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Bergman Kernel

Let Ω ⊂ Cn be a bounded strictly pseudoconvex domain, with ∂Ω
smooth.

Set H2(Ω) = L2(Ω) ∩ O(Ω).

Define B : L2(Ω)→ H2(Ω) to be the orthogonal projection.

Then

Bf (z) =

∫
Ω

KΩ(z , ζ)f (ζ)dv(ζ)

for a function KΩ(z , ζ) ∈ C∞(Ω× Ω), the Bergman kernel of Ω.

KΩ(z , ζ) is determined by KΩ(z , z).
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Bergman Kernel

Theorem (CF, 1974). Let ρ ∈ C∞(Ω) be a defining function for
∂Ω.

Then

KΩ(z , z) = ϕ(z)ρ(z)−n−1 + ψ(z) log ρ(z),

where ϕ, ψ ∈ C∞(Ω), with ϕ(z) 6= 0 for z ∈ ∂Ω.

Also, ϕ mod ρn+1 and ψ mod ρ∞ are locally determined at ∂Ω.

In the same year 1974, Chern and Moser published their work on
local invariants of strictly pseudoconvex hypersurfaces under
biholomorphic transformations.

Question. Can one express the Taylor expansions of ϕ mod ρn+1

and ψ in terms of geometric invariants of ∂Ω?
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Heat Expansion

Analogy. Recall the asymptotic expansion of the heat kernel on a
Riemannian manifold (Mn, g).

Set ∆ = ∆g .

(∂t −∆x) K (t, x , y) = 0 t > 0

K (0, x , y) = δy (x).

Then

K (t, x , x) ∼ t−n/2
∞∑
j=0

aj(x)t j , t → 0,

where the aj(x) are locally determined in terms of the geometry of
(M, g). For example, a0 = (const)n, a1 = (const)nR.

In general, each aj can be expressed as a linear combination of
complete contractions

contr (∇r1R ⊗ · · · ⊗ ∇rLR) .
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Monge-Ampère Equation

Two fundamental difficulties for the Bergman kernel:

1 What is the analogue of t?
2 How do you construct scalar CR invariants?

Chern-Moser theory does not produce scalar invariants.

Use the solution of a complex Monge-Ampère equation to address
both problems. Define

J(u) = (−1)n det

(
u uj

ui ui j

)
.

Try to solve

J(u) = 1, u|∂Ω = 0 (u > 0 in Ω).

A solution u will be a defining function for ∂Ω.
The problem is difficult: the equation is degenerate at the
boundary.
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Monge-Ampère Equation

Existence and uniqueness for J(u) = 1, u|∂Ω = 0 are difficult. But
for the intended uses, it suffices to have high-order formal solutions
near the boundary.

Theorem (CF, 1976).
There exists unique u ∈ C∞(Ω) mod O(ρn+2) solving
J(u) = 1 + O(ρn+1), u|∂Ω = 0.

The solution u is constructed by hand via formal calculations.

u has a biholomorphic invariance property:

If Φ is a local biholomorphism near p ∈ ∂Ω1 satisfying
Φ(∂Ω1) = ∂Ω2, then

u2 ◦ Φ = | det Φ′|2/(n+1)u1.
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Monge-Ampère Equation

Use u as an analogue of t to expand the Bergman kernel.

Aside.

In 1980, Cheng-Yau proved the existence of a unique solution
u ∈ C∞(Ω) ∩ Cn+3/2−ε(Ω) to J(u) = 1.

Interpretation: the metric with Kähler form i∂∂ log u−1 is a
complete Kähler-Einstein metric on Ω.

In 1982, Lee-Melrose showed that the Cheng-Yau solution has an
asymptotic expansion at ∂Ω of the form

u ∼ ρ
∞∑

k=0

ηk

(
ρn+1 log ρ

)k
, ηk ∈ C∞(Ω).
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Scalar Invariants

Also use u to construct scalar invariants:

Charlie showed how to construct from u a formally defined
Kähler-Lorentz metric on a higher-dimensional space whose
curvature invariants define scalar CR invariants of ∂Ω as follows.

Define

U(z0, z) = |z0|2u(z), (z0, z) ∈ C∗ × Cn
(

= K1/(n+1)
Cn

)
.

Define the Kähler-Lorentz metric g̃ on C∗ × Cn (z near ∂Ω) to
have Kähler form i∂∂U.

