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Week 1 (9/7/2010)
Overview

What do we mean by Local Theory? We care about structures of infinite dimensional Banach spaces,
for example:

o Ly(p

e ((K) for K compact, Hausdorff

lp
o lp:=R"[-lp)
e (g, space of null sequences (limit as n— oo is 0)

It turns out that many global properties of Banach spaces can be learned from properties of finite dimen-
sional substructures, and this is what we mean by “local”. Of course, this means that we have to start
caring about finite dimensional spaces.

In finite dimensional spaces, all norms on R™ are equivalent. If || - || is a norm on R", we can associate the
norm to the unit ball

By ={reR™|[z| <1}

Denoting K = B||.|, we know that K is convex and symmetric (r € K = — 2 € K). Conversely, if we have
some subset K C R™ which is convex, symmetric, and has nonempty interior, then we can define a norm

HxHK::inf{/\>O: §eK}

for which K:BH'”K'

Thus, studying norms in R"” is equivalent to studying convex bodies. For instance, for 1137, the unit ball for

p = 2 is the sphere, the unit ball for p = co is the unit cube, and the unit ball for p =1 is a tetrahedron.
The ball in I3 has sharp edges (pointy), but in higher dimensions the ball in [} is harder to visualize, and
in fact this pointy intuition is not correct:



Theorem 1. (Figiel-Lindenstrauss-Milman) For all € > 0, there exists c¢(e) > 0 such that for all n,
there exists a linear subspace F'CIR™ and r >0 such that

1. T(BlgﬂF)C (FﬂBylz)C (1+E)T(BlgﬂF)

2. dim F >c(e)n

In words, there exists a lower dimensional slice of Bjy (which is supposedly pointy) wedged between slices
of two Euclidean balls (round) with arbitrarily close radii.

For I7, the theorem is the same with ¢(e)n replaced by c(e) logn, and it can be shown that IZ, is the worst
in some sense (that if the above property holds, then dim F < Cs () log n also).

Next, consider a normed space (X, | - ||), with n unit vectors z1,...,x, € X, ||z;]| =1. We have the triangle
inequality

lerzr+ ... +enzn] <n
for all choice of signs ¢; € { £1}. Also,

]EE Hslxl +...+ EniZ?nH S n
for some probability distribution over ¢; € & 1. This inequality is sharp in the case when X =17, z; = e;.
We make the remark that if &; is uniform = 1, and all z; = x are identical, then this corresponds to a

random walk, with expectation bounded above by 1/n, and without the presence of the sign terms ¢;, the
inequality can be achieved by setting all x; =z, but this is a case to rule out.

We will prove (eventually) that [T is the only obstruction for improving this inequality:

Theorem 2. (Pisier) For all (X,||-]|), one of the following holds:

1. There exists a <1 and constant K, such that for all n and x1,...,x, € X unit vectors,

E

D

]SKnO‘

2. Or, for alln and € > 0, there exists a linear operator T: 17 — X with ||z|| <||Tz|| < (1+¢)|z| (in
which case the bound cannot be improved from (1+e)n)

This says that if you cannot improve triangle inequality bound, then there is a I lurking inside the space.
Now we turn to basic results that we will be using throughout the course.

Basic Results and Tools

Existence of Haar Measure

Theorem 3. Let (M,d) be a compact metric space, G a group acting on M by isometries, i.e.

d(gz, gy)=d(z,y) for allz,ye M and g€ G



Then there exists a reqular measure on the Borel sets which is G-invariant, i.e.
w(gA) = u(A) for all Borel sets A, g€ G

Moreover, if G acts transitively on M (Gx = M for all x € M), then u is unique up to multiplication by
scalars.

Many proofs, and here is one that is particularly short and tricky.

Proof. For all € >0, let N. be a minimal e-net in M, ie. U,y B(z,e) =X and |[Nc| is minimal with
respect to this property. (Notation: B(z,¢e) will always refer to the closed ball {y:d(z,y) <e}).

Look at C(M), the space of continuous functions on M, and define the linear functional

peh =7 3 f@)

r €N,

In addition to being linear, p.(1) =1, u. is positive, i.e. if f > 0 then u(f) > 0, and also, the operator
norm of p. is ||| <1. We have a sequence of measures that are uniformly bounded in norm, and thus by
Banach-Alaoglu weak* compactness there exists a sequence €; — 0 and a linear functional p on C'(M) such
that pe, — p in the weak* sense, i.e. for all fe C(M),

pe,(f) — p(f)

The limiting p inherits the same properties, that p(1) =1 and positivity f > 0= u(f) > 0. Now by the
Riesz Representation Theorem for C'(M)*, u is actually a measure on M, so we can write

n(f) =/M fdu

and since (1) =1, p is a probability measure.
Now we have a small claim:

Claim: If {N/}.~¢ is any minimal e-net, and we define a corresponding u’(f)= ni > wen: f(2), then also

HL(f) = () for all f

as well. In other words, the limiting p is independent of the minimal e-net that we use.

To prove this, we will show that there exists a 1-1 and onto mapping : N, — N! such that d(z, ¥(z)) <
2¢. If this is true, then

\e(f) = ()= L > (fl@)— fF(w(@)| < sup 1f(a)— FB) =0

Me fen. d(a,b)<2e

noting that f is a continuous function on a compact set, and is therefore uniformly continuous, so the last
quantity goes to 0 as € — 0.

To prove that we can find 1, we can use a combinatorial result called the Hall Marriage Theorem:

Theorem 4. (Hall Marriage Theorem) Let X,Y be sets with |X|=|Y| in a bipartite graph:



For x € X and y €Y we use x ~y to notate that x knows y (is connected to). For a subset A C X, denote K(A)
to be the set of people that A knows, i.e.

K(A)={yeY:x~y for some x € A}

Then there exists a one-to-one and onto function f: X — Y such that z ~ f(z) if and only if |K(A)| > |A]| for
all ACX.

The proof of this theorem is by induction, trivial for the case where |X|=|Y| = 1. First, note that if we have
that |A| = |K(A)| for some subset A C X, then we can decompose this problem into two smaller problems, one
with A and K(A), and one with B:= X\A and K(B). Note that for A, K(A), the condition is automatically
satisfied. For B, K(B), if the condition is not satisfied by some set .S, then we note that the condition will not
be satisfied by X U S for the full graph. The only case left is if |A| < |K(A)| for all A. In this case we may
remove any connected pair (z,y) and apply induction to the rest of the graph.

To apply this theorem, we will use N, and N/, and say that x € N, knows y € N/ if B(x, e) N B(y, ¢) is
nonempty. Now we show that for any A C N, that |A| < |K(A)| by contradiction. Suppose that |A| >
|K(A)|. Then we can create a new covering with (N:\A) U K(A) with fewer elements, which is a contra-
diction. Note that K(A) necessarily must cover at least the same region that A covers, since if z € M is
covered by B(z, €), then there is some y € N/ which also covers z, in which case z € B(z, ¢) N B(y, ¢).
Thus the conditions of the Hall Marriage Theorem are satisfied, and we can find a mapping : N, — N/
which is one to one and onto, and moreover, d(z, ¥ (z)) < 2¢ from the knowing condition.

Note that we have not used any of the group conditions so far. Now consider g € G. Since G acts on M
by isometries, we have that g/NV. is also a minimal e-net. Thus, we have that

plf)= lim pe,(f)= lim pe(fog)=p(fog)

Thus

[1@dnt@) = [ Flga)duta) for all ge 6. g eC 1)

and so we have found a measure p which is invariant under the action of G.

Uniqueness. To show uniqueness, first note that G inherits a metric from M:

p(g,h):=sup d(gz,hx)
xeM

for g, h € G. This satisfies the triangle inequality:

p(g1,92) = sup d(g1z,g27)
xeM

sup d(glxahx)+d(hxv.92 I)

reM

sup d(g1z, hx)+ sup d(hy,g2y)
xeM yeM

p(g1, k) + p(g2, h)

IN

IN



but it may not be the case that p(g, h) = 0= g = h. If not, this means that gz = hx for all z, or h=1 g
acts as the identity on M. To remedy this situation, we simply replace G by the quotient G /H where H
is the subgroup of all elements of the form A for which hxz = x for all . This is just a technical detail, and
in most examples we will use this will not occur (for example, for G = O(n), the set of n x n orthogonal
matrices, and M = 8™ ~1 the unit sphere)

Since G acts on M by isometries, G acts on itself by isometries with right multiplication, since

p(gk,hk)=sup d(gkz,hkz)= sup d(gy,hy)=p(g,h)
rzeM y=kxeM

Also, (G, p) is a compact metric space since M is compact:

Can show through diagonalization that a sequence g, has a subsequence for which g,  x converges for all z.
Transitivity shows that there is some g for which the limit above is gx (somehow). Since g, are isometries, we
can prove that p(g,, g) — 0 (look at successive e-nets).

Now by what we just proved, there exists a measure v on G which is G-invariant (under right-multiplica-
tion). In other words, for any f e C(G),

[1@avto)= [1an)avts)

Now consider any measure p which is G-invariant, and take f € C(M). We have the following computa-

tion:
o f = [ [ reirms

(G-invariance of ) = / / flgz)du(x)dv(g)
¢ JIM

wini) = [ | [ ftga)avia) | dnto

We show that the bracketed term is independent of x. Take some other y € M, then by transitivity there
is some h € G for which hax =y, and thus

/fgydl/ /fghxdu /fgxdl/

noting that f(-z) is a continuous function on G. This means if we denote the bracketed term by 7 (f), we

have that
G) [ fau=r(s) [ duta

/ fn=" ” u(M)

or

and this implies the result (integral is determined up to the multiplicative constant u(M)).



Prékopa-Leindler Inequality

Theorem 5. Let f, g, m: R" — [0, c0) be integrable functions, and take A € (0,1). Assume that for all x,
y € R™ we have the following inequality:

mAz +(1=Ny) > f(2)* g(y)'

IRCESA f("”)dl‘)A(/n g(xmx)”

Proof. Let u, denote the n dimensional Lebesgue measure. We will prove the result by induction on n.
For the case n=1, we use the fact that if A, B CIR are nonempty and measurable, then

Then

p1(A+B) > pi(A) + pi(B)

To prove this, it suffices to prove this for compact sets by set approximation results. Also, we are allowed to
translate A, B as we please, since p; is translation invariant. Thus, move A so that the max value is 0, and
move B so that the min value is 0, then AN B ={0}. Now note that since 0€ AN B, A+ B> AU B, and this
gives the result since

pi(A+ B) 2 p1(AU B) = pi(A) + pa(B)

as A, B overlap on a set of measure zero {0}.

Continuing the proof, by approximation results again it suffices to prove the result for bounded f, g. By
scaling we may assume that || f|lcc = ||gllcc = 1. Set some ¢ € (0,1). Let A= {x: f(x) >t}, B={x: g(x) >
t}, and C={z:m(z) >t}. Now if z € A,y € B, then

mAz+(1=Ny) > fx)g(y)'~

>
> prl-A=¢

so that AA + (1 — \)B C C. Note that by assumption and since ¢t <1, A, B are nonempty. Thus applying
the earlier result, we have that

m(C) = m(AA+(1-N)B)
> p(AA) +p((1-A)B)
= Api(4) + (1= u(B)
p(m>t) > Apa(f>1)+(1=A)pi(g >1)

Integrating over ¢t and using Fubini, we get that

o0

/OO w(m>t)dt > )\/JOO ul(fzt)dt—i—(l—)\)/ pi(g>t)dt

0

/ m 2 )‘/R f(x)dSH'(l—/\)/R g(x)dz
(AM-GM inequality) > (Af(x)d$>A(Ag(x)dx>lA



Note that for n = 1 a stronger results holds, that we can bound by the arithmetic mean. This does not
hold for larger dimensions.

For the induction step, assume the result holds for n — 1. We will use R* = R x R"~!. For (¢,s) € R x
R"1, define fi(s) = f(t, s), gi(s) = g(t, s) and my(s) = m(t, s). Take to, t1 € R and define t = Atg + (1 —
Aty If x,y e R" ! then

miAz+(1=A)y) = mAEz)+(1-A)(t,y))

> f(to, ) g(t,y)'
> fro(2)* ge,(y) =2

and thus the triple f;,, g;;, and m, satisfy the assumptions for n — 1. Induction gives

fooi etz ([ oo ) ([ otoamoio)

if we denote

) = [ )i @)
Fo = [ @dna)
70 = [ a@de)
then the above says that
Mo+ (L= M) > (80 (1)

Thus the triple 1, f, and § satisfy the hypothesis for the case n=1 and we have that

/Rm(t)dm(t)Z(/Rf(t)dul(t)y(/ﬁg_(t)dul(t)yA

and this is exactly the result we want. O
Brunn-Minkowski Inequality

Corollary 6. (Brunn-Minkowski inequality) Let A, B CR" be measurable and non-empty. Then
1. For all A €][0,1],

vol(AA + (1 — \)B) > vol(A)* vol(B)'~*
2. vol(A+ B)'/™ >vol(A)'/" +vol(B)'/"
Proof. For (1), we apply Prékopa-Leindler for f=14,9=1p,m=15441-x)p so that

mAz + (1= XNy) > f(z)*g(y)'



since if x € A and y € B then Az + (1 — Ay € AA + (1 — A\) B, and otherwise the inequality holds trivially.
Then the inequality gives

A 1-A
vol(/\A—l—(l—)\)B):/ 1AA+(1>\)Bd:cZ</ lAd:c> </ 13d:c> =vol(4)*vol(B)!—*
R R R

A B

(2) is a consequence of 1. First we normalize the sets so that A=———— B=————. Then we see
(vol(A))!/" (vol(B))}/"
that
1/n N 1/n ~
vol vol(A) i vol(B) B)>1
vol(A)Y/™ 4 vol(B)'/™ vol(A)Y™ 4 vol(B)'/™

(note vol(A) =vol(B)=1). But then

vol(A)1/™ i vol(B)!/™ A+ B

E:
vol(A)Y™ +vol(B)Y™  vol(A)Y/™ 4+ vol(B)Y/™ ~  vol(A)Y/™ 4 vol(B)/™

and thus we have

vol(A + B) -
(vol(A) /™ 4 vol(B)V/™n =

and rearranging gives the desired result. O

Week 2 (9/14/2010)

The goal for this part of the course is Dvoretzky’s Theorem:

Theorem 7. For every € € (0,1), there exists a constant C(g) such that the following statement holds:

If K C R™ is a centrally symmetric convex body (compact, with nonempty interior), then there exists a
linear subspace VCIR"™ such that

1. Ezists r >0 such that
r(BENV)C(KNV)C (1+¢e)r(ByNV)
2. dimV >c¢(e)logn

By ={z€R™ Y 27<1} is the Euclidean unit ball.

Last time we covered the Brunn-Minkowski inequality (Corollary 6). There are many nontrivial conse-
quences of this inequality.

Isoperimetric Theorem

Let ACIR"™, a subset with smooth boundary, and define

vol_ 1(9A) = lim YOlA+eB%) = vol(4)

e—0 g



Theorem 8. If B is a Euclidean ball with the same volume as A, then

VOln_l(aB) S VOln_l(aA)

We will use the notation A,:=A+eBf={xeR":d(z,A)<e}.

Proof. We will show that vol(A.) > vol(B.). First, let’s compute the radius of B=rBY. We have that

vol(B) =r"vol(B%) =vol(A)

and thus

1/n
. [ vol(B) }
Now using Brunn-Minkowski,

vol(A)Y™ = vol(A+eBH)'/™
(Brunn-Minkowski) > vol(A)Y/™ 4+ vol(e BY)'/™
= rvol(BY)'/" +evol(BH)'/™
vol((r +&)Bg)'/™

= vol(B.)Y/"

This shows that

vol(A¢) —vol(A) < vol(B¢) — vol(B)
€ - €

and thus vol,, _1(0B) <vol,,_1(0A) (taking limit as € — 0).

Kahane’s Inequality

Theorem 9. %]EEH E?:l gi IZHéEEH Z?:l € :zrl-HFor all co>p > 1, there exists K, >0 such that the fol-
lowing statement holds:

If (X,] ) is any normed space and x1,...,x, € X, then

p\ 1/p
S(JE ) <K,E

E is expectation with respect to a random variable € € { + 1}™.

n

E iy

=1

E

n
g EiT;
i=1

n
g EiT;
i=1

Remark: It can be shown that K,~ /p , but we will give a proof with K, ~ p. Also, the first inequality
follows directly from convexity (Jensen).

Definition 10. If p is a Borel measure on R™ we say that p is log-concave if for all A, B measurable
sets, we have

A+ (1= N)B) > u(A)* u(B)' >

10



for all A€ (0,1)

Example 11. If L C R" is a convex body, let u be the normalized volume on L:

u(a)= 2o

1 is a log-concave probability measure on R:

(AM+(1—XNB)NL > MANL)+(1-\)(BNL)
vol((AM+(1-N)B)NL) . vol(A(ANL)+ (1-X)(BNL))
i - vol(AﬂL)VOi(Ljol(BﬂL) 1A
_< vol(L) )< vol(L) >

Lemma 12. (Borell’s Inequality) Let K be a centrally symmetric convezr body, p a log-concave proba-
bility measure on R™, t >1. Then

t+1

W(RM\ (1K) < p(K) (ﬁ— 1)2

R™\(tK)

Proof. We claim that
t—1

R™MK S H%(R”\(tK)) K
Suppose not, then there exists a € K, b¢ t K such that
t—!-ilb + %a =ce K
This means that
b= % c— %a
Lyttt + g(—a)

t 2t 2t

with t > 1. Since a € K, —a € K by symmetry, and ¢ € K already. Thus by convexity, %b € K, which con-
tradicts b t K.

11



Now we can apply Brunn-Minkowski:

2 t—1
_ _ n > n
V() = nRNK) > R+ )
i t—1
= (R\(EK)) T p()
= pRM\(EK)) T u(K)
and this implies that
. 1
2
W(R\ (K g[ 1}
@\ < | s
O
Now let L = [ - %, %r, and u(A) = %, (X,]- ) a normed space, and 21, ..., z, € X, ai,...,an € L.

Assume that

da=1

J

Define K = {a e R™ || Z?:l a; xZH < 3}. K is convex and centrally symmetric. Then by Borell’s

inequality, we have that
,u( a€ L: > 3t>

n
E A T
i=1

t41

(i)

1
1 2

< 1. = —

=1 (2/3 1)
t+1

6

where we note that u(K) 2% by Markov’s inequality, using the assumption:

IN

n
E Qi T
i=1

1K) =u{

n
E Qi T
i=1

I+ H D e aixi” da 1
>3}§ 3 ~3
p 0o n

d = tp—1 || >t | dt
p(a) /0 p u( ;ax >
/341

3 fe’e) 1 2
/ ptp—ldt+/ ptP = dt
0 3 2

< Ky

Now we integrate:

n

A{n

Qi T
1

i=

IN

The first step holds by Fubini, and for the rest, the important part is that towards oo we have exponential
decay, and thus it is integrable. Thus (after scaling) we have proved:

</Rn pdlu(a)>1/pSKp/L

da (%)

n n
g a; T E Qi T
i=1 i=1

12



Note that the distribution of p is that a; is independent and uniform on [—%, %}

To transfer this result to + 1 random variables as in the statement of Kahane’s inequality (Theorem 9),

we need the following useful trick:

Lemma 13. (Contraction Principle) Let (X, -||) be a normed space, a1, ..., a, € R", and x1, ...,z €
X with p>1. Then
p\ 1/p p\ 1/p
< ) < ( max |a1|> ( )
1<i<n

where € is the uniform random variable on {£1}".
Proof. First, normalize so that |a;| <1 for all ¢ (the general result follows by scaling). We will prove this
by induction on the number of ¢ such that |a;|# 1.

n n
E. E €i0; T; E. g £iT;
im1 i=1

If a; = £ 1 for all 4, then we note that > a; ¢; x; has the same distribution as > €; #;, and we have
equality above.

