Concentration of Markov chains with bounded moments
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Abstract

Let {W;}22, be afinite state stationary Markov chain, and suppose that f is a real-valued function
on the state space. If f is bounded, then Gillman'’s expander Chernoff bound (1993) provides concen-
tration estimates for the random variable f(W;) +--- + f(W,,) that depend on the spectral gap of the
Markov chain and the assumed bound on f. Here we obtain analogous inequalities assuming only
that the g’th moment of f is bounded for some g = 2. Our proof relies on reasoning that differs sub-
stantially from the proofs of Gillman’s theorem that are available in the literature, and it generalizes
to yield dimension-independent bounds for mappings f that take values in an L, (u) for some p =2,
thus answering (even in the Hilbertian special case p = 2) a question of Kargin (2007).

1 Introduction

For N e N, write [N] €'{1,..., N} and let AN-1 € {r = 7y, m5) € 10,11V : £N, 7; = 1} be the simplex

of probability measures on [N]. Given 7 € AN-1 denote by E; € My (R) the N-by- N matrix all of whose
rows equal 7, i.e., Eyu = (Z?’:l njuj,...,Z;V:lnjuj) e RN for every u = (uy,...,uy) € RV,

Given 7 € AN™1 a stochastic matrix A = (aij) € MN(R) is m-stationary if A =7, i.e., 7; = Z;V:l Tjaji
for all i € [N]. We then define A, (A) to be the norm of A — E;; as an operator from L, (1) to Ly (), i.e.,

def N N N o\ 3 N
Ax(A) = 1A= Exll L0 —Lym) = sup{ (Z n,-( Y aijuj— ) nkuk) ) : ueRY and > Jrku?C = 1}.

=1 j=1 k=1 k=1
Note that if A is diagonalizable over the Hilbert space L, (), then we have 1;(A) = max{A,(A), [An(A)},
where 1 =A;(A) =--- = An(A) = —1 are the eigenvalues of A. This would occur if A were n-reversible, i.e.,
mia;j = wjaj; for all i, j € [N], in which case A would be a self-adjoint operator on L»(7); the reversible
setting is the main case of interest in the ensuing discussion, but reversibility is not needed for our proofs.
Let W = {W;}22, be a Markov chain with state space [IN] and transition matrix A € My (R). One says
that Wis stationary if A is my-stationary for nyw = (Pr[W; =1],...,Pr[W; = N]) € AN-1 Write Aw = Az, (A).

Theorem 1.1. Suppose thatW = {W}32, is a stationary Markov chain whose state space is [N] and with
Aw < 1. Then, every f : [N] — R satisfies the following inequality for every n e N and every q = 2.
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The (standard) asymptotic notation < that appears in (1) (as well as throughout the ensuing discus-
sion) means the following. Given two quantities a, § € [0,00), the notation a < § stands for the assertion
that there exists a universal constant C € (0,00) for which a@ < C; this is also denoted by 8 = a.

The conclusion of Theoremwith the random variables f(W)),..., f(W},,) replaced by i.i.d. ran-
dom variables coincides with the classical Marcinkiewicz—Zygmund inequality [MZ37]. Our contribution
here is therefore to generalize this statement to random variables that are (images of) stationary Markov
chains with a spectral gap; the i.i.d. setting is the special case A = E; of Theorem[1.1} The bound is
optimal; see Remark[4below. A variant of Theorem|I.IJwhen 1 < g < 2 appears in Remark[3|below.

The precursor (and inspiration) of Theoremis the following theorem of Gillman [Gil93,|Gil98].

Theorem 1.2. Suppose thatW = {Wt}‘ﬁl is a stationary Markov chain whose state space is [N] and with
Aw < 1. Then, every f : [N] — R satisfies the following inequality for every n e N and every g = 2.

