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1. INTRODUCTION

Let f(x1,22,x3) be an indefinite integral quadratic form with determinant d(f), ¢ a non-zero

integer, and assume that td(f) is square-free. We denote by V' =V} the affine quadric
{x: f(x) =t}

where here and throughout bold face letters denote vectors whose dimension is clear from the

context. According to Siegel’s mass formula for f [26] and the fact that such an f only has one

class in its genus ([5], page 203),
V(Z)={xeZ: f(x)=t} #0

if and only if f(x) = t(modd) is solvable for every d > 1. We assume that this is the case, that
is V(Z) # 0. Our main result is that the set of x € V(Z) for which the product xix2x3 has at
most 26 prime factors, is Zariski dense in Vy ;.

The two cases, f isotropic or not over Q, are best treated separately. The former can be
investigated in more elementary terms by exploiting that there are nonconstant polynomial
parameterizations of points in V(Z). That is, there are morphisms P = (P, P», P3) with P;
an integral polynomial in one variable for which P(y) € V(Z) if y € Z. With this one can
produce points with few prime factors on such curves in V' using standard sieve methods [14].

For example for the cone
flar,x,23) = af + 25 — 23 =0, (1.1)

Diamond and Halberstam [7] show that there are infinitely many such primitive Pythagorean
triples for which xqx9ox3 has at most 17 prime factors. Using similar arguments, one can do the
same for Vy; when f is isotropic.

If f is anisotropic, which is the case that we deal with in this paper, there are no nonconstant
integral polynomial morphisms of the line into V', as can be seen by considering the highest degree
coefficient of a potential such morphism. Instead, we use the affine linear sieve introduced in
[3]. The general theorem in [3] when applied to this setting asserts that the saturation number
r(V(Z), x1x223) is finite, where 7(V (Z), z1x2x3) denotes the least number r such that the set of
x € V(Z), for which x1x9x3 is a product of at most r primes, is Zariski dense in V. Our purpose
here is to exploit various special features of 3-variable quadrics to give a reasonable upper bound
for r(V(Z), z1x2x3). In contrast to [3], we use an archimedean height to order the points, and
we sieve on the orbit on the homogeneous space V rather than on the corresponding spin group.
Moreover, the groups that intervene in the analysis are congruence subgroups of the spin group,

and we can exploit the sharpest known bound towards Selberg’s Eigenvalue Conjecture [19]. For
2



the abstract 3-dimensional sieve that underlies the analysis, we use the weighted sieve in [8] and

[7].
Blomer and Briidern [1] have investigated this problem in the definite case
:L'% + x% + ﬂc§ =t.

For ¢ large and satisfying suitable congruence conditions, they show that on such a quadric,
there is an x with each z; having at most 521 prime factors. They employ the vector sieve [4]
via theta functions and the theory of holomorphic forms of 3/2-integral weight. In particular,
they need nontrivial bounds towards the Ramanujan Conjectures for these forms. Such bounds
are known and are critical in many applications [17] [9]. However their quality is poor compared
to what is known towards the Selberg Eigenvalue Conjecture. This together with Propositions
3.1 and 3.2, which give sharp and uniform bounds for the remainders in a weighted count of
cosets associated with one and two sheeted hyperboloids, lead to the central level of distribution
Theorem 2.1. In turn this is responsible for the quality of our results in the indefinite case.

To end the introduction, we clarify a point about counting the number of prime factors r.
For d > 1, let

V(Z/dZ) = {x € (Z/dZ)? : f(x) = t(modd)}, (1.2)
and
VN Z/dZ) = {x € V(Z/dZ) : x12223 = 0(modd)}. (1.3)
There may be "bad or ramified primes” p for which
VU(Z/pZ) = V(Z/pT). (1.4)

We will see that this can only happen if p is in {2,3,5}. If it does, then p|zizoxs for any
x € V9(Z), and hence at least one of the x;’s is divisible by p. In our count of 26 primes factors,
we do not include a prime p € {2,3,5,7} for which our chosen orbit & (see Section 2) in V(Z)
is ramified.

The general local to global conjectures [3] when applied to V(Z) after pulling back to the spin
group, assert that the saturation number r(V(Z), z1z223) is 3 if and only if there are no bad
primes for V. In particular, in this case of no bad primes we conjecture that there are infinitely
many x € V(Z) whose coordinates are simultaneously prime.

Finally, if we assume the Selberg Eigenvalue Conjecture [24], we can establish our main result
with 22 replacing 26.

In the forthcoming paper of Nevo-Sarnak [22], the affine linear sieve is developed further to

give effective saturation numbers for orbits of congruence subgroups of semi-simple Q-groups.
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2. STATEMENT OF THEOREMS

In order to formulate the Theorems, we introduce the central tools. Let SOy denote the
special orthogonal group of 3 x 3 matrices which preserve f. It is a linear algebraic group
defined over Q. Denote by G the spin double cover of SOy (see [5]). Then G is defined over Q
and, since f is anisotropic, GG consists of the elements of norm 1 in a quaternion division algebra

Dy over Q. For example if f is diagonal,
f(x) = fial + faxs + f325  with f; € Z,

and the quaternion u is of the form

u=ug+uF1 +usFy +ugks3 with E}2 = —fl';2f3,
J
then the morphism p : G — SOy is given by
gi1 g12 913
P(u) = g21 G922 g23
931 932 933
with
g1 = Ui+ fafsul — fifsud — f1foul,
g12 = 2fi1fauruz —2fiugus,
913 = 2fruous + 2f1 faurus,
921 = 2faupus + 2f2 faugus,
gro = ud— fofsu? + fifsud — fifoul,
923 = 2f1fousuz — 2 fouguy,
931 = 2fafzuruz — 2 faugus,
932 = 2f1fausuz + 2faugus,
gss = ud— fafsui — fifsus + f1fous.
Here
N(u) = ud + fofsu? + f1fsus + fifzul = 1. (2.1)

Let I' be the unit group of integral quaternions, i.e. u; € Z in the above examples. If there is

no room for confusion, we drop p and write the action of 4 € I on x = (x1, z9, 23) by x — x7.
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Now p(I') C SO¢(Z) and V(Z) decomposes into finitely many I' orbits

h
V(z)=| |yYr. (2.2)
j=1

The quadric V(Z) in 3-variables does not satisfy strong approximation (see Borovoi [2] for a
quantification of its failure), so for our analysis, we fixate on each orbit yUT separately. We
fix such an orbit & = yI'. Let K be a maximal compact subgroup of SOf(R), and let |- | be
a Euclidean norm on R? which is K invariant. In Section 3, we construct smooth functions
Fr:R3 — R for T > 10 which depend only on |x| and satisfy

(i) Pr(x)

=1 if |x| < T/co; (2.3)
(i) Fr(x)=0

(i) 0<FPr(x) <L
, if |x| > T

where ¢ is a positive constant depending only on .
For n > 0, set

an(T)= >  Fr(x). (2.4)

x€0
zjzor3z==%"N
Note that a,(T) > 0 and a,(T) = 0 if n > ¢; T3 for a suitable constant c;. If
X = an(T), (2.5)
n>1
then we show in Section 3 that

X ~c(0)T asT — oo, (2.6)

where c2(0) is a positive constant.