Otherwise, take |a1| <1, and we write ag=A-1+ (1 —A)-(—1). Then we have that

i Eiaixi—)\<alx1+z aiaixi>+(1—/\)<—51x1+z EiCLiIi>
i=1

i>2 i>2

Convexity of || - || gives

<A +(1-X)

i A T alxl—l—g EiQi T

i>2

—€1x1+ E €i Qi T;
i>2

Taking p norms in &:

n pil/p p1/p
Zsiaixi ‘| < E. A €1$1+Z E;Q; T4 +(1—)\) —51$1+Z E;Q; X5
i=1 i>2 i>2
» 1/p . 1/p
< ME. alxl—l—z €1 Qi T; +(1-NE. ’—61 I1—|—Z €1 Qi T;
i>2 i>2
n p11l/p p11l/p
(induction) < A-|1]-E. Zsixi +(1=X)|-1]-Ec Zal;vz ]
=1

pr/p

where we have used convexity of E.[( - )p]l/ ? and induction.

n
E iy
i=1

n
Now we can transfer between a; uniform on L = {—%, ﬂ and ¢; uniform on { £ 1}™. First note that

/. duta)= [

13

dp(a)

n
g a; T
i=1

n
]EE E a; ;T4
i=1




since the distribution of a; is equal to the distribution of a; &; (in particular, the equation above is true
without the IE.). Then applying the contraction principle, we have that

o o] f o

Along with (%), this gives the second inequality of Theorem 9.

i L

i€ 2| du(a %

To get the other inequality, we note that

P 1/p
( du(@))

(Minkowski) >

n
E a; ; E la;|eiz;
=1

=1

p 1/p
( Joo)
< p>1/p
n 1/2 p\ 1/p
= <]Es Zl </1/2 |ai|dai>aixi )
1
4

n

lE/ aile; z; du(a
2

3
™
<
8
S

p)l/p

(Jensen) > €iT;

M=

—

1=

Concentration of Measure on the Sphere

Let (X, | -||) be a normed space, and K ={z € X: ||z| <1}

Definition 14. The modulus of uniform convezity for the normed space (X, || -||) is

Tty
U te ol <1 e -yl <e}

JHIC) =inf{1 -

z le—yll<e g

The left picture shows an example where § > 0 (Euclidean norm), and the right shows the kind of spaces
we want to avoid (/' norm). When ¢ =0, there are “flat edges”.

Example 15. If X is a Hilbert space, then we have the parallelogram identity:

lz+yl?+ lz = ylI>=2(llz >+ [ly )

14



and if |z]|=|ly||=1, and ||z — y|| > ¢, then

|lz+y||?+e2<4

2 2
<4 /1-S=1-2

so that 1 5

z+y
2

2
It is a nontrivial result to show that if for a normed space, §(g) > %, then it must be a Hilbert space. In
other words, Hilbert spaces have the best modulus of uniform convexity.

Now let K be a centrally symmetric convex body, and let 0K = S.

Define
_ vol(ANK)
1({ta:ac A,te (0,1
) = <=l o) Q2 acs

w is the “cone measure” on S:

AcCS
{ta:a€ A, t€(0,1)}

Fact: If K = BY, then u is the surface measure (normalized) on $”~!. This can be checked directly, but
one way to see this quickly is to use the uniqueness of the Haar measure. Since O(n) the group of orthog-
onal n X n matrices acts transitively on $"~! and p is invariant under O(n), u must be the surface mea-
sure on $"~! (which is also invariant under O(n)).

Exercise 1. If K =B} or K = B, then p is the surface area measure. This is not true for p¢ {1, 2, co}.

Theorem 16. (Gromov-Milman Theorem) Let K C R"™ be centrally symmetric convezr body, and S =
OK. Let 526”'”‘ Then

1. Forall ACK, v(A;)>1 _ﬁ672n6(5)

2 _ond(e/4)
2. For all ACS, u(A;)>1 N

Here Ac=A+eK={xcR™d(x,A) <e} and d(z,y) =z — y]|.

If K=DB%, then S=3%""1 Then if u(A) :% then p(A.) >1—ce <™°. This is a highly unintuitive fact!
For very large n, this result says that if you start with a set with half the measure, and increase by a
small amount, you end up with almost everything.

Proof. (Ball, de-Renga, Villa)

15



(1) Let AC K. Define B=K\A.. If a€ A and b€ B then |la —b|| > ¢, and

a—i—b” <1-6()
This shows that
AP sk

and by Brunn-Minkowski,

v(A)Y2u(B)V2 < u(#) <v((1—=0(e))K)=(1—-6(e))* <e ")
This implies that

1—v(A)=v(B)< L672"‘;(‘5)

(2) Now let’s take A C .S, and again use B =S\ A.. Define the partial cones

A:{ta:aeA, gtgl}, B:{tb:beB,%gtgl}

If ic A and b € B, then ||a — b > %. We will show this algebraically, but it is intuitively true from exam-
ining the picture:

=
a

| o

Sof

The smallest gap is €/2 in this picture of the case when K is the circle. Now let @ = aa and b = b, so
that o, 6€[1/2,1] and a € A, b€ B. We split this into cases:

o Ifja—p|> %, then we are done by the triangle inequality
R 5
TETES T

e Otherwise, |a — 3| < %, and we have

la—0bl = [ala—0b)+(a—p)b
> lefa=b)[| = [[(ex = B)b|
1 € €
> —_— — == —
- 2 4 4

A+ B
2

This implies that c(1-0 (Z))K , and with the same computation as before, we have that

V(B) < 1 —ons(e/a)
- v(4)

16



To finish the result, we note that

p(A) = v
= v(]

and this means that

Since B=S\A., we have that

-2
u(AE)>1—ﬁe2n6(s/4)<1_2i> o1 L anste
21— :

Now with p being the normalized Haar measure on $" !, we have the following corollary:
Corollary 17. Let f:$" ' — TR be an L-Lipschitz map, i.e. for all x,y € 3"~ we have that
[f(@) = W< Lz =yl

Let M be a median of f, i.e. u(f>M), u(f < M) 2% (which always exists for any probability measure).
Then for all e >0,

p(xe$n 1| f(z)— M|>e) < Ce ¢ /1

This says that a Lipschitz function is essentially a constant on $”~ ' for large n.

Proof. Let A={ze€$" ! f(z) <M}. Then z € Ay, if and only if there exists y € A with ||z — y|| <e/L,
in which case | f(z) — f(y)| <e and f(x) <M +e. This means that

{ees" L flx)>M+e} S N\A, /L

Since p(A) > %, we have that

plxedn Lt f(z)— M >e) < Ce—¢'n(e/L)?

applying the previous result. By symmetry, examining B = {x € $"~!: f(x) > M}, we have the opposite
inequality, that

plzred L f(r)—-M<—¢)< Cle—c¢' n(e/L)?

and since the union of these sets is p(x € $" 1| f(x) — M || > €) the result follows by subadditivity.

The same result holds for the mean as well:

17



Corollary 18. If f:$" ' =R, and is L-Lipschitz,

(oo

- frase)ce-rmen

We will show this next time.

Week 3 (9/21/2010)

Proof. (of Corollary 18) Without loss of generality, L =1 (by scaling). Denote

E::/ fdu
Sn71

Take the product measure p x g on $” -1 x $"~1. Note

IN

(x p)((2,9) €871 x "L [ f@) = f(y) 22) < (uxw({If@)—M|=5}u{lFw) - M|> 5}

2n( {1 £(@) - M|>5})

2alefbn52/4

IN

IN

This means, for most pair of points, f(z) and f(y) are close. Now fix A > 0, we will be using a Chernoff
bound:

/1*(|f($) —E| >€)ZM(G)\QU(I)*E‘ZZGM‘Q) Se—>\252 /$n71 eAz‘f(z)prdu(x)

. 2:2 , .
Note that since e is convex, Jensen gives

e/\2|f(w)—ff(y)du(y)\2§[g NUESWP gy (y)

/Snil N @=EP gy /S /S OO dy(a)dy(y)

Now using Fubini, note that if ¢ is an increasing function from R* — R™, then

/ W' () P(X >t)dt

/ / V@ SOF du(2)du(y) < /°°m%emwxu)({(m)z|f<w>—f<y>2t|}>dt
gn—1 Jgn—1 0

< / 22t t2ge~ 0t /4 gt
0

(AQ_%"> = 2a/ bg ot e=bnt*/8 gt
0

= 2a

and hence

Thus

Putting everything together, we conclude that

u(lf(x) = E| > ) <2ae70"</8

18



O

Theorem 19. (Johnson-Lindenstrauss) For all € € (0,1), there exists C(e) >0 such that for all n, the
following holds:

If 21, ..., x,, are arbitrary points in a Hilbert space H, then there exists K < C(g)logn and yi, ..., yn € 1
such that

i =25l <llyi =yl <A+ e)llws — x5l for all i, j

We may assume that zi, ..., x,, € [§ since we can restrict our attention to the span, which is finite dimen-
sional, and norms on finite dimensional spaces are all equivalent. The conclusion is that essentially we can
map n points to a significantly lower dimensional space K while roughly preserving the distances between
the points.

Proof. Let v be the normalized Haar measure on O(n), the orthogonal group. Let Py be the orthogonal
projection onto the span of eq,..., ek, i.e.

Pz =(z1,...,2k,0,...,0)

Fix o€ $" 1, we will look at U 1Py Uz for U € O(n) (a random K-dimensional projection).
Observation: The random variable Uzg on O(n) has the same distribution as = € $"~!(), identifying the
points x(U) = Uzg. In fact, for AC $" 1

w(A)=v(U eO(n): Uzge A)
(if we define fi to be the RHS above, it is O(n)-invariant (since v is), and O(n) is transitive, so that the
O(n)-invariant Haar measure is unique).

Now let
E= / | ot o dpu(r) = / | Po U dv(U)
$n—1 O(n)

Exercise 2. Compute E directly.

Note p is normalized, so to transfer to polar coordinates we need to throw back the surface area of $” ! denote this by
/2

Sp—1= USYeyFEE Polar coordinates with Gaussian:
Sn—1 /°° rne*r-2/2dr/ [|[Pox|l2 du(z) = 1 /°° / IPo (rw)||264-z/2 P =1dp S, _1dp(e)
(2ﬂ_)n/2 o gn-1 (27r)n/2 o Gt

/ 1Po |2 dvm
R’rl

2
Note we can do a change of variable u = %, du=rdr, to get

(;’n);%/ e dr = (;qn);}z/ (2u)$7le*“du
T 0 7r 0

N n [ 4w (n-l—l)%
/rn (n/2e)™/? \ n+1\ 2e

- c ﬁ(%)n/z ~C VR

19



applying Stirling’s approximation.

Now
[ pledn, = [ leladue [ dvn-
R™ RE
Sk —1 / K —r2/2
= rfe dr
(2m)5/2 Jo
_ KL(E/2+1/2) e
V2I(K/2+1)
Thus,

_ T(nj2+1) KI(K/2+1/2) ., [K
" nl(n/2+1/2) T(K/2+1) n

We can actually get away without computing E with some concentration estimates.

Claim: £E>C+/K/n.

Computing the second moment gives:

[ IPaliaut)

fo ()

K

Z/ 2 dp(x) K/ 23 du(x
gno1

_ K/1<le>du ="

where we have used the rotation invariance of p to show that fS”*l 22 du(x fS 23 du(z).

We also compute the fourth moment:
[ Imselidute) = [ 4w u(iPoz > wydu
g1 0

2F oo
/ 4u3du+/ 4u3,u<|||P0x||—E|23)du
0 2B 2

since if u>2FE and ||Pyz| > u, then ||Pyz| — E >u — 45 =+. Continuing,

IN

oo
< E4+/ udemtnu? dy
26
(nu?=0?%) = E4+i2/ w3 e—bv du
n

2En

< B4 L
n

([ 1)

where we used the second moment computation above and the fact that

E:( / |Pox|du(x))4§( / ||P090|2du(ﬂ7))2

by Jensen (convexity of | - |2). Now letting Z = || Pyz|| be a random variable on $"~! i.e. E = E[Z], we have
just shown that E[Z%] < C(E[Z?])?, and this also gives an estimate for comparing the second moment with the
first using Holder with p=3/2,¢=3:

A

E[Z%] =E[Z2*/°Z2'°] < (E[2)**(B[Z*))'° < (B[Z])*° CV/* (B[Z2?)*/*

20



The last inequality above uses the estimate between the fourth and second moments. Finally,
E[Z% <C(E[Z])?
and therefore

1

E[Z] > Wiei

—=(B[Z)"*2

e

Since z +— || Py z||2 is a 1-Lipschitz function, we have the following concentration result for ||Py x| around
its mean F:

pzed" 1| ||Poxlla— E|>¢cE) <ae tnE < ge K (n (2> K)

This transfers by the uniqueness of Haar measure to a concentration result for the random projection
||U71P0 UI()HQZ

v(U€O0): |[|[U Py Uxolla— B| > e E) = p(z €$" L ||| Poz |2 — E| > e E) <ae V" K<

(note UL PoUzoll2=|Po Ux0||2 since U is orthogonal).

T —
lzi —z; ”2

that at least one of the (") pairs z;, ; fails to satisfy ‘ HU P U

for each pair i, j, and this will give the result. The union bound tells us

- F ‘ < ¢ F with probability

We will plug in xp =
Ti— Ty

lzi —z;ll2 || 2

bounded above by (g) e VK< This probability is <1 if K > E—C; log n, in which case there must exist

some U € O(n) for which all of the pairs satisy ‘ HUﬁlPOUH ’ - E’ <eE.
i—zjll2ll2
Setting y; = W this means that
I
|xl_$.7||2 2
|(L=lyi = yjlla = llwi —z;lla] < €llwi —xjll2

or

19
lzs —zjlle < llyi = yilla < 7= lwi — ;2

for all ¢, 7, which is the desired result.

O

Remark 20. We proved the JL. Lemma above with K ~ 108%. This is almost sharp. Alon proved the

result with K > ¢ log n

————. It is still accessible, but needs more work.
e2log(1/¢e) ’

Now we are working towards proving Dvoretsky’s Theorem (Theorem 7).

Terminology: A subset A/ in a metric space is called e-dense if for all x € X, there exists y € V" such that
d(z,y) <e. In other words, V. = X.

Lemma 21. Let X be a finite dimensional normed space, Y a normed space, and T: X —Y a linear oper-
ator. Let N CSx={z € X:||x||=1} be e-dense. If for allz e N, B<||Tx|| < A, then

cA
(B-2 iel<imel < 2

€||;v|| forallze X

21



This is an approximation lemma, which tells us that if we can estimate ||Tz|| for just an e-dense set of X,
then we can obtain an estimate for the rest of X.

Proof. Let x € Sx, then there exists y € A such that ||z — y|| <e. Then
1Tz || <[ Ty + Tz - <A+ T[]z =yl <A+ [T]e

which shows that | T|| <e||T|| + A and thus ||T|| < 1—1. This shows that | Tz| < A||z|| for all x € X. For
the other direction, we have for z € Sy,

Ae

[Tz | 2 1Tyl =T =yl =2 B~ [Te=B - 1=

and thus by scaling we have the lower bound.

We also have the following Lemma that gives us e-dense sets of a particular size.

Lemma 22. Let | - || be a norm for R™ and K ={x € R™ ||z|| <1}. Then there exists N C K that is -
dense with

H#N < (3/e)m=enlog(3/2)

Proof. Let N < K be a maximal subset with respect to ||z — y| > ¢ for all z,y € N. Note that A is an e-
net, since otherwise if we have not covered some z € K, then N'U{z} is another subset with all points sep-
arated by e, contradicting maximality. Furthermore, {z + %K }zen are disjoint sets whose union is con-
tained in (1+¢/2)K. We then compare volumes:

(1+%)”vol(K)=v01((1+%)K)zvol< U {:v—i—%K}): 3 vol{x—i—%K}:(#/\/) (%)nvol(K)

zeEN zEN

and thus (#N) < ( L2 )n <(3/e)™

€/2

From here, there are 3 steps to Dvoretsky’s Theorem.
Dvoretsky Criterion

Theorem 23. (Dvoretsky Criterion) Let X = (R, ||-||) be a N-dimensional normed space. Define

L= sup |z

zegn—!

[ lelaua)
Sn 1

For all £ €(0,1), there exists C() >0 such that for all X (any normed space!), if

K <C(e) (%)Z\f

M
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then there exists a K dimensional subspace V.C RYN such that for all z €V,

(I—e)Mlz|2<|z|x < (1+e) Mzl

or equivalently,

1
(1+e)M

1

N C |
(B¥YnV)CcvnKk C T3

(B2'NV)
(norm inequality and geometric inclusions get reversed)

Proof. Fix Vo c RY of dimension K. Let N C $¥~1NV, be e-dense subset with
LN < K lox(3/0)
(from Lemma 22). Let v be the Haar measure on O(N), and fix 2o € $¥ 1N V;. As before, we have
V(U € O(N): || Unol| = M| > e M) = pu(x € $¥ % | — M| > e M)
since z ||z || is a L-Lipschitz map from the assumptions, and thus the measure above is bounded by
V(U €O(N): ||Uxo|| = M| >eM)=p(z € SN[z — M| >eM) < Ae~ BN M?/L2

This is for a fixed xg. Now let’s vary xo to be elements of our e-net /. From the union bound, at least
one of the #N elements x € N will fail to satisfy ||Uz| — M| >eM with probability bounded above by

(#N)AQ*BN‘;?M?/L? < AeKIOg(g/E)*BstMZ/[ﬁ

2
which is <1if K < CIE—2(M) N, in which case there exists U € O(N) such that
0g(3/e)\ L

MAQ—-¢e)<||[Uz||[<M(1+¢) forallzeN

Now let V =UVp, and N/ =UN which is a net in $¥ 1N V. Let T be the identity mapping between (V,
[I-1l2) and (V] -|lx). By approximation lemma with the operator TU, we have that for all z €V,

€ 1+4+¢
- < <
(1 : 1_E)M||x||2_||x||_M1_5

]2

O

The next step is to find a normed space for which we can control M, L so that we can find high dimen-
sional subspaces V.

Definition: An ellipsoid £ C R” is an image of BY under an invertible linear transformation. (Think sin-
gular value decomposition, which tells us exactly how the axes of the unit ball get rotated and stretched).

We have the following observation:

Proposition 24. If X = (R, || - ||), and K = {z € R™ ||z| < 1}, then there exists an ellipsoid with maz-
imum volume contained in K.

Actually, the ellipsoid is unique, and is called the John ellipsoid. We will not prove this now, however.

23



Proof. This follows by a compactness argument. We want T: BY — R" with T'BY C K, which means that
|71~ x <1 (the operator norm). The set of such T" form a compact set, since it is the unit ball of some
n%-dimensional normed space (in finite dimensions, the unit ball is compact). Therefore since the volume
|det(T)| is a continuous function, it achieves its maximum on this compact set. This shows the existence
of an ellipsoid of maximum volume contained in K. O

Next time we will prove the final ingredient.

Week 4 (9/28/2010)

Remark 25. Note that for £ C R", £ = TBY is the unit ball of the norm || X ||¢ = |7~ 'z|2, and in fact
the norm comes from a Hilbert space with an inner product defined by

(T,y)e:= <T71x,T71y>
Dvoretsky-Rogers Lemma

Lemma 26. (Dvoretsky-Rogers) Let X = (R"™, || - ||) be a normed space, K = {z: ||z|| <1}, and £ an
ellipsoid of mazimal volume contained in K. Then there exists an orthonormal basis {x1, ..., x,} of (R",
(-,+)g) such that

1—1
n

1
el > 24 /1 -

Afterwards we will analyze what M, L are for this space, and the result will soon follow.

Proof. Construct x1, ..., x, inductively. Take x; to be an arbitrary point such that ||z||¢ =||z| = 1. Since
£ is the maximal ellipsoid contained in K, there must exist such a point. Now suppose we have defined
r1,...,T;_1. Let x; be a point of £ such that

il = max {|[z]|: (z,2j),=0,j=1,...i =1,z €&}

By construction, this is already an orthonormal basis with respect to £. Now we try to find a bound for
llzi|. Note that for z € span{z;, ..., 5}, we have that (r,2;),=0for j=1,...,i — 1 and thus

X
|| <l
H lz]le ’ '

by definition of ||z;||. Now fix i, and let a,b >0, to be chosen later. Define a new ellipsoid £
i—1 n n
&= { Z aajxj—i—z bajz,: Z a3 < 1}
j=i

j=1 Jj=1

That is, &' =TE with T = @ where a appears ¢ — 1 times and b appears n — i+ 1 times.
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; \2 N\ 2
Note that if Z?:l bjz;e &’ then El;ll (ﬁ) —l—Z?:i (%ﬂ) <1. Now:

J a

> =
= _ > + |l ibﬂj £
{x <>><Z )

< Va0l

where we used the fact that Z?:l bjx; € {x1, ..., x;—1}1¢ and the fact that £ C K so [|z| < ||z||¢ in the

second inequality. The equalities in the middle follow from {1, ..., z,} bein an orthonormal basis with
respect to £ (Parseval). The second to last inequality follows from aX + by < (a? 4+ b)Y2(\2 + p2)1/?
(Cauchy-Schwarz).