_ 9
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([E“f(wl) +~’-1-+f(Wn) -max{|f(),...,| f(N)I}. 2)

Y
—[E[f(W1)1|] <

Note that Theorem [1.2|is typically stated in the literature as the following concentration inequality,
which is commonly called the expander Chernoff bound.

fM) +--+ f(Wy)

2
- 5 e—C(l—Aw)nd , (3)

Ya>0, Pr

~ELfW)| > amax | £ ()

where ¢ > 0 is a universal constant. The equivalence of (2) and (3) is standard; = is checked by
applying Markov’s inequality and optimizing over g, and = follows by straightforward integra-
tion (both implications appear in Proposition 2.5.2 of the textbook [Ver18]). The same use of Markov’s
inequality shows mutatis mutandis that Theorem[1.1]implies the following concentration phenomenon.

Corollary 1.3. There is a universal constant ¢ > 0 with the following property. Suppose that W = {W;}22,
is a stationary Markov chain whose state space is [N] and with A\w < 1. Then, every f : [N] — R satisfies the

following inequality for everyn e N, every q =2 and every0 < a < /q/((1-Aw)n).

‘f(Wl) +e +f(Wn) < e—c(l—/lw)ntl2
n

~

Pr

—ELfw)| > alE[lF w1

Remark 1. Kloeckner investigated in [Klo19] the question of obtaining concentration bounds such as
with the Lo, norm maxen|f(j)| replaced by other norms of f. As discussed in [Klo19, Remark 2.2],
the results of [Klo19] hold in a setting that imposes structural hypotheses on the aforementioned norm
of the “observable” f which notably excludes its Lg(mw) norm (which appears in the right hand side of
the bound (I) that we prove here), but it is noted in [Klo19, Remark 2.2] that “classically one only makes
moment assumptions on the observable.” Corollary[1.3]addresses this question, though note that [Klo19]
also covers settings that are not treated here.

The new bound (1) that we obtain differs from Gillman’s estimate (2) only in the replacement of the
worst-case bound on f in the right-hand side of (2) by an average-case bound. Rather than being merely
a quantitative enhancement, this improvement has conceptual significance which we achieve through
a reasoning that differs substantially from the proof of (3) in [Gil93}Gil98]|, as well as the several other



proofs of and its variants that appeared in the literature [Din95, Kah97, [Lez98} [LP04} [Kar07, Wag08),
CLLM12|Paul5}[GL.SS18}[FJS18} Klo19] (our approach was recently used in [RR17,[Rao19]).

Assuming a bound on the g’th moment of f is the appropriate setting for bounding the g’th moment
of f(W1) +---+ f(W},). This compatibility of the left-hand side of (1) and the right-hand side of (I) allows
the resulting inequality to tensorize so as to yield dimension-independent vector-valued statements.
Specifically, for any measure space (Q, p), if f : [N] — L4 (u), then by applying (1) to the real-valued map-
ping (i € [N]) — f(i)(w) for each w € Q, and then integrating the (q’th power of) the resulting point-wise
inequality, we see that (under the assumptions of Theorem[1.1),

o f_a
~“VaA-Awn

fV) +---+ fF(W,)
([E[H —ELf(WY)]
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. (ElFwong, 1) @

q
Ly
The following Hilbertian statement is a consequence of (4) that deserves to be stated separately.

Corollary 1.4. Suppose thatW = {W;}22, is a stationary Markov chain whose state space is [N] and with

Aw < 1. Let (H, || - | 1) be a Hilbert space. The following bound holds forallneN, g =2 and f : [N] — H.

_ 9
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Corollaryis nothing more than (4) applied to an isometric copy of H in L,(u), which is known to
exist by [Ban32] Chapter 12] (see also the exposition in, e.g., the textbook [AK16| Proposition 6.4.12]).

Since E[|l f (WDl Z,] <max;en | f() ?{, the following corollary is a consequence Corollarythrough
the usual application of Markov’s inequality and then an optimization over g.