The splitting of Dy at infinity yields Dy ® R = M(R) and this realizes I' as a co-compact
lattice in SLo(R). Let 0 < 6 < 1/4 be so that the first eigenvalue A\; of the Laplacian on the
hyperbolic surface X, = I'(¢)\H, where I'(¢g) is the principal congruence subgroup of I' of
level ¢ > 1, satisfies

— 0% (2.7)

| =

M (Xrg) 2

Applying the Jacquet-Langlands correspondence [18] and the bound of Kim-Sarnak [19], we have
that @ = 7/64 is such a number, while Selberg’s Eigenvalue Conjecture [24] implies that § = 0

is admissible.



Denote by ¢(Z/dZ) the orbit yI' in (Z/dZ)?, and by 0°(Z/dZ) the subset of €(Z/dZ) for
which y1y2y3 = 0(modd). The following key level distribution theorem is proven in Section 3.

Theorem 2.1. Let f and O be as above. Then, for 1 < d <T, we have

o e )
(Z) "D =16z/a)

X + Og(d1+6T1/2+9+8)- (2.8)

As with V(Z/dZ) and V°(Z/dZ), we say that p is "bad” for @ if O(Z/dZ) = 0°(Z/dZ). We
show in Section 4 that the only possibility for a "bad” p for & is a p that lies in {2,3,5,7}.
Let B(0) denote the set of bad primes for ¢. For r > 1 and B a subset of primes, let P.(B)
denote the set of integers which have at most r prime factors outside B. In Section 6, we use

the 3-dimensional weighted sieve of [7] to prove

Theorem 2.2. Let B(0) be the set of bad primes for 0. Then

T
> an(T) > i
nePag(B(6)) 08

Moreover, if 0 = 0 is admissible in (2.7), then the above holds with 26 replaced by 22.

Corollary 2.3. The set of x € O, for which x1x9x3 has at most 26 prime factors outside of
B(0), is Zariski dense in V. If we assume 8 =0 in (2.7), then 26 may be replaced by 22.

3. SPECTRAL THEORY AND COUNTING

We need some lemmas which concern counting points in regions for the action of a lattice I"
in SLy(R). A key point being the uniformity, assuming the spectral gap condition (2.7) as I’
varies over subgroups of a given such group.

The cases where V(R) is a two or one sheeted hyperboloid are handled by an analysis on
different spaces, so we deal with them separately. We begin with the two sheeted hyperboloid
in which case each sheet is a hyperbolic plane, and we develop some general facts about the
counting, with uniform small remainder, of a co-compact lattice I' in SLa(R).

Let H be the upper half non-Euclidian plane. We use the hyperbolic metric for all measure-

ments. Let I be a co-compact lattice and assume that there is C' < oo such that
H{y el :d(yz,2z) <1} <C (3.1)

for any z € H, where d(z,w) is the distance from z to w. This condition asserts that T'\H has

no small geodesic loops.



For w € H, let (p,6), p > 0 and 0 € [0,27), denote polar coordinates about w. For R > 10,
let Fr(p) be a function satisfying

(i)  0<Fgr(p) <1
(i) Fr(p)=1, for p< R—1;

Fr(p) =0, for p> R+ 1; (3.2)
(iii) The derivatives up to a fixed order [ of Fr with respect to p

are bounded by ¢(1).

Define Kgr(z,w) for z,w € H by

Kg(zw) =Y Fr(d(yz,w)). (3.3)
~vel

This will be our main counting function in (2.3); it is a smoothed out version of counting the
number of images of z under  which lie in a ball about w of radius R. Note that Kgr(yz,0w) =
Kgr(z,w) for 7,6 € I and z,w € H. Let

X=X(R)= /HFR(Z,w)dA(z) =27 /000 Fg(p) sinh pdp, (3.4)

so that X = eff as R — oo.
Proposition 3.1. IfI' satisfies (2.7) and (3.1), then for any e > 0,

X(R)

_ (1/2+60+€)R
Arca(ya) Ot b

Kg(z,w)

where the implied constant depends only on e, on C in (3.1), and on c(l) in (3.2).

Proof. As with the familiar treatment of the hyperbolic lattice point counting problem ([6], [21],
[12], [9]), we expand the function K spectrally. Let 0 = A\g < A\; < Ag < ... be the spectrum of
Laplacian on L2(I'\H) and {¢q, ¢1, ¢, ...} a corresponding orthonormal basis of eigenfunctions.
Write \j = 1/4 + 13 with t; > 0 or t; € iRT. A well-known calculation (see [24]) gives

Kr(z,w) =Y ha(t))é;(2)6;(w). (3.5)
j=0

Here

hr(t) = /HFR(z,w)wt(z,w)dA(z)

= 277/ Fr(p)wi(p)sinh pdp, (3.6)
0
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where w;(z, w) is the unique spherical function about w with eigenvalue A = 1/4 +t2 normalized
with w(w, w) = 1, while w;(p) is the same function in polar coordinates (so it does not depend
on w).

For A =0 i.e. t =i/2, we have w;/5(p) =1 and

hi <2> — X(R), (3.7)

while

N
/Area(T\H)
Thus the contribution from j = 0 in (3.5) is the main term in Proposition 3.1. So we must show
that

$o(2) = (3.8)

> hr(t;)éi(2)h;(w)
J#0
is bounded as claimed.
It follows from Harish-Chandra’s formula for spherical functions [15] and in our setting from

the theory of Legendre functions that
wi(p) < (p+ 1)e71/2H00p (3.9)

if A satisfies (2.7). Hence for [ > 0 an integer
ha(®) = 27 [ o) Fulp)sinhpdp
0
= 27A7! / {A wi(p)} Fr(p) sinh pdp
0

= 23 [ o) (Aol sinh
0
Loy Alel/AHOTIR (3.10)

by (3.2) and (3.9). It follows that, for a fixed [ > 0,
> hi(t))o;(2)95(w) <eq /2 sup 37 AT 6, (2)]. (3.11)
§#£0 7 j#0
In order to estimate the last sum uniformly in z and T', we go back to (3.5), and use positivity

and an F'(p) of small support. For € > 0, let F_ be positive definite e-appropriate identity. That
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/H F(d(z,w))dA(2) = 1, (3.12)

and F is supported in d(z,w) < € with

F.(z,2) < 2 (3.13)
Moreover,
he(t) >0, forte RUIRT, (3.14)
and
he(t) >~ for 1] < » (3.15)
—, for |t] < -. .
=10 €

Such F_’s are easily constructed by convolving, in the algebra of point-pair invariants (see [25]),
two conjugate functions of smaller support (see for example [23]).
With such an F, (3.5) reads

