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Abstract

We construct closed form expressions for the continued fractions of many
quadratic irrationals. Consider a finite difference equation satisfying

d Gn+1 = &nGn + bnGn—l-

e a, = m, where me N andb,, = 1 for all n;

note:m = 1 gives the Fibonacci numbers.
Let G, denote thex!" term of the sequence, and tetlenote théim,, .. ngl .

We derive formulas forGij; in particular, these allow us to determine closed
form continued fraction expansionsof for any positive integer k.
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Chapter 1

Background on Continued Fractions

1.1  An Introduction to Continued Fractions

Every real numbet: can be represented in the form:

N 1
ap + ———
1
o+ T

We call such a representation a continued fraction . We can simplify this repre-
sentation by restricting the; to be positive integers. To construct the continued
fraction , one must simply let:

In order to simplify the notation, the usual convention will be used:

a = [ag, a, az, ...] c

Continued fractions turn out to be convenient representations of numbers since
they provide the best approximation to a given number.

The one problem that we have encountered during the semester with contin-
ued fractions is that they are not easy to manipulate. Although integer shifts are
handled easily, rational shifts, or even integer multiples are not easy to explicitly
determine. For example, even doubling a continued fraction can lead to a result

that is difficult to predict.



Saya = T2 =[4,7,3,3,6,4] Thereay = 12228 —8,3,1,1,1,6,3,8]
The expansions only become uglier as the number of terms in the continued frac-
tion expansion increases.

Therefore, it would be useful to develop a good understanding of the funda-
mental structure of continued fractions . Although this is somewhat of a daunting
task, my goal is to develop closed form expressions for some simple families, and

then try to generalize the findings.

1.2 Known Results

Before we proceed, we will need a few basic results.

Lemma 1.2.1. A continued fraction expansion of is finite if and only if the
numberw is a rational number. Furthermore, if is a quadratic algebraic number,
then its continued fraction expansion is periodic.

Proof: see [Class Notes: 7Uhiqueness of Continued Fraction
Expansionsand 8.2Periodic Continued Fractionk

We call{q’—: the nth convergent af where:

Po = Gg, p1 = agar +1 ..., pp = auPp_1+ Pn_2
do = 17 g1 = Qg -5 Qn = ApQn—1 + dn—2

see [Class Notes: Ch. 6onvergence to a Continued Fractipn

Cleal‘ly,q—z = Qo + ﬁ

., 1
-J,»ﬁ

We therefore see that any rational number is exactly determined by its last con-
vergent, and every number is closely approximated by'ft€onvergent as n gets
very large.

A nice relation bewtween convergents is the following lemma [Class Notes:
Ch. 5,0bservatiorLemma 5.2.8]:

Lemma 1.2.2.
Pndn—1 — Pn—1Gn = (_1)n—1 (11)



1.3 The simple Model

We begin our study with the most simple continued fraction one can imagine.
Takea; = 1 for all i. What is oura? Well, o = [1,1,1,...]. We then try to
approximatey with its continued fraction convergents, = a,p,—1 + pn_»2. and
sincea,, = 1 for all n, we see that:

Pn = Pn-1+ Dn_2.
Gn = Qn-1 + qn—2. (12)

Furthermore, since; = ajag + 1 = 2, andgy = ¢; = 1, we see that, =
¢1 + qo = 2. So we have that, = ¢; + ¢o. In general, we have:
Dn = Qn + Qn— 1= Gn+1 0V qn = pPn—1.
Therefore, we see that the convergents ll have the form”—
If we can find a sequence of integers X that satisfy the rules

n—1

® Dy =Pn-1+ Pno

e pp=p =1

Thena = lim,,_, pp’il

This sequence, as you should have guessed by now, is the Fibonacci sequence



Chapter 2

Background on Fibonacci Numbers

2.1 Brief History on Fibonacci Numbers

In 1202, Leonardo Pisano, known as Fibonacci, posed the following puzzle in his
book Liber Abaci:

“A certain man put a pair of rabbits in a place surrounded on all sides by a
wall. How many pairs of rabbits can be produced from that pair in a year if it is
supposed that every month, each pair begets a new pair which, from the start of
the second month on, becomes productive.” [OR]

The solution to the more general problem, where one year is replaced with any
number of months, has become known as the Fibonacci sequence:

1,1,2,3,5,8,13,21, ... (2.1)

where each successive term is the sum of the previous two. The sequence is
probably the simplest form of a general difference equation:

Jn = mlJn,l + mgjn,Q + ...+ anO (22)
wherem; = my, = 1 andm; = 0for: > 2

The Fibonacci sequence,,, has wonderful applications in almost every area
of mathematics.



