all q1|q with ¢1 > q", where n = n(d; :é.
¢ 3

3In fact we prove more (and this is crucial in our in our applications of Theorem
1.7), namely we show that G(A/A(q),S) form a family of absolute expanders (see
Definition 4.1).
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Then
(1.3) |A+ Al +|A- Al > ¢%|A]
where 53 = 53((51, (52) > 0.

The original sum-product theorem [11] establishes the above when
q = pis prime and |A| > ¢*. The removal of this lower bound assump-
tion for ¢ = p was established in [10], while when ¢ is a product of a
fixed number of large primes, Theorem 1.8 is proven in [7].

We end the introduction with a brief outline of the contents of the
sections and the proofs. In section 2 we examine various obstructions
to the existence of points on an orbit for which f = fi fs... f; is a prod-
uct of ¢ primes. The analysis of the local obstructions in the setting
of Conjecture 1.4 makes use of a theorem of Matthews, Vaserstein and
Weisfeiler [46] which asserts that for all but finitely many p, the projec-
tion of A on G(Z/pZ) is onto. In section 3 we explain the fundamental
lemma of the combinatorial sieve and the set up in our context of an
orbit of A. Most of the work goes into verifying the axioms of the sieve.
An interesting point here is that we do not probe the orbit in the usual
way of ordering points by an archimedean height (cf. [9]). The reason
for this being that in this context of thin orbits we don’t know how to
count the points asymptotically according to such an ordering. Instead,
we order the points according to word length in generators of A (as is
commonly done in combinatorial group theory). The resulting main
terms in the sieving process are analyzed using the algebraic theorem
in [46] mentioned above, coupled with more standard techniques from
arithmetic geometry (specifically [41]). The expander property of the
congruence graphs is used to control the remainder terms in the sieve
and to establish a sufficiently strong form of level distribution. In the
more familiar setting of sieving in Z (or Z™) the expander feature does
not appear. In that setting the number of integer points in arithmetic
progressions which are contained in a large interval, may be estimated
accurately in the obvious way. However, when Z is replaced by, say,
a free nonabelian group, the boundary of a big set is at least as large
as the set, and a new ingredient is needed in order to give a suitably
sharp estimate for the number of points of O in a large “ball”. This
ingredient is the expander property. In this connection we note that if
A in Theorem 1.6 contains unipotent elements then one can approach
the sieving problem in a more classical fashion. Using unipotent sub-
groups one produces nonconstant polynomial maps from Z into O. In
this way one can sieve in the familiar classical setting of Z. If how-
ever A contains no unipotent elements, then, as far as we can see, our
approach, and in particular expander property, is necessary.
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The Zariski density of the points in Theorem 1.6 follows form the
quantitative lower bound for the number of such points (when ordered
combinatorially) that the fundamental lemma of the sieve, provides.
This lemma also provides upper bounds in this ordering and these yield
sharp (up to a multiplicative constant) upper bounds for the number
of points in O for which fy,..., f; are prime.

Sections 4 and 5 are devoted to proving Theorems 1.7 and 1.8 re-
spectively. The proof of the expander property follows the method in
[54, 25] which is based on an upper bound on the number of closed cy-
cles combined with exploiting the large dimensionality of a nontrivial
irreducible representation of SLy(Z/pZ) (the latter is due to Frobenius
23]). The extension of the required multiplicity bound in SLy(Z/qZ)
is straightforward, proceeding inductively on the number of prime fac-
tors of q. The problem then reduces to giving a sharp upper bound for
the number of closed walks of length [ (for [ is a suitable range) in the
graphs G(SLy(Z/qZ),S). As in [8] this is achieved by an [*-flattening
lemma (Proposition 4.1) of Section 4. The proof of this Proposition
makes use of various results from additive combinatorics and in par-
ticular a noncommutative version of Balog-Szemeredi-Gowers Lemma,
due to Tao [59].

An important input in [8] is Helfgott’s result [31] asserting that sub-
sets of SLy(Z/pZ) grow under multiplication. His proof makes use of
the sum-product theorem [11] for Z/pZ. Both of these need to be ex-
tended to Z/qZ and this turns out to be quite involved. Proposition
4.3 of Section 4 is the appropriate extension of [31] to SLy(Z/qgZ), while
Theorem 1.8 is the Z/qZ sum-product Theorem. The proof of Theo-
rem 1.8, given in Section 5, can be read independently of the rest of
the paper. It uses the techniques and results developed in the proofs of
the special cases of the Theorem ([11], [10], [7]), as well as the analytic
tools for general modulus exponential sums which were developed in
[6].

In the final Section 6 of the paper we give explicit examples of appli-
cations of Theorem 1.6, in particular unconditional ones coming under
the purview of Theorem 1.7. Theorem 6.2 establishes saturation for a
class of (O, f)’s, while example A shows that 74(O, f) < oo for the pair
in Conjecture 1.3; example B concerns orbits of orthogonal groups in
3-variables and example C deals with the cone of Pythagorean triples.
In example D we apply our theory to integral Apollonian packings
which are governed by a thin subgroup of an orthogonal group in four
variables.

Finally we note that if the group A is a congruence subgroup (that is
the non-thin case) one can develop the affine linear sieve of this paper
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in a much sharper quantitative fashion by appealing to some advanced
results in automorphic forms. This is carried out in [47] and [42] and
the bounds for r(O, f) that are established are comparable in quality
to those of the classical one-variable sieve [28, 17]. For a leisurely
overview of these sieving problems se [53].

Acknowledgements. We thank N. Katz, J. Lagarias, E. Linden-
strauss, A. Lubotzky, B. Mazur, A. Wigderson for discussions on vari-
ous aspects of this work.

2. ALGEBRAIC PRELIMINARIES

This Section prepares the way for the sieve analysis in the next Sec-
tion. We collect some algebraic tools and discuss some diophantine
obstructions to producing primes on orbits. We begin with the diffi-
culties connected with a torus. To demonstrate this in A! consider the
ring R = Z[3,3]. It is a unique factorization domain and has a unit
group U consisting of numbers of the form 4223 with a,b € Z. The
prime ideals are Rp = (p) with p a prime p # 2 or 3. Let A be the sub-
group of GL;(R) generated by 4, i.e. A = {4™ :m € Z}. A is Zariski
dense in GL; and the polynomial f(z) = x — 1 € R[z] is irreducible.
Since f(4) = 3 which is in (R/qR)* for all ideals ¢R of R, there are no
local congruence obstructions to making f(x) prime in R and (A, f)
is primitive. However f(z) can be a prime in R for at most a finite
number of z in A since (4" —1) = (2" —1)(2" + 1) and 2" £ 1 = +2°3°
has only finitely many solutions in n, a,b (this is elementary but more
generally it follows from the finiteness to the S-unit equation; see [1],
Chapter 5). Thus the local to global principle in Conjecture 1.4 fails
for this multiplicative group. The reason being that A is too thin in
that it consists of squares. One can try to remedy this by taking for A
the bigger group (2). The question of whether (2) contains a Zariski
dense set of points (i.e. infinitely many in this case) with f(z) a prime
in R, is the well known Conjecture of Mersenne: that 2” — 1 is prime
for infinitely many primes p*

However these and more general tori probably present much more
serious problems even as far as saturation goes. Consider the torus A
in SLy given as follows. Let

A:{[fl (ﬂm : meZ}CSLQ(Z).

4Some things can be said about high divisibility of 2™ — 1 for most n, as well as
for similar questions about the denominators of rational points on elliptic curves,
see section 10 in [38].
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The group A is infinite cyclic; Zcl(A) = A is a torus and if O = (1,0)-A
then Zcl(O) in A? is the hyperbola {(zy,x2) : 27 — 3z129 + 23 = 1}.
The orbit consists of pairs (Fy,, Fo,_o) with n € Z where F,, is the
n-th Fibonacci number. As with the previous example of a torus, this
sequence is too sparse both from an algebraic and an analytic point of
view to execute any kind of sieve to establish saturation. In fact, while
it is conjectured that F), is prime for infinitely many n, as pointed out
to us by Lagarias, standard heuristics suggest a very different behavior
for F5,. We have Fy,, = F, L,, where L,, is the n-th Lucas number and
assuming a probabilistic model for the number of prime factors of a
large integer in terms of its size and that F), and L,, are independent,
leads to the Conjecture that F3, has an unbounded number of prime
factors as n — oo. A precise conjecture along these lines is put forward
in [13] (see Conjecture 5.1). In our language this asserts that if O is
as above and f(x1,x2) = x1 then ro(O, f) = oco. It would be very
interesting to produce an example of a pair (O, f) for which one can
prove that ro(O, f) is infinite. In view of this and also in terms of the
setting in which our methods apply, we must keep away from tori which
occur in rad(Zcl(A)).

The prescriptive local to global Conjecture 1.4 also fails for semisim-
ple groups which are not simply connected (of course ry should be finite
in these cases). Consider the special orthogonal group G = SOp where

(2.1) F(z1, 09, 73) = 11703 — 3.

G is contained in GLg, it is simple, and over Q it is given by the
equations in 9-dimensional space

59 X'AX = A
(2:2) det X =1
where
0 0 1/2
A=|[0 -1 0
1/2 0 0

Let Q[G] be the corresponding coordinate ring. The simply connected
double cover G of GG is SLy. This is realized explicitly by the group
homomorphism 7 of GLy onto G:

2 20 2

1 @ v

@ ?] ————|af ad+ [y o
g (a5 — 6’}/ ) 52 9 ﬁ B 52
The homomorphism 7 restricts to a morphism of SLy onto G (as group
varieties over Q) with kernel £7. It is classical (see [14] pp. 301-302)

(23) {
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that 7(GLy(Z)) = G(Z) while A = 7(SLy(Z)) is of index 2 in G(Z).
The polynomial f(x) = z1; — 1 is prime in Q[G] and there are no local
obstructions to f(x) being prime on A. However since z1; is a square
when x € A we see that f(x) is prime only if x1; = 3. The source of
the difficulty here is that G is not simply connected, and, in particular,
G(Z) fails to satisfy strong approximation, that is G(Z) — G(Z/pZ)
is not onto for half of the primes. Thus Conjecture 1.4 is false for
G = SOp. However unlike the torus case this is not a serious issue, at
least in terms of understanding r¢. Let f € Q[x;;] for which we seek to
understand ro(L, f), with I' € G(Z) and Zcl(I') = G. The morphism 7
from G onto G induces by composition an injective ring homomorphism
7 : Q[G] — Q|[G]. Thus it suffices to examine p* and its values on
the group A = p~'(I") in G. The factorization of 7*(f) in Q[G] is in
this way the critical issue. This reduces the study of the group variety
G or, more generally an orbit V = b- G of G, to understanding the
simply connected setting. Thus Conjecture 1.4 is the central one. This
strategy is pursued in Section 6 where we establish the almost prime
theorem for non simply connected cases as well as for orbits thereof by
invoking Theorem 1.6.

We pointed out in the introduction that when looking for primes or
almost primes f(z), we cannot insist that f(x) be positive because of
difficulties associated with the negative solution of Hilbert’s 10-th prob-
lem. In several variables the condition f(xz) > 0, f € Z[xy, 2o, ..., x,]
can encode the general diophantine equation (for example if f(z) =
1 — ¢*(x) then f(x) > 0 is equivalent to g(x) = 0). The work of
Matiyasevich et al [45] on Hilbert’s 10-th problem shows that given any
recursively enumerable subset S of the positive integers N there is an
| € Z[xg, xq, ..., x,], (one can take n = 10) such that S is exactly the
set of t € N for which f(¢,x1,...,x,) has a solution z1,xs, ...z, € Z.
From this it is not difficult to construct a g € Z[z1, x9, . .. x,] such that
the set of positive values assumed by ¢ is exactly S. Now suppose that
our orbit O is all of Z™ (say I' = Z" acting by translations). We can
choose S so as to make g(z) behave very singularly as far as its positive
values. For example, let S consists of the numbers in the sequence

Ay = H b,

m<p<2m

for m > 2. Then we have

(i) S is recursively enumerable.
(ii) There are no local obstructions to making the corresponding
g(x) a prime.
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(ili) For any r the set of x € Z" such that g(x) > 0 and is a product
of at most r primes lies in a finite union of closed sets of the
form A, = {z : g(x) = a}. Hence this set is not Zariski dense
in Zel{x € Z™ : g(x) > 0}.

Thus the pair (Z", g) does not saturate when restricted to values
of g(x) which are positive. Without the positivity condition the pair
(Z™, g) saturates by a simple version of Theorem 1.6.

At the other extreme of this phenomenon of positive values is the
well known example of S being the subset of N consisting of the prime
numbers. A corresponding explicit g of degree 25 in 26 variables is
given in [35]. In this case the set of positive values assumed by g¢ is
exactly all primes, and from our point of view this is too many primes.
The combinatorial sieve is based on the equidistribution of points in
the orbit mod ¢, for any ¢ and clearly restricted to g(z) > 0; this is far
from true here.

We turn to the main setting of the paper. G C GL,, is a connected,
simply connected absolutely almost simple group defined over Q. A is
a subgroup of GL,(Z) for which Zcl(A) = G. For d > 1 an integer we
denote by Ay the image in GL,,(Z/dZ) of the reduction of A modulo
d. Let A(d) be the kernel of this reduction so that A/A(d) = A4. For
(dy,dy) = 1, A reduces diagonally into a subgroup of Ay x Ay, and we
need to know the extent to which this is a surjection or, at least, is a
product. By Noether’s theorem [48], outside a finite set S = S(G) of
primes the reduction of G mod p is an (absolutely) irreducible variety
over F,, = Z /pZ and we denote the corresponding F, points by G(F,),
p ¢ S. The key stabilization property that is needed for sieving is the
following, which is due to Matthews, Vaserstein and Weisfeiler [46].

Theorem 2.1. Given an integer M there is q = q1(A, M) containing
the primes in S and also M|qy, such that
(i) Forp a prime, pfq
A, = G(F,).
(ii) For d = pips...p square-free and (d,q1) = 1, the diagonal
reduction

A—=Ag— A, x Ay, x--- xA

12

18 surjective.
(iii) For (d,q1) =1 square-free

A= Ay x Ay

18 surjective.
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Proof: Parts (i) and (ii) are proved in [46] with a suitable gy (in place
of ¢1) depending on A. Their proof makes use of the classification of
finite simple groups. The treatment of this theorem in [49] does not
make use of this classification. To see that part (iii) is true, choose ¢y
with go|q1 and Mgy, and so that the following holds: the center Z of G
is finite and for p large enough G(F,)/Z(IF,) are distinct finite simple
groups. So we can clearly arrange for a large enough ¢; so that Ay
has no composition factors in common with G(Z/qZ) with ¢ square
free and (q,q1) = 1. Now if (d,q;) = 1 and d is square free then the
image of A in A, x A4 surjects onto each factor and hence by Goursat’s
Lemma (see [40], p. 75) and the above remarks, the image surjects onto
the product. [l
Theorem 2.1 says that a A which is Zariski dense in GG can be deficient
at only a finite number of primes (if it is thin then it is automatically
deficient at infinity). To sieve out all primes we need a little more in
terms of projections onto products. For this we pass to a finite index
subgroup and the following Proposition follows from Theorem 2.1.

Proposition 2.1. Let A,G and M = N? be as in Theorem 2.1 and
@1 = q1(A, M) be the resulting integer in the Theorem. Let T' = A(q)
be the corresponding principal congruence subgroup of A. Then for
d = dydy of the form NPt with 3 =0 or 1, t square free and (d1,dy) = 1
we have that I' — Ty, x Ty, is surjective and I’y = A, for pt qi.

Next we discuss the primitivity condition in this context. Let f €
Q[G], f integral on O = A. We can write f = g/N where g € Z|G| and
N > 1, N|ged(g(O)). Since we are assuming that f is primitive, we
have that ged(f(O)) = 1 (which we call weakly primitive), and hence
N = gcd(g(A)). Note that if our given f is not weakly primitive then
f/ecd(f(O)) is, and it is clear that weak primitivity is easily checked
and involves only finitely many congruences. Concerning primitivity
we have

Proposition 2.2. With the above notations (O, f) is primitive iff there
is a & € O such that (f(£),q1) = 1 where ¢ = q1(\, N?) as in Theorem
2.1.

Proof: By definition of primitive the condition is satisfied with d =
q1- To prove the converse, let d > 1; we seek an x € O such that
(f(x),d) = 1. We may assume that d is square-free and that d = d;dy
with dq|¢q; and that (da,q;) = 1. Consider the orbit Q" = £I" where &
is given in Proposition 2.2 for ¢; and I' = A(q1)¢ as in Proposition 2.1.
By this Proposition

(2.4) ' -T, xITy x---xI,
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is onto, where pip;...p, is the prime factorization of d,. For each p;
there is a y; € O such that p; { f(y;) since (O, f) is weakly primitive.
Hence, using (2.4) and I',, = A, we can find a 7y € I' such that

7§ =y; mod p;.
Hence f(7€) = f(y;) # 0 mod p;. Also

Nf(v€) = g(v¢) = g(§) mod ¢

since v =1 mod ¢;. Hence N f(v€) = Nf(§) mod ¢, and therefore
f(v€) = f(€) mod ¢ /N. But di|qi, dy is square free and N?|qy, hence

f(€) = f(€§) mod d;.
Therefore if = v¢ then (f(x),d1ds) = 1 as needed. O

To end this section we give a simple example in this setting of G
simply connected and simple and a pair (A, f) which is weakly primitive
but not primitive. Let

(36 ) s

Then Zcl(A) = SLs and if

f(x117x127x217x22) = (11711 - 29)(1’11 - 11)7

note that 15|¢;(A). One checks that (A, f) is weakly primitive but that
for any z € A, f(x)is 3 or =5 mod 15. Thus f is not primitive. The
problem of course is that A — A3 x Aj is not a product.