So &' C K if a®+b?||z;||> < 1. In this case, by the maximality of £, we have that
at =1 =it yol(€) = vol(E') < vol(€)

and this implies that a’~1b"~T1 <1 as long as a® + b2 ||x;]|> < 1. Now let’s choose a, b to maximize
max {a’ =" a2 b7 ||| <1}

Lagrange Multipliers: Equivalent to maximize (¢ — 1) loga + (n — i+ 1) log b, so we get the equations % =
A2a, L = X2b |12

-1 n—it1

T 2a% T 2b2||x4|2

or bz_az(nfiﬁ»l)

=G-DleE SO plugging to constraint gives

of M
=1
()

ie. a=/"=1 and b—‘/17a =, /2=t L (from constraint).

IAEN

Using this choice of a,b, we have that

i—1 n—i41
1—1\ 2 (n—i+1 2 <1
n n|zi[? -

ol > (14 L Q(MH)\/ 1—1_1\/1_2—1
1—1 n 2 n
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x
noting that we can bound (1 + %) < 4. Note that since the limit as z — oo tends to e and the limit as

x— 0 tends to 1, we can already bound by some constant. Can be more precise as well:

For x <1, we have the estimate

1 log@)
xlog(l—!—;) < T
l~10g2u

2

——=0oratu :%el/z with the value e~ /2. Thus

log 2u . . .
Now gT achieves its maximum when

log 2
:clog(l—i—%)gége*l/zgl
1\* ’
Thus (1—|—;> <efor x<1.

For other x, we have a bound using power series:

1 1 2 3 1
— )=z —S+—=—... |z =)=
xlog(l—&—x) :c(x :c2+x3 )7:c<x> 1

k41
k

so long as % > EH1 for all k >1,or x> =1+ % > 2 (alternating series estimate), and thus (1 + %)z <e for

k1
x> 2.

Now for 1 <z <2, we have

—z/2
Thus (1+%>x§4and (1—|—%> ’ 2%.

This proves the result. O

Theorem 27. (Ellipsoid Version of Dvoretzky’s Theorem) For all € >0, there exists C(g) >0 such
that the following holds:

If ||-] is @ norm on R™ and K is the corresponding unit ball, then there exists an ellipsoid Eg CR™ and a
linear subspace VCIR"™ such that

1. There exists r >0 for which
r(EoNV)C KNV C(1+e)r(EonV)

2. dimV > C(e)logn

Proof. Let £ be an ellipsoid of maximum volume, with & = T'BY. First we note that it suffices to prove
the result for the case when T'=1d or £ = B

This is because B% is the ellipsoid of maximal volume in T~'K. Now suppose we proved the result for BZ.
This means that there exists V C R™ with dim V' > C(g) logn and

r(BENV)C KNV C(14+¢e)r(BENV)
This means that

r(EN(TV)C KN(TV)C (14+¢e)r(En(TV))

and TV is the desired subspace (with the same dimension since 7T is invertible).
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Thus, without loss of generality we will assume that B3 is the ellipsoid of maximum volume of K. By
Dvoretsky’s Criterion (Theorem 23), there exists a subspace V C R™ with dim V > C(g) M?n where

1
(I+e)M

1

) C C——
(VNBE)CVNK C A=

(VN BY)

logn

Note that in our case L =max,cgn-1||z||=1. We will show that M >

cmmwwam%?.

By Dvoretsky-Rogers (Lemma 26) there exists an orthonormal basis 1, ..., x, with

which proves the result.

n b

mmzcmmg%

(this is a weaker statement than the Lemma). Computing:

L lelduta)
(rotation) = Zaixi du(a)
Snfl

(same distribution) = /Sni1 Z £ Qi T;

(rssu) - L5 5

ee{x1}n

M

du(a) for each fixed g; € { £ 1}

n

du(a)

€; Q5 T4
i=1
Here we note that

n

E €3 Qi T

1=1

1
S

ee{x1}"

> max ||a; 2]

because

n

”ajxj+zi¢j gia; Til|l + H_a’j‘rj+2i7&j €i Qi Tj

1
=T 2 2

€15---,€5—1;
€41y En==%1

1
> s 3 Nyl

= [lajz|

1
3 2

ee{£1}"

€iQ;i Ty
1

1=

lztyl+llz—yll S [|z+y _z—y
2 =

where we used the triangle inequality 5 =yl

This means that continuing the computation above,

M = /55%12% Z . g;a; x| di(a)
ec{£1}" || i=1
> / max (as] ) dys(a)

gn—1 1<i<n

> /5 max  (Jo,| ) ds(a)

n—1 1<i<n

C/ max |a;|du(a)
S

n—1 ].S?,SR/Q

Y
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We want to show that

/ max |a;|dp(a) > \/loﬁ
Grn-1 1<i<n/2 n

and we will be finished. This will follow from two facts:

1. Let v, be the standard Gaussian on R", with dv,(x) = 7 inme’”m”%/z. If f:R™— R" is integrable

and homogeneous of order 1, i.e. f(rz)=rf(x) for all r >0, then

D du(z) = Jre S@ 1 2V (2
/S"*l f( )d:u( )_J"Rn ||.’L’||2d’7nN\/ﬁ R f( )d7n( )

2. Gaussian tail bound:

2 e —u?/2 7
= —_— < —
y({|z|>t}) \/%/t e du_loe

First assuming these facts: we have that

1
ildp(a) = — ildmn
‘/ssnfl 1512:1(/2|a |d1u(a) Vn /n 15?235/2'56 |dvn(2)

We then need to show that [, max)<;<n/2|zildyn 2 VIogn. Let t>1. Then

n/2
_ n/2 L 422
m > =1—- >1— J—
vn<lgi§§/2lwzl_t) L—(m(lza[ <)V >1 (1 0¢ )

using the Gaussian tail bound here. Choosing ¢ =+/21log (n), we then have that this is bounded below by

1 n/2
>1- - >
>1-(1-5; ) =¢

/ max |xi|d7n2/ |z;|dyn > Cy/2logn
R maxi<;<n/2|Ti|>+2logn

Thus,
n 1<i<n/2

as desired.

Proof. (of Gaussian Integral Facts)

(1) This is a direct computation in polar coordinates.

[ 1@ = e /0 Tt /S (e du) dr

cn< /OOO r”er2/2dr></$nl f(x)du(x)>

We note that if we look at f(z)=||x||2, the above computation shows that

o0 2
cn/ e " /erz/ | |2 dyn,
0 R»
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We claim that fan |z |2 dyn = +/n. With the second moment, we have

[ leldr e /Zxd% Z/xdvl

| el = [ (Z x) e

;/ x3 dy(x /iﬂﬁd%(ﬂﬁj)-i-zi:/ﬂ)‘x?d%(xi)
(n?—n)+Cn

n2

Also,

A

If we let Z = ||z||2, we have shown that (IE Z4)1/4 < VIEZ?. Then using Jensen and Holder as we did in
the proof of Theorem 19, we have

VEZ>EZ>VEZ?
and thus EZ = fRn lz]|2 dyn~ /1.

(2) To show the Gaussian tail estimate,

/ e_“2/2du:/ l-ue‘“zﬂdu
t t u

—u?/2 _ /oo %efuz/Z du
t t U

/ (1+i2>e‘“2/2du_le—f2/2

t U t

/ e*“Q/QduS/ <1+i2)e"2/2du—let2/2
p p U t

>~ —u?/2 <i —t2/2
/t e du < 106

u

This means that

and thus

for sufficiently large ¢ (in fact, ¢t > 10).
O

Recall that in Dvoretsky’s Theorem (Theorem 7) we wanted to use BY rather than the ellipsoid £. The
final step is to show that there is a further subspace for which Dvoretsky will hold with £ replaced by B%.

Lemma 28. Let £ C R"™ be an ellipsoid. Then there exists a subspace V- C R™ and a number r > 0 such
that

2. ENV=r(BynV)
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Proof. Assume that n is divisible by 4, and find V' with dim V' > %. We will start by constructing 1, ...,
Ty 2 in R™ such that

1. ||a;]l2=1 for all ¢
2. For all i+ j, (xs,7j)= (i, 2;)e=0
Start with an arbitrary ||z1]|2=1. Assume we have defined x;..., z;. Look at
U={zeR", (z,z;)=(z,2;) =0, forallj<i}

Note that dimU > n — 2i. (There are 2i linear constraints imposed on U) So if ¢ <n/2, then U #+ {0} and
we can find x;41%#0 in 4, and normalize it.

Now assume that [|z1]|e >...> ||z, 2]le. Choose A such that

|Zn/alle > A > ||Tn/at1lle

Then there exists a Ay € (0,1) such that

Y1 = A1z + \/1_—)\%5571/2

satisfies ||y1||le = A. This follows simply from the fact that

lille = /A3 l1l13 + (1= X3) oo
Likewise, we can find A2 € (0, 1) such that

Y2:=Aaxo+ /1 — A3 Tn/2—-1

satisfies [|y2lle = A. Continue this to obtain i, ..., ¥n/4. We now have a collection for which [|y;[|2 = 1,
llyille=A and (yi, y;) = (¥i, yj) ¢ = 0ij. Take V =span{yi..., y,/4}. Then 3::2?:/4; a; v; and

o= [T @ lalle=A [3 @
i<n/4 i<n/4

which is what we wanted.

O

Remark 29. Note above that we may even take V to be a subspace of any other linear subspace W,
since in the construction we have started with an arbitrary subspace of a specified dimension.

This finishes the proof of Dvoretsky’s Theorem. We use the Ellipsoid version to find £ and V', and then
find a further subspace W C V so that £ N W becomes a slice of BY.

Sharpness of Dvoretsky

Let us look at what happens when we look at the [°° norm.

Lemma 30. Lete€(0,1). If VCR"™ is a subspace such that for all x €V,

rlzlloo <flzfle < (1 +&)7 [zl
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Then

. C
[
dim V Tog(1/2) logn

This shows that the log n factor is sharp. In our proof, we obtained the e-dependent constant C(e) =

e Proof of Theorem 23). It is a known result (Schechtman) that we can obtain

log(1/¢) (

ce

CE~ log1/op

There is a gap of a factor of ¢/(log1/¢), and closing the gap is currently an open problem.

Proof. (of Lemma) Write dim V' =k. Then if z € V, we have that

i < < B 1
max [ fi@)| |zl < max [fi(@)](1+e)

where f;(z) = (z, re;), n linear functionals on R™. We will show that n must be big. The left inequality
says that ||f;|| <1 for all i, and the right inequality says that for all z € S¥=! = $"~1 NV, there exists i
such that | fi(z)| > ﬁ Then if we consider the cap

1.y 1
C;:= {xESk L fi(z) > 1+6}

then 4 C; covers all of S¥~1. We can cover each cap C; by a ball using Pythagorean theorem:

and that C; C B(y;,2v/€) (note in the direction of y; that 1 — lis = is <& <2y/g). This implies that we

have yi, ..., y2,, of length > ﬁ, yet
2n
Sk=1c U B(yi,2V/e)
i=1

Now we use a volume argument. First we cover a tubular region by enlarging the balls:
2n
(1 - \/Eu 1+ \/E)Sk_l c U B(yiu 4\/5)
i=1
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Thus
(14 VB — (1 — V&) vol(BS) < 2n(4E)* vol(BS)
Since (14 +/2)% —(1— /)% > %k\/g, we have that
k _
ES”\/E]C 1
log k — klog4 <logn + klog /e —log+/c

1ogk—k10g4+%log1/5§10gn+%logl/s

< logn
~logl/e

Week 5 (10/5/2010)

D
Notation: For D > 1, if X,Y are normed spaces, we will write X——Y if there exists a one-to-one linear
map T: X —Y such that ||T]||T!|| < D.
Summary of Dvoretsky’s Theorem

Here we state the various ways of writing the conclusion of Dvoretsky’s Theorem (Theorem 7):
For every e € (0, 1), there exists a constant C(e) such that the following statement holds:

If K C R™is a centrally symmetric convex body (compact, with nonempty interior), then there exists a
linear subspace V' C R™ such that

1. Exists r >0 such that
r(ByNV)C (KNV)C(1+¢e)r(ByNYV)
2. dimV >¢(e)logn

By ={x€R™ Y x7<1} is the Euclidean unit ball.

If || - || is the norm associated to K, then we can write the first statement as

Tkl <Flels foranzev

If we let T' be the mapping from 5= V- 1l2) = (R™ || - |)) = X, where k > ¢(¢) log n, the right inequality
says that ||T]| < % whereas the left inequality says that |7~ < (1 + )7 so that ||T||||TY <1+ ¢, and
with our notation we have that

1+e€
lé%X
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1+
Last time we showed in Lemma 30 that if we have 15 5 1%, then k£ < logn.

_¢
log(1/¢)

1+e
Exercise 3. Prove that there exists k > log n such that {5 < 1. In other words, the result of the lemma is

1
~ log(1/¢)
sharp. (Hint: Reverse the argument we used in the Lemma)

The goal is to find U € O(n) such that if we choose y; = Ue;, then the union of B( % y;,2+/€) covers $" 1.

Now we already have that ||z||cc < ||z]|2, and to prove that ||z|lcc > ! [[z||2, we can use this cover. For ||z||=1, i.e. z €

— 1+4e¢
$"~1 we have that there is some y; for which ||z — y;||2 < 2+/. This means that

de 2 |z —wil3

1
fe = -y wentgioe
1 1 1
T 2 5 1+5+1+€ 4e(1+¢) T

and thus ||z|/c > which proves the result.

1
1+¢e”’

However, not sure how to show the existence of such a U by reversing the argument.
This tells us how small k can be so that an embedding exists.

Let us now look at how large k can be for specific spaces X =[}; (note already that it is trivial to embed

1
15 —— 1% for k all the way up to n with any orthognal projection)

We return to the Dvoretsky Criterion (Theorem 23), which states that if || - || is a norm on R™ and K is
the corresponding unit ball, where ||z|| < L|jz||2 for all x € R", then there exists k > C(g)(M/L)?n such
that

1+4¢
15— (R™ ||

where M = [, ||lz]|du(z).

It turns out that this is good enough to obtain sharp results for the [} spaces, for 1 <p < oco. Let us com-
pute the different values of L, M.

o [ .

For p > 2, we note that ||z, < ||z||2, which implies that L < 1. By homogeneity it suffices to show
the result for when ||z ||z < 1. In this case, we must have |z;| <1 as well, and thus

D lilr <) fmift=1
so that ||z, <1.

For p <2, we have Holder with 2/p, 1j—p/2:

n » n p/2
2'7 — p—
||;U||§:Z |; ] 2.1§<Z |$z‘|2> .l p/2:||$||gnl p/2
=1 i=1

-

11 11
Thus ||z||, <n? 2||z|2 so that L <n? 2

In summary,



e M. We will just do the polar coordinate computation as in the proof of Theorem 27 (Ellipsoid ver-
sion of Dvoretsky) or in Exercise 2.

1
M= [ eldts) ~ = [ eladrate)

1
Minkowski > — / || dyn(x)

ﬁ n p

1 n D 1/1’
= — 1 d n

Al 2| L 1wl

1 1 N

2

Above we used that [, |2;|dy,(z) =C for all i, by rotational invariance of the Gaussian measure.

2
This means that applying the Dvoretsky criteria gives that for all ¢, <k >C (5)(%) n)

1+ 2/p
551" for some k2{ " P2
n 1<p<L2

In particular for p < 2 we know we can achieve embeddings for 1§ into [y for k all the way up to some
proportion of n. This proves Theorem 1 that we presented in the overview.

Exercise 4. Show that
/ | dyn(z) 2 /P n/P forp>2
R™

Thus, for p > 2, get k zpn2/p.

[ lelzamn@ = [ (Zl |mi|f’>dwn<x>

> [ le )
i=1 Y Ra

2n o —x2
= — wPe %2 dx
\/27r/o

2n ©  p-lopkl g

= — 272y 2 e “du
\/27r/o

. n2p/2r p+1
N3 2

~ n(cp)

p-1/p 1/p )
(/ ||x||pd%) s(/ ||x||;) nll? p
R» R"

for any p. The reverse can be proved by mimicking the idea in the proof of the Johnson Lindenstrauss Lemma (Theorem

19). We first compute the 2p-th power:
n 2
/ (2w> dn(2)
R\ i=1
> [l e d(a)
ij R
n n
=3 [ elran@+Y [ el P @
i=1 /R" j JR”

i# ]

= n(c2p)?+ (/}R \w\d%(w)>2

by

p/2

This computation just shows

[ el dve)

~ n?(cp)?
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Comparing this with the p-th power, we have that letting Z = ||z ||,
E[ZP] ~ E[22P]'/2

We will use this to show that E[ZP] ~ E[Z]P. We already showed with convexity that E[Z?] 2 E[Z]?. To show the other
direction, we find an a < p for which

E[2?) = B[Z927~ 4] < B[22/ VB[ 7]

where % + p — a =1 (applying Holder). This means a = 1;)71 = pzi — i, which is always less than p. Now with this
~ 3

choice of a, using the relationship between the 2p-th power and the p-th power derived above,
E[Z7] < E[227]*/?PE[Z]P ~* SE[ZP]*/ P E[Z]P~¢
so that
p-a
E[Z?] SE[Z]'~/» =E[Z]?
Thus, we have that

/ 12|lp dvn = ElZ] 2 E[Z7]/P~ \/p /P
IRH

D
Lemma 31. For co>p>2, D>1, if l5— Iy, then kS pD? n?'?. In other words, the result above is
sharp for p> 2.

D
Proof. Assume that 1§ —— I. Then there exists a one to one linear map T s - Iy such that
ITIT~1|| < D. By rescaling, we can assume without loss of generality that | T~ =1, so that ||T|| < D.
Let eq,..., e be the standard basis of l§. Write Te; = u; = (i1, ..., Uin) € R™. Our assumption is that for all

ai,...,ap € R,
k 1/2 n p\ 1/p k 1/2
i=1 i=1

j=1
where the left inequality follows from |71 <1 and the right inequality follows from ||T|| < D.

k

E Qi Ug g5

1=1

Now we play around with the inequalities. First fix [ € {1,...,n}. We look at

p\ 1/p k
) §D<Z Ufz)
i=1

where the first inequality follows since we are adding positive terms (when j =1 the left hand side comes
out), and the second is from the right inequality earlier. This implies that

k
Ui | Ujj

k n
2
E uj <
i=1 j=1

i=1

k 1/2
<Zufl> <D forall1<i<n
i=1

Now we use the left ineqality above. For all z1, ..., x, € R, we have that

k p

k p/2
(X)) <%
i=1 j=1

xiuij
1

i=

(taking the left inequality and raising it to the p-th power).
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Integrate both sides by d~; and use Jensen’s inequality:

k p/2 k p/2 n
x? dyy S/ z7 dry, < /

Note that we can think of [,

P
dvk

k
E xiuij
1=1

P
Zle ziuij| dyg as Eg o[l Y2 ¢i uij|’] where g1, ..., gi are standard

Gaussian random variables. We know that ) g;u;; also is a centered Gaussian distribution with variance
> u;. Therefore

n k P n k p/2
S DSERHRTEED o1 O ol By ML
=1 /R* | i1 =1 \i=1
= nDP(cp)P/2
The last equality is just the computation:
/ lz|Pdy1 = 2 Ooxpe_mzmd:z:
R V2 Jo

using Stirling’s approximation. 0

Kashin’s Volume Method

In this part we will investigate a different method for studying Euclidean sections. The same method will
be used to prove the following theorems:

Theorem 32. (Kashin’s First Theorem) There exists X,Y CR?" linear subspaces such that
1. dim X =dimY =n
2. X 1Y de (x,y)=0 forallze X, ycY
3. For all z € X UY,

1
Tog V20 lellz < llzfly < v2n |l
(Note the right inequality is always true by Cauchy Schwarz)
The third condition essentially says that X UY is essentially like I!.