2.2 Basic Properties

Here are listed some basic properties that will be needed in the paper: Clearly,

Property 2.2.1. F, =F,, 1+ F,,_»

Property 2.2.2. lim,, o, 2o = 1Y5

Frn_1 2
Proof:
First, note thatif- = ot
n—1 n—1
letlim,, o, 22 =z

Fna
thenwehave =1+ 1= 22—z —-1=0
1+v5

solving forx using the quadratic formula yields= ==

A less obvious result, however, is that thi¢ Fibonacci term can be expressed
in the so-called Binet Form as follows:

Property 2.2.3. F, = \/ig[(%g)" — (5)n)

This can be proven inductively. (See [BHPp)
However, the proof of a more general form will be provided in a later section. (See
proposition 5.1.2)

Property 2.2.4. F,, »F, — (F,_1)* = (—=1)"!

To see this, note from Lemma 1.2.2:
Prln-1— Pn-1¢n = (—1)" 7.
We have already seen thagt= p,_;. So replacingp,, with F,, andg, with F,,_4,
the result follows.

Now, | introduce some Notation:
If n varies, we writéF',, to mean thex'" Fibonacci term for any n.
If k is a fixed constant, we writg to mean thé:*"* Fibonacci term.

We use this notation in the following:

Property 2.2.5. F,, = feo1Frp + feFn_r_1

The Proof of this formula will also wait until the more general form. (See
proposition 5.1.4)

We will now use these properties to try and derive closed form continued frac-
tion expressions of a small class of numbers.

6



Chapter 3

Experimental Results

Mathematica was used to generate the continued fraction expansions for several
different combinations of Fibonacci terms. We started with the knowledge that as
n approacheso, the continued fraction of, = +- g —[1,1,1,1,1,1...]

In the experimental section, we looked for patterns in the ratios of k-neighbour
Fibonacci terms for different values of k.

Attached in Appendix A are charts with results for k=3,4,and 5.

For k=2, the result is tr|V|aI sincé, =F, + F, o= F =1+ F: >
As n approacheso, % = 7o 71. From this, we easily deduce that:

limy, oo 2= = [2,1,1,1,1, ]

With k=3, however, the result is not so obvious. From property 2.2.5 we note
thatFn = f3Fn—2 + fQFn_g =2F, 2+ F,_5.
= FFn -1 +2Fn 2
As we have already seen, multlplylng a contlnued fraction by a non-unit can be
messy. Of course, for special valuesafthe product is easily determined. In
general, however, this continued fraction fﬁ?s is not easily determined from

that of L=

The Experlmental results do, nonetheless, reveal definite patterns for almost
all k. In general,with k fixed, the first few terms of the continued fractions are
the same for all n. It is only the last few terms that change. Furthermore, the
experimental evidence suggests that the last few terms in the continued fraction
expansion repeat themselves with period k. This holds for all tested values of k.
Also, the values of the first termsy, a4, ..., a,,, depend on k.




By looking at the experimental results, there seems to be two different patterns
that develop. When k is odd, the first few terms in the continued fraction tend to
be a fixed number. When Kk is even, the first few terms alternate between some
fixed constant dependent on n, and the digit one. Furthermore, the leading term
aop is the sum of these two alternating terms.

For example, for k=4, the first few terms of the continued fraction for large
values of n are:

6,1,5,1,5,1,..]
While for k=3, the first few terms are:
[4,4,4,4,....]

These results hold for all k tested (k<10).

Could these results be generalized? The answer to this question turns out to
beyed The method is developed in the next chapter.