Dbty ()P = Fe(d(yz, 2)), (3.16)
J ~yel’
and hence by (3.1),
ST gi)P+ D 182 < Kpo(2,2) <c %2 (3.17)
t;eiRt tj€ER
[tj|<1/e

where the implied constant depends on C. Put another way, we have for £ > 1,

> 16i(2)P < € (3.18)

A€

with the implied constant depending only on C'in (3.1) and not on I' or z. It follows on summing
by parts that, for [ = 2,

D APes(2) P < 1. (3.19)

A;>1
Hence from (3.11) we conclude that
> hialt;)d;(2)6i(w) <o e PHITIR, (3.20)
J#0
proving Proposition 3.1. O



For the quadric which is a one-sheeted hyperboloid, the counting problem reduces to one of
counting points in the orbit of I" in a half annulus. After conjugation in SLy(R), we can assume

that our variable I' contains the fixed hyperbolic cyclic subgroup I'c where

k720 \"
ng{( 0 k:_l/2> : nEZ}. (3.21)

Here k > 1 and I'¢ is primitive in I'. We want to count cosets I'¢\I" ordered in a natural way or

what is the same orbit vz in the fundamental domain for I'

Fe={z€H:1<|z| <k} (3.22)

-

0 1 k

FiGure 1. ﬁg: the fundamental domain for I'¢

Let (p,t), —oo < p < 0o and 0 <t < logk = K, be Fermi coordinates for the "flare” .7, (see
Gamburd [11]). This time p is the signed distance of z = (p,t) € F¢ to the closed geodesic ¢

and r = e' = |z|. The action z — kz of ['¢ becomes
(p,t) = (p, ki +1). (3.23)
In these coordinates, the line element takes the form

ds? = dp* + (cosh p)*dt?. (3.24)
10



Let R > 10 and Fr(z) = Fr(p) be a smooth even function of p satisfying

(i) 0<Fr(p) <L
(i)  Fr(p) =1, for p < R—1;

Fr(p) =0, for p> R+ 1; (3.25)
(iii) The I-th derivative of Fr with respect to p

are bounded by ¢(1).

So,
Fr(yz) = Fr(z), forvyeT,. (3.26)

Define the weighted counting function Hgr by

Hp(z):= Y Fg(v2). (3.27)
YEL AT

kY20 "
(0 0L) s nea).

Let T' be a (variable) subgroup of SLo(R) satisfying (2.7) and (8.1), and such that I' D T'¢ = A.
Then, for any e > 0,

Proposition 3.2. Fix

X(R)

N (1/2+6+¢)R
Area(T'\H) +Oe{e b

Hp(z) =

where the implied constant depends only on e, C in (3.1), and c(l) in (3.25), but not on z orT.
Here

X(R) = /1/ Fr(p) cosh pdp. (3.28)
Note that X (R) < e’?, while if # = 0 the remainder term is essentially O(e/2).

Proof. The proof is similar to that of Proposition 3.1, the difference being with the special
functions and periods that intervene. For simplicity, we assume that § = 0 in (2.7). From
its definition in (3.27) it follows that Hr(yz) = HRr(z) for v € ', so we expand Hr(z) in the
orthonormal basis {¢1, @2, ...},

= (Hr, ¢;)¢;(z (3.29)
7=0

11



where

<HR7¢j> = - HR(Z)¢j(Z)dA(Z)

_ Z Fr(v2)¢;(2)dA(z)

Ir RISV \I'

= | Fr(x)#;(x)dA(z)

Fe
~ [ Fulo) ( | eto t)dt) cosh pdp.

The inner integral which is a function of p satisfies the differential equation

1 d dy
— hp— A =
Cos.hpalp<coS pdp) T AY

Two linearly independent solutions of (3.31) can be chosen to be even and odd with

Y5 (p) even and ¥5(0) = 1;
{ ¥%(p) odd and d%ﬂ}i!p:o =1.

This determines 9§ and ¢ uniquely. In this way, we have
K
| ston1ar = 4505, 0) + B, o),
where A; is the ”period”
K k
.\ dy
;= [ o0 = [ o).
0 1 Y

Returning to (3.29) and recalling that Fr is even, we have

Hi(2) = g ( / k asj(iy)dyy) < | Frtors, (oot pdp) 03(2).

The term with j = 0 gives

log k o X(R)
Area(I"\H) / Fr{p) cosh pdp = Area(T'\H)"

—00

As before, we need to estimate the contribution from j # 0 in (3.35).
12
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To this end, we identify explicitly the function 1§(p) in terms of the Legendre function P}
(see Gamburd [11]). If A = 1/4 + &2, then

1 1
¢(p) = P“(tanh PH(— tanh .
W50 = 55770 Wp( Vi (tanh p) + PLA(— tan p>), (3.37)
where = —i&, v = —1/2. We use the integral formula ([13], 8.714)
i T(1 + 2i€)(sin ¢)* /00 t—1/2 4 gy
pi - _ : .
~172(089) = SRR T2 1 T (12 1) Jy (1t 2Acongryme 33

and ([13], 8.756)
_ 2% /T
P 3 0) = —. 3.39
~172(0) [(3/4+1i£/2)? (3:39)
Hence, by Stirling’s series for the I'-function and an elementary estimation of the integral in
(3.38), we have for £ > 0,
P (cos ¢)

—i€
P5,(0)

< (1+€)°(1+ ). (3.40)

Corollary 3.3. For A\>1/4 i.e. £>0,

i A32(1 4 |p))
7#_15/2(/0) < ~Jeoshp
For [ > 0 fixed, we have
/ Fr(2)6(2)dA(z) = A / {Alg (=)} Fr(2)dA(2)
Fe e

. /f 65 (2){ A Fr(2)}dA(2)
Fe

1 d d\\"
= A (pst)| ———( cosh— ) | F h pd
J ;?/\g ¢](p7 )<COShpdp<COS dp)) R(p)COS pap

! k ) dy R+1
Lery Aj / ¢j(1y)‘/ |45 (p)| cosh pdp
1 Y1JRrR-1

/21, mpa| [F, .\ dy
Ly AjT Re /1 ¢j(zy);- (3.41)
1

3



Hence,

_ k d
Sttroon) < RSN [Coyin® o)

§#0 370
R/2 g 3/2-1) , N
< Re > X g5(iy) i (2)| =
T Y
J7#0
< Re2sup SN g (22, (3.42)
?j#0

Applying (3.18) and summing by parts with [ = 3, we get from (3.42) that

Z<HR, ¢>j><;3j(z) <<C’,c(l) ReR/Q. (3.43)
J#0
This completes the proof of Proposition 3.2 when # = 0. The case of # > 0 is handled in the

same way. 0

Next we construct the key weight functions Fp(x) in (2.3) using the corresponding functions
Fr(z) in (3.3) and and (3.6). To this end, we make a fixed (f and t are fixed) linear change of

variables over R with x going to &, taking f to g where
9(6) = 961,62, &) = & — &8s, (3.44)
and V; to

{ Wi g(§) =1/2if V; is one-sheeted;

