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Abstract

The framework of the heterogeneous multiscale method (HMM) is used to develop numerical methods for the study

of macroscale dynamics of fluids in situations, where either the constitutive relation or the boundary conditions are not

explicitly available and have to be inferred from microscopic models such as molecular dynamics. Continuum hydro-

dynamics is used as the macroscopic model, while molecular dynamics serves as the microscopic model and is used to

supply the necessary data, e.g., the stress or the boundary condition, for the macroscopic model. Scale separation is

exploited so that the macroscopic variables can be evolved in macroscopic spatial/temporal scales using data that

are estimated from molecular dynamics simulation on microscale spatial/temporal domains. This naturally decouples

the micro and macrospatial and temporal scales whenever possible. Applications are presented for models of complex

fluids, contact line dynamics, and a simple model of non-trivial fluid–solid interactions.

� 2004 Elsevier Inc. All rights reserved.
1. Introduction

Continuum hydrodynamics has had rather impressive success in modeling the behavior of fluids, from

turbulent flows, to high Mach number gas dynamics, to the spreading of liquid films. It is remarkable that

very simple constitutive relations and boundary conditions, with all molecular details left out except for very

few parameters such as viscosity, perform so well in such a wide variety of situations. Nevertheless, there are

still many problems for which such continuum models are not adequate. In most cases, the difficulty arises

either from the complex nature of the constituting molecules such as in polymeric fluids, or from the geomet-
ric size of the problem as in micro- or nano-fluidics, or from the complex interactions or chemical reactions
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at the fluid–fluid or fluid–solid interface. In these situations, it is natural to describe the process using a more

detailed model such as molecular dynamics (MD). However too often it is impossible to perform full MD

simulations under realistic physical conditions, due to the disparate spatial and temporal scales that have

to be resolved in such simulations. It is therefore desirable to develop hybrid numerical methods that are

based on a combination of the continuum and molecular formulations, in order to take the advantage of
both the efficiency of the continuum models and the accuracy of the molecular models. Indeed this has been

the theme of much recent work [2–7] and is again the theme of the present paper.

Our starting point is the framework of the heterogeneous multiscale method (HMM) [1] which provides

a general and convenient setup for developing hybrid atomistic-continuum methods. HMM starts with an

unclosed macroscopic model which for the present problem will simply be the conservation laws of mass

and momentum. There are two main components in HMM: choosing a macro solver for the macroscale

variables and estimating the needed data from the micro model. The macro solver should be carefully cho-

sen to facilitate the coupling with the micro model. The general procedure of solving dynamical problems
using HMM is as follows. Assume that we have the macro variable U(t), for example, the velocity field, at

time t. To calculate the macro variable at the next time step t + Dt, we estimate the data needed in the

macro solver, for example the momentum flux, from the micro model such as molecular dynamics. In order

for the micro state to be consistent with the local macro state, certain constraints are imposed in the micro

model, usually through the imposition of some boundary conditions. The microscopic data are then proc-

essed using ensemble, spatial and temporal averaging to provide the needed macroscale data. These data

are finally passed back to the macro solver and U(t + Dt) is calculated.
In this paper, we apply the framework of HMM to develop numerical methods for the study of two types

of problems in fluids: The first type, which are type-A problems as defined in [1], are problems for which the

boundary condition needs to be extracted from microscopic models. Examples include contact line dynam-

ics, problems with complex fluid–solid interactions and surface reactions. The second type, called type-B

problems, are problems for which the constitutive relations have to be extracted from microscopic models.

Polymeric fluids serve as examples of this type. For type-A problems, the boundary conditions are obtained

from local MD simulation at the boundary. For type-B problems, the stresses are calculated from MD

simulations at locations where they are needed in the macro solver, e.g., at cell boundaries if the continuum

equations are solved using finite volume methods.
Several hybrid methods have been developed in recent years, mainly for type-A problems. Hadjiconstan-

tinou and Patera used the flow field measured in MD simulations as the boundary condition for continuum

computations [3,4]. The particle velocities are constrained through momentum reservoirs based on the

continuum velocity field. The Schwartz iteration method is used to ensure that the two descriptions are

consistent in an overlapping region at the steady state. They used this approach to study a steady channel

flow with an obstacle and the contact line dynamics. The coupled continuum/MD method developed by Li

and co-workers [7] is also based on the alternating Schwartz method, but pays more attention to the micro-

scopic physics. They developed an algorithm called the thermodynamic field estimator to infer the contin-
uum boundary condition from MD calculation. A particle velocity transformation called the optimal

particle controller is imposed on the boundary of the MD sub-domain in order to achieve the desired field

in MD calculation. O�Connell and Thompson simulated Couette flow by coupling a MD simulation to a

continuum computation. The coupling is achieved by constraining the dynamics of fluid particles in the

vicinity of the MD-continuum interface [2]. Flekkoy, Wagner and Feder introduced a hybrid method that

aimed at keeping the fluxes of the conserved quantities continuous across the MD-continuum interface [5].

An improved version is introduced recently by Nie and co-workers, in which the matching conditions in the

overlapping region were imposed using Lagrange multipliers [6]. In such a coupling scheme, the time scales
of the molecular and continuum simulations are still coupled, and this is a major limitation.

All these methods are based on the idea of domain decomposition (see Fig. 1(a)). The continuum model

is solved in one part of the domain while molecular dynamics is solved in another part, usually around the



(a) (b)

Fig. 1. (a) Schematic of the domain decomposition type of methods for type-A problems. The Navier–Stokes equations are solved in

the region covered with grid, and MD is carried out in the shaded region. These two regions are joined by an overlapping region in

which field variables or fluxes are matched . (b) Schematic of the method developed in this paper. The whole domain is covered by the

macrosolver, and the boundary conditions are built by constrained MD simulation in the shaded region at the boundary.
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boundary. An overlapping region is used between these two domains in which the two descriptions are
forced to match each other by either constrained molecular dynamics or Schwartz iteration. At the present

time, these methods have had limited success for dynamic problems due to the coupling of the time scales

and the complexity of the algorithms.

The method developed here is different from the overlapping domain decomposition strategy in that the

whole computational domain is covered by a macroscopic grid on which a macro solver is imposed (see Fig.

1(b)). The microscale model enters as a local refinement for obtaining the data needed in the macro solver.

By choosing appropriate macro-scale solvers, the task of coupling with the micro-scale model is consider-

ably simplified. The macro and micro time steps are naturally decoupled in our method, and large scale
dynamical problems can be studied as we demonstrate later. Additional discussions on the time-scale issue

are presented in the conclusion part of this paper.

This paper is organized as following. We discuss the macro and micro models in Section 2. Numerical

methods and examples for type-B problems are presented in Section 3. In Section 4 we describe the numer-

ical methods for type-A problems with applications to contact line dynamics, as well as a Marangoni flow.

