                        

                      Summary
    In this project, the generalized Riemann Hypothesis is tested. Two functions Ns and Ss are created to help in the study because of the complexity involved. The behavior of the function becomes supports our expectations particularly for elliptic curves with small conductors. For curves with larger conductors  and analytic ranks, the results prove relatively inconclusive.

Introduction

       The generalized Riemann Hypothesis represents one of the most famous pieces of mathematics. Far from resolved, this conjecture constitutes the principal foundation of an incredible amount of extraordinary mathematical study, and represents the driving force behind the study of prime number theory. Though previously tested through various approaches, the generalized Riemann Hypothesis nevertheless remains to be proved (or disproved).

      The generalized Riemann Hypothesis represents an extension of the Riemann hypothesis, which applies to the Riemann zeta function, to the class of functions known as the Dirichlet L-functions. There are two goals, though closely related. The primary goal involves testing the generalized Riemann Hypothesis for the L-function of elliptic curves. To accomplish this task, we construct two functions Ns and Ss, which represent the normalized, and “smoothed” sums respectively of ap ‘s defined as p+1 minus the number of solutions modulo p, where p is a prime. The problem quickly complicates as the conductor of the elliptic curve increases. Certain important results are however obtained, particularly for curves with small ranks and conductor. The study of the behavior of these two functions becomes the secondary goal.

            At the core of this investigation lies the generalized Riemann Hypothesis, an extremely pleasant and not yet proved conjecture.

Basic Theorems and Definitions

Definition D1: Let G be a finite abelian group written in multiplicative notation. A character ( of G is a homomorphism of G into the multiplicative group of complex numbers.

 Definition D2: The Dirichlet L-Functions. Let ( be a character modulo k and let s be such that Re(s)>1. The function L(s,() is then defined as L(s,() = 
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Conjecture: The generalized Riemann Hypothesis.  There exists no L-function L(s,() that has a zero in the half plane Re(s)>
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 (Ellison, 249).
Theorem T1: Mordell’s Theorem. If a non-singular plane cubic curve has a rational point, then the group of rational points is finitely generated.

Theorem T2: Hasse-Weil Theorem. If C is non-singular cubic curve defined over a finite field Fp then the number of points on C with rational coordinates in Fp is p+1+((), where 
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    The generalized Riemann Hypothesis constitutes a key element in our analysis. Along with the Birch-Swinnerton-Dyer conjecture, the generalized Riemann Hypothesis is in fact the basis of this research. However, before we can introduce it, we must discuss the class of functions known as the Dirichlet L-functions. The arithmetically defined L-functions, generally arise as part of the more naturally defined Riemann zeta function, a generating function which encodes information about how many points are in each finite extension of the set of integers modulo a prime.  Moreover, in the case of elliptic curves, deep properties of the curve can be revealed as a result of the properties of the Riemann zeta function and Dirichlet L-functions. In particular, the analytic continuation and the behavior at s=1 for the Riemann zeta function and each Dirichlet L-function provides valuable insights and information.

Definition D2: The Dirichlet L-Functions. Let ( be a character modulo k and let s be such that Re(s)>1. The function L(s,() is then defined as L(s,() = 
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           As defined in D1, if G is a finite abelian group written in  multiplicative notation, a character ( is a homomorphism of G into the multiplicative group of complex numbers. When one analyzes the set of integers modulo k and considers the multiplicative group of reduced residues G(k), it becomes very convenient to extend ( and consider it defined on 

the entire set of integers rather than G(k). Thus ((n) becomes 

           ((n) = ((A)     if   n(A(G(k)

and  

           ((n) = 0           if (n,k)>1.

       The “extended” ( function is then called a character modulo k. 

       The Dirichlet L-functions represent a generalization of the Riemann zeta function. Many of the results conjectured and proven concerning the Riemann zeta function can thus often be extended to the class of L-functions. In particular, one would like to extend a result first obtained by Vallee Rousin, concerning the zeros of the Riemann zeta function (Ellison, 131). According to this theorem, a zero-free region of the Riemann zeta function can be sown to exist strictly to the left of the line Re(s) = 1. We can now introduce the generalized Riemann Hypothesis.

Conjecture: The generalized Riemann Hypothesis.  There exists no L-function L(s,() that has a zero in the half plane Re(s)>
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 (Ellison, 249).

           We will address the generalized Riemann Hypothesis in the case of L-functions of elliptic curves. In order to see how the generalized Riemann Hypothesis applies to elliptic curves, however, let us first, briefly, analyze a general elliptic curve, its form and its properties. 

            In general, we can express a cubic curve as

             ax3 + bx2y + cxy2 + dy3 + ex2 +fxy + gy2 + hx + iy + j =0.