Chapter 4

The Continued Fraction Expansion
of any Ratio of Fibonacci
k-Neighbour Terms

The original technique developed to determine the closed form expression of the-
continued fractions for a given ratio of Fibonacci k-neighbours was one of brute
force. For the first few values of k, we worked backwards from the experimental
results. Fibonacci terms were manipulated to arrive at the known results. This
was done for k=3,4,5,6.
For example, take the case k=3. Looking at Appendix A, the continued frac-
tion expansions of = have the form [4,4,..3] where is:
3if n = 1(mod3)
5if n = 2(mod3)
4 if n = 0(mod3)
The continued fraction expansion, for all n appears to follow the pattern:
=4+ £

Fn_3
Working with this hypothesis, we then usga_ﬁproperty 2.2.1 to reach the result ob-
served experimentally in the following way:
F, F,1+F,
Fos  Fos
_ 2F, 2+ F, 3
==

n—2

=142
* Fn—S




2F, 3+ 2F,_,
Frs
Fy
Frs
Fos+F,3—F,s
Fos

— 14+

— 342

=3+

- 4 + F7L73
Fn—G

And so the ecperimental results were confirmed by design.

However, there were two issues with this technique. First, the method was
dependent on the experimental results, and thus needed refinement if the goal of
reaching a more general proof would in fact be realized. Second, the patterns that
developed in the proofs seemed so overwhelming that there had to be some more
efficient way to solve the general question for all values of k. Therefore, we ana-
lyzed the patterns to develop a more efficient technique.

One pattern that became clear was that the behaviour of the continued fraction
depends on the parity of k. Since the parity even and odd values for k appeared to
behave differently, the initial attempt was to prove a general statement for the odd
values and even values separately. After completing this task, it became clear that
a general solution that holds for all k could be derived from a single proof. This
proof is the one that will be provided here, since it is the most polished.

4.1 A Proof in Full Generality for Fibonacci Ratios

Given a ratio of k-neighbour terms in the Fibonacci sequence, what is its continued
fraction expansion?

E, _ o1 Foci + fuln—r—
Fn—k Fn—k

10



ankfl

= frit1+ fx F
B Je1Fn k1 + fo2Fup
= fr + .
R (fom1Fn—k—1 + fom1Fo—k—2) + fo—oFnk—1 — fom1Fook—2
k1 o
fo1Fnk  fri—oFn—r—1— fo—1Fn—k—2
= fim + +
fk+1 Fn,k Fn,k
oF, 1 — feo1Fp_p

e S (1)

Note: Fy, 1 = folp—r + fr—1Fnr—r1
And F_p—2 = feo1Fn—p—r—1 + fo—2Fn_r—r—2
So Equation 4.1 reduces to

fr—o(fuFn—ok + fr—1Fn—ok-1) — fr—1(fe—1Frn—ok + fr—oFn_ok—1)

(frrr+So—1)+ .,

Combining like terms gives:

fk72<konf2k> — fk71<fk71Fn72k)
Fn—k

(i1 + fr—1) +

Simplifying further:

Fr ok frafe — (fr-1)?]
Fn—k

(feg1 + fr1) +
But from property 2.2.4,
feafi = (fi1)? = (1)1

And so . . ( )k .
n n— _1 -
7. = (fe1 + fro1) + #
Or -
F, —1)*~
T (fn 4 i)+ 4.2)
n—k T r

11



Now, if k is odd, then(—1)*~! = 1 and so Equation 4.2 becomes

Fy
Fn—k

= (fey1 + fr1) + % (4.3)

Fr_k

If k is even, then—1)*~! = —1 and so Equation 4.2 becomes

F, —1
7. = (fro1 + fro1) + T (4.4)
ank

Then we must manipulate further, so that Equation 4.4 becomes

F,
= (fin ot fia— 11—
n—k

Fn_ok
ank

Now,

—k—Fn_2k
Fn_ok

—1+Fn+€_1

Fp_ok

4.2 Analysis

The results that were just derived reflect exactly what we see in the experimental
data. In the first place, we see that for all k (even and odd), the continued fraction
expansion is periodic of degree k.

In the case of odd K,

Fn Fn—k

F_. = fip1 + fiq, (4.5)

Fn—2k

12



This shows that the, term will be: f..1 + fr_1
And that the succeeding terms are determined by the ratio of the k-neighbours
exactly k spacings earlier. This confirms the observation that the Continued Frac-
tions are periodic of period k.