Some concluding remarks are made in Section 5.
2. Macroscopic and microscopic models

At the continuum level, the dynamics of incompressible flow have to obey conservation of mass and

momentum:
qut þr � s ¼ 0;

r � u ¼ 0;

�
ð1Þ
where the momentum flux s = qu � u + p I�sd. Here q is the density of the fluid, u = (u, v) is the velocity

field, and p is the pressure, sd is the viscous stress tensor. At this level, the system is not closed since the

stress tensor is yet to be specified. For fluids with simple molecular structures, the simple constitutive

relation
sd ¼ lðruþruTÞ ð2Þ

is accurate enough for almost all purposes. However if the molecular structure becomes more complex,
such as the case of polymeric fluids, (2) is no longer accurate. As we show later, in this case, one can still

calculate the stress from atomistic models, for example using the Irving–Kirkwood formula.
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Another important component in the model is the boundary condition. Almost all macroscopic models

assume the no-slip boundary condition
u ¼ u0; ð3Þ

where u0 is the velocity of the boundary. At the microscopic level, the dynamics of the fluid is described by

the position and momentum of all constituting particles, which are governed by Newton�s law:
mi _qiðtÞ ¼ piðtÞ;
_piðtÞ ¼ Fi;

�
ð4Þ
i = 1 , 2, . . . , N. Here mi is the mass of the ith particle, qi and pi are its position and momentum respectively,

Fi is the force acting on the ith particle.

To examine the behavior of the fluid flow near a solid boundary, we should also model the vibration of

the atoms in the solid next to the fluid–solid interface. Therefore one should consider the fluid–solid system

as a whole.

To integrate the set of equations in (4), we use the velocity-Verlet algorithm. Computational cost can be

reduced by using the linked-cell list or the Verlet list for short-ranged interactions [8,9].

In the simulation of viscous flow, the temperature of the system can change significantly, due to the heat
generated by viscous dissipation or friction between the fluids and the solids at the boundary. One way of

controlling temperature is to rescale the thermal velocity of each particle at regular time intervals. This

method is easy to implement but is rather unphysical. An alternative approach is to use the Nosé-Hoover

thermostat in which the system is coupled with an artificial heat bath, represented by an additional degree

of freedom [8,9]. We use this latter approach.

Given a microscopic state of the system {qi(t),pi(t)}i = 1 , 2 , . . . , N, we define the empirical momentum

distribution
mðx; tÞ ¼
X
i

piðtÞdðqiðtÞ � xÞ; ð5Þ
where d is the Delta function. Momentum conservation can then be expressed in terms of the microscopic

variables as:
mt þr � sðx; tÞ ¼ 0; ð6Þ

where the momentum current density s(x, t) is given by the following Irving–Kirkwood expression [11]:
sðx; tÞ ¼
X
i

1

mi
ðpi � piÞdðqi � xÞ þ 1

2

X
j 6¼i

ðqi � qjÞ � Fij

� � Z 1

0

dðkqi þ ð1� kÞqj � xÞdk; ð7Þ
where Fij is the force acting on the ith particle by the jth particle.

An important issue in molecular dynamics is how to model the atomistic forces. This can be a rather
difficult problem. Fortunately the algorithms we develop in this paper are quite insensitive to the details

of the atomistic potential. Therefore to avoid unnecessary complications we will restrict ourselves to the

simplest model, namely the Lennard-Jones (LJ) potential in a slightly modified form:
V LJðrÞ ¼ 4e
r
r

� �12

� g
r
r

� �6
� �

: ð8Þ
Here r is the distance between particles, e and r are characteristic energy and length scales. The parameter g
controls the nature of the interaction between particles. When g = 1, (8) defines the usual LJ potential which

is attractive at long distance. Repulsion between particles of different species can be modeled using negative

values of g.
Assuming pairwise interaction such as in (8), the interparticle force is given by
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Fi ¼ �
X

i6¼j
rV LJðjqiðtÞ � qjðtÞjÞ: ð9Þ
To reduce the cost for computing the sum, the tail of the potential is cut off at a distance rc = 2.5r.
For a physical discussion on the origin of the molecular forces, we refer to [21].

We will express all quantities in the numerical examples in reduced atomic units. The unit of length is r.
The unit of time is r

ffiffiffiffiffiffiffiffi
m=e

p
. For temperature it is e/kB where kB is the Boltzmann constant, and for density it

is m/r2 in 2d fluids and m/r3 in 3D fluids. The unit of viscosity is (em)1/2/r in 2d and (em)1/2/r2 in 3D. The

unit of surface tension is e/r2. For simplicity we will restrict ourselves to macroscopically two-dimensional

systems. But most of our molecular dynamics calculations are done in three dimensions.
3. Type-B problems: atomistic-based constitutive modeling

3.1. Macroscopic solver

As the macroscopic solver for the conservation laws, we choose the projection method on a staggered

grid [20]. The projection method is a fractional step method. At each time step, we first discretize the time

derivative in the momentum equation by the forward Euler scheme:
q
~unþ1 � un

Dt
þr � sn ¼ 0; ð10Þ
where sn is the momentum flux. For the moment, pressure as well as the incompressibility condition are

neglected. Next the velocity field ~un þ 1 is projected onto the divergence-free subspace:
q
unþ1 � ~unþ1

Dt
þrpnþ1 ¼ 0; ð11Þ
where pn + 1 is determined by
Dpnþ1 ¼ q
Dt

r � ~unþ1 ð12Þ
usually with Neumann boundary condition.

The spatial discretization is shown in Fig. 2. For integer values of i and j, we define u at ðxi; yjþ1
2
Þ; v at

ðxiþ1
2
; yjÞ, and p at the cell center ðxiþ1

2
; yjþ1

2
Þ. The diagonals of the flux s are defined at ðxiþ1

2
; yjþ1

2
Þ, and the

off-diagonals are defined at (xi, yj). The operators $and D are discretized by standard central difference

and five-point formula respectively. The use of this grid simplifies the coupling with molecular dynamics.

3.2. Estimating the stress

The data that we need in the macroscopic solver and should be estimated from molecular dynamics are

the stresses. In this subsection, we discuss how this is done.

3.2.1. Constrained microscopic solver: constant rate-of-strain MD

At each point where the macroscopic stress is needed, a local molecular dynamics calculation will be car-

ried out to provide the stress. Constraints have to be imposed on the molecular dynamics calculation in
order to ensure that the results are consistent with the local macroscopic state. These constraints are usually

imposed in the form of Lagrange multipliers or boundary conditions.

Our aim is to calculate the viscous stress by taking spatial and temporal averages over a large number of

time steps after the atomistic system is relaxed. However, maintaining the system under stress in a statistical



Fig. 2. Schematic of the spatial discretization of the continuum equations in (1). u is defined at ðxi; yjþ1
2
Þ, v is defined at (xi þ 1

2
, yj), and p

is at the cell center ðxi þ 1
2
; yj þ 1

2
Þ. s11 and s22 are calculated at the cell center indicated by circles, and s12 is calculated at the grid points

indicated by squares.
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steady state, from which the non-equilibrium averages of certain quantities are computed, represents a

significant challenge. Since the viscous stress is expected to depend on the velocity gradient, we need to
set up and maintain a steady linear velocity profile, with a specified gradient from the continuum calcula-

tion. This constrained dynamics is achieved through imposing appropriate boundary conditions on the sim-

ulation box. To minimize the finite size effect, periodic boundary condition is commonly used in the study

of equilibrium properties. However, in the current situation where there is momentum transport, the con-

ventional periodic boundary conditions need to be modified.