W_i: g(§) = —1/2if V} is two-sheeted. (3.45)

In these coordinates, the spin double cover morphism 7 from SLs(R) to SO4(R) can be given
by

a B o af B
< 5 > — | 20y ad+py 286 (3.46)
Y 72 ’Y(S 52
with kernel +£7. Then over R we have that
W1 = V1T(SL2(R)) (347)
where v = (0, 1/\@, 0), and if ng is a connected component of W_q then

W9 =v_17(SLy(R)) (3.48)
14



with v_1 = (1/v/2,0,1/4/2). In (3.47), the stabilizer of vy is the split torus

1/2
H—{i(AO )\10/2); /\>0},

while in (3.48) the stabilizer of v_; is the compact K = SOa, i.e.

e e L L LA I e
—sinf cos@

Let | - | be the Euclidean norm on &,
€1 =& + 26 + €3
Then
|ET(k)| =1&| for k € K.
Hence
vi7(g)| = [va7(hgk)]
for any h € H,k € K, and g € SLa(R), while
vt (g)| = [vo17(kigks)|

for any ki, ks € K, and g € SLy(R).
Now any g € SL2(R) can be factored uniquely as

g:h<1 t/2\/§>k

0 1
witht € R,h € H, k € K. It follows from (3.53) that in terms of this factorization

]vlT(g)\Q =1+

A2
g_k1< 0 )\_1/2 >k2

with k1, ks € K and A > 1, then

Similarly, if

1 _
var(@)f = 308 + A7),

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

Using these, we transplant the function Fg in (3.6) and (3.3) to W; and W9, respectively. For

€ S Wla f = VIT(g)7 set

Fr(€) = Fr(vi7(g)) == Fr(gi)
15
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where in the last z — ¢z is the usual linear factional action on H, and where
T = sinh R. (3.60)

Note that from (3.50), (3.52), (3.53), and (3.54), Fp is well defined and depends only on [].

Also from (3.56) and a simple calculation
|¢| = coshp for £ € Wy. (3.61)

Thus, Fp(€) with T satisfying (3.60) satisfies the condition (2.4).
For £ € WY, and ¢ = vi7(g), set

Fr(§) = Fr(vi7(g)) = Fr(gi), (3.62)
with
T = Vcosh2R. (3.63)

Again, Fp(¢) is well defined and depends only on |¢|. From (3.58) and a calculation we see that
for £ € WO,

[€[* = cosh 2p. (3.64)

Hence with T satisfying (3.63), we conclude that Fr(€) satisfies (2.4).

Conjugating back to variables x € V;, the functions Fp(¢) become Fr(x) and these then
satisfy (2.4). The group of units G(Z) (as in (2.1)) is realized as a co-compact lattice in SL2(R),
as in the paragraph after (2.6). Let y € Vi(Z) be our ”origin” which we fix once and for all
(as in (2.2)). In the case that y lies on a one-sheeted hyperboloid, the stabilizer Hy of y in
SLy(R) under 7 is a split real torus. Let Ay = G(Z) N Hy, the corresponding infinite (cyclic)
subgroup. In the case of the two-sheeted hyperboloid, set for now Ay = £{I}. Let I' be a
variable congruence subgroup of G(Z) with I O Ay. Then I' satisfies (3.1) and (2.8), and hence
Proposition 3.1 and (3.3) yield

Z Fr(yr(vg)) = n X(R) + 08{6(1/2+9)R+a} (3.65)

AT rea(I"\H)

uniformly over such I and g € SL9(R), where R and T are related by (3.60) and (3.63) respec-

tively, and X (R) is the function in (3.4) or (3.28).
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4. PROOF OF THEOREM 2.1

With the weighted counting approximations that we established in Section 3, we are ready to
prove the key level distribution Theorem 2.1 and to examine the arithmetical properties of the
main term |0°(Z/dZ)|/|0(Z/dZ)|.

Proof of Theorem 2.1. The notation and setup is that of Section 2, and the weight function Frp
on V¢(R) is from Section 3. The orbit & = y7(I') with I' = G(Z) and a,(T) is given in (2.4).
For d > 1, we have

Y a(T) = > Fr(x)

n>1 x€0
n=0( mod d) z1xox3=0( mod d)
= > Frlyt() (4.1)

WEFy\F
f(yv)=0( mod d)

where f(x) = z12zox3 and I'y is the stabilizer of y in I' through the 7 action. If V;4(R) is one-

sheeted, then I'y = Ay is an infinite cyclic (mod % I) subgroup of Hy, while in the two sheeted

case I'y is a (fixed) finite cyclic subgroup of K. Let Fg,d) be the subgroup of I' which stabilizes

y mod d, i.e.
Iy = {y €T : yr(7) = y(modd)}. (4.2)
Then
Ay CTy C F(yd) crl. (4.3)
(d)

Moreover I'y” is clearly a congruence subgroup of I', and hence (3.65) applies. We can write
(4.1) as

Sow@ =YY Prlyr(so). (4.4)

nEO( mod d) §EF§Id) \T BGFy\Fg,d)
f(y6)=0( mod d)

As to the inner sum in (4.4), it is equal to the left-hand side of (3.65) with I'y = Ay and I there
being I‘g,d), at least in the case that V; is one-sheeted. It is equal to 1/|I'y| times the left-hand
side of (3.65) in the two sheeted case. By (3.65) the inner sum in (4.4) is equal to

cX(R)

4 O{e/2049Ry, (4.5)
i)

17



where ¢ = ¢(y,T") is a fixed positive constant independent of d. Hence (4.4) becomes

S owm =% o
T F(d)]
n=0( mod d) 6e1“§,d)\1" Yy

f(y8)=0( mod d)

_ Z {cX(R) +OE(6(1/2+0+5)R)}

(e69(2/dz) 0.1y
= Wd{(m+05{yﬁO(Z/dZ)ye<1/2+9+€>R}. (4.6)
Since |0(Z/dZ)| = [T : T], we have
_ |0%z/dz)| :
S alD) = WCX(R)+Oe{]ﬁ0(Z/dZ)]e(1/Q+9+ >R}. (4.7)

n=0( mod d)

This leads us to study the numbers |0°(Z/dZ)| and |0(Z/dZ)| as functions of d, for s square-
free. Now I' satisfies strong approximation (see [5], Chapter 10; this is the reason that we
define the orbits in terms of the spin group rather than the orthogonal group), and hence the
reduction G(Z) — G(Z/dZ) is onto. Moreover, if d = dydy with (di,d2) = 1 then G(Z/dZ) =
G(Z/d\Z) x G(Z/doZ). Thus, if we denote by 6(d) the reduction of 7(I') (via the morphism
in (2.1) and its generalization) in SL3(Z/dZ), then 0(Z/dZ) = 0(Z/d1Z) x 0(Z/d2Z) inside
SL3(Z/dZ). Tt follows that the orbit of y mod d, &(Z/dZ) is equal to O(Z/d1Z) x O(Z/d27)
in (Z/d1Z)3 x (Z)doZ)? = (Z/dZ)3. From this, it follows that ¢°(Z/dZ) = O°(Z/d17Z) x
OY(Z/dsZ) as a subset of (Z/dZ)3 = (Z/d1Z)? x (Z/d2Z)3. Hence |0(Z/dZ)| and |0°(Z/dZ)|

are multiplicative in d, as is w(d) where

0°(2/dZ))|

w(d) == dm.