In the case of even k,

Fn ank
= |f] i1 —1 1
Fo . k1 +Ik-1 Y P

1 (4.6)

which, again, exhibits the same periodicity of degree k. Also, the observation
that the sequendg,1 + fr—1 — 1, 1) repeats is confirmed, as is the fact that the
leading term( fi41 + fr—1 —1) isthe sum of 1 an@%] = (fep1+fror—1)—1.
So the results with this simple family work out perfectly!

Since the ratio of consecutive Fibonacci terms approaches the golden ratio,
we can apply the techniques we have just developed to find nice closed form
expressions for any power of the golden ration.

k
(HE\/E) :hm<F" *F”‘l*...*M)>:hm b 4.7)

2 n—oo \ Fp,_1  Fy_o Frok n—oo I'n—k
For large powers k, of the golden ratio, all one must do is find the first k continued

fractions, and then use the closed form expressions in either 4.5 if k is odd, or 4.6
if k is even.

13



Chapter 5

the General Difference Equation

Now that we have found closed form expressions of the continued fraction expan-
sion of a small class of numbers, one wonders whether the same techniques can
be applied to more general difference equations.

First, it is useful to note that the Fibonacci sequence Witk f, = 1, is not
the only sequence that can be used in the above. In fact, any equation that satisfies
F, = F,_1 + F,,_», no matter what the choice of intial values, will lead to the
same result. Of course, we choose the inital conditions for convenience, so that
they match the convergents, andg, in the continued fraction af = [1, 1, .., |

5.1 Basic Properties
Let us look at a general difference equation of the form:
Gn =mGy_1 +1G,— (5.1)

With the same initial conditions as befoi@; = G> = 1.

We try to apply the technique used in the Fibonacci sequence case. The first
step will be to verify whether or not the properties 2.2.2 through 2.2.5 hold (or if
we can find some equivalent statement.)

Property 5.1.1. lim,, GG: — mi\/gm
Proof: As with the Fibonacci sequence, lliet,, ... 7~ = =

then we have: =m + L ora? —ma — 1 =0
solving for x using the quadratic formula yielgg-/m"+4

14



The general difference equation has an equivalent Binet form:

Proposition 5.1.2.(See [Dr] p187) G, = \/m;+4l[(m+vg%2+4l)n_(m—vgn2+4z)n]

Proof: (By Induction) First, we test the base case. Let n=1.
Then clearly

G, = 1 m+vm24+4l\  (m—vm2+4l\] _ 2vVmi+4l 1
_ L= \/m2+4l[( 2 ) = 2 )| = 2V/m2al
as desired.

Now, assume it holds faf;, andG._;.

m—+vm? + 4l m—vm?+ 4l
Let ay = 5 and cy = 5 (5.2)
1
andlet C) = ———  Cy= —C 5.3
e 7O &9

Substituting in appropriately gives:
Gi+1 = mGy + Gy

= mCilay)* — (@2)"] + ICy[(ay)*!

— (ax)" 1]
= Cyfm(en)* + ()" = m(o2)* + 1(az)" ]
= Cyf(en)* H(m(en) + 1) = (a2)* H(m(ag) +1)] (5.4
Now, note that:
m(ay) +1

_ m(m+\/m2+4l) 4= m2+m(vVm2+4D)+21 _ 2m24+2m(v'm2+4)+4l <m+m>2
- 2 - 2 - 4 - 2

= (a1)?
And similarly:

m(ae) +1

2
m—\/m2+4l) 4= m?—m(Vm2+4)+20 _ 2m*—2m(vV'm2+4)+4l _ (m_,/rz#u)
2 2

4
= (a2)?
So that Equation 5.4 reduces to:

= Gif(n)*H o) — (a2)* (a)?)

15



— 01[(a1)k+1 o (a2)k+1]

| ome VBT, me P,
- (BT Sy (T ey

B vVm?2 4+ 4]

And so the result holds.

Now to see the equivalent of 2.2.4
2 _ (_1>n—1 x [F2

Proposition 5.1.3.G,,_»G,, — (G,,—1)
Proof: Again using the substitutions from 5.2 and 5.3 with the Binet Forms.