There exists an earlier work due to Lees and Edwards [10] in which the periodic boundary condition is

modified to maintain a constant shear in one direction. This is done by shifting the periodic copies above

and below the simulation box in opposite directions according to the given shear profile. Here we extend
this idea to situations with a general linear velocity profile.

Without loss of generality, we will consider the situation when the macroscopic velocity profile is of the

form
u

v

w

0
B@

1
CA ¼

a b 0

c �a 0

0 0 0

0
B@

1
CA

x

y

z

0
B@

1
CA ¼ Ax: ð13Þ
To initialize the MD calculation, one may simply start with a perfect lattice configuration in a rectan-

gular box. Each particle is given a velocity according to (13), plus a random component with mean 0
and variance kB T, where T is the desired temperature and kB is the Boltzmann constant.

Deforming the simulation box. Periodic boundary condition is imposed on a dynamically deforming

simulation box, whose vertices move according to
_x ¼ Ax; A ¼
a b 0

c �a 0

0 0 0

0
B@

1
CA: ð14Þ
In the z-direction there is no velocity gradient, hence the conventional periodic boundary condition is
used. (Recall that the macroscopic velocity profile is 2D, but the MD is 3D). Intuitively it is helpful to think

of the simulation box as been embedded in the whole space.

The shape of the deformed box at a latter time is shown in Fig. 3(b). Suppose at this point a particle

crosses the boundary at P(x), with velocity u, it will return to the box at P 0(x 0) with modified velocity



(a)

P

P'

(b) (c)

Fig. 3. Periodic boundary conditions on a dynamically deforming box.
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u0 ¼ uþ Aðx0 � xÞ; ð15Þ

where P 0 is the periodic image of P with respect to the deformed box. It should be emphasized that the set-

up and maintenance of the given velocity gradient are achieved by allowing the simulation box to change

shape as well as the modification of the periodic boundary conditions.

It is easy to see that if the velocity field is a pure shear
A ¼
0 b 0

0 0 0

0 0 0

0
B@

1
CA ð16Þ
then this boundary condition becomes simply the Lees-Edwards boundary condition.

Reinitialization. As the simulation proceeds, the simulation box will in general become quite elongated in

one direction and narrowed in the other direction (see Fig. 3(c)). If the box is significantly deformed, we

need to reinitialize the configuration. This is done as follows. During the simulation we keep track of

the distance d between the opposite sides of the box, and perform reinitialization when d < d0 = 5r. A sim-

ple way of reinitialization is to take a cubic box from the middle of the periodically extended system and
start over. After reinitialization, the periodic boundary condition will be imposed on the new cubic box,

instead of the deformed box before reinitialization, and the particles close to the boundary of the new

box may have a very short distance to the image particles in the neighboring boxes. Consequently the time

step should be decreased in this situation, due to the large forces caused by the interaction at short distance.

This is only a problem immediately after the reinitialization. In our calculation, we used an adaptive time

step based on the magnitude of the force:
Dt ¼ min 0:005;
0:01

max
i

jFij

0
@

1
A: ð17Þ
Sampling or averaging is resumed after a short-time equilibration, usually dozens of time steps after

reinitialization.

This constrained molecular dynamics can be formulated as:
mi _qiðtÞ ¼ piðtÞ;
_piðtÞ ¼ �

P
j 6¼i

rV ðjqiðtÞ � qjðtÞjÞ; i ¼ 1; 2; . . . ;N ;

_qkðtÞ ¼ uðqkðtÞÞ; k ¼ N þ 1;N þ 2; . . . ;M :

8>><
>>: ð18Þ
The additional variables q0ks are the positions of the vertices of the simulation box, and u is the given

velocity field.
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3.2.2. Extracting the stresses

The MD simulation keeps track of the positions and velocities of all particles as functions of time, from

which the stress tensor can be calculated using the Irving–Kirkwood expression (7).

In practice, the expression (7) is averaged over the simulation box and reduced to
Fig. 4

outsid
sðtÞ ¼ 1

jXj
X

qi2XðtÞ

1

mi
pi � pið Þ þ 1

2jXj
X
j 6¼i

dijðqi � qjÞ � Fij; ð19Þ
where in the first term the summation runs over the particles inside the box, and in the second term the

summation is over all pairs of particles including their images. Here dij is defines as
dij ¼
1 if qi; qj 2 X;

0 if qi; qj 62 X;

c if only one of qi; qj in X;

8><
>: ð20Þ
where 0 6 c 6 1 is the fraction of |qi�qj| being cut by the box. Therefore besides the contributions from the
particles inside the box, particles outside the box also contribute to the stress, as illustrated in Fig. 4. These

contributions become important when the box becomes smaller. Finally the stress is averaged over time:
s ¼ 1

T � T 0

Z T

T 0

sðtÞ dt; ð21Þ
where T0 is some relaxation time.

In Fig. 5, we show several numerical examples of the calculated stress for different velocity fields. The

MD simulation is in two dimensions, the size of the simulation box is 20 and the density is q = 0.79.
The temperature is fixed at 1.0 in all cases except in the second one which is not coupled with any thermo-

stats. The stress diverges in this case due to the heat generated by the viscous flow.

In Fig. 6, we plot the shear stress as a function of the shear rate for LJ fluids. The discrete points are

obtained from 3D MD calculations at density 0.81 and temperature 1.4. These data fit well to a linear func-

tion indicating a linear relation between stress and the rate of strain. The slope of the line, which is 2 in the

current case, is the viscosity of the fluid. This value agrees well with result in the literature [12].
A B

C

D F

E

. Computing averaged stress: Besides the contributions from the particles inside the box to the averaged stress, the particles

e the box also contribute, such as CD and EF.
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Fig. 5. Time series of stress for various velocity fields. Solid line: �s12; dashed line: �s11; dotted line : �s22. The temperature is fixed in

all cases except in (b), where the stress diverges due to the heat generated by the viscous flow. (a) u = 0.18y, v = 0; (b) u = 0.18y, v = 0;

(c) u = 0.18x,v = �0.18y; (d) u = 0.13x + 0.09y, v = 0.09x�0.13y.
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3.3. Numerical examples

The calculations proceed as follows:

� Step 0. Given an initial velocity u0; Let k = 0;

� Step 1. Calculate the stress in the interior of the domain by local MD simulations. The MD is

constrained by uk through the modified periodic boundary conditions on deforming boxes;

� Step 2. Solve the continuum equations in (1) to get uk + 1;
� Step 3. Let k: = k + 1 and go to step 1.

The MD simulation is the most expensive step in the computation, and usually carried out once after a

number of macro time steps.