Then contractions of covariant derivatives of the curvature of g̃

contr
(
∇̃r1R̃ ⊗ · · · ⊗ ∇̃rLR̃

) ∣∣∣
C∗×∂Ω

define scalar CR invariants of ∂Ω.

r1, . . . , rL must be sufficiently small to avoid the indeterminacy of
u at order n + 2.
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Expansion of Bergman Kernel

Theorem (CF, Parabolic invariant theory in complex analysis,
1979).

KΩ(z , z) = u−n−1
n−19∑
j=0

Iju
j + O(u−20),

where each Ij is a linear combination of complete contractions of
covariant derivatives of curvature of g̃ .

The proof follows the same outline as the proof for the expansion
of the heat kernel. But a whole new algebraic invariant theory for
a parabolic group must be developed.

The method of reasoning is that since u is invariant, the
coefficients in the expansion in powers of u must be CR invariants.
Charlie’s invariant theory proves that all scalar CR invariants (up
to the indicated power) are linear combinations of complete
contractions of curvature of g̃ . Thus the result follows.
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Invariant Theory

Why parabolic invariant theory?

For Riemannian geometry, the model is Rn, with Euclidean
motions. The isotropy group of a point is O(n). Rn = E (n)/O(n).

For CR geometry, the model is the sphere S2n−1 = ∂Bn. Its motion
group is Bih(Bn) = SU(n, 1). The isotropy group of a point on
S2n−1 is a parabolic subgroup P ⊂ SU(n, 1). S2n−1 = SU(n, 1)/P.

Weyl’s classical invariant theory applies to O(n).
Invariant theory for P did not exist.

Charlie developed a method (HMS method), based on work of
Hochschild, Mostow, Seshadri, to derive an invariant theory for P
by passing up to classical invariant theory for the semisimple group
SU(n, 1). But the technical difficulties were severe. “Game with
the devil.” These difficulties are the reason the error term is
O(u−20).
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Alternate Approach

An alternate approach to the invariant theory was developed in
1994 by Bailey-Eastwood-G.

The group P can be decomposed

P = R+ · U(n) · Hn,

where Hn is the Heisenberg group.

An oversimplified description of the approach is that the invariant
theory is built up using Weyl’s classical invariant theory for U(n)
together with a direct analysis of the action of Hn. The arguments
are simpler, but still complicated, and give sharp results.

The improved invariant theory enabled extension of the
characterization of CR invariants and the expansion of the
Bergman kernel up to the log term:

KΩ(z , z) = u−n−1
n∑

j=0

Iju
j + O(log u).
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Expansion of Log Coefficient

New ideas are required to handle the log term coefficient ψ.

A
main difficulty is the indeterminacy of the Monge-Ampère solution
at order n + 2. The solution was discovered by Hirachi in 2000.

Ingredients:

Construction of a biholomorphically invariant family F of
smooth defining functions u parametrized by f ∈ C∞(∂Ω).

Construction and characterization of all invariants I (u)
depending on (∂Ω, u) by complete contractions of a metric g̃
on C∗ × Cn.

Full expansion of the log term coefficient: ψ =
∑∞

j=0 Ij(u)uj

for any u ∈ F .

The invariant theory required to prove this follows using the
methods of Bailey-Eastwood-G.
This completes the description of scalar CR invariants and the
expansion of the Bergman kernel.
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Conformal Geometry

The real analogue of CR geometry is conformal geometry. There is
a version of the theory for conformal geometry. No analogue of the
Bergman kernel, but there are applications in other directions.

Let (Mn, [g ]) be a conformal manifold.

ĝ ∼ g if ĝ = Ω2g , 0 < Ω ∈ C∞(M).

The model is M = Sn, with the conformal class of the usual metric.

Its group of conformal self-maps is

Conf(Sn) = O(n + 1, 1).

Sn can be realized as the set of null lines in Rn+2.
The linear action of O(n + 1, 1) on Rn+2 clearly preserves this set.
The action is by conformal transformations of Sn.
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Conformal Group

The action of O(n + 1, 1) preserves the Lorentz metric

g̃ =
n+1∑
i=1

(
dX i

)2 −
(
dX 0

)2
on Rn+2



Ambient Metric

Try to associate to general (M, [g ]) an analogue of the metric g̃ .

