Onsager
Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes
Equations

Peter
Constantin

Introduction

Onsager
Equation
General Goals
Examples

Onsager
equation for
general
corpora

Kinetics

Embedding in
Fluid

Results on
NS-+NLFP

Related NS
results

Onsager Equations, Nonlinear Fokker-Planck
Equations, Navier-Stokes Equations

Peter Constantin

Department of Mathematics
The University of Chicago

Charlie Fefferman Fest, Princeton May 2009



Onsager
Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes
Equations

Peter
Constantin

Introduction ln thiS talk:

General Goals

e e Equilibrium: Onsager Equation on Metric Spaces



Onsager
Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes
Equations

Peter
Constantin

Introduction

General Goals
Examples

In this talk:

e Equilibrium: Onsager Equation on Metric Spaces

e Kinetics: Nonlinear Fokker-Planck Equation



Onsager
Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes
Equations

Peter
Constantin

Introduction

General Goals

Examples

In this talk:

e Equilibrium: Onsager Equation on Metric Spaces
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Nanoscale self-assembly
Microfluidics
Biomaterials

Gels and Foams

Soft Lattices, Jamming
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Major Problems

@ Modeling of interactions in the correct moduli space
® Derivation of Micro-Macro Effect
©® PDE existence theory for coupled system
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Configuration space: M = compact, separable, metric
space. m € M = corpus = doodad.

Reference measure: du — Borel Probability on M.
Corpora state f(m)du(m) — Probabililty, AC w.r. dp.
Interaction kernel k : M x M — R, symmetric,
bi-Lipschitz.

Potential U[f](m) = [}, k( (p)du(p)

Potential U = micro-micro interaction

Free Energy

1
S[f]:/ rogfde—/ Ulflfdu
M 2 Jm

Minima of Free Energy: Onsager Equation

f =z 1o UIfl
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M =S""1  du=area.

UlF(m) = /M k(m, p)F(p)dyu(p)

k(m, p) = k(p, m), k smooth, real, given. Kernels:

e Maier-Saupe: M = S"1, k(x,y) = bsin?(¢(x,y))
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k(m, p) = k(p, m), k smooth, real, given. Kernels:

e Maier-Saupe: M = S"1, k(x,y) = bsin?(¢(x,y))
e Onsager model: M =S""1, k(x,y) = b|sin(¢(x, y))|

b = intensity, inverse temperature.
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Dimension Reduction, Maier-Saupe
n X n symmetric, traceless matrix S:

S Z(5)

Z(S) = / eb(STmim) g,
§n—1

fs(m) = (Z(8)) e mm)

awnzj(mm—?)mmw.

Sn—1

Theorem
Onsager’s equation with Maier-Saupe potential is equivalent to

7(S) = S.
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Limit b — o©

(6] = / o(m)F(m)dp.
SZ

Isotropic:
1
li = — d
Jim [¢] =~ / ¢(p)dp
82
Oblate: )
1 vy
Jim [¢] = A ¢(cos p,sin ¢, 0)dyp
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Jim [6] = ¢(m), me 2.
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Limit b — o©

(6] = / o(m)F(m)dp.
SZ

Isotropic:
1
li = — d
Jim ol = o [ o(p)d
82
Oblate: ,
1 vy
Jim [¢] = A ¢(cos p, sin p, 0)dyp
Prolate:

Jim [6] = ¢(m), me 2.

The prolate state is selected. Why?
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Ulf] =) Uilf],  with
Examples i=1

UilFl(pr) = /M ki(pr. @) F(qus - - an)du(q)

Onsager Equation f = Z~te~Uf
z = I_IJ'N:12j7 with ZJ = Aﬂ ein[G]dluj’ 6 — (Zj)ileiuj[f]]
'

f(p1,---pn) = fi(p1)f(p2) ... fn(pn) product measure



Onsager

oAt Example of Interacting Corpora
Fokker-Planck

Equations,

Navier-Stokes M — Sl, M — Sl X Sl.

Equations

Peter
Constantin

General Goals
Examples



Onsager
Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes
Equations

Peter
Constantin

General Goals

Examples

Example of Interacting Corpora

M =S M=S! xS

Ulf](p1, p2) =
b [12 le(p1) A e(p2) — e(ar) A e(a2)[*F (a1, 92)dg1day

with e(p) = (cos p,sin p) if p € [0, 27].