3.3.1. Pressure-driven channel flow

We calculate the dynamics of the pressure-driven channel flow in the xy-plane. The width of the channel

is L = 449. The system contains Lennard-Jones particles with density 0.79. The flow is driven by an external
force in the x-direction with magnitude F0 = 2.2 · 10�3. The flow is homogeneous in x-direction, so the

momentum equation of u = (u, v) reduces to
qut ¼ ðs12Þy þ F 0; ð22Þ
with initial condition u = 0 and no-slip boundary conditions. s12 is the shear stress.
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Fig. 6. Shear stress as a function of shear rate for simple LJ fluids. The discrete points are obtained from 3DMD calculation, and they

fit very well to a linear function with slope 2 which is the viscosity. All the quantities are expressed in atomic unit.
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Eq. (22) is integrated in time by the explicit Euler method with step size Dt = 50. It is discretized in space

on a uniform grid {yi,i = 0 , 1 , 2 , . . . , N} with N = 20 points using central difference. The shear stress

ðs12Þiþ1
2
defined at yiþ1

2
is calculated from 2d MD simulation with the box of size 112.2 · 22.4 in the xy-plane

and contains 2000 particles interacting via Lennard-Jones potential. The shear rate is given by (ui + 1�ui)/
(yi + 1�yi), and the temperature is fixed at T = 0.8 using the Nosé-Hoover thermostat. The stress is averaged

over 2 · 104 time steps after a short period of equilibration. The time step in MD simulation is dt = 0.001.

The solid curves in Fig. 7 show the velocity profiles at different times. The top curve is the velocity at the

steady state. The dashed curves are the velocity profiles obtained by a different calculation: The stress at the

first four points fyiþ1
2
; i ¼ 0; 1; 2; 3g is calculated from MD as in the previous calculation, while at the

remaining points it is calculated using the constitutive relation s12 = luy with l = 4.0. This value of viscosity

is determined by a precomputation using 2d molecular dynamics at the specified temperature and density. It

can be seen that the two results are in good agreement, indicating that the shear stress in this case is accu-
rately modeled by the linear relation s12 = luy.

3.3.2. Dumb-bell fluids

We consider the same problem as in the previous example, but with the LJ particles replaced by dumb-

bells. Each dumb-bell consists of two beads, connected by a spring. The density of the beads is 0.79. The

interaction potential between the beads has two parts. The first is the LJ potential which acts on all beads in

the system. The second is the spring force given by an attractive potential (the FENE potential):
V FENEðrÞ ¼ � 1
2
kr20 lnð1� ð r

r0
Þ2Þ; r < r0;

1; r P r0:

(
ð23Þ
We used k = 1 and r0 = 2.5 in our simulation.

The velocity at the steady state is plotted in Fig. 8(a). Compared to the solution in the previous example,
the velocity is smaller, indicating that the same shear rate generates a larger stress in dumb-bell flows.

In each cell, we also calculated the average angle made by the dumb-bells with the flow direction:
h ¼ arctan
ry
rx

				
				; ð24Þ
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Fig. 7. Velocity profiles in the pressure-driven Poiseuille flow at different times. From bottom to top: t = 1850,3550,6750,17400. The

solid curves are obtained by the multiscale method where the shear stress is calculated by MD. For the dashed curves, the stresses at the

first four grid points are calculated by MD, while at the remaining grid points, they are calculated by the constitutive relation s12 = luy
with l = 4.0. The top curves correspond to the steady state solution.
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where (rx, ry) = xi�xj, and xi and xj are the positions of the beads belonging to the same dumb-bell. The

average angle is plotted as a function of y in Fig. 8(b), from which it can be seen that the local structures

of the flow are quite different at different locations: Near the channel boundary where the shear rate is lar-

ger, the dumb-bells are more aligned with the flow. In the middle of the channel where the shear rate is

relatively small, the dumb-bells are more randomly oriented.

3.3.3. Driven cavity flow

As a two-dimensional example, we solve a canonical problem - the boundary-driven cavity flow. This
problem is interesting since the continuum theory predicts an infinite stress at the corners, due to the

discontinuity in the velocity boundary condition. However, for the time being we will ignore this issue

and still stick with the no-slip boundary condition since at the moment we are primarily concerned with

using this example to test our algorithm for the calculation of stress.

The system measures 674 · 674 in xy-plane, and contains LJ particles with density 0.79. The equations

for the conservation of mass and momentum are solved by the projection method on a staggered grid as

described in Section 3.1 with 30 · 30 grid points and time step Dt = 13.5. The boundary condition u = 0,

v = 0 is imposed everywhere at the boundary except at the upper boundary where we impose u = 1,
v = 0. For initial data we choose the impulsive start: u = 0, v = 0.

The stress in the interior of the domain is calculated from 2d MD simulation by the method described in

Section 3.2. Temperature is fixed at 0.8 using the Nosé-Hoover thermostat. The time step in MD calcula-

tion is dt = 0.001. The stress is averaged over 104 time steps after 103 steps of equilibration.

The left panel in Fig. 9 displays the velocity field at t = 4179 obtained by the multiscale method. For LJ

particles, the linear constitutive equation is quite accurate, therefore, we expect Navier–Stokes equations to

be valid in this case. Indeed, we will use the Navier–Stokes results to benchmark the results of the hybrid

method. We solved the Navier–Stokes equations with the precomputed viscosity l = 4.0, and the velocity at
t = 4179 is displayed in the right panel. The two results are in good agreement.

In this example, we studied a 2d example of simple LJ fluids. The result is validated by comparison with

the solution of Navier–Stokes equations. However we emphasize that the hybrid method developed here is

not limited to the study of simple fluids. It is applicable to complex fluids as well, in which cases the Navier–

Stokes equations are not accurate.
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4. Type-A problems: modeling boundary conditions

In many problems, the empirical boundary conditions supplemented to the continuum equations are not

accurate enough to model the complex interactions between the fluid and the solid. In the hybrid method
proposed here, we build the boundary conditions from microscopic models such as molecular dynamics,
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Fig. 9. Left panel: the velocity field of boundary-driven cavity flow at t = 4179 obtained by the multiscale method in which the stress is

calculated using MD; Right panel: the velocity field at t = 4179 obtained by solving the Navier–Stokes equations with stress calculated

by the constitutive relation sd = l($u + $uT). The spatial coordinates are rescaled by the length of the system.
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which is carried out in a local region around the fluid–solid interface. We illustrate this method using three

examples. In the first example, we revisit the driven cavity flow, and describe the hybrid method for mode-

ling the boundary conditions. The second is an example of the Marangoni flow in which the flow is driven

by heterogeneous interactions on the fluid–solid interface. The third is an example of contact line dynamics.

4.1. Driven cavity flow

For simple fluids, it makes more sense to think of the driven cavity problem as a type-A problem, since

the stress singularity in continuum theory only occurs at the corners. There the stress has to be measured

from MD, but for the rest of the computational domain, the Navier–Stokes equations and no-slip bound-

ary condition are expected to be accurate enough.

The problem is described in Section 3.3.3. The fluid is confined in a box and sheared by a constant mo-

tion of the upper wall. We solve the equations for the conservation of mass and momentum by the projec-
tion method on the staggered grid, as described in Section 3.1. In the interior of the domain, the viscous

stress is calculated by the linear constitutive relation sd = l($u + $uT). The boundary conditions around

the corners are extracted from molecular model, i.e., the shear stress is calculated from MD (see Fig. 10).

In the local MD simulation, the LJ particles are confined in the simulation box by two solid wall at AB

and BC, and a repulsive force at CD and DA. For the MD to be consistent with the local continuum field,

we impose constraint on the particles in the shaded strips, i.e., their velocities are given by the continuum

velocity field plus a random variable with Maxwellian distribution. The shear stress is calculated using the

formula (7).
The velocity field is similar to that in Fig. 9, so we will not present the numerical results here.