Theorem 33. (Kashin’s Second Theorem) There exists U € O(n) such that

1
NG

By cBrn(UBy) c 1L py

NG
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This leads to the following theorem that we will not prove:

Theorem 34. (Litvak-Milman-Schechtman)

1. For all e >0, there exists k(e) € N and Uy, ...,Ux € O(n) such that

1o A o 1o,
:Zifﬁ C £17U1B1(:<g;+5):Z§B2

2. For all € >0, there exists C(e) >0 such that if Uy, ..., U, € O(n) and

k
_Byc (N uiBr <(5-¢)

L gn
vn 1l 2 N

then k > eClen

(i.e. Kashin’s method cannot find a subspace that goes down to 1+¢)

Theorem 35. (Kashin’s Third Theorem) For all § € (0,1), there exists C(§) >0 such that

C(6
BEY k> (1=

(Dvoretsky does not allow us to go arbitrarily close to n, just to some proportion of n)

Lemma 36. Let K CR™ be the unit ball of some norm || -|. Then
1
vol(K) :vn/ T dp()
st [z
where v, = vol(BY§) = #;Jrl) ~ #

Proof. This is a computation in polar coordinates. For f:R"™— R", we have
f(a:)d:c:Cn/ / =L f(r0)du(0)dr
R 0o Jgn-t
Note that if f=1pgp, we have that

1
vol(BQ) :Cn/ T"_ldr:&
0 n

so that C,, =nvol(BY%).

Now for f =1k, we have that (using Fubini)

1/lell
(/ r”ldr> du(0)
0

vol(K) = nvn/
Sn—l
= nv / ! du(0)
" Jgn-1 nllo]"
1
= v, du(6
foe )
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We will be making use of the following facts, to be proven as an exercise:

Exercise 5.

e vol(BH)Y " %

Just the polar computation using the Gaussian density f(z)= @ 1)7]/267 llli*/2,
™

o 1 2
1= d = nvol B"/ el = e/ 2y
/n Tn ( 2) o (27|—)"/2
n

— [ n/2—1 —
= WVOI(B2)/O (2u)™/ e “du

n (T
= WVO].(BQ)F( 3 )
n/2
~ 27:;/2(%> V7 vol(B%)
JAnn/2+3/2
B 2(2me)™/?

vol(B%)

e vol(BL)Y/"=2

Cube of side length 2.

. Vol(B{’)l/”: (2)1/nzl

n! n

Symmetry argument: B ={z: > |z;] <1}, so

vol(B})

vol({m:sgnmizei, Z lzi] < 1})

ee{£1}"

= 2”V01({x: z; >0, Z xigl})

Now using the transformation

T
{x:xiZO, 3 xigl} —{u0<u <. <up <1}

1 -1
1 -1
ie xzi=u; —u;—1, sox="Tu with T = 1., , since det(7T") =1, we note that
S
1

VOI{SC: z; >0, Z xigl} =vol{u: 0<u; <... <u,, <1}
However, note that

l=vol{u: 0<u; <1} = Y vol{u: 0 <ur(q) <o Sty <1}
™
= nlvol{u:0<u; <...<u, <1}
we conclude that vol{u: 0 <u; <...<wu, <1} = %and thus
27l

vol(BT) = o

e For 0<d<2, g€ 3", if we look at the spherical cap

Cs.myi= {2 €81t & — w0 <5}
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then 1(Cs.,2,) > (5"

Let’s study the number of spherical caps needed to cover $™ 1.

1= p(S" 1) < (# caps) (Cs )

1
0 that (C,a,) > 7

imal §-separated set {x;}, which we denote by m. Note that Bs(z;) forms a cover for 8"~ !, otherwise maximality
is contradicted. We have that |J; Bs/2(zi) C B145/2(0), where the union is disjoint, and by volume comparisons,

. Note that the minimum number of caps needed is bounded above by the size of a max-

m (6/2)" vol(B%) < (14 6/2)" vol(B%)

and thus m < (142/6)"™ and p(Cs,xz0) > (1+2/6) "= (m)n Not sure how to improve this.

Theorem 37. Let K CRR™ be the unit ball of norm ||-||. Assume that
1. KD B, e (|Jz] <|z]-2)
vol(K) 1/n
2. (VOI(BS) ) < R
Then there exists U € O(n) such that
By CKN(UK)C8R?BY
Remarks.

e Note that Kashin’s second theorem follows immediately as a corollary. Using the facts above

1/n
vol(BY7) 2

vol(%BS)

e Also, Kashin’s second thoerem implies Kashin’s first theorem:

g

)
3
)

IN
| ot

If we have U € O(n) such that

1 100
—=BY C BN (UBY) C—= By
\/ﬁ 2 =1 ( 1)_\/5 2

let X ={(z,Uz),z€R"} and Y ={(—y,Uy),y € R"}. Note that X LY, since
((z,Ux), (=y,Uy)) = —(z,y) + (Uz,Uy) =0
Now BT NUBT ={z € R™ max {||z]||1,||Uz||1} <1}, and our assumption above can be rewritten as
1
oo V7 el < max{[lz]s, [Uz 1} < v [l |2
Now for (x,Uz) € X, , we have that

I, U)lligr = lz s+ |Uz 1~ max {{|z 1, [Uz[li} = v llz 2% Vo |2, Uz)llizn
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The same holds for (—y, Uy) by the exact same argument.

Let us now prove the thoerem.

Proof. (of Theorem) For all U € O(n), define the norm [z],, = w By assumption we have

n VOI(K) 1 -
R > YUE) /$ dpi()

on v T2

(the equality is from the polar coordinate computation of Lemma 36). We will show that there exists
some U € O(n) such that

/ L (@) < R
gn—1 [I]U

Let v be the Haar probability measure on O(n). Then

1 1
Lo (L g )awvwy = [ ] o Ry O
(AM-GM) /O . /S . mdu(:@duw)
1 1
- /S;nfl W( /O('n,) [Tz[" dV(U)>d/L(I)

1 1
= —ndﬂx/ Totm @y
/5 @ Jo, -, Ty W)

1 2
= ——du(x ) < RZn
</$ T @)

We have just shown that ]EU[ P [m]%du(x)] < R?" and thus there exists U for which this holds
without the expectation. Y

IN

Now, fix y € "~ 1, write [y]y =7 with 7 <1 (note || - || < || -||2). Consider the spherical cap
Cr={ze$" ! |z —yl2<r}

From the facts we know that u(C,) > (%)n

Note

[zlu <[z —ylu+ [ylv <[z —yll2+ [ylu <27

Lo o [, i~ (5:) G ()

On the other hand, we know that the integral on the left is bounded above by R?", thus % < R? and

Then we have that

1
[y]U:TZW
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Thus, for all y € R™, we have that
Wl = —5lyllz
~ 8 R2

and using [z]y <max{||z||, ||[Ux||}, we have

1
ma {1y, 1091} = 5 llvll

This implies the result, that

By CKN(UK)C8R2BY

We can adjust the method slightly to obtain Kashin’s Third Theorem.

Theorem 38. Let ||| be a norm on R™ with unit ball K such that

1. For allz eR™, |z| <|z]2

vol K 1/n
2. (VOI(BS) ) S R

Then for all k <n, there exists a subspace VC R"™ with dimV =k and

1 1
n+k '

2n—k Rnfk

[zl <zl < lzll2 for all z €V

Remark: This proves the Thlrd Theorem since we can take k = (1 — §)n and K = Bf', and we know from
before that we can take R = —. Remember that while the Third Theorem allows k to be arbitrarily close

+
to n, the embedding becomes worse (cannot get to 15— I7).

Proof. As before we have that

/ 1 d,u(x):VOlKgR”
$

o Tal on

Now denote G, = {V CR", V a subspace of dimk}. O(n) acts on G, j transitively, and with an appro-
priately defined metric O(n) acts by isometries:

da(V,W):=Hausdorff distance between V N %"~ tand W N g1

where the Hausdorff distance is the minimal d such that WN$" =1 c VN $" !+ dBY and vice versa (how
much we need to grow one set to swallow the other set). This is invariant under O(n) by definition. Thus
there is a unique Haar probability measure on G, ; which we denote vy, .

By uniqueness of Haar measure,

d,U,V ank
/Sn o //VS L )
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where py is the measure p restricted to V N$™ ! properly normalized. This says exactly that

1
EGn,k|: / _dlu’v(x) S Rn
\4

nsn-1 2"

and thus there exists V' € G, , for which fgnflm/ Wdﬂv(iﬂ) < R".

We will then show that for all z € V N $" 1, ||z > n1+,c R using the spherical cap estimate as in the
on—Fk Rn—k
previous proof. Let S¥ 1=V N$" 1. Fix y € S¥~! and denote r = ||y| < 1. Consider the cap

Cr={z e S5 o — ylla<r)
Again x € C, implies that ||| <2r, and

n 1 . L N1 L (r\F
R 2[5 i )Z/CT g (@) = () = - (5)

Then simplifying gives the result, that

lyll=r=

- n+k n

2nfk Rnfk

for all ye SF=1=V ngn—1
O

Week 6 (10/12/2010)

Summability in Banach Spaces
(Grothendieck)

Definition: A sequence {x,}n>; in a Banach space X is

e unconditionally summable if 22021 Ty(n) converges for all permutations o of the integers

o0

e absolutely summable if """ ||z, || <oo.

Remark: In every Banach space, absolutely summable sequences are unconditionally summable.

N N
Z To(n)|| < Z |Zom)| — 0 as m— oo (min{o(n),n>m} — o0)

Dirichlet’s Theorem: In R unconditional summability implies absolute summability. The same is also
true for finite dimensional Banach spaces.

The following Lemma characterizes unconditional summability:

Lemma 39. Let X be a Banach space and {x,}5r1C X. Then the following are equivalent:

1. {z,}7L is unconditionally summable
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2. For all € > 0, there exists ne > 0 such that for all finite index sets S C N with min S > n., we have
that || 32, .q il <e.

3. For all strictly increasing subsequences {xn,}, Zfil Ty, converges.

k

4. For all e1,e9,...€ { £ 1}, Zfi1 € T; converges.

Proof. (1)= (2). Suppose (2) does not hold, so that for some &, we can find index sets J; with max J; <
min Jii1, and || 35, ; @kl > €. Then we will find a permutation for which 3> 2,(;) is not summable,
which is done by choosing o so that J; becomes contiguous (=o({a;,a;+1,...b; — 1,b;})).

(2) = (1). Let 0, ¢ be given. By (2) we know there exists n. after which || ", ¢ ;]| <e for any finite S
with min S > n.. If we find N, for which {1, ..., n.} C {o(1), ..., 0(Nc o)}, then it follows immediately
that || >0 @)l <e for m,n >N, , (i >N o= 0(i) >ne).

(2) = (3) is also immediate, since we have convergence if for every € >0, we have || >)_ || <e for n,
m sufficiently large, so we can take S={ny, n<k<m}.

(3) = (4) Let P be the index set for which ¢; =1 and N be the index set for which ¢; = —1. Then by (3)
we have that . _,x; and ) .\ 2; both converge (ordered in increasing order). Now let ¢ > 0. Note that

< Z || +

{m<k<n}nP

n
E Eiq
k=m

{m<k<n}nN

for n,m sufficiently large.

(4) = (2). Suppose that (2) is false, then for some ¢, we can find Sq, Ss, ... (each finite) with max 5; <
min S such that || 37, (¢ zk| >e. Now set ai:{ 1 i€Uy St We then have

—1 else

which diverges, and thus either Zj;
sign sequence for which 77 e/ x; diverges, so (4) is false.

x; diverges or Y 0° . &; x; diverges. Either way, we have found a

O

Remark 40. Here is an example that is unconditionally summable but not absolutely summable:

Take X =1°°, and e; the standard basis. Take the sequence

e 1 e 1 e 1 e 1 e
172 2) 2 3)4 47"'74 7""
i.e. definitely not absolutely summable. However, this sequence is summable:

For any ¢, there exists ng after which || 2" ¢;e;|| = ¢, <e. In fact, this is true for all choice of signs. Thus
by the Lemma it is unconditionally summable.

It turns out that such examples can only come from infinite dimensional Banach spaces.

Theorem 41. (Dvoretsky-Rogers) If a Banach space X has the property that unconditional summa-
bility implies absolute summability, then dim X < co.
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Proof. We will prove the contrapositive. Assuming dim X = oo, the goal is to construct an uncondition-
ally convergent sequence that is not absolutely convergent.

a? <272k,

Take any (a;)i2; with Zil a? < co. Find a subsequence n1 <ny < ... such that 3

By the Dvoretsky-Rogers Lemma (Lemma 26), there exists {y;}521 C Bx such that ||y;|| > C (for some
absolute constant C) and if ng <! <ngy; and \; € R then

1
Z Aiyil| <

i=ng

(Take any arbitrarily large subspace of X and apply the Lemma) Now set z; = a; ﬁ and let e;, ==+ 1 be
an arbitrary choice of signs. Then for ny <l <mng41, '

i:nk

and thus { Z?:l €4 xz}n is a Cauchy sequence so that {z;}$2; is unconditionally summable.

However, ||z;|| = a; and we can easily choose a; (i.e. a; = %) for which a; is not absolutely summable and
that 3°°° | a7 <oo. Thus {z;}72; is not absolutely summable. O

Lemma 42. Let X,Y be Banach spaces, and let T: X — Y be linear. Then the following are equivalent:
1. For all unconditionally summable sequences {x;}21 C X, {Tx,} is absolutely summable.

2. There exists C > 0 such that for all n and x4, ..., z, € X, there exists a norm 1 linear functional
x* € X* such that

DTz <C Y ()]
=1 i=1

Proof. (2) = (1). Assume {x,}5>; is unconditionally summable. Fix n. Let 2* € Bx~ be the functional
from condition (2). Take e; =sign(z*(x;)), then

z”: Tz SCCﬂ*( i Eifci) <C i €; %5
i=1 i=1 i=1

and thus if x; is unconditionally sumamble, Tx; is absolutely summable.

(1) = (2). First, we prove the following claim: If {x, }22 is unconditionally summable, then

o0

sup 3 Ja*(zi)| < o0

T*E Bx* i=1

To show this, define F: X*—1; by F(z*)= (z*(z,))5%1 €' (by unconditional convergence). Check that F has
a closed graph {(z*, Fz*),z* € X*}, i.e. if (z},, Fz},) — (z*, y) then y= Fz*.
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xy, — ¢* means that x;;(z) — z*(z) for all  (in particular). Fu; — y means that Y. |z} (z;) — v:| — 0. Now by
Fatou’s lemma,

Z |z*(2;) — y;| < liminf Z | (z:) — yi| =0

and thus z*(z;) = y;, i.e. y=Fz*

By the closed graph theorem this shows F' is continuous, i.e.
oo
> (@)l = 1F )l S llz”lx-
i=1

Taking the supremum over all z* € Bx. proves the claim.
Define Z to be the space of all unconditionally summable sequences in X. Define

l@ezll = s 3 o)
x*EBx*

i
Check that under this norm, Z is a Banach space.
To check that it is a norm, first we check that it is finite:

> |x*<xi>|:x*( 3 x) <

1

< oo

n
E iy
i=1

Since the right hand side does not depend on z*, taking the sup over x* € Bx- preserves finiteness.

Triangle inequality is immediate:

[Zn+ynll < sup D |z* ()| +2*(y)| < sup Y |w* @)+ sup > |y*(wi)| = |zl + ynl
@*€Bx- @+ €Bx- <5 y"€Bx+
and if ||(zn)5Z1]| = 0, this means Y, |*(z;)| = 0 for all z* and thus |z*(x;)| = 0 for all 4 and all z*. Then by
duality we have that

lz:|| = sup |z*(z;)|=0
x*€ Bx*

and thus z; =0 for all ¢. Also need to check completeness...(7)

Let [1(Y') denote the space of all sequences y; with the norm »>°, [|y;||. Define S: Z—1,(Y’) by

S((2:) = (Ts)
Now we check that S has a closed graph.

This means checking that if (Z,, S(Z,)) — (Z,Y) then Y = S(Z). Here Zn = (2n.1,%n.2,...) and Z = (21, , 22, ...)
and Y = (41, Gz, ...). Zn— Z means that z, ; — Z; for all ¢ (in particular). S(Z,) — Y means that Yo Tz —
;]| = 0. Then again Fatou’s lemma shows the result that > ||T2; — ¢;]| =0.

This implies by the closed graph theorem that S is continuous, i.e.

I(Tz)llor) SH@a)llz= sup Y fa*(w:)| <oo

T*€Bx*

(where we have used the claim) In particular this implies the result.
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p-Summability and Properties

Definition Let X, Y be Banach spaces, and let 1 < p < co. We say that a linear map 7: X — Y is p-
absolutely summable if there exists C' >0 such that for all n and all x1,...,z, € X,

n 1/p n 1/p
S irelr) <c osw (3 @)
im1 T*€Bx* \ ;-1

The best constant C' is denoted m,(T), the p-summing norm of T

Facts.

o [T <mp(T)

This follows from the case where n=1, we note that || Tz|| <my(T) supy- |z*(x)| = 7p(T) ||z

e The identity map Id:ls — I3 is not 2-summing. Taking the standard basis ey, es, ... we have that

V<G sup (/> (@, e)P<C
lzll2<1

Lemma 43. Let Hi, Hy be Hilbert spaces. For all T: Hy — Ho,

mo(T) =T s : = ( Z ||Tei|2)1/2

where e; is an orthonormal basis of Hy (can show that the HS norm does not depend on the choice of
orthonormal basis).

For finite dimensions, then we can represent T as a matriz T = (a;;) in which case the HS norm is the
: / 2
Frobenius norm Zij ag;.
Proof. First, we note
n

n 1/2
|T||H5=<Z |T6i||2> <mo(T) sup o[> (w,e;)* =ma(T)

lell<1y =1

We will write the opposite inequality in a slightly funny manner in anticipation of a later result. Let
{g;}jes be an orthonormal basis of Hs. Fix x € Hy, then we have

ITz|? = Y (Tw,g;)°=> (x,T*g;)"

jeJ jeJ

T \* T
ST | S <x 9 > j
(jeJ jed 1791l (ZJEJ |\T*9j||2)
1T A (2*(2))? dps(z®)
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where we note |7l = | 7% =, 17 g2 since

S (T g, T g5) =Y (95T 91T 95, 9:) = > (T9i,9;)(95:T9:) = (Tgi,Tgs)
i,j

J 2%} i

and where p is just the atomic measure supported on the linear functionals = +— < , ”5* ;“H > with weights
|T* g;||* appropriately normalized. Thus we have shown that for all z € X,
T2 < s [ Jo*(@)P du(a”)
and fixing x1, ..., T, we have
1/2 n
(X I7wl?) ™ < Il /(Zuwmﬂww>
< | Tflas  sup Z |z* ()]
z*€B HY i=1
so that m2(T) < ||T||us- O

Lemma 44. (Ideal Property of m,) Suppose we have the maps
vithx Ly iy
then

mp(BTA) <[[A|[[| Blmp(T)

Proof. For z1,...,z, € X, we have the computation

IN

n 1/p
Bl ( > |TA$i|p>
i=1

n 1/p
[ Blmp(T)  sup (ZII*(A%-)IP

n 1/20
<§j|BTAme>
1=1

<
T*€E B x* i—1
n 1/p
*o0 A p
< [|A||||B||7p(T) sup r o T;
Al 1B mp( )I*GBX*<; HAH( )
n 1/17
< | A[ll[B[[mp(T) sup (ZIU*(%)I”)
u*€Byx \ ;-1

O

The p-summability operators follows a similar inclusion as for [P spaces, in that it is easier to be
summable for higher powers:
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Lemma 45. Let 1<r<p<oo and T: X —Y. Then

mp(T') < 7r(T)

Proof. Let ¢ satisfy %—i— % = %, ie. pL/T + — q/r =1. Take z1,...,z, € X such that

n 1/1’
sw<2uww>—1

T*€E Bx* i—1

By homogeneity it suffices to show that
n 1/p
<Z IITivillp> <m(T)
i=1
Let (c1,...,¢n) such that 37" | [¢;|?=1. Then using Holder,

n 1/r n /a7 n 1/p n 1/p
(memmﬁ 4:mw><2uww>=(2uwm>

By definition of 7,.(T"), we have

n 1/r n 1/r
(memm) nm(memMO
i=1 ="\ =1

<
n 1/p
< T)snP(Z lw*(wi)|p>
T\ =1
= m(T)
Now if we maximize the left hand side subject to the constraint ||c||; = 1, will get that ¢; =

| T ||?/m—*
(z (T || 2P/~ 1))1“’

and plugging this value of ¢; above gives the result.

