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Actually, however, we found, starting with the study of two-player cases, that
we could take a modified route of derivation and arrive at simplified, yet equivalent
equations. But, skipping all the details, the PI worked with the project assistant
Alexander Kontorovich in a program where the two workers independently derived
the equations so that the results could provide good confirmations. Methods were
also developed, working within Mathematica, that could exploit the symmetries
of the game (with 51,52 and 53 as symmetric symbols) and these gave both cross-
checking benefits and also made it possible to derive multiple variant equations from
one good calculation. In particular, the 24 equations associated with u-numbers,
because of the 3-factorial (3!) symmetry, became 4 groups of six and only one of
each group really needed direct calculation.

In the end, with the chosen simplifications, we transformed into equations NOT
INCLUDING any of the d-numbers but including all the a-numbers. This needed
the additional inclusion of three equations of the sort of an equation linking a1 f2
and al f3, which both depend on d1, which is being eliminated from the simplified
equations. Thus there are 42 equations, involving as variables the a-numbers and
the u-numbers, for a general game.

When the game has symmetries the equation set can be much reduced. If
b1 = b2 = b3 then all of the two player coalitions have the same strength and then
we can look for solutions involving the same behavior for all players. Then the
equations reduced to merely 7 in number (and this was a good basis for finding the
first solutions!). If merely b1 = b2 then the coalitions (1, 3) and (2, 3) have the same
strength and we can look for solutions with P1 and P2 in symmetrically patterned
behavior. This leads to a reduction to 21 equations, and we did most of our work
on calculations with these 21 equations since that level of symmetry was enough to
yield differentiation among the various value concepts that could be compared.

The Methods for Finding Solutions and Calculating Data Points

This work has in two ways an experimental character. First, the actual design of
a model is like a matter of artistic discretion, and it is simply an ATTEMPT to
provide for the possibility of naturally reactive behavior so that the phenomenon of
“the evolution of cooperation” may occur and may be revealed through the actual
calculation of equilibrium solutions.

Whatever choices we make at first, with regard to how the players are to reac-
tively behave, there is, a priori, the possibility that some other design might have
each player (or an individual player) behaving more effectively in terms of effec-
tively inducing desirably cooperative behavior on the part of the other players.
Our present work, in its nature, does not attempt to find the ultimately ideal form
of reactive behavior (of an individual player) so that, with that behavior, that
the resulting equilibrium in the context of a repeated game of interactive behavior
would be optimized as far as the interests of that player are concerned. In principle,
we feel, the issue of the optimization of the form of the reactive behavior pattern
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Methods Used for Improving Approximations to Solutions

Working either with 42 equations for z1,z2,...,242 or with 21 equations for
yl,92,...,y21, we used Mathematica (on Linux) as the general framework for cal-
culations. After initially obtaining one or a few good numerical solutions then others
could be obtained by the use of what are called, mathematically, “homotopy meth-
ods”, and this was essentially a matter of always simply finding a new solution that
would be numerically in close approximation to a known solution that had been
previously found. h

So the chart of Fig. 1 illustrates the use of data that was obtained in this fashion
when, of the defining parameters in the equations, only e3 was varying and the solu-
tions were being obtained for fully symmetric games with b1 = 52 = 53 = 1/5. And
we can remark that FULL symmetry reduces the number of descriptive variables
needed down to 7 (from 42 in general or 21 with two players being symmetrically
situated in the game).

The similar chart of Fig. 2 illustrates the use of data describing solutions for
games with only a symmetry of the situations of Players P1 and P2. (This chart
was prepared by S. L. (Sebastian Ludmer).)

Actually, the first numerical solution found was found by A. K. (Alexander
Kontorovich) who used a computer “amoeba” method of automatic searching to
get close to it. This was a matter of searching in 7 dimensions. And after a few
initial solutions were known all the others that were obtained were found using the
“homotopy” procedure and moving gradually from one solution to another along a
trail of neighboring points, in 7 or 21 or 42 dimensions.

We developed a series of Mathematica programs for improving the quality of an
initially given approximate solution of a system of simultaneous equations. (Versions
of these programs and of associated computational data developed in the work on
this research project will be made available in a reference web site that we are
preparing to be available to readers of this publication.) These programs work by
modifying the variables {(e.g.: y1,...,y21) of an approximate solution so that the
values of the equations, after the substitution of the array of numerical values of the
descriptive variables will be smaller. And for this purpose of improvement we used
the measure of quality formed simply by the sum of the squares of the numerical
values of all the equations of the system (as they would be calculated from the
substitution into them of the 7, 21, or 42 numerical values for the variables).

In connection with this paper, an Internet access connection will be provided
(at least for a time) to files accessible on my “home page” at the URL locati-
on of: “http://www.math.princeton.edu/jfnj/texts_and_graphics/ AGENCIES_and.
COOPERATIVE_GAMES/pubfiles ”

Observed Market Clearing Phenomena

Relatively late in the period of the work on the calculation of numerical solutions we
found, empirically (by observation), that some of the parameter values in calculated
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The players MUST be sometimes accepting, in a global sense, or they would
never be gaining any of the benefits specified for the coalitions by the characteristic
function.