4.2. Dealing with complex fluid–solid interactions

In this example, the flow is confined between two solid walls parallel to the xz-plane, and is homogene-

ous in the z-direction. The top wall moves with a constant speed U in the positive x-direction, and the lower

wall is fixed in space. The particles interact via the LJ potential. We assume no-slip boundary condition on

the upper boundary. The interesting phenomenon arises from the lower boundary, where the interaction
between the fluid and the solid varies in the x-direction, i.e., the coefficient g in (8) depends on the position

of the solid particles:
A B

CD

uu

Fig. 10. Schematic of the multiscale method for the driven cavity flow. The shear stresses around the corners are calculated from MD.

In the MD simulation, the solid wall AB moves with the given velocity u, the solid wall BC is fixed in space, and a repulsive force is

applied at the boundary CD and DA. In the shaded region, the velocities of the particles are generated based on the continuum

solution. The shear stress is calculated in the bins on the fluid–solid interface.
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gðxsÞ ¼
1

2
cos

2p
L
xs

� �
þ 1

� �
; ð25Þ
where L is the length scale for the variation of the fluid–solid interactions.

4.2.1. Macroscopic solver

The continuum equations in (1) are solved by the projection method on staggered grid, as described in
Section 3.1. The stress in the interior of the domain is calculated using sd = l($u + $uT) with l = 2.0 cor-

responding to 3D fluids with particle density q = 0.81 and temperature T = 1.4. The periodic boundary con-

dition is used in the x-direction. No-slip boundary condition is used at the upper boundary EF (see Fig. 11).

At the lower boundary AB, the normal velocity vanishes, i.e., v = 0. In addition, the shear stress needed at

the grid points on AB is calculated from molecular dynamics in the local region ABCD .

4.2.2. Estimating the shear stress at the boundary

The schematic of the molecular dynamics simulation is shown in the right panel of Fig. 11. The MD sim-
ulation is three dimensional and periodic in the x- and z-direction. In the y-direction, the fluid is confined by

a solid wall at AB and a repulsive force at GH. The particles in the system interact via LJ potential, but with

different parameters: eff = e, rff = r for fluid–fluid interactions; eww = 5e, rww = 0.775r for solid–solid inter-

actions; and efw = 1.16e, rfw = 1.04r for fluid–solid interactions. The repulsive force at GH is modeled by

the repulsive part of the LJ potential:
P ðyÞ ¼ e
r
r

� �12

; ð26Þ
where r is the distance to GH.

For the molecular dynamics to be consistent with the local continuum dynamics, each particle in the

strip CD is assigned the following velocity: uðxÞ ¼ ucðxÞ þ ~u, where uc(x) is the velocity from the continuum

calculation and ~u is the thermal velocity obeying the Maxwellian distribution at temperature T = 1.4.

Therefore the strip plays a two-fold role here: As a momentum reservoir it maintains the non-equilibrium

dynamics at the steady state; as a thermal reservoir it releases heat generated by viscous flow from the sys-
tem. At steady state, we expect the average velocity in ABCD to be consistent with the continuum velocity.

The region CDHG serves merely as a particle reservoir, and the dynamics in it are irrelevant since it is away

from the sampling region. Similar techniques were used in earlier works [3,4].
x

A

F

B

E H G

BA

Repulsive Force

Sampling Region

z

y C Constrained MD

D C

D

. Schematic of the multiscale method for the example of Marangoni flow. In the left panel, the upper wall EF moves with a

nt velocity in the x-direction. The boundary condition at AB is extracted from molecular dynamics simulations confined in

. Dotted lines show the grid used in the computation. The set-up of the MD simulation is shown in the right panel. The particles

nfined by a repulsive force at GH and the solid wall at AB. The dynamics of the particles in the strip CD are constrained by the

uum velocity field. The boundary conditions are extracted from the small bins at the lower boundary.
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The solid wall is modeled by two layers of particles in a fcc lattice. The outer layer is fixed in space, while

the inner layer evolves according to Newton�s law. Since there is a significant amount of heat generated at

the fluid–solid interface, the velocity of the particles in the inner layer is randomly modified with the fre-

quency 10dt based on the given temperature. dt = 10�3 is the time step in the molecular dynamics

simulation.
The MD simulation starts from an initial configuration in the phase space, e.g., the particles are

arranged on a regular lattice with thermal velocities. Typically after 104 time steps the system reaches

the steady state, and the stress is calculated using the formula (7) in the bins which are 2.5r above the wall

and of size 1r in both x and y directions.

4.2.3. Numerical results

The overall algorithm is as follows:

� Step 0. Given the initial velocity u0 = 0, and let k = 0;

� Step 1. Calculate the stress at the boundary AB by local MD simulation. The MD is constrained by uk;

� Step 2. Solve the continuum equations for uk + 1;

� Step 3. Let k: = k + 1 and go to step 1.

To save computational cost, the MD calculation for the boundary condition is carried out once for a few

iterations.

The whole system measures 103.2 · 51.6 in the x- and y-direction. The parameter L in (25) is 103.2. The
domain is discretized by a uniform grid with 50 · 25 points. The upper wall moves with a constant velocity

U = 1.0 in the positive x-direction. The time step in the macro solver is Dt = 0.052. Periodic boundary

condition is used in the x-direction, and no-slip boundary condition is used at the upper boundary.

In the local MD simulation, the box measures 103.2 · 15.6 · 5.2 in x-, y- and z-direction respectively. It

contains 5760 fluid particles and 1280 solid particles. The strip CD is 10r above the bottom and has a thick-

ness of 1r. Temperature is fixed at T = 1.4 through the constrained dynamics in CD, and also by the mod-

ification of the velocities in the inner layer of the solid wall. The stress is sampled for 104 time steps, and is

fitted by fourth order B-splines before passing back to the macro solver. A typical shear stress is shown in
Fig. 12(d).

The numerical results are shown in Fig. 12. Fig. 12(a) shows the velocity field at t = 11.87 and Fig. 12(b)

shows the corresponding vorticity. No-slip boundary condition breaks down in the middle of the lower

boundary, which can be seen from the velocity profile along the boundary (see Fig. 12(c)). The relative slip

is caused by the weak attraction between the fluid and solid particles.