3. SIEVING: PROOF OF THEOREM 1.6

3.1. Combinatorial Sieve. We will make use of the simplest com-
binatorial sieve which is turn is based on the Fundamental Lemma in
the theory of elementary sieve, see [34] and [28]. Our formulation is
tailored for the applications below.

Let A denote a finite sequence a,, n > 1 of nonnegative numbers.
Denote by X the sum

(3.1) » a,=X.

X will be large, in fact tending to infinity. For a fixed finite set of
primes B let z be a large parameter (in our applications z will be a
small power of X and B will usually be empty). Let

(3.2) P=P.=]]»p

p<z
p¢B
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Under suitable assumptions about sums of A over n’s in progressions
with moderate-size moduli d, the sieve gives upper and lower estimates
which are of the same order of magnitude for sums of A over the n’s
which remain after sifting out numbers with prime factors in P.

More precisely, let

(3.3) S(AP) = Y a,
(n,P)=1

The assumptions on sums in progressions are as follows:
(Ap) For d square-free, and having no prime factors in B (d < X),
we assume that the sums over multiples of d take the form

(3.4) > a,=B(d)X +r(A,d),
n=0(d)
where (3(d) is a multiplicative function of d and
1
forp ¢ B,3(d) <1 — — for a fixed ¢;.
&1

The understanding being that §(d)X is the main term and that the
remainder 7(A, d) is smaller, at least on average (see the next axiom).

(A1) A has level distribution D = D(X), (D < X) that is
Z [r(d, A)| < X*7¢° for some g > 0.

d<D

(As) A has sieve dimension ¢ > 0, that is for a fixed ¢, we have

> Bp)logp — tlog =| < ¢,
w<p<z w
p¢B

for 2 <w < 2.

In terms of these conditions (Ay), (A1), (Az2) the elementary combi-
natorial sieve yields:

Theorem 3.1. Assume (Ao), (A1) and (Ay) for s > 9t and z = DY/*
and X large we have
X X
A, P, —
flog X < U1 < o xy

The implied constants depend explicitly on t,eg, cy, Ca.

(3.5)
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3.2. Arithmetic and geometry of the orbit. We review the setting
in Theorem 1.6. G is a connected, simply connected semisimple matrix
group in GL,, which is defined over Q. f is a nonunit in the coordinate
ring Q[G]. We are assuming further that in this unique factorization
domain f factors as fifs... f; with f; irreducible in Q[G]. Hence the
varieties GG and

We=Gn{z : fi(z) =0} fork=1,...,t

are defined over Q and are absolutely irreducible. For our purposes
of sieving we will assume further (without loss of generality) that the
f;’s are distinct in Q[G]. In particular, since the W’s are connected,
dim(W; N W;) < dim(G) — 2 for i # j, while dim(W;) = dim(G) — 1.

Consider now the reduction of G and W; modulo p for p a large prime.
According to Noether’s Theorem [48] for p outside a set Sy = S1(G, f)
these reduce to absolutely irreducible varieties G and Wy, is defined
over F, = Z/pZ.

By the Lang-Weil Theorem ([41], see also [56] for an elementary
treatment) we have that for p ¢ S,

|G(Fp)| _ pdimG +0 <pdimG—%> 7
(3.6) Wi(F,)| = pmG-1 4+ 0 <pdimc;—g) ,

(Wi N Wi(F,)| < pi™E=2if | £,
where the implied constants depend on G and f.

Recall that A C GL,(Z) and Zcl(A) = G. Our sieve will be carried
out on the orbit (in this case a coset) of a subgroup I' of A. For the
purposes of counting on the orbit it is convenient to work with a free
group. By Tits Theorem [61] there is a subgroup L of A which is free
on two generators and is Zariski dense in G. Applying Proposition 2.1
with L (in place of A) and M = N? where f = g/N as in Proposition
2.1, we arrive at the subgroup I' = L(q1) (1 = q1(L, N?) and N?|q;)
which satisfies

(3.7a) I'is Zariski dense in G;

(3.7b) ['is free on k > 2 generators;

outside a finite set of primes Sy = Sy(I")

3.7
(38.7c) we havel', = A, = G(F,);

I' = 'y, x Iy, is surjective for (dy,ds) =1

(3.7d) 8,
and dydy = N”twith 3 = Oor 1 andtsquare free.
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Now since (A, f) is primitive, given
(3.8) v=a(L,N) [[r]] P
peEST pES?
we can find z € A such that
(3.9) (f(a)v) =1

Let O = 2" € GL,,(Z). We will sieve on the orbit O. For d > 1 denote
by Oy the reduction of O in GL,(Z/dZ). Clearly

(3.10) Oq4 = 2y (in GL,(Z/d7Z)).
Also
(3.11) |04l = |Tal,

since the stabilizer of x in I'; is trivial (since detx = 1).
From (3.10) and (3.7d) it follows that O, inherits the product struc-
ture. That is, for (di,dy) = 1 and d = dydy = NPt as in (3.7)

(3.12) O — Oy4 — Oy x Oy, is surjective.
For our given g € Z[G] where f = g/N let
(3.13) OW —{ze0;: gx)=0 mod d}.

These sets are well-defined and by the ordinary Chinese remainder
theorem we have that

(3.14) 0F — 0 x 0F

is a bijection for dy, dy as in (3.12). Finally, since g(z) =0 mod N for
x € O we note that

(3.15) oY = oy.

3.3. Sieving on an orbit. Continuing with the notation and setup of
the previous two sections we have O = xI" where I' is a free group on k
generators (k > 2) which we denote by Ay, ..., Ax. Since I' acts simply
transitively on O we can identify [' and O. In this way we turn O into a
2k regular tree by joining y in O to y- A; and y‘Aj’1 forj=1,2,... k.
Another way of saying this is that O is identified with the Cayley graph
of T' with respect to the generating set S = {A;, A, ..., A, Ay}, For
z,y € O let w(x,y) denote the distance in the tree from z to y. The
key nonnegative sequence a,, to which we apply the combinatorial sieve
in Section 3.1 is defined as follows: for n > 0 and L > 0 let

(316)  an(l)=#{y € O : w(y,a) < L,|f(y)| = n}.
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Let r = 2k — 1. It is elementary that the number of points on a
2k-regular tree whose distance to a given vertex is at most L is equal
to

L
, Drl —2
1—1—(7“—1—1)27"1_1:—(7“'_ r )

‘ r—1
=1
Hence
rl—9
1 = — —_
(3.17) X:=) a,(L)= Y 1= p—
n yeO
w(y,x)<L

We need to study the sums of a, (L) for n in progressions. For d > 1
we have

(3.18) d anL)= ) L

n=0(d) yeo
w(y,z)<L
f(y)=0(d)

Clearly we have

(3.19) doaL)= > 1=> Y 1

n=0(d) yeO O(g) 0el'(Nd)
w(y,z)<L w(p 6z)<L
9(y)=0(Nd)

where p’ € O is any point in O which reduces to p in Opyg.

To analyze the inner sum in (3.19) we make use of the 2k-regular
quotient graphs Gyg = O/I'(Nd). The size of this graph is |Ong| =
Il ng| which we denote by F. Let ¢p,...,pr_1 be an orthonormal
basis of I'(Nd)-periodic functions on O (i.e. functions ¢ satisfying
o(yy) = ¢(y) for v € I'(Nd)) which are eigenfunctions of the discrete
“Laplacian” A

(3.20) ANp(y) = o(n)

Denote by A; the eigenvalue of ¢;;
(3:21) Apj = Ajp;.

The indices are chosen so that

1
3.22 Ao = 2k and = —.
( ) 0 QOO(y) \/F
The graph Gyg is isomorphic to the Cayley graph G(I'/T'(Nd), S) =
G(I'na, S). The assumption about these that is made in Theorem 1.6
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is that they are a family of absolute expanders. That is, any eigenvalue
A of Gng with || # 2k satisfies

(3.23) |A| < K, with & < 2k independent of d.

This is our key analytic input into controlling the level distribution in
the sieve. The smaller x the better this level, and we keep track of the
dependence on « in the ensuing estimates.

Using the basis ¢; we can expand the function in the inner sum in
(3.19) in the following form (see [44]) : for y,n € O

F—-1

(3.24) Yoo1=)Y P (;—\};) i (y)ei(n),

w(ydm)<L Jj=
SeT(Nd)

where Py, is the degree L polynomial

sin(L 4+ 1)0 N sin Lo
sin 6 Vrsinf )

(3.25) Py (cosf) = rE/? (

In particular

Ao r+1 il -1 -1
om0 n (o) = (5F) -5

Thus the contribution from j = 0 to (3.24) is (using (3.22) and (3.11))
X X X

[F]~ [Tval 1Ol

For j # 0, |\;| < & and hence

(3.28) | Pr (%) | < (@)L < X7,

(3.27)

where

IOg <H+v; —4r>

3.29 = < 1.
( ) T logr

Also Zf:_ol | (y)|? is independent of y since I" acts isomorphically and
transitively on Gyg4. This coupled with ¢; being an orthonormal basis
of L?(Gna) gives

(330) Sl =1
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Hence, uniformly for y,n € O, we have

330 LR (50 eietn = g+ OC)

Hence
X
(3.32) Y 1= oo T OX").
w(yd,n)<L | Nd|
SET(Nd)

Substituting this in (3.19) yields

(3.33) Yo=Y <|0Nd‘ +O(XT)>

wiym<r  PEON
9(y)=0(d)
O!
_ (Ol +0(0Y|X7).
~ |Ondl
We have therefore shown that for a,(L) as in (3.16) we have
(3.34) > an(L) = ()X +r(d, A),
n=0(d)
where
(A
3.35 d) = —%
(3.) () = 15
and
(3.36) r(d, A)| < |0 X"

The following Proposition verifies (Ag) of section 3.1 (with B the
empty set).

Proposition 3.1. For d square free 3(d) is multiplicative and there is
c1 fized (depending only on I' and N ) such that 5(p) < 1— é for all p.

Proof: Let (dy,dy) = 1 and dy, ds square free. Write N = N; N, with
(N1,d3) = 1, (Na,dy) = 1 and (Ny, N3) = 1. The product structure
(3.14) for dydy = NPt, 3 =0 or 1, t square free shows that

(3.37)

(9) (9)
| 131N2d1| |ON1N2d2| _ |ONd1||O]\?d2|

|O(g) |O]\?1N2d1d2| |ON1d1|| Ngdg‘ -

0] 10 0]
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Similarly from (3.12) we have

|Ona, ||Ona, |

3.38 O =
( ) ‘ Nd’ |ON‘

Since, as noted in (3.15), (95\?) = Oy, we have

O(g) 0(9) 0(9)
— 0% _ 1ONa | Tl _ (a,)p(a),

(8:39)  Bld) = Blehdz) = 15 o = 1D T Owar]

establishing the multiplicativity.
For p prime with p|v where v is given in (3.8), by our choice of x

in (3.9) we have (f(z),p) = 1 and hence (’)g\‘?; # Onp, and so [(p) <
1. If p 1 v then by (3.7c) we have (’)531), # Oy, since f is weakly

primitive. Thus we have that F(p) < 1 for all p. To establish the
required uniformity note that for p { v we have

(3.40) 0, =T, =G(F,)
and
(3.41) O = U, Wi(F,).

From (3.7) it follows that

pra&”r
0,]

(3.42) —t+0(p?),

where the implied constant depends on G, A and f. We have therefore
verified that G(p) < 1 — é for ¢; fixed and for all primes p and this
completes the proof of Proposition 3.1 O

We turn to the level of distribution axiom (A;) of section 3.1. From
the product structure (3.42), (3.6) , (3.10), (3.11) we have

(3.43) 0] < i@

with an implied constant depending only on A and f. Hence from
(3.36) we have that

(3.44) > r(d. A)| < XTDM,

d<D
Thus our level of distribution in (As) is

(3.45) D = x(-7)/dimG,
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The third axiom concerns the sieve dimension. From (3.43) we have
that

(3.46)
tlo lo z
Z B(p)logp = Z ( gp—i—O( §5>)ztlog—+0(l).
wp<z w<p<z p p v

This establishes (A2) with the sieve dimension being ¢.

We are ready to use the elementary sieve Theorem 3.1 except that in
our analysis of the sums on progressions we included n = 0. According
to Proposition 3.2 below this term can be omitted as can any fixed
term a,,. Applying the sieve we have shown that for z = X (1-7)/%dimG

X X
3.47 — K S(AP .
(347) (log Xy 4 )<<(logX)t
The n’s that remain after this sieving satisfy (n, P,) = 1 and hence
all the prime factors p of n must be bigger than z. Also if y € O with
f(y) =ntheny =zA;A;, ... A; with A;; € {A7",... A"} andr < L.
Hence the Hilbert-Schmidt norm of y (||y|| = (3 |yi;]%)'/?) satisfies

(3.48) lyl <
where
(3.49) C = max{||z[|, AT, ... A}

Let deg(f) be the total degree of f. Then for a point y as above we
have

(3.50) £ (y)| < CErDdes(h),

Thus our points y € O which contribute to the sum S(A, P,) satisfy
(3.50) and all prime factors of f(y) are at least

X(lf‘r)/(QtdimG) > T(LJrl)(lf‘r)/(QtdimG)'
That is each such y has at most

9t dim(G) deg(f) log C

(3.51) (1—7)logr

prime factors. In order to complete the proof of Theorem 1.6 with the
saturation number 7(A, f) at most the number in (3.51) (plus 1 if it
is an integer) we need to show that the y’s produced above are Zariski
dense in GG. For this we use the expander property the second time.

Proposition 3.2. Let W be a proper subvariety of G defined over Q.
Then
{yeO:wly,z) < LyeWH < X',

where 6 = (1 — 1)/ dim G and the implied constant depends on W.
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With this proposition we can complete the proof of Theorem 1.6. If

the points y produced by the sieve in the discussion leading to (3.51)
are not Zariski dense then they lie in a proper subvariety W of G which
is defined over Q. Hence by the Proposition their number is at most
O(X179). However the sieve produces at least ¢; X/(log X)* such points
with ¢; > 0 and fixed.
Proof of Proposition 3.2: Since G is irreducible the W in question is
defined over Q and has dimension at most dim(G)—1. Let W = Ur_, I;
be the decomposition into irreducible components of W. These are
defined over a fixed finite extension K of Q and each W; has dimension
at most dim(G) — 1. For P outside a finite set of prime ideals of
the integers Ok of K, W; is absolutely irreducible over the finite field
Ok/P. Hence by Lang-Weil Theorem [41]

(352)  |W,(Ox/P)| < N(P)™Ws < N(P)™G-1,

Choosing p a large rational prime (of size to be determined momen-
tarily) so that (p) splits completely in K so that Ox /P = F, for any
P|(p) and hence

-

(3.53) \W(Z/pZ)| Z (Ok/P)| < pima-1,

Note that for any p (large)

(3.54) Yoo > L

yeO yeO
w(y,z)<L w(y,z)<L
yew yeW(Z/pZ)

According to (3.53) and the analysis leading to (3.33) which uses the
expander property, we have that

X X .
(3.55) Yook > (— + XT) < = g plimG-ixT,
yeo yeEW(Z/pZ) p
w(y,x)<L
YEW (Z/pL)
We are ready to choose p. By the Chebotarev density theorem [15]
we can choose p which splits completely in K and p satisfies

(1-7)/ dim G

2
With this the right hand side of (3.55) is O(X'7?%) with § = (1 —
7)/dim G and coupled with (3.54) this proves Proposition 3.2. O

In applying the sieve to the saturation problem we only made use of
the lower bound for S(A, P). With our ordering of the orbit O = I’
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in terms of the 2k-regular tree, the upper bound provided by the sieve
for S(A, P) is certainly meaningful and is sharp up to multiplicative
constant. However as far as upper bounds go this says nothing about
the original orbit A since after applying Tits Theorem I' is possibly of
infinite index in A. To obtain meaningful upper bound for A with the
analysis that we have developed it is more natural to do the counting in
the language of random walks. This means that we don’t pay attention
to whether we visit a point x € A repeatedly but in the present context
this does not cost much. Let S be a finite symmetric set of generators
of A and perform a random walk on A by starting on e and each step
moving by multiplying by an element of S chosen at random with
probability 1/|S|. For p > 1 let P,(L) be the probability that after L
steps of the walk on A one is a a point s for which f(x) has at most
p prime factors. Our analysis shows (by restricting to the finite index
subgroup A(q;N?)) that if p is at least as large as the quantity in (3.50)
then as L — oo

(356) PP<L) > ClLit with Cl > 0.