(4.8)

With this, the analysis is reduced to the case when d = p, a prime. If p  d(f)t, then it follows
by Lang’s theorem [20], for example, that &(Z/pZ) = Vi(Z/pZ). That is the orbit of y under
G(Z/pZ) sweeps out the entire quadric over Z/pZ. Hence in this case

|0°(Z/pZ)| = |V (Z/pZ)).
18
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These cardinalities are easy to compute, and we do so in the Appendix using Gauss sums. One

can also proceed directly as in Cassels [5], Exercise 13 on page 31. For ptd(f)t,

e (4.10)
while
\VAZ/pZ)| < 3p + 6. (4.11)
Hence for d square-free,
|0%(Z.)dZ)| <. d*T°. (4.12)
Putting (4.12) in (4.7), we deduce Theorem 2.1. O

We conclude this section with an analysis of the possible p’s for which |&(Z/pZ)| = |0°(Z/pZ)|,
that is the ”bad primes” for the orbit &. Our claim is this can happen only if p € {2,3,5,7}.
That 2,3, and 5 can be bad even for V,(Z) and a fortiori for &, is immediate from the following

example:
f(x1, 2, x3) = 3027 + 3123 — 23, (4.13)

with ¢ = 1. f is indefinite; it is anisotropic over Qs (the Hilbert norm residue symbol at 31
is (30,31)31 = (32) = —1), and d(f) = —2-3-5-31. One checks directly that |V{(Z/pZ)| =
|\V1(Z/pZ)| for p = 2,3, and 5.

Returning to our analysis in general of the bad primes for &, we note that if p 1 td(f) and

p > 7 then from (4.9), (4.10), and (4.11) it follows that |0°(Z/dZ)| # |0 (Z/dZ)|, since
\Vi(Z/pZ)| = p* —p > 3p+6 > |V (Z/pZ)]. (4.14)

So what remains to be considered are the cases:
(i) plt and p 1 d(f),
(i) pld(f) and p f .
In the first case, we show that if p > 7 then 0°(Z/pZ) # O(Z/pZ). Since p 1 d(f), f is

isotropic over I, and hence by a linear change of variables over IF, we can bring f in the form
fx1, 2, 33) = 2123 — ax (4.15)

with @ = 1 or @ = r a quadratic non-residue modp. Say a = 1 (the other case is similar), then
the spin double cover G(Z/pZ) = SLy(Z/pZ), and its action can be described by (3.46) over ).
The orbits of 7(G(Z/pZ)) on Vy(F,) are

(0,0,0), (1,0,0)7(G(Z/pZ)), (r,0,0)7(G(Z/pZ)). (4.16)
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To see this, note that the stabilizer of (1,0,0) and of (r,0,0) in G(Z/pZ) is

(1) en)

and hence has order 2p. Moreover these points (1,0,0) and (r,0,0) are in distinct orbits. Hence

-~ D(p+1) _p2—1'

p(p
10100) = 10000 = % ="

(4.17)

It is elementary that
Vo(Z/pZ)| = p?, (4.18)

and hence (4.17) implies (4.16).

Now let L1, Lo, L3 be three linearly independent linear forms over F,, and assume that

< U ker (L ) NO(Z/pZ) = 6°(Z/pZ). (4.19)

For each j, we have that
| ker(L;) N Vo(Z/pZ)| < 2p. (4.20)

Furthermore, since 101 0,0\(Z/pZ) = O(,0,0)(Z/pZ) and ker(L;) N Vo(Z/pZ) is invariant under
multiplication by any non-zero A, it follows from (4.20) that

|ker(L;) N O(Z/pZ)| < p. (4.21)
Hence
|6%(Z/pZ)| ‘ < U ker(L > N ﬁ(Z/pZ)‘ < 3p. (4.22)
According to (4.17),
p’-1
|O(Z/pZ)| = > 3p =|0°(Z/pL)]

if p > 7. This proves our claim in case (i).

In case (ii), we show that |0°(Z/pZ)| # |0 (Z/pZ)| for p > 11, and in fact equality may occur
for p = 7. In this case p|d(f), and since d(f) is square-free, f may be brought by linear change
of variables over Z, into the form

f(xy, x9, x3) = pas + bl + ca’ (4.23)
20



with p 1 be and also p 1¢. Again we can count the number of points on V;(Z/pZ):

\Vi(Z/pZ)| = (p— (_pbc»p. (4.24)

According to (2.1) the spin double cover G(Z/pZ) is given by u = (ug, u1, u, u3) € Fj, with
ud + beud = 1 (4.25)
with the action 7(u) given by

1 0 0
2bugus + 2bcuius u% —beu?  —2buguy . (4.26)
2bcuius — TUQUL 2cugu u% - bcu%

Hence

|G(Z/pZ)| = p° <p - <_bc> ) : (4.27)

p
If (20,90, 20) € Vi(Z/pZ), then clearly yozo # 0. Now if 7(u) stabilizes (xo, Yo, zo), then

2 2
ufy — beuy  —2buguy B
(0, 20) < deugur U2 — beud ) (0, 20)- (4.28)

So completing vo = (yo,20) to a basis {vg,v1} of IFZ, the linear transformation above in this

(o 5)

Since its determinant is 1, it follows that 8 = 1, and hence that its trace is 2. That is

new basis takes the form

ud — beu? = 1. (4.29)
We also have (4.25) and thus conclude that ug = £1. It follows easily from this and (4.26) that
the stabilizer in G(Z/pZ) of (z¢, yo, z0) has order 2p, and hence from (4.27) that

1O wo.y0,20) (Z/PL)| = g(p - <_pbc)> = Vt(Zé/pZ). (4.30)

That is, there are two 7(G(Z/pZ)) orbits. Now let Ly, L2, Ls be our three (linearly independent)
linear forms in x1, x9, 23, for which we want to find an (21,22, 73) € (4 4,.2) Such that L;(x) #
0 for j = 1,2,3. The problematic case, which we examine, is when two of three forms, say Lo
and Lj3, involve only xo and x3. In this case, consider only the x2 and x3 coordinates and the

action (4.28) on these. We have seen that using ug and u; we can produce (p — (%’C)) /2 distinct

points (z2,23) (ignoring the first coordinate x;) in the orbit of (4.28). So if p > 11, there are
21



at least 5 such points. On the other hand, the number of of points (z2,z3) on f(z2,x3) =t
and for which L;(x2,23) = 0 with j = 2 (respectively 3) is at most 2. Hence there is a point
2o.0,20) (Z/PZ) such that La(x) # 0 and L3(x) # 0. Now using the full group
(4.26) to vary x1 (keeping xo and z3 fixed), it is easy to see that we can arrange for a point
(71,72,%3) € Oy 40,20)(Z/PZ) such that Li(x)La(x)L3(x) # 0. This completes the analysis
that for p|d(f) and p > 11, we have
o%(z/pr) < 4dp< pQ;p < ;{p2 — <_pbc>p}
= 0(Z/pZ). (4.31)

(71,22, 23) in O

For p = 7, the above argument fails, and that is because it may happen that ﬁO(Z JTL) =
O(Z]7Z). Let
fxy, w0, 3) = T2 + 23 + 23, t=1.