4.3. Contact line dynamics

We next consider the motion of two immiscible fluids on a solid surface. Continuum hydrodynamics

breaks down in the vicinity of the contact line, where the fluid–fluid interface meets the solid surface. Spe-

cifically the usual no-slip boundary condition used in macroscopic fluid dynamics leads to an unphysical

divergent shear stress and dissipation rate [19]. Molecular dynamics simulations of Couette or Poiseuille

flow show relative slip between the fluid and the wall around the contact line [12,14]. In the Appendix

A, we present a full molecular dynamics simulation of a boundary-driven Couette flow. From the results

we see a slip region of molecular scale around the contact line. But away from the contact line the no-slip

boundary condition is still quite accurate.
To address this issue, various slip models have been introduced. These slip models are sometimes a bit ad

hoc. The parameters in these models are problem-dependent and have to be pre-determined based on phys-

ical experiments. An alternative approach is to use a hybrid numerical method which combines the contin-
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Fig. 12. (a) the velocity field at t = 11.87; (b) the vorticity at t = 11.87; (c) the velocity at the lower boundary; (d) the stress extracted

from MD (solid curve) and fitted by fourth-order B-splines (dashed curve).
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uum calculation with local molecular simulation as was done by Hadjiconstantinou [4]. The computational

domain is decomposed into two regions. In the region near the contact line, the system is modeled by

molecular dynamics and in the rest of the domain the system is modeled by continuum equations. A

Schwartz iteration procedure is employed to match the two solutions in an overlapping region. This method

was applied to a steady state contact line problem. Dynamical problems can be dealt with in a fully implicit

procedure.
The method proposed here is also a hybrid method. But unlike the domain-decomposition type of meth-

ods, we apply the macroscopic solver everywhere in the domain. In the vicinity of the contact line we extract

the boundary conditions needed in the macroscopic solver from molecular simulation. This has the advan-

tage that the method can be easily applied to large systems as well as dynamical problems since it naturally

decouples the macro and micro spatial/temporal scales.

4.3.1. Macroscopic solver

The dynamics of two immiscible fluids in a channel driven by an external force field is governed by
qut þr � s ¼ 0;

r � u ¼ 0;

_xC ¼ u;

8><
>: ð27Þ
where the momentum flux in continuum theory is given by
s ¼ qu� uþ pI � lðruþruTÞ þ CðI � n̂� n̂ÞdC � f0xI : ð28Þ
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In the last equation of (27), the fluid–fluid interface xC(t) is advected by the velocity field. In the momentum

flux, the first term corresponds to the advection of fluids, the second term is the pressure, the third term is

the viscous stress, the forth term corresponds to the surface tension force which is concentrated at the fluid–

fluid interface xC (dC is the surface delta function), and the last term is the external force. I is the identity

matrix, C is the the surface tension coefficient and n̂ is the unit normal of the interface. The initial and
boundary conditions will be specified later.

Smoothing out the surface tension. In the numerical calculation, the surface tension term

sC ¼ CðI � n̂ � n̂ÞdC is replaced by a body force defined by
~sCðxÞ ¼
Z
R2

Dðx� yÞsCðyÞ dy; ð29Þ
where the kernel D is given by
DðxÞ ¼ ð2dÞ�2ð1þ cosðpd xÞÞð1þ cosðpd yÞÞ if jxj < d; jyj < d;

0; otherwise:

(
ð30Þ
This was first introduced by Peskin [16]. Here d, the width of the smoothing region, is taken to be twice

the cell size in our calculation. When smoothed out from the interface to the grid points by (29), the total

flux is conserved.

Temporal discretization. As for the macroscopic solver, we use the projection method for the first two

equations in (27):
q
~unþ1 � un

Dt
þr � sn ¼ 0; ð31Þ

q
unþ1 � ~unþ1

Dt
þrpnþ1 ¼ 0: ð32Þ
In the above time-splitting scheme, the pressure is excluded from the momentum flux sn in (31). pn + 1 in

(32) is determined by
Dpnþ1 ¼ q
Dt

r � ~unþ1 ð33Þ
with Neumann boundary condition. The last equation in (27) is discretized in time by forward Euler
method:
ðxCÞnþ1 � ðxCÞn

Dt
¼ un: ð34Þ
Spatial discretization. The spatial discretization is the same as in Fig. 2. For integer i and j, we define u at

ðxi; yjþ1
2
Þ; v at ðxiþ1

2
; yjÞ, and p at the cell center ðxiþ1

2
; yjþ1

2
Þ. The diagonals of the momentum flux are defined at

ðxiþ1
2
; yjþ1

2
Þ, and the off-diagonals are defined at (xi, yj). The spatial derivatives are discretized by the central

finite difference.

The interface is represented by a collection of discrete points {(xC)i,i = 0 , 1 , . . . , N}, where the two end

points (xC)0 and (xC)N are the contact points, i.e., the intersections of the interface with the solid walls. Sur-

face tension force is calculated at the middle of each segment. Specifically, a local cubic polynomial is used

to fit every four neighboring points, from which the normal to the interface is calculated. Furthermore, to

keep the neighboring points from getting too close or too far from each other, the discrete interface points

are redistributed from time to time. This is done by polynomial interpolation based on the equal arc-length

principle for each element.
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Boundary condition and missing data. In the stream-wise direction and away from the interface, the veloc-

ity field relaxes to uniform Poiseuille flow if the external force f0 is homogeneous in space. Therefore we

impose Neumann boundary condition on the velocity on AF and BE (see Fig. 13).

To keep the interface away from the boundaries of the computational domain, we re-center the interface

to the middle of the domain from time to time during the calculation. At the solid walls AB and EF and

away from the contact points, no-slip boundary conditions are valid. In the vicinity of the contact points,
the tangential stress, which is the boundary condition needed when solving the momentum equation, will be

extracted from molecular dynamics as described below. Furthermore, the dynamics of the contact points

(xC)0 and (xC)N are obtained from MD.

Remark. In the numerical examples presented here, the surface force is calculated by the continuum model

using the position of the interface. However, in the case of rough solid walls and hence large fluctuations of

the interface, it is more accurate to calculate the surface force at the boundaries from the MD simulation.
4.3.2. Microscopic solver and estimating boundary conditions

The schematics of the molecular simulation around the contact line is shown in Fig. 13. Our goal is to

use molecular dynamics simulation in the local region GHCD to extract the following data needed in the

macro solver:

� shear stress along GH;

� position of the contact line;

Constrained MD simulation. Periodic boundary conditions are imposed in z-direction. In x-direction, the

flow field is not necessarily periodic, so we enlarge the simulation box to G 0H 0C 0D 0 and impose periodic

boundary conditions on G 0D 0 and H 0C 0 instead (see the right panel in Fig. 13). The enlarged part serves

as a particle reservoir. In the system we have two fluid species, fluid I in the left and fluid II in the right.

When a fluid particle crosses the boundary H 0C 0 or G 0D 0, its type needs to be changed. For example, when

a fluid particle of species II crosses H 0C 0, it will enter the box through G 0D 0 and become species I.

In y-direction, the particles are confined by the solid wall at G 0H 0 and a repulsive force at C 0D 0. The

repulsive force is modeled by the repulsive part of the LJ potential, as given in (26). The repulsive force
is used to keep the particles from escaping from the MD domain. The detailed molecular models are given

in Appendix A.
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For the consistency between the molecular dynamics and the continuum dynamics, a modified Anderson

thermostat is used in the strips GD, DC, and CH: At Poisson distributed times with certain frequency m, a
random particle is selected from the strips and its velocity is replaced by uðxÞ ¼ ucðxÞ þ ~u, where uc is the

velocity from continuum dynamics and ~u is a random variable with Maxwell–Boltzmann distribution at the

fixed temperature T = 1.4.
For steady-state or slowly varying dynamic problems, the total flux of species I across GDO and the total

flux of species II across OCH are both zero in the continuum theory in the frame of the moving interface.