On the other hand, Proposition 3.2 shows that given a proper subvari-
ety W of G that the probability Py (L) that after L steps of the walk
(on A) on lies in W satisfies

(3.57) Pw (L) <w e °F

for a positive 8 = B(A). Thus Theorem 1.6 can be established more
directly this way without passing to the subgroup A; of A and hence
Theorem 1.6 can be established as stated assuming Conjecture 1.5 for
A itself rather than for I'.

With this language we can give a meaningful and sharp upper bound
for P,(L), that is the probability of f(y) having exactly t factors (its
minimal number on a Zariski dense set). We apply the upper bound
sieve to the walk on A where this time we take for B in Theorem 3.1 the
set of all primes p which divide the number ¢;(A, N?) in Theorem 2.1.
We also need the upper bound in Proposition 3.2 to hold uniformly in
m for the varieties

Vin ={z € G: f(z) = m}.
This follows easily from the considerations in Lang-Weil [41]. With
this and the analysis in section 3 the upper bound sieve yields
1
(3.58) P(L) < Ti
This upper bound is of the correct order of magnitude in that we expect
a “prime number theorem” which can be viewed as a quantitative form
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of Conjecture 1.4:

(3.59) lim L'P,(L) = C(A, f) # 0.

L—oo

We have not determined a conjectured value for C(A, f) but it will

clearly involve the local probabilities \Ag\%l /|Ana| as well as the Lya-
punov exponent for the random walk in GL,(R) determined by the

measure /i = ‘—;| > _ges Og (see [4]).

4. EXPANDERS: PROOF OF THEOREM 1.7

The adjacency matriz of a graph G, A(G) is the |G| by |G| matrix,
with rows and columns indexed by vertices of G, such that the z,y
entry is 1 if and only if x and y are adjacent and 0 otherwise. For
a d-regular graph on n vertices the adjacency matrix is a symmetric
matrix having n real eigenvalues which we can list in the decreasing
order:

d=X >N 2>...2 N1 > —d;

d = )\ is strictly greater than A; iff the graph is connected (which we
assume from now on). The smallest eigenvalue \,_; is equal to —d
if and only if the graph is bipartite, in the latter case it occurs with
multiplicity one. A family of d-regular graphs G, 4 is said to form an
expander family (see [32, 50]) if

limsup A1 (A(Gr.a)) < d.

n—oo

For our applications we need (and prove) a slightly stronger property:

Definition 4.1. A family of connected d-regular graphs G, q4 forms a
family of absolute expanders if, denoting by AN(A(G)) an eigenvalue dif-
ferent from +d of greatest absolute modulus, we have

lim sup |A(A(Gna))| < d.

Given a finite group G with a symmetric set of generators S, the
Cayley graph G(G, 5), is a graph which has elements of G as vertices,
and which has an edge from z to y if and only if z = oy for some o € S.

For a Cayley graph G(G,S) with S = {g1, 91", .-, gk, g5 '} the
adjacency matrix A can be written as

(41)  A(G(G,S)) =Ur(g1) + Mr(gr ") + ... + Hplgr) + Mr(g; "),

where Il is a regular representation of GG given by the permutation
action of G on itself. Every irreducible representation p € G appears
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in [ with the multiplicity equal to its dimension

4.2 I, =

(4.2) R %@ED/)@ @ p,
peG dp
p#po

where py denotes the trivial representation and d, = dim(p) is the
dimension of the irreducible representation p.

Let N = |G|. The adjacency matrix A(G(G,YS5)) is a symmetric
matrix having N real eigenvalues which we can list in the decreasing
order:

2k:>\0>)\1 > .2 Ayl > —2]€,

the eigenvalue 2k corresponds to the trivial representation in the de-
composition (4.2). The strict inequality

2k = Xy > A\

follows from connectivity of our graphs G(q) (for ¢ sufficiently large),
which is a consequence of strong approximation (and, in the case of SLo,
can be also established elementarily as in section 4.1 of [§]). Denoting
by Wa,,, the number of closed walks from identity to itself of length 2m,
the trace formula takes form
N-1
(4.3) D A = NWay.
=0
We now fix S = {g1, g;', ..., g, g5 '} such that (S) is a free sub-
group of SLy(Z), and consider, for ¢ square-free, G(q) = G(SL2(Z/qZ), S,),
where S, is a projection of S modulo ¢q. Let N(q) = |SLa(Z/qZ)|. Let
2(q) denote the nontrivial spectrum of the adjacency matrix A(q) of
G(q) (that is, all the eigenvalues of A(G(q)) except for +2k) and let
A(g) be the eigenvalue of maximum modulus in Q(q).
Denote by v the probability measure on SLy(Z) supported on S,

1
V= m 259’
geSs

and denote by v, the probability measure on SLy(Z/gZ) supported on

S, X
l/q = E Z (59.

9E€Sy

Let v® denote the I-fold convolution of v:

(l)_
1% — koo 3k s
% l 1%
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where
(4.4) prv(x) =Y plxg " )u(g).
geG
Note that we have
W-
21 o 21
(4.5) vi(1) = ek

For a measure p on G we let

1/2
]2 = (Zu2(9)> ,

geG
and
l#tlle = max pi(g).
The following proposition is proved in section 4.1.

Proposition 4.1. Notation being as above, for anyn > 0 there is C(n)
such that if q is square-free for | > C(n)logq

(4.6) ||1/§l)||2 < g 3.

Now observe that since S is a symmetric generating set, we have
v (1) =Y (V™) =Y 1 (9)? = IV,
geG geG

therefore, keeping in mind (4.5), we conclude that (4.6) implies that
for

[ > C(n)logy, q

we have
(2]{1)2[
(47) Wzl < W
Let ¢ = py - --- - py where p; are primes. Each irreducible representa-

tion of SLo(Z/qZ), p(q) is given by the tensor product of irreducible
representations p(p;) of SLo(Z/piZ):
(4.8) p(a) = p(p1) @ -~ @ p(ps).

Our proof proceeds by induction on the number of prime factors J.
For J = 1 a result going back to Frobenius [23], asserts that for
G = SLy(Z/pZ) with p prime we have

p—1
(4.9) dy(p) = 5

for all nontrivial irreducible representations.
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Denoting by m,(\) the multiplicity of A\(p), we clearly have
N(p)-1
(4.10) > X > m (M)A,
=0

since the other terms on the left-hand side of (4.10) are positive.

Combining (4.10) with the Frobenius bound (4.9), and the bound on
the number of closed paths (4.7), we obtain, using the trace formula
(4.3), that for [ > C(n)logp we have

p—1 2k)%
(4.11) LN < 812/ 2.
Since [SLo(Z/pZ)| = p(p* — 1) < p?, this implies that
2k 2l
(4.12) Ap)* < ;1_)277,

and therefore
(4.13) A(p)| < (2k)' 0 = B(S) < 2k;

here 5(S) depends only on the archimedean norm of elements in S.

Now suppose that Theorem 1.7 is established for ¢ € Q(J—1), where
Q(J — 1) consists of square-free numbers given by a product of J — 1
prime factors, that is we have

(4.14) [Ag)l < B(S) <2k Vg€ Q(J —1);

we want to extend (4.14) to the square-free ¢ € Q(J — 1), that is, we
want to extend it to the square-free numbers ¢(J) given by a product
of J prime factors. The irreducible representations py.; can be split
into two classes: the “old” ones, of the form (4.8) with at least one of
the p,. being the trivial representation, and the “new” ones, where all
of the factors p,, are given by nontrivial irreducible representations of
SLo(Z/p;Z). Corresponding to this split we have the decomposition

Q(Q) = Qold(Q) U Qnew(Q)u

where
Qale) = |J Q)
r€Qs-1(g)
with Q;_1(q) being the set of all products of J—1 distinct primes in the
decomposition of ¢ = H}]:1 p;. Either A(q) € Q01a(q), or A(¢) € Qnew(q)-
In the “old” case the spectral gap bound is established by the induction
hypothesis (4.14). In the “new” case, we have that

mult(A(q)) = dim(ppew(q))
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for some

Prew(q) = p(p1) ® - -+ ® p(py),
with p(p;) being nontrivial for all 1 < j < J. Consequently, in the

“new” case we have, using Frobenius bound (4.9),
(4.15)

mult(\(g)) = dim(puew (¢(J)) = dim(p(p1)) x- - -xdim(p(p,y)) > H pi—1

2

Therefore, for [ > C(n)logq, we obtain

J
ayrli— ! (2k)
(4.10) NP TP < L)
Since |SLy(Z/qZ)| = O(g?), this implies that
o (2k)*
(4.17) AMg)™ < g

and therefore
(1—2n

(4.18) M| < (2k)'"E00 = B(S) < 2k,
completing the proof of Theorem 1.7.

4.1. The measure convolution on SLy(Z/qZ), q square-free. In
this section we prove Proposition 4.1, which follows immediately from
the following

Proposition 4.2. Let u = 7, [v9],¢ ~ logq. Assume that for some 7,
0<y< % we have

_3
(4.19) lialls > 3.
Then
(4.20) [ pll2 < g7 a2,

where n = n(vy) > 0 depends only on ~.

We now proceed to prove Proposition 4.2 following the approach in
3].
Assume (4.20) fails, that is fails, that is, suppose that for any n > 0
we have that

(4.21) e plle > g |2

We will prove that by choosing 7 sufficiently small we can find a set A
violating Proposition 4.3.
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Set
(4.22) J =10loggq
and let
J

(4.23) = 27xa,

j=1
where A; are the level sets of the measure p: for 1 <j < J
(4.24) Aj={z|277 < p(x) <2771}
Setting

Ajpr = {x]0 < p(z) <277},
we have, for any = € G,

() < () < 27(a) + 370 0),

hence, keeping in mind (4.22) we obtain

(4.25) () < p(x) < 27(z) + qi

Note also, that for any j satisfying 1 < j < J, we have
(4.26) |A;] < 27,

By our assumption, (4.21) holds for arbitrarily small 7, consequently,
in light of (4.25), so does

(4.27) 1 all2 > g~ "[| Al
Using triangle inequality
1 + gl < [[f1l2 + llgll2,

we obtain
lasilla =1 Y 277 2xa oxan, e < ) 27 v s, [l
1<51,j2<J 1<)1,52<J
Therefore, by the pigeonhole principle, for some ji, jo, satisfying
J Z jl Z j2 2 ]-a
we have
(4.28) T2 Ixa, Xy, ll2 > (1 il
On the other hand,

1/2
~ 1 1 1 1/2 —j1—ja 1/2 1/2\1/2
‘|/~L’|2 = Z ﬁ|XAj| > %|A31| + %|AJ2| > (2 |Aj1| |Aj2| ) 5

j=1
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therefore
~ —j1/20—7j2/2 1/4 1/4
(4.29) Ifilla > 2771227722 Ay V4 Ay | M4
Note that we also have

o B s 1 1
227 Ixa, % Xay, Nl > g " max(27 Ay |2, 2772 A, |7),

and since
1 1, 1 1
|Aj1|2 ’A]'2’2 mln(‘Aj1‘27 ‘Ajz‘z) > HXAjl * X4y, H27
we obtain
. , -1
(4.30) min(277 4], 27 |4 )) > L

Now combining (4.27), (4.28) and (4.29) we have
TP R Ay, X ll2 > o filla > q7m27 922702 A [V A VY,
yielding
qg " . )
”XAj1 * XAj2H2 > ?2]1/22J2/2|Aj1|1/4|Aj2|1/43
recalling (4.22) and (4.26), we obtain

(4.31) I, * Xay, ll2 = a7 A, P4 Ay, [P
Let
(432) A = Ajl and B = Aj2.

Given two multiplicative sets A and B in an ambient group G, their
multiplicative energy is given by
(4.33)

E(A, B) = [{(%1,22,91,92) € A? x B2|$1y1 = Toya}| = [[xa * XBH%'
Inequality (4.31) means that for the sets A and B, defined in (4.32),
we have
(4.34) E(A,B) > ¢ *"|A]*?| B>

We are ready to apply the noncommutative version of Balog-Szemerédi-
Gowers theorem, established by Tao [59] (Corollary 2.46 [60]), which
implies that there exists A; C A such that

(435) Ay > g4,
where

(4.36) m = 4C1n with an absolute constant Cf,
such that

(4.37) |AL(AD 7Y < g™ A,
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which means that

(4.38) d(A;, A7) < e1loggq,
where | 1’
A-B~

is Ruzsa distance between two multiplicative sets.
By definition, a multiplicative K-approximate group is any multi-
plicative set H which is symmetric,

(4.39) H=H"

contains the identity, and is such that there exists a set X of cardinality
(4.40) | X| <K,

such that we have the inclusions

(4.41) H-HCX-HCH-X-X,

(4.42) H- HCH-XCX-X-H.

Note, that equations (4.40), (4.41), (4.42) imply

(4.43) |\H?| = |H-H?*| < |H* X| < |H-X?| < K?|H|

Now by Theorem 2.43 [60] (established by Tao in [59]), connecting
Ruzsa distance with the notion of approximate group in noncommuta-

tive setting, (4.38) implies that there exists a ¢"2- approximative group
H, where

(4.44) 1y = Comy with an absolute constant Cs,

satisfying the following properties:

(4.45) H| < g=|A,

and

(4.46) A, C XH, A, ¢ HY with|X]||Y| < ¢™.

Now since Ay C |J,.y #H and |X| < g™, there is 29 € X such that

(4.47) Ay NxoH| > ¢ ™| Ay

Since A; C A = A;,, by definition (4.24) of A;, we have

w(xoH) > pu(AiNxoH) > %\Alﬂxofﬂ (4§7) %q_"2|A1| (4§5) %q—nzq—mijlL

and consequently, keeping in mind (4.30), we have

(4.48) H(-TOH) > q—773
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with
(4.49) N3 =M + 12 + 21.
Now (4.45) combined with A; C A;, and (4.26) implies that
(4.50) |H| < q™27".
Using Young’s inequality
(4.51) 1f *gll2 < [[f1lllg]l2
we have
Xy, * Xag,llo < [A5]145 (12,
therefore -
22| Ay, |M? > | Al A )2 > X4, * Xa,, 2
and
(4.52) 279 Ay [V2 > 270 Iy, kX, e

Since by (4.26)
2=I1/2 > 2_j1]Aj1]1/2
and since by (4.22), (4.25), (4.27), (4.28) we have
2772 xa,, % Xay, ll2 = a2l
equation (4.52) implies that
2702 > g2,
which combined with (4.19) yields
(4.53) 2 < qM|plly? < g7
Therefore, recalling (4.50), we have
(4.54) [H| < g2 < g* 2ttt

Proceeding as in [8], using Kesten’s result [36] and the fact that the
group (S) is free we obtain

(4.55) tlloe < g™

Combining equation (4.48) with (4.55) we have
(4.56) |H| > ¢ ™.

Since H is a ¢™-approximate group, it follows from (4.43) that that
(4.57) |H-H-H| < ¢*™|H|,

and, therefore, using (4.56), we have

n2

(4.58) |H-H-H| < |H|"7s.
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We now apply the following product theorem for SLy(Z/qZ), proved
in section 4.2.

Proposition 4.3. Let q be square-free. Let A be a subset of SLy(Z/q7)
satisfying the following properties for some kg > 0 and k1 > 0

(4.59) ¢ <|A] < ¢

(4.60) |7y, (A)] > ¢ for all qi|q with q1 > ¢“"0) where w(ko) = Z—S;

For allt € Z/qZ, for all g € Maty(q) with m,(g) # (8 8) for all

plg we have

(4.61) #{x € Al ged (¢, (Tr(gz) — 1)) > g™} < o(]A]),
where® Ky = ko(ko, k1) > 0.

Then
(4.62) |A-A- Al > ¢™|A|

with k3 = K3(ko, k1) > 0.

We now show that by choosing 7 sufficiently small we can ensure that
the set H satisfies the conditions (4.59), (4.60), (4.61) in Proposition
4.3, while violating (4.62).

The condition (4.59) is satisfied for n sufficiently small in light of
(4.54) and (4.56).

To verify condition (4.60) for qi|¢ with ¢, > ¢“*) choose Iy and
D(gi,...,gx) such that 7, |supp v\%) — SLy(Z/q:Z) is one-to-one and

(4.63) Db < q; < Do,
We will make use of the following elementary observation.

Lemma 4.1. Let p, j1, o be probability measures on a group G, and
suppose that y = py * po and pu(X) > a for some X C G. Then for
some g € G we have pz(gX) > a.