Onsager
Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes
Equations

Peter
Constantin

General Goals

Examples

Example of Interacting Corpora

M =S M=S! xS

Ulf](p1, p2) =
b [12 le(p1) A e(p2) — e(ar) A e(a2)[*F (a1, 92)dg1day

with e(p) = (cos p,sin p) if p € [0, 27].

le(p1)Ae(p2)—e(qr)Ae(q)]|? = (sin(p1 — p2) — sin(q1 — @2))°



Onsager
Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes
Equations

Peter
Constantin

General Goals

Examples

Example of Interacting Corpora

M =S M=S! xS
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M =S M=S! xS

Ulf](p1, p2) =
b [12 le(p1) A e(p2) — e(ar) A e(a2)[*F (a1, 92)dg1day

with e(p) = (cos p,sin p) if p € [0, 27].

le(p1)Ae(p2)—e(qr)Ae(q)]|? = (sin(p1 — p2) — sin(q1 — @2))°

fo(pr, p2) = Z Le bsin*(pr—p2),

As b — oo this tends to d((p1 — p2)mod7) .
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Ulf](p1, p2) =
b [12 le(p1) A e(p2) — e(ar) A e(a2)[*F (a1, 92)dg1day

with e(p) = (cos p,sin p) if p € [0, 27].

le(p1)Ae(p2)—e(qr)Ae(q)]|? = (sin(p1 — p2) — sin(q1 — @2))°

fo(pr, p2) = Z Le bsin*(pr—p2),

As b — oo this tends to d((p1 — p2)mod7) . Additional
solution f1(p1, p2).
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Example of Interacting Corpora

M =S M=S! xS

Ulf](p1, p2) =
b [12 le(p1) A e(p2) — e(ar) A e(a2)[*F (a1, 92)dg1day

with e(p) = (cos p,sin p) if p € [0, 27].

le(p1)Ae(p2)—e(qr)Ae(q)]|? = (sin(p1 — p2) — sin(q1 — @2))°

fo(pr, p2) = Z Le bsin*(pr—p2),

As b — oo this tends to d((p1 — p2)mod7) . Additional
solution f1(p1, p2). As b — o0,

i 6003 (55 ) i)
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Example of Interacting Corpora

M =S M=S! xS

Ulf](p1, p2) =
b [12 le(p1) A e(p2) — e(ar) A e(a2)[*F (a1, 92)dg1day

with e(p) = (cos p,sin p) if p € [0, 27].

le(p1)Ae(p2)—e(qr)Ae(q)]|? = (sin(p1 — p2) — sin(q1 — @2))°

fo(pr, p2) = Z Le bsin*(pr—p2),
As b — oo this tends to d((p1 — p2)mod7) . Additional
solution f1(p1, p2). As b — o0,

i 6003 (55 ) i)

This state is selected. Why 7



Onsager
Equations,
Nonlinear
Fokker-Planck

B More degrees of freedom

Equations

Peter M =[0,L] x [0, L] x [0,7], du = —zdx1dxodb

Constantin

General Goals
Examples



Onsager
Equations,
Nonlinear
Fokker-Planck

B More degrees of freedom

Equations

Constantin

Peter M =[0,L] x [0, L] x [0,7], du = —zdx1dxodb

U[f](x1, x2,0) :/ (x1x25in 0 — y1yosin ¢)2f(y1, y2, ¢)dp
M

General Goals
Examples



Onsager
Equations,
Nonlinear
Fokker-Planck

B More degrees of freedom

Equations

Constantin

Peter M =1[0,L] x [0, L] x [0,7], du = —zdx1dxodb

U[f](x1,x2,0) = / (x1x25in 0 — y1yo sin ¢>)2f(y1,y2, ¢)du
M

General Goals

Examples Let

A[f]:/M(Xlxzsine)f(xl,XQ,H)du.



Onsager
Equations,
Nonlinear
Fokker-Planck

B More degrees of freedom

Equations

Peter M =1[0,L] x [0, L] x [0,7], du = —zdx1dxodb

Constantin

U[f](x1,x2,0) = / (x1x25in 0 — y1yo sin ¢>)2f(y1,y2, ¢)du
M

General Goals

Examples Let
M

Let g, be any weakly convergent sequence of solutions of
Onsager's equation, b — oc.



Onsager
Equations,
Nonlinear
Fokker-Planck

B More degrees of freedom

Equations

Constantin

Peter M =1[0,L] x [0, L] x [0,7], du = —zdx1dxodb

U[f](x1,x2,0) = / (x1x25in 0 — y1yo sin ¢>)2f(y1,y2, ¢)du
M

General Goals

Examples Let
M

Let g, be any weakly convergent sequence of solutions of
Onsager's equation, b — c0.Then,

blim Algp] = 0.