The subgroup 7(G(Z/pZ)) in (4.26) has the form

1 00

U

c- (00 (0 0) () (v

Hence the orbit & o 1y(Z/7Z) consists of points of the form (*, 0, £1) or (x,41,0). In particular,
if La(x) = w2 and L3(x) = z3 then La(x)L3(x) = 0 on Og,1)(Z/7Z).

where

5. SIEVES OF DIMENSION Kk > 1

Let &7 be a finite sequence of real numbers a,, > 0, and B a fixed finite set of primes. We are

interested in a reasonable lower-bound estimate for

Z an,s (5.1)

neP,(B)

where P,(B) is the set of positive integers with at most r prime divisors outside B. To estimate
(5.1), we need to know how .o is distributed to each of the arithmetic progression 0(modd),
where d is square-free and (d, B) = 1. To this end, let d be a square-free number, and write

oy ={a, € & :n = 0(modd)}. (5.2)
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We note that @] = 7. Suppose there exists an approximation X to |<7| := > a, and a non-

negative multiplicative function w(d) satisfying

w 1;
0<w(p) <p, ifp¢gDB; (5.3)
w(p) =0, if p € B;

and for some fixed (independent of z, z1) constants x > 1 and A > 2,

w(p)\ ! logz \ " A
11 <1—> g( ) <1+ ) for 2 < 2 < z. (5.4)
P log 21 log z1

21<p<z

Write

w(d
- ot~ 2D

The quantity #X is considered as an approximation to |7y, and therefore we suppose that

the errors Ry are small on average, in the sense that for some constants 7 with 0 < 7 < 1,
A1 > 1, and AQ > 2,

S R@E IR < A

log T X 55

d<XTlog—A1 x
(d,B)=1

where v(d) denotes the number of prime factors of d. Finally we introduce a constant p such
that

max n < X7H (5.6)
an €

The following two lemmas are essentially Theorems 0 and 1 in Diamond-Halberstam [7].

Lemma 5.1. Let k > 1 be given, and let o.(u) be the continuous solution of the differential-

difference problem

uro(u) = AL for0<u<2, A;,=(2e")T(k+1), (5.7)
(u"o(u)) = —ku="lo(u—2), for2<u; '
here v denotes the Euler constant. Then there exist two numbers a, and B, satisfying
g > P > 2 (5.8)

23



such that the simultaneous differential-difference system

F(u) =1/0x(u), for 0 < u < ay,
f(u) =0, for 0 <u < B, (5.9)
(ufF(u)) = ku"tf(u—1), foru> a., ‘
(o f(u)) = ku"TF(u—1), foru> B,

has continuous solutions Fy(u) and f.(u) with the properties that
F.(u)=140(e™), fulu)=14+0(e™"), (5.10)

and that F,.(u) and f.(u), respectively, decreases and increases monotonically towards 1 as

u — Q.

Lemma 5.2. Let &/ and B be described as above. Then, for any two real numbers u and v

satisfying
1
- <u<wv, fx<TU, (5.11)
-

we have
Y an>X ] (1 - “’(p)) (5.12)

provided only that

v/u d
K u s
r>Tuu—1+ ) /1 F.(tv—2s) (1 - Es) - (5.13)

6. PROOF OF THEOREM 2.2 VIA A WEIGHTED THREE DIMENSIONAL SIEVE
We are ready to establish Theorem 2.2.
Proof of Theorem 2.2. Under the assumption of Theorem 2.2, we may specify in Section 5
o ={an(T) : an(T) are defined as in (2.4)}. (6.1)
With X defined as in (2.5), we have

|| = an(T) = X.
n>1

Let B(0) be the set of bad primes for &. Then the discussion in Section 5 states that

B(0) c {2,3,5,7}.
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For these o/ and B(0), (5.2) takes the form
oy = {an(T) € & : n = 0(modd)},

where d is square-free and (d, B(€)) = 1. Following (4.8), we define, for square-free d,

R 62
0, otherwise.
It follows from the argument before (4.8) that w(d) is multiplicative, and (5.3) holds. To verify
(5.4), we recall that td(f) is square-free, and therefore for p ¢ B(0) there are three cases:

(i) pt d(f) and plt;

(ii) pld(f) and p 1 ¢;

(iii) p 1 d(f) and p 1 ¢.

Consequently,
-1
H (1 - w(p)) = W W23,
21<p<z p

where w1, we, w3 denote, respectively, products over primes satisfying the above three conditions
(i), (ii), and (iii). If p satisfies the first condition, then by (4.17) and (4.22),

w(p) _ |0°(2/pZ)| _ 6p

p  |0Z/pT)] T p* -1
and consequently
-1
1
<1_‘*’(p)> <1490 (6.3)
p p

It follows that

D) )

z1<p<z p>z1
ptd(f).plt plt
B d>zq d B 1 ‘

dlt

In the second case, we apply (4.31), to get

w(p) _ |0°(Z/pZ)| <8
p Iﬁ(Z/péZs)l “p-1




and therefore (6.3) still holds in case (ii). Hence, similarly

2007 ()
wy <1+ o

In the third case, (4.9), (7.7) and (7.10) are applicable, giving

w(p) _ |0°Z/pZ)| _ |V(2Z/pZ)| _3 <1>

p 10Z/p)|  |V(Z/PL)] p
Consequently, by the Mertens theorem, there is an absolute constant ¢4 > 1 such that

I (5+o(7)

z1<p<z
p¢B(0)

1 3
082 1+ “ , for2<z <z
log 21 log 1

p2

IA

w3

In conclusion,

I (=) - o

3
<logz> <1+ A >, for 2 < 2z <2, (6.4)

log 21 log z;

where A = A(t) > 2 is a constant depending on ¢ only. This establishes (5.4) with
k= 3. (6.5)

A formula like (5.5) is provided by Theorem 2.1; with the definition of w(d) in (6.2) and X as
n (2.6), Theorem 2.1 states that, for (d, B(0)) =1,

hl= Y am =Dy rym) (6.6)
n=0( mod d)
with
Ry(T) <. d'*eT1/2+0, (6.7)
If we write
D = TV/4-0/2— (6.8)
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then (6.7) yields
> AV R(T) < T, (6.9)

d<D
(d,B(0))=1

Recall X =< T'; then (6.8) and (6.9) establish (5.5) with

1
T=q- 6. (6.10)
Also, since 1 < n <« T3 for a, € <7, (5.6) holds with
Tw=3. (6.11)
This finishes checking the requirements of Lemmas 5.1 and 5.2, and therefore we have
> )>x ] <1 - > (6.12)
nePr(B(ﬁ)) peX1/v
provided that
r>Tpu—1+ 5 /v/qu(TU—S) (1—Es> @ (6.13)
fa(mv) Jy v/ s