5To be precise, ko (ko, k1) must satisfy

0 < ki (k0, k1) < min ( 7 ko (10, 1) ) |

7 o, N
300" 70 + 5400k 'y ' 28 + 167(ko, k1)

where y(k1, /1) = 03(55, 75) with 3(d1,02) determined by (1.3) in sum-product
theorem (Theorem 1.8).
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Proof of Lemma 4.1: Write

wX) = mlg)pa(g X).

geG

Suppose p2(g~'X) < a for all g € G. Then, since >, pi(g) = 1 we
obtain a contradiction. O
Writing
O — =lo) V(lo)’

keeping in mind equation (4.48) and applying Lemma 4.1, we obtain
that for some z; € G we have

(4.64) Vi) (a1 H) > ¢

Hence

H)| = H)| > |2 H (lo) >—”‘§l0)(m1A) —_— k v
|7, (H)| = |mg, (1 H)| > |21 HO(suppr™)| > o 4 A1) '

were we applied Kesten’s bound for the random walk on free group
36].
Consequently,

log(k/+v2k—1) __m3
2log D w(kQ)

7o, (H)| > 1 ,

and so for sufficiently small 7 the condition (4.60) is satisfied.
It remains to verify condition (4.61). It clearly suffices to show that
0

for all t € Z/qZ, for all b € Maty(q) with m,(b) # (0 8) for all p|q,
and for all ¢|q satisfying ¢; > ¢"* we have
(4.65) #{r € H|Tr(bzx) = t(mod ¢1)} < ¢ °|H|

for some € > 0.
Assume, that (4.65) fails, that is, assume that for some b € Maty(Z/qZ)

such that b # (8 8) (mod p) for all p|q, for some t € Z/qZ, and for
some ¢ satisfying ¢1|q, ¢1 > ¢"* we have
#{x € H|Tr(bx) = t(mod q1)} = Q(q %) H|.
for all € > 0. Recalling (4.48) we have
(4.66) plr | Tr(brg'z) =t (mod qy)] > Q.(¢7%)g ™.

Let ¢; ~ logg, to be specified below. Writing again v = p(=1) 4
v and applying Lemma 4.1 we get some 7y € G such that

(4.67) v [zltr(bag 'yor) = tHmod ¢1)] > Qe(q™%)g ™.



36 JEAN BOURGAIN, ALEX GAMBURD, AND PETER SARNAK

Let V' = bxy'ye. Since b # (8 8) (mod p) for all plg and zg,yo €

SLo(Z/qZ) we have

(4.68) v # (8 8) (mod p) for all p|q.
Denote W (m) = supp v™. Let T denote the set
(4.69) T={{xeW(l)|Tr(tz) = t(modq)};
we have

(4.70) Végl)(T) > Q.(q7 %) ™.

For any quintuple (M, 2@ 24 2@ 2 in T we have
(4.71) Tt/ () — 2) = 0(mod ¢1) (1<j<4).

Viewing Mat, as a four-dimensional vector space, that is, identifying
b= (b” b12> with (by1, b1z, bat, baz), Tr(ab) is identified with the inner

ba1  bao
product,

Tr(ab) = a11b11 + a12b12 + a21ba1 + asabas.

Consequently, in light of (4.68) and (4.71) we have that for all p|q;
(4.72)

33511) —Tu 33521) —Tu 958) — T Jfﬁ

2V 2 2P 2 2 -2y 2 -

det 12 12 12 12 12 12 12 12

OB N (3 _ (1)

21) 21 Loy — X211 Loy — X21 le)

)—3311
)

=0 (modp).
— T21
l’glz — Z22 Ig) — T22 l‘gé) — Z22 Igé — Z22

By submultiplicativity of the norm of product of matrices, the el-
ements of W(l;) C SLy(Z) have entries bounded by D! for some

Di(g1,...,gr). Let Dy = D$ and choose [; so that
(4.73) DS < q < D3".

Hence the determinant of the matrix on the left-hand side of (4.72) is

an integer bounded by 55Df€1, which is less than ¢;. Consequently, by
(4.72) we have

ffﬁ) — 1 l‘ﬁ; —In l’ﬁi —Tn ffﬁ) —T1

17512) — 212 x?z — T12 1’% — T12 I%) — Z12 :
(474) det x(l) . x(2) . I(3) . x(4) . = 0 1mn Z
21 21 21 21 21 21 21 21
(2) ) 4)

(1) (3
Loy — T22 Ty — T2z Loy — L2 Loy — T22
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We now proceed as follows. Choose a prime P satisfying P ~ logl;.
Applying expander result for prime modulus [8] to Cayley graph of
SLy(Z/ PZ) with respect to mp(gu, - .., gr) we have

(4.75) e [l = O-(P%) P2,
It follows form (4.70), (4.75) that
(I1)
T
@ie)  Jee(m) = 22 s o (e
[
Now since ¢; > ¢"** we have

IOgP > DQ(glv s 7gk)li2 10gq7
therefore (4.76) implies that

3— n3

(4.77) 7p(T)| > Qu(P~5) P> Do

Recalling (4.74), valid for all 2™, 2® 2 ™) 2 € T, (4.77) implies
that

{(zW, 2, 28 2Wg) € SLy(Z/PZ)° -

1) (2) (3) (4)
L1y —T11 Typ — T Ly — Tuin Typ T
x(l) o x(2) _ $(3) _x :p(4) _
det 12 12 12 12 12 12 12 12 o O in F }|
(1) (2) (3) (4) - P
Loy — T21 Ty — T21 Loy — T21 Loy — X21
x(l) _ x(2) . x(3) . x(4) _
29 22 29 22 22 22 29 22

> Q.(P)P~°

n3

722 [SLy(Z/ PZ)|°

for any € > 0. By choosing 7 sufficiently small, this would imply that

1 (2) 3 (4

(1) ) )
Ty — X111 Ty —T11 Ty —T11 T4 — 1
Ji(l) — I(Q) — x(3) — 17(4) —
det %2) 12 %2) 12 %2) 12 %2) 12
1 2 3 4
Loy — X21 Xgp — L21 Loy — T21 Top — T21
(1) (3) (4)

(2)
Log — X22 Tog — T22 Toy — T22 Loy — T22

vanishes identically on SLy(Fp)®, implying that SLy(Fp) C F$ is con-
tained in a hyperplane, obtaining a contradiction and completing the
proof of Proposition 4.2. O

4.2. Product theorem in SLy(Z/qZ), q square-free. In this section
we establish Proposition 4.3, which generalizes the result of Helfgott
[31] in the case of prime modulus.
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4.2.1. Outline of the proof. We begin by giving a very rough outline of
the proof. Denote by A™ the n-fold product set

(4.78)

AW = (AUA™Y .. (AuATY.

(.

~~
n

Assume (4.62) fails, that is assume that

(4.79)

[A-A- Al < O:(q7)|A]

for any € > 0. By Proposition 2.40 [60] we then have

(4.80)

|A®] < O(q™)|A]

for all n > 1.
In the outline below we denote by k; (small) absolute integer con-

stants,

and by p; positive constants depending on kg, k1; these are

detailed in the course of the proof.

(1)

If A fails to grow, that is, if it satisfies (4.80), and if it con-
tains two elements g;, go such that for a (large) divisor ¢; of
q the projections 7y, (¢1) and 7y, (g2) are in “general position”
(do not have common eigenvectors), and such that most of the
elements of m,, (A), 7, (g14), 74 (g2A) are non-unipotent, we
deduce (Lemma 4.5) that A%*1) contains a large subset V', whose
projection modulo ¢; consists of simultaneously diagonalizable
matrices.

Using sum-product theorem, we deduce (Lemma 4.7) that given
a simultaneously diagonalizable set V' with the set Tr(V') sat-
isfying the assumptions of sum-product theorem, and a matrix
g3 with non-zero entries (in the chosen basis), the set of traces
of V® g3V (® gy grows substantially. Applying this result to the
set V' A constructed in the preceding step, results in a set
Alkik2) with Tr(AkR2)) > | A|3te2,

We now apply Lemma 4.4, which says, roughly speaking, that if
a subset A of SLy(Z/qZ) does not grow much under multiplica-
tion (that is, if it satisfies (4.80)) then A contains a subset W
of matrices whose projections modulo ¢’ (a large divisor of ¢)
are simultaneously diagonalizable, and whose size is not much
less than the size of traces of matrices in A with non-unipotent
projections modulo ¢’. This allows us to deduce that the set
ARkk2) contains a subset W of simultaneously diagonalizable
matrices (modulo a large divisor gs of q) of size |W| > |A|sT*s.
Finally, we apply Lemma 4.6, asserting that if W is a simulta-
neously diagonalizable set of matrices and g4 is a matrix with
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non-zero entries then |Wg,Wg,W| > Q.(q~°)|[W|?, to obtain
| AZkikzks)| > | A|1+P4 implying a contradiction with (4.80)
As detailed at the beginning of section 4.2.5, the existence of matrices

g1, 92, 93, ga, needed in the course of proof, is ensured using condition
(4.61) in the product theorem.

4.2.2. Trace size from size. Our first goal it to show (Corollary 4.2)
that for any set A C SLy(Z/qZ), given two matrices g, h, whose projec-
tions modulo a large divisor ¢’ of ¢ (¢ > ¢*~7) are “in general position”
(that is, have no common eigenvector), the size of the set of traces of
one of the sets A, gA, hA is not much smaller than q_T\Alé.

Lemma 4.2. Let {g, h} be elements in SLy(IF,) with no common eigen-
vector. Then the map

(4.81) SLy(F,) — F,* : &+ (Tr(z), Tr(gz), Tr(hx))
has multiplicity at most 2.

Proof of Lemma 4.2. Assume first Tr(g) # £2. Diagonalize ¢ in F,,
or in an extension field K ~ .. Specify the basis, so as to make g
diagonal. Thus we can write

g= [6 721] and h = {j g},

where, from our assumption, r € K\{1,—1} and v # 0 (mod p).
For x = [1311 T2 ¢ SLy(K) we get

To1 22
(4.82) Tr(x) = 211 + 29,
(4.83) Tr(gz) = ray +r ' ag,
(4.84) Tr(hx) = axqy + Bror + Y12 + dT29.

Let Tr(z), Tr(gx), Tr(hz) be given. ;From (4.82), (4.83) we recover
x11 and xgg. Since x11T9y — T12x9; = 1, (4.84) implies
(4.85) 1o ('yﬁ_larlg + BN awyy + dx9g — Tr(ha:))) =1— 21179

and therefore x5 is determined up to multiplicity 2. If x5 # 0, also
x91 and hence z are determined. If x15 = 0, (4.84) determines zy;.
Next, suppose that Tr(g) € {2,—2}. In an appropriate basis we

obtain
N E= ) |l B
g—[o il} andh—{7 61

with b # 0 and v # 0, again from our assumption. Hence
(4.86) Tr(gx) = £(11 + x92) + broy = £Tr(z) + bxay,
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determining x5;. We obtain the equation
(4.87)
1 =2, (Tr(z) —211) — 2017 (Tr(h:c) — Bro — axyy — 6(Tr(z) — :1:11)),

that determines x1; up to multiplicity 2. From (4.82), x4, is obtained
and (4.84) gives x15. This completes the proof of Lemma 4.2. O

Now let ¢ be square-free, ¢ = [],.; pi; thus SLy(Z/¢Z) is isomorphic
to the product [[SLa2(Z/p;Z). The following result is an immediate
consequence of Lemma 4.2.

Lemma 4.3. Let g,h € SLy(Z/qZ) and assume that for each plq
(4.88) {m,(9), m(h)} do not have a common eigenvector.
Then the map

(4.89) SLy(Z/qZ) — (Z)qZ)? : x — (Tr(x), Tr(gz), Tr(hz))
has multiplicity at most 211

The following corollary is an immediate consequence of Lemma 4.3.

Corollary 4.1. Let g, h be elements of SLy(Z/qZ) satisfying (4.88).
For any subset A of SLy(Z/q7) we have

(490) | Tr(A)| + [Te(gA)| + [Te(hA)| > (g o)A,

Corollary 4.2. Assume that g, h are elements of SLy(Z/qZ) such that
for some T > 0 we have

(4.91) ged (¢, Tr(ghg 'h™") —2) < ¢".
Then for any subset A of SLy(Z/qZ) we have
(4.92) Tr(A)] + [Tr(gA)| + [Te(hA)| > Qu(q~)g 7| AV,

Proof of Corollary 4.2: Let ¢; = gcd(q,Tr(ghg_lh_l) — 2) < q
and ¢’ = L. Thus if p[¢, then {m,(g), m,(h)} C SLa2(p) don’t have a
common eigenvector. Applying Corollary 4.1 to 7, (A), it follows that
Tr(A)] + [Tr(gA)| + [Tr(hA)| =
(4.93) | Tr (g (A))| + [Tr(mg (9A))| + [ Tr(my (hA))| >
Qu(q )y (A'* > Qu(g~)g 7| Al
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4.2.3. Growth and simultaneously diagonalizable subsets.

Lemma 4.4. Let A C SLo(Z/qZ), q square free. Let T C Tr(A) C
7./qZ such that for some T > 0 we have

(4.94) ged(q, 1> —4) < q" forallt € T.
Then there is a subset V.C A™*A and ¢'|q, such that
(4.95) ¢ >q,

(4.96) 7y (V) C SLe(Z/q'Z) are simultaneously diagonalizable,
4]

4. T .

(4.97) V]>| |‘A2A*1|

Proof of Lemma 4.4. For each t € T, take an element ¢; € A with
Tr(g:) = t. Define sets C; by

(4.98) Cy = {wgx 'z € A} C A2A7H,

these sets are clearly disjoint. Hence, by the pigeonhole principle, there
is t € T such that

[A2A7

T
Split A = A; U---U Ay into disjoint subsets A; such that zg,ax™! =
ygy~! for z,y € A;. Again, by the pigeonhole principle, for some j we
have |A;| > % > 1AL Setting Ay = A;, we have

(4.99) G| <

= [Cy|”
|A] |A]
4.1 Ayl > > T|.
( 00) ’ 0| = |Ct| = |A2A_1|| ’
Choose zy € A such that
(4.101) rgir ' = zogiay ' for z € Ag

and set V = 25 A.

From (4.94), there is ¢'|q satisfying (4.95) and such that Trg, #
+2(mod p) for all p|¢’. For pl¢, diagonalize m,(g;) over F,. Thus, in
this basis

(4.102) mo(g) = (78” 721) with r, # +1.
p

If ¢ € V, equation (4.101) implies that g and ¢; commute. Thus,
writing in the chosen basis

mia = (2 %),
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it follows that
(rp — Tg:l)ﬁp =0=(r,— T;;l)% (mod p);

hence B, = 0 = 7, (modp). Therefore 7, (g) is diagonal in this basis
forall g e V. O

Lemma 4.5. Let A C SLo(Z/qZ). Assume there are elements g, h in
A such that the following properties are satisfied:

(4.103) ged (q, Tr(ghg 'h™') — 2) <q
and
(4.104)  ged(q, ((Trz)* — 4) ((Tr(gz))* — 4)((Tr(hz))® — 4)) < q”

for all x € A, where |A'| > |A] — o(|A|). Then there is qi|q and
V C A1 A such that

(4.105) @ >q 7,
4.106 (V) are simultaneously diagonalizable
q
B B ‘A|4/3
4.1 Q(qg )7 .

Proof. By Corollary 4.2, assumption (4.103) implies that there is gy €
{1, g, h}, such that |TrgoA’| > Q.(q~)q""|A|5. Next, apply Lemma 4.4
to the set goA’ with Tr(goA’) = T. Assumption (4.104) implies that
condition (4.94) holds. The conclusion is clear from (4.95)-(4.97). O

Lemma 4.6. Let V C SLy(Z/qZ) be a set of diagonal elements (in a
specified basis). Let g = (3 6) with

J
(4.108) afy # 0(mod p) for all p|q.
Then
(4.109) VgVgV| > Q(q) V]

Proof. For p|q, denote
Sy =A{r € Fj|mp(a)z + m,(8)z™" =0 or m,(a®)z + m,(BYy)x " = 0},
which has at most 4 elements, since m,(a) # 0. For each p, partition
) = (Fy\Sp) U S,

We may then factor ¢ = ¢; - ¢o and obtain a subset V' C V satisfying
the following properties:

(4.110) |m,(V')| =1 if p|q,
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(4.111) (V)N S, =0 if plgs,

(4.112) V| >5[V > Qg o)V
Thus 7|V’ is one to one.

Next, we show that the map m,,(V’)*> — Mata(qz) given by
(4.113)

rp 0 o (* 0 « (2 0 .

0 ;! 0 z! 0 "
;1 0 z 0 Ty 0
0 xl—l WQQ(Q) 0 z~! 7Tlp<g) 0 $2—1

has multiplicity at most 101/, which by the preceding will imply (4.109).
It clearly suffices to show that for each prime p|gs the map
(4.114)

prwpx(wp\sp):(xl,xQ,x)H(01 xl_l) m(9) (o x_l) 7r1”(9)<O2 :z:;l)

is of bounded multiplicity. Fix p|gs, and denote again

mp(9) = (3 ?) afy # 0(mod p).

arire b*3
Then expression on the right hand side of (4.114) is equal to ( cl 2 e )

x2
a b\ [(c*r+ Pyt Blax+ szt
c d)  \ylaxz+déx7t) 6271+ pyz |-
We have that bc = By(ax +dz~ )2, hence x is determined up to multi-
plicity 4. Since z € Sy, a = o’z + vz~ # 0 and b = Blax+dz~1) # 0
(mod p); therefore both z;x5 and ! are determined (mod p). This com-
pletes the proof of Lemma 4.6 O

We remark that Lemma 4.6 remains valid if SLy(Z/qZ) is replaced
by SLy([1,, Fp) with F, =F, or F = Fpe.

with

4.2.4. Trace amplification.

Lemma 4.7. Let V' C SLao(Z/qZ) be a set of simultancously diag-
onalizable elements which for each plq we diagonalize over F, in an
appropriate basis. Let in this basis

(4.115) g= (3 ?) € SLQ(HE>

plg
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with

(4.116) afv6 # 0(modp) for all plg.
Assume

(4.117) V| > ¢*.