This is the ambient metric associated to the conformal structure.

Let G ⊂ S2T ∗M be the ray bundle of quadratic forms in the
conformal class at each point. For Sn, G ∼= null cone.

Dilations naturally act on G. The conformal class of metrics is
realized as a “tautological” symmetric 2-tensor g0 on G.

Set G̃ = G × R, ι : G → G × {0} ⊂ G̃ inclusion
The ambient metric g̃ should satisfy:

ι∗g̃ = g0

g̃ is homogeneous of degree 2

Ric(g̃) = 0 to high order along G.

The Ricci-flat condition is the conformal analogue of the
Monge-Ampère equation J(u) = 1.
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Ambient Metric

Theorem (CF-G, 1985).

If n is odd, there is a formal power series solution for g̃ to
infinite order, unique to infinite order up to homogeneous
diffeomorphism.

If n is even, there is a solution to order n/2− 1, unique to
order n/2 up to homogeneous diffeomorphism.

So the even-dimensional case is formally similar to CR geometry,
but the odd-dimensional conformal case is better behaved.
The proof is much more complicated than in the CR case.

System vs. scalar equation. Kähler metrics have a potential.

Diffeomorphism invariance.

One reason: can view CR geometry as a subset of even
dimensional conformal geometry. The “Fefferman metric”
construction associates a Lorentz signature conformal structure on
∂Ω× S1 to a strictly pseudoconvex boundary ∂Ω.
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Scalar Conformal Invariants

First application of the ambient metric: construction and
characterization of conformal invariants. Nontrivial.

Can construct scalar invariants from the ambient metric by
complete contractions of derivatives of curvature:

contr
(
∇̃r1R̃ ⊗ · · · ⊗ ∇̃rLR̃

)
.

Linear combinations of these are called Weyl invariants.
Must restrict orders of differentiation if n is even.

Theorem (B-E-G 1994 & CF-G 2007)

n odd. Every scalar conformal invariant is a Weyl invariant.

n even. Every even scalar conformal invariant of weight ≤ n is
a Weyl invariant.

There are exceptional odd invariants (change sign under orientation
reversal) if n ≡ 0 mod 4. Examples: Pontrajagin invariants.
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“Application”: Alexakis’ Theorem

The construction of scalar conformal invariants via the ambient
metric plays an essential role in Alexakis’ recent structure theorem
for conformally invariant integrals.



Inhomogeneous Ambient Metrics

For n even, would like to extend the ambient metric to infinite
order and construct scalar invariants of arbitrarily high weight.
Joint work with Hirachi.

Let ρ be a defining function for G ⊂ G̃ homogeneous of degree 0,
and ρ# a defining function homogeneous of degree 2.

Definition. An inhomogeneous ambient metric for (M, [g ]) is a
formal asymptotic expansion along G of a Lorentz metric g̃ on G̃ of
the form

g̃ = g̃ (0) +
∑
N≥1

g̃ (N)ρ
(
ρn/2−1 log |ρ#|

)N
,

where each g̃ (N), N ≥ 0, is a smooth symmetric 2-tensor field
homogeneous of degree 2, such that:

ι∗g̃ = g0

The dilation orbits are geodesics
Ric(g̃) = 0 to infinite order.
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Smooth Part

Theorem. Up to a smooth homogeneous diffeomorphism, the
inhomogeneous ambient metrics for (M, [g ]) are parametrized by
the choice of an arbitrary trace-free symmetric 2-tensor field Aij on
M. This “ambiguity tensor” corresponds to

Aij = tf
(

(∂ρ)n/2g
(0)
ij |ρ=0

)
for g̃ in a suitable normal form.

Can invariantly define the smooth part of g̃ .

This allows the construction of Weyl invariants of the pair (g ,A)
by complete contractions of curvature of the smooth part.

Also can construct a finite list of basic exceptional invariants.
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Characterization of Invariants

Theorem.

If n ≡ 2 mod 4, every scalar conformal invariant is an
ambiguity-independent Weyl invariant.

If n ≡ 0 mod 4, then

Every even scalar conformal invariant is an
ambiguity-independent Weyl invariant.

Every odd scalar conformal invariant is a linear combination of
an ambiguity-independent Weyl invariant and basic
exceptional invariants.