Onsager
Equations,
Nonlinear
Fokker-Planck

Equations, More degl‘ees Of freedom

Navier-Stokes
Equations

Peter M =1[0,L] x [0, L] x [0,7], du = —zdx1dxodb

Constantin
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Let g, be any weakly convergent sequence of solutions of
Onsager's equation, b — c0.Then,

blim Algp] = 0.

Why is this different than before?
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Packing

V(r) nonnegative, nonincreasing, compactly supported.
p=(x1,...xn), x; € Q2 C R". Packing energy:

F(p) = V(Ix —xl)-
i<j

M=Qx---xQnN{F < F}.

UIF1(p) = /M [1F(p) — F(a) + &%(p. q)] F(q)du

Connection to the example of freely articulated 2n corpora,
jamming.
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e symmetric k(m, p) = k(p, m)
e bounded below k(m,n) >0
e uniformly bi-Lipschitz:

[k(m, n) — k(p, n)| < Ld(m, p)
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M compact metric space, d distance, u Borel probability
measure on M. Let

k:MxM—R

e symmetric k(m, p) = k(p, m)
e bounded below k(m,n) >0
e uniformly bi-Lipschitz:

[k(m, n) — k(p, n)| < Ld(m, p)

If f >0, [, fdu =1, define

el = [ Fogrdn [ [ k. a)fp)du(p)(@)duta)
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energy:

Elg] = i Elf
6]= 1o Py 1)

The function g solves the Onsager equation
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Theorem
For any b > Q there exists a solution g that minimizes the

energy:

Elg] = i Elf
6]= 1o Py 1)

The function g solves the Onsager equation

g(x) = (Z(b)) 1e U
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Theorem
For any b > Q there exists a solution g that minimizes the

energy:
Elg] = in  &[f
1= g iy, 1]

The function g solves the Onsager equation
g(x) = (Z(b))"te P™

with
Z(b) = / & BUC) ()
M
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Theorem
For any b > Q there exists a solution g that minimizes the

energy:
Elg] = in  &[f
1= g iy, 1]

The function g solves the Onsager equation
g(x) = (Z(b))"te P™

with
Z(b) = / & BUC) ()
M

and

U(x) = /M k(x,y)e(y)du(y).

The function g is normalized [ gdp = 1, strictly positive and
Lipschitz continuous.
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The ur-corpus

Let M be a compact metrizable space and let k(x, y) be
symmetric, bi-Lipschitz and bounded below. In addition,
assume:

k(x,x) = 0.

Theorem

(C-Zlatos) Let v be a weak limit of a sequence f,dy of
minima of the free energy £ corresponding to b, — oc. Then
there exists m € M such that v is concentrated on the level set

x(m) ={p| k(m,p) = 0}.
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there exists m € M such that v is concentrated on the level set
x(m) = {p| k(m, p) = 0}.
This explains why the prolate Maier-Saupe state is selected.
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Let M be a compact metrizable space and let k(x, y) be
symmetric, bi-Lipschitz and bounded below. In addition,

assume:
k(x,x) = 0.

Theorem

(C-Zlatos) Let v be a weak limit of a sequence f,dy of
minima of the free energy £ corresponding to b, — oo. Then
there exists m € M such that v is concentrated on the level set
x(m) = {p[ k(m,p) = 0}.

This explains why the prolate Maier-Saupe state is selected.
Pattern recognition example: Rhombi centered at the origin,
with k the area of the symmetric difference.
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The ur-corpus

Let M be a compact metrizable space and let k(x, y) be
symmetric, bi-Lipschitz and bounded below. In addition,

assume:
k(x,x) = 0.

Theorem
(C-Zlatos) Let v be a weak limit of a sequence f,dy of

minima of the free energy £ corresponding to b, — oo. Then
there exists m € M such that v is concentrated on the level set
x(m) = {p[ k(m,p) = 0}.

This explains why the prolate Maier-Saupe state is selected.
Pattern recognition example: Rhombi centered at the origin,
with k the area of the symmetric difference. The ur-rhombus is

the square.
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exists such that locally around p = pg,

k(Tp, Tq) < ck(p, q) with ¢ < 1, then py cannot be an
ur-corpus.
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Principle: if a ;1 measure-preserving transformation T
exists such that locally around p = pg,

k(Tp, Tq) < ck(p, q) with ¢ < 1, then py cannot be an
ur-corpus.