Corollary 1.5 (Hilbert space-valued expander Chernoff bound). There is a universal constant c > 0 with
the following property. Suppose that W = {W;}22, is a stationary Markov chain whose state space is [N]
and with Aw < 1. Let (H, || - || ) be a Hilbert space. If f : IN] — H, then for alln e N and a > 0 we have

1 )
i) — i < —c(l-Aw)na
Pr[”niilf(wl) [E[f(Wl)]”Hzajme[aNx] IfDIe| Se _ ©)

Remark 2. Kargin studied [Kar07] the vector-valued setting of Gillman’s theorem for functions that take
values in the m-dimensional Euclidean space ¢5'. The statement that is obtained in [Kar07] is the same as
that of Corollary[1.5} except that it is dimension-dependent; specifically, with the implicit constant in (€)
growing to oo exponentially with m. Thus, the main new feature of Corollary[1.5]is that it is dimension-
independent. Obtaining such a bound was a main question that [Kar07] left open; see [Kar07, Section 4].

Observe that estimates such as (4) can be interpreted as bounds on the operator norm of a certain
linear operator between vector-valued L,-spaces. Specifically, suppose that (X, | - [ x) is a Banach space.
Let W = {W;}?2, be a stationary Markov chain whose state space is [N] and with Aw < 1. Denote (as
before) the stationary measure of W by 7w and let the transition matrix of W be A = (a;;) € My (R). For
each n € N denote the associated probability measure on the trajectories of length n by 7y : [N]" — [0,1].
Thus, T"fv is the probability measure on [N]" that is given by T‘IN =awifn=1,andforn=2,

. . . ., def . . .
V(llv---: ln) € [N]n) T‘}X](llr---, ln) =e Pr[(le---;Wn) = (llr-'-)ln)] = nW(ll)ailigaigig, '”al'nfll'n'



Define a linear operator Tx : Ly (mw; X) — Lq(T"fv;X) by setting for f: [N] — X,

def

1 2 N
Y(i1,...,in) €[N1",  Txflir,...,in) = - Y fl) =Y aw()f() e X. )
k=1

j=1

Here, and in what follows, we are using standard notation for vector-valued Lebesgue-Bochner spaces,
though throughout we will need to consider only finitely supported measures, in which case measura-
bility issues do not need to be discussed. So, if (S, o) is a probability space with |S| < oo, then the Banach
space Lg(0; X) is the vector space of all mapping ¢ : S — X, equipped with the norm

Wz, 03 = (Za(s) iy (s) ||§§) !

seS

The validity of () under the assumptions of Theorem[L.1]is the same as the operator norm bound

q
1T MLy rwit ) =Ly (Tt o) S\ T Auy (8)

In the same vein, Corollaryis (under the same assumptions) the same as

/ q
” TLz(Il) ”Lq(”W;LZ(H))—'Lq(T%;Lz(H)) ,S m (9)

By Calderén’s vector-valued extension [Cal64] of the Riesz-Thorin [Rie27,Tho48] interpolation theorem
(see the monograph [BL76] for background on complex interpolation; the specific statement that we are
using here is a combination of Theorem 4.1.2 and Theorem 5.1.2 in [BL76]), it follows from (8) and (9)
that for every p € [2, g] we have

q
L, 0 L (rvis L ()~ Ly (s Ly 10) S/ T A’

We record this conclusion as the following generalization of Corollary[1.4/and Corollary[1.5]

Corollary 1.6. Suppose that p = 2 and that (0, u) is a measure space. Let W = {W}92, be a stationary
Markov chain whose state space is [N] and with Aw < 1. If f : [N] — L,(u), then forallneN and q = p,

"< T (efirovnn )" (10)
~VA-Awn PlL,wl)

Consequently, by the usual combination of with Markov's inequality, followed by optimization over
q = p, there exists a universal constant c € (0,00) such that

| FV) +-+ f(Wy)
n

FOVD) +-+ F(W,)
([E[H - —ELf(WY)]

q
L,(w

Va>0, Pr < ePcl-Mwna® (11

—E[f(W)]

= amax j
Lo > A0 IF DL,
Remark 3. By convexity we have || Tl 1, (ry)—L, z7) < 2, since it is evident from (7) that the operator in
question is the difference of two averaging operators. By interpolating this (trivial) estimate with the case
qg=2of Theoremusing the (scalar-valued) Riesz-Thorin interpolation theorem as above, we arrive at
the following variant of Theorem[1.1]in the range 1 < g < 2, which holds under the same assumptions.