A cubic is then said to be rational if the coefficients of its equation are all rational numbers. We will restrict our attention to the study of rational elliptic curves. Mordell’s theorem along with the Weierstrass normal form thus becomes extremely useful study of rational elliptic curves.

Theorem T1: Mordell’s Theorem. If a non-singular plane cubic curve has a rational point, then the group of rational points is finitely generated.

                Thus, the group of rational points of an elliptic curve is 
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, with F finite abelian, and we can define rg as the geometric rank.  In proving Mordell’s theorem, it is important and very useful, to observe that any cubic with a rational point can be expressed into a certain, more manageable form called the Weierstrass normal form which generally looks like y2 = x3 + ax2 + bx +c. Through the use of projective geometry, it can then be shown that any non-singular cubic can be expressed in this form. The respective general cubic formula is then said to be birationally equivalent to a cubic in Weierstrass form. We can thus further restrict our attention to the set of cubic forms of the form y2 = f(x) = x3 + ax2 +bx +c. Assuming that the complex roots of f(x) are distinct, such a curve and any birationally equivalent curve, is then called an elliptic curve (Silverman, 25).

              Let Fp denote the finite field of integers modulo p, where p is a prime. If  C(x,y): y2-f(x)= 0 is any non-singular cubic form with coefficients in Fp, we can search for rational solutions (x,y), where x,y ( Fp.  Furthermore, if C is nonsingular we can define an addition law on it and the set of rational solutions can be shown to be a finite abelian group (Silverman, 7).   In order to estimate the number of rational solutions, suppose 

p
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2. We can then substitute 0, 1, 2, ... p-1 (the elements of Fp) for x into the equation y2=f(x).  If f(x)=0, then (x, 0) represents one solution. Otherwise, we can expect the values of f(x) to be randomly (and thus almost evenly) among the squares and non-squares modulo p. Thus, for f(x)
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0, we expect about half of the possible values to satisfy the equation y2 = f(x), which in turn leads to two solutions for y.  Thus, we can expect the number of solutions #C(Fp) modulo p to be approximately p+1.  

                   #C(Fp) = p+1 +(small error term) (Silverman 109).

              Indeed, this is only a heuristic argument. The following theorem, which is owed to Weil and Hasse provides the above argument with the more rigorous justification it requires. 

Theorem T2: Hasse-Weil Theorem. If C is non-singular cubic curve defined over a finite field Fp then the number of points on C with rational coordinates in Fp is p+1+((), where 
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             As a result  
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            We are now in a position to define the L-function of an elliptic curve. In order to define the L-function of an elliptic curve C over Fp , we assume that C is given by an equation in Weierstrass normal form, and we define ap = p+1 – #C(Fp ). The L-function of C is then defined as 

           L(s, C) = 
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where ( denotes the discriminat of the elliptic curve.

The Euler product defining L(s, C) can then be shown to converge for Re(s)>3/2.

Before proceeding, we will briefly examine what the discriminant of an elliptic curve and its properties. Suppose we take a cubic curve expressed in its Weierstrass normal form as 

 y2 = f(x) = x3 + ax2 +bx +c, where a, b, c are rational numbers in Fp. The discriminant of f(x) is then the quantity given by ( =  – 4a3c + a2b2 + 18abc – 4b3 – 27c2. A curve is then non-singular if and only if p
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2  and the discriminant in not equal to 0 in Fp. Thus, C is singular if p
[image: image14.wmf] (, and since the Hasse-Weil Theorem is valid for non-singular elliptic curves, we can apply the Hasse-Weil inequality for primes p which do not divide the discriminant. However, since the number of primes which divide the discriminant is relatively small and finite, in analyzing the L-functions of elliptic curves, we will generally disregard those terms and consider L(s, C) as if determined by the second term alone, namely we will consider the L-function to be defined as 

                         L(s, C) = 
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        The value of the Hasse-Weil L-function of an elliptic curve at s = 1, is generally called the critical value. The behavior of L(s, C) is not yet fully understood, however Birch and Swinnerton-Dyer have made various conjectures regarding L(s, C) at s = 1. In particular, they conjectured that the order of zero is equal to the rank of the rational points on C (Koblitz, 91). Moreover, they analyzed conjecturally the first non-vanishing term of the Taylor expansion at s = 1.    

             We have already mentioned that the group of rational points G(C) on the curve y2 = f(x) = x3 + ax2 +bx +c is a finitely generated abelian group. It then follows that the group of rational points is isomorphic to a “direct sum of infinite cyclic groups and finite cyclic groups of prime power order “(Silverman, 89). Thus           

                        G(C)
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                                            rg times

where Zm denotes the cyclic group of integers modulo m.  The integer rg is called the rank of G(C).