If a local k-preserving transformation around p = py has
the property that p(T(B)) > Cu(B) for small balls around
po, with C > 1, then py cannot be an ur-corpus.
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Theorem

(Zlatos-C) Let Ao, A1 C M be compacts such that k(p,q) =0
for any p,q € A; (j =0,1) and let

Bj(e) = {p € M|d(p,Aj) < €}. Assume that for some €¢; > 0
there is a 1-1 map T : Bi(e1) — Bo(eo)
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Theorem

(Zlatos-C) Let Ao, A1 C M be compacts such that k(p,q) =0
for any p,q € A; (j =0,1) and let

Bj(e) = {p € M|d(p,Aj) < €}. Assume that for some €¢; > 0

there is a 1-1 map T : By(e1) — Bo(eo) such that T, T~ are
measurable
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Theorem

(Zlatos-C) Let Ao, A1 C M be compacts such that k(p,q) =0
for any p,q € A; (j =0,1) and let

Bj(e) = {p € M|d(p,Aj) < €}. Assume that for some €¢; > 0

there is a 1-1 map T : By(e1) — Bo(eo) such that T, T~ are
measurable and there is C > 1 such that

Vp,q € Bi(e1) : k(T(p), T(q)) < k(p,q)

VB C Bi(e1) measurable : pu(T(B)) > Cu(B).
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Theorem

(Zlatos-C) Let Ao, A1 C M be compacts such that k(p,q) =0
for any p,q € A; (j =0,1) and let

Bj(e) = {p € M|d(p,Aj) < €}. Assume that for some €¢; > 0

there is a 1-1 map T : By(e1) — Bo(eo) such that T, T~ are
measurable and there is C > 1 such that

Vp,q € Bi(e1) : k(T(p), T(q)) < k(p,q)

VB C Bi(e1) measurable : pu(T(B)) > Cu(B).

Assume also that for each p € A1, g € M\ Bi(e1) we have
k(p,q) > 0.
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Theorem

(Zlatos-C) Let Ao, A1 C M be compacts such that k(p,q) =0
for any p,q € A; (j =0,1) and let

Bj(e) = {p € M|d(p,Aj) < €}. Assume that for some €¢; > 0

there is a 1-1 map T : By(e1) — Bo(eo) such that T, T~ are
measurable and there is C > 1 such that

Vp,q € Bi(e1) : k(T(p), T(q)) < k(p,q)

VB C Bi(e1) measurable : pu(T(B)) > Cu(B).

Assume also that for each p € A1, g € M\ Bi(e1) we have
k(p,q) > 0.Then v(A1) < 1 for each measure v that is a zero
temperature weak limit of minimizers.
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Theorem

(Zlatos-C) Let Ao, A1 C M be compacts such that k(p,q) =0
for any p,q € A; (j =0,1) and let

Bj(e) = {p € M|d(p,Aj) < €}. Assume that for some ¢; > 0
there is a 1-1 map T : By(e1) — Bo(eg) such that T, T~ are
measurable and there is C > 1 such that

Vp,q € Bi(e1) : k(T(p), T(q)) < k(p,q)

VB C Bi(e1) measurable : pu(T(B)) > Cu(B).

Assume also that for each p € A1, g € M\ Bi(e1) we have
k(p,q) > 0.Then v(A1) < 1 for each measure v that is a zero
temperature weak limit of minimizers.

This explains the selection of the triangle of maximal area
when the sides are of fixed length, and of minimal area when
the sides are allowed to shrink.
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Oif = Dgf + divg(FVzU)
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with metric g,5, g = det(gug), (8%°) = (gap) 1, volume
element dy = /gd¢ in local coordinates ¢. Generalized
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Oif = Dgf + divg(FVzU)

A, Laplace-Beltrami,
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divg(FVgU) = =00 (VegrosU).
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M compact, connected Riemannian manifold of dimension d

with metric g,5, g = det(gug), (8%°) = (gap) 1, volume
element dy = /gd¢ in local coordinates ¢. Generalized
Doi-Smoluchowski equation

Oif = Dgf + divg(FVzU)

A, Laplace-Beltrami,

. 1 a
divg(FVgU) = =00 (VegrosU).

UIFI(p) = /M k(p. 4)f(a)du(q)
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Dynamics: nontrivial. Multiple steady states, gradient system,
finite dimensional attractor. Inertial Manifolds: Vukadinovic
(2008-9). The non-smooth setting needs to be developed:
gradient flow in space of probabilities on metric spaces, (see
Ambrosio et al).
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Of + u- Vif +divg(WF) = divg (fVg (log f + U[f]))

with
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cji(m) € Tp(M).
Example, rods in 3D: M = 82,
W(Xv m, t) = (VXU(X, t))m - ((VXU(Xv t))m ’ m)m
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Embedding in Fluid: Passive

Of + u- Vif +divg(WF) = divg (fVg (log f + U[f]))

with

cji(m) € Tp(M).
Example, rods in 3D: M = 82,
W(Xv m, t) = (VXU(X7 t))m - ((VXU(Xv t))m ’ m)m