[E“f(W1)+-~~+f(Wn)
n Q-Awn

_[E[f(wl)1|q])q S (;)1_3 : (E[lf(wm"])‘l’. (12)
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Observe that when the Markov chain W is reversible, the case g = 2 of (I) is a quadratic inequality
that could be directly verified in a straightforward manner by expanding both sides in an orhtonormal
eigenbasis of the transition matrix of W. The more substantial content of Theorem [I.1]is therefore the
case g > 2, which does not lend itself to such linear-algebraic reasoning.

Remark 4. Both (1) and are sharp (up to the implicit universal constant factors) for large enough
n € N. This is seen by examining the following family of Markov chains. For every ¢,1 € (0,1) consider
the two-state Markov chain W(A, €) whose transition matrix equals

1I-1-M)1-¢) A-MDA-¢)

(1-Ae 1—(1-MNe = Al + (1= N Eze € M2(®), (13)

where I, is the 2-by-2 identity matrix and n(¢e) = (¢,1 —¢€) € Al Then Twr,e) = T(€) and Aw(r ) = A.

The optimality of (I) is exhibited by taking € = % and f:{1,2} — Rthatisgiven by f(1) =1=—f(2). In
this case, it is elementary to check thatif n = q/(1—-A), then both sides of (1) are within universal constant
multiples of each other. Next, the optimality of is exhibited by considering f : {1,2} — R that is given
by f(1) =1 and f(2) = 0. In this case, it is elementary to check that if n = 1/(1 — 1), then for small enough
€ > 0 both sides of are within universal constant multiples of each other. The routine computations
that verify these assertions are omitted.

Remark 5. The above discussion raises the question of understanding what is required from a Banach
space (X, | - lx) so that the “Gillman phenomenon” for stationary Markov chains (or variants thereof)
would hold for X-valued mappings. The present work obtains the first examples (notably, Hilbert space)
of such theorems in infinite dimensions (equivalently, dimension-independent bounds). However, much
more remains to be understood here. This matter is pursued in the forthcoming work [Nao19], where it
is explained how it relates to central themes in Banach space theory. Further infinite dimensional state-
ments are derived in [Nao19], including a treatment of in the range 2 < g < p which is not covered in
Corollary[L.6} through an approach that is entirely different from our reasoning here.

We end the Introduction by noting that the above results have an equivalent dual formulation that
is worthwhile to work out explicitly. Given a Banach space (X, || - | x), the operator Tx that is given in
has norm K > 0 from L, (mw; X) to Lg(7yy; X) if and only if its adjoint T)’; has norm K from L4 (ty; X*) to
Lg+ (mw; X *), where g* = q/(g —1). This leads to the following dual formulation of Corollary whose
derivation is a mechanical unravelling of the definitions (the straightforward details are omitted).

Corollary 1.7 (adjoint of (I0)). LetW = {W;}2, be a stationary Markov chain whose state space is [N] and
with Azw < 1. FixneN and p, q € (1,2] with q < p. For every measure space (Q, 1) and F : [N]" — L, (u),

1
)q
1

S [ENEW, . wl? )7,
~V/@-Da-Awn (ElFw, ”)”Lp(u)])

q
Ly

Wi| ~ELFOW,..., W)

([E[”%Xn:[E[F(Wl,...,Wn)
i=1

2 Proof of Theorem[1.1]

Suppose from now on that we are in the setting of Theorem|[I.1] We will write for simplicity A = Aw < 1
and 7 = mw € AN™1. We will also let A = (a;;) € My (R) be the transition matrix of W.