LHS = (ClOélf72 + 02@12672) (ClOé’f + CQO[IQC) — (Cloélfil -+ 02@12671)

recallCy = —C;. Then

5 7)o — a5) = (@i Mg )]

LHS = (CH)[(™* = a57)(a

— (o~ afal - ol - af a2 - (@ kol ad ! 4 af )

k=2 k’Q(a% +a3) + 2(041042)]“’2]

= 012[_% Q9

Now,

Q10 =
4

m+vm?+4lm—vm2+4  m®— (m?+4) l (5.5)
2 2 h o '

So we get
LHS = C*[—(=1)"2(a? + a2) + 2(-1)"]

= (=D (=0 [(0f + ad) +21] (5.6)

substituting back in fo€;, oy, as yields:
1 m?2—vm2+41+2] +m2+\/m2+4l+2l 9]
2

A ] 2
16




k-1 oy + 4
= (=D (=))F [m2—+4[]

= (=D (=0 (5.7)

We see that this reduces e 1)*~! if and only if (= 1. This result shows as
that if we restrictl to bel, our technigues for solving the closed form expression
of the continued fraction expansion is valid up to this point!

We must still verify the last property, however.

Proposition 5.1.4.G,, = gx41Gnk + 19 Gr_k_1

Again, we use the substitutions from 5.2 and 5.3
Gn = 0105711 + 0204721
Let us expresss,, in terms of any two previous consecutive terms.
In matrix form we write:

A N A T 4
( Gn—kz—l ) - ( Oé?_k_l ag—k—l 02 (58)
i\ [ o At T Gk

Cy ) a1 ap k! Grk—1

By Cramer’s Rule,

n—k—1 n—k
RHS = ! 2 o %, Gt
- — —k— —k— — n—K— n—
arFafRt Rl —of ay Gn—k—1

—k—1 —k
_ 1 Gn—kag _Gn—k—lag
n—k—1 n—k—l(al . Oég) -G n—k—1 G n—k

(%) Qi n—kQ7 n—k—10
Gn—k Gnok—102 Gk Gnok—10a
Andso () = ——+ — Cy = 72 +
1 0/11 k 1((11—0[2) Oc’f k 1(0&1—@2) bl 2 ag k 1(041—0(2) ag k 1(0&1—(12)

Plugging intoG,, = Cia} + Cyaf gives:

(ank - ankfloQ)a? + <_Gn7k + ankflal)ag

af oy — aw) ab ™ o — ay)

G, =

17



k+1 k+1

[0 (07
1 2

- (ank - CV2C7Ynfkfl)
a1 — Q9 a1 — Q9

(_ank + Oélankfl)

1 1
= Gk < (af ™ — 0‘5“)) + Gk ( (—onai™ + 0410/2““))

a1 — Q2 a1 — Q2

Now recall from Equation 5.5 that;c, = —I
Furthermore,

m+\/m;m+\/m: T

) — Qg =

So that Equation 5.9 becomes

1 1
Gn—k <\/7n2:—|—4l<0/f+1 _ 0/54'1) =+ Gn—k—l (m(lalf — lOé];)

= Ger1Gnr + lgpGrnr1 (5.9)
as desired.
Again, we note that if{=1, then we may apply the very same technique used

in the Fibonacci case.
We will see precisely how this works in the next section.

5.2 More Closed Form Expressions

In this section, we will use the technique developed in section 4.1 to find the closed
form continued fraction expressions for powers of any number of the form:
Lvm?i wherem € N

If we take the difference equation:,, = mG,,_1 + G,,_» (letting/=1) Then,
by the same method applied to the Fibonacci sequence yields,

. G, 1+vm2+4
im =

n—o0 Gy 2

(5.10)

18



Can we find closed form expressions for continued fraction expansions for the
powers of these limits? In the case of the Golden Ratio, we have already seen that

this can be achieved by determining the continued fraction expansion of the ratio

[N
of e

Apply the technique from Chapter 4 tﬁj—k gives the following:
From Proposition 5.1.4%,, = g 11Gnk + 9Grn_r_1