Macro-Micro Effect: from first principles, if scales are
separated.
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Active: Navier-Stokes

Otu+u-Vu+Vp=vAu+V - o
V-u=0

o = ojj(x,t)

added stress tensor.
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Micro-Macro Effect

Fig o(x) = /M {c - VgU[f]l(x,m) — divgc} f(x,m)dpu(m) =
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Micro-Macro Effect
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Fluid o(x)= [ {c-VgU[fl(x,m) —divgc} f(x,m)dpu(m) =
M

f=71.eUlfl o 5=0
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A added stress tensor.
Micro-Macro Effect
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M

f=z1leUfl = 6=0 U=0, W=
(Vat)m = m((Viu)m-m) = o = [,(m@m—3)du
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is nondecreasing on solutions.
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3DNS + NL Fokker-Planck eqns with *. Then

E(t) =3 [ |u]Pdx+
+ [{flog f + A(U[f])f} dxdp.

is nondecreasing on solutions. If (u,f) is a smooth solution

then
9E — v [V« u|2dx—

—fffIV (log f + U[f])|? dpudx.
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Theorem
3DNS + NL Fokker-Planck eqns with *. Then

E(t) =3 [ |ufdx+
+ [{flog f + A(U[f])f} dxdp.

is nondecreasing on solutions. If (u,f) is a smooth solution

then
9E — v [V« u|2dx—

—fffIV (log f + U[f])|? dpudx.

If the smooth solution is time independent, then u =0 and f
solves the Onsager equation

f =zl Ulfl
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NLFP + 3D time-dependent Stokes

Of + u- Vif +divg(WF) = divg(fVg(log f + U[f])),
Oy — VA u+ Vyp =divio + F, V,-u=0.

Theorem

Let ug divergence-free, in W?(T3), r > 3, fy positive,
Sy fo(x, m)dp =1,

fo € L(dx; C(M)) N Vxfy € L™(dx; H=S(M)), s < 9 + 1.
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NLFP + 3D time-dependent Stokes

Of + u- Vif +divg(WF) = divg(fVg(log f + U[f])),
Oy — VA u+ Vyp =divio + F, V,-u=0.

Theorem

Let ug divergence-free, in W?(T3), r > 3, fy positive,
Sy fo(x, m)dp =1,

fo € L(dx; C(M)) N Vxfy € L™(dx; H=S(M)), s < 9 + 1.
Then the solution exists for all time and

HUHLP[(OJ);W%r(dx)] < o0,
Vx|l Lo g0, Tyir (d; H—s(my)) < ©©

for any p > r2_'3, T >0.
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Time independent Stokes, counting:

—vAu+Vp=diviso, Vx-u=0

gives
Vyur~oc

Dif ~ (Vxu)divg(cf) ~ odivg(cf)

nonlocal Burgers

o= / {c-VgU[f] —divgc} fdpu
M
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Onsager
Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes
Equations

Peter
Constantin

General Goals
Examples

Results on
NS+NLFP

NLFP + 2D time dependent Navier-Stokes

Theorem
(C-Masmoudi) Let ug € (W™" N L?) (R?), divergence-free,

fo € WH(HS(M)), withr >2,a>1,s< 9 +1andfo >0,
[iy fodp € (L N L)(R?).
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Theorem

(C-Masmoudi) Let ug € (W™" N L?) (R?), divergence-free,

fo € WH(HS(M)), withr >2,a>1,s< 9 +1andfo >0,
[iy fodp € (L1 N L°)(R?). Then the coupled NS and nonlinear
Fokker-Planck system in 2D has a global solution

ue L (WhrynL2 (W2) and f € LSS (WL (H™9)).

loc loc loc
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Theorem

(C-Masmoudi) Let ug € (W™" N L?) (R?), divergence—free

fo € WLr(H=5(M)), withr >2, o >1,s < ¢ 5 +1landfy >0,
[iy fodp € (L1 N L°)(R?). Then the coupled NS and nonlinear
Fokker-Planck system in 2D has a global solution

ue Lloc(Wl’r) n Ll2oc(W2 r) and f € Lloc(Wl’r(His))'

Moreover, for T > T > 0, we have u € L(( T, T); W270r).

No a priori bound.

o= kfo IVxSk—1(u(s))||Loo ds

sup)\ [Ak(u)(t)] e
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Let g > 2. We say that (up, fo) are standard initial data if
divyug =0, uyg € Wz’q(']IQ), fo >0,
fo(x, m) € Wh4(T?; [2(M)) and [}, fo(x, m)dp = 1.
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Let g > 2. We say that (up, fo) are standard initial data if
divyug =0, uyg € W2’q(']I‘2), fo >0,
fo(x, m) € Wh4(T?; [2(M)) and [}, fo(x, m)dp = 1.