It is obvious enough that the acceptance action is quasi-altruistic, since the
agent accepted is not at all constrained to consider properly the interests of a player
accepting him/her EXCEPT through the structure of the repeated game context
AND through the reactive behavior of the players built into the model structure.
A sometimes accepting player will also be “DEMANDING” to be rewarded by his
chosen standard (of benefits) in relation to the average utility consequences, for
him/her of any particular type of acceptance vote. i

So we found that simply providing a rule for the probable repetition of failed
acceptance elections caused the calculable equilibria to shift, in line with the high-
ness of the probability of election repetitions, so that the same sort of efficiency
of getting close to the Pareto boundary would be attained with lower probabilities
for accepting behavior, in the voting, whenever the probability of repeating a failed
election would be improved.

Thus the players could become as if wise negotiators waiting patiently for the
other sides to make concessions!

There was another advantage found with arranging for “asymptotically perfectly
reluctant accepting” and this was that this idea seemed to remove what otherwise
would appear as an arbitrary rule for the elections, the rule that if more than one
voter voted, then a single voting action, chosen at random, would be certified and
made effective.

Pro-Cooperative Games and Evaluations of Games

The forthcoming book of E. Maskin, which expands on his Presidential Address
to the Econometric Society, has a theme that connects with our idea of “Pro-
Cooperative Games”. This is the theme of “externalities” as realistic considerations
that are not included in the formal description of a game (say as a “CF game”
in particular) and which COULD act, for example, to (effectively) prevent the
formation of the grand coalition.

We began to see that in our games studied by our modeling method (with
agencies) that if the strengths of all of the 2-player coalitions were quite large (and
comparable to v = (1,2,3) = +1) then that it would be quite reasonable, in a
repeated game context, for there to be various stable equilibria. Thus any two of
the players could be seen as being able to “learn” that they are natural allies and
then, through an alliance, gain the lion’s share of all the possible benefits from the

game.

The concept of a “pro-cooperative game” would be that of games where such an
alliance of two players would not be able to thus benefit them. Then these games
would be more properly suitable for being assigned a “value” (by whatever means
of evaluation would ultimately be found and accepted).
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We failed to find what seemed like a good modeling involving robotically func-
tioning attorney agents for the case of three-player games. There was the compli-
cation of the STAGES of the coalescence of the players and ultimately it became
apparently TOO BENEFICIAL for two of the original players to achieve represen-
tation by an attorney-agent. So the players could not, in an equilibrium of their
playing, behave as if “reluctant” to accept an agency.

And of course, retrospectively, it seems pretty clear that our scheme for “robotic”
attorney agents, designed so as to work to benefit the interests of the original
players, did not correspond to “real life”, in human societies, where it is their
competition AMONG THEMSELVES that drives attorneys (or lawyers) to work
on behalf of the true interests of their clients!

Prospective Model Improvements or Refinements

Because the whole concept of our idea of modeling the attainment of cooperation by
the players in a 3-party game situation in terms of a process involving a sequence of
elections of agencies was inspired by thinking of the analogy to evolution in Nature,
it is logical to consider that when evolution has already arrived at SOME DEGRER
of success in improving the cooperativeness of the behavior of players (that initially
were entirely independent in their interests, and with regard to their utility func-
tions); because of this, we should consequently realize that a found modeling that
favors effectively cooperative behavior by the players in a form that derives from
their independently motivated actions (like actions in a non-cooperative game) may
not PERFECTLY model the NATURAL possibilities for the attainment of coop-
erative behavior by the route of a form of evolution. This is because evolution in
Nature is generally viewed as an ONGOING process and thus it cannot be expected,
presumably, at any particular time, to have arrived at final perfection.

So, in effect, deriving from this consideration, if we found a first model, for a
game of three players defined as a CF game by a specified characteristic function,
in which stable effective cooperation was realized with the players playing in a non-
cooperative game of procedures for actually achieving cooperation; then, from the
general viewpoint of evolutionary theory, we DO NOT KNOW, from the apparent
success of the model, that we have found an ultimately PERFECT form of modeling
for the natural process of cooperation.

Therefore, in a logical or philosophical sense, we should think that we don’t know
that a specific model (which allows for a natural mode of cooperative behavior in
a repeated game context) is perfect and gives the final answer until we have made
some further explorations.

In Nature an example is given by lichen species. In a complex case there will be
combined (1) a fungus, (2) a green alga species, and (3) a cyanobacterial species,
with all of the three contributing distinct and essential functions.