For all 0 < 01,0, < 1—10, there is v = (d1,02) > 0, such that one of the

following properties holds:

(4.118) V] > ¢,
(4.119) There is qi|q such that ¢, > q%1 and |y, (V)| < ¢22,
(4.120) Te(VEgVEg)| > [V,

where we denote by V™ the n-fold product set defined in (4.78).

T

Proof. Let V = { <0

have

xy 0 a B\ (z2 0 a BY o 5 1 (ﬂ@)
w i ) (D) (5 00 D) =t (242),
Suppose (4.120) fails, that is, suppose that for all € > 0 we have
(4.121)

1 T T
’{0621'1.1'2 + 62 + ﬁ’y(—l + —2>
T1T2 ) I

0 O\ *
x1> lz € M} where M C [[,,,(F,)". We

Ty, Ty € M(S)H < O:(¢°)|M].

Letting x1 = y1y2, 2 = z—; with 41,70 € M@, it follows that for all
e>0

(4122) [{ (0% + %1% + A1 +32?)

yve € MO} < 0.()| M),

Let
B = {a2y2 + 52y_2‘y € M(4)},
C= {y2 + y‘z)y € M(4)},
C' = pByC.
By Ruzsa’s sumset inequality (see [60]) we have
B+
(4.123) IC'+ | < %.

For ab # 0(mod p) the map
(F,)* = F,:yw ax® +br?
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has multiplicity at most 4; therefore

(4.124) B > Q.(q )| MY,

(4.125) C' = |C] > Q(q~%) | MW,

Consequently, we conclude from (4.122),(4.123), (4.124), (4.125),
that

(4.126) IC"+C'| < O(¢°)| M.
Let
(4.127) T, = {2? + 272z € MW},

By (4.126) we have that
(4.128) Ty + Tu| < Oc(q)|M].
Since 1 € M@ we have that T, C Ty. Further, using identity
(@ + 27 )" +y ) = ()’ + (2y) " + (ay ™) + 2y ) 7,

we conclude that T5 - Ty, C Ty + Ty. Consequently (4.128) implies that
for all € > 0 we have

(4.129) | To + To| + [T - To| < O(g°)|M].

Since clearly |[M®)| > |M|, and since by the remark following (4.123)
we have that

(4.130) IT| > Qe(q~5) M),

we obtain that

(4.131) |To + To| + |1y - T < O:(¢°)|T3].
Note that

T,CTe(V-V-V-V)c[]F, =2Z/4z,

plg

so that we may invoke the sum-product theorem in Z/qZ (Theorem
1.8). Since the conclusion of Theorem 1.8 fails by (4.131), either as-
sumption (1.1) or (1.2) from Theorem 1.8 fails. If |Tp| > ¢' =%, (4.118)

holds. Next assume qi|q,q1 > q%l and |7, (Ty)| < ¢f*. Then also
70, (M)] < ¢, and therefore the alternative (4.119) holds. This com-
pletes the proof of Lemma 4.7.
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4.2.5. Set amplification. We are ready to complete the proof of Propo-
sition 4.3. Assume (4.62) fails; as discussed in section 4.2.1, this implies
that (4.80) holds.

To see how condition (4.61) implies the existence of matrices g; men-
tioned in the outline, note that we can re-express this condition as

follows. Given ¢t € Z/qZ and g € Maty(q) with m,(g) # (8 8) for

all plq, let &;+(z) denote the affine form given by ¢, :(x) = Tr(gz — t).
Then

(4.132) #Hoeal  JI p>a2}<ola).
pla
&g,t(x)=0(mod p)
This assumption also implies that for a fixed number r, given g1, ..., g,

in Maty(q) with m,(g;) # (8 8) for all p|g and all 1 < j < r, and
t1,...,t. in Z/qZ, we have

(4.133) #{x €Al 11 p> q””} < o(|4]),
plg

591 it (x)"'égr»tr (x)zo(m()d p)

or, equivalently,

T

(4130)  #{w e A| ged(g, []ITe(ge) - 1)) > ¢ } < o(/4]).

=1

Next, letting r =2, g1 = g2 = (é (1)) and t; = 2, to = —2 we have

#oeal  JI »>d™) <olAl;

plg
Tr(z)==%2(mod p)

consequently there is an element g € A such that

(4.135) i= [ p<do™

plg
Trg==+2(modp)

Let ¢ = %. We have
(4.136) q >q' 2,

and for each _p|q’ in an appropriate basis the matrix g may be diago-
nalized over F,:

r, 0 .
(4.137) p(g) = (6’ rl) with 7, # 1.

p
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Letting r = 2, t; = t; = 0 and choosing ¢;, g» corresponding, in the
chosen basis, to the linear forms

T11 12 T11 12
— X192 and — T21
To1 22 To1 22

on Mats (][ F,), another application of (4.134) yields h € A such that

(4.138) . (h) = @f fﬁ) with 3,7, £ 0
for all p|¢” with ¢”|¢" such that
(4.139) q" > ¢ g > gt

Hence for p|q¢” we have

1
det(gh — hg) = 51?717(7 — rp) # 0 (mod p)
P
and therefore

(4.140) ged (q, Tr(ghg *h™") — 2) % < ¢*.
q
Hence condition (4.103) of Lemma 4.5 holds with 7 = 4ko.

: . 10
Applying (4.134) with r = 6, g1 = g2 = (0 1)7 93 = 94 = 9,

g5 = g = h and t; = 2, condition (4.104) is obtained with 7 = 4k,.
Application of Lemma 4.5 therefore yields a subset V-.C A™'A and ¢ |q
such that

(4.141) ¢ > q o

Y

(4.142) The elements of 7, (V') are simultaneously diagonalizable,

A1

—& —6/{2

Now since by (4.80) we have

(4.144) |A*A7Y = O(¢°) 14l
combining (4.143) and (4.144) we obtain
(4.145) VI > Qu(q%)q ™A,

which combined with the left-hand side of the inequality (4.59) (|A] >
q™) yields

(4.146) V| > Q.(q%)g5 o
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and
1_ 6kg
(4.147) V] > (g ) A

Perform a basis change to make 7, (V) diagonal. Another applica-
tion of (4.134) yields go € A and ¢|q; s.t.

(4.148) Ga > qi*A‘”‘Q > gl 102,

and, in the basis diagonalizing 7, (V'), we have

(4.149) o= <‘;‘ ?) with 7,(a376) % 0 for all plq.

Apply Lemma 4.7 with ¢ replaced by ¢ to the set m,,(V'); condition
(4.116) is implied by (4.149) and condition (4.117) is implied by (4.146).
Set

(4.150) 01 =

Ko K
10’ 2710

We now consider in turn the three possibilities (4.118), (4.119),
(4.120) and show that in each case we obtain a contradiction.

Case 1: We have

(4.151) i, (V)] > ql 5

Application of Lemma 4.6 gives

sy TV > 0 (V)P > 0ulg )
> Q¢ %)q 3(1-102)(1-82) Qg )q3 "
with

= Elio + 30Ky — 3K1Ka.

Now since V' C A7*A, we have VgV goV C A® and therefore (4.152)
implies that
[A®] > Qc(g7%)g* ™.

On the other hand, by our assumption (4.80), we have
[A®] < 0-(¢)14]
and by (4.59) we have

Al < ¢
yielding
[A®] < O(q)g* .
Consequently we obtain a contradiction for k4 < kg, that is for
7
(4.153) Kg < 5=—=Ko.

300
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51
Case 2: Alternative (4.119) holds, that is, there is ¢3|go with g3 > g5’ ,
such that

(4.154) (V)] < .

Hence we may specify a subset V; of V', such that
(4.155) Vil > 5|V,

and

(4.156) |74, (V1)] = 1.

Applying Lemma 4.6 with g replaced by ¢2/q3 to the set 7, 4,(V), we
obtain

(4.157)  [Tg/qs(VigoVigo Vi)l > Q(q ™) VAl* > Qc(q™%)g5 [V 2,
where the set
W = VigoVigoVi
satisfies by (4.156)
(4.158) |7, (W)] = 1.

At this point, invoke assumption (4.60) on A. Keeping in mind (4.148)
and (4.150) we have

91 r(1—10k9)

(4.159) 3 >q° >q 0,
and therefore, provided
1 3w(ky) 1

4.160 — — = —
(4.160) 10T TR A0
we have
(4.161) T (A)] > g5,

It then follows from (4.157) - (4.161) that
[AO| 2 {74, (W - A)| 2 [Ty 1 (W)l |70 (A)] = Qg™%)a5 V.
Recalling equation (4.145) we therefore have
AV > Qu(7)a5* a7 Al
and hence, using equations (4.159) and (4.150), we obtain
AP > Q.(¢7)|Alg

Consequently, using the left-hand side of the inequality (4.59) (|A| >
¢"°) we obtain a contradiction with (4.80) provided
7

< —.
70 4 5400k " K7

Tror1 —k2 (54004 70k K1)
300

(4162) lig(lﬁ(), 1{1)
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Case 3: Alternative (4.120) holds, that is for some v > 0, y(d1,d2) =
v(Ko, k1) we have

Te(VEGVEg)| > |y, (V).
Since V®gV® g c A% using (4.145) and (4.148) we obtain
(4.163) ITr(ACY)| > Qa(q—a)q—lfmg(l—w)|A|%(1+7).

Let 7' = Tr(A®Y). With the aim of applying Lemma 4.4 to A®Y | we
pass to a divisor of ¢, so that condition (4.94) is fulfilled. Partitioning
for each p|q

Fp = {2y U {2} U (F,\{2, -2})
we obtain ¢4|q and Ty C T such that the following holds:

(4.164) Ty > 3~ 1|T| > Qa(q—a)q—lﬁng(l-&-v)|A|%(1+'y)’
(4.165) Tojan(To)] = 1

and

(4.166) mp(To) N {2, =2} = 0 for all p|g,.

Now apply Lemma 4.4 with ¢ replaced by g4 to the set m, (A®Y) C
SLo(Z/qsZ). By (4.166) we have

ged(qy, t> —4) = 1 for all t € my, (Ty),

consequently Lemma 4.4 yields a subset W C A®® such that 7, (W)
is simultaneously diagonalizable and

|7 (A)]
(4.167) T (W)] > |To|m-

Diagonalize 7, (W) C SLo(Z/quZ) in an appropriate basis. By (4.134),
there is g1 € A and gs|qu, satisfying

(4.168) g5 > q ",

such that in the chosen basis we have

(4.169) g1 = (3 §> with m,(af7v6) # 0 for p|gs.
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Applying Lemma 4.6 to m,, (W) C SLo(Z/q5Z), we obtain

(4.170)
|7 (WgWgW)| > Q(q™) g (W) > Qu(g%) gy 22 g, (W)

(4.167) 1265 T (A
ot

(4160) e o T (A )
Q. (q=)g e 1oAY <m :

Now since WgWgW C A% the left-hand side of (4.170) is no greater
than |A?%)|. By our assumption (4.80), we have

(4.171) |ARS) | < O.(¢F)|Al.
So combining (4.170) and (4.171) we have

o Al
A Q € 28k —16K27y A 1+~ |7TQ4(
Al elaa A (et

and therefore, since |A| > ¢"°, we obtain

(4172) 70 (A1) > (g™ F T g, (A)]
Now choose £ € Z/q4Z and A; C A such that
(4.173) T (A1) = {&}
and
!A\

Then from (4.172) - (4.174) we have for all e>0

|A103)| > | 4,-4002)] > \Wq4(A(102))|~|7Tq/q4(z41)| > Q.(q7%)q
Therefore, provided

YrQ—28kg—16KoY
3

A

KoY (Ko, K1)
28 + 16’}/(%&0, KJI) ’

we obtain a contradiction to (4.80).
This completes the proof of Proposition 4.3. O

(4.175) Ky <

5. SUM-PRODUCT THEOREM IN Z/qZ (q SQUARE-FREE)

This section is devoted to the proof of Theorem 1.8. Recall that
q= szl p; is a product of distinct primes; for ¢'|¢ we let m, denote
the projection Z/qZ — Z/q'Z. Let Z; denote the units of Z,, where
Ly =1/qZL.
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5.1. Outline of the proof. We begin by giving a rough outline of the
proof.

Reduction to a subset of Z;. Assuming A satisfies assumptions (1.1),
(1.2) of Theorem 1.8 but fails (1.3), we first show that there is a large
subset A; of A, and a large divisor ¢, of ¢ such that 7, (A;) C Z; and
g (A1) satisfies (1.1), (1.2) but fails (1.3) in Z,,. For A; C Z; the
failure of (1.3) implies (using Lemma 5.1 established in [6]) that for a
large subset A, of Ay all the polynomial expressions do not grow, so
(after passing to a large subset of A and a large divisor of ¢) the failure
of (1.3) implies that for any £ > 0 and any € > 0

(5.1) A" < O-(q7)]Al.
From now on our task is to establish a contradiction with (5.1).

Application of sum-product estimate in Z, for prime p. Sum-product
estimate in Z, for prime p [10] implies that for A C Z, satisfying
|A| > p” we have rA” = Z, for r = r(7) (see Lemma 1 in [5]). A
slight generalization of the exponential sum bound in [10] implies that
the same conclusion also holds for different sets A; ; C Z, satisfying
|A; j| > p7, that is, given 7 > 0, there is r = r(7) such that we have

(52) zr: ZT: Ai,j = Zp.

i=1 j=1

“Regularization”. With the aim of applying (5.2) we perform the
following “regularization” of A. Naturally associated with a subset
A of Z, is a directed tree 7 (A), consisting of J levels, with vertices
on level j consisting of elements in 7, , (A), and with each vertex
corresponding to the element z at level j, connected to those vertices
at level j+1, for which there is ¢ € Z, ., such that (z,t) € 7, ., (A).
After mild “pruning” we obtain a “regularized” subset of A which is of
comparable size with A, such that the degrees of vertices in 7 (A) are
constant at each level.

Preserving large subfactors. Letting ¢ be the product of those
primes for which the degrees of 7(A) constructed in the previous
step are greater than p’/3, we obtain using (5.1), (5.2) (applied with
T =6,/3), that ¢; > ¢*/? and

(5.3) Tg (1A") = Zy,

where 7 = r(d2), and with the same property (5.3) holding for all ¢'|g
with ¢ > ¢%/3 (with ¢ replaced by ¢').
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“Gluing” different factors. Finally, we combine different factors ob-
tained in the preceding step to iteratively increase the value of ¢,
thereby obtaining a contradiction with (5.1) and (1.1). This is accom-
plished using Proposition 5.1, asserting that if for some subset S C Z,
and ¢1]q, g2| L we have w4, (S) = Zqg,, mg,(S) = Zg,, then there is Q|q1go,
such that Q > q1¢5 (with p > 0) and 7g(4005?) = Zg. Proposition 5.1
is proved using techniques developed in [6], combined with “very dense
graph” analogue of Balog-Szemerédi-Gowers Lemma (Lemma 5.9) and
near-exact sum set theorem (Lemma 5.7), which is a consequence of
Kneser’s theorem [37].

5.2. Reduction to a subset of Z;. Assume (1.3) fails, that is, sup-
pose that for all € > 0 we have

(5.4) A+ Al +]A- A < ¢¢|A.

The aim of this section is to show that assuming (5.4) and (1.1), (1.2),
there is a divisor ¢/ of ¢, ¢ > ¢'~" and a large subset B of A (|B| >
Q:(q7)|A|) for any € > 0), such that 7, (B) C Z,, which satisfies
condition (1.2) (with ¢ replaced by ¢', n replaced by 27 and d, replaced
by %2), and such that for any k& > 1 we have

k7 (B)*] < Ope(d%)|my (B)].

We begin by constructing a large subset A’ of A, such that 7, (A’) C
Zy, with ¢'lq, ¢ > ¢'~", and having a small sum-set A’ 4+ A’ and a small
product-set A" - A". Let Ag=A, ¢y =1, ¢0 = 1. Let

Ay = {z € Ag|mp, () # 0},
If |A}] > p;—;l|A0|, let A; = A} and let ¢f = qip1, ¢f = q7- If |A]] <

pgl |Apl, let A1 = Ap and let ¢ = ¢(, ¢f = ¢(p1. Proceeding iteratively,

at step 2+ 1 let

A;—&-l = {Qf € AZ | Tpit1 (IE) 7é 0}

If AL L] > p;t.—il_l’Ai‘a let Ay = Ajy and let gy = ¢ipit1, ¢ = 47
If |Af, | < 1%;—11_1|Az'|, let Aipy = Aj and let ¢ = q;, ¢y = ¢ Dis1-
After J steps we obtain a subset A" of A, A" = A’, and ¢ = ¢/, ¢" = ¢/,
satisfying the following properties:

(5.5) Ty (A') C Zy,

(5.6) T (A') = {0},

(5.7) g (A)] = |A'] > 27| Al
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Hence, keeping in mind (1.2) we have
(5.8) Al > Qu(q7)|A] > Qe(g7)q™.
We claim that ¢” < ¢7 (and hence ¢’ > ¢*~"). Otherwise, (1.2) would
imply
7 (A)] > (") > g™
and, since by (5.5), (5.6), we have
|A+ A > |mgr (A)| g (A)],
we would obtain
A+ Al > [A+ A > [r (A)] |A'] > Qe(q7%)g"™|A]

contradicting (5.4).
By (5.4), (5.7) we have for any ¢ > 0

(5.9) A"+ A’ + A" AT < O(¢°)|A|.
We now make use of the following result:

Lemma 5.1. [Lemma 3 in [6]] Let A C Z; satisfy

(5.10) A+ A+ |A- Al < K|A|.