[Tail=
(% Izapoer—)""

|eil" =

[T ||

el 1T = -
(5 Izaifaterm=n)

1/p
(Z les|" ||sz-||T) %ﬁ% (Z IITwzll”>

(Note: p4+g=gqp/r and 1/r—1/q=1/p)

Proposition 46. Assume T: X — Y with p>1, and K C Bx+ is a norming subset, i.e. for all x € X,
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|z]] =supzex |x*(z)| (i-e. can use K in the dual expression for norm instead of all of Bx~). Then

n 1/p n 1/p
sup (Zm*(xi)v)) =sup(2|x*<xi>|17> — sup
i i=1

*€Bxx \ i1 z*eK llellpx=1

n
E Qi Ty

=1

Proof. Let p*= p;'+1' Then by duality,

n
sup sup Z x*(x) a

e*€Bx~ |lal=15"7

n
= sup sup x*( Z Q;T; )
i=1

lallpx=1z*€Bxx

n
E QG Tg

i=1

n 1/1’
sup ( > |$*(Ii)|p>

Tz*€Bx* =1

= sup

lallpx=1

where o € (R”, L?") above. Now the same computation holds if we replace X* by K since K is assumed
to be a norming subset. This implies the result. 0

Lemma 47. Let T: X —Y. Then

mp(T) = sup{my(TS) s.t. S:lp-— X, ||S]| <1}

n 1/p
= sup <Z ||TSei|p> s.it. S:lp— X, IS <1
i=1

Proof. Denote K =sup {m,(T'S) s.t. S:ip — X,||S] <1}. Note that the ideal property shows that K <
7wp(T) (mp(TS) <||S||mp(T)). Choose x1, ..., z, such that both

n 1/p
sup (Zu*mnp) — 1

xT*E B x* i=1
n 1/20
(z nTzinp)
=1

(definition of 7,(T) being the sharpest constant for which the inequality holds). Now define S: [~ — X by

Y

mp(T) —¢

S( (0%')?:1) = Z QX5
i=1

From the computation in the previous fact, we note that ||.S|| =1 since

n 1/p n
ap () = $aue

T*€EBx* \ ;=1 lell px<15—7

Then we have
n 1/p n 1/p
(ZHTSeinp) —<Z|Tzi||p> >m,(T) — ¢
i=1 i=1
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on one hand, and

n 1/p 1/p
<Z ||TSei|p> <mp(TS) sup (Z <5aei>p) / =mp(TS)

IBllp<1

n

(note here that T'S is an operator on I, so the dual is [};). Combining the last two observations we have

P*
that
Tp(T) <mp(TS) +e <supmp(TS) +¢
s
and as ¢ is arbitrary, we have the result. O
Week 7 (10/19/2010)

Here is another observation about p-summing operators.

Proposition 48. Let p be any probability measure on Q. Then the identity operator 1d: Loo(p) — Lp(p)
satisfies mp(Id) <1

Proof. For all a = (ay, ..., a,) € 17

peand fi, ..., fn € Loo(p) C Ly(p) there exists E, C Q of measure zero
such that for all w € F,,

n

Z a; fi(w)

i=1

n

Zaifi

i=1

<

oo

Let F Cl}- be a countable dense subset, then E=J, ., E, has measure zero. Then

n 1/p n 1/p
(Z |fi||fzp<m> - ( /| (Z |fi<w>|p>du<w>>

n 1/1’
sup < Ifi(w)|p>
wEQ\E =1

n

IN

= sup  sup | Y a;fiw)
weQ\E a€F |73
lall px<1
n
< sup E a; fi
ael;* =1 o

which shows using the definition and Proposition 46 that m,(Id) <1.

Pietsch Domination Theorem

Theorem 49. (Pietsch Domination) Let X, Y Banach spaces, p > 1, and let K C Bx~ norming and
weak *-closed.

If T: X — Y is p-summing then there exists reqular Borel Prob. measure p on K such that for all x € X,
1/p
el <) [ 1o @lrdute) )

50



Exercise 6. Show that if an operator T satisfies the above inequality for some Borel Probability measure that T is p-

summing.
Solution:
1/p
(3 Izai?)” < opm) ( [ @ \”du(:v*)>

< op(T) sup (Z |x* () )

= T) NE

op(T) sup (3 fa*(a) )"

Interpretation:

For a fixed z € X, the right side of the inequality above is the LP(y) norm of the function f,(z*) = z*(x)
for z*€ K, ie. fr e C(K)— Lp(K, p).

Define J: X — C(K) by J(z) = fg, i.e. J(x)(z*)=12*(x). Then

[J(@)[loc = sup |z*(z)|= sup [z*(z)|=]z]|
r*e K T*EBx~*

using the fact that K is norming. This shows that J is an isometry, and is invertible as a map from X —
JX.

Denote the I by the identification of C(K') as elements of L,(K, ut). Note

1EI@)l e (/|w )P dyu(x >) <192 e

so that [|I]|c(x)—rr(u) < 1, and let X}, = IJX be the range of I on JX. In particular, I is invertible as a
map from JX — X,, by definition.
Then we have the following diagram:

C(K) — Ly(K, )

U U

JX — X,
I‘JX

JT S

X 4 vy

and we can define S so that the diagram above commutes, i.e. S(IJx)=Tx (I,J are invertible).

We note that as an operator S: X, =Y, the norm is

IIS(IJI)H?:IITxllﬁéﬂp(T)p/K 2% (@) [Pdp(a”) = mp(T)P LTz Lo

and thus ||| x, vy <mp(T).

Special case p=2. In this case, we have that X, = Lo(u) is a Hilbert space, and we can use the orthog-
onal projection from Ly(u) — X2. Then let A=ProjoloJ and B= S, again || B|| < mo(T) from the above,
and from the ideal property (Lemma 44),

ma(A) <|[[Proj|[[J]|ma(1) <1
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so that ma(A) < 1. Above we used Proposition 48, where we showed that I: L — LP is p-summing with
norm 1. Thus we have shown the following useful corollary:

Corollary 50. (Pietsch Factorization) If T: X — Y is 2-summing, then there exists a Hilbert space H,
and mappings A: X — H, B: H—Y such that the following diagram commutes:

i.e. T=BA and |B|| <ma(T), ma(A) <1.
From here we can prove an interesting result:

Theorem 51. Let X be an n-dimensional space, Ix: X — X be the identity map. Then
7T2(Ix) = \/ﬁ

Proof. By Pietsch Factorization (Corollary 50), we have a Hilbert space H, and mappings A, B so that
the following diagram commutes:

H
AS \\ B

Ix

X — X
and that mo(A) <1, |B|| <ma(Ix). Replacing H with AX we can assume without loss of generality that A
is onto. We have Ix = BA, and it must be the case that dim H =n (otherwise impossible to get identity),

and since we are working in finite dimensions, B = A~!. Then denoting the identity on H by Iz, we have
that since Ix=BIg A, Ig=B 1Ix A~'=AB. This implies that

Vi = mo(Lg) < ma(A) | B < mol L)

where we have used the ideal property of m (Lemma 44) above and the fact that 72 in a Hilbert space is
just the Hilbert Schmidt norm (Lemma 43).

To show the upper bound, we use Lemma 47:

mo(Ix) =sup {ma(Ix S), S: 15— X,||S]| <1, meN}
For € > 0 let S be chosen such that mo(lx) < m2(S) — . We will use the isomorphism H := 5" /ker(S) X
S(15"). Define Q: 15" — H to be the natural identification of I3 to the quotient 15*/ker(S), i.e. Qe =z +

ker(S) € H, which is an isometry (]|Q|| < 1), and define S so that S=Q1IyS. In particular, ||S||=]S| <1
and by the ideal property,

my(Ix) Sm2(S) —e =ma(QIrS) —e < || Q| ma(In) |S]| —e= v~

and since ¢ is arbitrary, we have the upper bound. O

Corollary 52. Let K C R" be a centrally symmetric convex body. Then there exists an ellipsoid £ C K
such that /n & D K. (Later we will see that John’s ellipsoid satisfies this inequality).

Exercise 7. Show that the \/n is sharp above, looking at K =[—1,1]".
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Proof. Let X be the Banach space whose unit ball is K. Denote Ix by the identity map on X. By
Pietsch Factorization (Corollary 50) again, we have a Hilbert space H, and mappings A, B so that the fol-
lowing diagram commutes:

and mo(A) <1, ||B|| < ma(Ix) = +/n (using the previous result). As before, we may assume without loss of

generality that H = AX, and again we have dim H =n and BA = Ix so that B = A~!. Now choose £ =
jaeyatvn
AT:B"’). Now we see that if x €& :%Ail(Bg), this means that [|[Ax||2 < % But then we have that

[zl =lBAz| <[[B[|[|Az[ls <1

so that z € K, i.e. £ C K. Then for z € K, we have that ||z|| <1 and |[Az|2 < ||A] ||z] <72(A) <1 so that
re A"YBY)=Vn€.

O
Now we turn to the proof of the Pietsch Domination Theorem.

Proof. (of Pietsch Domination, Theorem 49) By the Theorem of Banach-Alaoglu, we know that K
(the norming subset of Bx« that is weak* closed) is compact in the weak* topology. For all x1,...,z, € X,
define g(y,, .. 2,): K — R by

() |?

-

9(11,,..,mn)(x*) = Z ”Tlep - WP(T):D
1=1

i=1

Let C(K)=(C(K),| - |lsup) be the continuous functions on K with the sup norm.
9(zr,zn) € C(K). Define Q C C(K) by

Q= {g(g61 ..... e MEN, 1, .., 2y EX}
We check that @ is a convex set since for A €[0,1] and ..., T, Y1, ---, Ym € X, we have that
Ad(ar,oan) F (1= N G(yr,ym) = g()\l/pxl,...,)\l/”xn,(17)\)1/py1.,...,(17)\)1/pym)
Now let P={f € C(K): f(z*) >0 for all z*€ K}. P is easily convex, and it is also open since K is com-

pact (f € P achieves its minimum on K, say it is €, then {g, ||g — f|lcc < €} is an open set contained in
P).

Note that PN Q ={}, otherwise there exists x1,...,z, € X such that
S O NTzi||P >y (T)PY |2 (wi)|P for all 2% € K
i=1 i=1

which contradicts T being p-summing with constant m,(7T').

By the hyperplane separation theorem (geometric Hahn Banach) and the Riesz Representation theorem
for C(K), there exists a regular Borel measure p on K and ¢ € R such that for all g€ @ and f € P,

/gdu§c</ fdu
K K
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since 0 € Q, ¢ must be nonnegative, and thus we have that for all f >0 (i.e. in P), [, fdu>0 so that
1 is a positive measure. For all € > 0, if we take € 1x € P we have that

c<ep(K)

and since ¢ is arbitrary this implies ¢ = 0. By normalizing, without loss of generality p is a probability
measure. For x € X, apply fK gdp <0 to g= g{s), then

[Tl =m0y @) ) <0
and this implies the existence of some z* for which

| Tz||P < mp(T)P /K " ()P du(a?)
which proves the result. O

Notation: Let X,Y be Banach spaces, and denote

IL,(X,Y) = {T: X->Y,n,(T) <o}
L(X,Y) = {bounded operators from X —Y}

Recall that for 1 <r < p<oo, that II,(X,Y) CII,(X,Y), ie. for T: X =Y, 7,(T) <7,(T) (Lemma 45)

Next, we show that if the reverse inequality is true up to a constant, then we can show the same for the 1-
summing norm.

Theorem 53. (Maurey Extrapolation Theorem) Let X be a Banach space, and 1 <r < p < oo such
that

HP(Xv lp) = HT(X7 l;D)
Then for all Banach spacesY,

IL(X,Y)=II,(X,Y)

Remarks

1. Using the closed graph theorem, the hypothesis II,(X, 1,) =II,(X,{,) is the same as the following:

There exists a constant C' > 0 such that for all T: X — 1,
™ (T) < Cmy(T)

Let II = II,, = II,. That this condition is sufficient follows immediately. To show the necessity, we
need that the identity map Id: (II, 7,) — (II, 7,) is continuous (which implies the inequality). Closed
graph theorem says that if the graph (T', T') € II,, x II, is closed, then T is continuous. In other
words, given a sequence T} for which T} — T®) in I, and T} — T in II, that 7@ = 7)) Note
that since ||T'|| < min (7,(T), 7.(T)), we know that ||Ty — T®| — 0 and || Ty — T — 0. By
uniqueness of limits for || - || we have that T =T as desired.
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Quantitative Version: We will end up showing that for all T: X — Y,

r(p=1)

m(T) <2(2¢) 7 my(T)

. We note that the condition 7,.(T") < Cmp(T) for all T: X — I, implies that
7 (T) < Cmp(T) for all T: X — I

and this statement in turn implies that for € >0,

7r(T) <C(14¢)mp(T) for all T: X — LP(u)

Proof. (From [, — I) Given T: X — I}, we can extend trivially to a function 7: X — I, where

Tx=(—Txz—,0,0,...), and we note that

mo(T) = m,(T), as |Tz|in = || Tz, for all . So by assumption since 7(T) < Crp(T), we have
immediately that 7,.(T) < Cm,(T). O

Proof. (From I — L(p1)) Let T: X — L,(p), and fix @1,...,2, € X. Let E=span{Tx1,...,Tx,}.

Let fi,..., fn € Bx be a basis for E. Because all norms are equivalent in finite dimensions, we note
that there is some constant M >0 with

n
Z la;| <
i=1

n

Z a; fi

=1

n
<MD lal
i=1

Lp(p)
Let hy, ..., hy € Ly(p) be simple functions such that || fi — hillz,u) < % Let Ay, ..., Ay be the sub-
sets of positive measure for which all the h; are constant.

Let F =span{14,}}L, . If we define S: F — 1} by S(14,) = u(A;)/Pe;, then S is an isometry.

Now define U: E— F by the mapping U f; = h;. Note that

N N N
doaifi=Y ahil < MY lalllfi—hillz,
i=1 i=1 L, i=1
al €
< M Z |ai|M
=1
N
< Z a; fil| €
=1 L,
or in other words, using triangle inequality we have that
N N N
(1—5) Zazfz S Zazhl S(l—i—é‘) Zazfl
i=1 L, i=1 L, i=1 L,

so that |U]|<1+¢ and U7} < i The rest follows from the ideal property:

Let P be the projection from L,(y) — F defined by the conditional expectation:

P(f)=E[f|o(hs,.... hn)]
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noting that ||P|| <1 and that P(L,(p)) = span{la,} = F (note that the algebra generated by the
indicators is exactly the linear span since 11211' =14,).

Now applying our result, we know that since SPT: X — lév , the ideal property tells us that
7 (SPT) <Crp(SPT) < Cmp(T)

This means that plugging in UTz;, and noting that P(UTx;) =UTz; since UTx; € F', we have that

( Z HUTIiHT)l/T: ( Z ||SPUT:ciHT)1/T <C(1+e)mp(T) sup ( Z |3:*(33i)|r)1/r
and using the fact that ||T;| < 1—iEHUTwiH, we conclude that
(S i) < 2 Emmsu (3 o)

c
so that m,(T') < =—mp(T). O

Proof. (of Maurey Extrapolation, Theorem 53) By assumption, there exists C' such that for all
measures p, and for all T: X — L,(u), we have that 7.(T) < Cm,(T). Denote K = Bx+ with weak*
topology, and denote P(K) to be the set of all regular Borel probability measures on K.

Let J: X — C(K) be the duality mapping J(z)(z*) = z*(z) as in the interpretation of Pietsch, let I, be
the identity map from C(K)— L,(K, p) and let J,=1,J: X — L,(K, u), defined for each € P(K). Note
that m,(J,) <1 by the ideal property since m,(,) <1 and ||.J|| < 1. By assumption, we have m,(J,) < C.
Now by Pietsch, there exists /i € P(K) such that for all z € X,

I Jwzlln, ) < C Il Jazln,a)

Now take T: X — Y with m,(T") < co. We want to show that T is 1-summing. By Pietsch there exists pg €
P(K) such that for all z € X

1T || < 7p(T) 1o ()| 2 120)
We claim that there exists A € P(K) such that for all z € X
7o | Ly 1a0) < C" [l Ix ]| 1)

which shows that m1(T") < C'm,(T'), since in this case for z1,...,z, € X,

S Tz <muT)Cr S / 2" (@) [dA@") < C'my(T) sup S [ (a)]
i=1 i=1 r€Bx~ =1
Now define piy,+1 = fin, from Pietsch, i.e.

1@ L) S C Nt 1T L (14 1)

(as above) and set A =3Y""° ' 27"~! 4, Then we show that A works. Let %: % + 1779, so § €(0,1). By
Holder,

—9
HJan ||Lp(:un) S ||']Mn‘r H%l(un)HJan ”}/p(,un)
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Then

2 2 iy £ € 30 27 il
n>0 n>0

< C Z 2 1HJun+1xH%1(Hu+1)H‘]ﬂn+1w”}‘p(l‘nJrl)

n>0
> ) 1—6
< O 2 2 @l ) | 20 27 Wi )
n>0 n>0
, 1-6
< C(2||JA33||L1(>\)) < Z 2n1||J#n+1I|LP(Hn+l)>
n>0

This implies that

(4 (4
1 e
<§||J#0x”Lp(#0)) S( Z 2 1|J#n+1x|Lp(#n+1)> §2C(HJ>\‘THL1()\))0

n>0
(c=C"%) and
01| u) < 220 [ Tx 2| )
as desired.

O

This proof is particularly tricky, having to iterate applications of Pietch domination. It would be inter-
esting if there were a more direct proof that could give more insight into the structure of the problem.

Week 8 (10/26/2010)
Grothendieck’s Inequality
Theorem 54. (Grothendieck) Every bounded operator from Iy — ly is 1-summing.

Proof. First we gather some helpful facts. Let {g;}i2; be i.i.d standard Gaussian defined on a proba-
bility space (£, 1), Define G): la — Ly,(u) by

o0
d
Gp((a:)i21) = Z @i gi 0 lal/s, 9, g standard Gaussian
i=1
For a € 15, we have

1/
1Gpallp=(Ellal2g]") " =Cyllall

(we computed C), = (E|g|p)1/p in Lemma 31). Examining Gi: ls — L1(f2) we note that G; is one to one
from the equality above (||Gpa||, =0 implies ||a||2=0), and this implies that the adjoint Gi: Loo(2) — Iz is
onto.

Reminder: For any a € I3, can find y* € (L7) with Gi(y*)(z) = y*(Gi(x)) = a(z) for all € l,. G; being one to
one means that we can define such a y* on G1(l2), and then we extend with Hahn Banach while preserving the
norm.
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Then by the open mapping theorem,

GT(BLOO(Q» D 6312

for some ¢, and in fact we can show that ¢ < Cy = \/g Suppose the inclusion does not hold, then there
exists x € Iy with ||zl <c and = ¢ G{(Br_(n)). By separation theorem, there exists y € I\{0} such that

(x,y)> sup (y,G*([))
fllo<1

Then

clyllz=lzlzllylle> (2, y) > S (v, G () =Gyl =Crllyll2

So if the inclusion does not hold, then ¢ > C4, and thus if ¢ < (4, then the inclusion holds, and we have
shown

Fact 1. GT(BLOO(Q)) D) CBl2 Wlth c= Ol = \/%

|\2:"Fe€;||2 € ¢By, C G{(Bp=(q)), from Fact 1 we

know that there exists x; € L>°(u) such that Gi(z;) =Te; and ||@;|| oo < % 1Te:|2.

Now let ey, e, ... be the standard basis of [;. Noting that ¢

Define S:1; — lo(Q2) by Se; =1, then for a = (a;){21 €11 we have

1Salleo=

oo
E a; S’ei
i=1

> 1
< Z} laill|zilloc < Tl llall,
Lo 1=

so that |5 < ”LCH, and we have shown
Fact 2. There exists S: 11 — Loo(2) such that ||.S| < HLCH and T'=G1S.

Recall that the identity map J: Loo(2) — L.(Q) satisfies m.(J) < 1 (Proposition 48). Observe that G =
G« J since G1=J* G+, and then by the ideal property

7(GF) < ||l () < -

In any case, we have shown the final fact that we need:
Fact 3. For 1 <7 <2, we have 7,.(G}) < oo.

Combining the facts, we have shown that
7 (T) = (@1 5) < my(G18) < AT o
for 1 <r <2. Then
(1, 12) CTa(ly, 12) € L(11, 12) CT(11 12)
using the inclusion of p-summing spaces Lemma 45, the fact that all p-summing operators are bounded

IT]| <7p(T), and what we have just shown: 7,.(T") < co. Thus we have that II.(I1, l2) = Ha(l1, I2) = L(I1, I2)
and by Maurey Extrapolation Theorem (Theorem 53) we conclude that

I (11, I2) =1a(1y, o) = L(14, 12)
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O

Theorem 55. (Extension property of 2-summing) Let X,Y, Z be Banach spaces, X C Z, dim X <
oo and T: X — Y is 2-summing. Then for all € >0, there exists an extension T:Z — Y with

mo(T) < (1+¢e)me(T)

Remark: The statement holds without the restriction that dim X < oo and without e, but the proof
needs more work.