Theorem

(C-Seregin) Let q > 4, (uo, fo) be standard initial data and let
T > 0 be arbitrary. Let p > %, a > % + 1. There exists a
constant K depending only on the norms of the initial data,
T,k,v,p,q,a, with K bounded by a double exponential of T,
and a unique solution (u, f) of the coupled NS-NLFP system
such that
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Let g > 2. We say that (up, fo) are standard initial data if
divyug =0, uyg € W2’q(']I‘2), fo >0,
fo(x, m) € Wh4(T?; [2(M)) and [}, fo(x, m)dp = 1.
Theorem
(C-Seregin) Let q > 4, (uo, fo) be standard initial data and let
T > 0 be arbitrary. Let p > %, a > % + 1. There exists a
constant K depending only on the norms of the initial data,
T,k,v,p,q,a, with K bounded by a double exponential of T,
and a unique solution (u, f) of the coupled NS-NLFP system
such that

IV Vxullp(o, T:19(12)) < K,

sup || Vxu(:, t)||1 < K,
t<T

and
sup f -t , SH—o < K.
o H ( )HW1 a(T2;H—*(M)))

hold.
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Otu+u-Vu+Vp=vAu+V - 0o
V-u=0

The tensor jj(x, t) : driving stress.
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Navier Stokes Equation

Owu+u-Vu+Vp=vAu+V o
V-u=0

The tensor jj(x, t) : driving stress.

Sufficient for regularity, if o smooth

4 2
| g e < o
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The tensor jj(x, t) : driving stress.

cenen o Sufficient for regularity, if o smooth
——
L.
| Nl < o
0
Exponent of the amplification factor
of tracers, key quantity
Related NS

results

T
/0 ||VU||L:>o(dx)dt< o0
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2D, Bounded stress

Theorem

Let o € L>(dtdx). Let up € L%(dx). There exists a unique
weak solution of the forced 2D NS eqns, with

u € L(dt)(L3(dx)) N L2(dt) (W2 (dx))
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Moreover,

T
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Navier-Stokes with nearly singular forces

Oru+u-Vyxu—vAyu+Vyp =divio, Vyx-u=0

Theorem

Let u be a solution of the 2D Navier-Stokes system with
divergence-free initial data uy € WH2(R?) N W (R?). Let
T > 0 and let the forces V - o obey

o € LY0, T; L>=(R?)) N L2(0, T; L2(R?))
V.o e 10, T; L(R2)) N L2(0, T; L2(R?))

with r > 2.
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Navier-Stokes with nearly singular forces

Oru+u-Vyxu—vAyu+Vyp =divio, Vyx-u=0

Theorem

Let u be a solution of the 2D Navier-Stokes system with
divergence-free initial data uy € WH2(R?) N W (R?). Let
T > 0 and let the forces V - o obey

o € LY0, T; L>=(R?)) N L2(0, T; L2(R?))
V.o e 10, T; L(R2)) N L2(0, T; L2(R?))

with r > 2. Let

lollee ~ K, IV -0ollr~B




Then

-
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and also

.
IV u(t)|| i dt < K log,(B)
0

1L T
2 [ 1BaVu()l~dt < K
g=1"0
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u= Z Aq(u)
q=-1
Related NS
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Q; € QdomainsinR2, 0< T3 < T.

Q:QX(_T70)7

Parabolic balls:

Q1= Q1 X (—T1,0).



Onsager

Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes . . .
Equations Holder regularity of weak solution
Peter
Const?antin . . 2
Q1 @QdomainsinR*, 0< T < T.
Q:QX(—T,O), leQl><(—T1,0).
General Goals
e Parabolic balls: Q(zo, R) = B(xo, R) x (to — R?, ty), where
Zo = (Xo, to), Xp € RZ, to € R.
Related NS

results



Onsager
Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes .

Sepada Holder regularity of weak solution
Peter
Constantin

Q; € QdomainsinR2, 0< T3 < T.

Q:QX(—T,O), Q:[:QlX(—Tl,O).
General Goals

Parabolic balls: Q(zo, R) = B(xo, R) x (to — R?, ty), where
20 = (X0, to), X0 € R?, to € R. Means:

Related NS
results



Onsager
Equations,

Nonlinear
Fokker-Planck
Equations,
Navier-Stokes . . .
Equations Holder regularity of weak solution
Peter
Constantin . .
Q; € QdomainsinR2, 0< T1 < T.
Q:QX(—T,O), leQl><(—T1,0).