It suffices to prove when f: [N] — R satisfies E[f(W7)] = 0. Indeed, this could be then applied to
the centered function f —E[f(W))] to yield the estimate

FW) +-+ f(Wy) g qa__ _ b
([E“ - ELF W) ]) SRV o (E[1 w0 - ELFw)117)) -
_ 9 . a7\
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where the last step is the triangle inequality in L, (). So, assume from now on that E[f(W;)] = 0. It
will be convenient to define u € RV by setting u; = f(i) for all i € [N]. The assumption on f becomes
Zﬁ\i (Tiu; =0. Below, we will denote the diagonal matrix whose diagonal is u by U € My (R), i.e.,

u 0 ... O f 0 0
let| 0 w2 R def| 0 f(2)

TR | : .0

0 ... 0 uy 0 .. 0 f(V

Lemma 2.1. For every m € N we have

E[(fw)+-+ W) <@m)t Y UAMUA% - UAT

V0,0 V2m—1 ENU{0}
Vot + U1 sn—1

Proof. Let V,,, be the set of all those vectors in w € [n]?>™ that satisfy 1l S w; < wp < --- < Wy, < 1.
Observe that by the Markov property and stationarity, for every w € V,,,, we have the following identity.

E

2m om
H fWy)| = Z ﬂlewz_wlA%_wZ ver AW2m™ Wam-1 1_[ wj,
k=1

izl jelNm J1j2 J2J3 i2m-1i2m
— . Wwor—w L. Wa— W L. w — Wop_ ) ) )
- Z n]l(UA : 1)]1]2([]14 ’ 2)]2]3"'(IIA 2 em 1)]2m—1]2mu]2m
JEINI>™
— Z ﬂi(Usz_wlUAw3_w2"'Uszm_wzm_l u)i-
i€[N]

So, by expanding the (2m)’th power of f(W;) +---+ f(W,,) and arranging the indices in increasing order,

2

ﬁf(ww]
=1

1

[E[(f(W1)+~'+f(Wn))2m] < (2m)! Z

weVay,

< (2m)! Z [UAY2"I AW~ W2 . g A2 ™ Wem=ty | (). O

weVs,

E

Remark 6. It is worthwhile to note in passing that while the proof of Lemmal]2.1|relies on what may seem
to be innocuous identities, the crucial step that rearranged the factors so that their indices are increasing
is inherently commutative, and this is what obstructs the direct use of the ensuing proof for matrix-
valued functions, namely the setting of [WX08], [GLSS18]; alternative routes are taken in [GLSS18}[Nao19]
but it would be interesting to investigate if a more careful reasoning along the lines of the present work
could be used to treat the setting of functions that take values in Schatten—von Neuman trace classes.



Towards bounding from above each of the terms [|[UA"UAY2--- UA"" ' u| 1, (r) from Lemma we
record the following iterative application of Holder’s inequality and the definition of operator norms.

Lemma 2.2. FixkeNand g = k+ 1. Then, for every Ty, ..., Ty € My (R) we have

k
k+1
||UT1UT2-"UTku||L1(n)$||M||L:(n) ||Tj”L 2g (@—=L 29 (m)-

]‘:1 q+k+1-2j q+k+1-2j

Proof. Suppose that a(1),...,a(k+ 1) = 1 satisfy ﬁ oot m < 1. We claim that

k+1 k
IUTUT, - UTkull ) < ( Hl ”u”Lam(n)) Hl 1T Ly (1) Ly ) (15)
i= j=
where $(0),..., f(k) = 1 are defined by ﬁ = a(j1+1) + -+ 2575+ The proof of (I5) is by induction on k.
The case k = 0 is tautological. For the induction step, since ﬁ = ﬁ + ﬁ, by Holder’s inequality,
IUTWUTy - UTkull Ly ) < Nll 2oy 1TV U T2 - U Tkt g (o - (16)
By the definition of the operator norm || 71|l L, (x)— Lyq, (m) We have,
ITUT2---UTkull Ly, ) < 1Tl gy )= Lpoy o) 1U T2 UTietdll gy (o - (17)
Now follows by combining and with the inductive hypothesis.
_ __2q o _
Choose a(1) = a(k+1) = ] and a(2) =:--=a(k) = g. So,
1 1 2q
Y jelk], B()=— =T = 5
k- —k+1 _
m-l-"'-i-m T]+q2q+ q+k+1 2]