Proof. Let N be an e-net in the sphere of X*, |N'| <oo. Define a norm |- |y on X by

|y = max |z*(x
o= ma [o*(a)

Also, we note that

[z]|= sup [z*(x)|< sup |y*(z)|+ellz]|=|z|y+e|z]
[lz*||=1 yreN
and
|z][= sup [z*(z)|> sup |y*(z)|=|z|n~
lz*[|=1 y*eN

so that |z|y < ||z]| < 11j|:v|/\/ By the ideal property, it is enough to prove the theorem when ||z = |z |

(Id: (X, || - |) = (X, |- |a) will give 1 + ¢ factor). In other words, N is a norming set of X. By Pietch we
have a probability measure p on A so that the following diagram commutes. Note that X is finite dimen-
sional so that J(X)=C(N)=1x(N), and in fact Jo = (2*(z))z-en-

i |s
Z > X = v
Here ||S]| < mo(T') and mo(I) < 1. By Hahn-Banach, there exists #* € Z* such that #*
|z*||. Define J(z) = (£*(2))secnr, and by construction ||J || = ||.J|| = 1. Now taking T = ST.J, we note that

T|x =T by construction, and ideal property tells us that mo(T) < wo(T), which gives the result (recall we
lost a factor of 1+ ¢ in replacing (X, | -||) by (X,]-|n))-

=z* and ||2*]| =

O

We can use the previous result to prove a theorem about projections to finite dimensional subspaces.

Theorem 56. (Kadets-Snobar) X C Z Banach spaces, dim X =n. For all € > 0, there exists a projec-
tion P: Z — X with

[P <vn(l+e)

Remark: ||P|| < \/n works also. This is not sharp either, as a result by Konig-Tomczak-Jaegerman can
find [P < v — =
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Proof. We apply the previous 2-sum extension result Theorem 55 to the identity map Ix: X — X, which
gives some operator P: Z — X with P|x = Ix and ma(P) < (1 + €)ma(Ix). We know that ma(lx) = \/n
(Theorem 51). We conclude that

[P <ma(P)<(14¢)vn
O
(Later, after we finish p-summing results, combined with Dvoretsky we can show a theorem by Linden-

strauss-Tzafriri: If Z is a Banach space such that for all closed X C Z there exists a projection P: Z — X
with ||P|| < oo then Z is essentially a Hilbert space: there exists a scalar product (-, ) on Z such that

Vi z) <z <K \/{z,x))
Theorem 57. (Grothendieck’s Inequality) There exists K such that for any n x n real matriz (a;;),
n n
D egleee) SK max 3 ayed,

»
Y1 yn €l HI=1 81O € {1} I=1
unit vectors

The best K in this inequality is denoted K, Grothendieck’s constant.

Remark: Note that

n
max E a;j€i0;= max E a;i; oy B
~ (a,B)eRM xR £~
iJ lai],|B51<1 ©I=

Can optimize coordinate wise to see that the maximizer is achieved at the endpoints (LHS).

Proof. Denote

I= max, 2 ajlwy)
2
||y]||2<1w !

A = max E ai;€;d;
€i,6

1,j=1

Goal is to show that I' = O(A). Let {g;}$2; be i.i.d standard Gaussians defined on the same probaiblity
space (€, ).

H:=Gs(l): {Z a; gi: (a; 612}

H is a Hilbert space with the scalar product (X,Y) =E[XY].

Fix e >0. Let X;..., X,,,Y1,..., Y, € H be such that E[X?], E[Y;?] <1 and

i a;; BX;Y;]>T —¢

1,7=1

We will be moving between lo, H, Lo(1), equivalent Hilbert spaces.
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For M >0 to be determined, and any X € La(p), define

X if|X|<M
XM= M ifX>M
-M it X<-M
so that | XM| < M. then
Poes 32 aBIXYI= 3 auBXPYM e 3w OG- XPYIE 3 o BIXGH 1)
=1 j=1 j=1 hy=1
Bounding each piece on the RHS, we have that
- My M| 2 v 2 - 2
a;; B[X;"Y;" ]| = M*E i <M max a; o B3 < M= A
]21 sl ;1 M Ha||oo,nﬁnms1i;1 e

(using the remark). For the second part,

i aUE X XM)Y] max||Xl_X1]w||L2(M) i aijE (Xz—le;\i)
hi=1 ’ ij=1 max; || X5 — X | Lo

max X — XM || £o0D

IN

where for the inequality we are using the equivalence of H and Iy as Hilbert spaces. Now since X; =5
ajgj, . a3=E[X?]=1s0 X;~|all2g~N(0,1), and therefore

E[(X; — XM)?] = \//OootPr(|Xl-—XiM|>t)dt

_ \/2 /MOO (t — M) Pr(X, > t) dt

S Ce—M2/4

using the standard Gaussian tail estimate. Thus both the second and third terms above are bounded by
Ce’M2/4F, and

[ —e<M2A+Ce M/
so that

I(1—Ce MY < M2A

and now we just choose M sufficiently large so that T' < C’(M)A.

Theorem 58. (Grothendieck) Any bounded operator Tl — 11 is 2-summing and

m(T) < K¢ ||T|

where Kqg is Grothendieck’s constant.

Also any bounded operator from 1y — ly satisfies m1(T) < K¢ ||T||-

Remark: Can replace Il and I; with Loo(p) and Li(p) as in the statement of Maurey Extrapolation
(Theorem 53)
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Proof. It is enough to prove this for T: (3, — I, as the 2-summing property involves finite sums. Write

Te;=>""_, a;je;, and take x1, ...,z €%, wk:Z?:1 afe; such that

j=1
EZII
|I*||zl<1

We need to show that /37" | [Tz, ||> < K¢||T|. Note that

n
| (a)?< sup ZW
1 L ol <1

taking x* to be standard basis elements. Now

2\ 1/2
m m n n
[3simatt = (35 (3] 3t
i=1 k=1 \ j=1 |i=1
9\ 1/2
n m n
(Minkowski) < Z Z Zafa” =:A
=1 \ k=1 |i=1
By duality, there exists y1,..., yn €15", y;=( }“)2;1, with [|y;[l;, <1 and
n m n
A= > ) ala
j=1k=1  i=1
n m
-3 (St e
ij=1 \ k=1
n
= Z (a, B) ai;
ij=1
n
Grothendieck) < K, a 070G
(Grothendieck) < Ko max >, ajoif;

- 4,5=1
= K¢ max (Ta, 3)
lleelloos llBlloo <1

= K [|IT]loo—1

which is the result we want (slight abuse of notation above, at the application of Grothendieck we have

reused the variable «, 3).

(Next time to prove for T:1; — [3)

Week 9

We now prove the next part, that any bounded operator from l; — I3 is 1-summing.

Proof. As before, it is enough to prove this for 717 — 5. We need that for any 1, ...,

> ITzillo < Ko ||T| |Sl\u<)12 ()
i=1 x>
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We will use that supja;j<1 > [(zi)| = supja, <1 [| 35 @il (Proposition 46). Let z; = (i1, ..., Zin), and
e1..., ey be the standard basis of 7. Then

o0
Tzl =
=1

|
'M3

=1 =1
m n
= Z <zi, Z xijTej> for some ||z;]| =1
i=1 j=1
i=1 j—=1

(Grothendieck) < ||T||Kg sup Zzaiﬁjxij
J

lai|,[b;| <1775

= |IT||Kg sup ZﬁjZaixij

i, [b5] <177

> alz)

%

= [T Kg sup

|| <1

which completes the proof. O

We can also transfer the result from Lo(p) to C(K) where K is compact Hausdorff, but it requires a bit
of thought. For the next results K will denote a compact Hausdorff space.

Theorem 59. If E C C(K) is a finite dimensional subspace then there exists another finite dimensional
subspace F CC(K) such that

1. ECF
2. Fis (14 ¢)-isomorphic to 19 F

We then say that C(K) is a Loo,1+¢ Space. (Notation in literature)
This will use the following Lemma:

Lemma 60. Let E C C(K) be a finite dimensional subspace, ¢ > 0. Then there exists a projection P:
C(K)— C(K) such that

1. P has finite rank
2. ||Px —x||oo <¢ for all x € Bg

3. P(X) is isometric to 1%, where n=dim P(X).

Proof. This is a partition of unity argument. Let fi, ..., f, be an £/4 net in Bg. Note that f; are uni-
formly continuous. There exists a finite cover of K by open sets €1, ..., Qn such that

| fi(z) — fi(y)] <% for all x, y € ; and for all 4

This covers K into pieces where on each piece all the f; oscillate by at most €. Without loss of generality,
;)\ Ui & # 0, otherwise we can toss €; out of the cover. Fix a w; from each §;\ Uj# Q. Let {¢;}
be a partition of unity subordinate to the open cover {€;}. This means that

1. (ijC(K)
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2. 0<p;<1

3. ¢; vanishes outside ;

4. Y pi(w)y=1forallwe K
Define P:C(K) — C(K) by

= Z fwi) pi(w)

Note this is a projection, w; € Q;\ U ; Qj means that @;(w;) = d;; and Pf(w;) = f(w;), so that P* = P.
Also, we have that

|Pf(w |<Z|fwz|% <||f|\ooz pi(w) = flloo

so that ||P|| < 1. We see that P has finite rank, since P(C'(K)) = span{ 1, ..., pn}, and for all w € K we
have that

|Pfw) = fW)l = | (flw;) = f(@)eiw)

> < | Flwy) = Filwy)| + | filwy) = Fil@)] + [ Fw) - fi<wj>|>saj<w>
P\ =7

< %+ > filwy) = filw)l (W)l

J,weR; <&/2

IN

< e

so that ||Pf — f|| <e for f € Bg. In the second line above, note that Y ;=1 and f; is an £/4 net. In
the third line above, we use that ¢;(w) is zero outside ©; and f; does not oscillate by more than /2 on

Q. Finally, to show that P(C(K)) is isomorphic to I, we just map (a;)!; to 3 a;pi, and since ¢; is a
partition of unity the sup norm is exactly the same:

’Zaﬂpi

IS wel.

< aloo = ] S i)
1

Now we prove the Theorem:

Proof. (of Theorem 59) Denote X = C(K). We are given F C X, dim E = k. By Kadetz-Snobar (The-

orem 56) there exists a projection Q: C(K) — E with ||Q|| < 2v/k. By the previous lemma, there exists a
projection P: X — X with ||Pz — z|| <e for all z € Bg and P(X) is isometrically isomorphic to I%,. Let I:
X — X Dbe the identity map, and define T=1+ PQ — ). Then

-7 < |(P-D)Q

| QfW) QW)
P A L o i T
< e2Vk

IN

so if € < 7, then 7' is invertible, 7' =37, (I — T)’ (Neumann series), |77 < 37, (2eVk)T =

1_25\[ Also, we note ||T']| <1+e2Vk.
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We use T~ !PT, which is a finite rank projection from X — X. Denote the range by F. Then F D E since
if x € E, then

Tr=x+PQz— Qx=Px
so that £ =T"1PTz and = € F. Let T, be the restriction of T to F. Then note that
To(F)=To(T~'PTX)=P(TX)=PX

(T is invertible so TX = X, and To=T on the range of PTX), and so we have that Tp: F — PX, and PX
is isomorphic to [%,. Note

1+2evVk
I Toll 175 1||< ~1+¢

—2evVEk

¢’ is arbitrarily small. Thus F is 1+ ¢’ isomorphic to I%.

O

From this we can then prove the following in the same manner as in remarks following Theorem 53
(Maurey Extrapolation)

Proposition 61. Let K be compact Hausdorff, then any bounded operator T: C(K) — Li(p) is two sum-
ming with mo(T) < K¢ ||T |

Proof. Let x4, ..., x, € C(K). Take E = span{xy, ..., , }. There exists F D FE, FF C C(K) which is 1 + ¢
isomorphic to IY, i.e. U: F— 1% is invertible with |U]|, |[U || <1+ e. If we consider the map T =TU "
mapping 1Y, — L;, we know from Grothendieck (Theorem 58) that 72(7T') < K¢ ||T'||, so that

Z IIT»’CzHl—Z ITUz) 1< Ke T b|up Z |*(Uzi)| < K(L+e) [T sup > |y*(xi)]

I, <1 Yy €Bcu)

which shows m3(T) < Kg(14¢)||T||, which is slightly off.
O

We can use this theorem to prove a result about Fourier multipliers. Below we will state the result using
the Fourier transform of abelian groups. Can think of just the Fourier series on $! with the dual Z
(Fourier coefficients index)

Theorem 62. (Orlicz-Paley-Sidon) Let G be a compact abelian group, and T be the dual. Let M be a
Fourier multiplier M:C(G) — C* with

Mf=(m(x) f(xX)xer

for some choice {m(x)}yer CC. Then M(C(G)) CL(T') if and only if 3  p Im(x)|* < .

Proof. First assume that 37 . |m(x)|> < co. Then

> Ol f (x |<\/Z Im(x)|2\/z |f(x)|2=\/z OO 1 F 1| o) <

xel x el xerl xerl
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where 1 is the Haar measure on G. This shows that M (C(G)) C11(T).

The converse is true, and the proof uses Grothendieck’s results. Assume that M(C(G)) C I3(T"). Check
that (f, M[) is a closed graph, which will then imply that [|M ||c(q)—i,(r) < 0o. By Grothendieck (The-
orem 58), this implies that M is 2-summing with m(M) < K¢ ||M||. By Pietch domination, this implies
that there exists a Borel probability measure v on G such that

. 1/2
3 Im(x)llf(x)ISKclMH( /| |f(x)|2dV(x))

xel

Let he G and f € C(G). Define fr(g) = f(hg). We have that

fn(x)

/ F(ha) x() dpu(z)
G

/G Fy)x(h~y)du(y)
x(h™Y) f(y)

Above we used the invariance of the Haar measure under group multiplication and the fact that y is a
character (homomorphism from G — ©). Now |f5,(x)|=|f (x)] for all x €T, and

( > Im(x)llf(x)l>

x€er

IN

K3\ M /G /G | F(ho)|? do () du(h)

K3 01| [ < i |f<hx>|2du<h>>du<x>
= KM B

(Parseval) = K& ||M|]? Z |f(X)|2
x€er

For all finite I'g CT', we have fo=3> _p m(x)-x € C(K). Then

( > Im(x)l2> < KZIMIE Y (ol

x€lo x€To

Y Im(P < KE|IM|2<oc

x€Tlo

IN

using the fact that x =4, so that fo(x) =m(x).

We finish this section with another theorem of Grothendieck.

Theorem 63. (Grothendieck) Let X be a closed linear subspace of Ly. Assume that X* is K-isomor-
phic to a subspace of L1. Then X is Ko K-isomorphic to a Hilbert space.

An example of a subspace of L; which is isomorphic to a Hilbert space is the space of random variables

{Y aigi, 3 la;|* <oo} where g; are i.i.d N(0,1) gaussian and ||} aigil| . =/ |ai|* E|g|. Note it is a
Hilbert space with inner product {f, g) = E[fg]. (We used this in the proof of Grothendieck’s inequality,
Theorem 57)
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Proof. For the convenience of proof, we will use Ly = L1([0, 1]). Denote I: X — L; by the identity, noting
the adjoint I*: Lo, — X*. There exists T: X* — L' with ||T'|| <1, |T~!|| < K by assumption. Then TI*:
Lo, — Ly, so using Theorem 58 (Bounded operators from L., — L1 are 2-summing),

mo(TI*) < K¢ | TT*|| < K¢
By Pietch Domination, we can express T1* as a composition of maps through a Hilbert space H:

H
/B AN
I T
Lo — X* — Iy

with |B]| <1 and ||A|| < mo(TI*) < Kg. We know that TX* C Ly. Denote A~Y(TX*) by Ho C H. Let P:
H — Hj be the orthogonal projection. The diagram becomes

o -2 o,
ok
Le — x* 5 TXx* CI,

and defining B = PB: Loo — Hy and A =T~ 1A: Hy— X* we have

Hy
B/ \A

L. = Xx*

with ||[B|| <1 and ||A| < KgK. Now we “dualize”...

~ HO ~
B / \A

I
Ly, «— X**

Note X C X** and I**|,, = 1. We restrict everything to X:

x
Hy
V/ \U

L, < x

where U = A" < and V = B” . Restrictions of operators have the same operator norm, and we have
Ux
that

]l =Tz || = [[VUz|| < [Uz| < KcK ||z ||
or

o < [[Uz| < KoK |||

which shows that X is KgK isomorphic to UX C Hy, a Hilbert space. g

This kind of argument can go on for many semesters. Now we change to another topic.
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Lindenstrauss-Tzafriri Theorem

The last part of the course will be leading towards a theorem of Lindenstrauss and Tzafriri: Let X be a
Banach space such that any closed subspace of X has a bounded projection P onto Y (if this is the case
we say that Y is complemented). Then X is K-isomorphic to a Hilbert space for some K < co.

This is actually a theorem about finite dimensions, though not immediately obvious. The proof involves a
clever use of Dvoretsky’s theorem. We need some preparation first.

Theorem 64. Assume that all closed subspaces of X are complemented. Then there exists A < oo such
that any finite subspace of X is complemented via a projection of norm < \.

The proof involves the following Lemma:

Lemma 65. Let ¢ > 0, X Banach space, E C X finite dimensional subspace. Then there exists a finite
codimensional subspace XoC X such that |le+z|| > (1—¢)|le|| for e€ E,x € X,.

The conclusion states that we can find a projection from E + Xg — E with norm bounded by i By

replacing Xy with some closed complement of Xy N E in X (for any finite dimensional space there exists
a closed complement), we can arrange it so that £ N Xy={0} so that £+ Xo=F & X).

Proof. Let z1, ...,z be an e-net in the unit sphere of E. For all 4, let 2} € X* be such that ||z]]] <1 and

x}(x;) = 1 (Hahn-Banach). Then we use Xo = (;_, ker(z). X has finite codimension, being the finite

intersection of codimension-1 subspaces. For |le|| =1, e € E, there exists ¢ such that ||z; —e| <e. Take z €
Xo, so that zf(z)=0. Then
le+ | > [lzi+ || = lle — il Z 2f(zi+ 2) —e=1—¢
O

Notation: For finite dimensional subspaces E C X let A(E) be the smallest norm of a projection P: X —
E, which exists by a compactness argument (exercise: set of projections from X — F form a compact set,
and the norm P || P|| is continuous).

Then the conclusion of the theorem states that
sup{A(E): ECX,dimFE <oco} <00

In the proof of the theorem we will be assuming the opposite and find a contradiction. First we show the
following reduction:

Lemma 66. Assume that
sup{ME):ECX,dimFE <o} =00
Then for all finite codimensional Xy C X,

sup{A\(E): EC Xp,dimE <o} =00

Proof. Suppose that for some finite codimensional Xy,

sup {\(E): E C X, dimE <o} =M <0
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Let k= codim X. Take an arbitrary finite dimensional subspace E C X. Fgy=FE N Xy. Let Py: X — Eq be
a projection || Py|| < M. Define F ={x € E: Pyxr =0}, i.e. E=FEy® F. Then since the codimension of Xy <
k, dim F < k. Kadets-Snobar (Theorem 56) gives some projection P;: X — F with ||P1|| < 2+vk. Now look
at P=PFPy+ P, — PiPy: X — E. First, P is a projection on E. For x € E/, we can decompose x = a + b with
a€ Eyand be F. Then

Pr=Pa+Pb=a+b
and
|P|| <M +2vVE+M2Vk
which shows that

sup {\(E): EC X,dim E < oo} <M +2vVk + M2k

contradicting the initial assumption. g
Now we have all the ingredients to prove the theorem:

Proof. (of Theorem 64)

(Adapted from Theorem 1 of Davis, Dean, Singer. Complemented Subspaces and A Systems in Banach
Spaces.)

Assume towards a contradiction that sup {AME): E C X, dim E < oo} = 0o. The goal is to construct a
closed subspace of X which is not complemented.

First, choose Fy C X with A(E;) > 1. By Lemma 65, we can find a finite co-dimensional subspace X; for
which the natural projection from E; @ X; — FE; has norm bounded by 2.

Since X is finite co-dimensional, we apply Lemma 66 which tells us that sup {A\(E): F C Xy, dim E <
00} = oo also, and thus we can find a finite dimensional subspace Es C X7 for which A(E3) > 2. Using the
same argument as for F; above, there exists a finite co-dimensional subspace Xo C X3 for which the nat-
ural projection from Ej @ Fs® Xo — F1 @ E5 has norm bounded by 2.