Gn _ gk-l—lGn—k + ngn—k—l
Gn—k Gn—k
ankfl
ank
MGr-1Gn—t—1 + gr—2Gn_—1
Gn—k
(MmGr—1Gn—t-1 + gk—1Gn—r—2) + gr—2Gn—k—1 — gr-1Gn—k—2
ank
9i—1Grn—t  Gr—2Gn—p—1 — Gr—1Gn_—2
= + +
s Gn—k Gn—k

Ii—2Gn——1 — Gu-1Gn_r—2
ank

=

= gk+1 1+ Gk

= Gk+1 T

= gk+1 +

= (Gr1 + gr—1) + (5.11)

Note: From proposition 5.1.47,, ;1 = ¢:Gr_t—r + 9k-1Gn_t—k—1
AnNd G_i—2 = gi—1Grn—r—k—1 + Gr—2Gn—r—k—2
So Equation 4.1 reduces to

Gr—2(9kGr—2k + 9k-1Gn-2k-1) — Gk—1(gr—1Gn—2k + Gr—2Gr—_2x—-1)
Gn—k

(Gr1+gr—1)+

Gr—2(9kGn—2k) — Gr—1(gk—1Gn—2k)
Gn—k

Gr—2k|gr—29k — (gr—1)?]
Gn—k

= (Gr+1 + gp—1) +

= (g1 + gr—1) +
From proposition 5.1.3,
Gk—2gk — (gr—1)? = (=1

G, G (—1)F1
n—k

19



And so we see that this is precisely what we derived in 4.2!

So we have bow been able to determine explicitly the continued fraction ex-
pansion of all quadratic irrational number®f the form: H—V’f*‘* wherem € N
and for any positive, integral power of.

Again, as in the case of the Fibonacci sequence, we see that the periodicty of
the continued fraction expansion is determined by the exponent k.

20



Chapter 6
For Those Who Come After

The techniques developed in this paper have allowed us to determine closed
form expressions for the continued fraction expansions of some special quadratic
numbers. This result is helpful in the following ways:

First, we now have a nice set of closed form expressions which we can input
into a database. For these special numbers, the usual algorithm to find the con-
tinued fraction expansion would not be necessary. However, since our method
applies only to a relatively small class of numbers, it does not allow us to abandon
the algorithm.

Second, we have been able to prove the structure of the continued fraction of
a sizeable class of numbers. Although it was pretty clear at the outset that there
was a nice structure to this class, we have successfully proven it, and can now use
these results to possibly derive similar results for other classes.

There were a few reasons why we could not extend these results any further. In
the first place, our method requires a periodic continued fraction expansion, and
therefore cannot be extended to any algebraic irrational of degree higer than 2. It
would be nice to have a general form that works for difference equations of the
form, say Jo=ad,_1+bJy_o+ct,_3
Applying the limiting techniques from the proof of 2.2.2, we see that if

n

7= lim

n—00 Jp—1
then
1 1
T=1+—-+ -
T T
And sot would be algebraic of degree 3. This would then preclude the existence
of a periodic continued fraction expansion.

21



However, there are still several apporaches that can be taken for those who
wish to pursue this project.

First, as mentioned earlier, the method generally requires the coefficint,
the G,,_, term to bel. However, a coefficient of-1 can also work, aslong as,
the the coefficient of thé/,, — 1 term is greater than 1. Otherwise, the sequence
degenerates to zero, and the continued fraction expansion-as, &, becomes
trivial. 1t would be interesting to find other possible values ahdm for which
our method remains valid.

In the same light, it was also determined that our technique can fail when the
coefficient ofG,,_; is non-integral. One key to the technique is that the leading
terma, of the continued fraction expansion fg,; + fk — 1. Since we require
this term to be integral, a new method must be found, that either assures that
fre1 + fk — 1is integral, or how to decompose further to arrive at an integral
term. This again is left open to the reader.

A third possibility is to consider difference equations for which the coefficent
of G,,_; varies. This would certainly require new techniques.

22



Appendix A

Tables: Continued Fraction
Expansions of Ratios of Fibonacci
k-Neighbours

In this section, we post the tables g
fork=3,4,5,6
and for n= 20, 21, 22, ., 40.

The results for each k-value are posted on separate pages, in order of increas-
ing k.
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