and B(0) = 1. Hence, with this specific setting of the parameters the bound becomes

k
2 k-1
||UT1UT2"'UT]CM||L1(”) < ”u”L 2g () ”u”Lq(n) H ”Tj”L 2q  (M—L 2 (M-
j=1

G—k+1 q+k+1-2j q+k+1-2j

It remains to note that since g = k+ 1 we have q_zlfﬂ < ¢, and therefore |lullL ,, @m <l ulILq(m. O
q-k+1

Fix m € N. Throughout what follows, it will be notationally convenient to consider each Boolean
vector s € {0,1}2”""! as an infinite vector in {0,1}* whose entries vanish on Z ~ [2m — 1], namely we use
the convention s; = s; =0 for i <0 and j = 2m. Let Sz;y-1 € {0, 1}2m~1 pe all those Boolean vectors of
length 2m — 1 with no two consecutive 0s, and with sy, =1, i.e.,

def2m—1

Som1 € () {s€ 0,171 (5, 5700) # 0,00},
j=1
Foreach j € [2m—1] and s € Sy,,,-1 that satisfy s; = 1, we define a quantity p(s, j) = 1 in the following way.
Consider the consecutive run of 1s in s to which j belongs, and let i (s, j) and i»(s, j) be the first and last
indices of this run, respectively. Formally,

in(s, ) Cmax{iel.,j-2,j-1}: s;=0t+1 and is(sj) S min{ie{j+1,j+2,...}: si=0}—1. (18)

With this notation, write
4m

. . . . . (19)
2m+iy(s, j) +1i2(s,j) —2j

p(s, j) def
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Lemma 2.3. Forevery Ty,...,Tom—1 € My(®),

|UCT + EU Ty + En) -+ UTzm-r + B gy < W0 > T1 I Till0, o0ty o0 20)

SESym-1 jEl2m—1]
SjZI

Proof. Foreach j € [2m —1], write Tjo=Ex and Tip=T;. Observe that
Vsc—:{O,l}zm_l\ng_l, UT,,UTss, - UTom-1,s, u=0. 2D

Indeed, if s € {0,1}%"*"1 < Sy,,,_1, then either s5,,_1 = 0, in which case Tom-1,5p U4 =Ezu=0¢€ RYN, or
sj = sj+1 = 0 for some j € [2m — 2], in which case Tjs;UTjs1,5;,, = ExUEr =0 € Mn (R), where both
identities are equivalent to the assumption Zﬁ.\i it = 0. Now,

[UCT+ EDU T2+ B UTomr + By = | 3 Ui Ul UTomnat
s€{0,1)2m-1 "
< Z ” UTI,Sl (]]"2,52 oo UTZm—l,Szm—l u” Ly(m) (22)
se{0,1}2m-1
21
Z || UTl,sl UT2,52 Tt UT2mfl,32m—1 u||L1(7T)'
SESam-1

Fixse Sy andletl<r <ry<---<rp<2m—1 be all of the indices at which s vanishes. Define
R1,...,Rr41 € My (R) by setting

def def
R EWUTWUTY - (UTy,-1),  Re1 S UTr ) UTr12) - (UTamo),

and et
Re = WUTy_+1)UTy,_ 4+2)--(UTy 1)

fork €{2,...,¢}. Using the fact that UE, v = (Zfi miv;) uforevery ve RY, we have the following identity.