Continuing in this way, we have a sequence of spaces E,, and X,, for which A\(E,) >n, X, 11 C X,, and the
natural projections of E1&...H E, & X,, onto F1 & ... ® E, have norm bounded by 2.

Define
F= Z E, .= { Z e, s.t. e, €F, and Z ey converges in X}
n=1

F is a closed subspace of X (exercise). Let P, be the natural projection of F' onto E1 @ ... ® E,. Suppose
P is a projection of X onto F. Then P,P — P,_1P,P is a projection of X onto E, with norm bounded
by |PulllPI|+ | Pr=1lll|Pall | P|| < 6||P]|, so that A(E,) <6||P|. This contradicts A(E,,) > n for sufficiently
large n, and thus there does not exist a bounded projection from X onto F' (F' is not complemented).

O

Week 10 (11/9/2010)

Notation: Let dx denote the distance from X to a Hilbert space:

dx =inf{K, exists T: X — Hs.t. ||z|| <||Tz| < K ||z|}
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The Lindenstrauss-Tzafriri Theorem then says that if X is a Banach space such that for all closed linear
subspaces are complemented, then dx < co.

John’s Theorem: If dim X =n < oo, then dx <+/n.

Last time we proved the first ingredient of the Lindenstrauss-Tzafriri theorem in Theorem 64. Here is
another ingredient we will need:

Lemma 67. Let C >0, and X be a separable Banach space such that for all finite dimensional subspaces
FE C X we have that dg <C. Then dx <C.

Remark: The statement holds for non-separable as well, and the proof can be carried out the same way
replacing sequences with nets.

Proof. Let E; C E5 C ... be finite dimensional subspaces such that E = U;’il E; is dense in X. For all n,
there exists a Hilbertian norm || - ||, on E,, such that for all n € N and z € E,,, we have

]l <lllln <C ||

There exists a subsequence ny such that for all z € E, {||z||n, }#=1 converges. This is done using the usual
diagonalization argument, first for a countable dense subset, and extending to the rest of E by density,
|2 oo := limg— o0 || ||ny, © € E. Then to show that the limiting norm is Hilbertian we show that it satisfies
the parallelogram identity
2+ % + 1o — ylZ =2l 1% + 2]l )%
O

Theorem 68. Let X is an infinite dimensional Banach space. Let E C X be a finite dimensional sub-
space. Then for alln € N, and for all € € (0,1), there exists a norm |- ||y on E® 15" such that

1. There exists a linear map R:Y — X such that ||Rz| = ||x|ly for allz €Y
2. |[(z,0)|ly =||z|| forallz e E
3. (L=a)[lz[ <10, 2)lly < |z[| for all z €.

4. (=a)ll(z, =2)lly < l(z, 2)ly <A +e)[l(z, =2)lly

The first three properties essentially is the statement of Dvoretsky’s Theorem, finding a subspace that is
1 4+ € isomorphic to a Hilbert space. But we can do this in such a way that we get an additional sym-
metry.

Proof. Fix § € (0,1), n > m, so that I5" C I5. Let {x;})_; be a é-net in B, and let {z;}}L; be an e-net
in $”~!. By Dvoretsky’s Theorem, there exists a linear S:{% — X such that for all z €%,

(1= zl<ISz] < l=|l
For i <j<N,1<k<s define f; 1:$"—R by

fin(2):=kdSz+ x|
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which is 1-Lipschitz (ké <1 and S is 1-Lipschitz). Denote a; = fSn71 fj,k dp where p is the normalized
Haar measure on $”~!. Then by concentration of measure results, we have that

p(zeS" | fk(2) —aj k] >6) < KeCné®

Let v be the Haar measure on O(n), and consider the event A C O(n) defined by

—_

Az{UEO(n): | fi.6(Uz) —aj x| >d for some 1§i§M,1§j§N,1§k§—}

)

Then

S

=

@
Il
-

v(4) = V(UEO(n): |fi.:(Uz) —a; x| > 6 for some j <N,k <

I
WE

u(ze S"=1: | £ k(2) —aj k| >0 for somej < N,k <

)

—
S

< Nke—cn62

il
<

which for n large enough is less than 1.

This means that there exists U € O(n) such that if we define T:= SU: 1% — X, then for all i <M, j <N
and k S% we have that

k6 Tz + x5 — aj k| <0

For z € $"~!, we have that using nets and the 1-Lipschitz property of f; x,

[lla; + kOT2 ] — o, — koT= | <46

Now take ||z|| <1. Since the above holds for k < %, we’ll use k for which |||z]| — kd| <4. Then

z z

[Nzj+ Tz = [le; — Tz[| | <66

and

Finally using the d-net, we have that for all + € B and for all z € Byy,
| lz+Tz|| - [l = Tz[| | <86

Define F =TIy C X. We know that for all e € E, f € F, that ||le + f|| — |le — fIl| <8 max {|le]|, || f}-
(The previous statement with homogeneity). By triangle inequality, we know that

e+ 1l +le = £
L1711} < :

max {||e

thus [le + fI| = [le = fl| <46([le + fIl +lle = f]]) and

1+49

<=7
le+fll < T

lle = f1l
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forallec E, feF. Note E+ F C X.

Now for Y = E @ 1%, define ||(x, 2)|ly = ||z + Tz||. Triangle inequality and homogeneity follow easily. To
show that if the norm is 0 that both x, z are 0, we note that

1
lz+ Tzl = S(llz+T=[| + [lo+T=[])
1-45
2(1+49)

1—-46
mm&x(llxl\,l\ﬂll)

> (o +Tz|| + [z = T=[)

>

so that if ||« +Tz|| =0, both ||| and ||Tz]| =0.

Now we set R: Y — X with R(x, z) = z + Tz and we see that all the properties are satisfied. The main
headache was the last property, which we used a concentration of measure argument to obtain. 0

Theorem 69. Let X be an infinite dimensional Banach space, and X > 1, such that for all finite dimen-
sional subspaces E C X, there exists a projection P: X — E (onto) with ||P|| < A. Then for all finite
dimensional subspaces F C X, dp < 42,

Note that starting from the statement of Lindenstrauss-Tzafriri, knowing that all closed subspaces are
complemented, Theorem 64 shows us that all finite dimensional subspaces are complemented with a pro-
jection with a norm < A for some A, satisfying the conditions of this theorem. The conclusion of this the-
orem combined with Lemma 67 proves the theorem.

Proof. Fix £ C X and dim E = n. By previous theorem (68) there exists a norm || - [y on E @ I8 such
that

1. (E®l3,]| -|ly) is isometric to a subspace of X.

2. ||z, 0)[ly = [l

3. (L=e)llz[[ < I(0, 2)[| < |||

4. (1=e)ll(z, =2)lly <ll(z, 2)lly <L+ &)z, =2)[I¥

Note ||(z, 2)|ly > (1 — 2¢) max {||x||, ||z||} since

2l > 52 2y + e, —2)ly)
> (1=¢)|(z,0)[ly
= (1-¢)lz|l
and
Iy > 52 2y + (=2, 2)ly)
> (1=2)[(0,2)[ly
> (1—e)?[l=|

We will be using this often below.

Define § =+/dg. There exists a linear S: E— 3 with %HxH <||Sx|| <0|lx||. Consider the subspace

Z={(z,Sx):x € E}CY
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There exists a projection P: Y — Z (onto) with ||P| < A by assumption. Define T: E — [% by the second
coordinate of the projection, i.e. if P(z,z) = (a, Sa), then Tz = Sa. In other words, if we define Q:Y — 1%
by Q(z,2):=z, then T = QP. Note P(z,0)= (S Tz, Tx).

We know that
[P(z,0)[| <A[(z, 0)[| = Azl
and

1P(z,0)| = I(S™'Tz, Tz)|| > (1 - 2¢)||Tx|

A
1—2¢’

This implies that ||T'|| <

Let V: E— 13" =15 © 1% defined by Vo= (ASz,0Tz). Then

Vz|? = A2[|Sx|f* + 62| T

92A2
202 (.12

A20% |z || +(1_25)2
A202(1 +10¢e)?||z |2

IN

12

IN

and thus |V || <OX(1+10¢).

To bound the norm of the inverse, note

P(0,Sz) = P(z,Sz)— P(z,0)
= (x,82)— (S™'Tz,Tx)
= (v — S Yx,Sx—Tx)

so that

1P(0, Sz)[| > (1 = 2¢) ] — S~ |

[P0, Sz)[| <A (0, Sz)[| < AflSz|

which shows that

A
_qg-1 <
e =S~ 1Tx|| < T=5l|Sx |
Then
Izl < [1S71Tz|| + ||lw — S~ T||
A
<
< O||Tel|+ 725205
V2 (i 1 A2 N2 V2
< _— =
< Toge | PITE + S —— Ve
which shows that ||V 71| < 1\—/525’ and
2 -1 \/5
0> =dp <||V|[[V ||§(1+105)\/§9>\1_28§(1+1005)29/\

and since 6 = \/dg, this shows that dg <4\2. (¢ arbitrary)

73



Week 11 (11/16,/2010)

Nonlinear Dvoretsky

D
Let (X,dx), (Y,dy) be metric spaces. We use the notation X ——Y to say that there exists f: X —Y and
A >0 such that

Adx(x,y) <dy(f(x), f(y)) < DAdx(z,y)

If Y is a Banach space, we can assume that A=1 by replacing f by A f.
Then a funny way to state Dvorestky’s Theorem: For all £ € N, for all D > 1, there exists n =n(k, D) such

D
that any n dimensional Banach space X has a linear subspace ¥ C X with dim Y > k and Y<—ls. Our
version of Dvoretsky’s Theorem is the same but the notation —— was used only for linear maps. The
Radamacher differentiation theorem can be used to show that these two are equivalent.

Theorem 70. (Nonlinear Dvoretsky) For all € € (0, 1), any n-point metric space (X, dx) has Y C X
such that

1. |Y|>nt—¢
O(1
2y U,

This theorem is sharp, meaning that for all n, there exists an n-point metric space X,, such that for all
Y C X, if |Y'| >n!~¢ then it has distortion > C/e in any embedding into ls.

100 logn
Bourgain’s Embedding Theorem: | X|=n, X il l>. This is also sharp.

Notation: (X, d) metric space, then B(z,r)={y € X:d(z,y) <r}. Let AC X, diam A =sup, e d(z,
y). If P is a partition of X, then

1. For x € X, let P(x) denote the unique set in P to which z belongs.
2. P is called A-bounded if diam P(x) <D for all x € X
Definitions: A sequence of partitions of X {Pj}32¢ is called a partition tree if
1. Pp={z}
2. Py is a 8 % diam(X)-bounded
3. Pi41is a refinement of Py, i.e. Pyi1(x)C Pr(x)

A distribution over partition trees {P;}7>¢ is called completely 3-padded with exponent v if for all
reX,

1

Pr|Vk, B(xz, 387 %) C P(z)] > —

where n=|X|.

Lemma 71. If X admits a random partition tree completely (-padded with exponent v then there exists
Y C X such that

1. |Y|>nt=7
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8/8
2. YLJQ

Proof. Let {P;}7Z be the random partition tree. Define a random subset:
Y ={xeX,VkB(z, 387 %) C Pi(x)}
Then

E|Y|=E
reX rzeX rzeX

Z l{meY}‘|— Z Pr(zeY)> Z %:nl,v

Thus there exists Y with |Y'| >n!~7. We will show that by construction, Y is isometric to lo.
For all z, y distinct, let K (z,y) be the largest k € N such that Py(z) = Py(y). Define p(z,y):=8 K@:¥),

Observation: p is a (random) ultrametric on X (i.e. p(z, y) < max {p(z, 2), p(y, 2)}). We can illustrate
this with a diagram: Look at the moment when x, y stop being in the same component. Below the dotted
line represents the separation between Py 1(x) and Pr4+1(y), and the region around is Py(x) = Pr(y).

Suppose z ¢ Py(z). Then p(z, z) = p(y, z) (whenever z separates from x is exactly when z separates from
y), and furthermore K (x,y) > K(x, z) and thus p(x, y) < p(z, z). Suppose z € Pyi1(z). Then K(z,y) =
K(z,y), and K(z,z) > K(y, z) so that max {p(z, 2), p(y, 2)} = p(y, 2) = p(x, y). Swapping z, y shows the
result for when z € Py41(y). Finally, if z € Py(z) but not in Pyy1(z) or Pyy1(y), then K(z,2)=K(y, z) =
k+1, and K(x,y) =k, so that p(z,y)=k <k+1=max {p(z, z) = p(y, z)}. This shows the observation.

Suppose z,y €Y.
We note for k < K(z,y), =,y € Pi(x) = Pi(y) so that d(z,y) < diam(Py(x)) <8 * and thus

d(z,y) <8~ K@Y = p(z, y)
Since Pry1(7)# Px11(y), and x,y €Y, B(z, 38 X~ NB(y, 38 K ~1)=2 so that

d(z,y) > B8~ Klew-1 :gp(iv, y)

Thus, for all z,y €Y, we have

ol

p(r,y) <d(z,y) <p(r,y)

8/8
We have shown that (Y, dx) L(Y, p), where p is an ultrametric. It turns out that every finite ultra-

metric is isometric to a subset of a Hilbert space, and this shows the result. We will prove this in the fol-
lowing lemma. g
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Lemma 72. Every finite ultrametric is isometric to a subset of a Hilbert space.

Proof. (By induction on n = |X|). We will prove that there exists a function f: X — H Hilbert space
such that

L pla,y) =) = F(y)ll for all z,y € X

2. || f(z )”—dlL\[(X)for allze X

We say that « ~ y if p(z, y) < diam(X). This is an equivalence relation because p is an ultrametric:
Clearly z ~x and .~ y <= y~x. Suppose ~ y and y~ z. Then since p(z, z) <max {p(z, y), p(y, 2)} <
diam(X), we have x ~ z, so we have transitivity of ~

Let Aj..., Ax be the equivalence classes. |A;| <|X|=n. By induction, there exists f;: A;— H; such that
L p(z,y)=|fi(z) — fi(y)| for all z,y € 4;

2. | fi(z )||—m for all z € X.

Define f: X—»( @le HZ) @®15. For z € X, we have that = € A; for some i, and we set

Fz) = \/diam(X)2 ; diam(A;)? eit fi(x)

so that

I f ()| = \/dlam(X)2 g diam(Ai)2 N diam2(Ai)2 _ diarr21(X)
If z,y € A;, then
£ @)= F) = filx) = fi(w)|| = plz, y)

If z € A; and y€ Aj for i+ j, we have

15~ £ = VTP F TGP = S0 S _ oy 30) = (e )

Now we just need a way to generate a suitable distribution over random partition trees.

Lemma 73. Let X be an n-point metric space, A > 0. Then there exists a distribution over random A-
bounded partitions P such that for all 0 <t < % and for allz € X

N 8t/A
Pr(B(z,t) C P(z)) > <%)

Proof. Let X ={x1,...,z,}. We will be constructing the partition randomly out of metric balls of diam-
eter R, which will also be randomly chosen. The method we will use will depend highly on the order that
we process the elements of X. Thus, take a random ordering, i.e. take m € .S, to be a random permutation
chosen uniformly amongst the n! permutations. Also, let R be uniformly distributed over [A/4, A/2].
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Take C1 = B(Xy(1), R), and inductively given C1, ..., Cj_1, take B(X )\ Uf;ll C;. Sample partition of

six points:

(Should imagine this for more points, but note x1, x4 are in the same partition. Also note that this is
highly dependent on the order of the points; for instance, it would be an unlucky situation of all points
were within R of the first point 2, (1) that we choose)

The rest is an exercise in probability.

Claim: For all Re [A/4,A/2], and for all z€ X, and t <A/8,

Note the diagram below:

°
doesn’t matter

® 500d point

bad point
°

The “good points”, i.e. points inside B(x, r — t), are points y such that B(x, t) C B(y, r) (triangle
inequality). On the other hand, “bad points”, i.e. points inside B(x, r + t) but not in B(x, r — t), are
points z such that B(z,t) N B(z,r)+# @. If in the random ordering a bad point is processed before a good
point, then part of B(z,t) will be in B(z,r), so that B(x,t) will not be contained in P(z) of the resulting
partition. Points outside B(xz,r +t) do not matter since for such w¢ B(z,r +1t), B(w,r) N B(z,t) =@.

Thus, the probability that for a particular z, that B(z,t) C P(z) is the probability that the first point in
the random order that lies in B(z, r + t) also happens to be in B(x, r — t), and this occurs with proba-

bility %. This shows the claim.
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We are conditioning on R=7, so we can then compute the full probability:

1 A2
Pr(B(z,t) CP(z)) = A_M/A/4 Pr(B(z,t) C P(z)|R=r)dr
. 1 [22|B(z,r—1)
(By the claim) > A_M/A/4 mdr

Let h(r)=log|B(z,r)|. Then

_ Al h(r t)+h(r+t)

B 4/A/4 ar

1 A/Q
(Jensen) > e {U T—t)+h(r+t)dr}
B 1 A/Z t - A2+t
- {U e MO~ [ h“‘)‘””
monotonicity of h(r) > e {z—t (AJ4—1t)— (A/2+t)]}
. 8t/A

Now we can complete the proof of the nonlinear Dvoretsky theorem:

Proof. (of Theorem 70) Without loss of generality, diam(X)=1. Po={X}. For all k > 1, let P; be a
random partition applying the previous lemma with A =8~%, with {P;} independent of one another. This

is not yet a partition tree because the refinement property is not satisfied. Let Qx be the common refine-
ment of Pi..., Py, so that Qg41(z) = Qr(x) N Pri1(x).

Note by the common refinment property,
{Vk, B(z, 387 %) C Pi(x)} C{Vk, B(z, 87%) C Qu(x)}

This is because B(x, 387%) C P(x) for all | <k.

Now we have

Pr(Vk B(x, 38 %) C Qr(x)) > Pr(VkB(z, 8 %) C Py(x))
= [ Pr(B(x, 38%) C Pi())
k=0
7 (1B 87"\
- kU( Bla,8F) )
(telescoping) = #
gk

Above we used the lemma with ¢t = 387 F < % =—5 le. 8 < %. Thus, for all g < %, X admits a random
partition tree S-padded with exponent 843, and thus by Lemma 71 there exists Y C X with |Y| > n!=88

8
and v <21, O
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Sharpness of Nonlinear Dvoretsky

For the sharpness, recall we are finding an n-point metric space for which large subsets |Y| > n!=¢ will

have distortion > C'/e in any embedding into l. We will be holding ¢ fixed, though a stronger result
allows us to prove the result with € that depends on n. The proof will be by a counting argument to show
the existence of a random n-point metric space.

Some terminology: G = (V, E) is an n-vertex graph. The girth of G is the length of the shortest cycle in
G. For A C YV, let E4 be the set of edges involving just vertices A, denote e4 := |E4| and the density of

A is defined to be (‘eATA‘)

Let X be a Banach space, D > 1. Denote Rx(D,n) be the largest integer k such that any n-point metric
D
space X, has Y C X, with |Y| >k, Y ——X. We will look at R;,(D,n).

Lemma 74. Assume that there exists an n-vertex graph G = (V| E) of girth g such that every subset of V
of size >s has density > q. Then for all h-dimensional Banach spaces X, for all 1< D <g-—1,

9 14Dg n
- 2 _14bDg L
RX(D,n)_max{S, q<h10g2<g_D_1>+log2( s ))}

Lemma 75. For all integers g > 4, there exists an arbitrarily large n-vertex graph with girth > g and
1

. 1-L . —1+
every subset CV of sizem 39 has density >n 29,

These two lemmas imply sharpness (i.e. R, (C/e,n) <n'~¢). Let D > 1 and k = R;,(D, n). By Johnson-

Lindenstrauss, every n-point metric space has a subset of size k that embeds with distortion < 2D into 1%
1

1
where h < C'log k. Take g = [D + 2], then the two lemmas apply with s = n' "% and q= n 7% and h=
Clogk.