Here O denotes the intersection of the interface with DC. Therefore, by imposing the continuum velocity

field on the boundaries of the box GDCH, we in fact fixed the number of particles of each species inside the

box. However, in the early stage of the MD simulation, net fluxes of particles of both species across GDO

and OCH are necessary for the interface to relax to its correct shape. For example, we may start the MD

simulation from a configuration in which we have a vertical interface in the middle of the simulation box

(dashed line in the right panel of Fig. 13), and we have the same number of particles for both species inside
GDCH. The curved solid line indicates the correct shape at the steady state. In this case, during the tran-

sient period of the molecular dynamics we have to allow a net flux of particles out of the box through GDO

for species I and a net flux into the box through OCH for species II. Therefore, to obtain the correct steady

state the constraints imposed on the strips need to be relaxed. In our simulation, we impose the constraints

in the horizontal strip (DC) and the vertical strips (GD and CH) alternatively, i.e., only one of the

constraints (e.g., constraint on DC) is imposed for a number of steps, then it is switched off and another

constraint (e.g., constraints on GD and CH) is imposed for the same number of steps, and so on.

The particles in the outer layer of the wall are fixed at the lattice sites. The particles in the inner layer
obey Newton�s law and their velocities are randomly modified with certain frequency based on the given

temperature. The system is re-centered from time to time so that the interface stays in the middle of the box.

Estimating the boundary conditions. The Newton�s equations are integrated using the velocity-Verlet

algorithm. The shear stress is calculated using the formula (7) in the bins which are 2.5r above the wall

and of size 1r in both x- and y-direction.

To estimate the position of the contact line, we first calculate the particle density function along the

fluid–solid interface (remember O is fixed):
qðxÞ ¼
X
i

qi dððqiÞx � xÞ; ð35Þ
where the sum is over all particles in the strip above the solid wall, (qi)x is the x coordinate of the ith par-

ticle, qi is 1 for particles of species I and �1 for particles of species II. The position of the contact line is

determined by q(x) = 0. In practice, we take a strip which is 2.5r above the wall and partition it into uni-

form bins in x direction. Then the density is obtained by taking the sum of qi in each bin. The position of
the contact line is given by
ðxCÞ0 ¼ x0 þ
Z x1

x0

~qðxÞ dx; ð36Þ
where x0 and x1 are the positions of the leftmost and the rightmost bins respectively. ~qðxÞ, which is between

0 and 1, is the rescaled density:
~qðxÞ ¼
qðxÞ �min

x
qðxÞ

max
x

qðxÞ �min
x

qðxÞ
n o : ð37Þ
4.3.3. Numerical results

The calculation follows the following procedure:
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Fig. 14. Full MD simulation of the pressure-driven channel flow. (a) A snapshot of the instantaneous positions of all particles; (b) The

averaged velocity field and the fluid–fluid interfaces.
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� Step 0. Given the initial velocity field u0 = 0, and the initial interface (xC)
0 at static state; Set k = 0;

� Step 1. Constrained by uk, the MD simulation is carried out in a local region around the contact line,

from which the shear stress and the position of the contact line are calculated;

� Step 2. Solve equations in (27) for uk + 1 and (xC)
k + 1;

� Step 3. Let k: = k + 1 and goto step 1.

We applied the hybrid method to three problems with different parameters: In the first example, we use a

small-size system to benchmark the hybrid method; the second one is a large-scale dynamical problem; the

last is an example of asymmetric fluid–solid interactions.

Example 1. Two immiscible fluids are confined in a channel and driven by an external force f0 = 0.02 in x

direction. The system measures 69.7 · 22.5 · 5.16 and contains 2944 particles of each fluid and 1728 solid

particles. The system is periodic in x and z directions. We use this small system to check the validity of the

constrained MD simulation and the hybrid method.

A full MD simulation is carried out and a snap shot of the instantaneous positions of the particles is

shown in Fig. 14. Also shown in Fig. 14 is the averaged velocity field and the position of the fluid–fluid

interface in steady state. The velocity is measured in the frame of moving interface.

To check the validity of the constrained molecular dynamics used in the hybrid method, we
performed a local MD simulation around the contact line. The box GDCH (see Fig. 13) is 34.8 · 11.2

in size and the extended box G 0D 0C 0H 0 is 45.7 · 22.5. The dynamics of the particles in the strips GD,

DC and CH are constrained by the average velocity field obtained from the full MD simulation. The

simulation starts from a configuration with a vertical fluid–fluid interface in the middle of the box. In

the left panel of Fig. 15, we plot the time series of the difference of the particle numbers of both species

inside GDCH. We clearly see a transient time during which the particles of species I flow out of the box

and particles of species II flow into the box. In the right panel of Fig. 15, we compare the shear stress

calculated on the surface of the solid wall in the full MD simulation and in the local constrained MD
simulation, and we see good agreements.

We also applied the hybrid method to calculate the steady-state solution. The parameters in the

continuum model are q = 0.81, l = 2.0 and C = 3.7. 70 · 20 grid points are used in the spatial discretization,

and the time step is Dt = 0.05. We start from a static configuration and slowly increased the external force

to 0.02. The steady-state velocity field and the interface (dashed line) are shown in Fig. 16. These results

agree well with the full MD results in Fig. 14.
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Fig. 15. Results of the constrained MD simulation. (a) The time series of DN = NI(t) � NII(t), where NI(t) and NII(t) are the particle

numbers of the two species in the box GDCH (see Fig. 13) respectively; (b) The shear stress measured at the solid wall. The solid curve

is calculated from the full MD simulation and the dashed curve is from the constrained MD simulation.
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Example 2. The equations in (27) are solved in the domain 1500 · 500 and with parameters q = 0.81,

l = 2.0 and C = 3.7. The computational domain is covered by 300 · 100 grid points and the interface is dis-

cretized by 100 points. The system is driven by an external force f0(t) = 5.35 · 10�11t in x-direction. The

system is at static state initially and the contact angle is 90� due to the identical interaction between the

two fluids and the solid. The time step is Dt = 2. The boundary conditions are updated every 104 macro

time steps by molecular dynamics simulation.

In the molecular dynamics simulation, the enlarged box G 0H 0C 0D 0 measures 38.7 · 26.3 · 6.5 and
contains 600 solid particles and 2160 particles of each fluid. The strip CD is 12.5 above the wall and has

length 30.7 and thickness 1.0. Temperature is set at T = 1.4. Twenty independent MD simulations were

done on a cluster with 20 processors. On each processor, samples are taken for a period of 5 · 104dt after an
equilibration period of 3 · 104dt where dt = 0.005 is the MD time step. The sampled data were averaged

over time and over the 20 different trajectories.

Fig. 17(a) shows the instantaneous velocity field and the position of the interface at t = 3.4 · 105. The

velocity at the boundary AB is shown in Fig. 17(b), from which the slip in the region around the contact

point can be seen.
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Fig. 16. The steady-state solution of Example 1 by the hybrid method and comparison with the results of full MD. The interface is

shown in dashed curve. The solid curve shows the interface obtained by full MD simulation.
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Fig. 17. (a) The instantaneous velocity field and fluid–fluid interface at t = 3.4 · 105; (b) the velocity along the boundary y = 0; (c) A

snapshot of the instantaneous positions of all particles in the local MD simulation; (d) the shear stress along the fluid–solid interface

calculated from MD. The coordinates are rescaled by L = 250 and U = 0.05.
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A snapshot, projected onto the xy-plane, of the instantaneous positions of all particles in the local MD

simulation is shown in Fig. 17(c). The dynamics of the particles in the strips are constrained by the

continuum velocity field, and samples are taken in the strip close the lower boundary. The calculated shear

stress is shown in Fig. 17(d). The shear stress is large but finite at the contact point.