Fix k € Z. Then there is a subset Ay C A such that
(5.11) |Ay| > K2|A]

(5.12) |kA| < K| A,

with C = C(k).

Applying Lemma 5.1, a further reduction to a subset A; of A’ |A;| >
Q. (q¢79)|A’|, permits us to ensure that moreover

(5.13) kAT < O ()| A
for any given k € Z, and any € > 0. We denote here by kB (respec-
tively B¥) the k-fold sum (respectively product) set of B.

Next, let ¢1|¢’ and q; > (¢')*? > ¢". Assume |7, (A1) < "%, We
may then specify x¢ € Z,, and Ay C A; such that 7, (Ay) = {z¢} and

|Ag| > q1752/2\A1|. Write again

|A+ A| > |A+ Ao| > |74, (A)]|Ao| > ¢22¢; *Q(q79)| Al

which contradicts (5.4). Therefore |m,, (A;)] > q?/ 2,
In summary, the set B = my(A1) C Z;, satisfies the following prop-
erties:

(5.14) Bl > Q:(q7)|Al;
(5.15) |kB"| < Oke(¢°)|BJ;
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(5.16) it qild, @ > (¢)?, then |r,(B)| > ¢

Replacing ¢ by ¢/, and A by B, we may thus assume that A satisfies
the conditions

(5.17) A CZy,
(5.18) [kAY| < Oke(q7)| Al
in addition to (1.1), (1.2). O

5.3. Construction of a regular subset. Naturally associated with
a subset A of Z, is a directed tree 7 (A), consisting of J levels, with
vertices on level j consisting of elements in 7, ,.(A), and with each
vertex corresponding to the element x at level j connected to those
vertices at level j 4 1, for which there is ¢ € Z,, , such that (z,t) €
Tpr.pja (A). Our aim in this section is to show that by performing
“regularization” of A we can pass to a large subset A’ of A, such that
the degrees of vertices in 7 (A’) are constant at each level.

Lemma 5.2. There exists a subset A" of A satisfying the following
properties:
Forall1 <j <J and x € 7y, ,,(A") we have

(5'19) ’{t S ij+1 |($> t) € Tpy.pjia (A/>}‘ = Kj+17
where {K;}1<j<y is a sequence of positive integers;
J
(5.20) | > [T]logp) 141
j=1

Proof of Lemma 5.2. Recall that ¢ = p;...p;. We perform the
regularization in a straightforward way, starting from the bottom so
as to preserve the regularization performed at an earlier stage. For
r € Zg/p, consider the subset A(x) C Z,, for which obviously 0 <
|A(z)| < p;. Partitioning 7/, (A) into logp; subsets, we may specify
Aj; C A and a positive integer K, such that for = € Ta/p, (Ay), we
have

(5.21) Ky < [A(x)] = |As(2)] < 2K,

(5.22) [As| > (logp,) "' Al.

A further restriction of A; (at the cost of an extra factor § in (5.22))
permits us to ensure that

(5.23) Ay ()| € {0, K} for @ € Zq .



56 JEAN BOURGAIN, ALEX GAMBURD, AND PETER SARNAK

Next, consider for x € Zy,, ,, the sets m, (As(z)) C Ly, . We
may specify an integer K;_; and a further subset A; ;1 C A, with
Aja(z) = Ay(x) for © € myyp, p (Ay-1), such that

(5.24) [ Al > (2logp, )7 Ayl,

(5.25) My, (As_a(2))] € {0, K -1} for @ € Zgpp, -
In light of (5.23), we also have
(526) |AJ_1<I')| = KJ_lKJ for x € Wq/pj_lpJ (AJ_l).

The continuation of the process is clear; as a result we obtain a set
A" such that that the degrees of vertices in 7 (A’) are constant at each
level. 0

5.4. Sum-product sets in Z, for prime p. We will need the follow-
ing property:

Lemma 5.3. For all 7 > 0, there is v = r(7) € Z, such that the
following holds:
Let (As¢)1<s,9<r be subsets of Z, with

(5.27) |Agsr| > p7 forall1 <s,s" <r.
Then the sum-product set of (Asy)1<s.s'<r equals all of Z,:
(5.28) Y I A =12,

s=1 s/=1

Proof of Lemma 5.3: Our aim is to show that we can find r = r(7)
such that for any y € Z,

(5.29) #{(zo) € [[Asw

y = sz,l s gt > 0.
s=1
Note that

#{(xs,s’) S H As,s’

r
Y=Y 1w} =
s=1

P DD DR UTED SERTEE)]

a:O mS,S/EAS7S/

(5.30)
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where e,(x) = exp (2“”> and consequently it is enough to show that

for some r = r(7) we have

-1
(5.31) lpz Y e szl 2,)) > 0.

p a=0 :ESYSIGAS!S/

JFrom the exponential sum result in [10] (to be precise, from a
slightly more general version of Theorem 5 in [10]), for any 7 > 0
there is r; = r1(7) and 7, = 71(7) > 0 such that

(5.32) max ‘ Z ep(azy ... xp)

(a,p)=

<p TI|A1| |AT1|7

whenever A;,..., A, CZ,, |A] >p".
Consequently we have

DD zxsl ror)) =

a=0 x, /EA o
1
(5.33) - H |Ag o] + O(maxH ’ (ATs1 - Tsyp) )
p 8,8’ s=1 «x, /EA s
1 —rT
> (— —p 1) I]14.1 >0,
p s,s’
provided we take r > max (1"1, T—ll) 0

5.5. Preserving large subfactors. Identify Z, with H}]:1 Ly, Fix
7 =1 and decompose {1,...,J} = T, U Js where

(5.34) T ={1<j < JIK; > pj},

with {K;}1<j<s a sequence of positive integers in Lemma 5.2. Let

¢ = q @ with g = [[;c;,p; and ¢o = [[;c,p;- Take r = r(7)
according to Lemma 5.3.
We claim that

(535) 7TQ1 (T(A,)T) - 7TQ1 (TAT) Z!h

Denote A’ by A. Let j; < ja < --- < jg be an enumeration of elements
in Ji. Fix §, € Z,p,, where 1 < a < . Since 7, (A) > Kj, > pj,
applying Lemma 5.3 we have

T, (rA") =17y, (A)" =7, .



58 JEAN BOURGAIN, ALEX GAMBURD, AND PETER SARNAK

Therefore, there are elements x( ), € Tp,..p;, (A), such that

(5.36) o (S T120) -6

s=1 s'=1
Take 3:[81]8, € Tpyps, 1 (A) With

(5.37) Topry, (21 = 2.

$,8

Consider next the sets (A( 1] y)) C Zy, that are each of cardinality
Kj, > pj,, by (5.19). Hence agaln by Lemma 5.3

Ty (Z H Al ) Lip,, -

s=1 s'=1

We can therefore obtain elements x( ), € Tp,..p;, (A) satisfying

Tpjy (Z H xg?') = &

s=1 s/'=1

2]

Take again ., € mp,..p;, ,(A) such that

ss’

(5.38) Ty, (T) = 22,

Consider the sets ) (A(:L‘LQS},)) C Zy,, of cardinality Kj;, > pj, and
repeat the construction.

After (3 steps, we obtain elements z,o € A(1 < 5,8 < r), such that
foralll <a<p

(5.39) Ty (Tssr) = )
with

(5.40) T (S TT28)) = 6o
Hence

(5.41) T (Z H:c) ¢ forl<a<p
where Y [, 5o € rA”. This proves validity of (5.35).

Recalling (5.20), (5.19), we have

J
|A] -
(5.42) [] % > —— > Q. (¢7)|A],
T T (2log py)
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and by (5.34) the left hand side of (5.42) is at most

Q1'Hp;<Q1'qT-

JjE€ET2
Therefore, recalling that 7 =7 = %1 and that do > 91, we have
(1.2)
(5.43) q1 > Qa(q_e)q_%|A| > (25(q_5)(]62_%l > ¢%/2,

Hence we have proved

Lemma 5.4. There is qi|q such that ¢ > ¢°*/* and
(5.44) T (rA”) = Zy,,

where r = 1r(dy) .

Recalling assumption (1.2), the same claim holds for sets 7, (A) with
¢'|qg and ¢’ > q" (just apply the preceding argument with ¢ replaced by
¢’ and A by 7, (A)). Hence we have

Lemma 5.5. Let ¢/|q and ¢ > ¢". There is ¢"|q’ s.t. ¢" > (¢')*/? and
(545) 7I'q//<7"AT) = Zq//7
where = r(dy).

5.6. Completion of the proof. Applying Lemma 5.4, we find ¢]q,
q1 > ¢%/? such that

(546) 7Tq1 (T’lArl) = qu (7”1 = 7“1(52)).

Recalling (5.18) and (1.1), we have

(5.47) @ = |rA™ < Os,(¢°)|A]| < ng,g(qg)ql"sl.
51/2 (31

Write ¢ = ¢ - ¢}, where ¢} > ¢°"/*. Since n = %1 < %, we can apply
Lemma 5.5 and obtain ¢/|q}, ¢! > (¢})%/2, such that we also have

(5.48) Ty (TlArl) = qull,

where(q1,¢y) = 1. The next problem we encounter is how, knowing
(5.46), (5.48), we may significantly enlarge ¢; to a divisor ¢ of ¢, ¢1|q,
so that again

Tgo (TQATQ) = Zq2 (Wlth o =— 7”2((52)).

A (bounded) number of iterations will then lead to the required con-
tradiction with (5.18) and (1.1).

This problem is taken care of in Section 8 of [6]; following the argu-
ment there closely, in section 5.7 we prove the following



60 JEAN BOURGAIN, ALEX GAMBURD, AND PETER SARNAK

Proposition 5.1. Let ¢|q, qg\qil and S C Z, such that m,(S) =
Ly, gy (S) = Zy,. Then there is Q|qiq2, such that

(5.49) Q > qlqé o
and
(5.50) 7(4005%) = Zg.

Now taking ¢; as above,

51 _
q* < q < O0s5,.(¢°)g" ™,

and ¢y = ¢f with qi’]qil, q) > q% and S = riA™, using Proposition 5.1,
we obtain () dividing ¢ such that

P

q 40000
Q1> aq (—)
q1

70, (4005%) = Zg, .

Now since 40052 C ry A™ with 7o = 40077, we can repeat the procedure
with ¢, replaced by Q1, .
Proceeding iteratively, we obtain at step ¢ a divisor @); of ¢ such that

and

[

Qi > Qi1 <QZ]_1) "

and
7Q,(ris1 A™) = Zq,.

Now choose i so that @Q); > qlf%. Then, since (5.18) and (1.1) yield
Qi = [ri A7) < 0(¢°)A] < O:(q%)q' ™,

we obtain a contradiction. This completes the proof of Theorem 1.8.
O

5.7. Proof or Proposition 5.1. We will make use of the following
Lemmas, proven in section 5.8.

Lemma 5.6. Let A be a finite subset of an additive group Z and G C
Ax A, 0<a<?i suchthat

47
G| > (1 —a)|AP.
Then there exists a subset A" of A satisfying

AT > (1= Va)lA|
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and ;
|A+ At

A A < e e

The following Lemma is Corollary 5.6 on page 202 in [60] and is a
consequence of Kneser’s theorem (Theorem 5.5 on page 200 in [60]).

Lemma 5.7. (Near-ezact inverse sum set theorem).
Let A be a finite subset of an additive group Z such that

A+ A| < g|A|
Then there are x € Z and a subgroup G of Z, such that
ACczx+G
and
Gl < 21A)
2

Lemma 5.8. Let q be square-free and suppose that A C Z, satisfies
|A| > vq with v > q¢2/°>. Then there is ¢'|q such that

q _20
and
(5.52) 7y (1004 - A) =Zy.

We now proceed to the proof of Proposition 5.1. The argument
given below is slightly simpler than the one appearing in [6] and relies
on Lemma 5.6 and 5.7 (that were not used in [6]).

Let ¢; be a divisor of ¢ with 7, (S) = Z,. Given z € Z, and
a prime divisor p of qil, let 1,(z) denote an element of Z, such that

(7, Up(7)) € mgyp(S).

Claim 5.1. For each divisor p of q% one of the following alternatives
holds: either

(5.53)  {(z,y) € Zg, X Zg,[¢hp(x + y) # Up(x) + Up(y) }] > 107¢7;
or there is a subset B C Z,, such that

99
(5.54) |B| > Tog&t and |¢Y,(B)| = 1.
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Proof of Claim 5.1: For a prime divisor p of qil denote

G, = {(x,y) € ZLg, X quwp(x + y) = ¢p($) + wp(y)}

Assume

(5.55) G| > (1 —-10"%)q].

Apply Lemma 5.6 taking Z = Z,, X Z, >~ Z,,, and
A= {(z, ¢p(2)|r € Zg }, |A] = a1,

G = {((z, (@), (v, Lo(W)(2,y) € G4} C A XA
By (5.55) we have

1G] > (1—107")|A[*

and from the definition of G,

g
|[A+ A| <A

According to Lemma 5.6 applied with a@ = 107, we obtain a subset B
of Zg, such that

99

(5.56) |B| > r.oql
and
(5.57) {(z +y,¢p(x) + ¢p(y)|z,y € B} < B|B]
where

1 100 3
(5.58) = =i irw <3

100
Next apply Lemma 5.7 to the set

A= {(z,p(x))|x € B} C Zg, X Ly
for which by (5.57), (5.58) we have

3
A"+ A'| < §\A’\.

Hence A’ is contained in a translate of a subgroup H of Z, x Z,
with |H| < %|A’ | < %ql. Since p and ¢; are relatively prime, H is of
the form H = Hy x Hy with Hy < Z,,, Hy < Z,. Also

99
|H| = |7, (H)| = [7q, (A)| = |B] > ¢
100
so that Hy = Z,,. Consequently |Ho| < 3¢;|H,|™" = 2 and Hy = {0};

therefore |1),(B)| = 1. This completes the proof or Claim 5.1. O
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Take next go| L, such that also 7, (S) = Zq, and let g2 = p; - - - py. For

each p; dividing ¢, one of the alternatives in Claim 5.1 holds, yielding a
factorization ¢y = qé )q§2), with qél) being a product of primes satisfying
(5.53), and qg) being a product of primes satisfying (5.54). Clearly,

either qél) > q;/ ? or q§2) > q;/ ?. We now show that the conclusion of

Proposition 5.1 holds in each of these two cases.
Case 1. Assume qél) 1/ ®. Let

(5.59) D; ={(z,y) € Zg, X Lgy [y, (x +y) # Uy, (2) + Uy, (y)},
so that |D;| > 10~4¢? for pi|¢s". Thus

S logpi|Di| > 107 Y logpi,

p1|q(1) pllq(l)

which we can rewrite as

1
1Zg, X Zg,| > > logpixn,(z) > 107" log g5

2€Zgy XZay )
Therefore, for some x € Z,, x Z, we have

> logpixp,(x) > 1074 log g3,

p1 ‘QQ

Consequently, denoting x = (a,b) with a € Z,,, b € Z,,, and letting
I = {i|(a,b) € D;} we obtain

Z logp; > 10"*1og qél).

pilad”
iel
Hence, keeping in mind our assumption qé ) > g 1/2 , we have
(5.60) =TI o> @) > (@)
pilas”
i€l
Denoting
(5.61) a=(a,Y(a)) €S C Ly X ZLgq,
(5.62) b= (b,9(b)) €5,
(5.63) a+b=(a+bY(at+b)eS,

it follows from the definition (5.59) of D; that
a+b—a—b#0 mod (p;) fori € I,
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while obviously

a+b—a—-b=0 mod (q).
Thus, since
Tqy (SQ> =Tq (S) = Z(h and 7T672(S> = Zém
we have
Tag(S*+ (a+b—a—0b)S) =
(564) {(ﬂ-th (xx/)’ T, (II/) + T, (a +b—a— 6)7‘-172 (y)) |$7 Ila y e S}
= Zlh X ZQQ

since mg,(a +b—a—b) € Z,.
Therefore
T 132 (82 (S S — S>S) q1q2a

and the conclusion of Proposition 5.1 is established in this case.

(2) 1/2 s . (2) . .
Case 2. ¢ > ¢,'". Let I {i|p: divides ;"' }. For i € I, there is
B; C Zy, such that |B;| > 2% ¢; and

(5.65) |t (Bi)| = 1.

Therefore we have
E E (log pi)x s, ( 0 log g5
! =100 2

r€ZLq, i€l

|Zq1

Applying Jensen’s inequality we obtain

[H X z)] _ |Z1q | Z exp { Z(logpi)XBi(x)} > [g]/100,

iel 1 ey, iel

QI | IEZ

Decomposing for each i € I, Z,, = B; U Bf, we can rewrite the
expression on the left-hand side as the sum of 2/ terms:

Z Z {Hp? (eixm (2) + (1 —5i)XBf(fE))];

q1| T€Lgy ;€{0,1}111 - i€l

consequently, by the pigeonhole principle, for some choice of (&1,...£)) €
{0,1} we have
(5. 66)

Z {sz Eixp,(x) + (1 - 5@')XB§(5U))] > 97 MI[g{)90r100 > [P0,

el

!qul

Thus, letting

ﬂ B; and ¢ = sz‘, Cf2|Q§2);

i€l ;=1 &;=1
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it follows from (5.66) that
(5.67) 1Blg > 0”1 .
If p;|2, then by (5.65)
|y (B)] = 1.