General Goals
Examples

Parabolic balls: Q(zo, R) = B(xo, R) x (to — R?, ty), where
20 = (X0, to), X0 € R?, to € R. Means:

(f)zo,R = m f f(Z)dZ,
1 Q(201R)

[Plor = Boery S P(x)dx.
B(xo,R)

Related NS
results
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Note
r
L'(Q) € M2,(Q)
4
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Theorem
(C-Seregin) Let

ue LNQ;R?), peL*(Q), 0 € My, (Q;M**?)

with 0 < v < 1, satisfying the Navier-Stokes equations

Owu+u-Vu—vAu=—-Vp+divo,

in Q in the sense of distributions.

divu=0
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Theorem
(C-Seregin) Let

ue LY Q;R?), pe [3(Q), o € My (Q; M>*?)
with 0 < v < 1, satisfying the Navier-Stokes equations
Owu+u-Vu—vAu=—-Vp+dive, divu=0
in Q in the sense of distributions.  Then
ue C'(Qy)

if0 <~y <1and
ue BMO(Ql)

ify=0.
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Additional results

Let H and V be the L? and H! spaces of divergence-free
functions.
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Additional results

Let H and V be the L? and H! spaces of divergence-free
functions.

Theorem
(C-S) Let ue L>=(0, T;H)NL?(0, T; V), p€ L?(0, T; L%(T?))
be a solution of the initial value problem

Otu~+ u-Vu—vAu+ Vp =divo, divu =0,

u(-,0) = u(-) € H,
where o € L"(T? x (0, T); M?*2) with r > 4.
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Additional results
Let H and V be the L? and H! spaces of divergence-free
functions.

Theorem
(C-S) Let ue L>=(0, T;H)NL?(0, T; V), p€ L?(0, T; L%(T?))
be a solution of the initial value problem

Otu~+ u-Vu—vAu+ Vp =divo, divu =0,

u(-,0) = uo(+) € H,

where o € L"(T? x (0, T); M?*2) with r > 4. Then, given
s > 0, there exists a constant Cs depending only on's, v, the
norm of ug in H, the norm of o in L"(T?), such that

[ull oo (T2 (s, 7)) < G-

Moreover, the function u is Hélder continuous in T? x [s, T]

. _ 4
with exponent v =1 — 7.
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Idea of proof of Holder continuity for NS

Local iterative estimates for L* space-time integrals of the
velocity, in the spirit of De Giorgi, Campanato.



Onsager
Equations,
Nonlinear
Fokker-Planck
Equations,
Navier-Stokes
Equations

Peter
Constantin

General Goals

Examples

Related NS
results

Idea of proof of Holder continuity for NS

Local iterative estimates for L* space-time integrals of the
velocity, in the spirit of De Giorgi, Campanato. Pressure

p = RiRj(ojj — uju),

The iteration relates integrals on smaller parabolic cubes to
integrals on larger ones.
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Idea of proof of Holder continuity for NS

Local iterative estimates for L* space-time integrals of the
velocity, in the spirit of De Giorgi, Campanato. Pressure

p = RiRj(ojj — uju),

The iteration relates integrals on smaller parabolic cubes to
integrals on larger ones.  For the iterative procedure to
succeed, the modulus of absolute continuity of the map

QcC{T*x(0,T)} H/ lu(x, t)|*dxdt,
Q
needs to be controlled uniformly apriori, to guarantee that such

an integral is arbitrarily small, if the parabolic Lebesgue
measure of Q is small enough.
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d(u; 29, 0) = ( | u-— (u)zO,g|4dz>%,

Q(20,0)
:
W(wizo,0)= ([ |uftdz)’,
Q(20,0)
D(p: 20, 0) = / 1P — [Plo.olPdz.
Q(z0,0)



Onsager

Equations, 1
et O(uiz0,0) = ([ |u—()ael*dz)’,
Equations, Q(ZO,.Q)
Navier-Stokes 1
Equations 2
W(uizo,0) = ([ |uftdz)’,
Conset:r:tin Q(ZCHQ)
D(pizo.e) = [ 1o~ [phuoPd
General Goals Q(ZO’Q)
Examples
Lemma
Let the function v € L*(Q(zo, R)) satisfy the heat equation
orv—Av =0
in Q(zo, R).
Related NS

results
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1
Oz 0) = [ lu=()noldz)’,
Q(20,0) )

V(u; zg, 0) = ( (f )|U|4d2>2,
Q(z0,0

D(p: 20, 0) = / 1P — [pl.odz.
Q(z0,0)