The fluid–fluid interfaces at different times are shown in Fig. 18(a). The dynamic contact angle as a

function of the applied force is shown in Fig. 18(b). The angle is calculated from the local MD simulation
by fitting the fluid–fluid interface which is close to the solid wall by a straight line. The contact angle

decreases and the curvature of the interface increases as the external force increases.

Example 3. As a third test, we changed the interaction between the fluids and the solid. The attraction

between fluid I and the solid is decreased by taking g = 0.7 in the potential (8), and all the other parameters

are kept unchanged. The static contact angle h in this case is 65�.

We start from the static state and impose the same external force as in Example 2 in the positive x-

direction until it reaches f0 = 2.2 · 10�5. Then the force is decreased at the same rate until it reaches

f0 = �7.0 · 10�5. The fluid–fluid interfaces at different times are shown in Fig. 19(a). The left-most dashed
line is the interface at the static position, and it travels in the stream-wise direction as the external force

increases. The right-most dashed line corresponds to f0 = 2.2 · 10�5. The solid lines from the right to the

left show the shapes of the interfaces as the external force decreases. In Fig. 19(b), we show the dynamic
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Fig. 18. Dynamics of the CL problem with equal fluid–solid interactions. (a) Fluid–fluid interfaces at different times. From left to

right, the external force increases from 0 to 3.6 · 10�5; (b) Dynamic contact angle as a function of applied force. The applied force is

rescaled by F = 8.1 · 10�6.
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Fig. 19. Dynamics of the contact line problem with asymmetric fluid–solid interactions. (a) Fluid–fluid interfaces at different times.

For dashed curves from left to right, the external force increases from 0 to 2.2 · 10�5; For solid curves from right to left, the external

force decreases from 2.2 · 10�5 to �7.0 · 10�5; (b) Dynamic contact angle as a function of external force. The external force is rescaled

by F = 8.1 · 10�6.

W. Ren, W. E / Journal of Computational Physics xxx (2004) xxx–xxx 23

ARTICLE IN PRESS
contact angle as a function of the applied force. Again, the dashed curve corresponds to the dynamics as the

force increases, and the solid curve corresponds to the dynamics as the force decreases.

In the numerical examples presented above, there are two widely separated time scales: The short

relaxation time of molecular dynamics and the long time scale of the dynamics caused by the slow variation

of external force. The hybrid method exploited the scale separation and effectively calculated long-time
dynamics using data from short-time MD simulations. Indeed, the step size (2 · 104) between successive

MD simulations is two orders of magnitude larger than the time (4 · 102) needed for extracting data from

local MD simulations. Moreover, the MD simulation is carried out in a much smaller domain than the

whole system. A full MD simulation of the whole system for the long time dynamics is prohibitively

expensive.

An alternative approach for solving the contact line dynamics is to develop slip models using detailed

MD results. A thorough discussion in this direction can be found in [14].
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Fig. 20. Left panel: The overlapping domain decomposition method in spatial and temporal domain. The continuum dynamics and

molecular dynamics are calculated in different domains simultaneously. The shaded region indicates the overlapping region where the

two descriptions are forced to match. The boundary conditions needed in continuum model are averaged over space and time. Right

panel: The hybrid method for type-A problem developed here. A macro solver covers the whole domain, and the needed data

(boundary conditions) are calculated from MD in the fibers.
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5. Conclusion

In conclusion, we have developed general multiscale methods for two types of problems in fluid dynam-

ics: problems with unknown constitutive relations and problems with unknown boundary conditions. For

both problems, a macroscopic solver is first chosen and applied everywhere in the computational domain.

The missing data, the flux in the first type of problems and the boundary conditions in the second type of

problems, are extracted from local molecular dynamics simulations. The molecular dynamics is constrained

through appropriate boundary conditions. The multiscale methods were tested with several non-trivial

problems, including a pressure-driven dumb-bell flow in a channel and contact line dynamics.
The macro and micro time steps are decoupled in our method. At fixed macro time steps, the needed

data is calculated by the constrained MD simulation in the MD domain, which does not have to be viewed

as a subset of the flow domain. A more appropriate schematic for our method is shown in Fig. 20, in which

the MD is done in the fibers (to use the terminology from fiber bundles).

In general the main cost of hybrid method is still in the molecular simulations. The multiscale method

developed here has the ability to minimize the size of such molecular simulations, and hence optimize

efficiency.
6. Uncited references

[13,15,17,18,22–24].
Acknowledgment

The authors would like to thank B. Engquist, X. Li, T. Qian and X. P. Wang for helpful discussions. The

work of E is supported by ONR grant N00014-01-1-0674 and National Science Foundation of China

through a Class B Award for Distinguished Young Scholars 10128102.



W. Ren, W. E / Journal of Computational Physics xxx (2004) xxx–xxx 25

ARTICLE IN PRESS
Appendix A. A full molecular dynamics simulation of contact-line motion

In the simulation, two immiscible fluids were confined between two planar walls parallel to the xz-plane.

The system measures 15.1r between the walls, and 51.6r · 6.45r in x- and z-direction respectively. Each

wall consisted of 800 particles forming two [010] planes of an fcc lattice with density qw = 1.86r�3. Each
fluid consisted of 1728 particles with density qf = 0.81r�3. Interaction between particles were modeled by

the modified Lennard-Jones potential (8), with the parameters given by:
e11 e12 e1s
e21 e22 e2s
es1 es2 ess
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Between different fluid species, g = �1 was used to make the two fluids immiscible. At the fixed temper-

ature T = 1.4e/kB, the viscosity of the fluid is l = 2.0(em)1/2r�2 and the surface tension coefficient of the

fluid–fluid interface is C = 3.7er�2 [12].
The system is periodic in z-direction. In x-direction, the system is also periodic but the species of the fluid

particle needs to be changed when it crosses the boundary of the box. For example, if a particle of species II

crosses the boundary on the right, it will enter the box on the other side with velocity unchanged, but its

species will change to I.

The particles in the outer layer of each wall were fixed at the lattice sites during the simulation, and the

lattice sites move at a constant speed U in opposite directions along the x-direction. The inner layer of each

wall servers as a thermostat and the velocities are randomly modified with frequency 10dt based on given

temperature T = 1.4e/kB. dt = 0.005 is the time step.
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Fig. 21. (a) Projections of particles positions onto xy-plane. (b) Averaged velocity field over 8 · 105 time steps.
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Fig. 21(a) is a snapshot of the instantaneous positions of all particles at steady state. The shear velocity is

U = 0.07 in reduced atomicunits. Fig. 21(b) shows the corresponding velocity field obtainedby time-averaging

the instantaneous atomic velocities within bins of size 1.03r · 0.92r in the xy-plane. Away from the fluid–fluid

interface, it is Couette flow and the no-slip boundary condition is satisfied at the solidwalls. However, near the

contact line there is a slip region in which the no-slip boundary condition is invalid.
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