Therefore we may specify for each p;|ga an element w; € Z,,, such that
(5.68) Tp,0(x) = w; for p;|gx and = € B.

Consider next B = {(z,¢(x))|z € B} and write

(5.69) Tpa(B+9) = {(m + g (y), u + mb(y)) {x € B,y € S},
where 74, (S) = Zg,. Hence, by (5.67), (5.68)

(5.70) T (S + 8)| 2 | Blgz > (5”10

Applying Lemma 5.8 to the set 7 ) (29) C L, 2 Withy = [qéz)]*%
2 2

)

we obtain () dividing q1q§2) such that

(5.71) Q> la)5 > qugs®
and
(5.72) To(400S%) = Zg.
Therefore the conclusions (5.49), (5.50) hold in this case as well, and
the proof of Proposition 5.1 is complete. 0

5.8. Proofs of Lemmas 5.6 - 5.8. The proof of Lemma 5.6 is based
on the following Lemma (Lemma 5.9), which is Exercise 2.5.4 on page
82 of [60]; for completeness we supply the proof.

Lemma 5.9. Let A, B, C be additive sets in an ambient group Z,
let 0 < a < 1/4, and let G C A x B, H C B x C be such that
|G| > (1 — )|A||B| and |H| > (1 — «)|B||C|. Then there are subsets
A" C A and C" C C with |A'| > (1 — /a)|A] and |C"] > (1 — /a)|C|
such that

A< BLC
(1—-2y/a)|B| ’

(5.73) A~ ') <

where

AL B = fa—b|(a,b) €G).
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Proof of Lemma 5.9: We first show that at most \/a|B| elements of
B have a G-degree of less than (1 — y/a)|A|. Let m be the number of
elements b in B of G-degree, deg(b) > (1 — \/a))|A|. Then

(1 - a)|A[|B] < |G| = > deg(b) + > deg(b)
bdeg(8)<(1—v/a)|A] bideg(b)>(1—v/a)| |
< (1= Va)|A[(|B| —m) +m|A],

therefore

(1= a)B] < (1L =+a)(|B| —m) +m
and

(1 Va)Bl <m.

Similarly, we have that at most \/a|B| elements of B have an H-degree
of less than (1 —+/a)|C|. Consequently, at least (1 —2y/«)|B| elements
of B have a G-degree of at least (1—+/a)|A| and an H-degree of at least
(1 —\/a)|C|; let B’ be a subset of B satisfying these properties and
let A" (respectively C”) be a subset of A (respectively of C') connected

to elements of B’ in G (respectively in H). Clearly, we have that
|A'] > (1 — y/a)|A| and |C'] > (1 — /«)|C|. From the identity

a—cd=(@-0)+®-C)
we see that every element ¢’ — ¢ in A’ — C” has at least |B'| = (1 —
2y/a)|B| distinct representations of the form z + y with (x,y) € (A c
B) x (B z C'), completing the proof of Lemma 5.9. O

Proof of Lemma 5.6: Take A= C,B = —Aand G = {(z, —y)|(z,y) €
G} C Ax B, H={(—z,y)|(z,y) € G} C B x C. Using Lemma 5.9
we obtain subsets A’ C A, C" C A such that |A'| > (1 —/a)|A|,|C'| >

(1 - Va)|A] and
G H g
A~ ] < |A—B| |B—-C| _ |A+ AP? '
(1=2va)|Bl  (1-2Va)4]
Applying Ruzsa’s triangle inequality
|A"— C'|?
led

the statement follows. O

A"+ A’ <

In order to prove Lemma 5.8 we first establish the following result.
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Lemma 5.10. Let A be a subset of Z, (q arbitrary) satisfying the
following property:

(5.74) Y ailg, and 2 € Zy,, #{z € Almy,(x) = 2} < g7 A
Then
(5.75) Zy=100A- A

Proof of Lemma 5.10: Lemma 5.10 Note that
100A- A = {xlxg + -+ 1’199I200|J)Z‘ € A}
Our aim is to show that for all £ € Z,

(5.76) #{(w1,...,T200) € A X - X Al|wizo+ -+ T199T200 = £}
Proceeding by the circle method we have

#{(l‘l, R .73200) EAX- - X A‘.’lez + -+ X199T200 = 5}
-3 5 o] el
= - eq(zay } e (—&z
(577) O<z<q z,yeA

100

>3|A|200 Z Z ‘ Z eq (zzy ‘ :

q1|q z€ly, w JYEA
qi1>1

Fix ¢1|q and denote, for z € Z,,,
n(z) = #{x € Almg, (z) = 2}

For any z € Z;, , and any two functions f, g on Z,,, a simple appli-
cation of Cauchy-Schwarz inequality yields

= 5 oo < (n 3 0 5 0)'

TELm YELm TELm YELm

(5.78)

Applying (5.78) with f = g =7 and m = ¢; we obtain for any z € Z :

‘ Z eql(zxy)‘ = ) Z n(xl)n(yl)eql(leyl)’

(579) T, yeA :L‘1,y1€7rq1(A)
<| XY aeonen )| < var Y @)
T1€2qy Y1€2q, *1€Zq,

Now assumption (5.74) implies

(5.80) I7lleo < a1 /%Al
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while we clearly have
(5.81) Il =) n(z) < 1A].
2€ZLq,

Consequently, using

nll2 < lInllln]loo,
we obtain

(5.82) | ealeay)| < a AP,
z,y€A

Substitution of (5.82) in (5.77) implies that the right-hand side in
(5.77) is greater than

oo

1 1 _ 1 .
ZJA[0 — = Z 0(q) | AP > —\A[200<1 _ ZJ 4) >0,
e a qilg 4 j=2
a>1
establishing (5.76) and completing the proof of Lemma 5.10 O

Proof of Lemma 5.8: If the condition (5.74) of Lemma 5.10 holds,
then the conclusion of Lemma 5.10 clearly follows. Assume that con-
dition (5.74) of Lemma 5.10 fails. Then for some ¢ |q there is z; € Z,,,
such that |A;| > qf11/20|A], where A; = {x € A|r,(x) = z}. Since
[T, (A)] =1 and |A4,| > q1—11/207q7 we have that

L > gt

0
and so

g <20 < B,
Replace ¢ by q% and A by A" = ’/T%(Al). If (5.74) fails again, there

is 2| and 25 € Zg,, such that [Ay] > q;11/20|A1\, where Ay = {z €
Aj|mg,(z) = 22}, If qu,. .., ¢s are the consecutive divisors of ¢ obtained
after s steps, then by construction

q _1u 1
o 2 A = ) Al > Al ),

implying that

(5.83) Qg <y < gl
Clearly this construction terminates after finitely many steps s, result-

ing in ¢’ = ql_‘?.qs satisfying the bound (5.51), and in a set A satisfying

H#{x € Almy,., (z) = 2} < ¢, 17| A, for all guy1|q and z € Z

qs+1°
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Application of Lemma 5.10 to my(As) C Zy gives
Zq/ = 10071’,1/(145) . Wq/(AS),
implying (5.52) and completing the proof of Lemma 5.8. O

6. EXPLICIT APPLICATIONS

We give explicit applications of our main theorems. We stick to forms
of SLy and their orbits since for the time being these are the only cases
for which we have established Conjecture 1.5. Once the general form
of Conjecture 1.5 is proven, then using Theorem 1.6 and the passage
from simply connected groups to other groups and their orbits (as is
done below for SLy) one can establish saturation for quite general pairs
(O, f).

Our basic example is SLs itself. That is G = SLs sitting in Mat,,
the affine 4 dimensional space of 2 x 2 matrices. As we have noted with
G ={X : det X =1}, Q[G] is a unique factorization domain.

Theorem 6.1. Let A be a subgroup of SLo(Z) which is Zariski dense
in G and let f € Q|G| be integral and primitive on A. Assume that
f is nonconstant when restricted to G and that the factors of f are

irreducible in Q[G]. Then ro(A, f) < oco.

Proof: This is an immediate consequence of theorems 1.6 and 1.7
coupled with the fact that the expander property in Theorem 1.7 is
valid for q of the form NAd with 3 =0 or 1 and d is squarefree (these
being the ¢’s that are used in the proof of Theorem 1.6). This more
general case follows from the proof of the squarefree case.

We also note that the assumption that the factors of f are absolutely
irreducible was made for convenience. One can drop this assumption
and still deduce theorem 6.1. This involves using the Chebotarev theo-
rem in a more quantitative way than in the proof of Proposition 3.2, so
as to determine the behavior of the sum over p in (3.46) coming from
a modified (according to the finite extension of Q which splits f) form
of (3.6) and (3.42) O

A related basic example which we can handle is that of a quaternion
division algebra in place of the matrix algebra Mats/Q. Let D/Q be
such an algebra. D is linearly generated over Q by 1,w, 2, w§2, where
w? = a, 0% = b with a,b nonzero integers. The elements 1,w, 2, w$)
satisfy the usual rules for multiplication of quaternions. Let N denote
the reduced norm on D and let D; denote the elements o with N(«) =
1. By D(Z) we mean the subring of elements o € D of the form
a = 21 + Tow + 38 + 24w ) with x; € Z. This is not a maximal order,
but it is of finite index in such and this suffices for our purposes. Let
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D+(Z) be the corresponding unit group, that is elements v € D(Z) with
N(a) = 1. This group is infinite iff D ® R is the matrix algebra Ms(R)
which we will assume is the case. D; is an algebraic group defined over
Q and in terms of the coordinates (xy, s, z3,74) € At it is given by
N(z) = 2? — ax3 — b3 + abx? = 1.

Theorem 6.1'. Let A be a subgroup of Dy(Z) and assume A is Zariski
dense in Dy. Let f € Q[Dy] be primitive integral and nonconstant on
A, then ro(A, f) < oc.

Proof: The proof is the same as that of Theorem 6.1. Note that
Dy is connected and simply connected so that theorem 1.6 applies.
While theorem 1.7 does not apply directly to D;(Z) the proof of that
Theorem does. That is for p outside a finite set of primes we have
Dy(Z), = Dy(F,) = SLy(F,) and an inspection of the proof of Theorem
1.7 shows that this and the product structure for D;(Z), for d = dyds,
(dy,dy) =1 is all that was used.

When the quaternion algebra D splits over Q, that is when it is the
full matrix algebra Matyyo then D; is essentially SLy and Theorem 6.1
becomes Theorem 6.1. We allow both of these cases for D and D; in
what follows. Let 7w : Dy — GL,, be a rational representation of D into
GL,, defined over Q. The matrix entries of 7(g) are polynomials with
rational coefficients in the coordinates (x1, z2, x3,24) of g. Denote by
G the matrix algebraic group 7(D;). It is a subgroup of GL,,, defined
over Q and it is connected. Let I' be a subgroup of G(Z) = GNGL,(Z)
which is Zariski dense in G. Fix b € Z" and denote by O the orbit bI"
in A",

Theorem 6.2. Let G,I' and O be as above and let f € Qxy,..., T,
with f integral, primitive, and nonconstant on O. Then ro(O, f) < oo.

Proof: By composition we have that F(z1,22,23,24) = f(br(g)) is
in Q[z1, 2, 3, 24). Now m(Dy(Z)) is commensurable with G(Z) (see
3]) and hence A = 7(D;(Z)) NT is of finite index in I' and is Zariski
dense in G. Thus without loss of generality we can assume that I' C
7(D1(Z)). Set A = 7~*(I'), then A is a subgroup of D;(Z) and F is
integral primitive and nonconstant on A. Now ker 7 is finite (since it
is a proper normal subgroup of D; and we are assuming that G is not
trivial). Hence A is Zariski dense in D;. Applying Theorem 6.1 (or
6.1") yields that either F'is constant on A, or there is an r < oo such
that the set of x € A, call it P, for which F'(z) is a product of at most r
primes, is Zariski dense in D;. If F'is constant on A, then it is constant
on D; and hence f is constant of Zcl(O) which we assumed was not
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the case. Hence we are in the first case and 7(P) is contained in I'
and br(P) is contained in O. To complete the proof we need only to
show that Zcl(br(P)) = Zcl(bG) in A™ since f is a product of at most
r primes at these points. Now in the topology of GL,, we have that

G = n(D;) = 7(Zcl(P)) C Zcl(w(P)) C Zel(w(Dy)) = G.
Hence Zcl(7(P)) = G. Also
Zcl(br(P)) D bZel(w(P)) = bG.

Hence
Zcl(br(P)) = Zcl(bG),
which completes the proof of Theorem 6.2. 0]

We explicate some instances of Theorem 6.2 with concrete examples.

Example A: This is connected with Conjecture 1.3. Let 7 be the
standard representation of SLy by linear action. If b € Z?, b # 0 and
A is a non-elementary subgroup of SLy(Z) then the orbit O =b- A is
Zariski dense in A?. Let f € Q[zy,xs] be a nonconstant polynomial
which is integral and primitive on . Then according to Theorem
6.2, (O, f) saturates. With f(z) = 2, this yields an approximation
(“almost prime”) to Conjecture 1.3.

Example B: The next set of examples are associated with ternary
integral quadratic forms. Let F'(z1,xs,x3) be a regular such quadratic
form which is indefinite over R. Let G = SOy C GLj3 be the corre-
sponding special orthogonal group preserving F. If F(z) = x' Az with
A symmetric, then G is given as a matrix group defined over Q by the
3 x 3 matrices X satisfying

(6.1) det X =1

XPAX = A}
G is not simply connected, but the simply connected covering group G
is a double cover. It can be realized as the norm 1 group in a quaternion
algebra D defined over Q. This is described explicitly in (2.3) and the
general case is described in [14]. D is Maty if F' is isotropic over Q
and it is a division algebra in the anisotropic case. In either case,
G = w(Dy) with 7 this covering morphism, and Theorem 6.2 can be
applied.

Let T be a subgroup of G(Z) which is Zariski dense in G. Let b € Z3,
b # 0, for which F'(b) = kand let O = b-I". Thenifk # 0, Zcl(O) = b-G
and is the affine quadric Vi given by {z : F(z) = k}. As usual we
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conclude that if f € Q[z1, x5, 3] is nonconstant, primitive and integral
then (O, f) saturates.

This result is even interesting when applied to the full group A =
G(Z). In this case if Vi(Z) is a finite union of G(Z) orbits and one
deduces that ro(Vix(Z), f) < oo, In as much as our proof of Theorem
1.7 gives no explicit bound for the expansion our proof yields no explicit
bound for r¢(Vi(Z), f). In this case where A = G(Z) one can use the
theory of automorphic forms to address the expansion. Instead of using
combinatorial ordering of the orbit as in Theorem 1.6 one can apply
a much more efficient Archimedean weighted ordering on the quadric
and a corresponding sharp quantitative analysis. This is carried out in
[42] where it is shown that for f(z) = xizaxs, 70(Vi(Z), f) < 26 (for
any F)) as long as Vi(Z) # 0.

Example C: In the case that £k = 0 in (B) and F is isotropic over Q,
Vp is an affine cone. We restrict to the specific case that

(6.2) F(ay, 29, 23) = 2] + 15 — o3

and in the tradition of Fermat examine what Theorem 6.2 gives in
this case. A point in Vo(Z) with ged(zq, x2,23) = 1 is a Pythagorean
triple (or a Pythagorean triangle if xy, 29, x3 are positive). The group
SOg(Z) acts transitively on the set T of all such Pythagorean triples.
Consider the ancient problem of the divisibility properties of the area
A(x1, 72, 23) = 22 of such a triangle. It is elementary (see below) that
f = A/6 is integral on the set 7. Note that f(3,4,5) = 1 and hence
(O, f) is integral and primitive for any orbit O = (3,4,5)A where A is
a Zariski dense subgroup of G = SOp. Hence by Theorem 6.2 we have
that ro(O, f) < oo for any such orbit O.

The question of the value of 7¢(O, f) for this orbit and f is of interest
as it gives the minimal divisibility of the areas of a Zariski dense (in V)
of Pythagorean triangles in O. We show that Conjecture 1.4 implies
that ro(O, f) = 4, that is given any O as above, the set of x € O
whose areas have 6 prime factors (including 2 and 3) is Zariski dense
in Vg, while those with 5 or fewer prime factors is not Zariski dense.
To see this recall the standard parametrization of triples z in T' (after
switching z; and x5 if need be):

(6.3) x1 =m? —n% 1o = 2mn, x5 = m> + n?,

where (m,n) = 1 and m and n are of different parity. From this it is
clear that x5 is divisible by 4 and one of x; or x5 is divisible by 3. Hence
A = #7225 divisible by 6 and hence f is integral on T". From (6.3) it is
also clear that the set of x € T for which f(z) = %(m — n)(m +n)mn

6
has at most 2 prime factors is finite. The set of x € T' for which f(z)
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has at most 3 prime factors is probably infinite, in fact this would follow
from Conjecture 1.2 of Hardy and Littlewood for the case of A of rank
1 in Z*. However even if this set is infinite it is not Zariski dense in
Vb since such triangles are of special form and lie on a finite number of
curves in Vy. Hence r(T, f) > 4 and a fortiori 74(O, f) > 4.