Our aim is to find the smallest r satisfying (6.13)
Although it is difficult to compute Fj;(u) or f.(u) by hand, the following estimate is quite

effective in practice: For general 0 < 7 <1 and k > 1, and any 0 < { < S, put

¢ Br
Tu=1+¢——, T7v=—F1+0—1 6.14
B’ ¢ (6.14)
Then
v/u ds 8
K U K
_r Foro—s)(1- %) £ < log 28 _ . 6.15
), v (150 T St - nag (615)
This follows from (10.1.10), (10.2.4), and (10.2.7) in Halberstam-Richert [14].
Now we insert (6.14) and (6.15) into (6.13), and then specify x = 3, to get
B3 p—=3
> (1+Q)p —1+(3+C)log?—3 ¢ 5 =:m((). (6.16)
3
Note that
B3 = 6.6408 (6.17)
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by Appendix III on p.345 in [7]. The minimum of the function m(() is easily determined by
hand or by Mathematica. It turns out that, for § = 7/64 (i.e. 7 =1/4 —7/128),

min m(¢) = m(0.1866...) = 25.2615...; (6.18)
0<¢<pB3

and for # =0 (i.e. 7=1/4),

i = m(0.2306...) = 21.3105.... 6.19
Ogclglﬁgm(é) m( ) (6.19)
Therefore, r = 26 is acceptable unconditionally, and r = 22 under Selberg’s Eigenvalue Conjec-
ture.
When ¢ = 0.1866... or 0.2306..., we can decide the corresponding values of v by the second
equation in (6.14), and consequently (6.12) and (6.4) give

Y w@>x ] (1_2+O<p12>)>>1og)§x'

neP.(B(0)) pex1/v
p¢B(0)
This completes our proof of Theorem 2.2. O

We end this section with a proof of Corollary 2.3.

Proof of Corollary 2.3. The analogous passage from a lower bound in Theorem 2.2 to the Zariski
dense statement, when ordering points on an orbit combinatorially by word length, is described
in detail in [3], so we provide only an outline here. V; is irreducible as a variety in A3 and hence
if the points produced in Theorem 2.2 are not Zariski dense in V};, then there is a polynomial
g € Q[x1, x9, x3] which is non-zero when restricted to V' and such that all the points in question
lie in @ N {x : g(x) = 0}. Let T be our large parameter and choose p a large prime of size T°
for § a small constant to be chosen shortly. As in our analysis of VY(Z/pZ), we have

VI(Z/Z)] = [{x € V(Z/pZ) : g(x) = 0(modp)}| < p. (6.20)

Proceeding as in the derivation of Theorem 2.1 but with xjzx3 replaced by g(x), we get using
(6.20) that

Z T

FT(X) <<6 - +pl+€Tl/2+0+E. (621)
xe0 p

Ix|<T
9(x)=0( mod p)
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Hence under our assumption that the points produced are in {x : g(x) = 0}, we have

> Pr(x) < Y Frx)< ) Fr(x)

xEO xEO x€EO0
[x|<T [x|<T [x|<T
z1zox3€Pog(B(0)) g9(x)=0 g(x)=0( mod p)
T
<< - +p1+€T1/2+9+€. (622)
p

Hence choosing § small enough and positive, the upper bound on the right of (6.22) contradicts
the lower bound for the left-hand side of (6.22) that is provided by Theorem 2.2. O

7. APPENDIX

In this appendix, we use properties of Gauss sums to compute |V (Z/pZ)| and |V(Z/pZ)],
and then decide those primes p such that |V (Z/pZ)| = |V°(Z/pZ)|. This information is needed
by the sieve of Sections 5 and 6. Here we work in a slightly more general context, that is we do

not require f(x1,x9,x3) to be anisotropic, or t # 0.

Lemma 7.1. Let f(x1,22,x3) be an integral quadratic form with square-free determinant d(f),
and t an integer. Define |V(Z/pZ)| and |VY(Z/pZ)| as in (1.2) and (1.3). If |V(Z/pZ)| =
[VO(Z/pZ)|, then pl(d(f),t) orp=2,3,5.

Proof. Without loss of generality, we may suppose
f(zy, x2,23) = axt + bxd + ca?,
where a,b,c are non-zero integers, and the determinant d(f) = abc is square-free. Thus,
|V(Z/pZ)| denotes the number of solutions of
ax? 4 bas + cx3 = t(modp), (7.1)
and |V%(Z/pZ)| the number of solution of (7.1) with 212223 = 0(modp). To determine the bad
primes, we compute |V (Z/pZ)| and |V°(Z/pZ)| using Gauss sums.
The Gauss sum we are going to use is defined as
1 Sma?
=0

and the sum S(1,p) will play a special role in carrying out the computation below. A classical
result states that (see for example Hua [16], Theorems 7.5.4 and 7.5.5)

san =5 (2)e(2)={n i
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It follows from this and (7?1) = (—1)®=1/2 that

S(1,p)* = <_1>p- (7.3)

p
Also if p is odd, and p 1 m, then S(m,p) can be expressed in terms of S(1,p) in the following

way:
m
Stmp) = () S(1.0) (7.4
To compute |V (Z/pZ)| and |V°(Z/pZ)|, we distinguish between two cases.
CASE 1. pis odd, and ptd(f). In view that d(f) = abe, we have pfa,ptb, and p1c.
We have

p—1
V@)= Y StampSempsen. e (<), (75)

m=0

In the above sum, we may single out the term with m = 0, and then apply (7.4) to the terms

with m # 0, to get
v () S S () () 0

The last sum is 0 if p|t; it equals (2 £YS(1,p) if p t. Therefore, by (7.3),

2 if plt;

V(Z/p2)| = { o (z22) . itpit (77)

Writing
o(m,p) = S(am, p)S(bm,p)S(cm,p) —{S(am, p) — 1}{S(bm, p) — 1}{S(cm,p) — 1},

we see that

VZ/pZ)|

’B\'—‘

p—1
mt
mzoa ( - > . (7.8)
Expanding o(m,p) in (7.8),
VOZ/pL)| = Y(pia,b) +Y(p;b,c) +Y(pic,a)

1 p! mit
~2(pia) - Znb) ~ Zm )+ 3 e (—) , (7.9)
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where

1 p-1 mt
Yot = 3 3 Slamp)Stmpe (<" ). Zlpia) =

m=0

Now (7.4) and (7.3) give

Y(pab) = p+- <“b> S(1,p)? p_le (_mt>

Similarly,

Z(p;a) = 1 +; <Z) S(1,p) 3

The last term in (7.9) is d,;, the characteristic function of p[t. Inserting these into (7.9),