1

/(+1 N
UTy,UTss, - UTom-1,5,,, 4 = RU(UEr) Ro(UEx)Rs -+ (UEg) Ry u = ( [T miRew; |Ryu
k=2i=1
Consequently,
/+1, N /+1
|UT, 6 ULy, UTom-1,5, u”L1 o = IRl ) [T12 miRewi| <[] IRcullzym- (23)
xk=2"i=1 k=1
Next, by Lemmal[2.2|with ¢ = 2m and k = r; — 1 we have
IRiullp,m = 1(UT)(UT) - (UTr 1) ullL,
r-1
;
< ” u||L12m(7[) H ” T] ”L 4m A(ﬂ)—'L am (7[)
j:1 2m+ry-2j 2m+ry-2j
-1
noo1
= lully, o Hl I 50 L ()= Ly () -
j:
In the same vein, for every k € {2,..., ¢},
r—1
Tx—Tx—
IRxullz, ooy < Nullp o . I1 1|| TillL, 0= Ly jym)»
J=Tk-1+



and also
2m-1

2m-—r,
IRe 1l < lluly, o [T 1T, ) 00—Ly -
j=re+1
We therefore have

/+1

[TIRculnm <t TT 1Tl -1y, 00 (24
k=1 Jjel2m—1]

Sj:

By substituting into and then substituting the resulting estimate into 22), we arrive at (20). O
In light of Lemmal[2.1} the following lemma is highly relevant to our goal of proving Theorem|[L.1]

Lemma 2.4. Suppose that m € N satisfiesem < n(1—A). Then,

1
2m nim
> [UAUAY - UAY ™ u| < 2l 2y, - (25)
Uo,...,UZm_leNU{O} Lim Vv 1 - A 2

Vo++Uopo1<n—1

Proof. Fix vy,..., V2m-1 € NU{0} and denote T; = A"/ — E;, for every j € {0,...,2m—1}. Then,

|luAuA?---UA" u||, o = U+ EDU (T2 + E) -+ U(Tem-1 + Edul ()

<lul” Szm ljeml‘[m ; (K - (26)
sj=1

where the last step of is an application of Lemma/2.3]
Fixing j €1{0,...,2m—1}, note that AE; = E; since A is stochastic and the columns of E;; are constant,
and also E; A = Ej since A is r-stationary. Consequently T; = A" — E; = (A— Ez)"i. So, forevery p > 1,

. _ _ Vi _ Uj
1Tl Ly Ly = [ (A= ED " || y—op oy < WA= Enllp) iy oy 27)

By definition, |A— Ezllz,)—1,r) = A. As A and Ej; are averaging operators, by convexity and the triangle
inequality |1A— Exllz, -1, < IAlL, -1, 0 + 1 ExllL, my—1,) = 2 for all r = 1. By the Riesz-Thorin
interpolation theorem [Rie27,/Tho48] (see e.g. Chapter IV in the textbook [Kat04]), this implies that

2min{%,l—i}.

IA=ExllL,m—rL,0m <24 (28)

A substitution of into (27), followed by a substitution of the resulting bound into shows that
in order to prove the desired inequality it suffices to establish the following estimate.

s |" < T
( 2 > [T 2 ,) S i 29)

SESom-1 Vo, Vom—1ENU{0} je[2m—1]
Vot t+ Vo1 s<n—1 sj=1

where for every s € Sy, and j € [2m —1] such that s; = 1, we denote

(30)

X 5 D4 (s, 1) -2
ﬁ(s,]’)dngmin{ }1—|l1(8])+l2(8]) ]l

ps, ) pls)) 2m



Fix some s € Sp;,,—1. Denote Qo = {j € [2m—1] :s; =0} and Q; = [2m—1]~Qo. Thus |Qo|+|Q1| =2m—1
and by the definition of Sy;,—; we have |Q;| = m. With this notation, we have the following bound.
/'lﬁ(sr]) vj

V0yeeey Vo m—1€NU{0} j€[2m—1]
vo+-t+Vom_1<n—1 sjzl

- ¥ Yoo I
(W)ieoiugy €NUON PV (1)) jeg e(NUfONA jEQ
YicojuQy Visn—1 Y jeq) Visn—1-Lieuq, Vi