           Returning to the elliptic L-function L(s, C) = 
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let u = p – s  and express the denominator as 

  1- ap p – s  + p p – 2s  = 1 - ap u + p u2 


                                                      

                                  = (1 - Ap  u ) (1 - Bp  u) 

where Ap  + Bp  = ap  and Ap Bp  = p. However, since we are no longer considering the case where p divides the discriminant as a separate case, we can  now make use of the Hasse-Weil Theorem and “normalize” the critical strip by making a change of variables from s to s + (1/2).  The denominator thus becomes   1 – 
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, where (p + (p =(p   and (p(p = 1. The L-function can thus be expressed as

                     L(s, C) = 
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The logarithmic derivative 
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It must be noted that if Re(s)>1, the last term within the summation becomes negligible.        

    Since (p =
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                                  (p 2+ (p 2 = (p 2 - 2 .

  As a result
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     As a result, if the generalized Riemann Hypothesis holds, the normalized sum 
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 should in general oscillate around a mean of ( – 2r +1) x 1/2  where r denotes the analytic rank of the curve. Furthermore, if the Birch and Swinnerton-Dyer Conjecture holds true, the analytic rank r of the curve should equal the geometric rank rg.   Following a similar approach as above, we can also obtain as well a mean of  
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  where F(
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 represents a “smoothing” function.  

        In order to analyze the behavior of these sums, two functions Ns and Ss were created to represent the normalized and “smooth” sum respectively. The oscillation pattern of these two functions were then tested as p ranged over the first 107 th  primes. As x varied as well up to the 107 th  prime, the results of these two functions were stored and then graphed. The analysis of these sums was further extended to the study of the variation of Ns and Ss for various elliptic curves. As the attached tables and graphs reveal, the data generally supported the prediction of the generalized Riemann Hypothesis. However, results concerning elliptic curves with large analytic ranks and conductors proved intractable. Primarily due to the limits of the prime table utilized (which ranged only up to the first 10 7th  primes), the corresponding Ns and Ss sums did not reach their expected “size” but “settled” around smaller means. But while such results are perhaps unsatisfying, they are nevertheless quite acceptable from a theoretical point of view since they do not contradict or question the validity of the generalized Riemann Hypothesis. 

           In attempting to test the generalized Riemann Hypothesis via a “different” approach, two functions Ns and Ss, which computed the normalized and “smooth” sums of ap ‘s, were created.  Though quite useful in our analyses of elliptic curves with small conductors, the two functions produced few results concerning elliptic curves with high conductor and analytic rank. Nevertheless, the generalized Riemann Hypothesis was not disproved in any of our tests. 

            In designing and running the program which generated primes and computed the values for the functions Ns and Ss, the PARI package, which is capable of doing formal computations at high speed, was imported into a C program as a library. In extending this project, one should therefore try to enlarge the table of primes, so as the test the generalized Hypothesis for curves with large analytic ranks and conductors. The generalized Riemann Hypothesis thus remains yet to be disproved and as our data suggests, continues to gather support, as more data becomes available.           

References and Sources Consulted

Ellison, William. Prime Numbers. NY: John Wiley, 1985. 

Knapp, Anthony. Elliptic Curves. Princeton: Princeton University Press, 1992.

Koblitz, Neal. Introduction to Elliptic Curves and Modular Forms. NY:

                       Springer-Verlag, 1984.

Sarnak, Peter. Duke Journal of Math :1996:Vol 81.2 p. 282.

Silverman, Joseph. Rational Points on Elliptic Curves. NY: Springer, 1992.

                 Elliptic Curves and The Generalized Riemann Hypothesis

                                                                                          Oana Pascu

                                                                                           Prof. P. Sarnak

                                                                                           Junior Independent Work





                                           05/22/01 

1
2

_1052024944.unknown

_1052034707.unknown

_1052035375.unknown

_1052037927.unknown

_1062149540.unknown

_1062149627.unknown

_1052039029.unknown

_1052039110.unknown

_1052039215.unknown

_1052039074.unknown

_1052038776.unknown

_1052037774.unknown

_1052037856.unknown

_1052035644.unknown

_1052034979.unknown

_1052035024.unknown

_1052034888.unknown

_1052033911.unknown

_1052034140.unknown

_1052034481.unknown

_1052034614.unknown

_1052034023.unknown

_1052028333.unknown

_1052033761.unknown

_1052025828.unknown

_1052023061.unknown

_1052023240.unknown

_1052024153.unknown

_1052023214.unknown

_1052002123.unknown

_1052021522.unknown

_1052000697.unknown