Vo@/o)
[ 324 {5+ () + (- 1), s
T B3 {ER O E HE () itpn

To see that 3 and 5 are the only possible bad odd primes, we need to show that |V (Z/pZ)| —
|V(Z/pZ)| > 0 for all p > 7. To this end, we treat p|t and p { t separately. If p|t, then it follows
from (7.7) and (7.10) that |V%(Z/pZ)| < 6p — 5, and consequently

\V(Z/pZ)| - [VO(Z/pZ)| = p* — (6p—5) >0, forp=>T.
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Now suppose p { t. Then (7.7) and (7.10) give |V(Z/pZ)| > p?> — p and |VY(Z/pZ)| < 3p + 3,
and therefore,
\V(Z/pZ)| — |[VNZ/pZ)| > p* —4p—3 >0, forp>T.
This proves the Lemma in the case of p { abe.
CASE 2. pis odd, and p|d(f). In view that d(f) = abc is square-free, we may suppose that
pla,p{b, and p{ec.
Since pla, we have S(am,p) = p for all m, and hence by (7.5),

1 — mt
\V(Z/pZ)] = - S(bm,p)S(cm,p)e | ——
g szop ! Y < p >
be L mit
= P+ <p> 5(1,p)2m216 <_p>
B p“r(?)é‘(Lp)2 p—1), ifplt
= 2 (B2, £t

(7.11)

To compute |VO(Z/pZ)|, we write
o(m,p) = pS(bm,p)S(em,p) — (p — 1){S(bm, p) — 1}{S(em, p) — 1},

and hence

VZ/pZ)|

:Zlo" ( ";t> . (7.12)

’BM—‘

Expanding o(m,p) in (7.12),

VOZ/pZ)| = (p—1)Z(p;b) + (p— 1) Z(p;c) + Y(p; b,c)
1 p-l mt
_Emf()(p —1)e (_p> . (7.13)

The last term in (7.13) is —(p — 1),

pl¢- Using the results for Y and Z before,

VO(z/pz)

_ { 2p— 1+ () (p—1), if plt; (7.14)

3p—2+{(%) + (D)} (p—1) - (22), it pit.
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To decide the possible bad primes, we still need to consider p|t and p 1 ¢ separately. If p|t, then
by (7.11) and (7.14),

V(Z/pZ)| — [V(Z/pZ)] = p* — 2p— 1 — (p— 1)* = —2.

That is, each odd prime divisor p of (abc,t) is possibly a bad odd prime. If p { ¢, then

V(Z/vZ)| - [V*(Z/pZ)

() () (Do

>p>—6p+5>0, forp>T.

This establishes Lemma 7.1 in the second case. O

Note that in Lemma 7.1, £ may be any integer, and therefore ¢ = 0 is allowed. An application

of Lemma 7.1 with ¢ = 0 gives that the only bad primes for the Pythagorean equation (1.1) are
2,3,5.

1]
2]

3]

[9]

[10]

[11]

REFERENCES

V. Blomer and J. Briidern, A three squares theorem with almost primes, Bull. London Math. Soc. 37(2005),
507-513.
M. Borovoi, On representations of integers by indefinite ternary quadratic forms, J. Number Theory

90(2003), 281-293.

J. Bourgain, A. Gamburd, and P. Sarnak, Sieving and expanders, C. R. Math. Acad. Sci. Paris 343(2006),
155-159; An affine linear sieve, expanders and sum product, in preparation.

J. Briiddern and E. Fouvry, Largrange’s four squares theorem with almost prime variables, J. Riene Angew.
Math. 454(1994), 59-96.

J. W. S. Cassels, Rational quadratic forms, London Mathematical Society Monographs 13, Academic Press,
London-New York, 1978.

J. Delsarte, Sur le gitter fuchsian, C. R. Math. Acad. Sci. Paris 214(1942), 147-179.

H. Diamond and H. Halberstam, Some applications of sieves of dimension exceeding 1, in Sieve methods,
exponential sums, and their applications in number theory (Cardiff, 1995), 101-107, London Math. Soc.
Lecture Notes Ser., 237, Cambridge Univ. Press, Cambridge, 1997.

H. Diamond, H. Halberstam, and H.-E. Richert, Combinatorial sieves of dimension exceeding 1, J. Number
Theory 28(1988), 306-346.

W. Duke, Hyperbolic distribution problems and half-integral weight Maass forms, Invent. Math. 92(1988),

73-90.
W. Duke, Z. Rudnick, and P. Sarnak, Density of integer points on affine homogeneous varieties, Duke Math.

J. 71(1993), 143-179.
A. Gamburd, On spectral gap for infinite index ” congruence” subgroups of SL2(Z), Israel J. Math. 127(2002),
157-200.

33



[12] A. Good, Local analysis of Selberg’s trace formula, Lecture Notes Math. 1040, Springer-Verlag 1983.
[13] I. S. Gradsbteyn and L. M. Ryzbik, Table of integrals, series, and products, 6th edition, Academic Press

2000.
[14] H. Halberstam and H.-E. Richert, Sieve methods, Academic Press 1974.

[15] Harish-Chandra, Spherical functions on a semisimple Lie group. I, Amer. J. Math. 80(1958), 241-310; II.
Amer. J. Math. 80(1958), 553-613.

[16] L. K. Hua, Introduction to number theory, Springer 1990.

7] H. Iwaniec, Fourier coefficients of modular forms of half-integral weight, Invent. Math. 87(1987), 385-401.

8] H. Jacquet and R. P. Langlands, Automorphic forms on GL(2), Lecture Notes in Mathematics, Vol. 114,

Springer-Verlag, Berlin-New York, 1970.

[19] H. Kim and P. Sarnak, Refined estimates towards the Ramanujan and Selberg conjectures, J. Amer. Math.
Soc. 16(2003), 175-181.

[20] S. Lang, Algebraic groups over finite fields, Amer. J. Math. 78(1956), 555-563.

[21] P. D. Lax and R. S. Phillips, The asymptotic distribution of lattice points in Euclidean and non-Euclidean
space, J. Funct. Anal. 46(1982) 280-350.

[22] A. Nevo and P. Sarnak, Prime and almost prime matrices, in preparation.

[23] P. Sarnak and X. Xue, Bounds for multiplicities of automorphic representations, Duke Math. J. 64 (1991),

207-227.
[24] A. Selberg, On the estimation of Fourier coefficients of modular forms, Proc. Sympos. Pure Math., Vol.

VIII, pp. 1-15, Amer. Math. Soc., Providence, R. 1. 1965.

[25] A. Selberg, Harmonic analysis on weakly symmetric Riemannian spaces with applications to Dirichlet series,
J. Indian Math. Soc. 20(1956), 47-87.

[26] C. L. Siegel, Lectures on the analytic theory of quadratic forms, third edition, Robert Peppermuller,
Gottingen 1963.

34