These results complete the construction of the ambient metric and
the characterization of scalar conformal invariants for n even.
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Hyperbolic Space

There is another realization of the ambient metric for which the
existence question has a natural formulation as a global boundary
value problem.

Consider the Poincaré model of hyperbolic space Hn+1:

g+ = 4
(
1− |y |2

)−2∑(
dy i
)2

on Bn+1.

(Sn, [g ]) can be regarded as the “conformal infinity” of (Hn+1, g+)
in several ways. For instance,

Isom(Hn+1) = Conf(Sn) = O(n + 1, 1).

Hn+1 also arises as a hyperboloid in Minkowski Rn+2 with the
induced metric.
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Poincaré-Einstein Metrics

There is an analogue H of the hyperboloid which can be
invariantly defined in G̃ for a general (M, [g ]).

The restriction g+ ≡ g̃ |TH defines the (formal) Poincaré-Einstein
metric associated to (M, [g ]).

The condition Ric(g̃) = 0 is equivalent to Ric(g+) = −ng+.

Suggests a global boundary value problem:

Given a manifold-with-boundary X and a conformal class of
metrics (∂X , [g ]), find g+ on int(X ) such that

g+ has conformal infinity [g ].

Ric(g+) = −ng+.

This problem has been the source of much activity during the last
10 years. There is a good perturbation theory about a
nondegenerate g+. But in general, existence and uniqueness fail.
This is in constrast to the case of CR geometry, for which the
Cheng-Yau Kähler-Einstein metric always exists and is unique.
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metric associated to (M, [g ]).

The condition Ric(g̃) = 0 is equivalent to Ric(g+) = −ng+.

Suggests a global boundary value problem:

Given a manifold-with-boundary X and a conformal class of
metrics (∂X , [g ]), find g+ on int(X ) such that

g+ has conformal infinity [g ].

Ric(g+) = −ng+.

This problem has been the source of much activity during the last
10 years. There is a good perturbation theory about a
nondegenerate g+. But in general, existence and uniqueness fail.
This is in constrast to the case of CR geometry, for which the
Cheng-Yau Kähler-Einstein metric always exists and is unique.
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metric associated to (M, [g ]).

The condition Ric(g̃) = 0 is equivalent to Ric(g+) = −ng+.

Suggests a global boundary value problem:

Given a manifold-with-boundary X and a conformal class of
metrics (∂X , [g ]), find g+ on int(X ) such that

g+ has conformal infinity [g ].

Ric(g+) = −ng+.

This problem has been the source of much activity during the last
10 years. There is a good perturbation theory about a
nondegenerate g+. But in general, existence and uniqueness fail.
This is in constrast to the case of CR geometry, for which the
Cheng-Yau Kähler-Einstein metric always exists and is unique.



AdS/CFT Correspondence

One impetus for the interest in this boundary value problem is the
connection with the AdS/CFT correspondence in physics.

This was proposed by Maldacena in 1998 as a duality between
string theory on AdS5 × S5 and a conformally invariant gauge
theory on its boundary at infinity.

Witten pointed out that the underlying geometry is precisely that
of Poincaré-Einstein metrics with prescribed conformal infinity and
indicated how to compute physical quantities in terms of the
formal asymptotics.

Has led to much interaction and progress which continues now.

Math → Physics Holographic renormalization

Physics → Math Renormalized volume
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of Poincaré-Einstein metrics with prescribed conformal infinity and
indicated how to compute physical quantities in terms of the
formal asymptotics.

Has led to much interaction and progress which continues now.

Math → Physics Holographic renormalization

Physics → Math Renormalized volume



AdS/CFT Correspondence

One impetus for the interest in this boundary value problem is the
connection with the AdS/CFT correspondence in physics.

This was proposed by Maldacena in 1998 as a duality between
string theory on AdS5 × S5 and a conformally invariant gauge
theory on its boundary at infinity.

Witten pointed out that the underlying geometry is precisely that
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Parabolic Geometries

The theory described here has also helped inspire the development
of a general theory of geometries modeled locally on homogeneous
spaces of the form G/P, with G semisimple and P ⊂ G a
parabolic subgroup.

There are many other interesting examples: projective geometry,
path geometries, geometry of differential equations, exceptional
groups

Complementary approach via Cartan connections: Cartan, Chern,
Tanaka, ...
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