In order to apply Conjecture 1.4 we proceed by pull-back from G =
SOpr to its double cover SLy. We can describe 7 : SLs — G in coordi-
nates similar to those in (2.3) and we find that the pullback f* € Q[SL]
is given by
(6.4)

(1, w0, 03, 04) =

(21‘1 + x9 + 21‘3 — ZE4)(2ZL‘1 + 29 + 2I3 + ZL‘4)(2£B1 + $2)(2£L‘3 + $4)
6

and I' = 71 (A) < SLy(Z) is Zariski dense in SL,. f* is integral and
primitive on I' (since f(1,0,0,1) = 1) and f* factors into 4 factors
in Q[SLy]. Hence according to Conjecture 1.4 (T, f*) = 4 and thus
r0(O, f) = 4. While a proof that r¢(O, f) = 4 for a thin such orbit of
triples is well out of reach of present technology it is interesting that
the recent advance of Green and Tao [27] mentioned after conjecture
1.2, allows one to prove that if O = T is the full orbit then ro(7T’, f) = 4.
Using the morphism of A? into V; given by the parametrization (6.3)
the problem is reduced to finding a Zariski dense (in A?) set of points
x,y € Z? for which the 4 homogeneous linear forms x,y, 2x + 3y and
2x — 3y are all prime. In the terminology of [27] this linear system has
complexity 2 and this is exactly the new case beyond Vinogradov that
their method can handle. Their lower bound for the count of the num-
ber of x,y satisfying the above (there are no local obstructions) implies
by a simple analogue of Proposition 3.2 that the points produced are
Zariski dense in A2. We state the result explicitly as it resolves the
minimal divisibility question for the areas of Pythagorean triangles:

The set of Pythagorean triangles whose areas have at most r

prime factors is Zariski dense in the affine cone Vy iff r > 6.

Example D: Our final example is concerned with an orthogonal group
in four variables and a naturally thin subgroup which governs integral
Apollonian packings. A Theorem of Descarte asserts that (aq, as, as, a4)

in R* are the curvatures of 4 mutually tangent circles in the plane (see
Figure 1) iff F'(a) = 0 where

(6.5) F(xy, 9,73, 74) = 2(x] + 25 + 23 + 23) — (71 + 22 + 73 + 74)%.
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Figure 1.

For details concerning this and the related basic facts that we record
below see [26]. Given an initial configuration of 4 such circles in gen-
eration 1 of the Figure 2 (note that by convention the outer circle has
curvature —6) we fill in repeatedly the lune regions with the unique
circle which is tangent to 3 sides (which is possible by a Theorem of
Apollonius). In this way we get a packing of the outside circle by cir-
cles giving an Apollonian packing. The interesting diophantine feature
is that if the initial curvatures are integral then so are the curvatures
of the entire packing. The numbers in the circles in Figure 2 indicate
their curvatures. There are many questions (most being difficult) that
one can ask about the integers that appear in this way.

The connection to groups is that such a packing is associated to
an orbit of the Apollonian group A, which is the group of 4 x 4 in-
tegral matrices generated by the involutions S;, j = 1,2,3,4 where
Sj(ek) = _3€k + 2(61 + e + €3 + 64) if k£ = j and Sj(ek) = €L if
k # j (e1,es,e3, ey are the standard basis vectors). The configurations
of 4 mutually tangent circles in the packing with initial configuration
a = (a,as,as,ay) consists of points = in the orbit O = a - A of A.
The elements S; preserve F' and hence A < Op(Z). A is Zariski dense
in Op but it is thin in Op(Z). For example if | | is a matrix norm
on Maty,(R), then |[{y € A : |7| < T} ~ /T® as T — oo where
0 = 1.3... is the Hausdorff dimension of the limit set of A (see [26] and
[52]), while |[{y € Op(Z) : |y| < T}| ~ coT*. Tt is this thinness which
makes the diophantine analysis of the orbit O® problematic. O® is
Zariski dense in the cone Vy = {z : F(z) = 0}. If a is primitive (which
we assume henceforth), that is ged(ay, as, as,as) = 1, then the same
is true of every member of O The primitive points in V4(Z) decom-
pose into infinitely many A-orbits, each corresponding to a different
Apollonian packing (see [26]).
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Nelce

Generation 1 Generation 2

la=(-6,11,14,23

Figure 2.

A modification of Theorem 6.2 implies that if f € Qxy, z2, 73, 4]
and f is nonconstant and primitive on O then the pair (0% f) sat-
urates. To see this we follow the recipe of passing to the spin double
cover of SOp. This can be realized as SLy/K where K = Q[v/—1] (see
[19] and also [24]; note that our form F' has signature (3, 1) over R and
it is isotropic). In this way the key expander property follows from the
following version of Conjecture 1.5:

Theorem 6.3. Let I' be a subgroup of SLo(Z[v/—1]) which is Zariski
dense in SLy and such that the traces of elements of I' generate the field
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Q(v/—1). Then as A varies over squarefree ideals in Z[v/—1] the Cayley
graphs SLo(Z[v/—1])/ A, S), where S is a fized symmetric generating set
of generators of I', is a family of absolute expanders.

According to Weisfeiler [63], outside a finite set of primes P of
Z[V/—1], T projects onto SLy(Z[\/—1])/P = SLy(F,) x SLy(F,) if p
splits (that is, if p =1 mod 4) and is isomorphic to SLy(F,2) otherwise
(that is, if p =3 mod 4). Our proof of Theorem 1.7 extends without
much trouble to this case. This implies that the Cayley graphs (Ay4, S)
where Ay is the reduction of A in Matyyx4(Z/dZ) , d a square-free inte-
ger, S = {51,52,53,S5,}, are an expander family. This completes our
discussion of the saturation of (0%, f).

As far as determining the exact value of ro(O% f) for certain f’s,
some progress can be made. If f(x) = z; then f is integral and
primitive on O% and the pullback f* to Q(Spin,G) is prime. Hence
Conjecture 1.4 asserts that ro(O% f) = 1. In [52] this is proven using
ad-hoc methods which among other things employ Fuchsian subgroups
of A as well as Iwaniec’s work in half-dimensional sieves [33]. In par-
ticular, it follows that in any integral Apollonian packing (for example
the one in Figure 2) there are infinitely many circles whose curva-
ture is a prime number. For f(x) = x1x2, Conjecture 1.4 implies that
ro(O% x129) = 2. This can be proven by the same methods, as is shown
in [52]. In particular it follows that the set of pairs of tangent circles in
an integral Apollonian packing, for which both curvatures are prime, is
infinite (in fact they are pairs in quadruples of mutually tangent circles
of the packing which form a Zariski dense set in ;).

Consider next f(z) = zyz22324. That is, we are looking for quadru-
ples of mutually tangent circles such that the product of their cur-
vatures has few prime factors. f is not primitive on O¢ since each
primitive a € Vy(Z) has two components even and two odd. Still our
discussion yields that ro(O, f) < oo, though with no explicit bound.
For the purpose of an explicit bound a simpler approach to this sat-
uration problem can be taken by using the unipotent elements S;5,
1 # 7 in A as indicated in the discussion on page 7. This and a number
of related things have been carried out in [24] where it is shown that
7’0((’)“, 5(711‘2173.%'4) S 28.

If we order the circles in a given integral Apollonian packing by the
generation in which they are produced, that is by reduced word length
with respect to generators Sy, Ss, S3, Sy, then applying the upper bound
sieve as in (3.58) and using Theorem 6.3 we get

(6.6) |{circles C at generationn : curvature(C')is prime}| < 3"/n.
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This bound is of the correct order of magnitude and we expect a
“prime number theorem” for integral Apollonian packings; that is the
left hand side of (6.6) is asymptotic to % as n — o0. The proof
that ro(O%, x1) = 1 when quantified produces an exponential number of
such circles but far fewer than what is predicted by this prime number

theorem.

REFERENCES

[1] E. Bombieri and W. Gubler, Heights in Diophantine Geometry, Cambridge
University Press, 2006.

[2] A. Borel, Linear Algebraic Groups.

[3] A. Borel and Harish-Chandra, Arithmetic subgroups of algebraic groups, Ann.
of Math., 75, 1962, 485-535.

[4] P. Bougerol and J. Lacroix, Products of random matrices with applications to
Schrodinger operators, Progress in Probability and Statistics, 8, Birkhiiser,
1985.

[5] J. Bourgain, Mordell’s exponential sum estimate revisited, J. Amer. Math. Soc.,
18, 2005, 477-499.

[6] J. Bourgain, Ezponential sum estimates over subgroups of Zy, q arbitrary,
Journal de Analyse, to appear

[7] J. Bourgain and M.-C. Chang, Ezponential sum estimates over subgroups and
almost subgroups of Zy, where q is composite with few prime factors, GAFA,
16, 2006, 327-366.

[8] J. Bourgain and A. Gamburd, Uniform expansion bounds for Cayley graphs of
SL2(F,), Annals of Mathematics, to appear.

[9] J. Bourgain, A. Gamburd, and P. Sarnak, Generalization of Selberg’s theorem
and Selberg’s sieve, in preparation.

[10] J. Bourgain, A. Glibichuk and S. Konyagin, Estimate for the number of sums
and products and for exponential sums in fields of prime order, J. London
Math. Soc. 73, 2006, 380-398.

[11] J. Bourgain, N. Katz, T. Tao, A sum-product estimate in finite fields and
applications, GAFA, 14, 2004, 27-57.

[12] V. Brun, Le crible d’Eratosthéne et le théoreme de Goldbach, Skr. Norske Vid.
Akad. Kristiania I, 3, 1920, 1-36.

[13] Bugeaud, Y, Luca F, Mignotte, M, Siksek, S., On Fibonacci numbers with few
prime divisors, Proc. Japan Acad. Ser. A Math. Sci. 81, 2005, no. 2, 17-20

[14] J. W. S. Cassels, Rational Quadratic Forms, Academic Press, 1978.

[15] N. G. Chebotarev, Opredelenie plotnosti sovokupnosti prostykh chisel, pri-
nadlezhashchikh zadannomu klassu podstanovok, Izv. Ross. Akad. Nauk., 17,
1923, 205-250.

[16] L. Clozel, Demonstration de la conjecture T, Invent. Math. 151, 2003, 297-328.

[17] H. Diamond and H. Halberstam, Some applications of sieves of dimension
exceeding 1, London Math. Soc. Lecture Note Ser., 237, 101-107, Cambridge
Univ. Press, Cambridge, 1997.

[18] G. Lejeune Dirichlet, Démonstration d’un théoréme sur la progression

arithmeétique, Abhandlungen Preuss. Akad. Wiss., 1837, 45-71.



78

[19]

[20]

[21]

[44]

[45]

JEAN BOURGAIN, ALEX GAMBURD, AND PETER SARNAK

J. Elstrodt, F. Grunewald, J. Mennicke, Groups acting on hyperbolic space.
Harmonic analysis and number theory., Springer Monographs in Mathematics.
Springer-Verlag, Berlin, 1998

R. Fossum and B. Iversen, On Picard groups of algebraic fibre spaces, J. Pure
Appl. Algebra 3, 1973, 269280.

J. Friedlander and H. Iwaniec, Hyperbolic Prime Number Theorem, preprint
2006.

J. Friedlander and H. Iwaniec, book in preparation.

G. Frobenius, Uber Gruppencharaktere, Sitzungsberichte der Koniglich
Preuflischen Akademie der Wissenschaften zu Berlin, 1896, 985-1021.

E. Fuchs, Ph. D. Thesis, in preparation.

A. Gamburd, Spectral gap for infinite index “congruence” subgroups of SLa(Z),
Israel Journal of Mathematics 127, (2002), 157-200.

Graham, Ronald L., Lagarias, Jeffrey C., Mallows, Colin L., Wilks, Allan
R., Yan, Catherine H., Apollonian circle packings: number theory, J. Number
Theory 100, 2003, no. 1, 1-45.

B. Green and T. Tao, Linear equations in primes, preprint.

H. Halberstam and H. Richert, Sieve methods, Academic Press, 1974.

A. Hall, Geneology of Pythagorean Triads, Mathematical Gazette 54 390 (1970)
377-379

G. H. Hardy and J. E. Littlewood, Some problems of ‘Partitio Numerorum’:
III. On the expression of a number as a sum of primes, Acta Mathematica,
44, 1922, 1-70.

H. Helfgott, Growth and generation in SLy(Z/pZ), Annals of Mathematics, to
appear.

S. Hoory, N. Linial, and A. Wigderson, FEzpander Graphs and their Applica-
tions, Bull. Amer. Math Soc., 43, 2006, 439-561.

H. Iwaniec, Primes represented by quadratic polynomials in two variables, Acta
Arith. 24 (1973/74), 435-459.

H. Iwaniec and E. Kowalski, Analytic Number Theory, AMS, 2004.

J. Jones, D. Sato, H. Wada, D. Wiens, Diophantine representation of the set
of prime numbers, Amer. Math. Monthly, 83, 1976, 449-464.

H. Kesten, Symmetric random walks on groups, Trans. AMS 92, (1959), 336—
354.

M. Kneser, Abschdtzungen asymptotischen Dichte von Summenmengen, Math.
Z., 58, 1953, 459-484.

E. Kowalski The algebraic principle of the large sieve, book in preparation.
S. Lang, Algebraic groups over finite fields, Amer. J. Math. 78, 1956, 555—-563.
S. Lang, Algebra, third edition, Springer-Verlag, NY, 2002.

S. Lang and A. Weil, Number of points of varieties in finite fields, Amer. J.
Math. 76, 1954, 819-827.

J. Liu and P. Sarnak, Almost primes on quadrics in 3 variables, in preparation.
A. Lubotzky, Cayley graphs: eigenvalues, expanders and random walks, Sur-
veys in Combinatorics, (P. Rowbinson ed.), London Math. Soc. Lecture Note
Ser. 218, Cambridge Univ. Press, 1995, 155-189.

A. Lubotzky, R. Phillips, P. Sarnak, Ramanujan Graphs, Combinatorica 8
1988, 261-27.

Yu. V. Matiyasevich, Hilbert’s Tenth Problem, MIT Press, 2004.



[46]
[47]
[48]

[49]
[50]

[51]
[52]
[53]
[54]

[55]

AFFINE LINEAR SIEVE, EXPANDERS, AND SUM-PRODUCT 79

C. Matthews, L. Vaserstein and B. Weisfeiler, Congruence properties of Zariski-
dense subgroups, Proc. London Math. Soc, 48, 1984, 514-532.

A. Nevo and P. Sarnak, Prime and almost prime integral matrices, in prepa-
ration.

E. Noether, Fin algebraisches Kriterium fir absolute Irreduzibilitdt, Mathema-
tische Annalen, 85, 1922, 26-40.

M. V. Nori, On subgroups of GL,,(F}), Invent. Math. 88 (1987), no. 2, 257-275.
P. Sarnak, What is an expander?, Notices of the American Mathematical So-
ciety 51, 2004, 762-763.

P. Sarnak, Notes on the generalized Ramanujan conjectures, Clay Mathematics
Proceedings, 4, 2005, 659-685.

P. Sarnak, Letter to Lagarias on integral Apollonian packings, available at
http://www.math.princeton.edu/sarnak/

P. Sarnak, FEquidistribution and Primes, 2007 PIMS Lecture, available at
http://www.math.princeton.edu/sarnak/

P. Sarnak and X. Xue, Bounds for multiplicities of automorphic representa-
tions, Duke Math. J. 64, (1991), 207-227.

A. Schinzel and W. Sierpinksi, Sur certaines hypotheses concernant les nombres
premiers, Acta Arith. 4, 1958, 185-208.

W. Schmidt, Equations over finite fields: an elementary approach Kendrick
Press, Heber City, UT, 2004

A. Selberg, On the estimation of Fourier coefficients of modular forms, Proc.
Symp. Pure Math. VII, Amer. Math. Soc.(1965), 1-15.

W. Sierpinski, Pythagorean Triangles, Dover Publications, 2003.

T. Tao, Product sets estimates for non-commutative groups, preprint, 2006.
T. Tao and V. Vu, Additive combinatorics, Cambridge University Press, 2006.
J. Tits, Free subgroups in linear groups, Journal of Algebra, 20, 1972, 250-270.
I.M.Vinogradov, Representations of an odd number as a sum of three primes,
Dokl. Akad. Nauk SSSR, 15, 1937, 291-294.

B. Weisteiler, Strong approzimation for Zariski-dense subgroups of semisimple
algebraic groups, Ann. of Math. (2) 120 (1984), no. 2, 271-31.

SCHOOL OF MATHEMATICS, INSTITUTE FOR ADVANCED STUDY, PRINCETON,
NJ 08540
E-mail address: bourgain@math.ias.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA AT SANTA CRUZ,
1156 HiGH STREET, SANTA CruUzZ, CA 95064
E-mail address: agamburd@ucsc.edu

SCHOOL OF MATHEMATICS, INSTITUTE FOR ADVANCED STUDY, PRINCETON,
NJ 08540 AND DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY
E-mail address: sarnak@math.princeton.edu