Then noting g = 0O(d),

k < C max {nlg, nlg(logklogD—i—lo%)}

so that k < Cn'™T log n log D. Plugging in D = C'/e we have that R;,(C/e,n) <n'~¢ (other terms are
lower order terms)

Proof. (Lemma 74) For all H C F define a metric pg on V
plu,v)=min{g—1, dgy(u,v)}

where dp is the shortest path metric in (V, H). Let k = Rx(D, n) and we may assume that k& > s, other-
D

wise the lemma holds already. For all H C F, there exists Ay CV, |[Ag| =k and (An, pg) —X by defi-

nition of Rx(D,n)=k. There are 2P such H and only (Z) possible Ap, so by pigeonhole, there exists a

family H of subsets of F and a k-point subset A CV such that

9|E]
VHeH, Au=A, |H| >~

(%)
Let Hy, Hy € H. Say that Hy ~ Hs if H1 N E4= HoN E4. The number of equivalent H; is bounded above

by 2/¥1=€4, which means that by pigeonhole there exists at least 2“?‘{'% > ?Z;
k

inequivalent elements in H.
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Summarizing above: There exists A CV with |A| =k and Hj,..., H,,, C F such that

1. M>22
(%)

2. HNEs#+H;NE4 for all i j
D
3. (A,le)%X

If H C FE is one of the H;, there exists fg: A— X such that
1
per(w,v) < | fu(uw) = fu(v)l < prlu,v) for all u,ve A

Since py takes values in {0, ..., g — 1}, by translation without loss of generality fr(A)C B(0, g). Let N be
a d-net in B(0, g). For all u € A, define ¢g(u) €N to be some element of X at distance <§ from fr(u).
So ¢HZ A— N

Key observation: If i+ j, then ¢n, # ¢n,.
To show this, if i # j, since H; and H; are not equivalent, there exists u, v € A with u # v such that the edge
{u,v} is in H; but not H;. Then we note pg,(u,v)=1 (since {u,v} is an edge in H;)

pu,(u,v)=min{g —1,dyg,(u,v)} =g —1

noting dp,(u,v) > g — 1 or else a shorter cycle exists ({u,v} € H; and the path from v— v in Hj), contradicting
the girth of G being g.

Now assume towards a contradiction that ¢g,(u) = ¢p,(u) and ¢g,(v) = ¢u,(v).

Using the fg above, we have that

9L 2r) oy () — fir )
< 204 |[¢n,(w) — ¢u, ()|
= 26+ | ém(u) - 6m )]
< 46+ | () — frr(0)]
< 46+ pg,(u,v)
= 46+1

Thus =2 <46+ 1, which is a contradiction if § = g—1_ 1)L
D D 5

kh
Note that the number of mappings ¢: A — N is |[N|* < (29) (bound on size of d-net of B(0, g) con-
tained in a h-dimensional space), and so

A ea kh
2‘17E)§2n §M§|N|k§<@>
() ~ (&) 0

Above we used the desnity —= > ¢ where A is k-dimensional, with k > s by assumption. Now using (Z) <

(2)

ggl — 1)%, we have (using k > s when k is in the denominator)

kh
9ak(k+1)/2 < _ 109D (ﬂ)k
“\(g—-1-D) 5
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(T)k and plugging in § = (




Taking log of both sides,

k2 10Dg en
r < 5 il
1 _kh10g2<g_D_1)+klog2( p )

2 10Dg en
<z kit~ =
k q(hlog2< 1)+10g2( 5 )>

or

O
To finish everything, we show the proof of the second Lemma;:
Proof. (of Lemma 75) To finish. O
Week 12 (11/30/2010)
Embeddings in I, and l; (Alon, Milman, Talagrand)
Student Presentation: Lukas Koehler, Evan Chou
We look at a result by Alon, Milman, with an easier proof by Talagrand.
Consider z1, ..., x, normalized vectors in a Banach space X, let ¢; be i.i.d random variables distributed

uniformly on { £+ 1}, and set

Z g ™ (x;)

=1

=[E| sup

T* € Bx*

Mn—Esi—ill

n
E €y
i=1

|

Wn =SUp { Z |z*(2:)], 2" € BX*}

1=1

Note immediately that M,, <w, (take absolute value inside the sum).

|

p\ 1/p
) < Bplallz

We can also obtain a reverse inequality: For any z* € Bx~,

M,>E

n
Z g™ (xy)
i=1

Kintchine’s inequality:

Apllall2 < (Ese{il}

n
E €iQ;
i=1

For the lower bound with p=1 we can use A; = % Thus

n 1/2
Va3 |x*<xi>|2>

i=1
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and by Cauchy Schwarz,
wn <V2n M,

Then we have the following result:

Theorem 76. There exists a subset A of {1, ..., n} of cardinality k at least 647;
N n

8 M., isomorphic to the natural basis of I%,, i.e. there exist two constants C1,Cy such that

E QT4

i€A

such that (z;)ica is

Cillalloo < <Cyllalloo for all a €loo(A)

with % —8M,,.

The proof by Alon-Milman has k > 27‘{; and 16 M,, isomorphic. Note that we have a smaller isomor-

phism constant here and 6472% > ” \/;%Mn = 26‘57]\1% , and the proof will be simpler.

The Upper Bound:

We will be generating random subsets that achieve an upper bound. Note

E Qil;

i€EA

= sup » a;x(z) <lalle sup Y |a*(xs)]

I*EBX*iEA m*EBX*ieA

If we use A ={1,...,n}, then the bound becomes wy, ||a||c. The main point is that we can find a subset
which reduces the bound to 4 M, ||a||co-

To generate subsets, we will use indicators ¢; which are i.i.d random variables uniform on {0,1}.

Proposition 77. Consider 6 = M, /w,, and independent r.v. §; such that P(6; =1) =§ and P(§; =0) =
1—9. Then

E sup Z5i|x*(Ii)|§3Mn

T*EBx* ;_q

There are two main ingredients: Note M,, has no absolute value sign with z*(x;), we first look to put an
absolute value there, where it turns out we only lose a factor of 2:

Lemma 78.

n

> et (w)]

i=1

<2E sup
r*EBx*

E sup
x*€Bxx

i=1
The second ingredient is that if we start removing indices, we still have the bound:

Lemma 79. If we remove the j-th index, then

> eilet (@)l

i#J

<omY <o,

n

E sup
T*EBx*

82



where M,gj) =EsupgreBy- Z#j i |z*(x;)||. (The first inequality is just Lemma 3)

For the first Lemma, we note that we can replace Bx~ by an e-net N¢, only affecting the inequality by an
addition of e, which is arbitrarily small (usual approximation argument). Thus we may assume that the
supremum is over a finite set (so that the supremum is achieved)

Secondly, we note x*(x;)7—1 is just a finite sequence, so the result reduces to proving:

Lemma 80. (Talagrand) Let T be a finite subset of R", and write t = ({1, ..., t,) € T. Let e be i.i.d
unif{ +1}. Then

n

Z €k |tk|

k=1

E | sup <2E

teT

sup
teT

Z Ertk

(T ={lz" (i)l i=1, 27 € N)

Proof. We will show that

teT \ r—1 teT

n +
(3l ) | sup(zektk>

where 2 =max {0,z }, and the result follows from noting that since |z|=xz" + 2z~ where 2~ =min {0,z },

n

Z €k |tk|

k=1

sup
teT

n + n -
<sup ( Z €k |t;€|> +sup ( Z €k |tk|>

teT \ 1—1 teT \ 11

and noting that supier (> €k |tx|)” has the same distribution as supier (> €k |1€;€|)Jr (flip all signs), we
have that

We will show the result by iteration, that replacing ¢; by |¢1| decreases the expectation. If we condition on

n

Z €k |tk|

k=1

E| sup

teT

sup
teT

Z Ertr

k=1

n + +
<2E sup(z €k |tk|> <2E sup(Z Ektk> <2E

teT \ =1 teT

€9,...,En, then we can group (tl, Zivzz aktk) €T, and we are reduced to showing that

E |:Sllp (51|t1| —|—t2)+:| S ]E[sup (Eltl —|—t2)+:|

teT teT
or
1 1 L1 1 N
55UP (|t1] +t2)™ + 5Sup (—[ta] +t2)" < 5Sup (t1+t2)T+ 5Sup (—t1+1t2)
¢ ¢ ¢ ¢
Let r maximize |t1] +t2 (e1=1), and for £; = —1, let s maximize —|s1|+ s2 (€1 = —1), so that the left hand

side becomes

1
s(=ls1| +s2)T

1
§(|7”1| +72)t + 3
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Now we look at different cases:

e 1r1>0,51>0

1 1 1 1
§(|7”1|4-7”2)++§(—|51|+52)Jr = §(T1+T2)++§(—81+82)+
1 1
< Zsup (ty+t2) T+ ssup (=t +t2)"
2 t 2 t
e 711<0,51<0. Herer and s swap roles.
1 ! L1 ! N
Sl +r2) T+ 5(=lsil +s2)T = S(=ri+r2)T+5(s1+52)
1 1
< Zsup (—t;+to) T+ =sup (t1 +t2)"
2 t 2 t

e 71<0,51>0. We get improvement by flipping the sign associated with the negative number 7.

1 1 1 1
§(|T1|+T2)++§(—|81|+82)+ = 5(—T1+7‘2)++§(—81+82)+
1 1
< 5(7”1+7“2)++§(—81+82)+
1 1
< Zsup (ty+t2) T+ ssup (=t +t2)"
2, 2
e 71>0,51<0. Again r,s swap roles:
1 v 1 + 1 v 1 +
Sl +r2) T+ 5(=lsi[ +s2)T = S(ri+r2) T +5(s1+52)
1 1
< 5(7“1+7“2)++§(—81+82)+
1 1
< Zsup (t1+to) T+ ssup (=t +t2) "
2 2,

For the second ingredient (This is actually a special case of the contraction principle (Lemma 13):

Proof. (of second Lemma) Without loss of generality {=1. Then we use triangle inequality:

- 1
M" = on—1 Z

n
E €4
=2

€2;---,€n
< 1 Z lsx —i—is-x» —i—l —e1x —l—isx-
~ 27171 2 141 : (223 2 141 - [
E€25uney En 1=2 =2
= Mn

Continuing on,

Proof. (of Proposition)
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The main idea is to use triangle inequality:

its x
i=1

IN

6§]xxA+§fa—5u ()
=1

D (6= 0)|a*(xs)]

i=1

IN

dwy, +

Take supremum over z* and then expectation over §; and we have

n

D (6= 0)|a*(xs)]

i=1

Es, sup Z(ﬂx ()] <dwn+E;s, sup
x* GBX*i 1 T*EBx*

Note 6 = % so dw, = My, and we just need to bound the second term. The approach is to introduce

another set of indicators ¢, distributed the same as §; but are chosen so that ¢;, §;, ; are mutually inde-
pendent.

Then note
E;s, sup (0; —&)|z*(x;)|| = Es, sup IE(;{Z((L ) |x*(zs)]
x* € Bxx* i=1 T*€E Bx* i—1
(Jensen) < B 7 sup |y (6 —6))|a*(xs)|
T*€EBx* |,

where we note that the mapping 0/ — supa=e By« | Doieyq (6 — 07)[*(2)|| is convex in 6/ (follows from con-

vexity of |-| and the subadditivity of supremums:

sup Z(5i—)\5{—(1—)\)6{’)|:E*(xi)| = sup )\Z( I |x* ()| + (1= A Z ()]
T*€EBx* | ;1 Tr*€Bx* i—1 =1
< Xsup ||+ (1=A) sup ..
w*€Bx~ o*€Bx~

Since ;(d; — d7) (2)(51 —4{), we have that

n

> (6= 6D ()]

=1

n

S ei(i— 8] (x|

i=1

:]Eai;(;iv[si/ sup
T*EBx*

Now note that conditioning on §;, d;, since (§; — ;) € {0, 1, —1}, we have that by our second ingredient
above (iterate it for as many x; that become zero from §; — §;, and note that the &; below makes it so that
the sign distribution is still uniform on { +1} for nonzero §; — ¢;),

n

E., sup Z gi(d x*(xz;)|| <2M,
T*€Bxx | ;1
and thus averaging over §;, 6, gives
n
EE»L,(;»;,(;{ Sup 51(61 67{) |$*( )| < 2Mn
z*€Bx= |,
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Combining all the results, we have that

(0; = )™ ()]

1=1

Es, sup <2M,

z*EBx*

so that

Es, sup 25i|x*(:vi)|§5wn+2Mn=3Mn

T*EBx* ;_q
O
Corollary 81. If nM, > 16w, (i.e. nd >16), we can find a subset B of {1,...,n} such that |B|> 7;1/1"

and

Z |x*(x;)| <4 M, for all x* € Bx-
i€B

Proof. We know there exists a choice of §; € {0, 1} which gives the upper bound, but we want one with
as many 1’s as possible. We will look at bounds for the probability that the upper bound holds as well as
bounds for the probability that the cardinality exceeds a certain value, and we will look for a set where
both happen simultaneously.

Markov’s inequality with the previous Proposition shows

Pr(;{ sup Z Oi|x*(x;)| > 4Mn} < i%ﬂ :%

T*EBx* ;_q

and thus

—_

T*EBx* ;_q

Nt ()] < >=
Prg{ sup Z 0ila* ()| _4Mn} 27
Note the number of nonzero ¢ is precisely > ;. Note that E(>" ;) =nd, and

]E(‘ 3 51-—715’2) =Var(3" 6) =Y Var(6) =ns(1—6)<né

(independence of d;)

Chebyshev’s inequality tells us that

Pr(;{‘z 5i—n5’2%6}§ nd 4

—~
S
>,

~
[\

S~—"

(&)
S
>,

and in particular,

If nd > 16, we have that the probabilities of the two events sum to > 1 and thus there must be some
overlap, i.e. a choice of ¢; for which > J; > %6 and Z?:l 0; |2*(x;)| <4 M, for all z* € Bx«. We take B to

be the index set {i: §; =1}, and |B| 2%5: Mo

2wy,

O
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The Lower Bound

Now we look for a further subset that gives a lower bound in terms of the upper bound we obtained:

Proposition 82. Suppose sup { Y1, |¢*(2)|, 2* € Bx+} < Z. There is a subset A of {1,...,m} such
that |A| > 8% and

leup|ai| for all (a;)ica
2ica

E a; T

i€A

Proof. For each i consider a vector z} in Bx~ such that }(x;) =1.

First, suppose A is an arbitrary subset, and let (a;);ca be real. We note that for the index | where |a;| =
Supica |a;|, we have

Zaiwi > |zf Zaiwi
icA icA
> lallat) — Y agllai(es)]

JEA,jEL
(sup|ai|) 1= 3 i)
i€A jEA,j;él

z;)] §% for all [ € A we would have the result.

Thus, if we can find a subset A for which 37, oy ] (

Set § = é and consider an independent sequence d;, i <m with P(6;=0)=1—0 and P(6;=1)=4. Then

we note that

> lat(z)| < Z for all i

j<m
and
E Y abili@) =0 Y i) <otmz="2
i,j<m,itj i,j<m,itj

Thus by linearity of expectation,

- N mo

E Z 51'—2 - Z ‘61'(53‘ |$Z(£L'])| ZT
i=1 i, <m,i#j

This means there is a choice of §; for which
i(s-—2 > 56, i ()] > 0
, ! - A=
i=1 1,5 <m,i#j
and hence the subset I ={i, §; =1} where
. mo
] -2 Z |$1(IJ)|ZT

Gl i#]
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or

. ma
5 (1—2 5 |xi<xj>|>27

icl jer, j+i

Since each term on the left is bounded above by 1 (subtracting a positive number), we note that at least
md/2 terms are >0, and we call these indices A:

A:{z’e[, > |$?($j)|§%}

Jel, j#i
We have |A| > mTé = % and using this A in the beginning of the proof, we have that

> lsup |a;| for all (a;);ca
2ica

E Qi T

i€A

Now we just combine everything we’ve done:

Theorem 83. Consider unit vectors (x;)i<n in a Banach space, with n% > 16. Then we can find a
subset A€ {l,...,n} with |A|>

n

such that for any real numbers (a;);<n we have

64wy,
%sup|ai|§ Z a;x;|| <4M, sup |a
i€A byt icA

nMy,

Wn
nM,

which gives a subset of size m > 5, with the upper bound Z =4M,. Then Proposition 82 gives a further

subset |A| where the lower bound also holds, and |A| > % > ﬁ O

Proof. If "w—%‘ > 16, for instance if > \/g > 16 or n > 512 (see beginning), then Corollary 81 applies,

Boostrapping the upper bound

We can actually use the upper bound above to find further subsets that improve the upper bound by a
square root.

Suppose for z1,...,x, € X (linearly independent) with ||x;|| =1,

<llaflC

n
E Qi T
i=1

for all @ €1Z,. Then there exists y1,..., ym € X, m=[y/n] linearly independent vectors with [|y;|| =1 and

m
Z a;yil| < llalleVC
i=1

for all a €17.
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This can be proved by contradiction. Suppose for all unit y, ..., Ym, we can find ||a]|e <1 with

>\/C

m
E a; Y
i=1

Then blocking zi, ..., ;2 into m groups of m vectors each, for each block xg, 11
Akm41,(k+1)m for which

.....

(k+1)m We can find

(k+1)m

E Qi T

i=km-+1

>/C

Let yi = Egg;z’fl a;x; for k=1, ...,m, so that ||yx| > /C. Note yj is still linearly independent, and we
can find by, ..., by, such that ||b]|o <1 and

> bk_Hyk” >/C
k=1 Yk
Then we expand out, we note
m m  (k+1)m
1 VG
Vo <|| 3 bt | - Y L
2| T Ve &= 2 Tw
m2
1
< — Ci T;
\/6 1=1
where ¢; = ”y—\/ka”bk a; for km 4+ 1 <4 < (k+ 1)m. We note ||¢|cc < 1. This implies that H Z;n:l cizil| > C

which contradicts the initial assumption.

Supposing n% > 16, we had x4, ..., 2, with H Zzn:l a; ,TlH <lla||co 4 M, and m > nzl\i" > 2‘{2 By repeat-
edly iterating the procedure above, we can find k unit vectors i, ..., yx € X that satisfy

k

Z a;Yi

i=1

<llalloo(1+¢/3)

1

where k ~m/? ~n'/?""" where r satisfies (4M,,)"/* <1+¢/3 or 2r

In(4M,,) <In(1+ ¢/3). This means
that k > Cy nC2In(1+)/n(My)

By the triangle inequality, we can obtain the lower bound: if [ is the max index where |a;| = ||a ||, then

ayr+ Z aiY;

it

k
Z a; Yi

1=1

2] < +

ary, — Z a; Yi

it

< +|ai|(1+¢/3)

so that H Zle a;yi|| > |lalloo(1 —&/3). Then we have shown that yi,..., yx is (1+¢/3)(1 —¢/3) <1+ ¢ iso-
morphic to 1%, with k > €} nC2n(1+e)/In(Mn)

Note that this says that there exists a constant C(e) such that if InIn M, < ¢ In Inn for some 0 < 6 < 1,
then

Inlnk>(1-0)Inlnn—C(e)
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This is because

In(1+
lnkZIHC&—I—C'inEI—]WnE)lnn
and
Inlnk>Inlnn—Inln M, + In(Caln(l+¢)) > (1 —0)Inlnn — C(e)
This shows

Theorem 84. For w1, ..., 2, € X unit vectors, there exists a constant C(g) such that if Inln M,, <dlnlnn
for some 0 <6 <1, then X contains a (1 -+ ¢)-isomorphic copy of 1%, for some k satisfying

Inlnk>(1-0)Inlnn—C(e)

Corollary 85. There exists a constant C(e) such that for every n-dimensional Banach space X, either X
contains an (1 + €)-isomorphic copy of 15" for some m satisfying Inlnm > % Inlnn or X contains a (1+

€)-isomorphic copy of 1%, for some k satisfying Inln k > é Inlnn — C(e).

Proof. Take the ellipsoid of maximal volume in Bx and assume without loss of generality it is B so that
L = 1 in Dvoretsky criteria. Then Dvoretsky criteria gives a (1 + &)-isomorphic copy of 15" for m >
B(g)n M? where M = fSn*l |z ]| dp. Note that this result is better for Banach spaces with large M.

For small M, we can show that M, is also small, and this will give us a sizable copy of IX..

By Dvoretsky-Rogers, we can find an orthonormal basis z1, ..., z,/4 where |z;|| >1/2. Then we note that

n/4 .
M:/ a; r;|| du(a) 2 / ai—xz du(a
ot 122 @ 2 fors || 25 “ ] 1)
n/4 .
= E it ——|| du(a
© Jaoo || 2 S5 | 4@
n/4 .
> E & / a;du(a >—l
> (o wateo
n/4 .
~ E. Za—me |:Mn/4
i=1 ¢

If B(e)nM2>eV™™ say, then we get the copy of I5* with Inlnm zéln Inn. Otherwise, we have

Mn/4§ Vinn

e

1
nB(e)

so that Inln M, /4 < %ln Inn for which the previous theorem applies, and we get a (1 + €)-isomorphic copy
of 1% with Inlnk > 2Inlnn — C(e). 0
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