<[{wicoa e NUOYP®: ¥ wi<n-1}]s ¥ [T AP@vs
i€010Qo (W))je, ENUIONQ jEQ,

Z |Q0| ¢ l—[ Z B(s, )i
/1 y]

=0 j€Q1i=0
— |QO|+n 1—[ 1
By the elementary inequality 1 — A = (1 — 1), which holds for every A, § € [0, 1], it follows from this that
Aﬁ(s'j)vj < 1 (|Q0|+n) 1
V0yeeer Vam—1€NU{0} j€[2m—1] (1 - A)lQll |Q0| +1 jEQ] ﬁ(s’ j)
Vot Vo1 sn—1 sj:1
A=) 1|+ n 1 (31)
(I_A)Zm |Q0|+1 jeQ, ,B(Sy])
e0im) 1-AMn [Qol+1 1
N(l—/l)zm(lQoHl) jea B )

where the last step follows from a straightforward application of Stirling’s formula. Consider the function
¥ : [0,00) — [0,00) that is given by w(z) = (1 — A)n/z)*. Then (logw(z))’ =log((1 — A)n/(ez)). Hence, v is
increasing on the interval [0, (1 - A)n/e]. But |Qp|+1=2m—|Q;1| < m < (1 - A)n/e, by the assumption on
m in the statement of Lemma Hence y(]Qpl| + 1) < yw(m), and therefore

1 ((1—1):1)"?0“ w(Ql+1) _ y(m) (nlmym 32
(1-2)27m | Qg +1 T oa-A2m (1 A2m - qA—-m
We will show next that
. . . N o1
[1 ﬁ(;j) I (1—”1(5’]”2123’]) 2J1) " < goum (33)
JEQ ’ JEQ
O(m)'

In combination with and (32), this would imply the desired inequality because |Sy;,—1l < e

For each j € Ql with ix (s, j) —i1(s, j) < =2 3’" (i.e., the consecutive run of 1s in s to which j belongs is of
length at most 1 + 3 =), we have |i; (s, j) + zz(s H-2jl< 3’” and therefore its contribution to the product
in (33) is at most 4. So (33) holds if there are no runs of ls in s oflength greater than eﬁ . Otherwise, there
is exactly one run of 1s in s of length d > 32 and its contribution to the product in ( . ) equals

|41 2Ll
2 2m 2 2m _em @m0
H ezl am fam_@mPnl g,
ico \2m—d+1+2i iso 2m-— d+iti k 2m)!
where the last step follows from Stirling’s formula. This proves our goal (33). O
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Completion of the proof of Theorem[1.1] By the triangle inequality in L, (and stationarity) we have

(E[1rom) +«~~+f(Wn)|‘7])% < (rE[|f(w1)|‘f])5 T ([E[If(Wn)Iq])é = n([E[If(Wl)lq])é-

This bound implies the desired estimate (1) when g = (1 — A)n, so we may assume from now on that
g < (1-A)n/e. Let me N be the largest integer such that 2m < g. Then, m,m+1< g<(1-A)n/e, so the
conclusion of Lemma{2.4/holds for both 7 and m + 1. By Lemma2.1] (and Stirling’s formula), this gives

nm

([E[(f(wl)+m+f(W"))2m])2in5 ) < el

and similarly

1

(IE[(f(WI)+"'+f(Wn))2(m+1)])2(m+l) S %([E“f(wlﬂz(mH)])m.

As in (14), it follows from these bounds (which we derived under the assumption E[f(W;)] = 0) that the
norm of the operator Tg that is given in (7) is bounded by a universal constant multiple of \/q/((1 —A)n)
both from Ly, () to Ly, () and from Ly(;,+1) () to La(n+1) (). Since 2m < g < 2(m + 1), another appli-
cation of the Riesz-Thorin theorem gives that the norm of Tg from L, (n) to Ly () is also bounded by a
universal constant multiple of 1/g/((1 — A)n). This is precisely the desired bound (T). O
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