Over a period of time, like, say, 100 million years, a complex lichen variety
existing today might naturally evolve into a form exhibiting changes in the two
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by a characteristic function (as in Von Neumann and Morgenstern) and with the
privilege of transferable utility being provided for the players. But actually the pay-
off function was calculated on the basis that if the grand coalition is not formed but
a coalition of two players did form then that that two-player coalition is awarded the
value, b1, b2, or b3, appropriate for it, BUT that this amount is divided EQUALLY
between the two players in that coalition. (So if, for example, the coalition {1, 3}
associated with b2 = v(1, 3) formed but {1, 2,3} did not form then our applied rule
is simply that each of P1 and P3 receives the payoff of 52/2.)

And another area where our modeling had an arguably arbitrary simplification
concerns the demand strategies of players voting in the first stage of the elections.
Player P1, for example, chooses strategically the demand number d1 and from this
his behavior actions in voting, alf2 and alf3, are determined.

Instead of having only dl1, d2, and d3 we could rather have d1f2,d1f3,
d2f1,d2f3,d3f1, and d3f2. And then each action (voting) probability aifj would
be associated with its own demand strategy, so that d3f2 would control a3 f2, etc.

This model change, by itself, would add three variables. And the change with
having secret leader-agents (like secret committee chairmanships) would take away 9
variables. With both of these changes there would be 36 wvariables and
equations.

Additionally, particularly for the relatively simpler 3-person games we could
generalize from CF games (games defined by a characteristic function) to games
of the more general type defined by a partition function, such as were studied,
originally by Lucas and Thrall, and by Myerson in 1977. This generalization would
seem to involve adding very little extra length to the formulae describing the payoff
vector function or the derived formulae for the equilibrium equations (for games of
3 players).

Study Possibilities for Games of Four Players

There are types of CF games of 4 players that are essentially different from games of
three or two players, yet which, because of symmetries of the game, would involve
a much smaller number of strategy parameters to be determined than would be
needed for a plausible model for a general sort of 4-person CF game.

The players could have two types and then have complete symmetry in relation
to the game structure except for the difference of types. Thus, if A and B were
the types then the characteristic function data would be determined by v(A) =
v(B) = 0,v(4,A),v(4, B),v(B, B),v(4, A, B),v(A, B,B), and v(4,A,B,B) = 1.
(This varies in five dimensions.)

Or another variety of very simple 4-person game for computational study would
be, instead, a 4-person game where one player is different and three are isomorphic
in form. Then, as a CF game it would be described, in terms of players of types R (for
regular) and X (for exceptional), by v(R) = v(X) = 0,v(R, R),v(R, X),v(R, R, R),
v(R, R, X), and v(R, R, R, X) = 1. (And this varies in only 4 dimensions.)
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being assisted, in one way or another, by Prof. R. Selten, Prof. R. Nagel, and myself.
It is expected that a report on these experiments will be published separately.

In the design for the experiments the human game-players being observed were
free to think however they wished, about their strategies of action, but coalitions,
or “agencies” were formed like in our model. And the payoff rules, in relation to
the final coalition or set of coalitions and players, were the same. (So the players
did not have any need to think about choosing numbers to be their “demands”.)

The basic design of the experimental routine, as a “flow chart” was made by
Prof. Selten and he also chose a set of 10 example games to be studied.

Tt was difficult to compare directly with the computable results from our specific
model for computations because for most of the games the model solution could
not be easily calculated (since the two-player coalitions had too much strength) (or
they were not enough like “pro-cooperative games”).

However the experimental results DID seem to confirm, in a general way, the pat-
tern of experiments leading to “more egalitarian” outcomes than would be suggested
by notable mathematical indicator concepts like the Shapley value or the nucleolus.

Relevant Existing Literature

The recent work of Abreu and Pearce notably involves, like our modeling scheme,
the study of the repeated games context. In this context they are able to deal with
both the cooperative and the competitive aspects of a situation of bargaining that
is not of the simplest variety.

Harsanyi was an early pioneer explorer in the search for theoretical understand-
ing of cooperative games including, particularly, games of the NTU category.

Rubinstein’s 1982 paper in Econometrica influenced various later papers con-
necting bargaining and offers and acceptances.

Others, for example Gul (1989), Osborne and Rubinstein (1990), Montero-
Garcia (1998), Seidmann and Winter (1998), Ferreira (1999), and Ray and Vohra
(1999), in a general sense, look at coalitions from a “dynamical” viewpoint, under-
standing that the participants in a game-like situation must act appropriately for
coalitions to actually form.

The papers of Baron and Ferejohn, of Okada, and of Gomes have made use of
the “random proposers modeling” and are good sources in relation to that idea
(which has antecedents going back to Rubinstein and Stahl).

Project Assistants and Support

This research was supported by the Economics Division of the NSF (or National
Science Foundation) under Award # SES-0001711. And we want to mention the
three Princeton students who successively were project assistants helping with the
work. These were Alex Kontorovich, Sebastian Ludmer, and Atul Pokharel.

The work of the project assistants was particularly important, first, for devel-
oping and double-checking the actual concrete system or systems of equations to
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