Lemma
Let the function v € L*(Q(zo, R)) satisfy the heat equation

Ooitv—Av =0
in Q(zo,R). Then
4
®(v; 20, 0) < C(%) ®(v; 20, R)

forall0 < o < R.
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Lemma
Given G € L?(Q(z0, R); M?*2), there exists a unique function

w € C([to — R?, to]; L*(B(x0, R); R?))N
L?([to — R?, to]; WY2(B(x0, R); R?))
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Peter L2([to — R?, to]; W12(B(x0, R); R?))
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Lemma
Given G € L?(Q(z0, R); M?*2), there exists a unique function

w € C([to — R?, to]; L*(B(x0, R); R?))N
L2([to — R?, to]; W"2(B(x0, R); R?))
such that
oiw — Aw = —div G
in Q(zo0, R) and

w=20

on the parabolic boundary of Q(zy, R).
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Lemma
Given G € L?(Q(z0, R); M?*2), there exists a unique function

w € C([to — R?, to]; L*(B(x0, R); R?))N
L2([to — R?, to]; W"2(B(x0, R); R?))
such that
oiw — Aw = —div G
in Q(zo0, R) and

w=20

on the parabolic boundary of Q(zy, R). Moreover, the
function w satisfies the estimates:

2 _ 2 2
|W|2,Q(ZO,R) = to—:‘§2u<pt<to [w(, t)”z,B(XO,R) + ||VWH2,Q(Z(),R)

< 2(|Gl3,o(z0,R):

d(w; 20, R) < C’W‘%,Q(ZOHQ).
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Lemma
For solutions of NSE, we have

d(u; 29, 0) < c{ [(%)4 + V(u; 2, R)} &(u; 20, R)+

+ D(p; z0, R) + /\/IR2+2'Y}

whenever Q(zo, R) C Q and 0 < o < R.
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Lemma
For solutions of NSE, we have

d(u; 29, 0) < c{ [(%)4 + V(u; 2, R)} &(u; 20, R)+

+ D(p; z0, R) + /\/IR2+27}

whenever Q(z0, R) C Q and 0 < o < R.  Here,
_ 2
M = ||U||M2,»y(Q)'

Lemma

. D(p; z0, 0) <
c[(#) D(p: 20, R) + W(u; 0. R)O(u; 20, R) + MRZ*2)



Onsager

Equations,
Fo’ljl?er:'l—llr;le:r:ck Le mma
duations, For solutions of NSE, we have
Equations 4
(u;20.0) < { [(5) + Wwi 20, R)| @(u; 20, R)+
+ D(p; 20, R) + /\/IR2+27}
S whenever Q(z0, R) C Q and 0 < o < R.  Here,
M = HUH%@,v(Q)'
Lemma
\ D(p; 20, 0) <
Related NS C[(%> D(p; 20, R) + w(U; 20, R)(D(u; 20, R) + MR?+2

results

whenever Q(z9,R) C Q and 0 < o < R.
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The following result is used to control the modulus of absolute
continuity.

Theorem

Let u € L*(0, T; H) N L2(0, T; V) be a solution of the 2D
Navier-Stokes equations with initial data ugp € H N L"(T?) and
o € L"(T? x (0, T); M?*2) with r > 4. There exists a constant
K depending only on the norm ||o || r(12x(0,7)),¥s T and the
norm of ug in H N L"(T?) such that

sup _|u(-, )| ir(r2) < K.
0<t<T
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Generalized Ladyzhenskaya inequalities
The previous result is based on the inequality

11172 g2y < Collf @) IV F 1l 22
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The previous result is based on the inequality
1120 gey < CollFllireny IV F ey

that holds for all £ € L"(R?) with Vf € L?(R?),
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Generalized Ladyzhenskaya inequalities
The previous result is based on the inequality
1120 gey < CollFllireny IV F ey

that holds for all f € L"(R?) with Vf € L?(R?), generalizing
the r = 2 inequality due to Ladyzhenskaya. In turn, the
inequality above is the n = 2 particular case of

Hf”%ﬂ(R") < Clfllr @V El gonmny
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Generalized Ladyzhenskaya inequalities
The previous result is based on the inequality
1F1Bargey < CollFllrgesy |V L2y
that holds for all f € L"(R?) with Vf € L?(R?), generalizing

the r = 2 inequality due to Ladyzhenskaya. In turn, the
inequality above is the n = 2 particular case of

1F11Z2r oy < ClIFllrmny IV F 1l go.n gy
valid for all r > 5, with Bg’" the Besov space with norm

HfHBS”’(]R") = Z )‘qs ’A fHLP(Rn

Jj=—0o0
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